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We consider a wave energy converter made of an array of Q neighbouring floating flap gates with finite
thickness in front of a straight vertical wall in constant depth. Solutions of the radiation and scattering
problems are achieved by application of Green's theorem and Green's function yielding a system of
hypersingular integral equations for the velocity potential expanded in terms of Legendre polynomials.
We investigate how the distance between the array and the vertical wall affects the performance of the
array under the action of monochromatic and random waves. We show that large values of the exciting
torque on the gates can be obtained by tuning the wall distance with the resonance of the natural modes
of the array; this in turn yields large power extraction for a wide range of frequencies.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Research on wave energy converters (WECs) has undergone a
remarkable development in recent years. Lots of attention have
been given to the individuation of the optimal layout which
maximizes power absorption. Lately, the oscillating wave surge
converter (OWSC) has been proven very effective (Babarit et al.,
2012; Renzi et al., 2014; Whittaker and Folley, 2012). Analytical
and numerical models have been developed to analyse the be-
haviour of a single OWSC in a channel (Renzi and Dias, 2012) and
in open sea (Renzi and Dias, 2013). The occurrence of resonant
amplification due to interaction of multiple floating bodies
through wave motion has been investigated in Adamo and Mei
(2005), Li and Mei (2003), Falnes and Hals (2012), Panizzo et al.
(2006), Sammarco et al. (1997), Sammarco et al. (1997), Srokosz
and Evans (1979), and Thomas and Evans (1979). Consistently, the
analysis has been extended to systems of multiple OWSCs in
which several piercing gates interact (Michele et al., 2015; Renzi
and Dias, 2014; Renzi et al., 2014; Sammarco et al., 2013; Sarkar
et al., 2014). Works have focused also on investigating the be-
haviour of a single wave energy converter near a reflecting ver-
tical wall (Evans, 1988; Evans and Porter, 1995, 1996; Lovas et al.,
2010; Martins-Rivas and Mei, 2009; Sarkar et al., 2015). Evans
(1988) solved the problem of a point absorber in front of a
hele),
g.uniroma2.it (M. d'Errico).
vertical wall. He found that for certain values of the distance
between the wall and the point absorber, the capture width (Mei
et al., 2005) reaches large values. Similar results have been ob-
tained by Sarkar et al. (2015) for a flap-type oscillating wave
energy converter with small thickness near a straight coast.
Evans and Porter (1996) solved the two-dimensional problem of a
thin rolling plate next to a vertical wall. They found that strong
resonance occurs at the frequencies of the sloshing modes.
However the effects of a straight vertical wall on the behaviour of
a system of OWSC's have not been investigated yet.

In this paper, the behaviour of a single array made of Q floating
flap gates with finite thickness in front of a straight vertical wall is
analysed. We extend the solution of Michele et al. (2015) for the
radiation and scattering problems in terms of Green's function and
hypersingular integral equations. In order to account for the no-
flux boundary condition at the wall, the Green function has been
modified by making use of the method of images (Linton and
McIver, 2001; Morse and Feshbach, 1981). The complexity of the
boundaries is then reduced and the mathematical problem con-
siderably simplified. We show that the array in front of a reflecting
wall achieves larger values of the capture factor with respect to
both the case of a gate farm in open sea (Michele et al., 2015) and a
single gate in front of a reflecting wall (Sarkar et al., 2015). Indeed,
such a system benefits from the mutual interaction between the
resonance of the natural modes and from the wall induced en-
hancement of the exciting torque. A parametric analysis in
monochromatic incident waves reveals also to what extent the
distance between array and vertical wall can affect the efficiency
of the device. Finally, the behaviour and performance of the array
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under the action of incident waves represented by the JONSWAP
spectrum is investigated and discussed (Hasselmann et al., 1973;
Goda, 2012; Eriksson et al., 2005; Sarkar et al., 2013).
2. Governing equations for Q gates

Referring to Fig. 1, consider a finite single array made of Q
identical flap gates in front of a reflecting vertical wall. Let h be the
constant water depth and L the distance between the array and the
wall. a and 2b are respectively the width and the thickness of each
gate, hence w¼aQ represents the total width of the array. Define a
three-dimensional Cartesian coordinate system with the x and y
axes lying on the mean free surface and the z axis pointing ver-
tically upward. The y axis is directed along the wall which spans
from = − ∞y to = ∞y , while the x axis is orthogonal both to the
array and to the vertical wall. All the gates are hinged to a bottom
foundation and oscillate about the horizontal common axis lying
on x¼L, = − +z h c. The symbol Gq denotes the q-th flap gate.
Monochromatic waves of amplitude A, period T and angular fre-
quency ω π= T2 / come from =+∞x and are normally incident on
the flaps. Let Θ ( )tq be the angular displacement of Gq, positive
clockwise and define Θ ( )y t, as the angular displacement function
of the array:

