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HISTORY OF ABSTRACT GROUPS 

The theory of abstract groups of finite order may be said to 

date from the time of Cauchy. To him are due the first attempts at 

classification with a view to forming a theory from a number of iso

lated factsi 

While the determination of all permutation groups of given 

degrees was started by J. A. Serret in 1850, the determination of all 

abstract groups of a given order was started about four years later 

by A. Cayley and was called Cayleys problem. 

The prototype of the abstract group is the special substitu

tion group which is ofter called a permutation group. A considerable 

number of other fundamental theorems of abstract group theory were 

stated long before a satisfactory general definition of the term 

abstract group was formulated. For instance, A» Cayley determined the 

five possible abstract groups of order 8 before this time. It can be 

seen that a number of fundamental advances in abstract group theory 

were made by men who seemed to have confined their attention to sub

stitution groups while developing methods which apply also to abstract 

groups. 

It is natural that the steps toward abstract theory of groups 

were taken haltingly by writers who seemed often to feel insecure as 

regards their position, since in the early history of abstract groups, 

little attention was being paid by the writers on groups to the pos-

tulational definitions of the term group. Ken like S. Lie (1842-1899) 

and F. Klein (1849-1925) continued to use the term group without 
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defining it except that they assumed that the product of two ele

ments of a given group is contained therein and sometimes they as

sumed also the existence of the inverse of every element within the 

group. Even the work on finite abstract groups was done largely 

independently of postulates after it became known that every abstract 

group of finite order can be represented by one and only one regular 

permutation group. Abstract group theory, however, did receive more 

and more attention during the second half of the nineteenth century, 

and towards the end thereof, it became well established. 

The golden age of the theory of finite groups came at the end 

of the last century and the first decade of the present.. During this 

period the fundamental results of the theory were obtained, the 

fundamental directions of research were laid down, and the fundamental 

methods were created. Generally, through the work of its principal 

promoters, (Frobenius, Holder, Burnside, Schur, Miller), the theory 

of finite groups: acquired at this time all the essential features it 

has at the present day. 
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CHAPTER I 

DETERMINATION OF ALL ABSTRACT GROUPS OF A GIVEN ORDER BY 

REGULAR PERMUTATION GROUPS 

Thie paper is mainly devoted to the determination of all ab

stract groups of a given order by utilizing the properties of conju

gate sets of subgroups and Sylow theorems. However, given here is an 

example of determining all abstract groups of order k by the use of 

permutation theory with the necessary developement first. 

Def. A. permutation of a set M is a 1-1 function from M onto M, 

Def. The degree of a permutation group is the number of letters 

used in the group. 

Def. A permutation group is called transitive when, by means 

of its permutations, a given symbol a^ can be changed in

to every other symbol operated on by the 

group.-

Def. A transitive group whose order is equal to its degree is 

called a regular permutation group. 

Theorem. Every group G of finite order n can be represented as a 

regular permutation group on n symbols, the latter being 

isomorphic with G. In fact, such a representation can be 

set up in two ways and the two representations are dis

tinct when G is not an abelian group. 



Pf. Let sn = 1, s-, b_,, ..., s be the n elements of the 
1 ' P. y ' n 

given group G. Then the n elements s^s^ s^s^,..., s^s.. are 

all distinct and all belong to G, where it follows that 

they are the elements of G is some order. Then, 

fSV S2» Sn \ 

KW-l Vi) 
is a permutation performed on 

the n symbols representing the elements of G. For brevity 

we denote S. by the symbol S. = j J. The permutation 
J. 11 SSj p 

S^S. replaces s. by s.. Hence, the permutation group P, 
l  3  ^ - 3  

consisting of the permutations S-^S^,... ,S^ is transitive. 

Since its order is equal to its degree, it is regular. If 

is made to correspond to S^, for every i, the G and P 

are isomorphic, since corresponds with as may 

be seen from the relations 

-.vCjfy 
The process by which this representation of G has been 

obtained may be called post-multiplication, since in form

ing we multiplied the elements of G on the right by ŝ . 

If we use pre-multiplication and write 

S! = /^1 2 -1 ' P -1 \ = ( -1 \ , 
X \s± BltBi B2 Si Bnj [s±s /' 

then we have a permutation group P*, consisting of the 

permutations Ŝ ,Ŝ ,... ,S\ Since s~"̂  is replaced by s~̂  

in the permutation (S|) ̂"S^, it follows that this group P' 

is transitive and that also it is regular. Moreover, we 

have \ /. \ /_ \ /_-l. 

S! 
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I 
and this is the permutation corresponding to s^sj* Hence 

by making and correspond for every i, the groups 

id P' are isomorphic 

(:.) • (:?.) • 
G and P' are isomorphic. Now, if = SJ., we have 

where ss^ = s^s for each element seG. Taking s^ for s, 

we have s. = s.\ Hence ss. = s,s, so that s. is permu-a-0 i i ' i * 

table with every element of the group. From this it fol

lows that the two representations of G are distinct, 

except in the case when G is an abelian group. This com

pletes the proof. 

The following notation will be used in the example: 

(abcd)all represents all possible permutations on the letters 

a,b,c,dj 

(abcd)pos represents the subgroup of (abcd)all involving only 

even permutations^ 

(abcd)*+ represents the subgroup of (abcd)all of order b and is 

non-cyclicj 

(abcd)cyc represents the cyclic subgroup of (abcd)allj and 

(abcd)s represents the permutation group of degree b and order 

8. 

Now, according to the definition, there are 5 transitive groups 

of degree b. These are: 

(abcd)all = 1 abc abed ac ab*cd 

acb adeb ab ac-bd 
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abd acbd ad 

adb adbc be 

acd abdc bd 

adc aedb cd 

bed 

bde 

(abcd)pos = 1 ab-cd abc acb 

ac-bd bde bed 

ad-bc adb abd 

acd adc 

(abcd)s = 1 ac ab-cd abed 

bd ac»bd adeb 

ad-bc 

(abed)'* = 1 ab-cd ac-bd ad-bc 

(abed)eye = 1 ac-bd abed adeb 

ad-bc 

Therefore, it follows from the definition of a regular permu

tation group and the theorem, that (abed)** and (abcd)cyc are isomorphic 

to the two abstract groups of order k. 
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CHAPTER II 

THEOREMS AND DEFINITIONS FOR THE DETERMINATION OF ALL ABSTRACT 

GROUPS OF A GIVEN ORDER BY FINITE GROUP PROPERTIES 

The main purpose of this paper is to present arguments which 

take advantage of finite group properties in ordor to determine all 

abstract groups of a given order. Therefore, I will first present a 

body of definitions and theorems on finite groups and use standard 

notation except, perhaps, the use of < > to denote the group generated 

\v 
by. 

Theorem 1. (Lagrange). If H is a subgroup of group G, then the 

order n of H is a factor of the order m of G. 

Pf. Let t.. = l,t_....,t be the n distinct ele-
1 '2' ' n 

ments of H, end let s^cG such that Then, A^ = 

^ tj f j, t^s^,..., t^a^ is a set of distinct elements 

which are distinct from H, since if t e = t s, where 
p 1 q 1 

l ^ p ^ q - n ,  t h e n  t  =  t  w h i c h  i s  c o n t r a r y  t o  a s 

sumption. Also, if t = t s., then &. = t ^"t and s,e 
p q 1' i q p 1 

h which is contrary to our assumption. 

Consider set G - (HUA^), Then either 

G - (HUA^) = 0 or G - (HUA1) has more than n ele

ments. If G - (HUA1) has fewer than n elements and 

s^eG - (KUAj), then the set of elements A^ 

t^s„,...,t s_ V which is distinct from H and A, by pre-
2 2 n 2 > 1 " r 

vious arguments and the fact that = t^s^ implies 
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i-1 
E2 K Bl* EeRCe» the!re exists some s eG ~ (llU(ijA .)) 

i 
such that G e ). Hence, the order n of H jo 

j=lJ 

a factor of the order m of G. 

