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PROGRESS REPORT: NSF GRANT NO. 8601153 
ROBERT P. KERTZ 

Progress has been made in the two main areas of the grant. Measuring the 
Effect of Increase or Decrese of Information in Optimal Stopping. 

The survey [1] of results, techniques, and variations of prophet vs. 
statistician comparisons includes some of the new results obtained in this research 
in the setting of martingale transforms. Optimally-stopped random variables from 
the optimal stopping of i.i.d. r.v.'s were found to exhibit asymptotic distributional 
behavior analogous to that of the partial maxima of the i.i.d. r.v.'s in [2]; 
applications were made to optimal stopping. A distribution-based comparison based 
on fixing terminating r.v. or supremum r.v. distributions for martingales led to 
additional characterizations and applications of known results, and new comparisons 
in a converse setting [3]. The prophet vs. statistician comparison was placed in the 
unknown distribution setting of multi-armed Bernoulli bandits in [4]; sharp 
inequalities and some complete comparison regions were found, along with 
connections to the notion of regret. 

Decision-Making in Some Specially-Structured Classes of Multidimensional Markov  
Processes. 

A convexity-based, duality approach was used to find optimal plans of (pure 
or randomized) Gittins-index-type structure for multi-armed bandit processes under 
constraints with geometric discounting [5]. Results were obtained [6] on weak conver-
gence of simulated annealing-type Markov chains to diffusions and reflected dif-
fusions; these connections were used to initiate research on using simulated 
annealing algorithms for finding global optima of functions in nonlinear programming 
type settings. For the problem of maximizing the probability of exiting from an 
interval in a limited playing time, it was shown that bold pity is optimal for both 
random walk and diffusion type settings [7]. Optimal stopping and stochastic control 
is being used to investigate models of proofreading and of computer program 
debugging in [8]. 

[1] "Prophet Problems in Optimal Stopping: Results, Techniques, and Variations," 
Technical Report, School of Mathematics, Georgia Institute of Technology, 
Atlanta, (1986). 

[2] "Limit Theorems for Threshold-Stopped Random Variables," co-authored with 
D. P. Kennedy, submitted for publication (1987). 

[3] "Martingales with Fixed Supremum or Terminating Random Variables," 
co-authored with Uwe Rosier. Technical Report, School of Mathematics, 
Georgia Institute of Technology, Atlanta (1987). 

[4] "Advantage of Perfect Information-Based Strategies in Bernoulli Bandits," 
co-authored with D. A. Berry. Technical Report, School of Mathematics, 
Georgia Institute of Technology, Atlanta (1987). 

[5] "Decision Processes Under Total Expected Concomitant Contraints, with 
Applications to Bandit Processes," Technical Report, School of Mathematics, 
Georgia Institute of Technology, Atlanta (1986). 

[6] "Simulating Annealing, Diffusion Approximations, and Large Deviations for 
Nonlinear Programming," co-authored with C. Tovey, Technical Report, School of 
Mathematics, Georgialnstitute of Technology, Atlanta (1987). 

[7] "Leaving an Interval in Limited Playing Time," co-authored with David Heath, 
to appear in Advances in Applied Probability (1987). 

[8] "Stochastic Control for Problems of Proofreading and Debugging," joint with 
K. Siegrist. In preparation. 
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b. Publication Citations 

List of papers by Robert P. Kertz which were partially supported by NSF Grant DMS-8601153. 

1. "Leaving an interval in Limited Playing Time," co-authored with David Heath, (1988). 
Advances in Applied Probability  20, 635-645. 

2. "Comparison of Stop Rule and Maximum Expectations for Finite Sequences of Exchangeable 
Random Variables," co-authored with J. Elton, (1986), submitted for publication. 

3. "Prophet Problems in Optimal Stopping: Results, Techniques, and Variations," (1986). 
Technical Report, School of Mathematics, Georgia Institute of Technology, Atlanta. 

4. "Decision Processes Under Total Expected Concomitant Constraints, with Applications to 
Bandit Processes," (1987), submitted for publication. 

5. "The Asymptotic Behavior of the Reward Sequence in the Optimal Stopping of i.i.d. Random 
Variables," co-authored with D. P. Kennedy, (1987), submitted for publication. 

6. "Limit Theorems for Threshold-Stopped Random Variables, with Applications to Optimal 
Stopping," co-authored with D. P. Kennedy, (1988), submitted for publciation. 

7. "Value of Perfect Information in Bernoulli Bandits," co-authored with Donald A. Berry, (1988), 
submitted for publication. 