Θ Θ Θ Θ( ) = { ( ) … ( ) … ( )} ( )y t t t t, , , , , . 1q Q1

Θ ( )y t, is an unknown piece-wise function of y. The fluid is con-
sidered inviscid and incompressible and the flow irrotational,
hence there exist a velocity potential Φ ( )x y z t, , , satisfying the
Laplace equation in the fluid domain Ω:

Φ Ω∇ = ( ) ∈ ( )x y z0, , , . 22

On the basis of linearised water-wave theory the potential
Φ ( )x y z t, , , satisfies

Φ Φ∂
∂

+ ∂
∂

= = ( )t
g

z
z0, 0, 3

2

2

and
Fig. 1. Plan geometry and side view.
Φ∂
∂

= = − ( )z
z h0, . 4

In the limit of small-amplitude oscillations, the kinematic condi-
tion on the array may be written:

Φ Θ∂
∂

= ( + − ) ( + − )

= ± ∈ − ∈ −
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⎜ ⎟⎛
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⎞
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d
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z h c H z h c

x L b y
w w

z h
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, , 0 ,
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p

Φ∂
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= ∈ ( − + ) = ± ∈ −
( )

⎡⎣ ⎤⎦
y

x L b L b y
w

z h0, , ,
2

, , 0 .
6

where H is the Heaviside step function, while the kinematic con-
dition on the vertical wall gives:

Φ∂
∂

= = ∈ − ( )
⎡⎣ ⎤⎦

x
x z h0, 0, , 0 . 7

Assuming harmonic fluid and gates motion with frequency ω, the
time dependence can be separated as follows:

Φ ϕ( ) = { ( ) } ( )ω−x y z t x y z e, , , Re , , , 8ti

Θ θ( ) = { ( ) } ( )ω−y t y e, Re . 9q q
ti

The problem is linear, hence the spatial potential ϕ ( )x y z, , can be
decomposed as:

∑ϕ ϕ ϕ ϕ ϕ= + + +
( )=

,
10

I F S

q

Q

q
R

1

where:

ϕ
ω

= − ( + )
( )

−Ag k h z
k h

e
i ch

ch
,

11
I k x0

0

i 0

is the potential of the plane incident waves incoming from =+∞x ,

ϕ
ω

= − ( + )
( )

Ag k h z
k h

e
i ch

ch
,

12
F k x0

0

i 0

is the potential of the waves reflected by the vertical wall, ϕS is the
potential of the scattered waves by the array and ϕq

R is the potential
of the radiated waves due to the moving gate Gq while all the other
gates are at rest. In (11) and (12) k0 is the wavenumber, i.e. the real
root of the dispersion relation ω = gk k hth2

0 0 and i is the imaginary
unit. Both ϕq

R and ϕS must satisfy Laplace equation (2), the mixed
boundary condition on the free surface (3) the no-flux condition on
the seabed (4) and the no-flux condition on the vertical wall (7).

Let ±x indicate the x-coordinate of the rest position of the
vertical surface of the gates:

= ± ( )±x L b. 13

Each gate Gq spans a y-width given by:

∈ [ ] = ( − ) − = … ( )+y y y y q a
w

q Q, , 1
2

, 1, , . 14q q q1

Define the horizontal boundary Sq of the gate Gq as

{ }= = ∈ [ ] ( )±
+S x x y y y, , , 15q q q 1

and the end horizontal boundaries of the array

{ }= ∈ ( ) = ±
( )

− +S x x x y
w

, ,
2

.
16w

The kinematic boundary conditions on the array surfaces and on
the vertical wall can be written as follows:
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Finally ϕ( )R S, must be bounded at large distances from the array, i.e.

for + → ∞x y2 2 .
3. Solution of the scattering and radiation potentials

In order to find ϕS and the ϕq
R's we first separate the vertical

dependence:

∑
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where Zn(z) are the normalized eigenfunctions:
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and δnm is the Kronecker delta. In (22), kn for ≥n 1 are the complex
roots of the dispersion relation:
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Following separation (21) the Laplace equation (2) becomes the
Helmholtz equation
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The boundary conditions (17)–(20) then become
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Finally, φn q
R
, and φn

S must be bounded for + → ∞x y2 2 . In (25)–
(28), the coefficients fn and dn are given by
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We employ the method of Michele et al. (2015) properly modified
to account for the vertical wall. The solution is found via the
method of integral equations based on Green's theorem and
Green's function.

