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µeff Effective viscosity

µfiber Dynamic viscosity parameter in Batchelor’s theory

µBrel Relative viscosity with Batchelor’s theory

µ∗rel Relative viscosity with LBM–EBF simulation (direct computation)

µsp Specific viscosity

ν Kinematic viscosity

Ξ Computational domain

Ξ′ Computation subdomain for spatial averaging excluding fibers near the wall
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ρ Density of fluid

σ Suspension stress tensor

σB Suspension stress tensor with Batchelor’s theory

τ lattice–Boltzmann relaxation time

τc Characteristic time scale for relaxation of Cb(t)

φ Projection angle of fiber in xy-plane

Ω Orientation probability distribution function

ω Angular velocity of a fiber

ωi Angular velocity of the ith fiber

∇ Gradient operator in physical space

∇p Gradient operator in orientation space

〈·〉 Ensemble average
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SUMMARY

The dynamics of fiber orientation is of great interest for efforts to predict

a suspension’s microstructure and its material properties. The primary variables

controlling the rigid fiber orientation are recognized to be the number of fibers per

unit volume n, the aspect-ratio of the fiber, rp ≡ L
d
, (where L and d are the length

and diameter of the fiber, respectively) and the hydrodynamics of the processing

flow. In a semidilute suspension (where nL3 >> 1, but nL2d < 1) of low Reynolds

number, the succession of the hydrodynamic interactions among fibers causes small

changes in fibers’ orientations. This change in the orientation of one fiber because

of the presence of its neighbors can be accounted for with a rotary diffusion process.

In this research a fiber–level simulation method is undertaken to advance the current

understanding of the rotational diffusion mechanism for non-colloidal, rigid and rod-

like fibers suspended in a creeping Newtonian fluid flow. The fiber–level simulation

is based on a hybrid approach, in which the lattice–Boltzmann method (LBM) is

coupled with the external boundary force (EBF) method. It should be noted that

this LBM–EBF method has already been developed and validated [126, 127, 128]

for fiber suspension flow, and thus the primary interest of this research is to utilize

this computational perspective to answer some outstanding inquiries on the fiber

orientation and the complex rotational diffusion process. However, this PhD work

suggests a modification to the existing LBM–EBF approach in order to improve the

numerical consistency of the method in terms of recovering the exact macroscopic

hydrodynamics from the mesoscale.

Unlike some previous fiber–level simulations reported by other research groups,

the LBM–EBF simulations correctly predict the orbit constant distribution of fibers

xix



in a sheared semidilute suspension flow. It is seen that the peaks of the orbit constant,

Cb-distributions fall within a range of 0.15 < Cb < 0.4, which is consistent with the

experimental results of Stover et al. [115]. An anisotropic, weak rotary diffusion

model ‘A.W.D.M.’ is tested and shown to predict the Cb-distribution very well, but it

can not describe the violation of the Stokes flow symmetry in semidilute suspension.

The rotational diffusion mechanism is then characterized with an anisotropic rotary

diffusion model (Koch model), which has a three dimensional spatial tensor (C) form.

A scalar measure of the rotational diffusion, CI , termed as the scalar Folgar–Tucker

constant, or the scalar interaction coefficient, is extracted from the Koch model, C.

The study provides substantial numerical evidence that the range of CI (0.0038 ∼
0.0165) obtained by Folgar & Tucker [43] in a semidilute regime is actually overly

diffusive, and that the correct magnitude is O(10−4). The study also reveals that CI

increases either with the decrease of rp (keeping nL3 constant) or with the increase

of nL3 (keeping rp constant) in the semidilute regime. This trend is explained by

reasoning that the interactions among fibers become more frequent with either of

these scenarios mentioned above, consequently increasing the deviations of fibers’

orbits from the initial Jeffery’s solution [59] and ultimately causing an increase in CI .

This PhD work also branches out to incorporate the Koch model in the second-order

evolution equation for A (A is a second-order orientation tensor). The solution of

the evolution equation with the Koch model demonstrates unphysical behavior in low

concentrations. The most plausible explanation for this behavior is attributed to the

errors in closure approximation.

The direct LBM–EBF measurement of the rheological properties of sheared semidi-

lute suspension reveals the limitations of the hydrodynamic theory (Batchelor’s theory

[12] with Shaqfeh & Fredrickson’s [104] correction) by accounting for the transmis-

sion of stress due to a small but detectable amount of nonhydrodynamic mechanical

fiber–fiber interactions present in the semidilute regime. There is an increase in the

xx



relative viscosity of the suspension due to this nonhydrodynamic effect. Similarly

a direct measurement of the first normal stress difference proves that the Carter’s

formula [24] for predicting the first normal stress difference fails in the semidilute

regime. But with an increase of volume concentration, Carter’s formula becomes

more accurate.

While a bulk of the simulations presented in this PhD work are performed in the

simple shear flow situation, the investigation is extended to the characterization of

the fiber orientation in a complex flow geometry, which has the linearly contracting

shape of a paper machine ‘headbox’. It is found that the rotational diffusion due

to hydrodynamic interactions among fibers is the predominant term over strain rate

in the semidilute regime for a low Reynolds number flow and results in a decreasing

trend of rotational Peclet number, Pe along the contraction centerline.

xxi



CHAPTER I

INTRODUCTION

1.1 Motivation

Control and prediction of the orientation distribution of particulate suspension have

significance in many fields of physics, biology and engineering. The particles may

be spheres, flakes, fibers or more complicated geometries with characteristics lengths

ranging from nanometers to centimeters, and they may be suspended in Newtonian or

non-Newtonian fluids. The work presented here focuses on suspension of non-colloidal

(non-Brownian) rigid rod-like fibers in a Newtonian fluid.

In many fiber suspension processes, it is necessary to control the microstructure

(i.e. the fiber position and orientation). For example, the fiber orientation distribu-

tion affects the making of fiber-reinforced thermoplasts and matrix metal composites.

Control of the fiber orientation in these products can yield low cost and high perfor-

mance in industrial and aerospace applications. Fibers in the shell layer of a molding

cavity experience high shear strain where simple shear flow is observed. The pre-

dictions of fiber orientation in simple shear flow is very important in that respect.

The physical properties of polymer composites, such as elastic modulus, strength,

thermal expansion, thermal conductivity, and electrical conductivity, depend on the

amount, type, size, and the orientation of the reinforcing fibers. During processing

fibers move and rotate with the flow of the polymer matrix, which inevitably changes

their orientation state and affects the composite properties.

In paper manufacturing, a homogeneous suspension of wood pulp is desired in a

paper machine headbox. A significant amount of paper is used as a substrate for

high quality printing. The interactions among the printing plate, ink and substrate

1



in the printing press can create numerous print quality problems. Variations in the

surface pore structure and the surface fiber orientation distribution can cause print

mottle, a printing defect involving uneven print density across the printed sheet and

gloss mottle, a point to point difference in gloss. Curl is another example of a defect

in the final paper product which degrades quality by causing differential dimensional

changes between layers in a sheet produced by different moisture expansions from

differences in the fiber orientation. These kinds of defects can be minimized and the

properties of the final product can be controlled through a proper understanding of

the mechanisms which affect the orientation behavior of fibers in suspension. For

example, during passage through a paper machine headbox, fibers are aligned by the

accelerating flow in the contraction. The degree of fiber alignment affects the strength

properties of paper. The alignment in machine direction can be both beneficial and

problematic depending on the application — in high-speed printing, the paper requires

high tensile strength only in the direction of travel (machine direction) through the

printing press, and therefore, high fiber alignment is preferable; whereas, in paper sack

production the paper is required to be equally strong in all directions, thus uniform

fiber orientation is preferred. The effect of fiber orientation on paper properties, both

in the plane of the paper, and in the paper thickness direction, is reviewed by Loewen

[74].

Understanding the behavior of fiber suspensions in industrial unit operations is

challenging because of the many variables that affect macroscopic properties such

as fiber length, concentration, shape, fiber flexibility, fluid–fiber and fiber–fiber in-

teractions. The most common approach to evaluating the physical outcome of the

variation of these parameters may be to conduct trials under controlled process con-

ditions using real or pilot scale equipment, and to measure the effects on product

structure with the help of various structure characterization techniques. In fact a

number of important phenomenological relationships between the process variables
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and the product structure have been identified experimentally. But the difficulty of

systematically varying the system variables, and the inability of most experimental

techniques to provide adequate resolution at the length-scale in question, present

limitations to experimental studies.

Although the theoretical literature on fiber suspensions achieved reasonable suc-

cess in predicting the suspension properties corresponding to a given suspension struc-

ture, the mechanisms which control the structure itself are yet to be plainly under-

stood. Over the last few years, direct particle–level numerical simulation techniques

(alternatively called ‘fiber–level’ simulation techniques if the solid phase is composed

of discrete fiber shapes) have made promising advances towards understanding the

relationship between particle properties and interactions, recreating the microstruc-

tures of suspension systems and the underlying particle orientations, and predicting

the macroscopic behavior of suspension (Yamamoto & Matsuoka [129]; Yamane et

al. [130]; Fan et al. [40], Joung et al. [60]; Sundararajakumar & Koch [117]; Ross

& Klingenberg [99], Skjetne et al. [110], Switzer & Klingenberg [119]; Lindström &

Uesaka [71]; Aidun et al. [5], MacMeccan et al. [77], Wu & Aidun [126, 127, 128]).

In direct particle–level numerical simulation the equations of motion of each particle

are solved numerically, subject to the forces and torques identified, and thus the par-

ticle’s position and orientation evolve in time to produce a prediction of suspension

microstructure. Based on their potential to predict the time-dependent and steady-

state structures of suspensions, particle–level simulations are emerging to complement

the theoretical and the experimental approaches in future research. The method is

sufficiently general to include various features such as different particle shapes (elon-

gated and flexible fibers, red blood cells etc.) as well as different forces (hydrodynamic

forces, colloidal forces and friction, gravitational and lubrication forces to name a few).
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1.2 Scope

The primary purpose of this research is to answer some outstanding questions concern-

ing the dynamic processes controlling fiber orientation in the semidilute suspension

of a Newtonian fluid. This thesis presents numerical evidence to characterize a ro-

tational diffusion process in a semidilute suspension of hydrodynamically interacting

fibers. The hydrodynamic interactions can give rise to a rotational diffusion mecha-

nism, causing the orientation distribution of fibers to evolve. There are many open

questions about the rotational diffusion process and its effect on fiber orientation dis-

tribution: should it be isotropic or anisotropic in nature? Is there any model available

that can characterize this dynamic process properly? How does this rotational diffu-

sion change with the variation of aspect-ratio of fibers or with the variation of solid

volume concentration of the suspension? How do the orientation moments evolve

under the influence of an anisotropic rotational diffusion in a simple shear flow? And

if a complex flow situation is considered, such as the flow through a paper machine

headbox, then what is the interplay between the strain rate and an hydrodynamically

induced rotational diffusion along the length of the channel?

Considering these unanswered questions, the fundamental focus of this research is

to: (i) understand the dynamics of fiber orientation in in the semidilute suspension,

(ii) directly predict orbit distribution of fibers at steady state with numerical simu-

lation, (iii) characterize the rotational diffusion mechanism by the combined use of

appropriate models and simulation data in parameter two space (cv × rp), (iv) char-

acterize the rotational diffusion in a complex flow situation – flow through a paper

machine headbox.

A fiber–level hybrid lattice–Boltzmann method is used in this research to simu-

late the flow of moderate to large aspect-ratio, rigid, rod-like fibers in the semidilute

suspension in Stokes regime. This hybrid method combines Newtonian dynamics for

solid particles (fibers) with a lattice–Boltzmann method for the fluid, and the motion
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of suspended particles (fibers) is simulated accurately in that way. The steady-state

orbit distribution of fibers in semidilute suspension is determined with this simula-

tion. It is to be noted that, the numerically simulated fiber orientation information

can be used to test different phenomenological or mechanistic rotational diffusion

models proposed in the literature. Commonly, a rotational diffusion model is used

with an evolution equation (Fokker-Planck type equation) [43, 2] to predict fiber ori-

entation in suspension. On the contrary, the fiber–level simulation approach used in

this research, does not depend on solving an evolution equation to predict the fiber

orientation evolution in time. Therefore, this direct numerical method is an ideal

tool to characterize the behavior of rotational diffusion process with the combined

use of models and the fiber orientation information collected from the simulation;

and in turn it can validate the applicability of a previously untested rotational dif-

fusion model in the Fokker-Planck type evolution equation. If proven appropriate,

then a rotational diffusion process inside a complex flow geometry can be successfully

analyzed with the numerical simulation and a suitable model.

A secondary focus of this research is to study the rheological properties of semidi-

lute suspension with hybrid lattice–Boltzmann simulation as well. The corresponding

results using hydrodynamic theories have been judged against those directly measured

numerical values and against some available experimental results from literature. The

purpose of this study is to identify the effect of nonhydrodynamic fiber–fiber interac-

tions on those rheological properties.

To systematically address the above issues, this thesis is structured as follows: In

§ 2 we familiarize the readers with the relevant parameters required to describe a

suspension system. Then a single fiber motion, and the concepts of orbit constant

and rotational diffusion process are explained. § 3 describes the computational hybrid

lattice–Boltzmann method (LBM–EBF) that has been implemented in this research.

An improvement on the current LBM–EBF method is proposed in that chapter for
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future implementation purposes. § 4 – § 7 contain the results of the simulations of

fiber suspension flow performed in this research. Each one of these chapters is self-

contained, including a discussion of the relevant background material, and a brief

description of the models involved, along with a discussion of the simulation results.

§ 4 – § 6 discuss the results for suspensions under simple shear flow. It should be

mentioned that a part of § 5 branches out to show the solution of the evolution

equation of fiber orientation, and it also discusses the implementation of a spherical

harmonics based approach, to determine the orientation moments under the effect of

an anisotropic diffusion. The methods for these implementations are adopted from

relevant research groups, but nonetheless add fundamental understanding of the ef-

fect of a rotational diffusion process on fiber orientations. Some of the results are

compared with LBM–EBF results to judge the prospect of the fiber–level simulations

in predicting orientation properties in real molding processes. § 7 presents the results

of LBM–EBF simulation for a complex flow geometry, namely a paper-machine head-

box. The main conclusions from this research are summarized in § 8. Also presented

in this chapter are recommendations for future work.
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CHAPTER II

SINGLE FIBER MOTION AND ROTARY DIFFUSION

PROCESS IN A SUSPENSION

Before we move on to describe the single fiber motion in a Newtonian fluid and rotary

diffusion of rigid fibers in the semidilute suspension, it is important first to describe

the parameters relevant to the suspension system and also describe the different

suspension regimes. In § 2.1 we make this effort.

2.1 Parameters to describe the suspension system

For neutrally buoyant monodisperse rigid fibers in shear flow, where the fibers’ as-

pect ratio, rp > 1 (rp = L/d, where L and d are length and diameter of the fiber

respectively), the system can be described by the fluid density, ρ, the fluid viscosity,

µ, the shear rate, γ̇, the fiber radius, a, the aspect ratio, rp, and the thermal en-

ergy, kBT . The related nondimensional parameters are the solid volume fraction, cv

(for cylindrical fibers, cv = nπd2L
4

, where n is the fiber number density), the particle

Reynolds number, Rep = ργ̇a2

µ
, the Peclet number, Pe = γ̇

Dr
, where Dr is the Brown-

ian diffusivity. In many cases of practical interest, the size of the suspended particles

is on the order of microns, and the particle Reynolds number is effectively zero. It

can be seen that the Peclet number determines the relative importance of advection

relative to diffusion. For Peclet number, Pe→∞, there is no Brownian motion, and

the suspension is non-colloidal. A phase diagram of suspension rheology with the

changes of Rep and Pe (based solely on dimensional analysis) can be found in Stickel

& Powell’s [112] paper. A spherical particle diameter of 10 µm is often used to mark

the point where Brownian motion becomes negligible [20]. It is worth mentioning
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here that, the Rep used in this numerical study is very small (O(10−4) to O(10−5));

therefore, inertia is negligible. The lowest fiber length used in the simulation is 0.648

mm; therefore, the suspension is non-colloidal and Brownian motion is negligible.

Fiber suspensions are broadly divided into three regimes; dilute, semidilute, and

concentrated regimes [36]. The spherical volume circumscribing a fiber scales like

nL3, and is referred to as the interaction volume, because fibers within this volume

interact hydrodynamically. In the dilute regime, nL3 is much less than unity (only

one fiber in a volume of V = L3), and therefore, each fiber can rotate freely with

occasional interactions between fibers. The volume fraction satisfies, cv = nπ d2L/4.

Since there is only one fiber in volume V , this leads to cv < d2L/V , or cv < d2/L2,

or cvr
2
P < 1. The semidilute regime is defined by nL3 >> 1 but nL2d < 1. In the

semidilute regime each fiber is confined in the volume d2L < dL2, so the concentration

in the semidilute regime satisfies 1 < cvr
2
p < rp. The spacing between two neighboring

fibers in the semidilute regime is greater than the fiber’s diameter, but less than the

fiber’s length. As a consequence, each fiber effectively has many other fibers, on

the order of O (nL3), in its interaction volume. Finally, in the concentrated regime,

nL3 > rp or cv > d/L and the average distance between two neighboring fibers is less

than its diameter, a fiber can only rotate independently about its symmetry axis. A

cooperative effort of all surrounding fibers is necessarily required for any motion of

the fiber.

2.2 Single fiber motion

Jeffery [59] solved for the motion of an isolated ellipsoid suspended in a Newtonian

fluid. The description of fiber suspension rheology and in particular most current

approaches of fiber orientation modeling are based on his theory. The theory gives

an expression for the angular velocity, ω, of an ellipsoidal particle in an incompress-

ible infinite Newtonian suspending fluid with no external forces or torques. It was
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Hand [49] who showed that the Jeffery’s equation is a special case of a more general

equation obtained by Ericksen [38]. The general equation of Ericksen [38] is based

on an invariant based theory of anisotropic fluid (TIF theory) for the evolution of

a unit vector, p, denoting a preferred direction at each material point of the fluid.

Considering the unit vector, p (see figure 1) as the main axis of revolution of the el-

lipsoidal particle, and considering the cylindrical shape to be an approximation to the

ellipsoid, the motion of the fiber may be expressed with the following Jeffery-Ericksen

equation:

ṗ = ω × p = W · p + λ(E · p− E : ppp) (1)

where ṗ is material derivative of p, λ =
r2p−1

r2p+1
is the shape factor of the fiber. For

long and slender fibers, λ → 1. W = 1
2
(L − LT ) is the vorticity tensor, and E =

1
2
(L + LT ) is the strain rate tensor; i.e. the skew-symmetric and symmetric parts

of the velocity gradient, L(= ∇u) respectively. The ∇ (no subscript) represents the

gradient operator in physical space, and u is the fluid velocity vector. Equation (1)

may be interpreted physically as stating that p rotates with the fluid, as indicated

by the term W · p, and partially strains with the fluid, as given by λE · p. Since p is

of unit length, the component of the motion which results in a change of length must

be subtracted, giving rise to the final term, −λE : ppp. The ṗ is a linear function of

velocity gradient L, and invariant under the transformation p = −p.

It should be mentioned that, two angles θ and φ in a spherical coordinate system

(figure 1) are related to the unit vector p by:

p =


p1

p2

p3

 =


sinφ sin θ

sin θ cosφ

cos θ

 (2)
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2.2.1 The concept of orbit constant (Cb)

Jeffery [59] found that in simple shear flows, an ellipsoidal body rotates indefinitely

about the vorticity axis along one of an infinite number of periodic, closed orbits,

with the choice of orbit being dependent solely on the initial condition. It was later

discovered by Bretherton [21] that this is true for almost any rigid body of revolution,

including circular cylinders, and the orbit period will become:

T = 2π (re + 1/re) /γ̇ (3)

The major modification is that the particle aspect-ratio rp is replaced with an effective

aspect-ratio, re . Cox [31] found the semiempirical relation:

re = 1.24rp (ln rp)
−1/2 (4)

The spherical co-ordinate system used to describe fiber orientation is defined in

figure 1. The differential equations governing the time evolution of θ and φ are:

θ̇ =
γ̇ (r2

e − 1)

(r2
e + 1)

sin θ cos θ sinφ cosφ (5)

φ̇ =
γ̇

(r2
e + 1)

(
r2
e cos2 φ+ sin2 φ

)
(6)

Eqn. (6) indicates that the angular velocity about the vorticity axis (z), depends

solely upon φ, and is independent of θ. Moreover, for re > 1 the angular velocity is

greatest when the fiber is at right angles to the fluid motion (φ = 0), and it is least

when it points to the direction of motion (φ = π/2). It is important to note that,

because of the finite thickness of the fiber, the angular velocity never becomes zero.

It follows directly from eqn. (6) that:

ω (φ)max
ω (φ)min

= r2
e (7)

where ω (φ) = dφ/dt. This motion leads to a definite pattern of fiber orientation.
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Figure 1: The co-ordinate system with a fiber centered at the origin. The unit
vector, p is parallel to the fiber’s axis. Typical orbits for a slightly prolate spheroid
are shown with solid blue lines.
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Leal & Hinch [70] showed that integration of the time evolution for θ and φ yields:

tan θ =
Cre(

r2
e cos2 φ+ sin2 φ

)1/2
(8)

tanφ = re tan

(
2πt

T
+ κ

)
(9)

where κ is the phase angle. As is evident from eqn. (9), the motion is periodic.

Since, from eqn. (8), corresponding to a given C, θ is uniquely defined by φ, the

orbit described by the end of the fiber relative to its center is regular. Thus the fiber

describes periodic motion in a regular orbit. This motion is precessional, analogous

to that of a disturbed gyroscope. An important feature of a Jeffery’s orbit is that a

fiber spend a relatively long time aligned with the neutral plane of the flow, and then

quickly rotates one-half revolution until it once again become aligned with the neutral

plane, and so on. The orbits of the ends of the particle (fiber) are a symmetrical pair

of spherical ellipses; their eccentricity is defined by:

C = tan θ0

√
cos2 φ0 +

1

r2
e

sin2 φ0 (10)

where C is the orbit constant, and subscript ‘0’ denotes the initial orientation. In

the absence of particle interactions or inertial effects, C indefinitely remains constant

for the individual fiber during its motion. The value C = 0 corresponds to perfect

alignment of the fiber with the vorticity direction of the flow, and the cylinder rotates

around its own axis, whereas C = ∞ corresponds to rotation in the flow gradient

plane. In this case the rotating fiber describes a disc. When representing the orbit-

constant distribution, it is advantageous to characterize the orbits with an orbit

constant Cb = C/(1 + C) ∈ [0, 1]. Some other alternative orbit parameters of finite

bounds can be found in [8].

2.3 Rotary diffusion process

Jeffery’s solution gives the physical behavior of dilute inertialess suspension flows in

which nL3 << 1. However, in the semidilute regime, the fibers are hydrodynamically
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coupled, and Jeffery’s solution may not predict the orientation of the fibers in such

suspension systems. The hydrodynamic interactions among fibers cause small changes

in orientation of the fibers. This change in the orientation of one fiber because of

the presence of its neighbors can be accounted for with a rotary diffusion process

[70, 51, 52, 43, 105, 64].

It is important to be introduced to the ideas of the orientation space and of the

orientation probability distribution function, Ω, before defining the rotary diffusion

process. Since p is a unit vector, the space of all possible orientations is the surface

of a unit sphere, which is known as the orientation space. At a given point rc, and

at a given time t, the orientation probability distribution function Ω is defined over

the orientation space such as:

Ω ≡ Ω (p, rc, t) (11)

Now, the rotary diffusion can be identified as a process which is defined only on

the unit spherical surface (orientation space) traced by all possible fiber orientations,

and not in the direction that the fiber is pointing. It can neither translate a fiber nor

change the length of a fiber. The rotary diffusion can be a second-order tensor, Dr,

but with isotropic diffusion (in which case, changes in orientation due to interactions

are equally likely in all directions), the rotary diffusivity is a scalar, Dr, and it becomes

analogous to a Brownian rotary diffusivity. The criteria for rotary diffusion are [113]:

I. Any specific interaction only causes a small change in the orientation of a fiber.

II. These interactions must be frequent compared to Jeffery’s orbit period, eqn. (3).

The first criterion ensures the proportionality between the flux and gradient of the

probability distribution function, Ω, in orientation space. The diffusive theory would

calculate an incorrect flux were a single interaction moved a fiber from one point

to another in orientation space where the orientation-distribution function had a
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different slope. The second criterion stands because, for a diffusive process, the

evolution of a distribution function must be the result of many interactions.

The most common rotational diffusion model available is the phenomenological

standard Folgar–Tucker model [43]. This model supplements the Jeffery’s rotation

rate with an isotropic, orientation diffusion process. This model can inappropriately

decrease fiber alignment by compensating for factors also responsible for fiber disper-

sion [65]. Ranganathan & Advani [98] proposed an isotropic, orientation-dependent

diffusivity (by modifying the standard Folgar–Tucker model) in which the interaction

coefficient was inversely proportional to the average inter-fiber spacing. Hinch & Leal

[70] accounted for a very weak isotropic diffusion but failed to reproduce Anczurowski

& Mason’s [9] experimental orbit constant distribution of fibers in dilute suspension.

Rahnama et al. [97] reasoned that in an anisotropic flow field, the diffusion must be

anisotropic, so they modified Hinch & Leal’s [70] solution to propose an orientation-

dependent, weak anisotropic diffusivity. Koch [65], Phan-Thien et al. [89], Phelps

& Tucker [92] later proposed more complex and robust anisotropic diffusion models.

The rotational diffusion models are visited in greater detail in § 4 and in § 5.

By using fiber–level simulation to predict fiber orientation information, we can

analyze the rotational diffusion process and have a better understanding of the dy-

namics of the orientation behavior of the fibers in suspension. The next chapter

discusses the lattice–Boltzmann method (LBM), and its coupling with the External

Boundary Force (EBF) method to perform the fiber–level simulation.
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CHAPTER III

COMPUTATIONAL METHODOLOGY

In this chapter, first and foremost, the motivation to use the lattice–Boltzmann

method to study fiber suspension is discussed. Then, the important features of the

hybrid technique that is used here – called ‘LBM–EBF’ [126, 127, 128] is presented.

Along with that a numerical improvement over the existing LBM–EBF method is

proposed.

Dynamic simulation of particle suspensions can be categorized into three modeling

methods distinguished by the length scale on which the phenomena are represented

[125].

The first category is a ‘microscopic method ’ on molecular scale; the conventional

molecular dynamics (MD) approach was pioneered by Alden & Wainwright [6]. In this

method, Newton’s equations of motion are simulated with particles in vacuum inter-

acting through Lennard-Jones, hard-sphere, and electrostatic types of inter-particle

forces. Every particle follows the exact same rules of motion, and the method becomes

easy to implement and to parallelize. However, the process is computationally inten-

sive, since the equations of motion have to be solved for a large number of particles

at each instant of time.

