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Abstract—We introduce Wigner measures for infinite-dimensional open quantum systems;
important examples of such systems are encountered in quantum control theory. In addition,
we propose an axiomatic definition of coherent quantum feedback.

DOI: 10.1134/S0081543821020061

1. INTRODUCTION

The Wigner measure is a generalization of the notion of the Wigner function, which was in-
troduced by Wigner (see [5] and references therein), and the representation of states of quantum
systems in terms of Wigner measures is similar to the representation of states of classical Hamilto-
nian systems in terms of probability measures on the phase space. Describing the dynamics of open
quantum systems in terms of Wigner measures allows one to apply methods similar to those used
in describing the dynamics of open Hamiltonian systems. In particular, to pass to the description
of a state of a subsystem of some larger quantum system, one can use the projection operation.

In the case where the dimension of the phase space is finite, the Wigner measure has density
with respect to the Liouville measure on the phase space. This density coincides with the Wigner
function introduced by Wigner; thus, the Wigner measure is a generalization of the Wigner function.
Since (by Weil’s well-known theorem) there is no Liouville measure (i.e., Borel σ-additive σ-finite
locally finite measure invariant under symplectic transformations) on an infinite-dimensional phase
space, in this case one can either directly use the Wigner measure or introduce, instead of the
Liouville measure, some “good” measure that, however, is not invariant under symplectic transfor-
mations; for example, if the phase space is linear, one can use the Gaussian measure. After that,
one can again replace the Wigner measures by their densities with respect to the new measure,
i.e., by Wigner functions. Moreover, if a Liouville measure does not exist, one can instead use a
generalized measure invariant under the same symplectic transformations, which is naturally called
a generalized Liouville measure; in this case, instead of the Wigner measure, one can consider its
generalized density (cf. [10]) with respect to the generalized Liouville measure. This density is called
a generalized Wigner function (see Definition 2 below).

Henceforth we consider in parallel the Wigner measures and their densities, including generalized
ones, called Wigner functions and generalized Wigner functions, respectively.

a Institute of Mathematics, Physics and Computer Science, Aberystwyth University, Penglais, Aberystwyth,
Ceredigion, SY23 3BZ, UK.

b School of Mathematical Sciences, Shanghai Jiao Tong University, 800 Dongchuan Road, Minhang District, Shang-
hai, 200240, China.
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WIGNER MEASURES AND COHERENT QUANTUM CONTROL 53

Remark 1. Integrals with respect to the generalized Liouville measure are analogous to the
integrals from Feynman’s first works (see [14] and references therein), in which the integrands are the
exponentials of the classical action represented in the Lagrangian or Hamiltonian form. Moreover,
one can assume that the integration in Feynman’s studies is performed with respect to a transla-
tionally invariant generalized measure, which is an analog of the standard Lebesgue measure and is
naturally called a generalized Lebesgue measure or a generalized Lebesgue–Feynman measure (in
Feynman’s studies, the integrals are defined as the limits of finitely multiple integrals). The classical
action used there by Feynman contains a quadratic functional as an additive term. Mathematicians
regard the exponential of the product of this functional and the imaginary unit as the generalized
density of a generalized measure, which they call the Feynman measure. Then the integrals in
Feynman’s studies are viewed as the integrals of the exponential of the remaining part of the action
with respect to this generalized measure. Thus, one can say that Feynman himself did not consider
the integration with respect to the generalized measure called the Feynman measure by mathemati-
cians; he used integration with respect to the generalized Lebesgue(–Feynman) measure. In this
connection, we mention the title of the book [9], Mathematical Feynman Path Integrals . . . , which
reflects the essence much more accurately than the possible title Theory of Feynman Integrals . . .