Consider the plane fluid domain Σ enclosed within the
boundary of the array, the vertical wall and a semi-circle of large
radius ∞S surrounding the array. By using the method of images,
the Green's function for the semi infinite domain Σ is given by:

ξ η ξ η ξ η( ) = − ( ) + ( ) ( )
( ) ( )⎡⎣ ⎤⎦G x y G x y G x y, ; ,

i
4

, ; , , ; , , 32n n n
0 1

where

ξ η ξ η( ) = ( − ) + ( − ) ( )
( ) ( )⎡⎣ ⎤⎦G x y H k x y, ; , , 33n n
0

0
1 2 2

and

ξ η ξ η( ) = ( + ) + ( − ) ( )
( ) ( )⎡⎣ ⎤⎦G x y H k x y, ; , , 34n n
1

0
1 2 2

in which ( )H0
1 is the Hankel function of the first kind and order

zero. ( )Gn
1 accounts for the reflection due to the vertical wall at

x¼0. Application of the Green's theorem, yields:
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where = ∑ ∪=S S SA q
Q

q w1 is the entire array boundary; the sub-

scripts on the normal coordinate np and the line element dSp in-
dicate that these are associated with the source point

ξ η= ( ) ∈p S, A (see also Linton and McIver, 2001).
Let ξ± and ηq be:

ξ η= = ( )± ±x y, . 36q q

The boundary of SA is rectangular, hence the normal derivative
inside (35) becomes:
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Substitution of the boundary conditions (25)–(28) inside (35),
yields:
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which are similar to the radiation and scattering potentials ob-
tained in Michele et al. (2015) but with a different Green's func-
tion. The solution of the radiation and scattering problems is
achieved once the boundary conditions (25)–(28) on the array are
enforced. The resulting system of hypersingular integral equations
is finally solved by expanding φn q

R
, and φn

S in terms of Legendre
polynomials Pm of integer order = …m M0, , and by usage of the
collocation scheme based on the zeros of the first-kind Chebyshev
polynomials (see the Appendix for further details). Finally, the
radiation and the scattering potentials on the boundary of the
array are given by:
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0 are complex constants determined

by solving the linear systems (A.30a)–(A.30c) and (A.31a)–(A.31b)
(see the Appendix), while the7symbol above α and β refers re-
spectively to ±x and ± w

2
.

4. Gate motion and hydrodynamic parameters

Consider each gate Gq coupled with an energy generator at the
hinge and assume that the generator exerts a torque proportional
to the angular velocity of the gate Gq. The angular momentum
equation of the flap is that of a damped harmonic oscillator:
∫ ∫ ( )
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in which νpto is the power take-off coefficient, I is the moment of
inertia of the gate about the hinge and C is the net restoring tor-
que:
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SG denotes the cross sectional area of the gate at the water line and
V the water volume displaced by the gate in its rest vertical po-
sition. Mg and zg are respectively the mass and the vertical co-
ordinate of the center of mass of the gate. For the geometry of
Fig. 1, IxxA and IzV are:
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Using (8)–(10) and the expressions of the incident (11), radiation
(40) and scattering (41) potentials, the angular momentum equa-
tion (42) becomes
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is the exciting torque due to diffracted waves, while:
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represent, respectively, the added inertia and the radiation
damping of the gate Gq due to the unit rotation of the gate Gp. The
matrix form of Eq. (46) is:

{ } { }( )ω ν ω ω θ− + − − − = ( )⎡⎣ ⎤⎦I C FI M Ni i , 50pto
2 2

where θ{ } is a column vector of length Q that contains all the
angular displacements of the gates, I is the identity matrix of size

×Q Q , M and N are respectively the added inertia matrix and the
radiation damping matrix also of size ×Q Q :
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while { }F is a column vector of size Q which contains the values of
exciting torque on each gate Gq:
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Fig. 2. Added inertia μ, radiation damping ν and magnitude of the exciting torque
| |F versus k L0 for w¼26 m, L¼50 m, h¼13 m and c¼4 m. The results are in
agreement with those obtained by Sarkar et al. (2015) (see Figs. 2 and 4).

Table 1
Gate characteristics.