The second category, the ‘macroscopic method ’ addresses a higher level of length

scale; here we can account for the interaction of, for example, entire protein or poly-

mer molecules or large colloidal particles, or even larger fibers, beads, rods, coal

particles, etc., with a continuum solvent of small molecules or particles. The physics
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in this scale acts through macro-particle interactions through continuum-scale inter-

particle forces, such as London-van der Waals, screened electrostatic, Derjaguin-

Landau-Verwey-Overbeek (DLVO), and through hydrodynamic forces transmitting

via the continuum fluid. The fluctuating thermal forces from the surrounding fluid

will influence the motion of sufficiently small particles; this is known as the famil-

iar phenomena of Brownian motion. The macroscopic method uses Navier–Stokes

equations for incompressible fluid flow to model the particle suspension as a contin-

uum media, and then the particle suspension is discretized by mesh generation. The

outcome of the model is a system of nonlinear equations, which is solved using con-

ventional numerical methods such as finite element (FE) or finite-difference methods.

This macroscopic method has been used successfully to model particle suspensions

such as with colloidal particles and sedimentation [54]. However, it is computationally

expensive in systems with fine resolution meshes, particularly for three-dimensional

cases. Now for a small particle the Reynolds number at this macroscopic length-scale,

the large particles interact through continuum-level forces (hydrodynamic forces), and

these forces are governed by linear Stokes equations. The highly regarded ‘Stokesian

Dynamics ’ approach of Brady & Bossis [19] were developed based on those condi-

tions. Some advantages of this method are its robustness, proven agreement with

experimental results and relative computational efficiency.

While Stokesian Dynamics is accurate and efficient, it is also computationally in-

tensive. Ideally, O (N2) operations are required to determine the interaction among N

particles, whereas many-body interactions or lubrication forces both require O (N3)

operations [19]. Recently, Sierou & Brady [107] developed a more efficient method,

within the framework of Stokesian Dynamics, called Accelerated Stokesian Dynam-

ics. In this method the calculations scale as O (N lnN) as has been observed for

simulations on the scale of 1000 particles for 100 strain units to compute long-time

self diffusivities of particles [108]. The integral form of the Stokes equation can be
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solved using boundary element methods that allow the simulation of deformable and

non spherical particles; however these techniques are even more computationally de-

manding than Stokesian Dynamics.

The third category is the ‘mesoscopic method ’ and it includes the lattice–Boltzmann

method (LBM). The idea of the LBM method is put forward in § 3.1.

3.1 The lattice–Boltzmann method

The lattice–Boltzmann method (LBM) is categorized as a ‘mesoscopic method ’. The

mesoscopic length scale is an intermediate length scale which can be described as being

between the size of a quantity of atoms (molecule) and materials measuring microns

(bulk material). Instead of solving the Navier–Stokes equations on the macroscopic

level, the lattice-Gas (microscopic) and lattice–Boltzmann (mesoscopic) approaches

consider a set of equations derived from statistical physics. The simple idea behind

LBM is to look at the (average) momentum and interactions among fluid particles,

and not at the time and space-development of the fluid. In contrast to the numerical

simulation of the Boltzmann equation itself, this is done for a simplified (time and

space-discrete) scheme. Unlike Stokesian Dynamics and boundary element methods,

the hydrodynamic interactions are not assumed to be fully developed; instead the

interactions are allowed to propagate on time scales below those of particle motion –

resulting in spatial locality and scaling linearly (O (N) dependence) with the number

of particles, N . The LBM is a powerful technique to simulate fluid flow, and to model

colloidal and noncolloidal suspensions of rigid fibers of various shapes.

The pioneering works on the implementation of LBM to study suspension flow

have been extensively published in literature by Ladd [67, 68], Ladd & Verberg [69];

Aidun & Lu [4] and Aidun et al. [5]. Several factors explain the usefulness of LBM to

use in the fiber–level simulation and to study suspension flow. First, LBM provides

straightforward and easy-to-implement boundary conditions necessary to couple the
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fluid and suspended particles (fibers). Second, the linear scaling of the computation

with number of particles (fibers), N as discussed above saves computational cost. The

local nature and regular lattice grid facilitate easy and efficient parallel execution of

LBM on distributed memory clusters, in contrast with competing numerical methods

such as Stokesian Dynamics. Furthermore, the study of inertial effects [32, 94] is also

possible, since, LBM reproduces the full Navier–Stokes equations. A comprehensive

review (over the past decade) of application of LBM for complex flows has been pub-

lished by Aidun & Clausen [3] which highlights the relative merit and disadvantages

of the method, and also discusses different hybrid LBM techniques.

3.2 Hybrid approach: LBM with EBF

This research employs a novel hybrid lattice–Boltzmann method [126, 127, 128] that

extends the LB method developed by Aidun and coworkers [4, 5, 32, 33]; this is used

because it offers encouraging improvements over the traditional LBM with standard

bounce-back (SBB) conditions, and because it incorporates a fiber model, that is

specially suitable for high aspect-ratio cylindrical fibers. This LBM–EBF method

emerged out of the necessity that in the conventional LBM (with SBB), fluid and solid

domains share one regular Eulerian grid, which requires a costly scanning procedure at

each timestep in order to define a solid boundary. Usually, the solid boundary resides

at the midpoints of the lattice-links connecting the boundary nodes, and thus at each

timestep the boundary shape may change slightly. This approximation error is not

present in the LBM–EBF method, since it involves two independent but overlapping

grid systems; the Eulerian grid represents the fluid domain, and the particles (fibers

in this research) are mapped on Lagrangian grids. The solid boundary represented

by the Lagrangian grid nodes is the actual and precise boundary of the fiber moving

continuously through the fluid domain, as shown in figure 2. Also, the SBB is not

ideal for resolving the narrow thickness of a high aspect-ratio fiber, but the fiber
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model serves that purpose in a computationally efficient way by meshing the surface

of a fiber with Lagrangian solid nodes (discussed in § 3.2.5).

Figure 2: Schematic of LBM–EBF boundary illustration: The gray lines show the
Eulerian fluid mesh. The deep black rectangle defines the solid (fiber) boundary.
The solid boundary nodes (black filled circles) are located exactly on the fluid–solid
boundary, Γ.

Wu & Aidun [126] validated the LBM–EBF method with single fiber simulations

by verifying the accuracy of fluid–solid interactions, and by regenerating the motion of

a flexible fiber with an elastic solid model. Many-fiber simulations were also performed

[126, 127] to validate the solid–solid interactions through lubrication and contact

models, and to validate the hydrodynamic coupling through the lattice–Boltzmann

fluid. Both the accuracy and stability of the method were clearly demonstrated with

those simulation results. The most important aspects of the LBM–EBF framework

are outlined next. Also, importantly, an improvement over the previous LBM–EBF

approach in terms of using the correct body force term in the LB equation is proposed

in this PhD work.
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3.2.1 The lattice–Boltzmann equation

The core concept behind the LB method is the solution of the Boltzmann equation on

a regular lattice using discrete velocities. At every time step, fluid particles propagate

to neighboring lattice nodes and undergo a collision operation that redistributes the

momentum. Local mass and momentum for given nodes are obtained by summing

the particle mass and momentum on the links coming from the nodes. The state

of the fluid at node xe (the superscript ‘e’ is used to symbolize eulerian fluid grid)

at time t is described by the evolution of the distribution function, fk(x
e, t). The

evolution of this function fk(x
e, t) is given by the single component LB equation with

Bhatnagar-Gross-Krook (BGK) collision operator [16] as follows:

fk(x
e + ek, t+ 1) = fk(x

e, t) +
1

τ
[f eqk (xe, t)− fk(xe, t)]. (12)

Here f eqk (xe, t) is the equilibrium distribution function at (xe, t), τ is the single re-

laxation time constant, and ek is the discrete velocity vector. The fluid density, ρ,

and the macroscopic fluid velocity, u(xe, t), are obtained from the first two moments,

given by:

ρ(xe, t) =
∑
k

fk(x
e, t) (13a)

ρ(xe, t)u(xe, t) =
∑
k

fk(x
e, t)ek (13b)

The most common lattice model for a two–dimensional case is D2Q9 model which

uses nine discrete velocity directions, while the model for a three–dimensional case is

D3Q19, which uses a cubic lattice having nineteen discrete velocity directions [5] for

the fluid particles moving along the horizontal, vertical and diagonal links. The form

of the equilibrium distribution function must be chosen so that fluid mass and mo-

mentum are conserved, and consequently, the resulting continuum equations describe

the hydrodynamics of the fluid being simulated. The correct form of equilibrium

distribution also ensures that the fluid is isotropic and Galilean invariant. The form
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of equilibrium distribution function for incompressible flow is given by:

f eqk ≈ wkρ

[
1 +

(ek · u)

c2
s

+
(ek · u)2

2c4
s

− u2

2c2
s

+
(ek · u)3

2c6
s

− (ek · u)u2

2c4
s

]
+O(u4) (14)

where the weighting coefficients, wk, are determined from the specific discrete velocity

sets. In the two-dimensional D2Q9 model, w0 = 4/9 for fluid particles at rest, w1−4 =

1/9 for fluid particles moving in non-diagonal directions, and w5−8 = 1/36 for diagonal

directions; and for the three-dimensional D3Q19 model, w0 = 1/3, w1−6 = 1/18 (non-

diagonal directions), and w7−18 = 1/36 (diagonal directions). The pseudo speed of

sound is cs =
√

1/3, and the kinematic viscosity is ν = (2τ − 1)/6.

3.2.2 External Boundary Force method

The external boundary force method of Goldstein et al. [45] was advanced through

the idea that the fluid simply sees a solid body through the forces of pressure (normal

force) and shear that exist along the solid surface. Other surface effects might occur

as well for non-isothermal and non-equilibrium flows. So in the overall fluid equations

a force density can be added to account for the body’s effect in fluid; i.e. an external

force field can be applied rather than imposing certain boundary parameter values.

Unlike the traditional Immersed-Boundary (IB) method [86, 87, 41], the Lagrangian

nodes in the EBF method are not free to advect with the local fluid velocity. Instead,

a momentum deficit is calculated between the solid and fluid velocities using the same

weighting functions found in the IB method.

In the LBM–EBF method, the solid–fluid boundary, Γ, separates the solid and

the fluid domain. The x with components (x, y, z) is used as the position vector

in the fixed Cartesian coordinate system. The position vector for the jth node on

ith fiber is given by xlij in the solid domain, the position vector for the fluid nodes is

represented by xe in fluid domain, where superscripts l and e symbolically distinguish

the position vector for solid nodes and fluid nodes, respectively. The F fsi(x, t) and

g(x, t) represent the force per unit volume acting respectively on the solid and the
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fluid points x on Γ at time t. The Navier–Stokes, and the continuity equations with

the external boundary force can be written as:

ρ

(
∂u

∂t
+ u ·∇u

)
= −∇p+ µ∇2u+ g(x, t)

∇ · u = 0

 , (15)

In this equation, g(x, t) = 0 when x /∈ Γ. In most situations the boundary nodes

will not coincide with the fluid nodes, and thus an interpolation scheme is required.

At each timestep(t) – the EBF method uses a discretized interpolation scheme to

compute the external boundary force, g(xe, t) on the fluid boundary node, xe; the

fluid velocity, U f (x
l
ij, t) on solid boundary node xlij; and the fluid–solid interaction

force F fsi(xlij, t) on the solid boundary node, xlij. This scheme uses a discrete Dirac

delta function in the three dimensional domain [87]; the function is given by:

δ(x) ≡


1

64h3 (1 + cos(πx
2h

))(1 + cos(πy
2h

))(1 + cos(πz
2h

)), if |x| ≤ 2h,

0, otherwise
(16)

where h ≡ ∆xLBM is the unit lattice length in LBM calculation. Wu & Aidun

[128] reported that, for linear velocity distributions, the interpolation (eqn. (16))

can give an exact solution. For smooth velocity distributions (continuous first order

derivative), the interpolation has second order accuracy.

Now, with F i(t) as the combination of the fluid–solid interaction force, external

forces such as gravitational force, and interparticle forces such as electrical, lubrication

or contact force on the ith fiber, and with T i(t) as the total torque on the ith fiber,

the Newtonian dynamics equations for that fiber are given by:

Mi
dU i

dt
= F i

I i
dωi
dt

+ ωi × (I i · ωi) = T i

 , (17)

where Mi and I i are respectively the mass and the inertial tensor of the ith fiber.

The velocity, U i, and angular velocity, ωi, are computed by a fourth-order accurate

Runge–Kutta integration of eqn. (17).
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As mentioned before, the fiber boundary nodes are subjected to the fluid–solid

interaction force, Ffsi, the external force which could include the gravitational force,

Fgra, and interparticle (electrical Fele, contact Fcon or lubrication Flub) forces. In the

present simulations, the fibers are considered to be neutrally buoyant. A lubrication

force with an additional contact model is used to prevent fiber overlap. § 3.2.6

describes the form of this force in detail.

3.2.3 Improved body force model for EBF forcing term in LBM

The LBM method is widely successful in simulating many problems including magne-

tohydrodynamics [27], multiphase flow [42, 103, 118], colloidal [68] suspensions, and

non-colloidal suspensions with rigid or deformable particles/capsules [77, 126, 127,

128]. An attraction of the method is its ability to simulate these quite diverse fluid

flow systems by simply including the appropriate body force modeling terms into the

LB equation [101, 103]. The LBM is very promising in its intuitive way to insert new

physics at the mesoscale, as the LB method describes the fluid flow physics from a

mesoscopic point of view. But it is important for the body force model, constructed

at this scale, to follow the same stature of consistency of the LB method to represent

macroscopic flow physics.

Now, there are situations where the body force term has spatial and/or time

variations, which calls for a more cautious modeling effort [69, 47, 22, 48], than

it is required for the modeling of a constant body force term such as gravity e.g.

[50, 132]. A body force incorporating physical phenomena such as a surface tension

force (as in multiphase flow) [3, 103, 93], applied electric potential in electro-osmotic

flows, or centrifugal and coriolis terms appearing in the Navier–Stokes equations in a

non-inertial reference frame are some examples of such body forces, whose modeling

requires special exercise.

The external boundary force (EBF) method [45], that Wu & Aidun coupled with
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LBM for the direct numerical analysis of three-dimensional rigid (or deformable)

particles suspended in fluid, uses a novel technique to impose the no-slip boundary

condition at the fluid–solid interface for stationary or moving boundaries. Hence, this

surface body force is an instance of a body force which has spatial and temporal vari-

ations in the fluid domain (non-existent in the absence of moving and/or deformable

solid boundary), and likewise requires heed to model properly in the mesoscale. In

the previous implementation [126, 127, 128] of LBM–EBF, a simple forcing term

(following the works of He et al. [50] and Succi [116]) was included in the LB BGK

equation, which was not sufficient to recover the exact Navier–Stokes equations. Here,

an improvement over that scheme is proposed.

A number of LB body force models were proposed in the literature [69, 47, 22,

134, 28, 78, 75] to deal with cases as described in the previous examples, but not

all of them were entirely successful to eliminate the presence of non-hydrodynamic

error terms at the macroscopic level. Through the review of Silva & Semiao [109], it

is found that, only Guo et al.’s [47] LB body force model unequivocally recovers the

macroscopic isothermal and incompressible continuity, and Navier–Stokes equations

as the asymptotic solution of the LB BGK equation with a forcing term. In their

method, the discrete lattice effects (finiteness of the lattice sets), and the contribution

of the body force to the momentum flux are both considered. This method was

thought to be acceptable for both steady and unsteady flow situations. Until recently,

Silva & Semiao [109] introduced an additional constraint to the construction of the

LB body force model: the time regime of the aimed hydrodynamic solution. Based on

the Chapman–Enskog analysis, they derived the LB body force model that recovers

the correct steady-state hydrodynamic equations with a body force. Silva & Semiao

demonstrated that, their model is different from the Guo et al. [47] model (which is

consistent only for time-dependent hydrodynamics). However, since the EBF force is

space- and time-dependent, which gives a time dependent solution, the modification
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required in the previous LBM–EBF implementation would be based on Guo et al.’s

work [47] here.

3.2.3.1 Introduction of a body force term in the lattice–Boltzmann
equation

In the presence of a body force density g(xe, t), the LB equation eqn. (12), with a

body force term can be written as:

fk(x
e + ek, t+ 1) = fk(x

e, t) +
1

τ
[f eqk (xe, t)− fk(xe, t)] + gk(x

e, t) (18)

Here, the kinetic source term gk(x
e, t) aims at reproducing the effect of a body force at

the hydrodynamic level. The single particle distribution function zeroth order velocity

moment is given by eqn. (13a), but the single particle distribution function first order

velocity moment eqn. (13b) needs to be changed to include the hydrodynamic body

force, g(xe, t) (proposed in the works of Ginzbourg & Adler[44] and Ladd [67]) as

follows:

ρ(xe, t)u(xe, t) =
∑
k

fk(x
e, t)ek + ag(xe, t) (19)

The forcing term gk can be written in a power series in the velocity space [69]

such as:

gk = wk

[
A +

B · ek
c2
s

+
C : (ekek − c2

sI)

2c4
s

]
(20)

where A, B and C are functions of g to be determined by requiring that the moments

of gk are consistent with the hydrodynamic equations. The first three moments of gk

yield [132, 69, 47]:

∑
k

gk = A (21a)

∑
k

ekgk = B (21b)

∑
k

ekekgk = c2
sAI +

1

2

[
C +CT

]
(21c)
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3.2.3.2 Recovery of hydrodynamic equations with a forcing term

The Chapman–Enskog analysis is an asymptotic multitime scale expansion technique

used to verify the consistency of a kinetic model to reproduce macrohydrodynamic

behavior. Through this analysis, Silva & Semiao [109] obtained sufficient conditions

for the order of truncation of the power series expansion of the LB body force model,

eqn. (20), as well as the definition of its coefficient values, eqns. (21a) to (21c)

for both the time-dependent and time-independent solutions respectively which can

recover the Navier–Stokes equations in its true form. Silva & Semiao showed that,

the body force term for a time-independent solution is different from the body force

term proposed by Guo et al. [47], which was generally accepted as correct for both the

steady and the unsteady-state flow regimes. Guo et al.’s proposed form of the body

force term would be shown to be appropriate for the external boundary force method

and it is important to note here that it is consistent only when a time-dependent

solution is sought.

Listed below are the four essential steps of the Chapman–Enskog expansion, which

was followed by Silva & Semiao [109] to derive the body force terms that reproduce

consistent macrohydrodynamics physics:

1. Taylor expansion of the first term on the left-hand side of the LB equation,

eqn. (18).

2. Multitime scale expansion of fk about f
(0)
k in terms of the Knudsen number,

ε, and employment of a similar reasoning to the LB body force term, gk [95].

Two distinctive time scales are considered in order to distinguish inviscid from

viscous phenomena.

3. Expansions from steps 1 and 2 are introduced into the LB equation, eqn. (18),

and the resulting equations are merged in terms of ε0, ε1 and ε2 hierarchy.
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4. Zeroth and first order velocity moments are computed for the equations derived

in the step 3.

4.1 Sufficient conditions are set to recover the inviscid hydrodynamic equa-

tions with a body force term by applying zeroth and first order velocity moments

to the ε1 hierarchy equation derived in step 3.

4.2 Sufficient conditions are set to recover the correct hydrodynamics at

viscous time scale with a body force term by applying zeroth and first order

velocity moments to the ε2 hierarchy equation derived in step 3.

The final result of Chapman–Enskog analysis established that the LB body force

model for a time-independent solution (for a steady body force which can be spatially

uniform/non-uniform) must be given by:

gk =

(
1− 1

2τ

)
wkg · ek

c2
s

(22)

And the LB body force model for a time-dependent solution (for an unsteady

body force which can be spatially uniform/non-uniform) must be given by:

gk =

(
1− 1

2τ

)
wk

[
ek − u
c2
s

+
(ek · u)

c4
s

ek

]
· g (23)

The body force term given in eqn. (23) was originally derived by Guo et al.

[47]. Through the Chapman–Enskog analysis, Silva & Semiao [109] showed that,

using this model, eqn. (23), in the LB equation would produce non-hydrodynamic

error terms in a steady macroscopic solution; but this model unerringly recovers the

macroscopic isothermal and incompressible continuity and Navier–Stokes equations

for time-dependent flows.

Through the above analysis, the appropriate value of the coefficient ‘a’ to be used

in single particle distribution first order velocity moment, eqn. (19), is shown to be
1

2
;

this value remains the same in eqn. (19) for either of the body force models chosen.
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Silva & Semiao used a D2Q9 model for the Chapman–Enskog expansion; but

the body force models are applicable in D3Q15, D3Q19 and D3Q27 models as well,

provided the results obtained from the fourth order tensorial moment are identical to

that of D2Q9 model.

Guo et al. [47] carried out a numerical test for an unsteady flow (two-dimensional

Taylor vortex flow) where the body force depends on both space and time. They

validated their theoretical finding by showing that their method is the most accurate

for this unsteady flow where the force changes in both space and time. Silva & Semiao

[109] performed numerical experiments (steady Taylor Green vortex flow, and the

extended Poiseuille flow) to compare their theoretical body force model with other

proposed models available in previous literature. They showed that, for a steady-state

solution, their model is the most accurate one. It is interesting that, although the

model proposed by Guo et al. [47] is not consistent for steady-state hydrodynamics,

that model still yielded the least error as compared to errors incurred by some other

existing models. Silva & Semiao demonstrated that the most simple body force model

[50, 116]: gk =
wkg · ek

c2
s

and ρ(xe, t)u(xe, t) =
∑

k fk(x
e, t)ek (i.e. a = 0 in eqn. (19))

recovers more non-hydrodynamic spurious terms at the macroscopic level, and also

yields the less accurate LB steady-state hydrodynamics solutions. Unfortunately,

due to its simplicity, this model is by far the most used irrespective of the nature of

macroscopic solution aimed for. Since discrete lattice effect is not considered in this

simple model, an inexact mass balance equation is recovered, which is identified to

be the most dominant source of error. In previous LBM–EBF implementations, this

model was used.
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3.2.3.3 The correction of EBF forcing term in LBM to recover the
true hydrodynamic equations1

In the discretized LBM–EBF formulation, g is evaluated on the fluid boundary node

by interpolation to find g(xe, t), since the fluid node might not coincide with the

solid node. Previously [128, 126], the LB equation included the simple form of the

body force term [50, 116]: gk =
wkg · ek

c2
s

, and the single particle distribution first

order velocity moment was given by: ρ(xe, t)u(xe, t) =
∑

k fk(x
e, t)ek. It must be

emphasized that, there is a typographical error in the body force term shown in the

LB equation (in eqn. (14) of Wu & Aidun [128] or in eqn. (13) of Wu & Aidun [126]).

In those published papers, the body force term was given as: 3
2
wkg · ek; whereas,

the body force term actually implemented in the LBM–EBF code was: 3wkg · ek for

cs =
√

1/3 (following the methods of He et al. [50] and Succi [116]). This simple

model would recover larger nonhydrodynamic error terms in macroscopic solution as

pointed out in § 3.2.3.2 of this study. Therefore, to be suitable for an improvement

of the inclusion of external body force (EBF) term in LBM equation, the ability to

accurately deal with the unsteady and non-uniform force imposed on the fluid by the

solid must be provided by the scheme chosen; and as such the LBM–EBF method

can be improved by using the body force model of Guo et al. [47] which can recover

the exact Navier–Stokes equations.

So following the work of Guo et al. [47], the LB equation with the correct body

force term which can account for the presence of an external boundary force density

g(xe, t) in the fluid domain in the LBM–EBF method, is shown to be:

fk(x
e + ek, t+ 1) = fk(x

e, t) +
1

τ
[f eqk (xe, t)− fk(xe, t)]

+

(
1− 1

2τ

)
wk

[
ek − u
c2
s

+
(ek · u)

c4
s

ek

]
· g

(24)

1It should be mentioned that all the numerical results on rheology and fiber orientation presented
in this PhD research are from using the previous LBM–EBF [128, 126, 127] approach; since, the
improvement that is proposed here is performed at the final stage of the PhD research.
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And the single particle distribution first order velocity moment should be given by:

ρ(xe, t)u(xe, t) =
∑

k fk(x
e, t)ek + 1

2
g(xe, t).

So to summarize the findings, it is proposed that the body force model of Guo

et al. [47] is the most relevant and accurate method to be used for the external

boundary force term gk in the LB equation, since it can recover the exact Navier–

Stokes equations for fluid flows subjected to a spatially varying, unsteady body force.

Also, the typographical error in the body force model (as appeared in previously

published LBM–EBF papers [126, 128]) is duly recognized and pointed out in this

work; and the limitations of the previously implemented simple body force model (by

He et al. [50] and Succi [116]) are discussed in the light of the works of Guo et al. [47]

and Silva & Semiao [109].

3.2.4 Computational domain and boundary conditions

The LBM–EBF simulations are conducted to create a simple shear flow, which is

common in many experimental setups, and is very important for rheological flows of

industrial interests. In Cartesian co-ordinates (figure 1), indices 1, 2, 3 denote flow

direction, x; gradient direction, y; and vorticity direction, z, respectively. Computa-

tions are carried out in a box-shaped domain Ξ defined by:

Ξ = {x : xi ∈ [ai, bi], i = 1, 2, 3} (25)

where ai and bi are the lower and upper bounds of Ξ respectively, for each Cartesian

co-ordinate component. With respect to the co-ordinate system shown in figure 1,

x1 = x, x2 = y and x3 = z. The boundary ∂Ξ is a union of the six planes:

∂Ξi1 = {x : x ∈ Ξ ∧ xi = ai} , i = 1, 2, 3 (26a)

∂Ξi2 = {x : x ∈ Ξ ∧ xi = bi} , i = 1, 2, 3 (26b)

Typical experimental investigations of sheared fiber suspensions use two laterally
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moving solid walls to maintain the shear. This arrangement is captured in the LBM–

EBF simulation by assigning moving solid wall boundary conditions to two opposing

sides of the box-shaped computational domain, and by assigning periodic boundary

conditions to the rest of boundary planes. Ξ is defined in eqn. (25) with:

a1 = 0, b1 = l1, (27a)

a2 = 0, b2 = l2, (27b)

a3 = 0, b3 = l3 (27c)

where l2 is the gap height between the two walls in the gradient, y-direction, l1 is

the length in the flow, x-direction, and l3 is the depth of the domain in the vorticity,

z-direction. The boundary conditions for ∂Ξ21 and ∂Ξ22 (for the walls) are given by:

u∂Ξ21 = −1

2
l2γ̇ê1, u∂Ξ22 =

1

2
l2γ̇ê1 (28)

In order to minimize the duration of the transient at the onset of shear, sometimes,

the initial condition of the fluid velocity is set to:

u0 = γ̇yê1 (29)

In the simulations: l2 ≥ 5L, l1 = 4L and l3 = 4L; where L is the length of the

fiber. The upper limit of l2 was used for simulations done in the lower bounds in the

semidilute regime in order to include a sufficient number of fibers for statistical aver-

aging. Petrich et al. [88] provided experimental evidence that l2 ≥ 3L is sufficient to

eliminate the wall effects from measurements of the first normal stress difference and

viscosity. In this study, all spatial averages, including those of rheological properties,

average orbit constant, the intensity of concentration variations are taken over the

subdomain:

Ξ′ = {x : 0 + L ≤ x2 ≤ l2 − L,x ∈ Ξ} (30)

This subdomain is chosen in order to avoid wall effects, which occur at distances

less than one fiber length from the wall [114]. A study of wall effects is presented
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in § 4.2. The periodicity length in the flow direction l1 is also kept large enough in

the simulations so that a fiber passes a sufficient number of other fibers at a distance

shorter than L.

The LB operators are modified in order to fit the periodic boundary conditions

and no–slip wall boundary conditions; the modifications are described in Aidun et al.