8. "Martingales with Given Maxima and Terminal Distribution," co-authored with Uwe Rosier, 
(1989), submitted for publication. 

9. "Stochastic Control for Problems of Proofreading and Debugging," co-authored with Kyle 
Siegrist, (1989), in preparation. 

10. "Simulated Annealing, Diffusions and Large Deviations for Nonlinear Programming," co-
authored with Craig Tovey, (1989), in preparation. 
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c. Scientific Collaborators 

The Principal Investigator for NSF Grant DMS-8601153 was Robert P. Kertz, professor in the 

School of Mathematics, Georgia Institute of Technology. 
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e. Technical Summary of Activities and Results 

Results of research by R. P. Kertz which was supported in part by NSF Grant DMS-8601153 

are summarized below. Abstracts of pertinent papers are given, followed by a summary of meetings,. 

conferences, and workshops at which talks were given. Names of individuals taking part in the research 

are indicated as co-authors on the papers. 

Abstracts of papers by R. P. Kertz which were partially supported by NSF Grant DMS 

86-01153 are now given. For papers which determine, for various classes of sequences of random 

variables and information structures, how much better a person with specified information concerning 

the process can do than one without that information, see [2, 3, 5, 6, 7]. For papers drawing 

connections between sequential decision processes and extreme value processes, see [5, 6, 8]. For papers 

describing optimal actions in some specific problems in decision-making, see [1, 4, 9, 10]. 

1. "Leaving an interval in Limited Playing Time," co-authored with David Heath, (1988). 
Advances in Applied Probability 20, 635-645. 

Abstract. A player starts at x in (—G,G) and attempts to leave the interval in a limited 
playing time. In the discrete time problem, G is a positive integer and the position is described by a 
random walk starting at integer x, with mean increments zero, and variance increment chosen by the 
player from [0,1] at each integer playing time. In the continuous time problem, the player's position is 
described by an Ito diffusion process with infinitesimal mean parameter zero and infinitesimal diffusion 
parameter chosen by the player from [0,1] at each time instant of play. To maximize the probability 
of leaving the interval (—G,G) in a limited playing time, the player should play boldly by always 
choosing largest possible variance increment in the discrete-time setting and largest possible diffusion 
parameter in the continuous-time setting, until the player leaves the interval. In the discrete time 
setting, this result affirms a conjecture of Spencer. In the continuous time setting, the value function 
of play is also identified. 

2. "Comparison of Stop Rule and Maximum Expectations for Finite Sequences of Exchangeable 
Random Variables," co-authored with J. Elton, (1986), submitted for publication. 

Abstract. For sequences of exchangeable random variables X i ,...,Xn taking values in [0,1], 

results are given which compare E(max,
1 
 <, _1<_ _11 X.) and V(X 1 ,...,X,,) = sup{EX,: t is a stop rule for 

Xi ,...,Xn}. Complete results are given for the n = 2 and n = oo cases; results are also given for the 

2 < n < oo case. A constructive approach is taken, with extremal distributions given where 
applicable. For the n = 2 case, conjugate function theory is used in an essential way. The 
transformations and constructions of finite sequences of exchangeable random variables which are given 
should be of independent interest to those working with this class of processes. 

3. "Prophet Problems in Optimal Stopping: Results, Techniques, and Variations," (1986). 
Technical Report, School of Mathematics, Georgia Institute of Technology, Atlanta. 

Abstract. This paper presents background, statements, techniques, and variations of prophet 
problems in optimal stopping. The main formulation of the prophet problem and equivalent 
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formulations are given in sections one and two. Techniques of proof are given in sections three and 
four; these include reduction procedures, use of verification lemmas, use of moment theory, and other 
techniques. Variations of the prophet problem in optimal stopping are given in section five. Prophet-
type stochastic control problems for transforms of processes are discussed in section six. Examples of 
prophet inequalities and prophet regions for many classes of processes are given. Proofs in section 5b 
and in the appendix illustrate the techniques used to prove these results. 

4. "Decision Processes Under Total Expected Concomitant Constraints, with Applications to 
Bandit Processes," (1987), submitted for publication. 

Abstract.  A problem of optimization under constraints is stated for general nonstationary 
stochastic decision models, and studied using convexity theory. For cuastrained multi-armed bandit 
processes with geometric discounting, optimal plans are characterized through dynamic allocation 
indices, and value functions are expressed in terms of single-arm value functions. Techniques of proof 
include randomizations, conjugate duality, and characterizations for the unconstrained problem. 
Explicit closed-form representations are given for some Bernoulli bandit processes. 