Parameters Symbol Value

Gate width a 3 m
Moment of inertia I 72 000 kg m2
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Solution of the linear system (50) yields θ{ } and the average power
absorbed over a wave cycle by the array:

∫ ∑ ∑ν
Θ ω ν

θ= =
( )= =

⎛
⎝⎜

⎞
⎠⎟P

T
d
dt

1
2

.
53

T

pto
q

Q
q pto

q

Q

q
0 1

2 2

1

2

Modal analysis can now be performed. The natural modes of the
array are the configurations of free undamped motion (Michele
et al., 2015; Renzi and Dias, 2014; Sammarco et al., 2013). In order
to find the eigenfrequencies and the eigenvectors of the system
(50), the damping terms and the exciting torque are set equal to
zero and

( )ω ω ω θ− + − ( ) { } = ( )⎡⎣ ⎤⎦I C I M 0. 542 2

To find non-trivial solutions of (54) the following implicit non
linear eigenvalue condition must then be solved:

( )ω ω ω− + − ( ) = ( )⎡⎣ ⎤⎦I C I Mdet 0. 552 2

Once the eigenfrequencies are known, the respective modal forms
can be obtained by letting the displacement of the gate =G 11 and
then solving system (54).
Buoyancy restoring torque C 300 000 kg m2 s�2

Gate mass Mg 2600 kg
Foundation height c 0 m
Water depth h 5 m
Density of water ρ 1000 kg m�3
5. Results and discussion

5.1. Validation

In this section we validate the mathematical model with the
results obtained by Sarkar et al. (2015) for a single “thin-gate”
hinged on the bottom foundations. Gate and sea characteristics are
w¼26 m, L¼50 m, c¼4 m, h¼13 m and A¼1 m. Assuming

= (⪡ )b w0.2 m we simulate the negligible gate thickness of Sarkar
et al. (2015). Fig. 2 shows the variation of added inertia μ, radiation
damping ν and magnitude of the exciting torque | |F versus the
dimensionless parameter k L0 . An excellent agreement can be ob-
served in the results obtained by both models.

5.2. The case of one gate Q¼1: the effects of the gate thickness b2
and the distance L

The effects of the distance L and the gate thickness 2b are
evaluated for the simplest case Q¼1. Foundation height, water
depth, inertia, buoyancy and width of the gate are listed in Table 1.
Two values of the distance L and two values of 2b have been
chosen, i.e. = [ ]L 1.5; 6 m and = [ ]b2 0.25; 1.5 m. Fig. 3 shows the
dependence of the added inertia μ, the radiation damping ν and
the exciting torque | |F on the incident wave frequency ω.

The effects of the gate thickness become important if the gate is
located near the vertical wall, i.e. when 2b is of the same order of
magnitude of L. It follows that in this case the ‘thin-gate’ hy-
pothesis is not appropriate.

Consider the case for L¼1.5 m, =b2 1.5 m: the added inertia is
negative for ω ∈ [ ] −2.5; 3.5 rad s 1, thus the time averaged potential
energy exceeds the time averaged kinetic energy, so that free-
surface effects are dominant (see Linton and McIver, 2001; McIver
and Evans, 1984 for further details).

Now consider the behaviour of the exciting torque: Fig. 3
(c) exhibits local maxima alternating with values of | |F near zero;
the lower the distance L from the wall the larger the maximum
value of | |F . Similar results have also been found by Sarkar et al.
(2015) in the analysis of a ‘thin-gate’ in front of a straight coast.
Such behaviour can be explained considering the interaction of the
incident and the reflected wave from the wall which leads to the
formation of a standing wave. The locations of the minimum and
maximum values correspond respectively to the antinodes and the
nodes of the standing wave field. The maximum values of the
exciting torque are more than twice that in the open ocean (see
Michele et al., 2015). Note also that differently from the case of
Sarkar et al. (2015), minima of | |F differ from zero because of the
influence of the gate thickness 2b.

The behaviour of the radiation damping ν is similar to | |F , i.e.
maxima and minima occur at the same frequencies. This phe-
nomena is consistent with the three dimensional Haskind relation,
which shows that the exciting torque is proportional to the am-
plitude of the radiated waves in the far field (Mei et al., 2005)

Let us consider the range of ω < −2 rad s 1; for given b, Fig. 3
(a) shows that the larger the distance L the smaller the added mass
μ. As a consequence the first eigenfrequency of the system in-
creases if the distance L increases. On the other hand, if the gate
thickness 2b increases also the added mass increases, hence the
eigenfrequency must decrease. These trends are reported in Ta-
ble 2 where first eigenfrequency ω1 of the single gate for the
different values of L and 2b is listed.

