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Abstract

Starting from the 3-wave interaction equations in 241 dimensions (i.e., two space
dimensions and one time dimension), we complexify the independent variables, thus
doubling the number of real variables, and hence we work in 4+2 dimensions: xi,
X2, Y1, ¥2 and t1, f. In this paper we solve the initial value problem of the 3-wave
interaction equations in 4+2 dimensions.

1 Introduction

The modern history of integrable systems begins in the late 1960s when Gardner,
Greene, Kruskal and Miura solved the initial value problem of the Korteweg-de Vries
(KdV) equation by what was later called the Inverse Scattering Transform [1]. Here
“integrable” means that the system in question can be written as the compatibility
condition of a set of linear equations, the so-called Lax pair [2,3]. For some years the
KdV equation with its striking properties appeared to be a unique case, until Zakharov
and Shabat showed that the Non-linear Schrodinger (NLS) equation can also be solved
using the Inverse Scattering Transform [4].

The KdV and NLS equations are integrable evolution equations in one spatial
dimension. There exist integrable generalizations of the aforementioned equations to
two spatial dimensions: the Kadomtsev—Petviashvili (KP) [5] and Davey—Stewartson
(DS) [6] equations, respectively. The KP equation, describing non-linear wave motion,
has two forms (known as KPI and KPII) which differ in one particular sign appearing
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in the equation. The choice of the sign depends on the relative magnitude of the
gravitational forces and the surface tension. Progress towards solving these and other
equations in 2+1 dimensions (i.e., two spatial dimensions and one time dimension)
was made in the works of Zakharov and Manakov [7-9] and Segur [10]. In the early
1980s Ablowitz, one of the authors, and their collaborators solved both the initial
value problem of the KPI equation using a non-local Riemann-Hilbert (RH) problem
[11] and the analogous problem for the KPII equation (which cannot be written as
a RH problem) using the d-bar formalism [12]. This formalism first appeared in the
works of Beals and Coifman on problems with one spatial dimension [13,14]. By now
the above methodologies have been used to solve the initial value problems of a wide
variety of integrable evolution equations with two spatial dimensions [15,16].

One of the main current topics in the field of integrable systems concerns the
existence of non-linear integrable evolution equations in more than two spatial dimen-
sions. Several attempts were made to extend the inverse scattering method to non-linear
evolution equations in three or more spatial dimensions [17-20] but although these
works made important contributions to the solution of inverse problems, they did not
result in the desired construction of integrable multidimensional non-linear evolu-
tion Partial Differential Equations (PDEs). The difficulty they encountered, known
as the ‘characterization problem’, was that the associated scattering data must sat-
isfy non-linear constraints which seem to be incompatible with the existence of local
non-linear integrable evolution PDEs. These non-linear constraints arise in the above
approaches because the corresponding eigenvalue equations involve several complex
spectral variables.

The fact that integrable multidimensional non-linear evolution PDEs exist has been
proven by one of the authors, who in 2006 derived equations of this type in four spatial
dimensions, which however had the disadvantage of containing two time dimensions
[21]. The Cauchy problem of these equations in 4+2 dimensions can be solved by
means of a non-local d-bar problem. The main benefit of this approach is that the
eigenvalue equations depend on only one complex spectral variable, whereas the sec-
ond complex spectral variable only appears in the integration; thus the characterization
problem does not appear here. Subsequently, the same author also identified a large
class of integrable evolution equations in any number of spatial dimensions and 1 time
dimension, by constructing a non-linear Fourier transform pair which can be used to
solve the Cauchy problem of these equations [22,23]. This second class of equations,
however, involves a non-local commutator. In this paper we will concentrate on the
first class, i.e., the one with 2 time dimensions.