The paper is organized as follows. In Section 2, we consider the properties of Wigner measures
and Wigner functions, including generalized ones; part of the results presented there can be viewed
as a generalization of some results of [5]. In Section 3, we derive an equation describing the evolution
of Wigner functions (including generalized ones) of quantum systems obtained by quantizing Hamil-
tonian systems with infinite-dimensional phase space; this equation is a consequence of a similar
equation for the evolution of the Wigner measure (see [6]). Moreover, we consider the evolution of
the Wigner measures and (generalized) Wigner functions of open quantum systems. Note that the
Wigner measure is a signed cylindrical measure, and it would be interesting to study its properties;
however, we do not address these issues in the present paper. Finally, Section 4 deals with quantum
control theory (more information can be found in [2, 11, 1]). In particular, here we present an
axiomatic definition of coherent quantum feedback. Apparently, this definition was first introduced
in [4], which is a preliminary version of the present paper. Note, however, that the generalized
Liouville measures and generalized Wigner functions used below do not appear in [4]. We consider
the algebraic aspects of the theory and do not touch on assumptions of analytical character.

2. WIGNER MEASURES AND GENERALIZED WIGNER FUNCTIONS

Let E := Q × P be the phase space of a Hamiltonian system, where Q and P are real locally
convex spaces (LCSs) such that P = Q∗ and Q = P ∗ (if X is an LCS, then X∗ is its dual endowed
with a locally convex topology consistent with the duality between X and X∗); hence, E∗ = P ×Q.
Let, in addition, 〈· , ·〉 : P × Q → R be the bilinear form providing the duality between P and Q.
In this case, the linear mapping J : E � (q, p) �→ (p, q) ∈ E∗ is an isomorphism, and we identify
an element h ∈ E with Jh ∈ E∗. In particular, if h ∈ E, then ̂h is a pseudodifferential operator
in L2(Q,μ) whose Weyl symbol1 is the function Jh ∈ E∗. By μ we denote a P -cylindrical (Gaussian)
measure on Q whose Fourier transform Φμ : P → R is defined by Φμ(p) := exp(−〈p,Bμp〉/2),
where Bμ : P → Q is a continuous linear mapping such that 〈p,Bμp〉 > 0 for p �= 0. By ν we
denote a Q-cylindrical measure on P whose Fourier transform Φν : Q → R is defined by Φν(q) :=
exp(−〈B∗

μq, q〉/2). Henceforth, we assume that all LCSs are Hilbert spaces, although the main
results can be extended to the general case. We identify the space Q with Q∗ and the space P
with P ∗, so that B∗

μ = Bμ and Bμ > 0; note in addition that the measures μ and ν are σ-additive
if the operator Bμ is of trace class.

1The definition of a pseudodifferential operator ̂F in L2(Q,μ) with symbol F can be found in [5].
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54 J. E. GOUGH et al.

The Weyl operator W (h) generated by an element h ∈ E is defined by the equality W (h) := e−îh.
The Weyl function corresponding to a density operator T is a function WT : E → R defined as
WT (h) := tr(TW (h)) (see [5]); it does not depend on μ.

Definition 1 (see [5]). The Wigner measure corresponding to a density operator T is an
E∗-cylindrical measure WT on E defined by

∫

Q×P

ei(〈p1,q2〉+〈p2,q1〉)WT (dq1, dp1) = WT (h)(q2, p2).

In other words, WT is the (inverse) Fourier transform of the function WT (h). Thus, the following
equality holds:

WT (dq, dp) =

∫

Q

∫

P

WT (h)(q2, p2)FE×E(dq2, dp2, dq, dp),

where FE×E is the Hamiltonian Feynman measure on E × E (see below).
The Feynman measure FK on a Hilbert space K is a generalized measure (i.e., a distribution

in the sense of the Sobolev–Schwartz theory) on K ; in other words, this is a continuous (in an
appropriate sense) linear functional on some space of test functions on K . Just as a standard
measure, the functional FK can be conveniently described in terms of its Fourier transform ˜FK :
K � z �→ FK (ϕz) ∈ C, where ϕz : K → C is defined as follows: ϕz(x) := ei〈z,x〉.

If K = E = Q × P and ˜FK (q, p) = ei〈q,p〉, then FK is called the Hamiltonian Feynman
measure; it can be used to introduce the Fourier transform that acts on functions defined on
infinite-dimensional spaces and maps them into measures. Here the structure of the Hilbert space
matters little, and, like the Gaussian measure, the Feynman measure can be defined on any LCS; in
particular, the Hamiltonian Feynman measure can be defined on any symplectic LCS (see [3, 12, 15]
for more information).