In this work we consider a perfectly reflecting wall. However, if
there is absorption the amplitude of the stationary wave is no
longer equal to A kx2 cos 2 . In this case a wave envelope
˜ = + +A A R kx R1 2 cos 2 2 which depends on the reflection coef-
ficient R occurs. Since <R 1, a non-perfect reflecting wall reduces
the amplitude of the partial standing wave Ã and so the exciting
torque. Because of the zeros of Ã, also the position of the nodes
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Fig. 3. Behaviour of the added inertia μ (a), the radiation damping ν (b) and the magnitude of the exciting torque | |F (c) versus incident wave frequency for two different
values of the distance L and two different values of the gate thickness 2b.

Table 2
Eigenfrequency ω1 of the single gate in the open sea for different values of L and 2b.
The larger the distance L, the larger the eigenfrequency. Conversely, the larger the
gate thickness 2b, the lower the eigenfrequency.

L (m) 2b (m) ω1 (rad/s) Period (s)

1.5 1.5 0.7 8.97
1.5 0.25 0.83 7.56
6 1.5 0.8 7.85
6 0.25 0.86 7.30
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Fig. 4. Eigenfrequencies versus the distance L for the different modal shapes. The
eigenfrequencies tend to those of the single array in open sea for >L 10 m.
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and antinodes depends on R and the location of maxima and
minima of | |F changes in the frequency domain.

5.3. The case of multiple gates in an array

Referring to Fig. 1, consider now an array with Q¼7 gates.
Different values of L are chosen, i.e. ∈ [ ]L 2; 60 m, the gate thick-
ness is =b2 1.5 m, while the numerical values of the other para-
meters are listed in Table 1.

5.3.1. Eigenfrequencies and eigenvectors
Solution of (55) gives the numerical values of the eigen-

frequencies of the system while the corresponding modal forms
are obtained by (54).

Consider a range of ω from 0.1 to 1.4 rad s�1; the frequency
range includes the −Q 1 natural frequencies of the out-of-phase
modes and the first eigenfrequency of the in-phase mode. Fig. 4
shows the dependence of the eigenfrequencies on the distance L
for different natural modes while Fig. 5 shows the i-th out-of-
phase modal profile Ni described in Sammarco et al. (2013). In
particular, N1, N3 and N5 are symmetric with respect to the x axis
(even modes), N2, N4 and N6 are antisymmetric (odd modes), while

ω( )N 1 is the first (even) in-phase natural mode. Only N1, N3, N5 and
ω( )N 1 can be excited by incident waves orthogonal to the array.

Similar results are obtained in Michele et al. (2015) for multiple
array of gates in open sea.

Referring to Fig. 4, consider values of L larger than 10 m; the
values of the eigenfrequencies remain substantially the same and



Fig. 5. Sketch of the out-of-phase modal profiles. (a) N1, (b) N2, (c) N3, (d) N4, (e) N5 and (f) N6.
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tend to the eigenfrequencies of a single array in open sea. This is
because for L sufficiently large the gate motion evanescent terms
do not interact with the vertical wall, and so the added inertia
coincides with the open sea limit case ( → ∞L ).
5.3.2. Exciting torque
The variation of the absolute value of the exciting torque on

each gate Gq versus the incident wave frequency for L¼15 m and
L¼30 m is shown in Fig. 6. As in the case of one gate in front of the
wall, local maxima and minima of | |F which correspond respec-
tively to the nodes and the antinodes of the standing wave field
occur. Note that if the distance L increases the number of the peaks
in a fixed range of frequencies increases.
Fig. 6. Magnitude of the exciting torque | |Fq on each flap gate Gq versus incident wave freq
the maxima and minima increases with L.
5.3.3. Forced response
Here we shall analyse the forced response of the array for a

wide range of frequencies ω = – −0.1 1.4 rad s 1. The amplitude of the
incident wave is assumed A¼1 m. Fig. 7 shows the Response
Amplitude Operator (RAO), i.e. the behaviour of amplitude of ro-
tations Θ| | of each gate Gq for varying frequency of the incident
waves. As anticipated in previous Section, resonance occurs at
frequencies that correspond to the even modes. Indeed, response
peaks are located very close to the values of the eigenfrequencies;
for these frequencies, radiation damping is small and the out-of-
phase natural modes are nearly trapped. Note also that the
sharpness and the unrealistic values of the peaks are symptom of
weakness of the radiation damping. A similar behaviour of the
amplitude of rotations is obtained in the case of the gate farm in
open sea (Michele et al., 2015).
uency for different values of the distance L. (a) L¼15 m. (b) L¼30 m. The number of