[5] and Ding & Aidun [33].

The initial orientation of the fibers is created by producing fiber position and

orientation pairs from a combined spatial and orientation distribution. All instances

of fibers intersecting the wall are excluded. Ideally, the generated distribution should

be isotropic and spatially uniform. However, in some instances the initial distribution

favored orientation closer to the flow-vorticity plane, which may affect the asymptotic

orientation to some extent. To quantify this possibility, all the fibers are placed

randomly in the flow-gradient plane as an initial condition. The resulting steady-state

viscosity is compared with that of the case where the fibers are initially oriented in

slightly preferred directions closer to the flow-vorticity plane. Any notable distinction

between these two cases is not observed as the viscosity values varied within 5%.

3.2.5 Meshing of fibers in Lagrangian grid

For high aspect-ratio rigid rod-like fibers, it is adequate for computational accuracy

to use Lagrangian boundary nodes only on the surface of the cylindrical body, and

no internal nodes need to be placed inside the fiber volume. (M ×N) number of

boundary nodes are placed on each fiber, where M is the total number of hinges (m)

(imaginary circles with circumference of 2πd) along the fiber which span from the

bottom periphery of the cylindrical fiber to its top periphery; N is the number of

boundary nodes placed on each hinge in such a way that it cuts the circumference

of the imaginary circle into N number of equal arcs as shown in figure 3. In the

simulations, the value of N used is 4. The fiber is modeled as a chain of (M−1) rods,
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Figure 3: The fiber is modeled as a chain of rods connected with a total M number
of hinges. The boundary nodes (n) on the circumference of each hinge are shown
with grey circles.

and has an equilibrium length, l and a diameter, d. The fiber length is L = (M − 1)l.

As an example, in a sample simulation, (M ×N = 11× 4) number of boundary nodes

is used to model a fiber with aspect-ratio, rp = 20. The effective volume of each

hinge is dQ ≡ Lπd2

4M
. When the fiber is flexible, the rods can bend and twist about

the hinges, and the equilibrium lengths can be changed due to the forces applied on

the boundary nodes. When dealing with rigid fibers, the hinges are assumed stiff.

It should be noted that, in the LBM–EBF method, subgrid modeling is possible,

and the diameter of a fiber is kept less than one lattice–Boltzmann length unit, i.e.

d < ∆xLBM for better accuracy and stability.

3.2.6 Fibers near contact

The accuracy of the LBM–EBF method, for resolving forces between fibers approach-

ing very close to each other, depends upon the lubrication force model implemented.

A lubrication force model similar to the form used by Yamane et al. [130], and Joung

et al. [60] is used in the LBM–EBF as well. Let Vim and Vjk be the velocities of hinge
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m in fiber i and hinge k in another similarly meshed fiber j, respectively (note, i can

be equal to j for flexible fibers). The relative velocity component, Vlub
im−jk, between

these hinges is:

Vlub
im−jk =

rim − rjk
|rim − rjk|

{ rim − rjk
|rim − rjk| · (Vim −Vjk)

}
(31)

where rim − rjk is the position vector from hinge k to hinge m, and |rim − rjk| is the

length of the vector. The lubrication force density between hinges im and jk to the

leading order is given by:

Flub
im−jk = − 9µVlub

im−jk

2d(|rim − rjk| − d)
(32)

Then the lubrication force density applied on hinge im is :

Flub
im =

∑
jk

Flub
im−jk (33)

To avoid fibers crossing and to remove singularities when hinges overlap (|rim − rjk|−
d = 0), the use of lubrication force, Flub, is restricted in the range of d + ε ≤
|rim − rjk| ≤ 1.25d. Here, ε is a very small positive number to ensure a stable nu-

merical simulation. If the gap is smaller than ε, the translational and rotational

velocities are reset to make sure the relative velocity component along the direction

with minimum distance between the surfaces is equal to zero.

One limitation of the current contact model is that it treats different kinds of

contacts in the same manner. A category of contacts can be the group of cases

where an interaction interface is close to a point, whereas another category can be

the group of cases where a region of contact is a straight line or a curved line (for a

flexible fiber). The types of relative motion can also vary. In some cases, the relative

motion is normal to the surface, and in some cases surfaces are in shear. The relative

position and motion could be the combination of these example cases. In different

cases, the models for interaction forces should be different. But at present, the criteria

for the onset of contact are the same – the lubrication force and the contact force
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only depend on the shortest distance and the relative velocity between two contacting

fibers. The current contact model also does not include multi-body contacts.

3.2.7 Computational resources

To simulate a reasonably large number, O(103), of fibers in the computational box,

the calculations are conducted (with the application of OpenMP directive) on 4-

processor workstation consisting of 2 GHz AMD Opteron 8350 (‘Barcelona’) quad-

core processor (16 cores total). A typical run occupying 4-cores with approx. 2000

fibers (with e.g. 37 × 2 × 2 Lagrangian nodes on each fiber surface) in an Eulerian

fluid domain of 64×64×48 lattice nodes usually takes order of weeks in clock time to

reach a pseudo-steady state. Some of the runs are conducted utilizing the TeraGrid

Cyber infrastructure facility. The maximum number of fibers simulated in this study

is 10500.

Figure 4 shows an example of the time evolution of 995 fibers in the computational

domain under a simple shear flow for different amounts of shear strain, γ = γ̇t.
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Figure 4: The time evolution of the configuration of 995 fibers (rp = 32 and initially
randomly oriented) at solid volume concentration, cv = 0.00767 in a simple shear flow
with LBM–EBF simulation. The amount of shear strain, γ = γ̇t is indicated above
the figures.
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CHAPTER IV

ORBIT CONSTANT DISTRIBUTION IN A SHEARED

SEMIDILUTE SUSPENSION

In creeping flow, Jeffery [59] completely neglected effects such as fluid and fiber iner-

tia, Brownian motion, fiber flexibility and fiber–fiber interactions. All of these may be

present in a semidilute suspension, where free rotation is prohibited but the thermo-

dynamic properties of the system are the same as in the dilute case. Jeffery’s solution

does not describe any steady-state orbit constant (Cb)-distribution, since according

to the solution, the Cb-distribution is unchanged due to shear, and hence indetermi-

nate. But in a semidilute system, all or some of the above mentioned effects might

be present, which will cause small departures of orbits from the undisturbed creeping

flow situation. This will lead to a slow change in the orbit of a fiber so that eventually

a steady-state distribution of orbits, which is independent of the initial orientations

of the fibers, may be established. In other words, a fiber in dilute suspension obeying

Jeffery’s solution has a perfect memory (the Cb-distribution is unchanged), whereas

the fading memory effect in the semidilute suspension yields an unique steady-state

orbit constant distribution.

In the absence of other factors, the hydrodynamic interactions among fibers can

disturb the Jeffery orbits, which can give rise to a rotary diffusion process and a

steady-state orbit constant distribution. In the past, investigations on these issues

have mostly been performed for suspensions with concentrations lower than that un-

der consideration in this research. In this chapter, numerical (LBM–EBF) simulation

is used to predict the orbit-constant distribution of fibers in the semidilute suspen-

sion. Then we discuss the anisotropic weak diffusivity model ‘A.W.D.M.’ and test its
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applicability in measuring rotational diffusivity in the semidilute regime.

4.1 Experimental and numerical simulations to determine
the Cb-distribution

Anczurowski & Mason [8, 9] measured the orbit constant distribution of rods (with

rp = 18.4 and 20.3) in precision Couette flow with counter-rotating concentric cylin-

ders. They used nylon fiber filaments in 5.1% by volume tetrabromoethane solution

in Pale 4 oil. The orbit constant was calculated by measuring the maximum value of

θ (see figure 1) by viewing the projection of the particle in the xz-plane. The lowest

two concentrations (nL3 = 0.016 and 0.066) had essentially the same orbit constant

distribution, which indicates that they were both in the dilute regime, while the high-

est concentration (nL3 = 0.26) favored higher orbit constants indicating a departure

from the dilute regime. Stover et al. [115] observed the orientation of the semidi-

lute, index-of-refraction matched suspension in a Newtonian fluid with one opaque

tracer fiber in a cylindrical Couette device (figure 5). Stover et al. used cellulose

acetate propionate (CAP) fibers of rp = 16.9 and 31.9, in a mixture of glycerine and

polyethylene glycol (PEG). From the recorded orientations of fibers, time-averaged

C-distributions were constructed for the low aspect-ratio fibers, rp = 16.9 in different

concentrations of nL3 = 20, 10, 3 and 1; and for high aspect-ratio fibers, rp = 31.9 in

nL3 = 45, 18, 10, and 5. The measured Cb-distributions were similar to each other,

and markedly different from the dilute Cb-distributions measured by Anczurowski &

Mason [9]. Anczurowski & Mason’s dilute regime experiments yielded the peak values

for Cb-distributions in the range of 0 < Cb < 0.25; whereas, Stover et al. showed that

the Cb-distributions have peaks in the range of 0 < Cb < 0.5 for both the dilute and

the semidilute systems.

Fiber-level numerical simulations have also been performed to determine the Cb-

distribution in sheared suspension of non-Brownian rigid (or flexible) fibers in the last

two decades. Yamane et al. [130] proposed an approximate method for the semidilute
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Figure 5: The Schematic of Couette device used by Stover et al. [115]

suspension where they only took into account short-range hydrodynamic interaction,

which is modeled by the normal lubrication forces between close neighboring rigid

rod-like fibers. The lubrication force is applied when the gap between two neighbor-

ing fibers becomes lower than a certain value. If the gap is larger than this value,

then the fiber moves as a single rod in shear flow without the effect of any long-range

hydrodynamic interaction. To simulate a statistically homogeneous system, a sheared

periodic boundary condition is used. Yamane et al. predicted the steady-state distri-

bution of Cb for rp = 16.9 and nL3 = 20 in a sheared suspension. The distribution of

Cb shifted to higher values of Cb as the system was sheared. But Yamane et al.’s Cb

distributions do not agree well with Stover et al.’s experimental results. This might

be the result of neglecting long-range hydrodynamic interactions completely in the

semidilute regime.

Fan et al. [40] employed the indirect boundary element method (BEM) and the

completed double layer boundary element method (CDLBEM) [62, 90] to simulate
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the periodic suspension of prolate spheroids accounting for hydrodynamic interac-

tion among infinite particles. They used the slender body approximation (similar

to Mackaplow & Shaqfeh’s work [76]) for long-range hydrodynamic interactions, and

a lubrication approximation (in the manner of Yamane et al. [130]) for short-range

interactions.

In the dilute regime with nL3 = 0.016, and with fibers of rp = 18.4, Fan et al.’s

simulations seemed to be randomly distributed in Cb, and therefore, the simulations

did not agree with the corresponding experimental Cb of Anczurowski & Mason [9],

which favored lower orbit constant, Cb values. Fan et al. attributed this disagreement

to the difference in initial conditions between experiments and simulations. In the

dilute experiments, the fibers were initially located in the orbits with lower values of

Cb, i.e. close to the vorticity axis. The simulations had initial configurations generated

by a pseudo-random sequence, and the Cb was distributed randomly. Fan et al.’s [40]

simulated Cb distribution, for nL3 = 20 with fibers of rp = 16.9, in the semidilute

regime was in qualitative agreement with Yamane et al.’s simulation data. However,

by comparing the semidilute regime Cb-distribution of Fan et al. [40] (for nL3 = 45

with fibers of rp = 31.9), to the corresponding Stover et al. [115] experimental results,

it is seen that – in simulation, more fibers drift toward the xy-plane relative to the

experimental observation. In simulations, the fibers move in orbits within a range

of about 0.42 ∼ C ∼ 1.12 or 0.296 ∼ Cb ∼ 0.528 which gave higher distribution

probabilities in the region of larger Cb than was observed in Stover et al.’s semidilute

experiments. Fan et al. tried to explain this discrepancy by mentioning that the

inclusion of long-range hydrodynamic interactions drives the fibers to orbits with

higher orbit constants. In fact, the small reference cells and a small number of fibers

(e.g. only 40 fibers were used in the reference cell, for nL3 = 0.016 and with fibers of

rp = 18.4, to save computational cost) might have caused large statistical errors in

those simulations.
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Lindström & Uesaka [71] performed a fiber–level simulation by taking into ac-

count both the short-range and the long-range hydrodynamic interactions, and addi-

tionally modeled the actual mechanical contacts among fibers in the simulation. The

mechanical contact model certainly plays an important role in a semiconcentrated

(nL2d = O (1)) to a concentrated suspension where the hydrodynamic interactions

are weak and the mechanical contacts are dominant, but the model is also useful to ac-

count for any weak mechanical contact effects that might be present in the semidilute

regime. The comparison of their semidilute results with Stover et al.’s experiments

revealed that the simulations predict very well the Cb-distribution within the scatter

of the measurement.

Sundararajakumar & Koch [117] numerically simulated rigid rod-like fibers in

semiconcentrated regime with only a mechanical contact model. They showed that

for slender fibers, lubrication force is not sufficiently strong to prevent actual physical

contact between fibers, given that the fibers come very close to each other. For

simplicity, they assumed frictionless contact so that the fibers could slide over each

other. The fibers in the simulation showed a tendency toward alignment in the flow-

gradient plane at higher fiber concentrations because of the strong mechanical contact

effects.

It should be mentioned that numerical studies of orbit constant of a single flexible

fiber have been performed by Skjetne et al. [110] and Ross & Klingenberg [99]. How-

ever in this study, the focus stays upon characterizing the orientation distribution of

rigid fibers.

4.2 Prediction of orbit constant distribution with LBM–
EBF

The LBM–EBF simulation method is employed to predict fiber orbit constant dis-

tribution in simple shear flow, where the velocity distribution of the bulk suspension

flow is u = γ̇yê1.
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Before discussing the results in detail, it is important to quantify the sensitivity of

the simulation results to several parameters, which are potential sources of error. Pa-

rameters investigated include the wall gap height, number of fibers, the time required

to achieve an equilibrium state, and the intensity of concentration variations.

Since wall boundary conditions are used in the gradient, y-direction, a study has

been performed to observe the effect of the walls on the orientation and the rheological

properties. As mentioned in § 3.2.4, the lowest gap between the walls used in the

simulation is 5L (5× fiber length). The spatial averages for rheological or orientational

properties are computed within the sub-domain given by eqn. (30).

0 100 200 300 400 500 600 700 800
0.5

1

1.5

Shear Strain, γ̇t

R
el

at
iv

e
vi

sc
os

it
y,

µ
r
e
l

 

 

Domain size: 5L×5L×4L

0 1 2 3 4 5 6 7 8 9 10

0.5

0.75

1

1.25

1.5

Simulation time/Jeffery’s orbit period, t
T

 

 

Domain size: 5L×10L×4L

nL3=3
r
p
=16

0 200 400 600 800 1000 1200 1400 1600
0

0.2

0.4

0.6

0.8

1

Shear Strain, γ̇t

〈C
b
〉

 

 

Domain size: 5L×5L×4L

0 2 4 6 8 10 12 14 16 18 20

0

0.2

0.4

0.6

0.8

1

Simulation time/Jefferey’s orbit period, t
T

 

 

Domain size: 5L×10L×4L

nL3=3
r
p
=16

Figure 6: The effect of change of the wall gap on the orientation and the rheological
properties of a suspension: (top figure) effect on the relative viscosity, µrel of a sus-
pension, and (bottom figure) effect on the average orbit constant distribution, 〈Cb〉
of a suspension. The figures also demonstrate measures of the time scales required to
achieve pseudo equilibrium (steady) states.
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Figure 6 shows that, no statistically significant changes occur either between rel-

ative viscosities, µrel (µrel is the ratio of suspension viscosity to the continuous phase

viscosity) or between average orbit constants, 〈Cb〉 at steady states when the gap

height is increased from 5L to 10L. µrel changes by less than 2% at steady-state

when the wall height is increased in figure 6. Overall in our simulations, the changes

remain within ±5% for both steady-state 〈Cb〉 and µrel by varying the wall gap from

5L to 10L.

Figure 6 also demonstrates that, during the transient, both 〈Cb〉 and µrel undergo

a damped oscillation process, but eventually, the oscillations level out and attain

small signal to noise ratios, as inspected by the eye. The damping in the rheological

property such as µrel, is primarily due to particle interactions (although polydispersion

can contribute to damping as well) and is in agreement with the theoretical predictions

(Ivanov & van de Ven [56], Okagawa et al. [83]) and experimental observations (Ivanov

et al. [57], Ivanov & van de Ven [56]).

Again it is apparent from figure 6 that the parameter 〈Cb〉 achieves a statistically

steady-state after more shear is applied than is required for the relative viscosity, µrel

to reach such a state. Anczurowski & Mason [8, 9] showed that the Cb-distribution

evolves into a steady-state with more shear being applied to the suspension. Hence, an

additional time scale exists for the relaxation of Cb-distribution, and a more stringent

test can be performed to confirm the equilibrium state for orbit constant distributions.

Stover et al. [115] experimentally found that the time correlation function of the orbit

constant in the semidilute suspension decays exponentially with the delay time at the

characteristic time scale, τc ≈ 270

nL3γ̇
. It should be mentioned that the theoretical

calculation by Rahnama et al. [97] gives comparable but slightly higher measures of

τc. A fiber can lose correlation only after it comes into interaction with a sufficient

number of fibers. Lindström & Uesaka [72] normalized the experimental τc of Stover
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et al. with Jefferey’s orbit period, T which yielded:

τc
T
≈ 43

nL3re
(34)

Thus, the particular case shown in figure 6, has
τc
T
≈ 1.203. The correlation time

is smaller when the suspension concentration increases. For example, a suspension of

nL3 = 45 with fibers of aspect-ratio, rp = 32 has
τc
T
≈ 0.045 according to eqn. (34).

The durations of the simulations in this study vary between 22τc to 150τc, where the

upper limit corresponds to the highest concentration simulated.

Figure 6 also demonstrates the sensitivity of results on the number of fibers simu-

lated. Since the nL3 value does not change (nL3 = 3) regardless of the domain sizes

in figure 6, the number of fibers has to change from 652, for a 5L×10L×4L domain,

to 300 for a 5L × 5L × 4L domain, respectively. It can be said that the oscillations

damp out at a slightly faster rate when fiber numbers are higher, as can be visible

specially in the relative viscosity, µrel vs. shear strain plot in figure 6.

Fiber clumping and flocculation can i.e. Spatial inhomogeneity in the simulation

domain can also affect the overall fiber orientation in the simulation domain. In

Appendix B, a parameter termed as intensity of concentration variations is studied.

This parameter showed that in the semidilute range, the concentration variation is

very low.

Now, after having confidence on the simulation results, we move into analyzing

the orbit constant distribution of fibers in semidilute suspension at a steady state. It

should be mentioned that, in order to minimize the duration of transient at the onset

of shear, sometimes, the initial condition of the fluid velocity is set to u0 = γ̇yê1.

In the simulation, the flow kinematics is known, but the motion of each fiber is

tracked. For example, figure 7 shows the orbit of the end of a tracer fiber (rp = 32) in

the semidilute suspension, at nL3 = 5, with LBM–EBF simulation. The black path

indicates the initial Jeffery’s orbit, Cb = 0.414 at zero shear strain. At a shear strain

of 2148 (approx.), the fiber has been moving along different Jeffery’s orbits for 16
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Figure 7: The orbits traced by one end of a tracer fiber with rp = 32 in a semidilute
suspension (nL3 = 5) under a shear deformation with shear strain from 0 to 2148
(approx.).

(approx.) cycles (brown dotted paths) due to hydrodynamic interactions with other

fibers. The orientation data are collected at every 1800 LBM timesteps, i.e., at every

1.293 shear deformation. From the density of the circles on every orbit, it also can

be seen that the fiber spent more time in the orientation close to the flow direction.

The positions and the orientations of the fibers are output at specific time (shear

strain) intervals. The output is post processed to form the Cb-distribution as follows:

1. The angles θ and φ (figure 1) are calculated from the direction cosines of the line

passing through the fiber’s axis.

2. The orbit constant, C, for that fiber is calculated with eqn. (8). The equivalent

aspect-ratio, re is calculated with eqn. (4) to be used in eqn. (8) . The orbit

constant, Cb (which has finite bounds) is calculated as Cb = C/(1 + C) ∈ [0, 1].

3. Steps 1 and 2 are repeated to calculate the Cb values for all the fibers.

4. The span of Cb is divided into n number of bins, where
n∑
i=1

dCb(i) = 1.0. The
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MATLAB® function ‘hist’ distributes the fibers into i number of bins based

upon their corresponding Cb(i) values. Now the probability of finding a specific

fiber in the i-th bin is calculated as: p (Cb) =
no. of fibers in Cb(i)
total no. of fibers

·

5. p (Cb) is normalized with the integral area under the histogram.

6. p (Cb) is averaged over the last two orbit periods simulated.

Figures 8 – 10 compare the Cb-distributions predicted with LBM–EBF simulations

to those of Stover et al.’s [115] experiments for nL3 5 to 45. The Cb-distribution with

LBM–EBF simulations validated the experimental results very well. The peaks of

the Cb-distributions remain in the range 0.15 < Cb < 0.4 for LBM–EBF which is

consistent with the experimental results. The rotary diffusion process, which is the

underlying mechanism that governs the Cb-distribution, would be analyzed next; and

it should now be mentioned that the solid curves in figures 8 – 10 actually demonstrate

the applicability of a particular rotary diffusion model to describe the Cb-distributions.

This topic is the subject matter of § 4.3.

4.3 Rotational diffusion from Cb-distribution

Leal & Hinch [70] tried to develop a solution for the steady-state C-distribution of

rod-like fibers obeying Jeffery’s equation; their approach was to account for a weak

scalar rotary diffusivity (i.e. rotary Brownian motion) in a shear flow, in the limit

when the rotary diffusivity goes to zero. The solution method stipulates that the net

flux of particles to any particular orbit is zero at the steady-state. In the solution for

C-distribution function, no O (Dr) terms exist because of the double limiting process

that occurs, in which rotary diffusivity goes to zero, and time goes to infinity. But

in the dilute limit for non-Brownian fibers, this solution method did not reproduce

Anczurowski & Mason’s [9] experimental C-distribution, and the conclusion drawn

was that either infrequent strong interactions are important to this problem or distant
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figure), respectively. The experimental Cb-distributions are within the 80% confidence
interval. The solid curves demonstrate the one-parameter fit (with parameter R) of
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Figure 10: p(Cb) with nL3=3, 10, or 20, from top to bottom figure, respectively. The
rp=16.9 for the experiment, and rp=16.0 for the simulation. The experimental Cb-
distributions are within the 80% confidence interval. The solid curves demonstrate
the one-parameter fit (with parameter R) of ‘A.W.D.M.’ to LBM–EBF simulation
data. The best-fitted R values are indicated in corresponding legends.
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interactions are described poorly by a rotary diffusivity. Stover in his PhD thesis [113]

compared this weak isotropic diffusion model to his experiments, and discovered that

the model was able to qualitatively describe the C-distribution in the semidilute

regime better than it did in the dilute regime. Intuitively, if the effects of interactions

can be modeled as a rotary diffusion process, one would expect the dilute regime

to be well described by a weak diffusivity, and perhaps a finite diffusivity would be

required for the non-dilute cases. Stover’s effort to explain this behavior comes from

consideration of the effects of an anisotropic weak rotary diffusivity.

The anisotropic orientation distribution function, which may evolve from the im-

posed anisotropic flow field, makes it unreasonable to expect an isotropic diffusivity to

account for the hydrodynamic interactions in that anisotropic flow field. Rahnama et

al. [96] and Rahnama et al. [97] generalized Leal & Hinch’s [70] solution to the Burgers

[23] evolution equation by including the orientation-dependent, anisotropic diffusiv-

ity tensor and a drift velocity. So the differential probability distribution function,

Ω (θ, φ, t), looks like:

∂Ω
∂t

+∇p ·
(
ṗJΩ

)︸ ︷︷ ︸ = ∇p · (Dr · ∇pΩ)︸ ︷︷ ︸ − ∇p ·
(
Ωṗh

)︸ ︷︷ ︸
convection along divergence of flux divergence of flux

Jeffery orbits due to due to

hydrodynamic diffusion drift velocity

(35)

where ∇p is the gradient operator in orientation space, ṗJ is the rotation rate of the

fiber as described by Jeffery, Dr is the anisotropic weak diffusivity tensor, and ṗh is

the drift velocity. Some postulations about the origin of drift velocity include inhomo-

geneous mean shear flow, inertial effects, non-Newtonian effects, non-hydrodynamic

fiber–fiber interactions, and deformation of the suspended fibers [64]. Since the diffu-

sion is weak, so to the leading order, the steady-state distribution function is governed

by:

∇p ·
(
ṗJΩ

)
= 0 (36)
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Figure 11: Typical co-ordinate lines for the orbit co-ordinates (C, τ)

Eqn. (36) is the ‘Jeffery’s advection equation’ and yields no information about the

relative populations of different orbits. Hence, the original eqn. (35) was re-examined

to consider the consequences of the action of a small amount of weak anisotropic

diffusion, in the limit as t → ∞. The drift velocity, ph, has been neglected, and

eqn. (35) was integrated over a singly connected domain, A, on the unit sphere,

where the function, Ω, is defined. Then applying the ‘divergence theorem’ over the

closed Jeffery’s orbit as the bounding curve, along which ṗJ · n̂ = 0, where n̂ is

the outward normal to the bounding curve, the following equation was obtained at

steady-state [96, 97]:

Dr :

∫
l

n̂∇pΩ dl = 0 (37)

Here the components of the diffusivity tensor are assumed to be constant. Eqn. (37)

states that the net flux of fibers across an orbit is zero at the steady-state and per-

mits determination of the steady-state orbit constant distribution. In particular,

eqn. (37) is applicable for a weak diffusion, provided that as Dr becomes small, other

effects such as fluid inertia, and fiber–fiber interactions do not become of equal impor-

tance. For convenience, the (θ, φ) co-ordinates on the unit sphere were transformed

to the more natural orbit co-ordinates (C, τ), where τ is the phase angle equal to

tan−1
(

1
re

tan θ
)

. The co-ordinate lines C = const. and τ = const., though still on

the unit sphere, are not orthogonal as shown in figure 11, where angle α defines the
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skewness of the co-ordinate lines. Now the orientation distribution can be separated

into two parts, such as:

Ω (C, τ) = f (C) g (C, τ) (38)

In this expression f (C) is the unknown distribution function describing the popula-

tion amongst the Jeffery orbits; g (C, τ) is the distribution around an individual orbit,

C. Now the solution of eqn. (36) is subject to the condition of eqn. (37). Applying

eqn. (37) in the (C, τ) co-ordinate system, and in the large aspect-ratio limit, the

integral expression for f (C) was analytically solved to yield:

f (C) =
RC

π (4RC2 + 1)3/2
(39)

where R=
(
Drθθ
Drφφ

)
. Dr

θθ is the proportionality between gradients of Ω (θ, φ) in the

θ-direction and the flux of probability in the θ-direction. A large value of R implies

that the fibers are aligned near the vorticity axis, as the effect of Dr
θθ is to push

fibers away from the flow direction, and push toward vorticity or toward decreasing

values of orbit constant. Rahnama et al. [97] proved that the off-diagonal elements

of the diffusivity tensor, Dr
θφ, and Dr

φθ, do not affect the final orientation distribution

function. The effect of this weak anisotropic diffusion on the orbit distribution is

schematically portrayed in figure 12. The steady-state orbit constant distribution

can be presented as a differential probability distribution function, p (Cb), such that

the probability of finding any particular fiber with Cb in the interval [Cb, Cb + dCb] is

p(Cb)dCb. Eqn. (39) can be transformed to give:

p (Cb) =
4RCb{

4R [Cb/(1− Cb)]2 + 1
}3/2

(1− Cb)3
(40)

where
∫ 1

0
p (Cb) dCb ≡ 1. Eqn. (40) is referred to as the anisotropic weak diffusiv-

ity model ‘A.W.D.M.’ in this work. The trend of R, in the semidilute regime can

be investigated, by fitting the model with different Cb-distributions, by varying the

suspension concentration and the fiber aspect-ratio.
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Figure 12: Schematic diagram illustrating the position of the end of the fiber and
the effect of diffusion on the orbit distribution.