Proposition 1 (see [6]). If G is the Weyl symbol of a pseudodifferential operator in L2(Q,μ),
then

∫

P

∫

QG(q, p)WT (dq, dp) = tr(T ̂G).
This proposition can also be used as a definition (cf. [5, Definition 3]; however, it is assumed there

that dimQ = dimP < ∞, and so only the Wigner functions rather than measures are considered).
Definition 2. The density ΦT of the Wigner measure WT with respect to a measure η on

Q× P (if this density exists) is called the η-Wigner function. If η is a generalized Liouville measure,
then the generalized density of the Wigner measure with respect to η is called a generalized Wigner
function; it is denoted by the same symbol ΦT .

If dimQ = dimP < ∞ and η is the Liouville measure on Q× P , then the η-Wigner function is
the classical Wigner function.

Next, we assume that η = μ ⊗ ν; however, when dealing with the (μ ⊗ ν)-Wigner function, we
will refer to it simply as the Wigner function for brevity.

Corollary 1. If the hypotheses of Proposition 1 are satisfied, then
∫

P

∫

Q

G(q, p)ΦT (q, p)μ ⊗ ν(dq, dp) = tr(T ̂G).

Proposition 2. The following equality holds:

ΦT (q, p) := e(〈p1,B
−1
μ p1〉+〈q1,B−1

μ q1〉)/2

×
∫

Q×P

e−i(〈p1,q2〉+〈p2,q1〉)WT (h)(q2, p2) e
(〈p2,B−1

μ p2〉+〈q2,B−1
μ q2〉)/2(μ⊗ ν)(dq2, dp2).
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The function (q, p) �→ e−(〈p,B−1
μ p〉+〈q,B−1

μ q〉)/2 is the generalized density of the Gaussian measure
μ⊗ ν (see [10] and references therein). The formulas just presented and similar ones can be obtained
according to the following heuristic rule. First, one should write the relevant formulas for the case
of dimQ < ∞ with the Gaussian measures replaced by their densities with respect to the Lebesgue
(= Liouville) measures on the spaces Q and Q × P ; to obtain these formulas, in turn, one should
apply the standard isomorphisms of the spaces of square integrable functions with respect to the
Lebesgue measure and of square integrable functions with respect to the Gaussian measures. Then,
to pass to the infinite-dimensional case, one should replace the Gaussian densities with respect to
the Lebesgue measures by generalized densities. Here one should keep in mind that the generalized
densities of the Gaussian measures are defined only up to multiplication by positive numbers;
therefore, only formulas invariant under multiplication of the Gaussian densities by positive numbers
can be extended to the infinite-dimensional case by the method described above.

The following propositions can be viewed as definitions of the Wigner measures and functions;
they are similar to those given in [5].

Proposition 3. For any density operator T in L2(Q,μ) and ϕ ∈ L2(Q,μ), the following
equalities hold :

(Tϕ)(q) = e〈B
−1
μ q,q〉/4

∫

P

∫

Q

e−i〈p,q1−q〉ϕ(q1) e
−〈B−1

μ q1,q1〉/4 WT

(

d(q1 + q)

2
, dp

)

,

(Tϕ)(q) = e〈B
−1
μ q,q〉/4

∫

P

∫

Q

e−i〈p,q1−q〉ϕ(q1) e
〈B−1

μ q1,q1〉/4 ΦT

( q1 + q

2
, p
)

e〈B
−1
μ p,p〉/2(μ⊗ ν)(dq, dp).

In the first formula, the mapping q �→ WT (d(q1 + q)/2, dp) is a function while the mapping
(dq1, dp) �→ WT (d(q1 + q)/2, dp) is a measure. The function q �→ e−〈B−1

μ q,q〉/2 is the generalized
density of the Gaussian measure μ, and the function p �→ e−〈B−1

μ p,p〉/2 is the generalized density of
the measure ν.