0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

1

2

3

4

5
 G1;G7

 G2;G6

 G3;G5

 G4

|Θ
| (

ra
d)

ω (rad s-1)
0.2 0.4 0.6 0.8 1.0 1.2 1.4

0

1

2

3

4

5
 G1;G7

 G2;G6

 G3;G5

 G4

|Θ
| (

ra
d)

ω (rad s-1)

Fig. 7. Gate amplitude response versus incident wave frequency (RAO) for different values of the distance L and A¼1 m. (a) L¼15 m. (b) L¼30 m. Large values of the maxima
and sharpness of the peaks suggest that the radiation damping is small.

S. Michele et al. / Ocean Engineering 118 (2016) 152–164 159
5.4. Generated power and efficiency in monochromatic waves

In order to evaluate the effects of the distance L on the gen-
erated power P, a parametric analysis is performed for a wide
range of frequencies. The efficiency of the system is assessed by
considering the capture width ratio CF, defined as the ratio of the
generated power per unit array width to the incident power per
unit width of the crest:

ρ
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P is given by (53) and w is the total width of the array. Fig. 8 shows
the surface plots of the capture width ratio versus the incident
wave frequency ω ∈ [ ] −0.1; 1.4 rad s 1 and the power-take off
coefficients ν ∈ [ ] −10 ; 10 kg m spto

2 8 2 1. For large values of νpto
maxima and minima are determined by the behaviour of the ex-
citing torque shown in Fig. 6 and CF, hence the performance of the
array is dominated by the diffraction wave field. On the other
hand, values <C 0.1F are related to the minima of the exciting
torque. Note that the maximum values of CF are more than seven
times the values reached by the gate array in open sea.
Fig. 8. Behaviour of the Capture Factor CF versus incident frequency ω and power take
5.4.1. The array versus the single gate
We now compare in terms of wave energy production the array

of Q¼7 gates with the same gates locked in phase and one single
isolated gate out of the seven. The distance between the array
(gate) and the vertical wall is fixed to L¼15 m. Hereafter, we op-
timize the power output of each system for ω¼0.33 rad s�1, i.e. in
correspondence of the eigenfrequency of the in-phase mode

ω( )N 1 . Also the system of seven locked gates and the single gate
must be tuned to resonance. Recall that these two systems are
characterized by a single eigenfrequency. The numerical values of
inertia and buoyancy which satisfy the resonance condition are
listed in Table 3. Optimization of the power output yields
ν = −10 kg m spto

5 2 1 for each gate of the array (see also Fig. 8(a)),
ν = × −7 10 kg m spto

5 2 1 for seven locked gates and ν = × −5 10 kg m spto
3 2 1

for the single gate.
Fig. 9 shows the behaviour of CF versus the incident wave fre-

quencies of each system when the power-take-off coefficients are
optimized for ω ∼ −0.33 rad s 1. Overall CF of the array is always
larger than CF of the other systems. Consider the interval of
ω ∈ [ ]0.5; 1.2 ; this range includes the eigenfrequencies of the out-
of-phase modes of the array which amplify the response of the
flaps and therefore the efficiency of the system. Note that all the
eigenfrequencies (in-phase and out-of-phase) fall near the max-
imum of | |F (see Fig. 6(a)). We have attained a summation of fac-
tors: the exciting torque is maximized, the array of gates is tuned
to resonance and hence the generated power is maximized. Indeed
-off coefficient νpto for different values of the distance L. (a) L¼15 m. (b) L¼30 m.



Table 3
Inertia and buoyancy of each system satisfying the resonance condition for
ω¼0.33 rad s�1.

Gate system Inertia (kg m2) Buoyancy (kg m2 s�1)

7 locked gates 7�72�103 7�3�105

Single gate 32�104 75�103
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Fig. 9. Capture Factor CF of each system versus incident wave frequency ω for
L¼15 m. The PTO coefficients are optimized for ω¼0.33 rad s�1.
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Fig. 11. Capture Factor CF of the array of Q¼3, 5, 7 and 9 gates versus incident wave
frequency ω for L¼15 m. The PTO coefficients are optimized for ω¼0.33 rad s�1.
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in optimal conditions the generated power depends on the ratio
between the square of the exciting torque and the radiation
damping ν which must be equal to νpto (Mei et al., 2005). As a
consequence, large values of | |F yield large values of CF and the
system achieves the maximum efficiency. Another advantage is
given by the fact that the array can be optimized also in corre-
spondence of the out-of-phase modes. In this case, the optimal
PTO coefficient is given by ν = × −5 10 kg m spto

3 2 1 and CF behaves
as shown in Fig. 10. Note that these resonant peaks might not
couple well with a random incident wave spectrum. In this case
the efficiency of the array may be affected significantly. This aspect
is investigated in the next section.