Theorem 2. If seG, the order n of s is a factor of the order m 

of G. 

Pf. This folllows immediately from Theorem 3 

and the fact that the order of c is also the order 

of the cyclic subgroup of G generated by s. 

Theorem 3. If G is a group and H is a closed subset of G, then 

H is a subgroup of G. 

Pf. Let ,,,.,be the n distinct elements 

of KCG where these elements are closed under the 

internal law of composition • of G. Eut leH since 

for every a sH. there exists positive integer n. 
0 

such that 1. Also, a^.a. = 1 where aBf3.a e 
J JO 0 j 

H. Consequently, H is a subgroup of G. 

Theorem k. The elements common to a family of groups y, form 

a group G whose order is a factor of the order of 

every Psy. 

Pf. Clearly, - G is a finite set. Suppose 

6,teG. Then, s,teP for every Pey which implies eteG. 

Hence,  GCP is  a subgroup of every Pey by Theorem 3. 

Consequently, the order of G is a factor of the or

der of every Pey by Theorem 1. 
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Def. 1. Let G be a group, let a,bcG, and let H, K bo sub

groups of G. Then 

(1) a and b are permutable if and only if ab = baj 

(2) a and H are permutable if and only if aH = HaJ 

and 

(5) H and K are permutable if and only if every 

element of H is permutable with K and every 

element of K is permutable with H. 

Def. 2. Let G be a group. Two elements a,beG (two subgroups 

H, K of G) are conjugate in G if and only if there 

exists an inner automorphism a on G such that aa = 

b (Ha = K). The set of all distinct aa (Ha), for all 

inner automorphisms a o£ G is called a complete set 

of conjugate elements (subgroups). 

Def. 3. In a group G, a subgroup H i6 called self-conjugate 

if and only if for every acG, a~^"Ha = H. 

Theorem The elements of a group G, which are permutable 

with a given element a, form a subgroup HCG. Also, 

the order of G divided by the order of H is the 

number of elements conjugate to a. 

Pf. Let H = £t^, t^,... ,tn"^ denote all distinct 

elements of G permutable with a. Then for t^jt^eH, 

t^a = at^ and t^a = at->. Thus, t^t£ a = ^(t^a) = 

(t1a)t2 = at^t^ which implies that t^eH and that 

H is closed. Hence, H i6 a subgroup of G by Theorem 
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3. 

Suppose nn is the order of G. Then for s^eG, 

'^nEl transform a into the same 

conjugate, a', since (t. a^) a(t^s^) = s^t^at^s^ 

c Bi^tiltia^Ei ~ B11&61 for a11 lieH* Also» the ele"" 

ments ^2°!*' * •» ̂ h&jl are on^y elements of 

G which transform a into a', since for s^eG, s^ / 

s l t  s ^ t ,  8 .  =  t '  i m p l i e s  s ,  s ' H . s - s r 1  =  s ^ t ' s l T 1  =  t .  1 2  1 2  1  1 2  1 2  1  i i l  l  
-1 k 

and therefore s^s^ ell. Consequently, since we have 

on elements for G with every t.s. distinct for j = 
^ 3 

l , 2 , . . . , m ,  t h e n  w e  h a v e  m  d i s t i n c t  s e t s  o f  n  e l e 

ments each of which maps a into m distinct conju

gates. 

Thborem 6. .The elements of a group G v/hich are perrautable with 

a subgroup H form a subgroup I, which is either 

identical with H or contains H as a self-conjugate 

subgroup. The order of G divided by the order of I 

is the number of subgroups conjugate to H. 

Theorem ?. The elements common to a complete set of conjugate 

subgroups form a self-conjugate subgroup. 

Pf. Let { H1,H2,...,Hn'\ be a complete set of 
n 

conjugate subgroups of group G. Also, let I =/^H.. 
i=l 1 

Clearly, I / 0 . Suppose t ,t el. Then t, ,t^eH. for 12 1* 2 i 
every i which implies that t^t el. Hence, I is a 

subgroup of G by Theorem 3« 
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Also, I is a self-conjugate subgroup of G 

since the set of conjugate subgroups when trans

formed by any element of G is changed into itself 

where I is the common subgroup of the set. 

Theorem 8. (Corollary). The elements permutable with each of a 

complete set of conjugate subgroups form a self-

conjugate subgroup. 

Pf. This follows immediately from Theorem 7, 

since the elements permutable with a subgroup IIcG 

form a subgroup IC.G by Theorem 5» Also, the ele

ments permutable with every subgroup of the conju

gate set to which H belongs are the elements common 

to every subgroup of the conjugate set to which I 

belongs. 

Theorem 9. If f *s a comP^e^e 6ct °*" conjugate 

elements of G, then the group < t^t^,... ,tR >, if 

it does not coincide with G, is a self-conjugate 

subgroup of G, and it is the self-conjugate subgroup 

of smallest order which contains t^. 

Pf. Suppose K = ^t1,t2,... ,tr^_ is a complete 

set of conjugate elements of group G. Let be any 

self-conjugate subgroup of G which contains t^. But 

for every SEG, s = H^. Hence, H^H. 

Suppose H2 is the group generated by H. Let 

ZEI^ Then z = where x^. - ̂  or x^ = tT1 

for some i. Let SEG. Then, s_1zs =• S'^X^ss X̂̂ s* »• 
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s "'"x. 8. Now, w = b "Sc .s = s"1t .s = t for some u or 
K * j j u 

s""̂ t .8 = = (s~̂ "t .s)"~̂  = t for some v. 
oo j v 

Hence, weH., and zeH^. Consequently, is a self-

conjugate subgroup which contains t^ since is 

generated by H. 

Theorem 10. If an element b of order n is permutable with a 

group G and if sm is the lowest power of b which 

occurs in G, then m is a factor of n and n/m is a 

3 factor of the order of G. 

Theorem 11. If every element of G transforms H into itself and 

every element of H transforms G into itself, and if 

G and H have no common element except 1, then every 

L 
element of G is permutable with every element of H. 

Def. *•. A group G is simple if and only if no proper sub

group is self-conjugate. 

Theorem 12. (Corollary). If every element of G transforms H into 

itself and every element of H transforms G into it

self, and if either G or H is a simple group, then 

G and H have no common elements except 1 and every 

element of G is permutable with every element of H. 

Pf. Suppose H and G are groups such that g~*^Hg 

= H for every gsG and h ^Gh = G for every heH where 

H is a simple group. Consider the element z - g'̂ h"1 

gh. Then (g *g)heH and g ̂ (h ̂ ghJeG. Suppose 

z / 1. Then GCH is a subgroup of G and also of H, 
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and contains more than 1. If C£H or HCG, we are 

done. 

Suppose G^H and H<J?G. Then G^His a proper 

subgroup of II. Clearly, GfjH is a self-conjugate 

subgroup of < G,H > since every element of G/^H is 

permutable with the elements of GUII. Contradic

tion. Hence, G/"\H:. = 1 and by Theorem 11, every 

element of G is permutable with every element of H. 

Theorem 13. If p is a prime and if pril is less than and divides 

the order of a group G, then G has at least one 

subgroup, distinct from itself, whose order is di

visible by pm. 

Theorem l*u (Corollary). If pr divides the order of a group G, 

then the group has at least one subgroup of order 
m 

P • 

Pf. This follows immediately from Theorem 13 

and the fact that if a group has a proper subgroup 

whose order is divisible by pm, then this subgroup 

will have a proper subgroup whose order is divisi

ble by pE until this process terminates in a sub

group of G of order p^'. 

Theorem 15. (Cauchy). If p, a prime, divides the order of a 

group, then the group has elements of order p. 