For the density operator T in L2(Q,μ), define its integral kernel ρ1T by the equality

(Tϕ)(q) = e〈B
−1
μ q,q〉/4

∫

Q

e〈B
−1
μ q1,q1〉/4 ϕ(q1) ρ

1
T (q, q1)μ(dq1).

Proposition 4. For any ϕ ∈ L2(Q,μ), the following equality holds:

ΦT (q, p) = e(〈Bμq,q〉+〈Bμp,p〉)/2
∫

Q

ρ1T

(

q − 1

2
r, q +

1

2
r

)

ei〈r,p〉e〈B
−1
μ r,r〉/2 μ(dr).

Let ρ2T be the integral kernel of T in L2(Q,μ) defined by the equality

(Tϕ)(q) = e〈B
−1
μ q,q〉/4

∫

Q

ϕ(q1) e
−〈B−1

μ q1,q1〉/4ρ2T (q, dq1).

Thus, ρ2T is a function of the first argument and is a measure with respect to the second argument.
It follows from Proposition 1 that

ρ2T (q, dq1) =

∫

P

e−i〈p,q1−q〉WT

(

d(q1 + q)

2
, dp

)

.
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Setting s− r = q and s+ r = q1 and making the change of variables in the formula, we obtain

ρ2T (s− r, d(s + r)) =

∫

P

e−i〈p,2r〉WT (ds, dp), or ρ2T

(

q − r

2
, d
(

q +
r

2

))

=

∫

P

e−〈p,r〉WT (dq, dp),

which means that the “measure” dp �→ WT (dq, dp) is the inverse Fourier transform of the function
r �→ ρ2T (q − r/2, dq + r/2). This implies the following proposition.

Proposition 5. Let FE be the Hamiltonian Feynman measure on E := Q× P . Then

WT (dq, dp) =

∫

Q

ρ2T

(

q − r

2
, d
(

q +
r

2

))

FE(dr, dp);

here, to integrate with respect to the “measure” dq �→ WT (dq, dp), one should apply the so-called
Kolmogorov integral.2

3. DYNAMICS OF WIGNER FUNCTIONS AND MEASURES

We continue to use the assumptions and notation of the previous section. For any t ∈ R,
let WT (t) be the Wigner measure describing the state of a quantum system at time t (so in this
section WT ( ·) denotes a function of a real argument whose values are Wigner measures, while in the
previous section WT denoted the Wigner measure). Then WT ( ·) satisfies the following equation [6]:

ẆT (t) = 2 sin

(

1

2
L∗
H(WT (t))

)

, (3.1)

where H is the space of E∗-cylindrical measures on E and sin(aL∗
H) for every a ∈ R is the linear

operator acting in H and adjoint to the operator sin(aLH) that acts in the space of functions on E
and is defined by

sin(aLH) :=
∞
∑

n=1

a2n−1

(2n− 1)!
L(2n−1)
H .

Here L(n)
H is defined as follows: for every function Ψ: E → R and n ∈ N, L(n)

H Ψ(x) := {Ψ,H}(n)(x),
x ∈ E, where {Ψ,H}(n)(x) := Ψ(n)(x)I⊗nH(n)(x), Ψ(n) and H(n) are the nth derivatives of the
functions Ψ and H, respectively, and I⊗n is the nth tensor power of the operator I defining a
symplectic structure on the phase space E (see [6]).

Equality (3.1) implies an equation describing the evolution of the μ-Wigner function. To derive
this equation, it suffices to notice that for any function Φ: E → R the nth derivative of the prod-
uct Φnμ can be calculated by the Leibnitz rule and that the derivatives of the Gaussian measure μ

can be calculated as follows. If h, h1, h2, . . . ∈ B
1/2
μ Q, then

μ′h = −〈B−1
μ h, · 〉μ, μ′′h1h2 = −〈B−1

μ h1, h2〉μ+ 〈B−1
μ h1, · 〉〈B−1

μ h2, · 〉μ,

and so on. These equalities are versions of the Wick formulas. Here, for every k ∈ B
1/2
μ Q, the

expression 〈B−1
μ k, · 〉 denotes a function defined μ-almost everywhere on Q that has the following

properties (see [13]):