5. "The Asymptotic Behavior of the Reward Sequence in the Optimal Stopping of i.i.d. Random 
Variables," co-authored with D. P. Kennedy, (1987), submitted for publication. 

Abstract.  Let X 1 , X 2 , ... be integrable, i.i.d. r.v.'s with common distribution function F and 

let {vn}„ >1  be the sequence of optimal rewards or values in the associated optimal stopping problem, 

i.e., vr, = sup{E(XT): T is a stopping time for {X,i },, >1  and T < n} for n > 1. For distribution 
a 

functions F in the domain of attraction of one of the three classical extreme-value laws G I , GI' or Gin, 

it is shown that lim n  n(1 —F(vn)) = 1, 1—a -1 , or 1+a -1  if F E S(G i ), F E s(Ga) and a > 1, or F 

E S(ditii) and a > 0, respectively. From this result, the growth rate of {vn}„ >1  is obtained and 

compared to the growth rate of the expected maximum sequence; and the limit distribution of the 

optimal reward r.v.'s {X,ra} n>i  is derived, where {T n"}„ >1  are the optimal stopping times defined by 

T*„ E.- 1 if n = 1, and for n = 2,3,..., by T*n  = min{1 < k < n: X k  > Vn _ k } if this set is 0 0, and = 

n otherwise. This tail-distribution growth rate is shown to be sufficient for any threshold sequence to 

be asymptotically optimal. 

6. "Limit Theorems for Threshold-Stopped Random Variables, with Applications to Optimal 
Stopping," co-authored with D. P. Kennedy, (1988), submitted for publciation. 

Abstract.  The Extremal Types Theorem identifies asymptotic behaviour for the maxima of 
sequences of i.i.d. r.v.'s. A parallel theorem is given which identifies the asymptotic behaviour of 
sequences of threshold-stopped r.v.'s. Three new types of limit distributions arise, but normalizing 
constants remain the same as in the maxima case. Limiting joint distributions are also given for 
maxima and threshold-stopped r.v.'s. Applications to the optimal stopping of i.i.d. r.v.'s are given. 

7. "Value of Perfect Information in Bernoulli Bandits," co-authored with Donald A. Berry, (1988), 
submitted for publication. 

Abstract.  For k-armed Bernoulli bandits with discounting, sharp comparisons are given 
between average optimal rewards for a gambler and for a 'perfectly informed' gambler, over natural 
collections of prior distributions. Some of these comparisons are proved under general discounting, and 
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others under nonincreasing discount sequences. Connections are made between these comparisons and 
the concept of 'regret' in the minimax approach to bandit processes. Identification of extremal cases in 
the sharp comparisons is emphasized. 

8. "Martingales with Given Maxima and Terminal Distribution," co-authored with Uwe Rosier, 
(1989), submitted for publication. 

Abstract. Let p be any probability measure on R with f lxidp(x) < co, and let p* denote its 
associated Hardy and Littlewood maximal p.m. It is shown that for any p.m. v for which p < v < p* 

in the usual stochastic order, there is a martingale (X t ) 0<t<1  for which sup0<_t<1X_t and X 1  have  

respective p.m.'s v and p. The proof uses induction and weak convergence arguments; in special cases, 

explicit martingale constructions are given. These results provide a converse to results of Dubins and 
Gilat [6]; applications are made to give sharp martingale and 'prophet' inequalities. 

9. "Stochastic Control for Problems of Proofreading and Debugging," co-authored with Kyle 
Siegrist, (1989), in preparation. 

10. "Simulated Annealing, Diffusions and Large Deviations for Nonlinear Programming," co-
authored with Craig Tovey, (1989), in preparation. 

Talks were given at the following meetings, conferences, and universities by R. P. Kertz. 

1. June-July, 1986. Conference on Optimal Stopping and Gambling, Oberwolfach; Workshop on 
Probabilistic Problems Concerning Strategies, Gottingen (6 lectures based on [3]); and 
Statistical Laboratory, Cambridge. 

2. April, 1987. MSI Workshop on Deterministic and Stochastic Control, Cornell. 

3. August, 1987. 16th Conference on Stochastic Processes and Their Applications, Stanford. 

4. January, 1988. Co-organizer of Special Session on Optimal Stopping at the Annual Meeting 
(#839) of the American Mathematical Society, Atlanta. Co-authors Kennedy and Siegrist spoke 
on joint results [5] and [9] respectively. 

5. August, 1988. 207th Meeting of the Institute of Mathematical Statistics, Colorado State Univ., 
Fort Collins. 
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