P f .  T h i s  f o l l o w s  i r a m e d i a t e l y  f r o m  T h e o r e m  l * f  

and the fact that a cyclic subgroup of order p is 

generated by an element of order pv 
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Theorem 16. The number of elements of a group of order m, 

til whose n powers belong to a given conjugate set 

is zero or a multiple of the highest common factor 

of m and n.6 

Theorem 17. (Corollary). If n is a factor of m, the order of G, 

then the number of elements of G satisfying the re

lation sn = 1 is a multiple of n. 

Pf. This follows immediately from Theorem 16 

if we consider the fact that all the elements of G 

belonging to the conjugate set of 1 is m where 

s11 = 1 and the fact that (n,m) = n. 

Theorem 18. (Corollary). If n = P^Pp** 'PjJ *-c a factor of 

m = PpPp* " the number of elements of G, 

of order m, which satisfy the relation rn = 1 is 

equal to n, then either ^ or G must contain 

elements of order 

Theorem 19. (Corollary). If a group of order inn, where (m,n) = 

1 contains a self-conjugate subgroup of order n, 

then the group contains just n elements whose or

ders divide n. 

Pf. Let G be a group of order cm where (m,n) = 

1. Suppose G contains a self-conjugate subgroup of 

order n, H. Let s#(H, seG be an element whose order 

divides n. Then the group ^ = < H,s > would have 

by Theorem 1? and Theorem 18, an order which is a 
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multiple of n greater than 1 and which would be 

relatively prime to mn. But, is a subgroup of G 

and this would contradict Theorem 1.. Hence, G con

tains just n elements whose orders divide n. 

Theorem 20.. (Corollary). If G has a self-conjugate subgroup H: 

of order mn, where (m,n) = 1, and if H" has a self-

conjugate subgroup K of order n, then K is a self-

conjugate subgroup of G. 

Pf. This follows immediately from Theorem 19, 

since H contains just n elements whose orders di

vide n, (mainly those of K), and since every ele-

ment of G, since it transforms H into itself, must 

transform K into itself. 

Def. 5. If s and t are any two elements of a group, then 

the element s ^"t ^"st is called a commutator. 

Def. 6. The group generated by the commutators of a group 

G is called the commutator subgroup or the derived 

group of G. 

Def. ?. The derived group H has itself a commutator sub

group or derived group, which may or may not coin

cide with H. Suppose now that starting with a 

given group G, of finite order, G^ is the derived 

group of G, and actually distinct from it. G^ is 

the derived group of G^ and actually distinct from 

it and so on. Since the order of each of these 
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groups is less than the preceding, the series 

must terminate. This may happen in one of tv/o ways. 

We may either arrive at a group which is identical 

with its derived group, or we may arrive at an 

abelian group, whose derived group is (I- In the 

case the derived series terminates in , then G 

is solvable. 

Theorem 21. The derived group of G is that self-con jugate sub

group H of smallest order such that the quotient 

group G/H is abelian. 

Pf. See Burnside, section 39 and add the fol

lowing argument to the last statement of the proof: 

Suppose hell', then sht = ths. Thus, sht = tt~"^h^ts 

where h^eH'. Hence, sh = h t̂st*  ̂ and shs'"1' = 

h^tst •*" where shs ^eH?. Consequently, for s,teG, 

all elements of the form tst i.e., commuta

tors are in H'. 

Theorem 22. If K is a self-conjugate subgroup of G, and if 

G/K is a solvable group with i terms in its de

rived series, then K contains G^, the i**1 derived 
o 

group of G and does not contain G^ 

Theorem 23. If IT is any self-conjugate subgroup of group G,. 

and if K, K' are two self-conjugate subgroups of 

G contained in H, such that there is no self-

conjugate subgroup of G contained in H and con-
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taining either K or K' except H, K and K' them

selves, and if L is the greatest common subgroup 

of K and K', so that L is necessarily self-conju

gate in G, then the groups H/K and K'/L are iso

morphic as also the groups H/K' and K/L. y 

Def. 8, If G^, a self-conjugate subgroup of G is such that 

the group < G^,.•»»t^ > coincides with G, 

when£t^,t^t... ,tj^ is any complete set of conjugate 

elements not contained in G^, then G^ is said to 

be a maximum self-conjugate subgroup of G. If H is 

a subgroup of G, and if, for every element seG 

which does not belong to H, the group < II, s > 

coincides with G, H is eaio to be a maximum sub

group of G. 

A minimum sclf-conjugate subgroup and minimum 

subgroup are defined similarly. 

Theorem ?k. (Corollary). If H coincides with G, and K and K' 

are maximum self-conjugate subgroups of G and L is 

the greatest group common to K and K', then G/K 

and K'/L are isomorphic, as also are G/K' and K/L. 

Pf. This follows from Theorem 23 and the fact 

that G/K and G/K' are simple groups which implies 

that K/L and K'/L are simple groups such that L 

must be a maximum self-conjugate subgroup of both 

K and K'. 
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Def, 9» Let G^ be a maximum self-conjugate subgroup of a 

given group G, G^ a maximum Gelf-conjugate subgroup 

of G^ and so on. Since G is a group of finite or

der, we must, after a finite number of subgroups, 

arrive in this way at a subgroup whose only 

self-conjugate subgroup is that formed of the iden

tity alone, so that G^ is a simple group. The 

series of groups obtained in this manner is called 

a composition series of G. The set of groups G/G|, 

Gf/G^,... »®n-;>/Gn-i*®n-i/Gn *s ca-'--'-e(* a Ge^ 

quotient groups of G, and the orders of these 

groups are said to form a set of composition-fac-

tors of G. 

Def. 10..Suppose that a series of groups, each contained in 

the previous one, GjH^K^,... ,H^ f l}-are chosen 

so that each one is a self-conjugate subgroup of 

G, while there is no self-conjugate subgroup of G 

contained in any one group of the series and con

taining the next group. The series of groups ob

tained in this manner just described is called a 

chief-composition series of G. 

Theorem 25. Any two composition series of a group consist of 

the same number of subgroups, and lead to two sets 

of quotient groups which, except as regards the 

sequence in which they occur, are identical with 

each other. 
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Def.. 11. The group G is the direct product (or direct sum 

if the law of composition is addition) of its sub

groups H^H^,... ,H^ if a^jd only if 

(1) The subgroups are self-conjugate 

subgroups of G\ 

(2) G is generated by the subgroups ...,H J 

and 

(3)  The common part of each with the subgroup 

Hj^, generated by all the H^., i / jf is (i\. 

Theorem 26. Any two chief composition series of a group consist 

of the same number of term6 and lead to two 6ets 

of quotient groups, which, except as regards the 

sequence in which they occur, are identical with 

each other. 

Pf. This theorem follows immediately by a re

petition of the same arguments of Theorem 23. 

Theorem 27. If between two consecutive terms H and H , in r r+1 

the chief-composition series of a group there oc

cur the groups G ,G ,...,G . of a coraposi-r f i. r f d. 2*1 s—1 
tion series, then (i) the quotient groups HT/^T 

Gy ]/Gr 2,"*'^r s-l^r+1 are ^•S0I20rP^lc» 

(ii) Hj/Kr+1 is the direct product of s groups of 

the type 

Theorem 28. (Corollary). If the order of ^ is a power, 

pE, of a prime, HI/Hr+1 must 611 abelian group 

whose elements, except 1, are all of order p. 
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Pf. This theorem follows from arguments used 

in proof of Theorem 2?. 

Theorem 29» If H is a subgroup of G, each composition factor 

of H must be equal to or be a factor of some com-

1? 
position factor of G. 

Theorem JO. (Corollary). If all composition factors of group G 

are primes, so also are the composition factors of 

every subgroup of G. 

Pf. This is an immediate consequence of Theor

em 29. 