(1) its domain of definition is a measurable vector subspace of Q of full measure;
(2) this function is linear on its domain of definition;

(3) if x ∈ B
1/2
μ Q, then 〈B−1

μ k, x〉 =
〈

B
−1/2
μ k,B

−1/2
μ x

〉

2The Kolmogorov integral is the trace in the tensor product of the space of functions on Q and the space of
measures on Q; ρ2T is an element of this space (for the original definition, which involves neither the tensor
product nor the trace, see [8]).
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(such a function exists, and any two functions with properties (1)–(3) coincide μ-almost everywhere;
see [13]).

For any a > 0, the operator sin(aL∗
H) acting on functions on E is defined by the equality

sin(aL∗
H)ϕ(μ ⊗ ν) := (sin aL∗

H)(ϕμ ⊗ ν). For every t ∈ R, we also introduce the μ-Wigner func-
tion ΦT (t) that describes the state of a quantum system at time t.

Theorem 1. The mapping ΦT ( ·) taking values in the set of μ-Wigner functions satisfies the
equation

Φ̇T (t) = 2 sin

(

1

2
L∗
H(ΦT (t))

)

.

Let ρ1T and ρ2T be the integral kernels introduced above for the density operator T of a quantum
system that is a quantum version of the classical Hamiltonian system with the phase space E1 × E2,
E1 = Q1 × P1, E2 = Q2 × P2. Then the integral kernels of the reduced density operator T1 acting in
L2(Qi, μi), i = 1, 2 (here and in what follows, we use natural generalizations of the above notation
and assumptions), are given by the equalities

ρ1T1
(q11 , q

1
2) =

∫

Q2

ρ1T (q
1
1, q

1
2 , q

1, q2)e〈Bμ1⊗μ2 (q
1,q2),(q1,q2)〉/2μ2(dq2),

ρ2T1
(q1, dq12) =

∫

Q2

ρ2T (q
1, dq12 , q

2, dq2);

the latter integral is again a Kolmogorov integral. Therefore, Propositions 4 and 5 imply the
following theorem.

Theorem 2. Let WT and ΦT be the Wigner measure and Wigner function of a quantum system
with Hilbert space L2(Q1 ×Q2, μ1 ⊗ μ2). Then the Wigner measure WT1 and Wigner function ΦT1

of its subsystem with Hilbert space L2(Q1, μ1) are defined by the relations

WT1(dq1, dp1) =

∫

Q2×P2

WT (dq1, dp1, dq2, dp2)

and
ΦT (q1, p1) = e(〈B

−1
μ1

q1,q1〉+〈B−1
μ1

p1,p1〉)/2

×
∫

Q2×P2

e(〈B
−1
μ2

q2,q2〉+〈B−1
μ2

p2,p2〉)/2 ΦT (q1, p1, q2, p2)(μ2 ⊗ ν2)(dq2, dp2).

Remark 2. Analogs of Theorems 1 and 2 and the propositions of the previous section remain
valid for the generalized Wigner function as well.

4. MATHEMATICAL MODELS OF COHERENT QUANTUM FEEDBACK

Everywhere below, for a Hilbert space T , we denote by Ls(T ) the set of all self-adjoint operators
in T .

So, let P, P1, P2 and C , C1, C2 be Hilbert spaces. We assume that P is the Hilbert space of a
controlled quantum system, C is the Hilbert space of a controlling quantum system, and Pj and Cj ,
j = 1, 2, are the Hilbert spaces of parts of the controlled and controlling systems, respectively. Let
H := P ⊗ C be the Hilbert space of the combined quantum system, and let ̂HP ∈ Ls(P),
̂HC ∈ Ls(C ), ̂KP1⊗C1 ∈ Ls(P1 ⊗ C1), and ̂KP2⊗C2 ∈ Ls(P2 ⊗ C2). Define

