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Evans M. Harrell and Michael Loss, P.I. 

The proposal for this grant discussed several problems connected with spectral theory and 
variational analysis that arise in quantum physics. Some of them progressed very 
satisfactorily, others are still being investigated, and, in addition, new related subjects of 
research arose and were investigated. Two students received Ph.D.'s under Harrell's 
direction, and a third expects to finish his dissertation in summer, 1991. Of the two 
students who finished already, one of them, D.T. Smith, was supported by research 
assistanceships with this grant. E.L. Green, who expects to finish in the summer, was 
also supported by research assistanceships. Our research was described in numerous 
articles, conference talks, and colloquia. 

The five specific areas mentioned in the grant proposal were: 

1. Variational problems and spectral bounds. The main progress in this area was a 
breakthrough by Loss and Carlen, who discovered a new, unified approach to find and 
characterize minimizers to many variational inequalities, called "competing symmetries." 
The idea of competing symmetries put forward in [1] turns out to be far more fruitful than 
originally anticipated. While the deeper structure does not seem to be fully understood a 
numerous collection of examples can be analized by this method. Here is an updated list of 
the inequalities in their sharp form obtained so far. Proofs of e) and g) have been outlined 
in [2]. 

a) Hardy-Littlewood-Sobolev inequality 
b) the Sobolev inequality 
c) the hypercontractive estimate for the Mehler kernel 
d) the logarithmic Sobolev inequality 
e) Onofri's inequality 
f) a Mihlin Lebedev inequality 
g) Sobolev trace theorem due to Escobar 
h) a mixed Sobolev trace inequality due to Escobar 
i) a multilinear version of the Hardy-Littlewood-Sobolev inequality 
j) HLS trace theorem 
k) HLS trace theorems for higher codimension 

There is more work in progress, some of the inequalities we conjecture are new. All this 
will be summarized in a coherent fashion in a paper jointly with Eric Carlen, which is in 
preparation. Another direction of research is to apply competing symmetries in the context 
of homogeneous groups. We tried, so far without success, to apply this method to 
inequalities on the Heisenberg group. 

2. Semiclassical analysis. At the time of the proposal, Harrell had begun to work on 
inverse semiclassical problems, and had successfully shown that optimally eigenvalue gaps 
in a Schrodinger operator indicated that the potential was of double-well form, under 
assumptions of symmetry or in one-dimension. Together with Ashbaugh and Svirsky he 
has proved similar results in the fully n-dimensional case [3]. Secondly, parts of D. 
Smith's 1990 Ph.D. thesis [4] were concerned with semiclassical analysis in a discrete 
setting, for Jacobi matrices that arise in the theory of orthogonal polynomials. 

3. Spectral theory of infinite banded matrices. This was the subject of D. Smith's 1990 
Ph.D. thesis [4], under Harrell's direction. Smith proved several essentially optimal 
theorems characterizing the asymptotic decay of eigenvectors and resolvent matrices of 
Jacobi matrices arising in the theory of orthogonal polynomials. The coefficients diverge at 



infinity, preventing them from falling under well-understood theorems, and necessitating 
novel analysis of a semiclassical nature. 

4. Stability of matter. Loss has begun writing a book with one of the leading authorities in 
this field, Elliott Lieb [5]. To date there are over 200 pages, including many new proofs 
and results. 

5. Skyrme model. No'new publications resulted from this work in the period covered by 
the grant. 

New topics. 

Harrell directed G. James's Ph.D. thesis [6] and coauthored some papers on laser 
dynamics [7-9]. These papers consisted mainly of applciations of classical dynamical 
systems theory to situations closely tied to experimental physics; the project was a 
collaboration with R.Roy, an experimental optical physicist. Of theoretical mathematical 
interest were a conservation theorem and as yet unresolved questions of metastability. 