Theorem 31. A solvable group, the composition factors of which 

may be taken in any order, is the direct product of 

groups whose orders are powers of primes. 

Theorem 32. An abelian group G of order P-l'p^**'P^" where P^i 

P2»...,Pn are distinct primes, is the direct pro

duct of groups P^ formed of all elements of G 

whose orders divide p?'where P. is of order p?', ̂  

Theorem 33. The elements of an abelian group, whose order is 

a power of p, can always be represented in the form 

qlV"qs 1 ( . J * re e 
Vi - 1,2,...-,6 J 

elements q-,q_,...,q are related by q? = 1, 
J- cL 6 X 

q.q, » q ,q., (i«j = l,2,...,s) and by no others.^ 
i J 0 

Theorem 3*f. The number of distinct types of abelian groups of 
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order pn, where p 1B a prime, is equal to the 

number of partitions of m, and each type may be 

completely represented by the symbol (ra_tns_,.*.,ra ) 
JL ci G 

of the corresponding partition. If tho number a in 

the partition are written in descending order, a 

group of the typo (m.,m ,...,m ) will have a sub-
X c. 6 

group of the type (n^,not... ,rO when the condi

tions t « s, n.. = m.. (i = l,2,...,t) are satisfied, 

and the type of every subgroup must satisfy these 

conditions.1^ 

Theorem 35. Every group whose order is the power of a prime 

contains self-conjugate elements other than 3. and 

no such group can be simple."'''7 

Theorem 36. A group whose order is the power of a prime is 

necessarily distinct from its derived group, and 

its series of derived groups terminates with the 

one containing 1 only.1̂  

g 
Theorem 37. If G of order p is a subgroup of G, v/hich is of 

6 

order pr", then G must contain a subgroup of order 

pr'Uj t ̂  1, within which G^ is self-conjugate. In 

131—1 
particular, every subgroup of order p of G is a 

self-conjugate subgroup.19 

Theorem 38. (Lemma 1). If a group G is of order pm, then the 

El—1 
number of subgroups of G of order p is r ^ 

D—X 
/ \ 20 

where r , = l(mod p;. 
t.-i -
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Theorem 39* (Lemma 2). If a group G is of order pm, then the 

number of subgroups of G of order p is r^ where 

r̂  = l(mod p).̂ "*" 

Theorem 40. The number of subgroups of any given order p6 of a 

group G of order pm is congruent to l(mod p). 

Pf. If now G is any subgroup of G of order pF', 
s 

and if Gg+£ is the greatest subgroup of G in which 

G is contained self-conjugately, then every sub-

group of G in which G is contained self-conju-s 

gatlely is contained in But every subgroup of 

s+1 
order p , which contains G , contains G self-

s & 
6+1 conjugately. Therefore every subgroup of order p 

which contains G is itself contained in G 
6 s+t 

Hence, by Lemma 1, the number of subgroups of 

G ,/G of order p is congruent to l(mod p). Thus, 6+1 S 

the number of subgroups of G of order p , which 

contain G of order ps, is congruent to l(mof p). 
£ 

Now, let rg represent the total number of sub

groups of order pe contained in a^ subgroups of 

s+l 
order p , and if any one of the subgroups of or-

£>•+•1 • 6 
der p contains b subgroups of order p , then 

x=r y=r , 

for the numbers on either side of this equation 

e+1 are equal to the number of subgroups of order p 

when each of the latter is reckoned once for every 
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g 
subgroup of order p which it contains. It has, 

however, been shown that for all values of x and y 

a = 1, b = l(mod p) by Lemma" 1. 
x ~ y -

Hence, r = r .(mod p). Also, rn = 1 and 
' s - s+l ^ ! 1 — 

r T = l(mod p) by Lemmas 1 and 2. Therefore, for ra-1 — ' 

all values of s, r = l(mod p). 
8 ~ 

Theorem hi. (Corollary). The number of self-conjugate subgroups 

of order pE of a group of order p1'' is congruent to 

l(mod p). 

Pf. This follows immediately from Theorem 6 

and Theorem *40, since the number of subgroups in 

any conjugate set is a power of p. 

Theorem k2. If G, of order pm, where p is an odd prime, con

tains only one subgroup of order pc, then G must 

22 be cyclic. 

Theorem kZ>. If a group G, of order 2™, has a single subgroup of 

2C, (s > 1), it must be cyclic. If it has a single 

subgroup of order 2, it is either cyclic or of the 

type define 

(m > 2).2' 

2n~^ 2 type defined by p = 1, q = p , q pq = p 

Def. 12. The set N = ^x: xeG, xa = axj of group G i6 a 

subset of G called the normalizer of aeG. 

Theorem *4*4. The normalizer N of aeG i.s a subgroup of G. 

Pf. Since aeN, N is nonempty. Let x,yeN, Since 
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ya = ay, upon multiplying on the left by y"1, we 

have a « y "'ay and then upon multiplying on the 
~1 -1 -1 right by y , we have ay = y ' a. Therefore yeN 

implies y^'eN. Also, leN. 

Nov;, (xy)a « x(ya) » x(ay) « (xa)y a (ax)y = 

a(xy). Hence, xyeN, Consequently, N is a subgroup 

of G. 

Def. 13. (Sylow). Let G be a finite group of order 11 and 
"f* pj let peZ , where p is a prime. Further, let p' be 

the highest power of p which divides n. Then a 

subgroup H of G is a Sylow subgroup if and only if 
n the order of H is p . 

Theorem k5> bet G be a finite group of oz'der n and p be a po

sitive prime dividing n, then G lias at least one 

Sylow subgroup of order pr". ^ 

Theorem k6.  Let G be a group of order n and p be a positive 
TCI prime such that p' is the highest power of p di

viding n. Then the Sylow subgroups of order p^1 

form a complete set of conjugate subgroups, and the 
pc 

number is congruent to l(mod p). 

Theorem k7* There is only one Sylow subgroup H of order pm of 

H if and only if H is a self-conjugate Sylow sub

group of G. 

Pf. This follows immediately from Theorem k6, 

since the only subgroup of a conjugate set implies 
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that the subgroup is self-congugate and since e-

very Sylow subgroup of a given order belongs to a 

conjugate set of Sylow subgroups of the same order. 

Theorem **8. If every Sylow subgroup of a group G is Belf-conju-

gate, then G is the direct product of its Sylow 

subgroups. 

Pf. This follows immediately from Theorem 4? 

and Definition 11 since (l) and (3) are obvious 

and (2) follows from the fact that if asG, then 

a = p^^'''Pji"where ^ p1,p?,...,p^ ie the set of 

distinct primes dividing the order of G. But every 

Sylow subgroup of G of order p^contains elements 

of order p^. Hence, a is generated by powers of 

these elements from Sylow subgroups of G. 

Theorem 49. Let pa be the highest power of a prime p which di

vides the order G, and let H be a subgroup of G of 

order p&. Let h be a subgroup common to H and some 

other subgroup of order pa, such that no subgroup, 

which contains h and is of greatest order, is com

mon to any two subgroups of order pa. Then there 

must be some element of G, of order prime to p, 
Pg which is permutable with h and not with H. 
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CHAPTER III 

DETERMINATION OF ABSTRACT GROUPS WHOSE ORDERS ARE THE POWERS 

OF A SINGLE PRIME 

I. (p / 2). I shall now proceed to discuss, in application of the 

foregoing theorems, the various types of groups of order pm, 

which contain self-conjugate cyclic subgroups of order p111-"1 or pr' 

etc. It is clear from Theorem bj> that the case p = 2 requires inde

pendent investigation. Hence, at the moment I will deal with the 

case where p is an odd prime in determining all non-abelian groups 

of order pm. 