̂Hfeedback := ̂HP ⊗ IdC + IdP ⊗ ̂HC + ̂KP1⊗C1
⊗ IdP2⊗C2

+ IdP1⊗C1
⊗ ̂KP2⊗C2

∈ Ls(H ),

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 313 2021



58 J. E. GOUGH et al.

where IdP ∈ Ls(P), IdC ∈ Ls(C ), IdP1⊗C1
∈ Ls(P1 ⊗ C1), and IdP2⊗C2

∈ Ls(P2 ⊗ C2) are the
identity operators in the corresponding spaces. The first term in ̂Hfeedback describes the evolution of
an isolated controlled quantum system, the second term describes the evolution of an isolated con-
trolling quantum system, and the last two terms describe (coherent) quantum feedback. Note that
the definition of ̂Hfeedback is symmetric with respect to the controlled quantum system, controlling
quantum system, and feedback.

A more general Hamiltonian ̂H := ̂HP ⊗ IdC + IdP ⊗ ̂HC + ̂K, where ̂K ∈ Ls(P ⊗ C ) (see [7]),
can describe coherent quantum control both with and without feedback. In particular, in the case
where ̂K = ̂KP1⊗C1 ⊗ IdP2⊗C2 + IdP1⊗C1 ⊗ ̂KP2⊗C2 , we obtain the previous model. On the other
hand, if ̂K := ̂K1 ⊗ IdP2⊗C2 , we obtain a model of (coherent) quantum control without feedback.

If the controlled and controlling quantum systems are obtained by quantizing Hamiltonian
systems, we can assume that, in the natural notation, Pj = L2(QPj

, μj), Cj = L2(QCj
, νj),

P = L2(QP1 ×QP2 , μ1 ⊗ μ2), and C = L2(QC1 ×QC2 , ν1 ⊗ ν2), j = 1, 2. In this case, the Wigner
function and Wigner measure of the combined quantum system (incorporating both the controlled
and controlling parts) are defined on the space QP1 × QP2 × QC1 × QC2 , and their evolution is
described by the equations of Section 3. To obtain the dynamics of the Wigner measure, Wigner
function, and generalized Wigner function of the controlled quantum system, one should apply
Theorem 2 and Remark 2.

Remark 3. To determine the dynamics of the controlled quantum system, it is necessary to
find the Hamiltonians K1 and K2 or K (in appropriate classes of Hamiltonians). This problem is
similar to the simpler problem of choosing a time-dependent Hamiltonian function K1( ·) on QP

such that the required dynamics in L2(QP , μ) corresponds to K1( ·) under the assumption that
̂H = ̂H1 + ̂K1(t), where ̂H1 ∈ Ls(P) and ̂K1(t) ∈ Ls(P). Although this model is not a particular
case of any of the models described above, we expect that it can be obtained as the limit of an
appropriate sequence of the above models.

Remark 4. We can extend our model by assuming that the controlled quantum system also
interacts with another quantum system that perturbs the dynamics of the controlled system. Of
course, we can also believe that this source of perturbations is a part of the controlled quantum
system.

Remark 5. The approach presented in Sections 2 and 3 can be directly applied to quantum
systems obtained by the Schrödinger quantization of classical Hamiltonian systems. To consider
more general cases, including, for example, spin systems, we should extend our approach by applying
the methods of superanalysis. We assume that all our results can be generalized to this case.

Remark 6. In our quantum model with (coherent) feedback, we can describe in more detail
the internal dynamics of the controlled and controlling quantum systems. In particular, we can
assume that

̂H =
(

̂HP1 ⊗ IdP2 + IdP1 ⊗ ̂HP2

)

⊗ IdC + IdP ⊗
(

̂HC1 ⊗ IdC2 + IdC1 ⊗ ̂HC2

)

+ ̂KP1⊗P2 ⊗ IdC1⊗C2 + IdP1⊗P2 ⊗ ̂KC1⊗C2 +
̂KP1⊗C1 ⊗ IdP2⊗C2 +

̂KP2⊗C2 ⊗ IdP1⊗C1 .

Here again the parts of the Hamiltonian that describe the controlled and controlling quantum
systems and the interaction between them appear symmetrically.
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