A nonlinear least-square (non-linear data fitting) problem is solved in this research

to perform the one-parameter fit of the anisotropic diffusivity model, eqn. (40), to the

simulated Cb-distribution. Rather than finding the value f(x) (the sum of squares),

this non-linear least-square method requires the user-defined function [in our case

eqn. (40)] to compute the vector -valued function:

F (x) =



f1(x)

f2(x)

...

fm(x)


Then in vector terms, this optimization problem is restated as:

min
x

1

2
‖F (x)‖2

2 =
1

2

∑
i

fi(x)2

where x is a vector, and F (x ) is a function that returns a vector value. This is

known as the LevenbergMarquardt algorithm (LMA) [81], which provides a numerical

solution to the problem of minimizing a function, generally nonlinear, over a space of

parameters of the function. The LMA algorithm was obtained from the MATLAB®
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Function Optimization Toolbox� with quadcubic (a safeguarded mixed quadratic

and cubic polynomial interpolation and extrapolation method) linesearch to produce

a best fit value of diffusivity ratio, R
(
Drθθ
Drφφ

)
.

To determine the diffusivity ratio, R, in the semidilute regime, Stover et al. fitted

the ‘A.W.D.M.’, eqn. (40), to their experimental Cb-distribution with R as an ad-

justable parameter. They also fitted the ‘A.W.D.M.’ to Anczurowski & Mason’s [9]

dilute experimental Cb-distribution. The fibers with rp=18.4 for Anczurowski & Ma-

son’s experiment show a plateau at about
(
Drθθ
Drφφ

)
=17 for the apparent dilute regime

(nL3=0.016, 0.066). But a steep drop to another plateau, at about
(
Drθθ
Drφφ

)
=1.5, was

observed for Stover et al.’s semidilute regime experiments.

Rahnama et al. [97] theoretically studied the orientation diffusivity in dilute to

semidilute regimes with ‘hydrodynamic interaction theory’. In this hydrodynamic

theory, orientation diffusivity was obtained from an ensemble average of the hydro-

dynamic fiber–fiber interactions. The steady-state fiber orientation distribution is

controlled by the anisotropy and the orientation dependence of the diffusivity. The

steady-state and transient fiber orientation distributions are derived using a per-

turbation analysis for weak hydrodynamic orientation diffusion. For computational

convenience, Rahnama et al. fitted the ‘A.W.D.M’ to the Cb-distribution calculated

with ‘hydrodynamic interaction theory’, and obtained the best-fit value of R. Rah-

nama et al. used an iterative solution with an initial guess of R (averaged R=2.4 from

Stover et al.’s experiments, for rp=31.9 was used as an initial guess) to calculate the

Cb-distribution with this theory.

Table 1 summarizes R=
(
Drθθ
Drφφ

)
values from Stover et al.’s [115] experiments, from

‘hydrodynamic interaction theory’ and from the LBM–EBF simulations. The R values

in the semidilute regime, from nL3 = 1−45, fall in the same range for the theory and

the experiments. The quantitative comparison between the LBM–EBF simulations

and the experiments are good, considering statistical uncertainties in the experiments.
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Table 1: Comparison of the diffusivity ratio, R
(
Drθθ
Drφφ

)
nL3 Stover’s

experiment
Hydrodyn.
Interaction
Theory

LBM–EBF
simulation

rp = 31.9 rp = 31.9 rp = 32.0

45 3.16 2.55 2.58
18 1.38 3.12 3.31
10 2.85 3.50 2.86
5 2.18 3.50 2.45

However, Stover et al.’s experimental values of R do not show any systematic depen-

dence on the volume concentration, nL3, and aspect-ratio, rp. Whereas, the theory

reveals a dependence of diffusivity ratio, R, on nL3, and aspect-ratio, rp in a way

that, for a fixed aspect ratio (rp = 31.9), the value of R decreases with increasing

nL3. Physically this means that the fibers shift closer toward the flow direction with

increasing nL3. According to Rahnama et al. this shift resulted from the anisotropic

hydrodynamic screening incorporated in the renormalized Green’s function derived

by Shaqfeh & Fredrickson [104]. The LBM–EBF predicted R values first increase

slightly from nL3 = 5− 18, and then decrease with increasing concentration, follow-

ing the theoretical prediction. The physical reason behind this can be explained by

studying the change of 〈Cb〉 values with the change of concentration.

From figure 13 it is seen that the 〈Cb〉 values for the Stover et al. experiments and

the LBM–EBF simulations decrease with increase of nL2d. Physically this means the

fibers are shifting towards the vorticity axis, and as a result the R value also increases

(diffusion occurring primarily in flow-vorticity plane) with concentration. But as the

concentration increases more (nL3 > 18 or nL2d & 0.56253)), the fiber–fiber hydro-

dynamic interactions dominate, and also there can be presence of some mechanical

contacts among fibers. Both of these effects cause extra fiber flipping, and as a result

the fibers move closer to the flow direction (〈Cb〉 increases) and the diffusivity ratio R
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Figure 13: Average value of orbit constant, 〈Cb〉 , as a function of nL2d. The
prediction of ‘hydrodynamic interaction theory’ is indicated with a solid line.

decreases (i.e. diffusion occurring primarily in the flow-gradient plane). So the 〈Cb〉
values from Stover et al.’s experiments, from the ‘hydrodynamic interaction theory’

and from the LBM–EBF simulations fall close to each other for higher values of con-

centration, as observed, for example, at the concentration nL3 = 45 (nL2d ≈ 1.41).

Now the apparent discrepancy between the theory and the experiments at low con-

centrations can be due to the lower accuracy of renormalized Green’s function at low

concentrations (which is used to account for hydrodynamic screening in ‘hydrody-

namic interaction theory’). Actually that function shows better accuracy at higher

values of nL3 [104]. Perhaps at lower concentrations, a two-fiber theory would work

better. On the flip-side, through a private communication with Professor Koch at

Cornell University, the authors were informed that during Stover et al.’s [115] ex-

periments, that group of researchers did not pay much attention to these trends of

diffusivity ratio, R. Not being too sure about the statistical significance of the trends,

they rather paid more attention just to the overall range of values of the diffusivity

ratio, R. So it is encouraging that the LBM–EBF simulations produced physically

explainable results of the trend of R and in addition verified its range in the semidilute

suspension for non-colloidal rigid fibers.
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4.4 φ distribution

In § 4.2 it has been demonstrated that the ‘A.W.D.M.’ adequately described the orbit

constant distribution. But it is also important to investigate the φ-distribution and its

relation to the ‘A.W.D.M.’ model. Although the model predicts the Cb-distribution

with good accuracy, the φ-distribution may not be described by it, since fiber–fiber

hydrodynamic interactions affect these two distributions differently. A weak rotary

diffusivity can affect the Cb-distribution, but the φ-distribution is unchanged by a

weak rotary diffusivity, since the diffusivity in the φ-direction is dwarfed by the Jef-

fery’s convective term in that direction. The orientation dispersion in the semidilute

regime may be investigated by comparing the probability distribution, p(φ), in that

regime to the p(φ) for an isolated fiber in fluid, given by the Jeffery’s solution. Ac-

cording to Anczurowski & Mason [8], the orientation probability distribution for the

angle φ for an isolated fiber is given by:

p(φ) =
re

π
(
r2
e cos2 φ+ sin2 φ

) (41)

where 0 < φ < π. The φ-distribution must be symmetric about the flow direction

(φ = π/2), if all the particle–particle interactions are hydrodynamic. The argument

follows from the form of the N-particle Smoluchowski equation, and is similar to that

given by Koch [64] for the pair probability in a suspension of spheres. The quantities

Ui (the velocity of the ith particle) and ωi (angular velocity of the ith particle) are

linear with shear rate, γ̇, so the probability of a certain configuration is unchanged if

the flow is reversed. Therefore, the φ-distribution must be symmetric upon reflection

through the xz-plane. However, Stover [113] found that, most of the peaks of the φ-

distributions experienced a slight shift from the x-direction (φ = π/2) to the upstream

direction, i.e., to a value of φ less than π/2. But they were unable to determine the

source of this apparent shift.
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Similar to procedure followed in measuring the Cb-distributions from the LBM–

EBF data, the probability distributions, p (φ), are also calculated at a specific timestep.

The angle, φ, can vary between 0 to π. So the total range of φ is divided into n num-

ber of bins, where
n∑
i=1

dφ(i) = π. As before, the probability that a fiber will have a φ

angle within the range [φ(i) < φ < φ(i) + dφ] is: p (φ) = no. of fibers in φ(i)
total no. of fibers

· The p(φ)

is normalized with the integral area under the histogram.
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Figure 14: Comparison of Jeffery’s φ-distribution (eqn. (41)) for an isolated fiber
to the LBM–EBF simulated φ-distributions for suspensions with (top figure) fibers of
aspect-ratio rp = 32 at nL3 = 18; and (bottom figure) fibers of aspect-ratio rp = 32
at nL3 = 45, respectively.

The φ-distributions in figure 14 are demonstrations of the fact that spreading

of p(φ) occurs due to a diffusion-like process, which favors low gradients of the φ-

distribution function in the semidilute regime. The fibers are nearly aligned in the

flow direction, but slight shifts of the peaks of p(φ) are observed as compared to the
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symmetric Jeffery’s solutions.
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Figure 15: The shift of mean angle of φ-distribution as a function of nL3 for dif-
ferent aspect-ratio fibers. The error bars indicate a 80% confidence interval for the
experiments.

Figure 15 quantifies these shifts of mean angles of φ from the flow direction, (φ =

π/2) observed in experiments of Stover et al. [115] and in the LBM–EBF simulations

for different aspect-ratio fibers with increasing nL3. The finite values of (〈φ〉−π/2) in

figure 15 prove that Stokes flow symmetry is being violated in the semidilute regime.

It can be argued that, since hydrodynamic interactions can not cause deviation from

the symmetry of the φ-distribution, there must be some non-hydrodynamic effects

present in the semidilute regime. In most of the experiments of Stover et al., slight

upwind shifts of the peaks of the φ-distributions were observed, while some occasional

cases of forward shifts were noted too. For example, in figure 15, the experimental

cases of nL3 = 1 or 3 with rp=16.9 demonstrate this observation. In the LBM–

EBF simulation, any particular trend for the shift is not visible either. The most

probable reason for this non-systematic behavior is that, since the angular velocity

is at a minimum when a fiber is aligned with the flow direction, it has an equal

probability of being bumped forward, where the angular velocity would increase, or
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being bumped backward, where it still would pass through the aligned orientation

state. But certainly these shifts of peaks from the flow direction indicate that a

complete description of hydrodynamic interactions is more complex and sophisticated

than a weak diffusion in the simple ‘A.W.D.M.’ can provide. Although the model was

very good in describing p (Cb) it can not describe the asymmetry in p (φ).
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CHAPTER V

EVOLUTION OF FIBER ORIENTATION MOMENTS

WITH ROTATIONAL DIFFUSION MODELS

This chapter continues the analysis of rotational diffusion of non-colloidal fibers in a

simple shear flow. This is a component of the overall effort to predict changes in the

magnitudes of different directional diffusivities of a rotational diffusion process with

changes of cv and rp.

The evaluations are made with a combined use of fiber orientation information

from the LBM–EBF simulation data and an appropriate rotational diffusion model.

In § 4, the ‘A.W.D.M.’ model has produced a sense of directional diffusivity through

the diffusivity ratio, R. But the model can not estimate magnitudes of different com-

ponents of an anisotropic rotational diffusivity tensor. A more rigorous anisotropic

diffusivity model, in a three dimensional spatial tensorial form (we denote that ten-

sorial form with the symbol, C, in this research) is required to satisfy that inquiry.

The results in this chapter first address this issue.

In addition, to test the performance of an appropriate rotational diffusion model

into a fiber orientation evolution equation is significant for studying the behavior of

fiber orientation moments. For example, in the fiber-reinforced industry today, the

evolution equation is solved to predict the fiber orientations in different directions.

Almost all commercial software programs for fiber-reinforced molding processes, such

as for the injection molding process, are yet to be developed based on fiber-level

simulation methods, and these programs solve the fiber orientation evolution equa-

tion. The diffusion mechanism in the evolution equation is usually represented by

a phenomenological model. Closure approximations are indispensable to solve the
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evolution equation.

To date, the widely used form of the evolution equation is called the ‘Standard

Folgar–Tucker model’ [43], and it includes an isotropic diffusion. The Folgar–Tucker

model family has been implemented in almost all commercial software programs for

injection molding process simulation. Now some of the limitations of this Folgar &

Tucker [43] proposed isotropic diffusivity was discussed in § 2.3; it also poses certain

limitations when being used in the evolution equation. Folgar and Tucker supple-

mented the Jeffery’s rotation rate for a fiber in a Newtonian fluid with an isotropic,

orientation diffusivity. The Folgar–Tucker formulation correctly prescribes the ori-

entation diffusivity to be proportional to a scalar measure of the velocity gradient.

However, an empirical constant is used as a fitting parameter in the expression for

diffusivity, and the constant needs to be estimated for each new composite molding

experiment. It has been observed that, with an isotropic diffusivity in the evolution

equation it is not possible to predict and tune all the orientation moment components

simultaneously within reasonable accuracy [15, 92]. So several researchers [65, 89, 92]

have proposed to include a orientation-state dependent, anisotropic diffusivity in the

evolution equation.

The author wants to emphasize the fact that, in solving the evolution equation,

the LBM–EBF simulation plays no part. But to reiterate, in the fiber-reinforced

composite industry, solving for the evolution equation is a widely practiced method

to predict fiber orientation moments; and thus monitoring the performance of an

anisotropic diffusivity model in that equation certainly is important. This is why the

solution of the fiber orientation moments with an anisotropic diffusion model being

employed in the evolution equation is studied in this chapter. It should be noted

that the orientation moments that the evolution equation solves for, can effectively

be calculated with the prospective LBM–EBF simulation in a direct way. The author

discusses that scope to close this chapter.
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We would first cover some background on fiber structure in suspension which

would lead to a more elaborate discussion on the solution of the evolution equation.

5.1 Characterization of the fiber structure in suspensions

The orientation of a single, straight fiber is characterized by two angles θ and φ in

a spherical coordinate system, or by a unit vector p directed along the fiber axis. A

sensible assumption to characterize macroscopic properties of suspensions is to con-

sider a volume with dimension much smaller than the characteristic dimension of the

flow field, yet the volume should be much larger than the size of the suspended par-

ticles. Across this volume, there are supposed to be no obvious changes of statistical

properties of the suspension. But usually for fiber suspensions, the fiber length is of

the order of mm. So the above assumption seems difficult to satisfy, since the volume

containing large number of fibers cannot be looked at as a macroscopic point. How-

ever, studies of fiber orientation and rheology of fiber suspension are usually done in

the uniform bulk flow fields in which suspension properties are independent of the

position in the flow fields. Therefore, a volume exists that contains a large number

of fibers and over which the macroscopic properties are uniform.

With the application of statistical mechanics, The motion of fibers can be treated

as a stochastic process. The macroscopic quantities of the suspension can be obtained

in terms of the ensemble average of the relevant microscopic quantities, for example,

for a physical tensor, H(p):

〈H〉 =

∮
HΩ (p) dp (42)

where 〈H〉 is a macroscopic value of H, and for a collection of fibers, the complete

description of orientation is the probability distribution function, Ω (p).

A useful property for fiber suspensions is the structure tensors of fibers, which are
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the moment tensors of p . When H = p · · ·p, the n-th structure tensor is:〈
p · · ·p︸ ︷︷ ︸

n

〉
=

∮
p · · ·p︸ ︷︷ ︸

n

Ω (p) dp (43)

Advani & Tucker [1] showed that, a general and concise way to describe orientation

is to use the second-order orientation tensor, A which has components:

Aij = 〈pipj〉 (44)

The angle brackets denote an average over all fibers in an unbiased sample. Al-

ternately, the angle brackets denote an average over all directions, weighted by the

probability distribution function, Ω. This is given by:

A = 〈pp〉 =

∮
Ωpp dp (45)

Here,
∮
dp denotes an integral over all orientations at a given location, and pp is the

dyadic (tensor) product of the orientation vector with itself. Similarly, the fourth-

order orientation moment, A, and sixth-order orientation moment, A, can be written

as:

A = 〈pppp〉 =

∮
Ω pppp dp (46)

A = 〈pppppp〉 =

∮
Ω pppppp dp (47)

By its definition, the second-order orientation moment is symmetric (Aij = Aji)

or (A = AT), and has a unit trace (Aii = 1) or (trA = 1). The symmetry of A, allows

this tensor to be rewritten in contracted form as:

A =



A11

A22

A33

A23

A31

A12



(48)
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This is convenient for computational storage when the evolution equation is solved.

The higher-order tensors, A, andA, are also noted to be completely symmetric [58]. In

addition, higher-order orientation tensors completely describe lower-order orientation

tensors [1].

5.2 Evolution equation for Ω and Ȧ

In § 2.3, the concept of the orientation distribution function, Ω, is introduced. The

orientation distribution function, Ω, is normalized over all orientations; it needs to

satisfy: ∮
Ω dp = 1 (49)

where
∮
dp denotes an integral over the orientation space. Thus, the orientation

distribution is conserved, and the orientation probability distribution function must

satisfy a continuity equation, or Fokker–Planck type equation for Ω. This continuity

equation is given by:

DΩ

Dt
= −∇p · (Ωṗ) (50)

where
D

Dt
is the material derivative operator in Cartesian coordinates, ∇p is the

surface gradient operator in orientation space, and Ωṗ is the probability flux.

5.3 Evolution equation (Standard Folgar–Tucker model) with
isotropic diffusion

The kinetics of the orientation distribution function Ω is governed by eqn. (50). Folgar

& Tucker [43] built on this conservation equation by decomposing the probability flux

term Ωṗ into a hydrodynamic contribution ΩṗJ and a diffusive flux vector qd, giving:

DΩ

Dt
= −∇p ·

(
ΩṗJ + qd

)
(51)

The hydrodynamic contribution is responsible for the orientation kinetics for fibers

in dilute suspension. Typically, the hydrodynamic contribution is modeled by the

Jeffery-Ericksen equation, eqn. (1), for particle motion in a dilute suspension. But
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with the increase of suspension concentration, fiber–fiber contacts also increase, caus-

ing deviations from the orientation states observed in non-concentrated suspensions.

The diffusive flux vector represents a phenomenological way to account for these

deviations [43].

In order to model the diffusive flux vector qd in eqn. (51), Folgar & Tucker sug-

gested the phenomenological relationship:

qd = −CI γ̇∇pΩ (52)

where CI is the fiber–fiber interaction coefficient (a fitting parameter), and γ̇ =√
(2E : E) is the scalar magnitude of strain-rate tensor, E. In this model, Folgar

& Tucker assumed that the rate of fiber–fiber collisions is proportional to γ̇ ; and the

orientation perturbation per collision is independent of γ̇. To determine CI , Folgar

& Tucker [43] measured the probability distribution function in steady Couette flow.

Then they solved eqn. (51), for the distribution function with various CI in steady

shear flow to fit the experimental distribution.

Determining the orientation state by solving the evolution equation for probability

distribution function, Ω is quite cumbersome since, Ω (rc,p, t) has six independent

variables in the 3D case. As such, the orientation moment, A, is the quantity actually

calculated in predictive-engineering models of fiber orientation, and it is the preferred

way1 to report orientation data.

1The primary reason for using A instead of Ω to describe orientation comes from the numerical

simulation of fiber orientation in complex flows, which asks for costly, intensive calculation should

the evolution of Ω be monitored. It is computationally more efficient to track the components of A

over multiple time steps and many spatial nodes, than it is to track the distribution function Ω over

the same discretization. Besides saving computational cost, the second-order orientation tensor A

offers other advantages as well [1, 121]. It is independent of the choice of the co-ordinate system, and

it also easily transforms between co-ordinate systems; it requires no assumptions about the nature

or symmetry of the probability distribution function Ω ; it can be measured by direct experiments;

and nonetheless, it can be used to predict the effect of orientation on material properties.
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Advani & Tucker [1] took the material derivative of eqn. (45) and substituted the

governing equation for Ω [utilizing eqn. (1), eqn. (51) and eqn. (52)] on the right-hand

side and integrated by parts. The result after some simplifications produces a time

evolution equation for the second-order tensor A. This is the standard Folgar–Tucker

model:

Ȧ = (W ·A−A ·W) + λ (E ·A + A · E− 2A : E)︸ ︷︷ ︸
hydrodynamic contribution, ȦJ

+ 2CI γ̇ (I− 3A)︸ ︷︷ ︸
diffusive contribution, Ȧd

(53)

In this model, Ȧ represents the material derivative of A, I is the identity tensor, and

A is the fourth-order orientation tensor defined by eqn. (46).

The interaction term Ȧd is a rotary diffusion term. It provides an isotropic flux

that pulls fibers toward a random state, defined by A = I/3. Hence, the diffusive

contribution to orientation kinetics goes to zero for a random orientation state. The

Folgar–Tucker model allows the control of the steady-state fiber orientation through

the magnitude of CI , but the rate of fiber reorientation is still dominated by the flow

field for typical values of CI , in the range of 0.016 ∼ 0.0001, as reported by Bay [13].

5.4 Evolution equation with an anisotropic rotational dif-
fusion

The accuracy of the hydrodynamic contribution, ȦJ , in the standard Folgar–Tucker

model has typically been agreed upon, and the need for a diffusive contribution in

semidilute to concentrated suspensions is readily acknowledged. However, the means

of selecting the parameters used to model the diffusive contribution, and even the

form of this contribution itself, are still not well-developed. Below, the noteworthy

anisotropic diffusion models are introduced, accompanied by a discussion of their

implementation in the evolution equation.
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5.4.1 Evolution equation with Phan-Thien’s model

A modification to the Folgar–Tucker isotropic rotary diffusion model was proposed

by Fan et al. [40], and it was updated with some corrections by Phan-Thien et al.

[89]. This group of researchers performed direct numerical simulations of multiple

interacting fibers in a concentrated suspension undergoing simple shear flow. Fan

et al.’s attempt to fit the calculated steady-state orientation distribution using the

Folgar–Tucker model was unsuccessful. Consequently, they developed a rotary diffu-

sion model, starting from describing the motion of a fiber in the suspension, under the

action of hydrodynamic and random forces by the Langevin’s equation. The scalar

interaction coefficient, CI , was replaced by a second order tensor C. This makes the

rotary diffusion anisotropic. At steady-state the proposed form of C by Fan et al.

looks like:

γ̇ (2Cij − 3Cik〈pkpj〉 − 3〈pipk〉Ckj)

=
1

2
(Wik〈pkpj〉 − 〈pipk〉Wkj)− 1

2
λ (Eik〈pkpj〉 + 〈pipk〉Ekj − 2Ekl〈plpkpipj〉)

(54)

Eqn. (54) contained an error such that it could not guarantee
D

Dt
〈p · p〉 = 0 at all

times. Phan-Thien et al. [89] tried to correct this error and proposed a slightly

modified form of spatial tensor C for steady-state as follows: C:

γ̇ (2Cij − 3Cik〈pkpj〉 − 3〈pipk〉Ckj − 2〈pipj〉Ckk + 6Ckl〈plpkpipj〉)

=
1

2
(Wik〈pkpj〉 − 〈pipk〉Wkj)− 1

2
λ (Eik〈pkpj〉 + 〈pipk〉Ekj − 2Ekl〈plpkpipj〉)

(55)

Six components of the tensor C can be determined using eqn. (55), once all com-

ponents of moment tensors are obtained from sample data. Phan-Thien et al. [89]

proposed to replace the standard Folgar–Tucker Ȧd in eqn. (53) with:

Ȧd = γ̇ [2C− 2 tr(C)− 3 (C ·A + A · C) + 6A : C] (56)

This model does satisfy the symmetry requirement on Ȧ and maintains trA = 1.
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It must be noted that Phelps & Tucker [92] with their own preliminary calculation

using eqn. (56), observed unrealistic behavior and discovered some inconsistencies in

the Phan-Thien model. Even though Phan-Thein et al. [89] performed some correc-

tions on the previous version of the model by Fan et al. [40], the Phan-Thien model

still incorrectly showed a non-zero diffusive flux and a non-zero diffusive contribution

(Ȧd 6= 0) to the evolution equation at the isotropic orientation state. In other words,

for a general C, when the fibers are randomly distributed, the diffusion term of this

model would pull the orientation away from isotropy. Also, there was an error in

their method of projecting the spatial tensor, C, onto the orientation space. Phelps

& Tucker [92] corrected these irregularities in their proposed general ‘ARD’ model.

5.4.2 Evolution equation with Phelps & Tucker’s General ‘ARD’ model

Phelps & Tucker [92] built on Phan-Thien’s approach by exploring the dynamic prop-

erties of the moment-tensor equation. Their model focuses especially on composites

with long discontinuous fibers known as the long fiber thermoplastics or LFTs (typical

length of LFTs are O(1) mm after fiber attrition in the mold).

Phelps & Tucker pointed out that the derivations of Fan et al. [40] and Phan-Thien

et al. [89] do not draw a clear distinction between spatial quantities (such as p and C)

and surface quantities in the orientation space (such as ∇p or qd). Phelps & Tucker

[92] corrected this problem by developing an evolution equation (‘ARD’ model) that

incorporates a proper two-dimensional understanding of rotary diffusion. Advani

& Tucker [1] implicitly stated the two-dimensionality of ṗJ , qd and ∇p when they

built on the decomposed form of the continuity equation, eqn. (51), to develop the

expression for Ȧ, eqn. (53). Phelps & Tucker [92] considered a two-dimensional rotary

diffusivity surface tensor, denoted by Dr defined in surface spherical coordinates in

their proposed ‘ARD’ model. The diffusive flux vector qd for the ‘ARD model’ is
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then:

qd = −γ̇ Dr · ∇pΩ (57)

In passing, we point out that the author has derived the projected form of diffusivity,

Dr in a 2-dimensional surface coordinate system from its 3-dimensional spatial form,

C in global Cartesian co-ordinates in Appendix A.

With some assumptions and algebraic simplifications, Phelps and Tucker’s general

‘ARD’ model is written as:

Ȧ = (W ·A−A ·W) + λ (E ·A + A · E− 2A : E)

+ γ̇ [2C− 2(tr C)A− 5(C ·A + A · C) + 10A : C] (58)

Phelps & Tucker’s [92] expression for C was especially modeled for long discon-

tinuous fibers. They made simplifying assumptions to keep their model tractable but

maintained the objectivity of C by assuming C = C (E,A) which also makes Ȧd ∝ γ̇.

