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The research supported by NSF Grant No. MCS-7906636 

is concerned with the theory of elasticity as applied to 

problems in which the elastic body is unbounded (i.e., 

of infinite extent). Initially, the main thrust of the 

study was directed toward determining which "physically reasonable" 

conditions are necessary and sufficient to assure the uniqueness 

of solutions to the linear equations of equilibrium. This re-

mains a central issue in this research but has led naturally 

to an interest in the general behavior of the solutions which 

arise when considering particular classes of problems - e.g., 

problems involving symmetry about some axis. 

As of the first anniversary of the effective date of this 

grant, two papers based largely on the supported research had 

been written and accepted for publication. In addition, a 

third paper had been begun. Preprints of all these papers 

are available. The contents of the individual papers (including, 

for the sake of completeness, the third paper) are briefly out-

lined in the following paragraphs. In that these papers averaged 

in length approximately fifty typed pages each, it should be 

understood that the following summaries are not very detailed. 

The first paper, "Uniqueness in Linear Elastostatics for 

Problems Involving Unbounded Bodies," should appear in the 

January, 1981 issue of the Journal of Elasticity. In it, three 

rather general uniqueness theorems were developed involving, 

respectively, the general boundary value problem, the displace- 
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ment problem, and the traction problem. Considerable attention 

was devoted to showing that the uniqueness result for the general 

boundary value problem also held in those mathematically un-

pleasant, but physically important, problems in which the solu-

tions could be expected to possess discontinuities and singu-

larities. In addition, a type of mean-value theorem was derived 

in which bounds on the magnitude of the displacement and its 

gradient were determined in terms of local bounds on the magni-

tude of the stresses and the distance to the boundary of the 

elastic body. This has proved quite useful in showing that, 

in many cases, sufficient knowledge of the stresses in a neigh-

borhood of infinity guarantees uniqueness. It is also the type 

of result one could expect if the linear theory is to be a use-

ful model of elastic processes. 

The second paper, "Periodic and 'Slightly' Periodic Boundary 

Value Problems In Elastostatics On Bodies Bounded In All But 

One Direction," has also been accepted by the Journal of  

Elasticity. Its publication date is yet unknown by the writer. 

The research communicated in this paper dealt with problems in 

which some or all of the functions involved were periodic in 

some spatial direction. As indicated by the title, attention 

was focused on those problems in which the body was unbounded 

only in the direction of periodicity. For these problems, the 

concept of mean stress is highly relevant. One of the major 

results was a theorem of work and energy involving mean stress 

terms. The paper begins with an analysis of the displacement 
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corresponding to periodic strain (periodic strain does not 

necessarily imply periodic displacement). This, along with 

the aforementioned theorem of work and energy, leads to the 

proof of a rather general uniqueness theorem for periodic 

strain problems. By then developing theorems showing which 

problems must have periodic strain solutions, it was possible 

to extend the uniqueness result so as to include the fairly 

broad class of problems in which only the corresponding null 

problem (not necessarily the original problem) is described 

by periodic boundary data. For many of the results, counter-

examples were constructed to demonstrate the necessity of the 

given assumptions. 

Both of the above papers were reviewed for the Journal of 

Elasticity by Professor M. Gurtin of Carnegie-Mellon University. 

It was a pleasure to learn that, in sending the papers on to 

Professor D. Carlson for publication in the Journal, Professor 

Gurtin commented that "Uniqueness..." was "a very nice paper" 

and that "Periodic..." was "a very interesting paper". 

The work discussed in the third paper, "Periodic and 'Slightly' 

Periodic Boundary Value Problems In Elastostatics On Bodies 

Unbounded In Several Directions," roughly parallels that com-

municated in the previous paper, but concentrates on those pro-

blems in which the body is unbounded in a direction other than 

the direction of periodicity. The analysis is complicated by 

the fact that the concept of mean stress is, in general, no 
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longer meaningful, and no general theorem of work and energy 

appears valid. Nonetheless, it was still possible to prove 

results analogous to all those described in the previous para-

graph (excluding the theorem of work and energy). In addition, 

results concerning the asymptotic behavior of periodic strain 

states "near infinity" (as measured in a direction perpendicular 

to the direction of periodicity) were developed. These asymptotic 

behavior results were, in turn, invaluable in proving the sub-

sequent uniqueness and periodicity results. This paper included 

a special section in which half-plane problems were analyzed 

using the inherent arbitrary periodicity of the corresponding 

null problems. In this manner, uniqueness theorems similar to 

those already known for the displacement and traction problems 

on homogeneous isotropic half-planes were proven for the same 

problems without requiring that the material be isotropic. 