In summary, simply operating on L and νpto the efficiency can
be maximized for all the eigenfrequencies of the array. The be-
haviour of the exciting torque varies strongly with L while for a
fixed I and C the eigenfrequencies remain almost unchanged (see
Fig. 4), hence, the tuning between | |F and natural modes can be
obtained by varying the distance of the array from the wall.

5.4.2. Optimization of the number of the gates in an array
In this section we compare the array of seven gates with the

arrays of =Q 3, 5, 9 gates having total width w¼21 m, L¼15 m
and eigenfrequency of the in-phase mode ω ∼ −0.33 rad s 1. To
maximize the power output of the array of Q gates, inertia I,
buoyancy C and PTO coefficient νpto have been chosen respectively
equal to = ×I Q72 000 7/ kg m2, = × −C Q300 000 7/ kg m s2 2 and
ν = × −Q10 7/ kg m spto

5 2 1. Fig. 11 shows the capture width ratio of
each case versus incident wave frequency. The curves are very
similar, hence if ≥Q 3 the power output does not change
significantly.

5.5. Generated power and efficiency in random seas

In this Section we analyse the behaviour of the array in random
seas. Assume that the wave field is represented by the one-di-
mensional JONSWAP spectrum (Hasselmann et al., 1973). The di-
rection of the incident waves is orthogonal to the y-axis. The
JONSWAP spectrum ω( )ζS can be written in approximate form in
terms of the significant wave height Hs and peak frequency ωp

(Goda, 2012):
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The angular displacement Θ ( )tq of the gate Gq can be related to
the incident wave field spectrum through the relation (Babarit
et al., 2012):
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in which ωd is an adequate frequency step, δn are a set of random
phases and θ| |q represents the amplitude response of the gate Gq

for A¼1 m in the frequency domain. Once the q-th gate angular
displacement is known, the instantaneous generated power Pq can
be written as:
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while the average extracted power over a period TR (Eriksson et al.,
2005) of the entire array is given by:
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If TR is large, expression (64) yields (see also Sarkar et al., 2013):
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The capture width ratio in real seas ζCF can be defined as the ratio
of the mean power extracted from the array to the incident wave
power related to the spectrum Sζ:
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is the incident power per unit crest width, while ω( )Cg n is the
group velocity of the generic component ωn. Expression (66) gives
the capture width ratio for any sea state characterized by Hs and
peak frequency ωp. Fig. 12 shows ζCF versus peak frequency for
three values of the PTO-coefficient. By choosing ν = −10 kg m spto

5 2 1

we optimize the power output for the in-phase eigenfrequency
ω = −0.33 rad sp

1 (continuous line). ζCF has a smaller peak than that
of the capture width ratio CF shown in Fig. 9 and reduces from 5 to
3. By increasing the PTO-coefficient to ν = −10 kg m spto

6 2 1 (dashed
line) the diffraction wave field dominates the dynamics of the
array and the behaviour of ζCF resembles that of the magnitude of
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Fig. 12. Capture Factor in real seas ζCF versus peak frequency ωp for different values
of the power take-off coefficient.
the exciting torque shown in Fig. 6(a). Finally, decreasing the PTO-
coefficient to ν = × −5 10 kg m spto

3 2 1 (dotted line) the out-of-phase
resonance peaks become smaller (yet still meaningful) than those
shown in Fig. 10 for monochromatic waves. This is because the
incident wave spectrum does not couple well with the narrow
peaks. In this case it is more convenient to choose larger values of
νpto which give a better performance across a larger frequency
interval.
6. Conclusions

We analysed an array of gates of finite thickness in front of a
vertical wall. The method of solution adopted is similar to that of
Michele et al. (2015). Resorting to Green's theorem and Green's
function, the radiation and scattering problems are solved via a
semi-analytical approach. To take into account the boundary
condition on the vertical wall, the method of images has been
applied. The radiation and scattering potentials on the boundary of
the array are expressed in terms of Legendre polynomials and the
respective coefficients have been obtained by the solution of a
system of hypersingular integral equations.