In general, the choice of the methodology (local RH, local d-bar, non-local RH,
non-local d-bar) is closely connected to the dimensionality of the equations one wants
to solve [3]. The initial condition go of an integrable evolution equation in 1 and
2 space dimensions depends on 1 and 2 real spatial variables, respectively, hence
the associated spectral function should also involve 1 and 2 real spectral variables.
In the case of a local RH problem, the spectral function depends on 1 real spectral
variable k, which describes the curve on which the “jump” of the RH problem occurs,
so this formalism is suitable for solving equations in 1 spatial variable. In the case
of a local d-bar problem, the associated spectral function depends on 2 real spectral
variables (ki, k) (or equivalently on (k, k), where now k = k; + ik, and k is the
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complex conjugate of k) and, hence, this problem is used to solve equations in 2 spatial
dimensions. Alternatively, sometimes the non-local RH formalism can be used for
solving equations in 2 spatial dimensions (as mentioned above for the KPI equation);
here the spectral function depends not only on the real variable k (specifying the curve
along which the jump occurs) but also on the real variable A, specifying the integration
along a given curve. The non-local RH formalism can be generalized using a limiting
procedure [9] to a non-local d-bar formalism. This is the formalism we have to employ
when the initial data depend on 4 real spatial variables [21]. In this case, the spectral
functions also depend on 4 real spectral variables (k1, k2, A1, A2) (or equivalently on
(k,k, », A) with k = k; + ikp, A = A1 + iA2), where A and A, define the integration
on the complex A-plane.
As a specific case study, we choose the N-wave interaction equations [24]:

N

qij, = ijqij, + (Ci = Jiaij)qgij, + Z (in — &nj)qingnj
tery

fori #j andg;; =0, i,j=1,..., N, (1.1)

where o;; = Sﬁ%f/’ (fori # j), C;, J; € R. In particular, we study the case N = 3
whichis especially important because itis related to the three-wave resonant interaction
equations [25]:

uj, +aju;, + bi”iy = CiUj Uy, (1.2)

where bar denotes complex conjugation, a;, b;, ¢; are constants and i, j,n = 1,2, 3
cyclically permuted. Indeed, Eq. (1.2) can be obtained from (1.1) by assuming that
qij = 0j jC_Iji fori > j and 032021 = —o03 (where the o;;’s are real normalizing
constants) and taking g12 = u3, q23 = u1, g3 = u2. The three equations contained in
Eq. (1.2) describe the non-linear interaction of wave packets and are found in numerous
applications such as non-linear optics or internal waves in the ocean [26].

From now on, we will use the indices a and b rather than the more familiar i and j to
avoid confusion with the imaginary number i, which appears frequently in the analysis
that follows. By complexifying the independent variables of the N-wave interaction
equations (1.1) for N = 3, we obtain the following system of non-linear integrable
equations in 4+2 dimensions:

Gab; = Yabqabr + (Ca — Ja“ab)‘]aby + (2an — @nb)qangnb, fora #b, n # a, b, and gaq =0,
(13)

where a,b,n = 1,2, 3 and

x=x1+ixy, y=y1+iy, t =t +itr, x1,x2,y1,y2, 11,2 € R. (1.4)
The d-bar derivatives appearing in Eq. (1.3) are given by oy = % (3x1 +1i Z)Xz) and
analogously for dy and d7 [27].

In this paper we apply various methods outlined in Refs. [21,28,29]. The spectral
analysis of the time-independent part of the problem is presented in Sect. 2 via two
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different approaches. Subsequently, the full time-dependent problem in 4+2 dimen-
sions is solved in Sect. 3. Finally, in Sect. 4 we discuss the question of reducing the
problem to fewer dimensions by explicitly eliminating one of the two time variables.

2 Spectral Analysis of the Time-Independent Part of the Lax Pair

In this section we will derive non-linear Fourier transform pairs [30] tailor-made for
solving the 3-wave interaction equations (1.3), by performing the spectral analysis of
the following eigenvalue equation, which is the time-independent part of the Lax pair
associated with the 3-wave interaction equations in 4 + 2 dimensions:

ux — Juy —k[J, n] — Qu =0. 2.0
The matrix p is a 3 x 3 matrix valued function which depends on the six real variables

(x1, x2, y1, ¥2, k1, k2), the eigenvalue k is a complex spectral variable, and J and Q
are defined by