Phelps & Tucker’s expression for C is adjustable through five scalar constraints, b1−5

and is given by:

C = b1I + b2A + b3A
2 +

b4

γ̇
E +

b5

γ̇2
E2 (59)

5.4.3 Evolution equation with Koch model

Koch [65] developed a mechanistic rotary diffusion model in semidilute to semiconcen-

trated fiber suspensions, taking into account long-range hydrodynamic interactions

only. In the Koch model, the anisotropic diffusivity scales with the rate of defor-

mation (as does the Folgar–Tucker isotropic diffusivity), and it also varies with the

orientation state. Koch [65] created a general objective model for spatial tensor, C, by

requiring that C = C (E,A,A,A). Where, A, A and A are second, fourth and sixth-

order orientation moments defined by eqn. (45), eqn. (46) and eqn. (47) respectively.

Now using notation of our work, the tensor C for Koch model is given by:

C =
nL3

γ̇2 ln2 rp
[β1 (E : A : E) I + β2E : A : E] (60)

70



The value Cγ̇ represents rotary diffusion. Since, rotary diffusion only operates in

orientation space, Koch points out that only the components of the tensor tangent to

the unit sphere has physical significance.

The first term in eqn. (60) is an isotropic, rotary diffusion that is proportional to

the average of the square of the force per unit length of the fibers in the suspension.

The second term demonstrates the anisotropic rotary diffusion of the test fiber in the

directions parallel to the force per unit length exerted by other fibers, i.e., parallel to

the axes of the other fibers. Eqn. (61) writes these two terms separately in indicial

notation:

Cisotropic
mn =

β1nL
3

γ̇2 ln2 rp

[
3∑

i,j,k,l=1

Eij〈pjpipkpl〉Elk
]
Imn (61a)

Canisotropic
mn =

β2nL
3

γ̇2 ln2 rp

[
3∑

i,j,k,l=1

Eij〈pmpnpipjpkpl〉Elk
]

(61b)

where m = 1 . . . 3, n = 1 . . . 3.

Koch determined the constants β1 = 3.16×10−3 and β2 = 1.13×10−1 by fitting the

model to the theory of orientational dispersion in extensional flow (Shaqfeh & Koch

[106]) and assessed the accuracy of the approximation with reference to the dispersion

in simple shear flow (using the fiber orientation moments from the experiments of

Stover et al. [115]). The model is valid for the semidilute regime and Koch mentioned

that for nL2d > 3, the orientational displacement in each interaction is not small and

the interactions can not be modeled by the orientation diffusion given in eqn. (60).

Phelps & Tucker [92] pointed out that positive eigen-values of Koch’s C tensor should

guarantee a physically plausible solution for the orientation distribution function, Ω.

Now unlike Phelps & Tucker’s C, which is particularly developed for LFTs, the

Koch [65] model for C, eqn. (60), does not pose any such restrictions, and also it is

valid in the semidilute regime, where the focus of this research lies. In the literature,

either the trend of an anisotropic diffusivity with changes of fiber aspect-ratio and

suspension concentration or the behavior of such a diffusivity model, if cast into an
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evolution equation, remains largely unexplored. The fiber orientation information

predicted with the LBM–EBF simulation can be used to analyze the trend of C,

component-by-component, in parameter two space (cv × rp), and a solution of the

evolution equation with the anisotropic diffusivity model can judge the usefulness of

such a model in predicting the fiber orientation moments.

To summarize, the following two different studies are performed next:

I. The LBM–EBF simulation fiber orientation data is used to calculate the Koch

model C, eqn. (60). The goal is to measure and analyze the relative magnitudes

of the different components of the diffusivity tensor for suspension in steady-

state simple shear flow. Suspensions with different concentrations and with

different fiber aspect-ratios are simulated with the LBM–EBF method for this

reason. The values of A and A required to evaluate the Koch model C are cal-

culated with new fiber configurations in the LBM–EBF computational domain

at each timestep. Time averaging of C is performed assuming ergodicity after

the suspension reaches an equilibrium state. These predictions are compared

with existing experimental and simulation results, which will be discussed in

§ 5.5.1.

II. The evolution of fiber configuration in a suspension subjected to an anisotropic

rotational diffusion is studied. The second-order evolution equation for A,

eqn. (58), with the Koch model, C, is solved for this purpose. Closure approx-

imations are applied to calculate higher order orientation moments in terms

of lower order moments (the need for closure approximations are discussed in

§ 5.4.4). The results are analyzed in § 5.5.2.

After conducting these two studies, a brief discussion of the possible application

of the fiber–level LBM–EBF method to directly predict the second order orientation

moments is presented.
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5.4.4 The closure problem

The weakness of the evolution equation for A is that some additional information is

required to predict flow-induced orientation, since eqn. (53) or eqn. (58) contains a

higher order (fourth-order) orientation tensor. The classical solution to this problem

is to use a closure approximation, a formula that approximates the (2n + 2)th-order

tensor (in this case the 4th-order tensor, which is not known when solving eqn. (53)

or eqn. (58)) as a given function of 2nth-order tensor (in this case 2nd-order tensor).

Many closure approximations have been proposed. A good review of their accuracy

can be found in the works of Advani & Tucker [2] and Chung & Kwon [29]. The

closure approximations used in this work are listed in table 5 in § 5.5.2.

5.5 Results and discussions

5.5.1 Measurement of anisotropic diffusivity with Koch model

The analysis starts with characterizing the variation of the anisotropic diffusivity, C

tensor (Koch model), with change of aspect ratio, rp, and volume concentration, cv

or non-dimensional volume concentration, nL3 (for a cylindrical fiber, nL3 =
4cvr

2
p

π
).

Tables 2 – 4 show the variation of C with increased concentration for fiber aspect-

ratios, rp = 16, 32 and 72 respectively. By inspection of the components of C at a

specific concentration and aspect-ratio, it is found that the off-diagonal components

are O(10−3) smaller than the largest diagonal component. In the past, Fan et al. [40]

attempted to calculate individual components of C by using their model, eqn. (54),

with sample fiber orientation data from their numerical simulations; whereas no ex-

perimental report on the components of C has come to the author’s knowledge as

yet. Besides, Fan et al. [40] reported the components of C only for rp = 16.9 and

nL3 = 30. In their findings, the components Cxz and Cyz are small (O(10−3) and

O(10−4) respectively) and can be neglected. In general, the LBM–EBF prediction

with the Koch model is O(10−1) to O(10−2) smaller than the Fan et al.’s predictions
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Table 2: Spatial Anisotropic Diffusivity Tensor C for rp = 16 at different concentra-
tions with the LBM–EBF simulation using the Koch model at steady simple shear
flow (u = γ̇yê1). The Scalar measure of Folgar–Tucker Constant, CI is extracted from
corresponding tensor C in the table.

nL3 cv C CI = 1
3
tr(C)

3 0.009204

2.86× 10−04 2.91× 10−07 −5.20× 10−07

· 7.37× 10−05 1.18× 10−06

· · 1.27× 10−04

 1.62× 10−04

10 0.030680

1.54× 10−04 7.02× 10−05 8.24× 10−05

· 4.90× 10−04 8.55× 10−05

· · 5.98× 10−04

 8.77× 10−04

20 0.061359

3.49× 10−03 2.35× 10−04 1.87× 10−04

· 1.12× 10−03 1.91× 10−04

· · 1.16× 10−03

 1.90× 10−03

for diagonal components and O(10−3) smaller for non-diagonal components.

The literature offers little data on the diffusivity tensor, C, so it was not possible to

compare Koch’s C tensor component-by-component, with theoretical or experimental

results other than with Fan et al.’s [40] numerical simulation data. Phan-Thien et

al. [89] proposed a way to determine the scalar Folgar–Tucker constant, CI from the

anisotropic diffusivity tensor C, in order to be able to compare with Folgar & Tucker’s

[43] experimental CI values. If the three eigenvalues of C were identical (i.e. isotropic

C) then CI would be equal to its eigenvalues. Otherwise, C can be reduced into an

isotropic tensor with its eigenvalue being equal to the average of the three eigenvalues

of C, and the scalar Folgar–Tucker constant CI can be evaluated as:

C→ 1

3
(tr C) I and CI =

1

3
(tr C) (62)

The last columns of tables 2 – 4 show the scalar Folgar–Tucker constant, CI ,

extracted from the Koch model C with the application of eqn. (62). The CI val-

ues increase monotonically with nL3 for the same aspect-ratio, rp; a result which

is expected given that higher concentrations lead to an increase in the frequency of

fiber–fiber interactions, thus causing greater diffusion of orientation. The trends of
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Table 3: Spatial Anisotropic Diffusivity Tensor C for rp = 32 at different concentra-
tions with the LBM–EBF simulation using the Koch model at steady simple shear
flow (u = γ̇yê1).

nL3 cv C CI = 1
3
tr(C)

5 0.003835

4.78× 10−04 2.04× 10−05 −1.14× 10−05

· 1.26× 10−04 −9.27× 10−06

· · 1.13× 10−04

 2.39× 10−04

10 0.007670

7.89× 10−04 7.63× 10−06 4.26× 10−06

· 2.11× 10−04 −6.52× 10−06

· · 1.91× 10−04

 3.97× 10−04

45 0.034515

3.47× 10−03 −1.35× 10−05 8.99× 10−06

· 8.73× 10−04 −1.09× 10−05

· · 7.66× 10−04

 1.70× 10−03

Table 4: Spatial Anisotropic Diffusivity Tensor C for rp = 72 at different concentra-
tions with the LBM–EBF simulation using the Koch model at steady simple shear
flow (u = γ̇yê1).

nL3 cv C CI = 1
3
tr(C)

5 0.000758

1.73× 10−04 5.46× 10−07 3.77× 10−06

· 4.56× 10−05 −2.74× 10−06

· · 3.35× 10−05

 8.42× 10−05

10 0.001515

3.45× 10−04 −1.23× 10−06 2.15× 10−06

· 9.43× 10−05 −1.03× 10−05

· · 7.25× 10−05

 1.71× 10−04

45 0.006818

1.54× 10−03 2.07× 10−05 1.70× 10−05

· 3.88× 10−04 −9.03× 10−06

· · 2.88× 10−05

 7.38× 10−04
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CI , increasing with volume fraction for the same fiber aspect-ratio and decreasing

with fiber aspect-ratio for the same nL3, agree with Yamane et al.’s [130] numerical

predictions.

Yamane et al. [130] ignored the long range hydrodynamic interactions and applied

the lubrication theory to account for contacts between rods by considering the viscous

flow in the narrow gap in between. They assumed scalar diffusion and followed

Zuzovsky et al.’s [136] method to measure the Folgar–Tucker constant, CI , by fitting

a curve to the damping rate of oscillation of an order parameter ζ(t) =
〈 p2

1

p2
1 + p2

2

〉
. An

exponential decay was monitored, and the suspension was regarded to be in steady-

state if the oscillation of ζ(t) damped out apart from some persistent fluctuations.

Thus, Yamane et al. [130] found the value of CI from a transient analysis of the

parameter ζ(t). Yamane et al. [130] explained the trend of CI , seen in their numerical

simulation, by arguing that for a fixed value of nL3, the collisions among fibers should

become less frequent as the diameter decreases and thereby CI should decrease.

In the LBM–EBF simulation, the number of average contacts per fiber is mon-

itored, and it has been confirmed that the collisions do decrease as the diameter

decreases for a fixed nL3 value in the semidilute regime. However, Yamane et al.’s

simulated results for CI are too low, O(10−9) to O(10−4), compared with Folgar &

Tucker’s [43] wall bounded shear flow experiments and other simulation results (dis-

cussed next). This can be due to the effect of simulating an unbounded shear flow

domain or it can be due to the omission of the long range hydrodynamic interactions

in their simulations. However, Yamane et al. tried to explain this discrepancy by stat-

ing that the Folgar & Tucker [43] experiments were performed in a viscoelastic matrix

and experimental values of CI depended considerably on the method of estimation.

The range of simulated value of CI is about O(10−5) toO(10−3) for the Koch model

with LBM–EBF orientation data, and the reliability of this range of CI in dilute to

semidilute regimes is consolidated with the discussion of figure 16 that follows next.
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Figure 16 compares the present results of the Folgar–Tucker constant, CI extracted

from the Koch model to the results of the Stover [113] and Stover et al. [115] experi-

ments, the Folgar & Tucker experiments [43] and the numerical results of Phan-Thien

et al. [89]. Stover [113] measured the value of CI for different suspensions by adjusting

CI in the isotropic diffusivity model for Ω (eqns. (51) and (52)) to fit the experimen-

tal steady-state φ-distributions in simple shear flow. Here, φ is the angle between the

longitudinal fiber axis and the flow direction. In our co-ordinate system (figure 1)

the angle would be (π/2 − φ). They completed the numerical solution of eqn. (51)

at steady-state, including the effects of finite aspect-ratio, using the finite difference

technique. The best-fit was determined by using the least square technique for the

experimental data points and theoretical curve. Their CI values for rp = 31.9 at

several different concentrations nL3 = 1 to 45 are O(10−4) as shown in figure 16. It

can be seen that the prediction of CI (CI = 1
3

(tr C)) with the Koch model is in very

good agreement with the experiments of Stover [113] and Stover et al. [115], which

demonstrates the accuracy of the fiber orientation data, simulated with LBM–EBF

method, and the robustness of the Koch model.

It is evident from figure 16, that the experiments done by Folgar & Tucker [43]

yielded overly diffusive values of CI ≈ 0.0038 to 0.0165 for fiber aspect-ratio, rp = 16

in the semidilute regime. They solved the isotropic diffusivity model for Ω (eqns. (51)

and (52)) at steady-state in the limit of infinitely thin rods, but they compared their

results to the experiments with fibers of finite aspect-ratio (e.g. with rp = 16). It

should be noted that, when nL3 → 0, at a given rp, the diffusion should be very low

due to infrequent fiber interactions, and thus CI should tend to zero as well. The

Stover’s [113] experiments confirm this trend, and in this work the Koch model with

LBM–EBF data also reproduces this behavior. However, Folgar and Tucker’s experi-

mental CI exceeds 0.003 (a finite amount of diffusion) as nL3 approaches zero. Folgar

& Tucker’s use of an infinite aspect-ratio in their calculation of CI from experimental
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data is the reason for this overly diffusive behavior. Phan-Thien et al. [89] reasoned

that, by assigning infinite aspect-ratio for a fiber in their model, Folgar & Tucker ac-

tually suppressed the flipping motion associated with Jeffery’s orbit in simple shear.

This effect might emerge through a residual diffusion process with a finite value of

CI . There may be other reasons for this deviation as well. In their experiment, CI

has been obtained for suspensions in a polymeric matrix. In such a matrix, viscoelas-

tic effects can cause significant deviation from Jeffery’s orbit. Also, the experiments

were conducted with a very low gap to fiber length ratio (l2/L = 2.44) in the Couette

device, and the centroids of about 80% of the fibers were within one fiber length from

the wall.
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Figure 16: A comparison of the Folgar–Tucker constant, CI , with the Koch model
(using LBM–EBF data) to the experiments and other simulations. Symbols : Experi-
ments of Stover [113] and Stover et al. [115]: 4 cellulose acetate propionate (CAP)
fibers of rp = 31.9 in mixture of glycerine and polyethylene glycol (PEG); Experiment
of Folgar & Tucker [43]: F nylon fibers of nominal rp = 16 in silicone oil; LBM–EBF
simulation: • rp = 16, N rp = 32, + rp = 72 in a Newtonian fluid; Phan-Thien et
al. [89] simulation: � rp = 16.9, � rp = 31.9 in a Newtonian fluid. The dotted lines
indicate the trends in data.

Figure 16 also shows the Folgar–Tucker constant, CI as predicted by the numerical
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simulations of Phan-Thien et al. [89]. They determined the six independent compo-

nents of anisotropic tensor C by solving eqn. (55) for steady-state shear and extracted

a value of CI in a similar way mentioned before. Phan-Thien et al. did not report the

individual components of the tensor C. Their predictions were better in the dilute

regime (yielded low diffusion as nL3 → 0) but exhibited overly diffusive behavior in

the semidilute regime. However, their numerical results verified the trend of increases

in CI with increasing nL3, as observed in Yamane et al.’s [130] simulations and also in

the LBM–EBF simulations with the Koch model. Phan-Thien et al. considered both

short and long range hydrodynamic interactions but simulated only a small number

of fibers (∼ 40) in a reference cell. The statistical errors in the numerical simulation

of Phan-Thien et al. might be induced by the decision to use a small-sized domain

(0.5 < L/l2 < 1.0) to save computational cost, which rules out the possibility of fiber

orientation perpendicular to the xy-plane.
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Figure 17: A comparison of the Folgar–Tucker constant, CI with the Koch model
(using LBM–EBF data) to experiments and other simulations. The CI is plotted
against a better measure of concentration cvrp in a semidilute regime. Symbols are
defined in figure 16. The inset shows the simulated CI values by Yamane et al. [130]
which were comparatively low.

In the semidilute to concentrated regimes, a fiber is expected to be found in a

79



volume dL2 (fiber mat), which leads to cvrp ∼ O(1) in this regime. So the simulated CI

should correlate much better with cvrp in the semidilute regime than with nL3 = cvr
2
p,

which is the relevant measure in the dilute concentration (in the dilute concentration

a fiber is found within volume L3, and thus cv ∼ d2L/L3). Therefore, cvrp may be a

better measure of concentration in the semidilute regime [89]. Figure 17 and figure 18

(which is essentially a zoomed in portion of figure 17 to focus only on the Koch model

with LBM–EBF data in linear scaling) show that when plotted against the parameter

cvrp, the data for CI at three different aspect-ratios, rp = 16, 32 and 72 for the LBM–

EBF simulation with the Koch model move together and almost collapse on the same

curve. This suggests that an empirical relation for the scalar Folgar–Tucker constant,

CI , can be developed. Phan-Thien [89] proposed an empirical correlation which is of

the form:

CI = M [1.0− exp (−Ncvrp)] (63)

where the upper bound parameter M can be determined by the value of CI at

cvrp � 1. The parameter N can be determined using a least-square method. How-

ever, due to demanding computational cost, it was not possible to conduct a large

number of simulations, and thus such an effort to propose a correlation has been set

aside for the present study.

5.5.2 Evolution of fiber configuration with anisotropic diffusion

Before predicting the evolution of fibers in the semidilute to concentrated regimes

where rotational diffusion is present, it is worthwhile to begin analyzing the evolution

of the orientation moment tensor, A by first showing the solution of the ‘standard

Folgar–Tucker Model’, eqn. (53), for a dilute suspension. In this case, the diffusive

contribution, Ȧd = 0 or CI = 0, but the term ȦJ (hydrodynamic contribution) exists

and gives the orientation kinetics for fibers which are fully non-interacting. Figure 19

demonstrates that for such a suspension, the orientation moments are completely
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Figure 18: Scalar Folgar–Tucker Constant, CI with the Koch model (using LBM–
EBF data) plotted against a relevant parameter cvrp in the semidilute regime.

periodic, since the suspension should theoretically be reversible (i.e. it has a perfect

memory).

Now the scalar Folgar–Tucker constant, CI is usually used in the evolution equa-

tion, eqn. (53), for a non-dilute suspension to model an isotropic rotational diffusivity.

The performance of this diffusivity has been reported extensively in previous litera-

ture [1, 2, 14, 15, 30, 58]. The problem with scalar CI is that, an increase in CI (i.e.

increased isotropic rotary diffusion) will decrease A11, simultaneously increasing A22

and A33 and vice-versa. These trends were specially observed when Phelps [91] com-

pared the diagonal Aij experimental values for long fiber thermoplastic composites

with the predictions of standard Folgar–Tucker model. It was not possible to match

all three diagonal components of Aij with the experimental values simultaneously. So

the drawback of using a scalar CI is its failure to individually tune the A11, A22 and

A33 components [91].

Keeping that in mind, the second-order evolution equation for A (general ‘ARD’

model, eqn. (58)) is solved with Koch model C, to quantify the effect of anisotropic
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Figure 19: Periodic nature of evolution of second-order orientation moment, A when
no diffusion is present. (by setting CI = 0 in eqn. (53)), for a finite aspect-ratio fiber.

Table 5: Abbreviations for closure approximations used in the present study.

Abbreviation Closure Orient. Mom. Reference

NAT natural A [37]

IBF6 invariant-based fitted A [58]

diffusion on fiber orientation. The closure approximations from table 5 replace the

fourth-order term A and sixth-order term A. A simple shear flow situation is cho-

sen, because of its importance in many processing flows; e.g. simple shear flow is

observed in the ‘shell layer’ of an injection molding cavity filling process [13, 92].

With reference to a molding cavity, indices 1, 2, 3 would be used here to denote flow

direction, x; cavity thickness direction, y; and crossflow direction, z, respectively for

the remaining parts of this chapter. The A11 component designates flow direction

orientation, the out-of-plane orientation is given by A22, and A12 represents the tilt of

orientation in the 1-2 plane. A11 contains most of the qualitative information about

the microstructure and is most sensitive to flow, processing and material changes.

For a three dimensional orientation, only five components of A are independent
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Figure 20: Dynamic solution of eqn. (58) (the general ‘ARD’ model) with the Koch
model for three different concentration cases in simple shear flow. The Spherical
Harmonics based expansion method [80] is used for the lowest concentration case to
compare with the solution of eqn. (58). A fiber length of L = 0.688 mm with an
aspect-ratio, rp = 72 is used for all the cases.

in the evolution equation; consequently, only A11, A12, A13, A23 and A33 are de-

termined with general ‘ARD’ model, eqn. (58). The other components of the ten-

sor are eliminated using the symmetry (Aij = Aji) and normalization condition

(A11 + A22 + A33 = 1) of the tensor. The resultant five coupled ordinary differential

equations are solved with a fourth-order Runge–Kutta algorithm using MATLAB.

This solution procedure is implemented through personal communication with Dr.

Jay H. Phelps (a former member of Prof. C.L. Tucker’s group at UIUC).

Three scenarios are observed by varying the cv in simple shear flow (u = γ̇yê1,

γ̇ = 1). In each case, L = 0.688 mm and rp = 72. Figure 20 demonstrates the results

with the solution of the general ‘ARD’ model evolution equation with an anisotropic

diffusion (Koch model). For cv = 0.0614, A11 and A22 equal to approximately 0.55

and 0.165 respectively at steady-state. This result is moderately diffusive, since A11

and A22 do not evolve significantly from the initial random orientation, A = I/3.
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If cv is reduced to 0.0152 (nL2d = 1.39), the Koch model gives, A11 = 0.835 and

A22 = 0.04 at steady-state. When cv is further reduced to 0.00682 (nL2d = 0.625),

A11 component rises above unity while the A22 component falls below zero, which

apprehends non-physical behavior. Phelps [92] pointed out that the C tensor given

by the Koch model should always have positive eigenvalues to guarantee a physically

plausible solution for the probability distribution function Ω. Indeed, the eigenvalues

for this lowest concentration (cv = 0.00682) case were negative, which explains the

non-physical behavior. Using other closures might reduce these errors, although the

NAT closure and the IBF6 closure are among the better-behaved closures available

in the literature. Phelps & Tucker [92] used the ORE [30] and the IBF6 closures with

the Koch model in the general ‘ARD’ evolution equation for long fiber thermoplastics

and found similar non-physical behavior at low cv.

We present two arguments to support the claim that the non-physical behavior

of the Koch model is due to the errors in closure approximations. First, it should be

noted that, we calculated the Koch model, C values with numerical fiber orientation

data (tables 2 – 4) and for this particular lowest concentration case, the eigenvalues of

C were found to be positive. As explained before, the 4th order moment, A and the 6th

order moment, A, used in the Koch model are directly calculated with the LBM–EBF

simulation data, which do not require the use of any closure approximation. Hence,

the positive eigenvalues of C for the Koch model, obtained by using the LBM–EBF

simulation data, give evidence that the non-physical result of the Koch model at a

low value of cv is almost certainly caused by the closure approximations for A and A
when the model is used in the general ‘ARD’ evolution equation.

The second more concrete evidence is based on a very recent approach presented

by Montgomary-Smith et al. [80] to solve Jeffery’s type equation using a Spherical
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Harmonic-based expansion technique. This method eliminates the need for orien-

tation tensors and their related closures. The main tools used to compute the co-

efficients for the spherical-harmonics based expansion are Rodrigue’s formula and

ladder operators. Montgomery-Smith et al. solved a wide variety of fiber orienta-

tion equations that were considered before by Jeffery, Folgar and Tucker, and Koch.

Montgomery-Smith et al. showed that the use of the new algorithm retains the ac-

curacy of DFE2 benchmark simulations for predicting the fiber orientation. Also, it

requires only slightly more computational effort than is needed for solving the time

evolution of A. The software suite for this method is available publicly through:

http://www.math.missouri.edu/∼stephen/software/spherical, and Prof. David Jack

of Baylor University, Texas, kindly provided guidelines and feedback to use this soft-

ware suite.

Figure 20 shows the evolution of A11 and A22, as predicted with this spherical

harmonic based expansion method (with order 200) for the concerned case of a sus-

pension with cv = 0.00682 and fiber rp = 72. It is seen that at steady-state the

moments given by this method are A11 = 0.85171 and A22 = 0.04821 respectively;

results are clearly physical. The results ensure that the Koch model can be valuable

and it can represent the effects of an anisotropic diffusion on the evolution of ori-

entation moments when the model is implemented in a way that avoids any closure

approximations.

Now from the viewpoint of a fiber–level numerical simulation such as the LBM–

EBF method, the second order orientation moments can be calculated directly by

using predicted fiber orientation information. For that purpose, a suspension of simple

2Distribution Function Evolution (DFE): Solutions obtained from numerical integration of dis-

tribution function Ω (θ, φ, t) (eqn.7 in Cintra & Tucker [30]) using the finite difference code developed

by Bay [13]. An isotropic rotary diffusion is used in Bay’s method. The results from these DFE

calculations provide a benchmark.
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Figure 21: The layers of an injection molded composite. The shell layer orientation
is assumed to be the result of steady simple shear.

shear flow is simulated with LBM–EBF simulation, which mimics the shell layer of

an injection molding strip. The ‘shell layer’ usually occupies one quarter to one

third of the mold cavity thickness, and the fibers in the shell experience very large

shear strains during mold-filling. The fiber orientation in the shell should match the

steady-state orientation of fibers in simple shear flow. Figure 21 shows a schematic

representation of the A11 component observed in different layers of a mold cavity [13].

A comparison can be made between Bay & Tucker’s [15] experiment with a SFT

material (nylon 6/6 reinforced with 43% glass fibers with average fiber length and

diameter of 0.210 mm and 0.011 mm respectively) and LBM–EBF simulation at the

same concentration and with same fiber dimensions. Bay & Tucker [15] averaged the

steady-state orientation values in simple shear for shell layer and compared the ex-

perimental data with: i) standard Folgar–Tucker model predictions (solved eqn. (53)

with CI = 0.01 and hybrid closure), and with ii) DFE calculations (used CI = 0.0003).

Table 6 shows the A11, A22 and A12 components obtained by different approaches

mentioned above. Bay & Tucker’s experimental orientation component A11 shows
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Table 6: Comparison of LBM–EBF steady-state orientation moments with exper-
imental results of Bay & Tucker [15] and with other predictive methods in simple
shear flow (u = γ̇yê1). The volume concentration for the suspension is cv = 0.43.
Fiber length, L = 0.21 mm and diameter, d = 0.0105 mm (rp = 20).