(i) First consider a group G of order p™, which contains an 

in—1 element q of order p1 . The cyclic subgroup < q > is self-conjugate 
m-2 

and contains a single subgroup < qP > of order p. By Theorem 'f2, 

6ince G is not cyclic, it must contain an element s, of order p, 

which does not occur in < q >. Since < q > is self-conjugate and G 

is not abelian, s must transform q into one of its own powers. 

Hence, s'^qs = qa, and since sP is permutable with q, it follows 

. . .  .  .  m - 2  2 7  that a = 1 + kp . 

Since G is not abelian, k £ 0. But it may have any value 
-x 1+ from 1 to p - 1. If now kx = l(mod p), then s qs' = q P , and 

therefore writing t for sX, the group is defined by 
m-1 . n-2 

q P  = 1 ,  t P  =  1 ,  t q t  =  q 1  P  .  

These relations are clearly self-consistent and they define a 

group of order pm. There is therefore a single type of nonabelian 

group of order pm which contains elements of order pm because for 
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any such group, a pair of generating elements may be chosen which 

satisfy the above relatione. 

(ii) Suppose next that G, a group of order p^, has a self-
m*"*? conjugate cyclic subgroup < q > of order p and that no element 

ri-2 of G ie of higher order than p . Then three cases may bo distin

guished at once for separate discussion, according as q is selfcon-

2 jugate, one of p conjugate elements or one of p conjugate elements. 

Taking the first case, there can be no element ssG such 
2 

that eP is the lowest power of se< q >, for if there were, < s,q > 

would be abelian, and its order being pr' , it would necessarily coin

cide with G. Hence any element sfZ< q > with a generates an abelian 

group of type (rn - 2,1), and we may choose q and t as independent 

generators of this subgroup, the order of t being p. If now reG and 

r/< t, q >, then < r,q > is again an abelian group of type (m - 2,1), 

If q and r are independent generators of this group, the latter can

not occur in < t,q >. Now, since t is not self-conjugate, r~^tr = 

B P t q ,  a n d  s i n c e  r  o r  1  i s  p e r m u t a b l e  w i t h  t ,  t h e n  q F  =  1 ,  s o  t h a t  
•z y,p®*"3 

P = O(mod p ). Hence, r tr = tq' , where k is not a multiple 

of p. If finally q be taken as a generating element in the place of 

q, the group is defined by 
m-2 t m-2 

q P  = 1 ,  t P  =  1 ,  r  =  1 ,  r ~  t r  =  t q P  ,  q t  =  t q ,  

qr = rq. 

There is therefore a single type of group of order pm, which con

tains a self-conjugate element of order p111 ^ and no element of order 

in—1. 
P 

Next, let q be one of p conjugate elements. These must 
i j-i m~3 28 be q p ,(k = 1,2,...,p). If G/< q > is cyclic, let s be an 
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2 
element, the lowest power of which in < q > is sp . If s were permu-

-1 1+ ra~3 
table with q, G would be abelian. Hence, we may take s* qs = q P 

2 k 2 2 ( - ) 2 
while eP = q'p . These relations give (sq5")'' = q 5""" P . Hence, 

if sq = t, the group is defined by 
m-2 2 , ., m-3 

qP =1, tP = 1, t~ qt = q" +P , 

and there is a single type. 

If G/< q > is non-cyclic, G must contain a subgroup of order 

IB**! 
p in which q is self-conjugate and another in which q is one of 

p conjugate elements. The former is an abelian group of type (m-2, 

1) of which q and r may be taken as independent generating elements. 

The latter is a group of the type considered in (i), (with m -1 for 

m), defined by 
m-2 i i m-3 

qP =1, tP = 1, t~ qt = q P 

-D a B m~^ With this group r is permutable and therefore r tr « t q , 

since the only elements of order p in < q,t > are of this form by 

(i). 
. , -i n-3 , . m-3 -1,-1 . 1+p ,~a .a 1+p , 

Now, r t qtr = q or t qt = q , and therefore 

—1 —p^~^ —B —1 B B a = 1. Also, q~ tq = tq , hence q r trq = t, and rq is an 

element of order p ~ ', and by assuption the group has no self-con-

jugate element of order p' . Hence, p must be a multiple of p and 

r is a self-conjugate element. Again there is one type defined by 
oi-2 „ -> n .m-3 

qP =1, tP = 1, r15 = 1, t qt = q1 p , 

r-1qr = q, r_1tr = t. 

It is the direct product of < r > and < q,t >. 

2 
Lastly, let q be one of p conjugate element. There must be 

1 -i-u  ̂ o 29 
q (k = l,2,...,p ) such elements. This case can only occur 

1+ ni~lt 
if m > It. The order of an element which transforms q into q p 
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p 
must be equal to or a multiple of p . If there were no elements o 

2 of order p" effecting the transformatio^every element of the group 

2 not belonging to < q > would be of order p or greater, and the 

group would only have one subgroup of order p. Hence, there must be 
2 l+ore,Jf 

an element of order p transforming q into q . Denoting this 

element by t, there is again a single type defined by 
m - 2  2  i t ,  

q  e l ,  t ^  =  1 ,  t  q t  =  q  ^  

The logic of this process may be continued indefinitely until all 
n possible non-abelian groups of order p , p an odd prime, are deter

mined. 

Examples: 

2 1. Determination of all Non-Abelian Groups of Order p : 

2 If a group of order p contains an element of order 
2 2 p , it is cyclic. If not, its p - 1 elements other than 

1, are all of order p. A subgroup of order p contains p - 1 

elements of order p v/hich enter in no other such subgroup. 

There must therefore be p + 1 subgroups of order p, and 

hence at least one of them is self-conjugate. If this is 

< q > and if s is an element of order p which is not a 

power of q, s ^"< q >s = < q >. Hence, s ^qs = qa, s~^qs^ = 
p 

qG , = l(raod p),a = 1, and qs = sq. The group is there

fore an abelian group generated by two pemutable elements 
2 of order p. Hence, all groups of order p are abelian and 

hence the only distinct types are those represented by (2) 

and (1,1). 
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Determination of all Non-Abelian Groups of Order p^: 

3 If a nonabelian group of order p contains an element 

2 
of order p , the subgroup it generates is self-conjugate. 

Hence by (i), there is a single type of group defined by 

qP = 1, tP = 1, t "*'qt = q^+P. 

2 If there is no element of order p , then since there must 

be a self-conjugate element of order p, by (ii) there is 

again a single type of group defined by 

qP =1, tP = 1, rP = 1, r'^tr = q, 

,-1 . t qt = q. 

These two types exhaust all the possibilities for non-abe-

lian groups of order 

L 
Determination of all Non-Abelian Groups of Order p : 

it 
For non-abelian groups of order p , which contain 

elements of order p^ there is a single type given by (i). 

it 
For non-abelian groups of order p , which contain a 

2 self-conjugate cyclic subgroup of order p and no element 

of order p^f there are three distinct types given by (ii). 

It remains now to determine all distinct types of 

it 3 
groups of order p , which contain no element of order p 

2 and no self-conjugate cyclic subgroup of order p . This 

case is discussed in great detail in Burnside beginning 

with page l'tO, line 10 from the bottom of the page. We 

then obtain the following non-abelian groups 
2 

a) qP =1, 6P = 1, rP = 1, r_1qr = qs, 

-1 sqs = q, r sr = s, 
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b) Three possible groups 
2 
Pi Pi -1 1+P -l qf = 1, s = 1, s qs = q , r qr = qs, 

r'̂ sr = s, rP = qap where a = 0,1 or any non-re

sidue (mod p)j 

c) For p > 3 

qP = 1, B9 =1, rP =1, tP = 1, 

t~"̂ rt = rs, t "̂st - sq, t "'"qt = q, 

-1 -1 -1 r sr = s, r qr * q, s qs = q 

or for p = 3 

6 "qs = q, q9 = 1, s5 r: 1, r5 = 1, "'1 

-1 -1 -3 . r qr = qs, r r sr = q s, and 

d) qp = 1, 6P e 1» r5 • 1, r~\r = q1+p, 

-1 -1 
q sq = s, r sr p s. 