It is likely that the above described paper will be sub-

mitted to the International Journal of Engineering Science by 

the end of 1980. 

At present, the work just described is being continued 

for the special case in which the elastic body is composed of 

a homogeneous and isotropic material. This allows the use of 

(and development of additional) mean value and asymptotic be- 

havior theorems. One major result is that it can be shown that 

certain components of the gradient of the displacement rapidly 

approach fixed values "near infinity". In fact, when the body 

is two dimensional, it has been found that the entire (periodic 
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strain) solution has a particularly simple form "in the neigh-

borhood of infinity" which depends, essentially, on four constants - 

two of which can be directly computed from the surface traction, 

while the other two measure the stress "at infinity" or, equiva-

lently, the lack of periodicity in the displacement. Where 

these results hold, much stronger versions of the results men-

tioned in the previous paragraphs can and will be proven. 

Preliminary work indicates that the study of problems in-

volving periodicity in more than one direction may prove surprising-

ly fruitful. For one thing, it has been discovered that multiple 

periodicity imposes more restrictions on the solutions than 

might initially be suspected from the study of problems involving 

periodicity in one direction only. Also, it appears that a 

study of these problems will provide a means to extend the just 

described "two-dimensional asymptotic behavior near infinity" 

results to certain higher dimensional problems. Needless to 

say, this investigator is anxious to study these results further 

and to see how they may be used as tools in studying the 

asymptotic behavior, periodicity, and uniqueness of solutions 

both to multiply periodic and, especially, to "slightly" multiply 

periodic boundary value problems. 

It, perhaps, should be mentioned that the literature contains 

many particular examples of each type of problem alluded to 

in the previous paragraphs. These examples have certainly in-

fluenced and, often, inspired the work described. As far as 

periodicity is concerned, however, all of the examples are 

solutions to or methods of solving particular problems. Outside 
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of these attempts to solve particular problems, it would appear 

that the work summarized here is the first serious development 

and study of the "general theory" behind periodic boundary value 

problems in elasticity, and is apparently the first instance 

where questions concerning nonperiodic problems were answered 

using this theory. 

It must be admitted that the proposer had not originally 

envisioned devoting so much time to the periodic boundary 

value problem, and had, in fact, anticipated that he would 

have been further along in the program which had been tentatively 

sketched out in the original grant proposal. On the other hand, 

the study of the periodic boundary value problem has proved 

much more rewarding and fruitful than expected - even leading 

to results concerning nonperiodic boundary value problems. 

As a result this researcher, although a little surprised, is 

not disappointed in the progress of his research. 

It is intended, after "completing" the study of the periodic 

boundary value problem in elasticity, that a study of the 

axisymmetric problem in elasticity will be started. This re-

search will actually be a renewal of some research which had 

been carried out by the researcher previously. Then, the 

Aleksandrov transformation had been used in an attempt to 

determine the relationship between axisymmetric problems and 

corresponding two-dimensional problems. It was hoped that certain 

uniqueness results which held for two-dimensional problems could 

be carried over to axisymmetric problems. Though progress had 
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been made, it was not apparent that the boundary data transformed 

appropriately. It is hoped that these studies can be continued 

along various distinct lines. One is to replace the Aleksandrov 

transform with a modified version. In this manner one difficulty 

which arises when the axisymmetric body is not an exterior 

body - the convergence of certain integrals - will be overcome. 

Another would be the development of a new transform which would 

be more directly based on axisymmetry. The main advantage of 

this new transform is that it is expected that the general 

behavior of the axisymmetric solution will be directly carried 

over to the image solution. A possible difficulty, however, 

is that the image body is not expected to be homogeneous 

and isotropic whenever the axisymmetric body is homogeneous 

and isotropic. A third approach would be to use the "angular 

periodicity" inherent in the axisymmetric problem along 

with ideas mentioned in previous paragraphs. As, perhaps, 

already suspected particular attention will be given to the 

special case of the axisymmetric periodic boundary value problem. 

It should be noted that the above described research - both 

that completed and that planned - does not exhaust the program 

outlined in the original proposal. Doubtlessly, however, by 

the time the above research will be "completed" the original 

grant period will be exhausted. Further support has been requested. 
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