A11 A22 A12

Bay & Tucker [15] experiment:
shell layer in strip

0.895± 0.03 0.015± 0.01 0.020± 0.01

Bay & Tucker [15] prediction
with evolution equation: hy-
brid closure, CI = 0.01

0.890 0.055 0.151

Bay & Tucker [15] DFE
solution:CI = 0.0003

0.895 0.027 0.021

Spherical Harmonics [80] solu-
tion: CI = 0.0003

0.873 0.0354 0.0167

LBM–EBF: direct numerical
prediction

0.959 0.014 0.003

high alignment in the flow direction. The standard Folgar–Tucker model with hybrid

closure gave good fit to A11, but greatly overpredicted A22 and A12. Bay & Tucker [15]

reported that, no value of scalar CI could fit all the orientation components. The DFE

results with CI = 0.0003 agreed with the experimental results within measurement

error. The spherical harmonics based expansion technique with CI = 0.0003 and

order=200 produced a slightly lower value of A11 than the experimental A11 value,

which means fiber alignment is higher in the experiments. The other two components

are also comparable with experiments, but not as accurate as of the DFE solution.

The corresponding predictions with the LBM–EBF simulation are A11 = 0.959, A22 =

0.014 and A12 = 0.003. So the orientation moments in the flow and in the cavity

thickness direction match well with experimental results. But the A12 underpredicts

the experimental value. This suggests that the C12 component of rotary diffusion

might be very low in simulation for a concentrated regime. Also the suspension in

the simulation is not viscoelastic, which might affect the results.

It should be mentioned that the Koch model is also tested with the Spherical
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Harmonics solution (a low order of expansion=30 is used) for the particular suspen-

sion system discussed above. The orientation evolution with the Koch model was

understandably poor (A11 = 0.5418, A22 = 0.1573 and A12 = 0.1021) in this concen-

trated regime (cv = 0.43), since the Koch model is developed for use in the semidilute

regime only. This limits the use of the Koch model in real fiber-reinforced molding

processes, where the suspension is usually highly concentrated. Also, in a highly con-

centrated regime the orientation evolution would begin from an isotropic state, and

the spherical harmonics solution with the Koch model would remain nearly isotropic

without any peak being observed in the orientation distribution function. Thus, only

a very low order of expansion in the spherical harmonics would lead to a converging

solution.

5.6 Summary

In this chapter, the magnitudes and trends of the rotary diffusion (anisotropic in

nature) process for a semidilute suspension of rigid rod-like fibers in parameter two

space (namely cv and rp) are analyzed. The studies are performed in simple shear

flows. The diffusion process is represented with a mechanistic model [65], and the

model diffusivity is calculated using the LBM–EBF simulation data. An interesting

finding from the results is that CI increases either with decrease of the fiber-aspect

ratio (keeping nL3 constant) or with the increase of volume concentration (keeping rp

constant) in the semidilute regime. The values of CI , mostly of O(10−4), drawn out

from the Koch model match the experimental results of Stover [113] in the semidilute

regime. This observation consolidates the fact that the range of CI (0.0038 ∼ 0.0165)

reported by Folgar & Tucker [43] in the semidilute concentration is overly diffusive, on

average two orders of magnitude higher than the values seen in the Stover experiments.

The reason behind this is that Folgar and Tucker assumed infinite aspect-ratio

fibers when they fitted the conservation equation for Ω, with adjustable CI , to their
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experimental data, and that assumption triggered the inordinate over diffusion. The

overprediction was most prominent when the suspension was infinitely dilute. Also,

the very low gap to fiber length ratio in the Couette device, and some other issues

with Folgar and Tucker’s experimental setup as indicated in § 5.5.1, might have caused

some discrepancies between predictions and observations.

Also in this chapter, the difficulties of implementing the Koch model, C, in the

evolution equation for A are pointed out. In particular, it is shown that the model

accrues an unphysical solution for the evolution equation at a low concentration. The

reason can be attributed to the errors associated with using closure approximations

in the Koch model and in the evolution equation. Another concern is that solving

the evolution equation with the Koch model is computationally demanding (because

of the use of sixth order closure in the model) in comparison to the use of the scalar

Folgar–Tucker constant, CI in the evolution equation. An alternate approach can be

the spherical harmonics based method [80].

We showed that the use of fiber–level simulations can also be encouraging to pre-

dict fiber orientation moments. The direct prediction of the orientation moments with

the LBM–EBF simulation shows viable results to motivate further investigations with

this kind of simulations to predict fiber orientation behavior in actual molding pro-

cesses. In fact, the abilities of emerging fiber–level simulation techniques to account

for mechanical contacts (the interaction mechanism that dominates in concentrated

regime) and material properties such as fiber flexibility [119, 71, 126, 127] can be

useful for simulating fiber orientation in the LFT molding processes. This is because

the actual volume fraction, cv in a typical LFT material far exceeds the “maximum”3

volume fraction, cmaxv = 5.3(d/L), indicating the fibers in the LFT must be bent to

some extent [91]. The evolution equation for A still does not include any parameter

3This estimate of cmax
v was given by Evans & Gibson [39] for rigid fibers packed in a 3D random

state for the SFTs.
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to account for fiber flexibility. Thus, a fiber–level simulation method can make an

advancement in predicting actual LFT molding process scenarios.
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CHAPTER VI

RHEOLOGICAL STUDY OF A SHEARED SEMIDILUTE

SUSPENSION

The main objective of this chapter is to understand and interpret the rheological

behavior of a semidilute suspension with rigid fibers. The rheological properties

of interest for shear-induced migration of the fibers are the relative shear viscosity,

µrel (defined as the ratio of effective shear viscosity, µeff , and the continuous phase

viscosity, µ), the first normal stress difference, N1, and the second normal stress

difference, N2.

In this research, two approaches are undertaken to calculate these rheological

properties from the numerical simulations. One way is based upon the Batchelor’s

theory. Batchelor [12] theoretically predicted the stress, σB in dilute and semidi-

lute suspensions of non-Brownian high aspect-ratio fibers with a known orientation

distribution as:

σB = µfiber

[
〈pppp〉 − 1

3
I 〈pp〉

]
: E + 2µE (64)

where µ is the viscosity of the suspending fluid, and µfiber is a function of concentra-

tion, orientation distribution and fiber geometry. This prediction is valid provided

that the fiber interactions are purely hydrodynamic, and there is no fiber–fiber con-

tact. Furthermore, Batchelor [12] found the expression for µfiber in the dilute limit:

µfiber =
πnL3µ

6 ln(2rp)
Q(ε) (65)

where ε = [ln(2rp)]
−1, and Q(ε) is the correction factor for finite aspect-ratio fibers.

So for particles considered to be infinitely long and thin Q(ε) = 1; whereas O(ε2)

correction is applied for finite-aspect ratio fibers (e.g. finite aspect-ratio circular
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cylinder):

Q(ε) ≈ 1 + 0.64ε

1− 1.5ε
+ 1.659ε2 (66)

According to Shaqfeh & Fredrickson [104], eqn. (64) is applicable in the semidilute

regime as well, for slender particles, with:

µfiber =
πnL3µ

3 (A− ln cv + ln (− ln cv))
(67)

where A is a function of the orientation distribution. When all fibers are aligned in

a common direction, then, A = 0.16, whereas A = −0.66 for an isotropic orientation

distribution. Since no O(ε) or O(ε2) correction was developed for eqn. (67), Stover et

al. [115] heuristically assumed that the correction factor Q(ε) from eqn. (66) for the

dilute case could also be applied in eqn. (67). This assumption notably improved the

agreement between their experimental observations and the theoretical predictions

of the relative viscosity. This concept was also successfully employed by Mewis &

Metzner [79] for the measurement of elongational viscosity.

When boundary effects are negligible, a relative viscosity, µrel can be defined along

with normal stress differences. The relative viscosity of the dilute or the semidilute

regime is expected to be the result of a purely hydrodynamic stress and can be seen

from eqn. (64) to be a function of the 〈p2
1p

2
2〉 component of the quadrad 〈pppp〉,

where the subscripts 1 and 2 refer to the flow and gradient directions, respectively.

Hence, the relative viscosity µrel, the first normal stress difference N1, and the second

normal stress difference N2 can be identified in eqn. (64) to be:

µBrel = 1 +
µfiber
µ

〈
p2

1p
2
2

〉
(68a)

NB
1 = µfiberγ̇

(〈
p3

1p2

〉− 〈p1p
3
2

〉)
(68b)

NB
2 = µfiberγ̇

(〈
p1p

3
2

〉− 〈p1p2p
2
3

〉)
(68c)

Equations (68a) – (68c) can be used to compute the rheological properties from

the suspension state obtained from the simulations, as it is possible to calculate the
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required moments by averaging over all fibers. The superscript ‘B’ in equations (68a)

– (68c) is used to refer to rheological properties calculated with Batchelor’s theory,

the validity and accuracy of which depend on the theoretical framework based on

eqn. (64).

In this research, the first way adopted to calculate the rheological properties is

based on Batchelor’s theory as expressed in equations (68a) – (68c). These mea-

surements are valid under the conditions that fibers are moving freely without any

mechanical contacts. Batchelor’s theory is used for this calculation because it clearly

shows the relation between the fiber orientation distribution and the rheological prop-

erties of a suspension. This feature is very important in finding the physical explana-

tions for rheological properties which are computed in a direct way with simulation.

The rheological properties are obtained directly by computing the averaged stress

tensor in a cubic box-shaped subdomain. If Exy = γ̇/2 is the shear strain component

of the strain-rate tensor, E, and σxy is the shear stress component of the stress tensor,

σ, then the rheological properties are given by:

µ∗rel ≡
µeff
µ

=
σxy

2µExy
(69a)

N∗1 ≡ σxx − σyy (69b)

N∗2 ≡ σyy − σzz (69c)

Here, the superscript ‘∗’ is used to denote properties calculated directly using the

averaged stress tensor in a subdomain.

Eqn. (69a) is used to calculate the relative viscosity, µ∗rel, of the suspension. The

LBM–EBF solution provides a full dynamic state description regarding the flow in the

medium, and fiber–fluid as well as fiber–fiber interaction forces. This allows for the

direct computation of relative viscosity, µ∗rel, which includes the effect of mechanical

contacts. A comparison of this direct measurement of µ∗rel with the measurement of

µBrel can quantify the possible effect of mechanical contacts in the semidilute regime.
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The results are also compared with experimental measurements.

6.1 Study of steady-state relative shear viscosity

A review of literature (Nawab & Mason [82]; Blakeney [18]; Bibbo [17]; Stover et

al. [115], Petrich et al. [88]; Sepehr et al. [102]; Thomasset et al. [120]; Lindström &

Uesaka [71], [72]; Keshtkar et al. [61]) on fiber suspension confirms that adding fibers

either to a Newtonian or a non-Newtonian fluid will increase both the shear viscosity

and the first normal stress difference of the suspension.

In this research, with LBM–EBF fiber orientation information, the steady-state

relative viscosity, µBrel, has been measured with eqn. (68a). The µfiber is calculated

with Shaqfeh and Fredrickson’s proposed model, eqn. (67), in the semidilute regime

with a multiplication to the correction factor Q(ε). In choosing Q(ε) for the semidilute

regime, eqn. (66) is used, since the same heuristic assumption made by Stover et al.

[115] is also followed here. In eqn. (67), A = 0.16 (corresponding to the fibers being

aligned in a common direction) is chosen; in shear flow, fibers will spend most of the

time aligned with the xz-plane, so the distribution will be more aligned in nature

than to follow an isotropic state.

The parameter sets used in the simulations, and for the experimental investigations

of Blakeney [18], Bibbo [17], Petrich et al. [88] and Stover et al. [115] are compiled

in table 7. Bibbo [17] has measured the relative viscosity of fibrous suspensions,

using a torsion cup, which is a parallel-plate rheometer with a wall attached to the

outer edge of the lower plate, to hold the suspension in place. Blakeney [18] used

a concentric cylinder viscometer to measure the relative viscosity of suspensions of

straight, rigid nylon fibers. For rheological measurements, Petrich et al. [88] employed

both concentric cylinders and parallel plate geometries. Since, the parallel plate

rheometer was smaller, and curvature was more pronounced, the streamline curvature

caused reduction in effective aspect-ratio, re, of the fibers in the rheometer, which
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Table 7: Parameter sets used in the viscosity measurement experiments of Blakeney
[18], Bibbo [17], Stover et al. [115] and Petrich et al. [88] for straight fibers. The
parameters used in the LBM–EBF computer simulations are also included. The l2
parameter refers to the gap height in the viscometers, and in case of the numerical
simulation it refers to the height of the computational domain in the gradient di-
rection. The symbol for each set of parameters is used in figure 23 for plotting the
results.

L d rp γ̇ µ l2 Symbol
(mm) (µm) (-) (s−1) (Pa.s) (mm)

Blakeney
0.324 16.9 19.2 < 0.4 10.23 22.75 ♦
0.875 43.1 20.3 < 0.4 10.23 22.75 ×

Bibbo
2.0 120 17 1− 100 13 > 3.0 #
4.0 120 33 1− 100 13 > 3.0 �
6.0 120 51 1− 100 13 > 9.0 O

Stover et al.
1.61 95 16.9 0.319− 0.471 1 17.5 +
2.68 84 31.9 0.447− 0.472 1 17.5 F

Petrich et al.
0.65 13 50 0.5 27.5 8.0/2.0 4
0.55 11 50 0.5 27.5 8.0/2.0 4

LBM–EBF
1.52 95 16 10− 80 1 7.6− 16.4  
2.69 84 32 80 1 > 13.4 �
6.0 115.4 52 80 13 24 H

induced extra fiber-flipping. So in general, the relative viscosity measurements were

slightly higher in the parallel plate geometry in Petrich et al.’s experiments. However,

the results were typically comparable to within experimental error. Stover et al. [115]

used a Couette device with an outer rotating cylinder (see figure 5 in § 4.1) for the

experiments, and measured the fiber orientation using image analysis techniques.

They did not directly measure the relative shear viscosity; rather they calculated the

relative shear viscosity, µBrel using Batchelor’s theory.

Notably in table 7, the LBM–EBF simulations used higher shear rates than the

shear rate used in the physical experiments of Blakeney [18], Petrich et al. [88] or

Stover et al. [115]. This improved the numerical efficiency by decreasing the compu-

tational cost; but even with this reasonably high shear rate, the particle Reynolds

numbers are restricted to the Stokes flow regime. This implies that the viscosity is

95



shear independent; within this regime drag forces are proportional to velocity, and

consequently, the shear stresses of the suspension are proportional to the shear rate.

In a shear rate dependent suspension of fibers, the viscosity decreases with increasing

shear rate, until a plateau is reached [17, 46]. Bibbo’s experiments were conducted at

a shear rate rendering an asymptotic high shear viscosity. Therefore, the LBM–EBF

simulation results can reasonably be assumed to represent this asymptotic high shear

viscosity.
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Figure 22: Values of 〈p2
1p

2
2〉 as a function of nL2d from experiments and LBM–EBF

simulation. Stover et al.’s [115] data are within 80% and Petrich et al.’s [88] data are
within the 90% confidence interval, respectively.

Before studying the results of suspension viscosity calculated with Batchelor’s

theory, it is important to study the moments of the orientation distribution 〈p2
1p

2
2〉

which is used in Batchelor’s theory to predict µBrel with eqn. (68a). Figure 22 compares

this moment among the experiments and the LBM–EBF simulations. Stover et al.

[115] measured 〈p2
1p

2
2〉 for rp = 31.9 and 16.9 respectively and found that it was

independent of fiber concentration throughout the semidilute regime for both the

aspect-ratios. For rp = 16.9 the semidilute plateau for 〈p2
1p

2
2〉 was at about 0.025

and for rp = 31.9 there was another semidilute plateau with all the values of 〈p2
1p

2
2〉

being within 1% of 0.0115. Petrich et al.’s [88] experimental 〈p2
1p

2
2〉 for aspect-ratios

96



Table 8: Comparison of 〈p2
1p

2
2〉 between the LBM–EBF simulation and Koch’s [65]

correlation

rp nL3 LBM–EBF Koch’s Correlation
(-) (-) 〈p2

1p
2
2〉 〈p2

1p
2
2〉 = 0.371/rp

16.0
3 0.0205

0.023210 0.0223
20 0.0212

32.0

5 0.0140

0.0116
10 0.0117
18 0.0123
45 0.0111

52.0
17.5 0.0094

0.0071360.8 0.0079
104 0.0093

50 and 72 also did not show any clear trend as a function of concentration. For their

experiment, the error bars overlapped with the majority of the data points, since

the 90% confidence interval for their measured data was approximately ±10% of the

value. Koch [65] fitted Rahnama et al.’s [97] expression for the orientation distribution

to Stover et al.’s experimental data. The correlation thus resulting from Koch’s

calculations shows that 〈p2
1p

2
2〉 = 0.371/rp. Experimental values of 〈p2

1p
2
2〉 from Stover

et al. (with rp = 16.9), and Petrich et al. (with rp = 50 and 72), slightly overpredict

Koch’s correlation for fibers with the same aspect-ratios. Table 8 presents the moment

〈p2
1p

2
2〉 extracted from the fiber orientation data of the LBM–EBF simulations along

with corresponding Koch’s correlation predictions for different concentrations and

aspect-ratio fibers. Now, the data from table 8 can be compared with the experimental

results plotted in figure 22. For rp = 16, the 〈p2
1p

2
2〉 with LBM–EBF underpredicts

Stover et al.’s experimental results (the experiments were performed with a slightly

different aspect ratio, rp = 16.9) but is in good agreement with Koch’s correlation.

The simulated values of 〈p2
1p

2
2〉 match with the experiments very well for aspect-ratios,

32 and 52, respectively; but the simulated results for rp = 52 slightly overpredict the
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Koch’s correlation; whereas the results for rp = 32 are in very good agreement with

Koch’s correlation. Overall it can be said that the LBM–EBF simulation verified the

experimental and the empirical observations that the 〈p2
1p

2
2〉 values are not dependent

on the change of concentrations.

10
−2

10
−1

0.8

1

1.2

1.4

1.6

1.8

2

2.2

Volume Concentration, c
v

µ re
l

 

 

Figure 23: The relative viscosity, µrel, as a function of the volume concentration, cv.
Blakeney [18], Bibbo [17], Stover et al. [115] and Petrich et al. [88] used experimental
viscometers to measure the viscosity of a suspension. Stover et al. [115] used experi-
mental fiber orientation data to calculate the relative viscosity using Batchelor’s [12]
theory with the application of the semidilute limit correction for finite aspect-ratio
fibers. The LBM–EBF simulation also used the same method to calculate the relative
viscosity from simulated fiber orientation data. The symbols used in the figure are
listed with corresponding parameter sets in table 7.

Now in figure 23, the experimental relative shear viscosity, µrel is compared to µBrel

calculated with LBM–EBF simulation data. Measures of µBrel which were reported

by Stover et al. (calculated using their fiber orientation experimental data) are also

included in figure 23. The relative shear viscosity, µBrel with the LBM–EBF simulation

and with the experiments of Stover et al. compare reasonably well with Bibbo’s [17]

experimental, µrel, underpredicting Bibbo’s data for low aspect-ratio fibers (rp = 16

or 16.9), and slightly overpredicting the results which use higher aspect-ratio (rp = 32
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or 31.9) fibers. With a further increased aspect-ratio of rp = 52, the µBrel with LBM–

EBF simulation data almost overlaps with experimental µrel, measured by Bibbo [17]

and Petrich et al. [88] (for aspect-ratios rp = 51 and 50, respectively). One of the

reasons for higher aspect-ratio fibers to better reproduce experimental relative shear

viscosity is because an aligned fiber orientation state is assumed in determining the

model for µfiber given by Shaqfeh & Fredrickson [104]. Since in the semidilute regime,

on average, only O (1/rp) fibers flip at any given time, the higher aspect-ratio fibers

are in a greater aligned state than lower aspect-ratio fibers in a suspension. So the

assumption of aligned state is more suitable in eqn. (67) for higher aspect-ratio fibers;

whereas assuming an aligned state predicted lower values of µfiber in eqn. (67) for rp

16 or 16.9 and yielded smaller values of µBrel when compared to the experimental µrel.

However, the isotropic assumption of fiber orientation state (A = −0.66 in eqn. (67))

would lead to slightly higher viscosity, but still would be less than experimental

measurements. The possibility of transmission of stress in the semidilute suspension

due to actual mechanical contacts (a non-hydrodynamic effect which the Batchelor’s

theory with Shaqfeh & Fredrickson’s model for µfiber in the semidilute regime does

not consider) can be the reason for underprediction of suspension viscosity in the

semidilute regime.

Figure 24 plots steady-state specific viscosity µsp ≡ µrel − 1 as a function of cv to

investigate the effect of fiber–fiber mechanical contact on suspension shear viscosity

in comparison to the shear viscosity of the suspension where fiber–fiber hydrody-

namic interactions are present alone. The simulated fiber orientation data from the

LBM–EBF, and the experimental fiber orientation data from Stover et al. are used

to produce µBsp for both approaches. Bibbo’s direct experimentally measured, µsp, is

plotted as well in figure 24. Now in order to include any possible mechanical contact

effect, the µ∗rel is calculated from the averaged stress tensor in a computational sub-

domain in the LBM–EBF simulation, for rp = 16. The µ∗sp = µ∗rel−1 is extracted and
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Figure 24: Specific Viscosity, µsp as a function of volume concentration, cv. The
solid line represents the theoretical upper limit of µsp for a suspension – with fibers
of rp = 16, all fibers are in the flow-gradient plane, the φ-distribution is given by Jef-
fery’s prediction, and the viscosity is calculated with an aligned version of Batchelor’s
theory.

plotted in figure 24. It is seen that, for cv ≥ 0.055 (for a cylindrical fiber with rp = 16,

cv = 0.055 corresponds to nL3 = 17.93) the µBsp values underpredict Bibbo’s exper-

imental µsp. It is first necessary to investigate whether an approximate upper limit

µB,maxsp for hydrodynamic interactions can match Bibbo’s experiments. In numerical

[71, 100] and experimental [115, 88] studies, it was observed that the φ-distribution

differs very slightly from φ-distribution given by Jeffery’s solution, eqn. (41). Hence,

it is possible to calculate an approximate upper limit µB,maxsp for the specific viscosity

by considering a suspension with all the fibers in the xy-plane, the φ-distribution

to be given by Jeffery’s solution, and by using the Batchelor’s theory to calculate

the viscosity. This upper limit is shown with a solid line in figure 24. Even this

estimate of hydrodynamic upper limit of µB,maxsp underpredicts Bibbo’s experiments,

and the deviation from the experiment increases with increasing concentration. The

µBsp with the present LBM–EBF simulation, and with Stover et al.’s experiments, fall

very close to µB,maxsp in the dilute regime, but unexpectedly fall above the maximum
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specific viscosity, µB,maxsp , in the semidilute to concentrated regimes. It might seem

surprising that these values are higher than the maximum limit predicted by Batch-

elor’s theory. The reason behind this is that the moment 〈p2
1p

2
2〉 calculated with the

LBM–EBF simulations or with the experiments of Stover et al. implicitly includes

some of the effects of non-hydrodynamic interactions present in the suspension, and

this causes the predictions to be higher than the maximum limit drawn by hydro-

dynamic interactions alone; but to remind again, the predictions still remain lower

than the Bibbo’s µsp. Finally, a comparison of µ∗sp with Bibbo’s µsp reveals that the

µ∗sp is excellent in reproducing the trend in experimental specific viscosity quantita-

tively. The µ∗sp falls close to the results with Batchelor’s theory in the dilute regime,

as mechanical contacts are rare therein. With increased concentration, it deviates

from the results of Batchelor’s theory, showing evidence of extra stress transmission

due to non-hydrodynamic mechanical contacts, which enhances suspension viscosity.

So a conclusion can be drawn that mechanical interactions have a noticeable effect

on the viscosity of the semidilute suspension. Also, it can be suggested that an ad-

ditional correction factor for mechanical contacts needs to be developed to use with

Batchelor’s theory, for theoretical prediction of suspension viscosity in semidilute to

semiconcentrated fiber suspension flow.

6.2 First normal stress difference in dilute to semidilute
fiber suspensions

According to Batchelor’s theory [12], the moment of the orientation distribution,

(〈p3
1p2〉 − 〈p1p

3
2〉), that governs the normal stress difference is zero for a structure

corresponding to fibers following Jeffery’s orbits, because it is an odd function of p2.

It has been argued that this moment must also be zero for purely hydrodynamically

interacting fibers [88]. However, throughout the semidilute regime, slight asymmetries

in φ-distributions (asymmetry about the flow-vorticity plane) have been observed in

experiments [115, 88], and in numerical simulations [117, 71]; these asymmetries could
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result in small or non-zero first normal stress difference, N1. Non-zero positive values

of N1 have frequently been reported for fiber suspensions [135].

In a steady-state dilute suspension of rigid axisymmetric particles, where shear

flow dominates small but non-negligible Brownian disorientations, Hinch & Leal [52]

stated that the normal stress differences are ofO (Dr), where Dr << 1. They mention

that at steady-state, the normal stresses are O (Drr 3
p

)
smaller than the steady-state

shear stress. Hinch & Leal’s [53] calculations for ellipsoids give the second normal

stress difference, N2, less than one-tenth of the magnitude of the first normal stress

difference, N1. It is a common belief that the N2 is much less than the N1 (on the

order of 10%), and can be neglected [88, 102].

Since fibers undergoing hydrodynamic and coulombic solid-body interactions in

suspensions are expected to yield orientation moments independent of the shear rates,

the normal stress in such systems is directly proportional to the shear rate, γ̇; this

is unlikely in a polymer solution, where N1 ∝ γ̇2. Batchelor’s theory shows this

proportionality in eqns. (69b)–(69c). Based on Ericksen’s continuum model [38],

Carter [24] and Carter & Goddard [25] also predicted a linear dependence of the

normal stresses on shear rate. For non-dilute suspensions with large aspect-ratio

fibers, Carter [24] derived an expression for first normal stress difference:

N1

µγ̇
∝ cvr

2
p

ln (2rp)− 1.8
〈sin(2φ)〉 (70)

Carter assumed that 〈sin(2φ)〉 scales with rp in the same way as 〈sin(2φ)〉 ∝√1/rp.

On the basis of Jeffery’s maximum energy dissipation [59], and assuming collision

between the fibers to be the major cause for non-zero normal stresses in steady shear

flow, the N1 can be written as:

N1

µγ̇
= K

cvr
3/2
p

ln (2rp)− 1.8
(71)

where ‘K’ is a constant, and must be determined experimentally.
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Carter [24] and Carter & Goddard [25] experimentally measured the nonzero first

normal stress difference for suspensions of E-glass fibers (rp=57, 114 and 228) in a

Newtonian polybutene oil. Kitano & Kataoka [63], with a cone and plate rheome-

ter, observed that the first normal stress difference of suspensions of vinylon fibers

(rp=45.3, 112.5 and 120.1) in silicone oil increased with suspension concentration

and fiber aspect-ratio. Petrich et al. [88] used the parallel plate attachment on the

rheometer to investigate normal stresses with either glass or carbon fibers (rp = 50)

in PB fluid (mixture of two viscous polybutenes and a high index plasticizer). Table 9

lists the experimental and simulation parameter sets used for measuring first normal

stress difference.