(p = 2). Let G be a non-abelian group of order 2m containing an 

IH—1 
element q of order 2 , o > 3» 

Let us first suppose that G contains no element of order 2 

except the single element of this order contained in < q >. Then 

G is a non-abelian group having only a single subgroup of order 2. 

It is therefore the last type defined in Theorem ^3. 

There remains the case in which G contains an element s of 

order 2 not contained in < q >. Since < q > is self-conjugate in 

G, it follows that s'^qs = q°\ where a is some odd positive inte-

ger between 1 and 2m~ exclusive of these bounds. Then q = s qs 

= qa . Hence a2 = l(mod 2B~1). Writing a = 1 + 2Pk, where k is 

odd, we have 

a2 - 1 = (1 + A)2 - 1 = 20+1(k + k2.2®_1) = 0(mod 2m~1). 
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Hence, (l) p = m - 2, or (2) p = 1 and k(l + k) = O(mod 2m"5). In 

m_2 case (l) we have a = 1 + 2' .In case (2), since k is odd, we must 

have k = -1 + 2™ ^6, and hence a = -1 + 2m ' 6, where 6 is an inte

ger.- Then the only possible values for 6 are 6 = 1 and 6=2. The 

three cases thus obtained give rise to three distinct types of 

non-abelian groups 

/,-x 2m~1 2 , l+2m~2. (1) q = s = 1, eqs = q , 

?m-l m-2 
(2) q =8=1, (sq) = q and 

_tn~l _ p 
(3) q ' = s = (sq) = 1. 

The logic of this process may be continued indefinitely until all 

possible non-abelian groups of order 2m are determined. 

The reader will note from the complexities of previous argu

ments and the rapidly increasing length of cases in the following 

table that the determination of abstract groups of a given order is 

very difficult for orders which contains primes of high order. 

Table of Groups of Order pn, p an Odd Prime 

a) Non-Abelian Groups of Order p^ 

2 
(i) qP =1, sP = 1, s~^qs = q1+p", and 

(ii) qP = 1, sP = 1, rP = 1, r_1sr = sq, 

-1 -1 r qr = q, s qs = q. 

if 
b) Non-Abelian Groups of Order p 

(i) qP =1, sP = 1, s^qs = q1+p *, 

2 
(ii) qP == 1, sp = 1, r9 = 1, r_1sr = sqP, 

-1 -1 s qs = q, r qr = q, 

/ x o2 -i -1 1+p. (iii) q = 1, ® ~ 1, s qs = q 
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(iv) qp 'a 1, sP = 1, rp = 1, r~^qr - q1+p, 

-1 -1 q sq = s, r sr » 6, 
2 

(v) qp =1, eP = 1, rP = 1, r~ qr = qs, 

-1 -1 6 qs = q, r sr = s, 

(vi) Three possible groups 

V ~  n P T 1+P -1 q  = l ,  s = l ,  s  q s  =  q  ,  r  q r  =  q s ,  

-1 P ap , _ r sr = s, r = q where a = 0 or a = 1 

or a = any non-residue(mod p)j and 

(vii) For p > 3 

qP = 1, sp =1, s^qs = q, rP = 1, tP = 1, 

t*"^rt = rs, t ^st = sq, t Pqt = q, r'^sr = b, 

-1 r qr = q or 

for p = 3 

q^ =1, s5 = 1, r^ = 1, s~1qs = q, 

-1 -1 -3 r qr = qs, r sr = q s. 

Table of Groups of Order 2™ 

a) Non-Abelian Groups of Order 2^ 

(i) q^ = 1, s2 = 1, 6-1qs = q5', and 

t . , s  ^  - 1  - 1  2  2  (xi) q = 1, s=l, sqs = q, s=q. 

4 b) Kon-Abelian Groups of Order 2 

(i) q8 = 1, s2 = 1, s_1qs = q5*, 

(ii) q^ = 1, s2 = 1, r2 = 1, r^er = so2, 

>1 -1 s rs = q, r qr = q, 

(iii) q = 1, 8^ = 1, e 1qs = q^', 



(iv) q = 1, s2 = 1, r2 = 1, r-1qr = q^, 

-1 -1 q sq = e, r er = e, 

(v) q^ = 1, b2 - 1, r2 = 1, -*'1 r qr = qs, 

-1 -1 e qs = q, r sr = s, 

(vi) q " 1» b - 1, r2 = 1, 6 "^qc = q ^ 

2  2 - 1  - 1  s = q , r sr = b, r qr = q, 

(vii) q^ = 1, b2 = 1, e ^qs = q""1 J 

3 2 i ^ (viii) q =1, 6 =1, e " qs = a/\ and 

(ix) q = 1, e^ = l, s "^q6 = q e2 = qf 



35 

CHAPTER IV 

DETERMINATION OF ALL ABSTRACT GROUPS OF ORDER n = p,p .».t> 
1 2  *  n  

WHERE p1,p2,...,pu ARE DISTINCT PRIMES 

Consider first a group G of order pq where p < q and p,q are 

distinct primes. Then a group of order pq must contains a subgroup of 

order p and a subgroup of order q. By Theorem *f6, if the latter is not 

self-conjugate, it must be one of p conjugate subgroups, which contain 

p(q - 1) distinct elements of order q. The remaining p elements must 

constitute a subgroup of order p, which is therefore either a self-

conjugate subgroup of order p or one of order q. 

Suppose < t > is a self-conjugate subgroup of order p. Let s 

be an element of order q. Then 

-1, .a s ts = t , 

.-v * 
a^~ l(mod p), and therefore a = l(mod p). In 

this case s and t are permutable and G is cyclic. 

Suppose there i6 no self-conjugate subgroup of order p. Then 

there is necessarily a self-conjugate subgroup < s > of order q, and 

if t is an element of order p, then 

t~^"st = s^, 

t"^et^ « S^ , 

= l(mod q), and therefore p = l(mod q). 

Again the same case as before. But suppose q £ l(mod p). This then 

would involve p = 1 and < t; > would be self-conjugate which would, con

tradict our assumption. Hence, if the group is noncyclic, q = l(mod p) 
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and e "*ts * fP where p is a root other than unity of the congruence 

P «_l(mod p). Betv/een the groups defined by 

sP = 1, t*^ = 1, 6 "'"te « t^ and 
i na 

S « P  = 1, t'^ = 1, S '  t's' = I'' , 

0. an isomorphism is established by taking s' and s , t' and t as corre

sponding elements. Hence, when q = l(mod p) there is a single type of 

non-abelian group of order pq. 

Example: Groups G of order 1909 = 23-83, where 23 and 83 are distinct 

primes such that 83 £ l(mod 23) gives us only one possible 

abstract group of order 1909. 

What can we do if our group G has an order comprised of three 

or more distinct primes? Then we have no easy generalized rule to de

termine all distinct types of abstract groups, but must instead at

tack each order separately according to its unique properties as 

determined through finite group theory. As an example, I wish to de

termine all abstract groups of order 3° = 2-3-5. 

From Theorem ^6, a group of order 30 contains either 1 or 6 

subgroups of order 5* 

In the latter case these 6 subgroups would contain 2k distinct 

elements of order 5, leaving 6 elements of G to be determined. Among 

these 6 elements there must be at least one, t, of order 3, a^d at 

least one, u, of order 2. If t transforms u into itself, then t and u 

generate a cyclic group of order 6, which exactly supplies the 6 mis

sing elements. This group contains only a single subgroup, < t >, of 

order 3, which is therefore the only subgroup of this order contained 

in G. Again if t does not transform u into itself, then it transforms 
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the group < u > into 3 conjugate groups of order 2. These contain 3 

distinct elements of order 2, leaving only 3 powers of t. In this case 

also,, then, the group G contains only one subgroup, < t > of order 3. 