Loss worked with Estep and Rauch [10] on the theory of numerical analysis of hyperbolic 
equations with shocks. The goal is to control oscillations in the approximation near a 
discontinuity. The technical problem is to control some highly oscillatory singular 
integrals, which was done with a normal-form transformation. 
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In this dissertation, we consider closed, m-banded infinite matrices J on the Banach 

spaces 1P(Z+), where 1 S p 5 Quantum Mechanics was originally formulated in terms 

of infinite matrices, and matrix mechanics has become an important part of Quantum 

Mechanics. Infinite matrices were also the origin of the modern theory of Functional 

Analysis. Today, infinite matrices are used in the theory of spline approximation, continued 

fractions, finite element approximations, orthogonal polynomials, Pade approximation, 

Functional Analysis, and in the analysis of eigenvalue problems in Quantum Mechanics. 

We say J = (c rs) is m-banded if m is a positive even integer, and 

crs  = 0 for 1r - sl > m/2. 

The purpose of the dissertation is to find conditions on the elements c rs  of J which allow us 

to prove exponential bounds of the form 

1(J - z) -1 (r,$)I 5 C1 exp(- C2 Iw(r) - w(s)I), 

where C1 and C2 are positive constants, w is some positive sequence, and z is in the 

resolvent set of J. One of the two main results, in Chapter IV, uses the Combes-Thomas 

method as in Geronimo, Harrell, and Van Assche[65] and an idea of Simon[118] to prove 

I 
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such bounds for a large class of infinite matrices. This method uses the theory of 

holomorphic families of linear operators of type (A) in the sense of Kato, and extends the 

result of Demko, Moss, and P. Smith[44] for p = 2 in two ways: first to a class of 

unbounded matrices; second to p 2. The other main result (in Chapter V) is a comparison 

theorem for second-order difference equations, which allows us to bound solutions of the 

perturbed equation in terms of solutions of the comparison equation. These results seem to 

be similar to analogous results which can be derived by using a Green's function approach 

as in Geronimo[63]. Many examples of exponential decay are given in Chapter I, and in the 

discussion of the main results. We also discuss some known results in Chapter III as 

background and to compare them with the results proved in this dissertation. In Chapter 

VI, we discuss some incomplete results. First, we investigate the possibility of the 

existence of a Liouville-Green, or WKBJ, approximation for linear second-order difference 

equations. Second, we prove a discrete version of a result of Shnol for elliptic differential 

operators (for the differential operator case, see Glazman[67]), and discuss extending the 

results of Shnol and Agmon[2] to the difference equation case. 
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SUMMARY 

In many laser applications, the frequency of light produced by the laser is doubled 

by a crystal with nonlinear optical properties. The presence of such a crystal inside a laser 

cavity can produce large, irregular fluctuations in the output intensity. This thesis examines 

nonlinear systems of ordinary differential equations for the longitudinal mode intensities 

(physical observables) and gains of intracavity doubled lasers. A new system of equations 

is derived which models the frequency doubling of a general class-B laser with any number 

of intracavity birefringent elements, and the relevant features of the cavity configuration are 

reduced to two parameters. General results are also presented on the possible polarization 

states of the output beam; these polarizations are explicitly included in a dynamical system 

for the first time. This analysis is also the first to include the possibility of birefringence in 

the gain medium. 

The complete range of behavior of the intensity output is characterized for one, two 

and three longitudinal modes in this general framework. A novel approach to the linearized 

stability analysis of the model leads to explicit stability criteria for the cavity parameters, 

and to several successful predictions of ways to stabilize the laser output. Several 

experimental laser configurations previously studied prove to be special cases of the general 

model; all the experimental results confirm the correspondence between the theory and 

experiment. Extensive numerical integrations also display a wide range of dynamical 

behavior consistent with experimental observations. 

In the specific case of an intracavity doubled Nd:YAG laser, numerical results trace 

an intermittency route to chaos, with cross saturation as the control parameter. Samples of 

experimental output are closely matched by numerical integrations. An additional set of rate 

equations are developed which display dynamics seen in experiments but not in previous 



xi 

numerical results. Still another set of rate equations validates our approximation of the 

lasing transition in Nd:YAG as a two-level system. The intracavity doubled Nd:YAG laser 

is found, in theory and experiment, to be a rich source of nonlinear dynamics. 
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