Table 9: Parameter sets used in the first normal stress difference measurements of
Carter [24], Petrich et al. [88], Kitano & Kataoka [63] for straight rigid fibers and
the parameters used in the LBM–EBF simulations. The experiments of Petrich et
al. and the LBM–EBF simulation use the same set of parameters as for viscosity
measurement (table 7). Those parameters are included here again for completeness.

L d rp γ̇ µ l2
(mm) (µm) (-) (s−1) (Pa.s) (mm)

Carter 0.2 3.5 57 ∼ 100 18.6 < 1.0

Petrich et al.
0.65 13 50 0.5 27.5 8.0/2.0
0.55 11 50 0.5 27.5 8.0/2.0

Kitano & Kataoka 1.22 26.8 45.3 0.007− 12 100 0.175

LBM–EBF 6.0 115.4 52 80 13 24

Several researchers have tested Carter’s model, eqn (71), on their normal stress

measurements (Carter [24]; Kitano & Kataoka [63]; Goto et al. [46]; Zirnsak [135];

Petrich et al. [88]; Sepehr et al. [102]; Keshtkar et al. [61]). These experimental data

fell within a band, for which constant K ranged from 0.035 to 0.32, but no discernible

relation between K and variables such as fiber volume fraction and aspect-ratio could

be determined. However, by analyzing data from different researchers, Zirnsak et

al. [135] showed that in the semidilute regime for high aspect-ratio stiff fibers, the
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constant K falls into a narrower band of 0.035 to 0.16. The other data, which lie

scattered above this band are for flexible fibers with very high aspect-ratio.
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Figure 25: The steady-state first normal stress difference, N1, scaled with µγ̇ is
plotted as a function of volume concentration, cv and fiber aspect-ratio, rp. Petrich
et al.’s measurements are within the 90% confidence interval. In the relation suggested
by Carter [24], eqn. (71), the expressions on the axes should be proportional. The
slope of the solid line indicates proportionality.

Figure 25 compares the directly computed (eqn. (69b)) first normal stress differ-

ence, N1 with the LBM–EBF simulation (distinguished with ‘∗’) to the prediction of

N1 with Batchelor’s theory (eqn. (68b)) as calculated with moments from the LBM–

EBF simulation data for aspect-ratio rp = 52. Figure 25 also plots results from

experiments listed in table 9. The N1 measured with the Batchelor’s theory under-

predicts Petrich et al.’s experimental N1 slightly, whereas the directly calculated N1

with eqn. (69b) accounts for the mechanical contacts and matches better with ex-

periments. In figure 25, the N1 values are normalized with µγ̇ and plotted against

the parameter [cvr
3/2
p /(ln (2rp) − 1.8)] to test the applicability of Carter’s formula

(eqn (71)). A solid line is drawn following Carter’s formula, with slope K = 0.08 for

guidance. This same slope was also chosen by Petrich et al. to fit their data with

rp = 50, since Carter’s results for rp = 57 agreed with that slope. The results indicate
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that the Carter’s formula fails in the semidilute regime, but as volume concentration

increases – it becomes more accurate, so that the experimental and simulated first

normal stress differences fall onto the same curve, whose slope is close to K (≈ 0.08).

Cater did not include the dependency of 〈sin 2φ〉 on volume concentration in eqn. (70).

Lindström & Uesaka [71], with their numerical simulation presented evidence that the

term 〈sin 2φ〉 is proportional to fiber number density, n, and thereby proportional to

cv in dilute to semidilute regimes and approximately constant in the concentrated

regime. Hence, in concentrated regime, Carter’s formula, eqn. (71), is more reliable

and accurate, since the 〈sin 2φ〉 factor is assumed to be constant in the formula. The

existence of the first normal stress difference provides additional evidence of mechan-

ical contacts among fibers in the suspension. Analogous to the observations for the

relative shear viscosity, the increase in normal stress above that predicted by the hy-

drodynamic Batchelor’s theory is indicative of transmission of stress via mechanical

contacts.

It should be noted that the steady-state second normal stress difference, N2, is

also calculated in the LBM–EBF simulations. But it is found that N2 is small in

relation to the numerical noise; the ratio of steady-state |N2| to the root-mean-square

of N2(t) was less than 0.6 in all instances. Therefore, no reliable results for N2 can

be reported.

With the fiber–level LBM–EBF simulation, the investigations are performed in

the parameter two-space (rp×nL3) and the effect of inter-fiber friction on rheological

properties is not considered. Recently, Lindström & Uesaka [72] included the effect

of inter-fiber friction in their numerical simulation for non-Brownian rigid fibers and

reported its effect (by changing friction coefficient, ηfric) on the normal stress differ-

ences. They observed that the steady-state N1 increases with the increase in ηfric for a

specific aspect-ratio fiber while keeping the concentration of the suspension constant.

Lindström & Uesaka further investigated the dependence of N1 on ηfric empirically by
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assuming tentatively a function g(ηfric, nL
3, rp) to model the effect of friction. They

found that g is approximately a linear function of the cross term nL2dηfric in the

parameter space rp ∈ [20, 40], ηfric ∈ [0, 1], and nL3 ∈ [2, 1
2
rp
]

in the steady-state,

and in conclusion proposed:

N1 =
(
g0 + g1nL

2dηfric

)
nL3 ln re

rerp
µfiberγ̇ (72)

The above equation is for well dispersed fiber suspension. The constant g0 term is

added to account for the case of zero inter-particle friction. The least-squares fitted

values of g0 ≈ 0.18 and g1 ≈ 0.49 was reported. Lindström & Uesaka used Mackaplow

& Shaqfeh’s [76] semidilute regime expression for µfiber (based on two-body theory)

in eqn. (72). Mackaplow & Shaqfeh showed that the rheological properties of dilute

through the dilute/semidilute transition, and into the semidilute suspension are well

predicted by a dilute theory that takes into account two-body interactions. It should

be pointed out that the expression for µfiber, eqn. (67) used in this research is given by

Shaqfeh & Fredrickson’s [104] multiple-scattering technique. The semidilute theory of

Shaqfeh & Fredrickson is qualitatively similar to Mackaplow & Shaqfeh’s simulation

data for nL3 >> 1 [76].

6.3 Transient viscosity and transient normal stress differ-
ences

In addition to studying the steady-state rheology of the suspension, it is interesting

to determine the dynamics of rheological properties. It is also important to assure

that those properties have reached steady-state before beginning to take data char-

acterizing steady-state.

Figure 26 and figure 27 show the rheological properties – relative viscosity, µrel, the

first and the second normal stress differences, N1, and N2, respectively (both scaled

with γ̇µ) plotted against shear strain, γ̇t. The values are calculated with Batchelor’s

theory using the LBM–EBF orientation data. These transient properties characterize
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Figure 26: The relative viscosity, µBrel, the first normal stress difference, NB
1 , and

the second normal stress difference, NB
2 , plotted as functions of shear strain, γ̇t, in

the start-up of a steady shear flow (with constant shear rate, γ̇). The suspension has
concentration, nL3 = 5 with fibers of rp = 32.

the behavior of a suspension in start-up of steady shear flow. An important feature

is that the structure development depends on the total strain, γ̇t imposed on the

suspension and not on the shear rate or time separately. The structure remains

unchanged during any intervals of flow cessation.

Figure 26 and figure 27 point out that at zero shear, the N1 and N2 are both

zero, because the net effect of the normal components of the drag force on the fiber

summed over all orientation configuration is zero. As the flow develops, the normal

stress differences are finite for intermediate shear strain because of the oscillating

stresses arising from the tumbling motion of the fibers, and the preferential orientation

acquired by the fibers as a result of the bulk flow. Lipscomb [73] claimed that in

dilute regime, for large aspect-ratio fibers (rp > 1), the dimensionless time of shear,

t∗ = γ̇t/rp, needs to reach a value of O (1) in order to damp the oscillation of N1.

Transient theory for semidilute suspensions (Dinh & Armstrong [34], Atlan et al. [7])

predicts finite normal stresses with γ̇2 dependence during the inception of the steady
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Figure 27: The relative viscosity, µBrel, the first normal stress difference, NB
1 , and

the second normal stress difference, NB
2 , plotted as functions of shear strain, γ̇t, in

the start-up of a steady shear flow (with constant shear rate, γ̇). The suspension has
concentration, nL3 = 18 with fibers of rp = 32.

flow, which completely disappear at a large shear strain value (at steady-state). But

Atlan et al.’s [7] predictions showed the first normal stress difference would only reach

zero at infinite strain. Dinh & Armstrong [34] approximates the actual hydrodynamic

force on a fiber by a line integral along the axis of the fiber, and the thickness of the

fiber is neglected. So at a large shear strain value, when the fiber is aligned into

the plane of shear, it becomes invisible to the flow, and the tension in the fiber is

removed. It causes the normal stresses to disappear, and also causes the suspension

viscosity to approach the solvent viscosity [34]. However, the LBM–EBF simulation

(which models the fiber with finite thickness), and other experiments have already

shown evidence of non-zero normal stress differences at steady-state, as we discussed

in § 6.2.

Figure 28 shows the transients of relative shear viscosity, µrel, for suspensions

with fibers of aspect-ratio, rp = 32 at different concentrations. At the inception of

the shear flow, the zero shear viscosity is much higher than the steady-state viscosity
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Figure 28: The relative viscosity, µBrel, plotted as a function of shear strain, γ̇t, in
suspensions with different concentrations with fibers of rp = 32. The relative viscosity
is calculated with the Batchelor’s theory.

due to the random fiber orientation at the assumed initial isotropic state set by the

numerical simulation. At large strain, the fibers move to the plane of shear, and

become more aligned to the flow direction, which causes the suspension viscosity to

reduce from the initial isotropic value and to achieve the steady-state value.
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CHAPTER VII

ROTATIONAL DIFFUSION IN HEADBOX FLOW

This research work continues with a numerical analysis of the rotational diffusion

process for fibers flowing through a complex flow geometry, i.e. flow through a con-

tracting channel geometry of the paper machine headbox. The principal objective in

many scientific and industrial processes is to control the orientation states of fibers

in contraction–type flows. For example, during the electrospinning of polymer based

nanofibers, the suspension is fed through a small contraction called a spinneret, and

the application of a strong electric field draws the suspension out through the contrac-

tion. This serves to align the polymer molecules in the flow direction. However, this

study presented in this chapter is based on a similar but much larger-scale industrial

process, namely papermaking. During papermaking, a fiber suspension is fluidized by

turbulence created locally from a sudden change in geometry in an apparatus called

a headbox. A schematic of the headbox is given in figure 29.

Upon exit from the contracting channel (headbox), the fiber suspension forms a

plane liquid jet, which comes into contact with a moving permeable band or wire

from which the water is drained and the paper is formed. Despite the longstanding

use of such systems, many fundamental questions about the relationship between the

operating state and the final fiber orientation distribution in the headbox remain

unanswered.

Some previous studies investigated fiber orientations and rotational diffusion in a

dilute suspension flowing through a headbox, where the rotational diffusion process

occurs because of the randomizing effects of turbulent eddies. But it is hard to

find analyses that address the interplay between the arranging effect of the velocity

110



Figure 29: Schematic of modern hydraulic headbox. Courtesy: Smook [111].

gradient field and the randomizing effect of a rotational diffusion process that is

induced solely by hydrodynamic interactions among fibers; there are no such analyses

that include fiber–level numerical simulations. In order to understand these effects,

LBM–EBF simulations are performed in a flow situation where the particle Reynolds

number, Rep, is considered to be asymptotically small, and the macroscopic Reynolds

number, Re (based on the inlet channel height and local mean streamwise velocity,

Re = U1h
ν

), is kept within O(1). The monodispersed fibers studied here are cylindrical

in shape with a length and a diameter of L = 1.52 mm (9.6 LBM unit), and d = 0.095

mm (0.6 LBM unit), respectively, with rp = 16, and the three concentration values

in the semidilute regime under investigation are nL3=8, 16 and 24.
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7.1 Literature on headbox studies

Within the pulp and paper community, several researchers have analyzed the orien-

tation behavior of pulp fibers in headbox flows. Ullmar [122] and Ullmar & Norman

[123] measured the fiber orientation distribution in the plane of the paper at the

headbox exit by digitally imaging nylon fibers in the suspension. These studies ex-

amined the effects of mean flow through the headbox, the headbox contraction ratio,

CR (
inlet height, hin
outlet height, ho

), and concentration of the suspension on the orientation state

of the suspension. Zhang [133] experimentally measured the fiber orientation distri-

bution in both the plane of the paper (xz-plane in figure 31), and in the plane of

contraction (xy-plane in figure 31) at several points along the central streamline of

an asymmetric headbox, for a suspension well within the dilute regime (cv = 0.001%).

Olson et al. [84] analytically simplified the Fokker–Planck type equation by con-

sidering the flow of fibers along the central streamline of a linear contraction, and

predicted the 2D orientation state of the fibers. They found the turbulence-induced

rotational diffusion coefficient, Dr to be a constant (Dr = 2sec−1) throughout the

contraction by fitting the computations to the experimental data of Ullmar & Nor-

man [123] and Zhang [133], respectively. Hyensjö et al. [55] extended the work of

Olson et al. [84] by using single phase CFD modeling to predict the flow field along

streamlines of a linearly contracting channel. Those results are used to compute the

2D fiber orientation distribution along individual streamlines of the flow in the ab-

sence of fiber–fiber interactions, and flow–fiber coupling. Parsheh et al. [85] used

high speed imaging and laser doppler velocimetry (LDV) techniques to understand

the effect of turbulence on the orientation anisotropy of a highly dilute suspension of

rigid rods in a planar contraction. The turbulent intensity at the contraction inlet

was varied, the orientation distribution along the centerline of the contraction was

measured, and the results were compared to predictions that were based on the same

Fokker–Planck type equation used by Olson et al. [84]. According to Parsheh et al.’s
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[85] findings, the turbulence-induced rotational diffusion coefficient decays exponen-

tially with the local channel contraction ratio and is influenced highly by the inlet

turbulence characteristics.

Recently, Krochak et al. [66] experimentally studied an asymptotically low Reynolds

number (based on fiber length-scale) flow of fiber suspension in a linear contraction.

Index-of-refraction matched rigid glass fibers (rp = 50) were used in dilute to semidi-

lute suspensions. The orientation was measured along the centerline of the channel.

The rotational diffusion in their experiments is induced by the hydrodynamic interac-

tions among fibers. For theoretical model, they used the Fokker–Planck type equation

derived by Olson et al. [84]. In that equation, for the case of hydrodynamic interac-

tions among fibers, Krochak et al. represented the rotary diffusion process with either

(i) Folgar & Tucker [43] constant (scalar interaction coefficient), CI , (Dr = CI γ̇) or

(ii) Koch model [65]; when using the Koch model, only its isotropic part, eqn. (61a),

was considered, with β1 as an adjustable parameter. Krochak et al. developed an

‘inverse solver method’ (optimization routine) to estimate either the Folgar–Tucker

constant, CI or the β1 parameter of the Koch Model by fitting the theoretical orienta-

tion distributions with the experimental results at the contraction exit (at the end of

the contraction centerline). For both of these approaches, the diffusion coefficient was

found to first increase with increasing suspension concentration up to a maximum,

and then it would decrease with concentration above this point. This nonmonotonic

behavior was attributed to fiber clumping or flocculation, a mechanism not considered

in the relationships for the rotary diffusion coefficient.

As we discussed in § 5.4.3, Koch [65] proposed a constant value of the empirical

constant, β1 for simple shear flow. Krochak et al. attempted to find a best fit of this

value from experimental results of linear contraction. Figure 30 shows these trends of

β1 with change of concentration for Poiseulle’s flow through a linear contraction with

comparison to the constant value assumed in simple shear flow. It is observed that the
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Figure 30: Adjustable parameter β1 in the Koch model (eqn. (60)) for flow through
linear contraction [66] for different nL3 values with fibers of rp = 50. The dashed line
shows the constant value of β1, for simple shear flow [65].

β1 value decreases with increasing concentration in the linear contraction. This result

is unexpected, since the effects of fiber concentration should be accounted for in the

interaction rate term of the Koch model, i.e., the
nL3

γ̇2 ln2 rp
term. This finding indicates

that, at least for a linear contraction, the concentration dependence in eqn. (61a) is

not quite appropriate. It should be clarified that the reason put forward by Krochak

et al. [66] to drop the anisotropic term, (eqn. (61b), with another empirical constant

β2) of the Koch model was the enormous computational cost in evaluating that term

which outweighed the marginal improvement in accuracy for rotary diffusion.

7.2 Specific objectives for LBM–EBF study of headbox

From the above review, it is clear that there are no fiber–level numerical analyses of

the effects of fiber–fiber interactions on the orientation state of suspensions subject

to flow within geometries typical of modern headboxes. Recently, Krochak et al. [66]

provided the trend of the empirical constant in the isotropic part of the Koch Model

in linear contraction through a combination of experimental and theoretical studies.

However, Krochak et al. did not show the change of rotational diffusion with change
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of contraction ratio, CR, along the centerline of the channel. The objectives for the

study reported in this chapter are: (i) to directly predict the degree of fiber alignment

inside the contraction for different concentrations with the LBM–EBF simulation, (ii)

to numerically measure the rotary diffusion coefficient with Koch Model (isotropic

part only) with the change of contraction ratio, for different concentration cases, (iii)

to determine the interplay of aligning effect due to the increasing rate of strain along

the contraction to the randomizing effect due to the rotational diffusion process of

suspended fibers.

7.3 Academic headbox and boundary conditions in the sim-
ulation domain

A symmetric planar converging–diverging channel (the schematic of the simulation

domain is shown in figure 31) is modeled with LBM–EBF simulation where the flow

of the fiber is constricted only in the contracting section. The outflow fluid boundary

condition at the throat is not known and that is why a diverging section is attached

so that a periodic boundary condition could be imposed in the flow, x-direction. The

contraction consists of two rigid sloping walls separated by hin = 17.42 mm (110

LBM unit) at the inlet, and ho = 1.742 mm (11 LBM Unit) at the throat, giving the

maximum contraction ratio, CR = 10. The length of the contraction is Lc = 44.175

mm (278.5 LBM unit). The diverging section is a mirror image of the converging

section.

Only the contracting section is seeded with fibers with an initial random distribu-

tion, and when the centroid of a fiber passes through the throat, the fiber re-enters

from the inlet at the left, at a random position of the inlet cross section with a ran-

dom orientation. The fiber images are periodic at the vorticity, z-direction. The fluid

flow boundary conditions are periodic both in the flow, x-direction, and the vorticity,

z-direction, respectively. A no-slip wall boundary condition (LB standard bounce

back (SBB)) is applied in the gradient, y-direction.
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Figure 32 provides a visual representation of the actual simulation system, showing

two simulation scenarios, one with a pure solvent, and the other with a suspension of

fibers.

7.4 Region of analysis inside the contracting channel

Krochak et al. [66] used a Fokker–Planck type equation [84], which is applicable at

the centerline of a planar symmetric converging shaped headbox. In order to use

their proposed β1 value in the Koch model, the analysis of the LBM–EBF simulation

is also restricted to a certain region close to the centerline. Specifically speaking, the

region of analysis is bounded by half fiber length, 0.5L, from the centerline to the

channel walls (both above and below the centerline on the xy-plane; see figure 33).

The depth of this region is also half fiber length on both sides of the centerline (on

xz-plane). The total length of the region is equal to the contraction length, Lc. All

fibers observed within this region are then binned into their corresponding spatial

cells along the x-axis according to the position of the center of area of each observed

tracer fiber. For the present study, there are 29 cells along the central streamline,

with a length of one fiber, L (9.6 LBM unit) each.

7.5 Results and discussion

To help understand the findings of this numerical simulation, and to characterize the

evolution of the orientation distribution, it is instructive to first discuss the degree of

alignment of the fibers along the contraction centerline. The degree of fiber alignment

(orientation dispersion) about the principal direction of orientation can be defined by

〈cos2φ〉.
Figure 34 shows a plot of 〈cos2φ〉 for all concentrations tested numerically with

LBM–EBF simulation. To clarify the findings, it is to be noted that, a high value of

〈cos2φ〉 corresponds to a highly aligned orientation state, and a low value of 〈cos2φ〉
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Figure 32: The LBM–EBF simulation snapshot at steady-state: (top figure) Con-
tour plots and the velocity profile in the converging–diverging channel for a pure
solvent. (bottom figure) A suspension of nL3 = 16 with fibers of rp = 16. Only the
converging section is seeded with fibers, for computational efficiency.
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Figure 33: The region bounded by the yellow unit cells represents the analysis
region. All fibers observed in this region are used for the determination of CI , and
〈cos2φ〉.

corresponds to a more random orientation state. The first observation made from fig-

ure 34 is that the difference in 〈cos2φ〉 at the contraction exit is small but nonetheless

unique for each concentration. At the inlet, however, we see that the degree of fiber

alignment is slightly higher for the two higher concentrations (nL3 = 16 and 24) than

for the lowest concentration (nL3 = 8) case. An argument can be made that this

condition results from flocculation or mechanical entanglement which hinders fiber

movement; however, Krochak et al.’s [66] findings showed that the flocculation effect

was much more prominent at a higher concentration, nL3 = 32. However, in this

study we were unable to simulate such a high concentration in a headbox geome-

try because of computational limitations, and thus can not comment on the relative

increase in the degree of fiber alignment when the concentration reaches nL3 = 32.

Next in figure 35, the variation of scalar interaction coefficient, CI , with change of

concentration is numerically studied using the Koch model (isotropic part only). To

evaluate the dependence of CI on concentration with the Koch model, the suitable β1

values (corresponds to figure 30) for a linear contraction at different concentrations
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Figure 34: Plot of degree of fiber alignment 〈cos2φ〉 (for fiber aspect-ratio, rp = 16)
along the contraction length for different concentrations.

are used. The 4th order moments are calculated with the LBM–EBF fiber orien-

tation data. The scalar measure of the interaction coefficient is extracted from the

Koch model as CI = 1
3
(tr C). These results are compared with the scalar interaction

coefficient, CI , or alternately called the Folgar–Tucker constant given by Krochak et

al. [66]. To reiterate, Krochak et al. performed an optimization routine to estimate

the Folgar–Tucker constant, CI , based on experimental data measured just prior to

the contraction exit. This parameter is evaluated near the exit because the suspen-

sion becomes highly aligned in this region. As a result, the second order terms in

the Fokker–Planck equation play their most significant role in this region, for fiber

orientations parallel to the central axis. Hence, the accuracy of CI was most critical

near the exit, but nonetheless, a good agreement was also maintained throughout the

earlier stages of the contraction [66].

Now from figure 35 it is seen that the scalar interaction coefficient increases with

concentration up to a nL3 value of 24, for both the Koch model and Krochak et

al.’s implementation of the Folgar–Tucker model. The order of magnitude of CI for
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Figure 35: Scalar interaction coefficient at the contraction exit for different concen-
trations. The fiber aspect-ratios used in the experiments of Krochak et al. [66], and
in the LBM–EBF simulations are rp = 50 and 16, respectively.

both these models remains within O(10−3). Interestingly, Krochak et al. found a

dramatic decrease in CI , for their highest concentration, nL3 = 32 in the headbox

geometry. This observation can be supported by the ‘caging effect’ proposed by Doi &

Edwards [36], where the ‘cage’ formed by neighboring fibers prevents each fiber from

rotating freely. This effect was probably compounded with the aligning effects of the

accelerating flow inside the contraction, which forced the fibers into a highly aligned

state. As a result, fiber mobility was significantly reduced. As we have mentioned

once before, the LBM–EBF simulations can not be carried out for nL3 = 32 due to

computational memory requirements, beyond the capabilities of the shared memory

computers used in this study, and hence numerical results can not be generated for

this higher concentration case.

The relative importance of rotational diffusion to the rate of strain can be effec-

tively defined by a rotational Peclet number, Pe = γ̇
Dr

, where γ̇ is a scalar magnitude

of the rate of strain tensor as defined in § 5.3. Figures 36 – 38 show the trends of

CI (with the Koch model), and rotational Peclet number, Pe, along the contraction
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centerline, for different concentrations with the same fiber aspect-ratio, rp = 16. It

is observed that, CI increases at a relatively faster rate until CR ≤ 4 (corresponds

to x/Lc = 0.8333), and then there is a gradual increase up to the throat of the con-

traction (CRmax = 10 and x/Lc = 1.0); whereas, the rotational Peclet number, Pe,

decreases at a relatively faster rate until CR ≤ 4, and then there is a gradual decrease

up to the throat of the contraction. These behavior can be explained by studying the

change of the scalar measure of strain-rate, γ̇ along the contraction centerline.

Figure 39 shows an example of the change of γ̇ along the contraction centerline

for the suspension with nL3 = 8 and rp = 16. Similar trends have been observed

for nL3 = 16 and 24 as well. It is seen that until CR ≤ 4, the γ̇ is quite low and

increases almost linearly. As a result the randomizing effect of hydrodynamic inter-

actions among fibers dominates and significantly offsets the aligning effect imposed

by γ̇. Consequently, in this range of lower contraction ratio, the rotational diffusion

increases at a faster rate by maintaining its dominance over the corresponding rate

of strain and also the rotational Peclet number, Pe, decreases rapidly.

Now from figure 39 it is obvious that, for CR > 4, the γ̇ becomes stronger and

increases at a much faster rate than it is observed in the upstream portion of the

flow. The rotational diffusion still can dominate the aligning effect of γ̇, but not as

strongly as was possible for CR ≤ 4. This is manifested by the gradual decrease

of the rotational Peclet number, Pe, up to the channel throat. It is interesting to

contrast the decreasing trend of rotational Peclet number, Pe, for the hydrodynamic

interaction induced rotational diffusion in the semidilute regime (as observed in the

LBM-EBF simulation), to increasing trend of the rotational Peclet number, Pe, for

the turbulence-induced rotational diffusion in dilute regime (as observed in the exper-

iments of Parsheh et al. [85]) in a headbox. Parsheh et al. [85] reported that the Pe

increases with the increase in contraction ratio, CR, since turbulent energy decays

as the mean rate of strain increases with increasing CR; so with increasing CR, the
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Figure 39: Scalar measure of strain-rate, γ̇ along the contraction centerline.

rate of strain always dominates fiber orientation and offsets the randomizing effect

of turbulence. However, in the present study it is found that the rotational diffusion

due to hydrodynamic interactions among fibers is the predominant term over strain

rate in the semidilute regime and results in a decreasing trend of rotational Peclet

number, Pe along the contraction centerline.

7.6 Summary of headbox study

This chapter explored the orientation states of fibers in a semidilute suspension flow

through a linearly contracting channel. The orientation behavior of the fibers is

explained by observing the interplay between the mean rate of strain and the hy-

drodynamic interaction induced rotational diffusion process for the fibers in such a

suspension system. To measure the rotational diffusion with the Koch model for

different concentrations, the β1 parameter is adopted from the experimental investi-

gation of Krochak et al. [66]. The scalar interaction coefficient, CI , extracted from

the Koch model is shown to remain within O(10−3) from contraction inlet to outlet

(throat). The CI increases with concentration up to nL3 = 24. Experimentally, at

higher concentrations (nL3 = 32), the CI decreased due to fiber flocculation; but

this observation could not be verified by numerical LBM–EBF simulations, due to
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computational limitations. An interesting finding from this study is that the rota-

tional Peclet number, Pe, decreases with increase of the contraction ratio, CR, when

the rotational diffusion is driven by hydrodynamic interactions among fibers. This

finding shows the opposite trend to the observations made in the dilute regime with

a turbulence-induced rotational diffusion process [85].
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CHAPTER VIII

CONCLUSIONS AND FUTURE RECOMMENDATIONS

8.1 Summary

The numerical simulations presented in this research have enabled us to find a num-

ber of intriguing results which altogether provide a coherent physical picture of the

non-colloidal fiber orientation behavior and fiber rotational diffusion in a semidilute

suspension flow.