Suppose that s, any element of order 5 contained in G, trans

forms t into itsef. Accordingly, s and t generate a cyclic group H of 

order 15. This group contains all the elements of order 3» 5» and 15 

2 which occur in G since if reG, r/H, then H, rH, r H will all be dif

ferent. But this implies we have distinct elements which is impossi

ble. Thus, for this case we can have only one subgroup of G of order 5» 

< s >. 

If the subgroup of order 5 is < s >, and if t is any element 

of order 3 contained in G, then t must transform s into one of its 

powers. Consequently, s and t generate a group of order 15. Also, 

< s,t > contains all elements of order 3» 5» ancl 15 which occur in G. 

Hence, H'= < s,t > is self-conjugate. 

We now have to distinguish two principal cases according ac H 

of order 15 is cyclic or not. 

A. The Subgroup H is Cyclic^ st = ts 

Since G contains only one subgroup of order 3 as well as 

only one of order 5, we nust have u'̂ eu = s°, u ̂ tu = t*\ 

There are four possible subcases, according as 1) a = 1, 

p = 1* 2) c = 1, p / 1*, 3) o / 1, p = 1', and k) a ji 1, p / 1. 

1) In this case s,t and u being all permutable, the element 

stu is of order J>0 and G is cyclic. 

2) The elements u and t generate a non-cyclic group of order 
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6 where 3 subgroups of order 2 are < t~auta >, (a = 0,1,2). 

The elements t auta are all permutable with s and each of 

them, taken with e, generates a cyclic group of order 3.0. 

These three groups have only the powers of s in common. Also, 

they contain 15 distinct elements, which with the elements of 

H, make up the entire group. Its generators are st = ts, 
—1 6 su = us, and u tu = t. It contains 

1 self-congugate subgroup of order 5i < s 

1 self-conjugate subgroup of order 3, < t >\ 

3 conjugate subgroups of order 2, < t ut > where ( a = 

o ,  i ,  2 ) ;  

1 self-conjugate cyclic subgroup of order 15, < s,t 

1 self-conjugate, non-cyclic subgroup of order 6, < t,u>j 

and 

3 conjugate cyclic subgroups of order 10, < s, t~°uta >, 

(a = 0,1,2). 

This case differs from 2) only in the exchange of the 

roles of s and t. 

The elements of the group can be written as follows 

(where o = st)j 

2 1** 1,  0,  0 ,  . . .  ,  0 
-1 -Ik Ik u,0 U 0 ,  . . . ,  0  U 0  .  

All of these elements are different, since o"iuli0i = 

would require o ^ ^ = uJ where p = p. But then a pow

er of o being permutable with u, either s or t would be per

mutable with u, which is excluded. Hence, this group is not 

an analogue of the non-cyclic type of order 15. Its generating 
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relations are st «=• ts, u "^su <= sY, u "*"tu • t^. It contains 

1 self-conjugate subgroup of order 5, < s >\ 

1 self-conjugate subgroup of order 3, < t >\ 

15 conjugate subgroups of order 2, < (st)n"u(st)a >, 

(a = 0,1,2,...,1*0; 

1 self-conjugate cyclic subgroup of order 15, < s,t >; 

5 conjugate non-cyclic subgroups of order 10, 

< s,t~°uta >, (a = 0,1,2)*, and 

5 conjugate non-cyclic subgroups of order 6, 

< t,s~ausa >, (a = 0,1,2,3,^,). 

B. The Subgroup H is Kon-CyclicV t st » s , y /' 1 

The group Hi now contains 1 subgroup of order 5 and 5 

subgroups of order 3* Any clement u of order 3 must transform 

at least one of these three subgroups, say < t > into itself. 

We have then, as tinder A, 

u'^su = sV, u~^tu «= tP, u""1(t"1st)u = u"1(s^)u = 

s^.- But on the other hand, u ^(t "*"st)u = u"^ t'^uu^^su-

u""^"tu = t'psV = s^ Hence ve must have 

{3pp R pp(mod 5), 

pP_1= l(mod 5)« But since p - 1 < 3 and 

P 1, this is only possible if p = 1. Ve have therefore, u^su 

= g*1 u~Hu " t, and there are two cases to be distinguished, 

according as 5) H = 1 or 6) H 

5) Here t and u generate a cyclic group of order 6 which s 

transforms into 5 distinct conjugate groups of this order. 
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These groups have the powers of u in common. Also, they con

tain 20 distinct elements, which with the powers of su make 

up the entire group. It is readily seen that this group is of 

essentially the same form as 2) and 3) of A, the elements u, 

s, t here playing the same role as s, t, u in 2). 

In this case as in 5) the elements t and u generate a 

cyclic group of order 6, which s transforms into 5 conjugate 

groups of this order. But in the present case these groups 

have no element in common except 1. They contain therefore 

25 distinct elements, which with the powers of s, make up the 

•"1 R 
entire group. The generating relation are t st = e , u" cu 

= s*L, u""^tu = t. It contains 

1 self-conjugate subgroup of order 5t < s 

5 conjugate subgroups of order 3, < s~atsa >, (a = 0,1, 

2,3.*o; 

•"G. a • 
5 conjugate subgroups of order 3, < s us >, (a = 0,1, 

2,3, *o; 

1 self-conjugate non-cyclic subgroup of order 15, 

< s,t >; 

1 self-conjugate non-cyclic subgroup of order 10, 

< s,u >\ and 

5 conjugate cyclic subgroups of order 6, < s"^tsct,u >, 

(a = 0,1,2,3,^). 

Consequently, there are only four types of abstract groups of 

order 30 as expressed by cases 1), 2), ̂ ), and 6). 
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CHAPTER V 

DETERMINATION OF ALL ABSTRACT GROUPS WHOSE ORDER IS pftu*• • p0"" ^1^2 *n 

WHERE P1,P2,...,Pn ARE DISTINCT PRIMES 

Finally, we will determine all abstract groups of order 'fO 

which will demonstrate some of the obstacles involved in determining 

all abstract groups of a given order. 

A group of order ^0 must contain either 1 or 5 subgroups of 

order 8 and .1 subgroup of order 5 hy Theorem *(6. If it has 1 subgroup 

of order 5 and 1 of order 8, the group must, since each of these sub

groups is self-conjugate, be their direct product. But from our table 

of 2^, including abelian groups, there are five distinct types of group 

of order 8. Hence, this gives us five distinct types of group of order 

IfO. 

If there are 5 subgroups of order 8, some 2 of them must have 

a common subgroup of order Also, this common subgroup must be a 

self-conjugate subgroup of the group of order **0. Moreover, if in this 

case, a subgroup of order 8 is abelian, each element of the self—con

jugate subgroup of order k must be a self-conjugate element of the 

group of order kO,^ 

(i) Suppose a group of order 8 is to be cyclic, and let q 

be an element that generates it. If < q > is solf-conjugate and 

s is an element of order 5, then 
-1 a c qs = q f 

-5 5 a5 s qs = q , 
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a = l(mod 8), and therefore a = l(mod 8) 

which means that q and s are permutable.. This is one of the 

types already obtained. Hence, for a new type, < q > cannot bo 

2 self-conjugate, and q must be a self-conjugate element. 

Therefore, 6 is one of two conjugate elements, while < s > is 

self-conjugate. Hence, the only possible new type in this case 
y is given by q sq = s where y / 1. 

(ii) Next, let a group of order 8 be an abelian group de

fined by 

q = 1, s = 1, qs = sq. 

If this is self-conjugate, then by considerations similar to 

those of the preceding case, we infer that the group is the 

direct product of groups of orders 8 and 5« Hence, there is 

not in this case a new type. 