Unlike a single or a multiple series of array in open sea, the
array in front of a vertical wall can exploit both the resonance of
the natural modes and the enhancement of the exciting torque.
The tuning between eigenfrequencies and maximum peaks of the
exciting torque can be viewed as the optimal condition to extract
energy from incident waves. Indeed in this case, the maximum
value of the capture width ratio is much larger than the value
reached by the array in open sea, hence the presence of the wall
can be viewed as a useful method for capturing more power. This
is indeed our current ongoing research to find a new optimal de-
vice. Finally the behaviour of the array in presence of incident
waves represented by the JONSWAP spectrum is investigated.
When in irregular waves the maxima of the capture width ratio
are smaller than the maxima of the capture width ratio in
monochromatic waves.

This analysis is performed in the framework of ideal fluid and
irrotational flow; viscous effects and vortex shedding may modify
the response of the array and will be considered in future works.
Appendix A. Solution of the radiation and scattering
potentials

Define xA and ξA as follows:
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and introduce the dimensionless variables denoted by primes:
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The radiation and the scattering potentials on the boundary of the
array, can be expressed in terms of the new function f and g each
defined in the interval [�1,1]:
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Apply the change of variables (A.1) and (A.2) to the expressions
(38) and (39) and define the following integrals for shorthand
notation:
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Imposing the boundary conditions (25)–(28) to the radiation and
scattering potentials (38) and (39) yields:
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where ′Sq and ′Sw represent the normalized boundaries:

′ = ′ = ± ∈
( )

+
⎪ ⎪

⎪ ⎪⎧
⎨
⎩

⎛
⎝⎜

⎞
⎠⎟

⎫
⎬
⎭S x y

y

w

y

w
1,

2
,

2
,

A.11
q

q q 1

′ = { ′ ∈ ( − ) ′ = ± } ( )S x y1, 1 , 1 , A.12w

Expressions (A.9a)–(A.10b) form two systems of 4 integro-differ-
ential equations whose unknowns are respectively φn q

R
, and φn

S

evaluated on the boundary of the array. However, the integrals
inside (A.9a)–(A.10b), given by
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are hypersingular when η′ = ± ′y and ξ′ = ± ′x . In this case, the
inversion between the outer derivative and the integral sign is
possible if the latter is interpreted as a Hadamard finite-part in-
tegral ∫H .
Recalling the expression of the Hankel function ( )H1
1 (Gradsh-

teyn and Ryzhik, 2007, 8.444)
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with α( )J1 the Bessel function of the first kind and order 1 and γ
the Euler–Mascheroni constant. When the integrals in (A.13) be-
comes hypersingular can be rewritten as:
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where a change of notations is executed to distinguish non-sin-
gular integrals ( an ) and hypersingular integrals ( and ).
The non-singular integrals an inside (A.16) and (A.17) can be
written as:
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Note that both and have a convergent kernel. Indeed, when
η| ′ − ′| →y 0 and ξ| ′ − ′| →x 0, η η η( | ′ − ′| ) ≃ | ′ − ′| | ′ − ′|R k y y ylnn n

w
2

and ξ ξ ξ( | ′ − ′| ) ≃ | ′ − ′| | ′ − ′|R k x b x xlnn n , hence the syngularity is
isolated only in the finite part-integral.

The structure of the hypersingular integrals suggests to seek
solutions of the type:
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Substituting the series expansions (A.20) and (A.21) into the hy-
persingular integrals of (A.16) and (A.17), yields:
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Finally the hypersingular integrals are solved in terms of Legendre
polynomials, hence (A.16) and (A.17) become:
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The expressions (A.5) and (A.6) which include the functions f and
g, after substitution of (A.20) and (A.21) become:
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Finally, the two system (A.9a)–(A.9c) and (A.10a)–(A.10b) can be
rewritten as:
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Expressions (A.30a)–(A.30c) and (A.31a)–(A.31b) produce two
systems of linear equations whose unknowns are respectively
α ±

nm q
R

, and β ±
nm q
R

, for the radiation problem, α ±
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S and β ±
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S for the

scattering problem. The number of unknowns is equal to
× +M4 1, hence +M 1 evaluation points must be chosen for each

side of the array. A good choice for the collocation points ( ′ ′)x y,j j is
given by the roots of Chebyshev polynomials of the first kind (Kaya
and Erdogan, 1987; Parsons and Martin, 1992) i.e.
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Systems (A.30a)–(A.30c) and (A.31a)–(A.31b) can be solved nu-
merically for each modal order = …n 0, 1, , therefore the radiation
potential ϕq

R and the scattering potential ϕS on the boundary of
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