In this study, the LBM–EBF simulations rendered the time-dependent fiber orien-

tation distribution, and the steady-state time averaged values were found from those

simulations. The investigation has spanned a parameter two-space (rp×nL3) or alter-

nately, (rp × cv). Unlike some previous numerical fiber–level simulations reported by

other research groups, the LBM–EBF simulations in this research correctly predict the

orbit constant distribution of fibers in a semidilute suspension flow. It is seen that the

peaks of the orbit constant, Cb-distributions, fall within a range of 0.15 < Cb < 0.4,

which is consistent with the experimental results of Stover et al. [115]. The simula-

tions have demonstrated that anisotropic rotational diffusion is required to describe

fiber orientation in an anisotropic flow field where hydrodynamic interactions among

fibers are dominant. The simple anisotropic weak diffusion model ‘A.W.D.M.’ is fitted

with the LBM–EBF predicted p(Cb) and interestingly, it was found that, although

such a model representing weak rotational diffusion can describe the Cb-distribution

very well, the model fails to describe the asymmetry in the φ-distribution across the

xz-plane observed in the semidilute regime. The asymmetry in the φ-distribution can

be attributed to the presence of a small but detectable number of mechanical contacts

(non-hydrodynamic interactions) among fibers in the semidilute regime. From this
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study, the need for a more sophisticated diffusion model to describe fiber orientation

in the semidilute suspension has become eminent.

Koch [65] proposed a robust rotational diffusion model of a hydrodynamic inter-

action induced rotational diffusion process for fibers in a semidilute suspension flow.

This model gives a full three dimensional spatial tensor (C) representation of the

rotational diffusion. The applicability of the Koch model has been largely unexplored

in the previous literature. In order to use the Koch model to evaluate the rotational

diffusion tensor, the LBM–EBF simulation data is used to calculate the 4th and 6th

order orientation moments. Evaluation of this tensor shows that at a specific cv and

rp the off-diagonal components of the diffusion tensor are O(10−2) to O(10−3) smaller

than the largest diagonal component, in a simple shear flow. A scalar measure of

rotational diffusion, CI (standard Folgar–Tucker Constant extracted from C) reveals

that the rotational diffusion increases either with the decrease of the fiber-aspect ratio

(keeping nL3 constant) or with the increase of the volume concentration (keeping rp

constant) in the semidilute regime. This trend is explained by reasoning that the

interactions among fibers become more frequent with either of these scenarios men-

tioned above, consequently increasing the deviations of fibers’ orbits from the initial

Jeffery’s solution [59] and ultimately causing an increase in CI .

These observations discussed above support an important conclusion: the range

of CI (0.0038 ∼ 0.0165) reported by Folgar & Tucker [43] is overly diffusive. The

true order of magnitude is O(10−4), as observed with the present LBM–EBF simu-

lations and with experiments of Stover [113] as well. In this research the anisotropic

diffusivity model (namely the Koch model) is implemented into the fiber orientation

evolution equation. The limitations of using the Koch model in the evolution equation

(general ‘ARD’ model, eqn. (58)) are exposed and an alternative spherical harmonics

based approach [80] has been introduced.
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The study of rheology of a sheared semidilute fiber suspension with the LBM–

EBF simulation proves that even the maximum specific viscosity, µB,maxsp , permissible

within the framework of a hydrodynamic theory (Batchelor’s theory) underpredicts

the experimental result of Bibbo [17] in the semidilute to transition of semidilute

to concentrated regimes. The LBM-EBF simulation helped to explain the reason

behind this discrepancy. The direct computational measurement of rheological prop-

erties with the LBM–EBF simulation match the experimental relative viscosity, µrel,

reported by Bibbo; since the simulation can account for the transmission of stress due

to a small but finite amount of mechanical fiber–fiber interactions in the semidilute

regime. These mechanical contacts increase the viscosity of the suspension. The first

normal stress difference, N1, is evaluated with the LBM–EBF simulation, and the re-

sults proved that Carter’s [24] formula for predicting N1 fails in the semidilute regime.

But as volume concentration increases – Carter’s formula becomes more accurate, so

that the experimental and simulated first normal stress differences fall onto the same

curve, whose slope is close to K (≈ 0.08).

As in previous studies using the LBM-EBF simulation [128, 126, 127], the bulk

of the simulations presented here are performed in simple shear flows. However, this

work has extended the LBM–EBF code to simulate complex flow conditions. A study

of rotational diffusion of fibers in semidilute suspension flowing through a linearly

contracting channel is performed. It is found that the rotational diffusion due to

hydrodynamic interactions among fibers is the predominant term over strain rate in

an asymptotically low Reynolds number flow and results in a decreasing trend of

rotational Peclet number, Pe along the contraction centerline.
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8.2 Recommendations for future Research

8.2.1 Experimental research

To complement the fiber–level simulations, numerous experimental research themes

may be investigated to gain a better understanding of fiber orientations and interac-

tions in the suspensions. These can include flow visualization, determining individual

fiber properties, and various rheological studies, etc. § 3.2.6 described a limitation

of the current contact model in the LBM–EBF simulation as its inability to imitate

different kinds of contacts among fibers resembling the actual scenario. To address

this problem, experimental study of fiber–fiber interactions should be pursued. This

may include a visual investigation of two fibers in contact in order to determine the

effects of surface structure and fiber interactions on the relative fiber motion. In

Stokes flow, the force driving the fibers together is very small and it is likely that

contact will only occur between asperities on the surfaces of the two fibers.

A direct indication of the magnitude of the adhesive force, Fa between two fibers

can be obtained experimentally by observing the interaction of a fiber with a long

strand of the same material [26]. The one end of the long starnd should be attached

to a disk, connected to a servomotor and the assembly would have to be immersed

in fluid flow cell. A single fiber can be introduced into the fluid for example using a

thin rod or clamping device and can be maneuvered to bring it as close as possible to

the long strand. The strand should then be translated toward the fiber at very low

velocity. When contact is suspected to have occurred (can be monitored with a CCD

camera), the velocity of the strand should be reversed and set to its minimum value.

An established adhesive contact would drag the fiber along with the strand. By slowly

increasing the velocity step by step, the minimum velocity, Ud for detachment can be

determined. Since in Stokes flow, the inertia of the fiber and fluid is very small, the

adhesive force between the fiber and strand balances the hydrodynamic drag exerted

on the fiber and from that a measure of Fa can be determined. Chaouche & Koch
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[26] used a similar technique and measured the adhesive forces between nylon fibers

in different grades of silicone oil and also in mixtures of water/glycerol solutions. It

has been seen that the adhesive force is very sensitive to the chemical nature of the

solvent but is independent of fluid viscosity. The force is nearly independent of fiber

length but increases with increasing fiber diameter. However, in their experiments,

a point contact is created. In suspensions, fiber surfaces can be in shearing motion

with each other. The experimental setup has to be designed to create such contacts.

The nature of the adhesive force for these types of scenarios can help to improve the

contact model in the simulation.

The adhesive force at the contact region between two fibers may be related to

colloidal forces which depend upon the physical and chemical properties of the solvent

and the surface of the fibers. Chaouche & Koch [26] proposed a dimensionless number,

α = 2πµγ̇d2/ [ln(2rp)Fa], where Fa is the adhesive force. The ratio of the viscous and

contact torques defines α. The shear thinning behavior can be quantified by α – within

the framework of breakage and formation of fiber flocs. For α > 1, the suspension

is Newtonian and for α < 1, the suspension is shear-thinning. The experiments of

Chaouche & Koch were conducted with the aim to understand fiber–fiber contacts

and shear-thinning behavior of polymeric suspensions commonly used in composite

processing industries. Similar analyses can be performed e.g. with bleached hardwood

(birch) kraft pulp and bleached softwood (douglas fir) kraft pulp, which are common

fiber types in pulp-paper industries.

Adopting a new approach for flow visualization can improve the quality of ex-

perimental measurements in semidilute to concentrated regime as well. The classical

method for visualization of transparent fibers [43] and the index-of-refraction match-

ing method [115] using a planar light source are inadequate for a cylindrical body. To

overcome this problem and for the clear visualization of transparent polymeric fibers

oriented in all directions in a dilute/concentrated suspension, Yasuda et al. [131]

132



proposed to use birefringence of a fiber. They visualized fibers in a concentrated sus-

pension employing a combination of fibers without birefringence (CAP fibers similar

to Stover et al.’s [115] experiments) as primary fibers and those with birefringence

(vinylon) as tracers. Only the fibers with birefringence were visualized in a concen-

trated suspension between rotating at high speed crossed polarizers. This method

produced improved image quality although it has certain limitations [131]. For future

experiments, this visualization technique can be a very good option to consider.

8.2.2 Simulations

The current LBM–EBF simulation may be used to probe additional variables in the

parameter space for rigid fiber suspension; studies might consider fibers of various

cross sectional shapes, permanently deformed fibers, distributions of fiber shapes and

lengths, and friction among fibers, to name a few. Multiple initial configurations could

be included to gain better statistical data. Additionally, § 3.2.3 proposed improving

the LBM–EBF method by including a proper body force term (representative of an

unsteady and spatially varying surface body force such as the EBF) in mesoscale.

This suggested improvement needs to be incorporated in the code in future.

A shortcoming of the present fiber–level simulations to simulate a realistic sus-

pension for paper manufacturing is that these simulations still neglect fines, fillers

and the fibrillation of the fiber surfaces. These are features of a markedly smaller

length scale, and computational requirements would be huge to account for them

directly. Yet, their effects on paper-forming are known to be non-negligible, and in

some respects dominant. This remains a formidable problem for future research.

The study of the rotational diffusion of flexible fibers is consciously avoided in this

work, since the rotational diffusion mechanism in rigid fiber suspensions is poorly

understood as yet. In future, it is advisable to study Jeffery’s orbital drift for a

single flexible fiber, before trying to analyze the rotational diffusion of flexible fibers
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in suspension. The concept of orbit constant is ‘ill-defined’ for flexible fibers – as

commented by Skjetne et al. [110], since the geometry of a flexible fiber vary with

time. Experiments of Arlov et al. [11] in a Newtonian shear flow show the trend of

unstable Jeffery’s orbit – where orbit constant, C will tend to drift (for the most part)

either to 0 or to ∞, depending on the initial C value, with intermediate values also

being observed. Although, Wu & Aidun [126, 127] studied flexible fiber suspension

with LBM–EBF simulation, no analysis has been performed to verify or to explain the

above mentioned phenomenon. So this could form the basis of a study of rotational

diffusion for flexible fibers with the LBM–EBF simulation; but this is left for future

exploration.

Some of the studies which have been carried out in this PhD work, although ex-

tremely interesting, have not provided many solid answers. In studying the rotational

diffusion in linear contracting channel numerically, the unknown proportionality con-

stant in the Koch model, i.e., β1, in eqn. (61a) is taken to be a function of fiber

concentration, relying on the experimental study of Krochak et al. [66]. But from a

modeling standpoint, it is not helpful to find that β1 has a concentration dependence

in linear contraction; it makes modeling of rotational diffusion in such a geometry

much more challenging, given that the representative rotational diffusion model by

Koch already contains concentration dependency in the nL3 part of eqn. (60). This

suggests that the rotary diffusion coefficient does not scale with nL3, but perhaps

with some other combination of n, L, and d. This finding is unfortunate in a way

that, it would be highly desirable from a modeling perspective to be able to determine

a proportionality constant once for a particular flow, then be able to reliably predict

the effect of varying other parameters without measuring a new proportionality con-

stant. So at least for the diffusion coefficient investigated with the Koch model, the

coefficient must be determined empirically for a given set of suspension parameters

and a flow field. This observation is also true, for the standard Folgar–Tucker model.
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In future, a valuable study can be conducted to determine the correct scaling for

the rotary diffusion coefficient which can possibly eliminate this problem. Phan-Thien

et al. [89] pursued to develop a numerical correlations between the scalar interaction

coefficient CI and the concentration parameter cvrp (instead of using nL3) in the

semidilute regime for simple shear flow. For a headbox flow, a similar initiative

may be undertaken to propose such a correlation. Unfortunately, such an attempt

is frustrated by the computing demand, which right now can not be met through

the shared memory computing system used in this research. The LBM–EBF code is

suitable only to be run at a shared memory computer, and therefore, conducting a

large number of numerical experiments to put a sufficient number of points on the

parameter space, will only be feasible when the code is run on distributed memory

machines.

8.2.3 Improvement of code performance

It is imperative to improve the efficiency and performance of the simulations by

running at large distributed memory clusters, utilizing full parallelization based on

the Message passing interface (MPI). But it should be noted that, recent high-

performance computing (HPC) machines contain multicore chips, tied together into

(multi-socket) shared memory nodes as the machine building block. As a result, it

is also important to fully harness intra-node performance in order to leverage the

enormous computational potential of emerging multicore-based supercomputers.

Although it is relatively easy to quantify the absolute and the relative perfor-

mance, it can be very difficult to quantify how much further potential performance

improvement is possible. In view of that, the ‘roofline performance model’ proposed

by Williams et al. [124] is discussed here, which allows users to quantify how much

performance is left on the table. Thus, with this model, not only can absolute per-

formance be quantified, but also the success can be judged.
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The roofline model is premised on the belief that the three fundamental com-

ponents of performance are communications, computations and locality. The model

relates processor performance to off-chip memory traffic. The rates associated with

these two quantities are peak performance (Gflop/s) and peak bandwidth (Gb/s), re-

spectively. Every kernel has a locality metric termed as operational intensity, which

indicates floating-point operations per byte of DRAM traffic. The bytes transferred

between the cache and the memory are of importance, rather than the traffic between

processor and cache. Thus operational intensity (OI) suggests the DRAM bandwidth

needed by a kernel (e.g. the LBM–EBF) on a particular computer. So the performance

can be estimated as:

Attainable Gflop/s = min

 Peak floating point performance (Gflop/s)

Peak mem. bandwidth (Gb/s)×OI
(73)

The roofline performance study has been carried out by running the LBM–EBF

simulation with OpenMP directive in one socket of a single node of Teragrid NCSA-

Abe cluster. Each node in NCSA-Abe cluster is built on Intel’s microarchitecture

building block (dual-socket×quad-core Intel Xeon E5345 Clovertown). Each core

runs at at 2.33 GHz. The peak double-precision performance per socket is therefore,

37.28 GFlop/s. Each core includes a 32KB L1 cache, and each chip (two cores) has

a shared 4MB L2 cache. The peak memory bandwidth for each socket is 5.9 Gb/s.

To construct a roofline for Intel Xeon E5345, a horizontal line can be drawn

showing peak floating-point performance (37.28 GFlop/s) for a socket. Obviously,

the actual floating-point performance of a floating-point kernel can be no higher than

the horizontal line, since that is a hardware limit. A second line can be drawn that

gives the maximum floating-point performance that the memory system of that one

socket can support, for a given operational intensity. According to eqn. (73), these

two lines intersect at the point of peak computational performance (37.28 GFlop/s),

and peak memory bandwidth (5.9 Gb/s). Figure 40 shows the roofline for a single
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socket of Intel Xeon E5345 Clovertown. A log–log scale is used for the plot. Note

that, this roofline is kernel independent.

The performance measurement tool ‘PerfSuite’ is used in this work to find out

the operational intensity (OI) of the LBM–EBF kernels. The event ‘PAPI L2 TCM’

together with event ‘PAPI TOT CYC’ reported the total memory traffic (L2 cache

misses) and the event ‘PAPI FP OPS’ reported the total flop/s performed by the

kernel. Now if OI is visualized as a column that hits the roof, either it hits the flat

part of the roof indicating the performance is compute bound or it hits the slanted

part of the roof, which means performance is ultimately memory bound. In the top

plot of figure 40, a red dotted column is drawn, which reveals the OI of the single

phase LBM–EBF kernel to be bound by memory and the value of this OI is 0.263.

The yellow circle on the column marks the actual achieved Gflop/s by the kernel.

The attainable flop/s is the point where the column hits the roofline. So according

to this result, approximately 15% performance gain is still possible. Note that, this

OI corresponds to the case when hardware prefetching is disabled. When hardware

prefetching is activated, the L2 cache miss reduces and hence the OI increases slightly

as indicated by the solid blue column in the plot (slightly to the right of red dotted

column), giving rise to the possibility of additional performance gain.

A similar analysis has been performed with the multiphase LBM–EBF kernel.

The bottom plot in figure 40) demonstrates that result. The operational intensities

for this kernel are higher than those of the single-phase kernel for corresponding

hardware prefetching disabled or enabled scenarios respectively. It is found that, for

multiphase LBM–EBF kernel, approximately 25% performance gain is still achievable.

It should be noted that, Williams et al. [124] tested 16 combinations of different types

of kernels (LB magneto-hydrodynamics, Stencil, 3D FFT and SpMV) and different

computers with various optimization techniques and it was seen that the range of OI

spanned from 0.25 to just 1.64, with a median of 0.60. So an OI of 0.838 (hardware
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prefetching enabled) achieved by the multiphase LBM–EBF kernel can be considered

to an encouraging performance.

The roofline gives an upper bound of performance, and if the program is perform-

ing well below its roofline, then multiple ceilings can be added. These ceilings can

guide which optimization process to be performed. One can not break through the

ceiling without performing the associated optimization. In future, to improve the per-

formance of LBM–EBF simulation, it is advised to consider kernel optimizations such

as memory affinity, long unit-stride accesses, sofware prefetching, unroll and reorder

loops and “SIMD-ize” the code.

The ridge point of the roofline, where the diagonal and horizontal roofs meet,

offers an insight into the overall performance of the computer which can also be

exploited to select a particular machine suitable for a given kernel. The x-coordinate

of the ridge point is the minimum operational intensity required to achieve maximum

performance. If the ridge point is far to the left, then almost any kernel can potentially

hit the maximum performance. So the ridge point suggests the level of difficulty for

programmers to achieve peak performance and conversely, for a particular kernel, an

appropriate core architecture can be sought for, from which peak performance can be

extracted without the need for greater optimizations.

In Appendix C, the profiling results of both single-phase and multiphase LBM–

EBF kernels are shown. It is found that, for the single-phase kernel, the maximum

flop/s is accrued by the function lb iteration 3d(). This function performs the LB col-

lision and streaming operations. The next floating point operations intensive function

is feq 3d(), which calculates the equilibrium distribution function.

For the multiphase kernel, the first three floating point operations intensive func-

tions in decreasing order are fem node velocity(), ff node force() and lb iteration 3d()
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(specifically speaking, the loop inside lb iteration 3d() that wraps collision and stream-

ing operations and adds external boundary force term to the LB equation) respec-

tively. The function fem node velocity() calculates the fluid velocity at a solid bound-

ary node by interpolating the velocities of the surrounding fluid nodes using the

discrete dirac delta function, eqn. (16). The function ff node force() calculates the

external boundary force term g(xe, t) on a fluid node by interpolating the fluid–solid

interaction force, F fsi of the surrounding solid boundary nodes.

Now from profiling for memory usage (results not listed in Appendix C for brevity),

it is found that for the single-phase kernel, the maximum Gb/s is accrued by the

function lb iteration 3d(); whereas for multiphase LBM–EBF kernels, the functions

ff node force(), fem node velocity(), lb iteration 3d() and feq 3d() cause the most

DRAM memory traffic, although no particular order can be determined since the

traffic depends upon the particular combination of domain size and the number of

fibers simulated. So to improve the performance of the code, these critical functions

should be optimized in the foremost.
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Figure 40: Actual LBM–EBF performance imposed over a roofline model for Intel
Xeon E5345 Clovertown. (Top figure) Single phase performance when there is no
fiber present. (Bottom figure) Multiphase performance with 1024 fibers. The prefetch
refers to hardware prefetching.
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APPENDIX A

PASSING DIFFUSION INFORMATION FROM 3D

CARTESIAN TO 2D SURFACE SPHERICAL

COORDINATE

Although diffusion is properly recognized as two-dimensional on the surface of a unit

sphere, the orientation diffusivity tensor, C, is a space tensor, expressed in global

Cartesian spatial coordinates. Some method is needed to pass diffusion information

between these two coordinate systems. For this purpose, Dr is defined as the projec-

tion of a three-dimensional space tensor, C, onto the local surface coordinates of the

unit sphere.

Dr = tT · C · t (74)

where t is the projection tensor given by [10]:

t =


cos θ sinφ ê1êθ − cosφ ê1êφ

cos θ cosφ ê2êθ sinφ ê2êφ

− sin θ ê3êθ 0 ê3êφ

 (75)

The tensor products are formed from the unit vectors of the spatial (1 is flow direction,

x; 2 is gradient direction, y; 3 is vorticity direction, z; see figure 1) coordinate and

surface coordinate (θ, φ) system. To keep the analysis compact, shorthand notations

are introduced for the trigonometric functions of θ and φ:

M = cos θ N = sin θ C = cos θ S = sinφ (76)
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Now with t given by eqn. (75) and C expanded component-by-component, eqn. (74)

can be expressed as:

Dr = tT ·


C11 ê1ê1 C12 ê1ê2 C13 ê1ê3

C21 ê2ê1 C22 ê2ê2 C23 ê2ê3

C31 ê3ê1 C32 ê3ê2 C33 ê3ê3

 · t

= tT ·


(MSC11 +MCC12 −NC13) ê1êθ (−CC11 + SC12) ê1êφ

(MSC21 +MCC22 −NC23) ê2êθ (−CC21 + SC22) ê2êφ

(MSC31 +MCC32 −NC33) ê3êθ (−CC31 + SC32) ê3êφ



=



(M2S2C11 +M2C2C22 (−MSCC11 +MSCC22

+N2C33 − 2MCNC23 −NSC23 +NCC31

−2MNSC31 + 2M2CSC12) êθêθ +M(S2 − C2)C12) êθêφ

(−MSCC11 +MSCC22 (C2C11 + S2C22

−NSC23 +NCC31 −2CSC12) êφêφ

+M(S2 − C2)C12) êφêθ


(77)

In § 5.5.1, tables 2 – 4, the C was predicted. It is possible to project that C tensor

into Dr by using eqn. (77) as derived here.
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APPENDIX B

INTENSITY OF CONCENTRATION VARIATIONS

Lindström & Uesaka [72] proposed a measure for spatial correlation of fibers, defined

by:

PL =
s2
L (ñL3)

nL3
(78)

Here, s2
L (· · · ) denotes the variance of a local quantity in many cubic volumes L3

and ñ is the local number concentration of fiber centroids,

ñ = ñ(x) =
∑
j

δ (x− cj) (79)

where δ is the Dirac delta function, cj is the centroid of fiber j, and the sum is taken

over all fibers. Consequently, n is the average of ñ in Ξ′. The measure PL will be

referred to as the intensity of concentration variations. Now from the property of a

Poisson distribution, it is known that the variance of the distribution has the same

value as the mean. Therefore, if the configuration is indeed random, we expect that

s2(ñL3) = nL3. So with the definition of PL, eqn. (78), PL = 1 for randomly uniform

fiber configurations in an infinite domain. At elevated concentration variations, PL >

1, while PL < 1 indicates that dispersive mechanisms are present. An analogy can be

drawn between the definition of PL and the formation number for two-dimensional

fiber networks, which is defined as the ratio between the measured variance of local

grammage and the variance expected for a randomly uniform network [35].

Now the steady-state intensity of concentration variations, P̄L, is plotted against

nL2d in figure 41. The P̄L values from Lindström & Uesaka [72] correspond to a

suspension of fibers where the fiber–fiber contacts are modeled to be frictionless (the

friction coefficient is zero). In the LBM–EBF simulations, the contacts are always

143



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.5
0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

nL2d

P̄
L

 

 

Lindstrom & Uesaka simulation (2009), r
p
=20, 30, 40

LBM−EBF, r
p
=32

LBM−EBF, r
p
=72

Figure 41: Average intensity of concentration variations, PL, plotted as a function
of nL2d for different aspect-ratio fibers.

considered smooth, and the effect of friction was not studied. The observation from

figure 41 is that for nL2d . 0.6, the intensity of concentration variations, P̄L ≈ 1.0.

So a conclusion can be drawn that sheared suspensions of straight fibers maintain

spatial homogeneity in most of the concentration range considered in this work.
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APPENDIX C

PERFORMANCE PROFILING WITH PERFSUITE

Kernel: Single Phase LBM-EBF
Domain: 64x64x64 LBM unit
Summary for thread 0 (total of 4 threads have been used)

Version : 1.0

Generator : psprocess Java version 0.1

Execution Information

================================================================================

Collector : libpshwpc

Host : honest4.ncsa.uiuc.edu

Process ID : 27597

Thread : 0

User : gth823e

Command : ib3d

Profile Information

================================================================================

Class : PAPI

Version : 4.1.2.1

Event : PAPI_FP_OPS (Floating point operations)

Period : 1000000

Samples : 37019

Domain : user

Run Time (seconds) : 230.03

Min Self % : (all)

Function Summary

--------------------------------------------------------------------------------

Samples Self % Total % Function

21990 59.40% 59.40% lbiteration_3d

14611 39.47% 98.87% feq_3d

138 0.37% 99.24% wall_3d_pbp

86 0.23% 99.48% inside_wall_read

.

.

.

============================================================================================

Kernel: MultiPhase LBM-EBF

Domain: 64x64x64 LBM unit
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No. of fibers=1024

Summary for thread 0 (total of 4 threads have been used)

Profile Information

================================================================================

Class : PAPI

Version : 4.1.2.1

Event : PAPI_FP_OPS (Floating point operations)

Period : 1000000

Samples : 183268

Domain : user

Run Time (seconds) : 438.39

Min Self % : (all)

Function Summary

--------------------------------------------------------------------------------

Samples Self % Total % Function

98321 53.65% 53.65% fem_node_velocity

46421 25.33% 78.98% ff_node_force

20755 11.32% 90.30% L_lbiteration_3d_19__par_loop0_2.1451

11233 6.13% 96.43% feq_3d

3471 1.89% 98.33% inside_walls_pbp

1978 1.08% 99.41% interaction_3d

227 0.12% 99.53% pre_p_update

198 0.11% 99.64% inter_update_3d

188 0.10% 99.74% wall_3d_pbp

99 0.05% 99.79% inside_wall_read

56 0.03% 99.82% __libm_sse2_sincos

53 0.03% 99.85% _IO_flush_all_lockp

49 0.03% 99.88% __printf_fp

37 0.02% 99.90% L_mem_force_3d_169__par_loop3_2.467

.

.

.

==================================================================================

Formula to calculate Mflop/s from the above reports:

Mflop/s= (Samples x 1000000/run_time)x0.0000001

=============================================================================================

The .xml file used to generate the profile has the following content:

<?xml version="1.0" encoding="utf-8" ?>

<ps_hwpc_profile class="PAPI">

<ps_hwpc_event type="preset" name="PAPI_FP_OPS" threshold="1000000"/>

</ps_hwpc_profile>
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