If the group of order 8 is not self-conjugate, then 

the self-conjugate group of order may be either < q > or 

< q ,s >. In either case, if t is an element of order 5t it 

must be one of five conjugate elements while < t > is self-

conjugate. Hence, there are two new types given by 

Ft Y —1 t = 1, sts = t , q tq = t, and 

t^ = 1, q'^tq = tY, Gts = t where y / 1. 

(iii) Let a group of order 8 be an abelian group defined by 

P 2 2 q = £ = If t = qS = 6C[f st = ts | 

qt = tq. 

If it is self-conjugate, and if the group of order 1*0 is not 

the direct product of groups of orders 8 and 5, and element u 
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of order 5 must transform the 7 elements of order 2 among them

selves, and must, therefore, be permutable with one of them. 

Now, the relations u "*qu = q, u "^su « qs are not self-consis-
-2 2 tent, because they give u su = s. Hence, since the group of 

order 8 is generated by q, s and any other element of order 2 

except qs, we may assume, without loss of generality, that 

u'^qu = q, u^su = t, u_1tu = qX&yf". These relations give 
p 

-3 3 -1 x y.z xCl+z) yzAy+z , , s = u su = u q sJt u = q sJ tJ , and therefore 

y = z = 1. Now, if u"^tu = qsq, and if qs = s', qt - t', then 

u ^"s'u = t', u H'u = s't'. Thus, the two alternatives x = 0 

and x = 1 lead to isomorphic groups. 
I 

Hence, there is in this case a single type. It is the 

direct product of < q > and < u,s, t >, where u~*su = t, u^tii 

c £>t • 

If the group of order 8 is not self-conjugate, the 

sel f - c o n j u g a t e  g r o u p  o f  o r d e r  4  m a y  b e  t a k e n  t o  b e  <  q , s  > ,  

and u being an element of order 5, there is a single new type 

given by 

5 Y u = 1, tut = u , quq = u, sus = u where y / 1. 

(iv) Let a group of order 8 be a non-abelian group defined 

by 
4 , 4 . 2 2 -1 -1 q  =  1 ,  s = l ,  q = s ,  s  q s  =  q  

and let t be an element of order 5« If the group of order 8 is 

self-conjugate, and the group of order ^0 is not a direct pro

duct of groups of orders 8 and 5, t must transform the 3 sub

groups of order 4, < q >, < s > and < qs > among themselves. 

Hence, in this case there is only one new type given by 
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5 -1 -1 t - 1, t qt e= s, t st = qs. 

If the subgroup of order 8 is not self-conjugate, the self-

conjugate subgroup of order b is cyclic, and each of its ele

ments must be permutable with t. Hence, again we get a single 

nev; type given by 

»- 1, q "*"tq = t, s'^ts = t i Y / 

(v) Lastly, let a subgroup of order 8 be a non-abelian 

b 2 -1 group defined by q = 1, s =1, sqs = q . This contains one 

cyclic and two non-cyclic subgroups of order b.  If it is self-

conjugate, the group of order '+0 must therefore be the direct 

product of groups of orders 8 end 5i «nd there is no nev; type. 

If the subgroup of order 8 is not self-conjugate, and 

the self-conjugate subgroup of order 'i is the cyclic group 

< q >, then q must be permutable with an element t of order 5, 

and there is a single new type given by 

= 1, q"1tq = t, sts = tY, y / 1. 

If the se l f-conjugate subgroup of  order b is not cyclic, it 

2 2 may be taken to be < l,q ,s,q 8 >. If t is permutable with each 

element of this subgroup, there is a single type given by 

t5 = 1, q~^tq = tY, sts b t, y / 1. 

If t is not permutable with every element of the self-congugate 

2 2 subgroup, it must transform q ,s,q s among themselves and we 

- 1 2  - 1  2  may take t q t = s, t st = q s. 
p 

Kow, < t,q ,s > is self-conjugate, and therefore q 

must transform t into another element of order 5 contained in 
"0 x 2Y 2; this subgroup. Hence, q tq = t q Js". The only values of x, 



y,z which are consistent with the previous relation q2tq2 = 
2 tq s are x = 2, y=z=lorx=2, y = 1, z = o. Either set 

of values lead to the same type defined by 
L q . p 

q = 1, t = 1, (qt) = 1. 

Consequently, there are l*f types of abstract groups of order 

bO. 

In this paper I have tried to give a line of attack on 

all abstract groups of a given order through the properties of finite 

groups. Undoubtedly, this method is fraught with numerous difficulties 

and complexities as witness the arguments already presented. However, 

new techniques, perhaps allied with computer technology, may scale 

such problems to reasonable proportions. I hope the reader has re

ceived some insight into this problem. As a valuable source of refer

ence to anyone who may endeavour in this field, I have included the 

following table of the number of abstract groups of a given order for 

orders through 160. 

Table of the Number of Abstract Groups of a Given Order, 

(through 160) 

Order Factors Number of Groups 

b 22 2 

6 2-3 2 

8 2^ 5 

9 32 2 

10 2-5 2 

12 22.3 5 



Ik 

16 

18 

20 

21 

22 

2A 

25 

26 

27 

28 

50 

52 

3k 

56 

58 

59 

1*0 

^2 

JA 

k5 

A6 

A8 

^9 

if6 

Factors Number of Groups 

2-7 2 

2,f IDA 

2-32 5 

22-5 5 

5-7 2 

2.11 2 

25-3 15 

52 2 

2.13 2 

53 5 

22.7 k 

2-3-5 4 

25 51 

2.17 2 

22.32 1^ 

2-19 2 

5-13 2 

23-5 l*+ 

2-3-7 6 

22.11 if 

32-5 2 

2-23 2 

24-3 52 

72 2 



(continued) 

Order Factors 

50 
2 2-5 

52 22.13 

3k 2'35 

55 5.11 

56 25-7 

5? 3-19 

58 2.29 

60 22-3*5 

62 2.31 

63 32*7 
6 

6'+ 2 

66 2-3'H 

68 22.17 

70 2-5-7 

72 23-32 

7^ 2-37 

75 3-52 

76 22.19 

78 2.3*13 

80 2^.5 
k 

81 3 

82 2.^1 

8«f 22.3*7 

86 2.^3 

Number of Groups 

5 

5 

15 

2 

13 

2 

2 

13 

2 

k 

29k 

k 

5 

k 

50 

2 

3 

k 

6 

52 

15 

2 

15 

2 



(continued) 

Order Factors Number of Groups 

88 23-ll 12 

90 2-32-5 10 

92 22-23 k 

93 3-31 2 

9^ 2-V? 2 

96 25-3 230 

98 2-7? 5 

99 
? 
3-11 2 

100 2 2 2 *5 16 

102 2-3-17 

10*+ 23-13 lif 

105 3-5-7 2 

106 2-53 2 

108 22-33 ^5 

110 2-5-11 6 

111 3-37 2 

112 2^-7 ^3 

ll^f 2-3-19 6 

116 
2 2-29 5 

117 
2 
3-13 

118 2-59 2 

120 23-3-5 ^7 

121 ll2 2 

122 2-61 2 



(continued) 

Order Factors 

12lf 22»31 

125 55 

126 2-32>7 

128 27 

129 3-^3 

130 2.5.13 

132 22.3'11 

13 if 2.67 

135 33-5 

136 25.17 

138 2«3-23 

llfO 22-5-7 

llf2 2.71 

llflf If 2 
2 - 3  

lif6 2-73 

lif? 3-72 

Iif8 22.37 

150 2-3.52 

152 23.19 

153 32-17 

15if 2.7.11 

155 5*31 

156 22.3-13 

158 2-79 

Number of Groups 

If 

5 

16 

not determined 

2 

If 

10 

2 

5 

15 

if 

11 

2 

197 

2 

6 

5 

13 

12 

2 

if 

2 

18 

2 
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(continued) 

Order Factors Number of Groups 

160 25-5 238 
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