Ji0 O 0 q12 913
J=10J/, 0], O@x1,x2,y1,92) = g1 0 g3 |,
00 J3 31932 0

where Ji, J2, J3 € R\{0}, with J1 > J, > J3 and qqp(x1, X2, Y1, Y2),a,b = 1,2, 3,
are complex-valued functions which are sufficiently smooth and which decay rapidly
enough for large values of the spatial variables. We observe that Eq. (2.1) can be
written in component form as

Maby — Jaﬂaby —k (Ja = Jp) ttap — (Q) gp = 0. (2.2)

Let us introduce some notation:

X=x1+ixa, y=y1+iy, §=5§+i&,
n=mn+in, k=k +iky, A=A +iAp,

dx = dxjdxy, dy =dyidy,, d§ = d§1dés,

dn = dnidn,, dk = dkdk, and dX = dAdA,,
where x1, X2, y1, y2, &1, &2, m1, m2, ki, k2, A1, A2 € R.

Also, we shall generally write f (k, A, x, y) instead of f(ky, k2, A1, X2, X1, X2, Y1, ¥2).

Atthis point, it is important to emphasise that, although our approach is based on the
complexification of the Lax pair of the 3-wave interaction equations, the resulting non-
linear integrable system (1.3) is not the 3-wave interaction equations with 2+1 complex
variables, but a genuine 4+2 dimensional system with six real variables. Namely, it
does not depend on x| + ixz, y1 + iy, t] + it but on x1, x2, y1, y2, t1, 2. This fact
is not surprising. Indeed, in general if an equation involves a complex parameter,
the solution depends on both the real and the imaginary parts of this parameter. For
example, the time-independent part of the Lax pair Eq. (2.1) or equivalently Eq. (2.2)
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Solving the Initial Value Problem... 13

depends among other things on the complex variable k = k| + ik, but the associated
eigenfunctions 1, depend on the real variables k1, k». An explicit demonstration that
the type of equations constructed here are genuinely 4+2 dimensional can be found
in [31]; in this paper explicit solutions of the 4+2 Davey—Stewartson equation are
analysed which clearly depend on 4 real spatial variables and on 2 real time variables.

We shall derive the non-linear Fourier transform pairs for the 4+2 dimensional
3-wave interaction equations in two ways.

2.1 First Method: Fourier Transform Formulation

In the above Eq. (2.2), the d-bar derivatives appear with respect to both complex spatial
variables x and y. As an important first step towards solving the system Eq. (2.2), we
will start by disentangling these derivatives. This can be achieved by introducing the

following local coordinates vla)(_ V1), véa), vé’l) and v(a).

x| = vy, X2—v2 +via), yl—v — Jvy, y2:_Jav£“),
1 1 fora =1, 2, 3.
vi=x1 vy = v vy =y dex v = ——,
Ja J,
2.3)
Hence,
ox ! 3+'8 ! 8+J 0 +,_8 (2.4a)
=S\5 T i) =50 5 —5 T , 4a
T2 \ox ax7 2\ dvuy aavéa) avéa)

o 1 0 Li 0 1 0 4i 1 0 1 0 (2.4b)
=—|—+i— |)==| ——+1i .
) v ay2 2 81);“) Ja av(“> Ja Bv(a)

Defining the new complex variables
2@ = +iv\®, fora=1,2,3, (2.5)

and using Eqgs. (2.4a)-(2.4b), we find

0 ! _8 + '—8 ox — J, 0y (2.6)
1 = — . .
a—(a) 2\ ou; vi‘“) ¥ — JaOy

Hence, Eq. (2.2) can be written in the desired disentangled form:

dthab
9z

—k (Ja — Ip) ttap — (Q)gp = 0. 2.7

Taking into consideration the requirement of boundedness, we rewrite (2.7) in the
form
0

— —I)ZD 4k (], — (a) — —I)ZD 4k (], — (a)
= k(Ja= )7 +k(Ja—Jp)z ):e kUa=Ip)ZO+HRUa=I2 (1) - (2.8)
Z

(Mab e
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14 M. C. van der Weele, A. S. Fokas

In order to solve the direct problem we look for a solution of Eq. (2.8) such that
u — I as the spatial variables tend to infinity, where I/ denotes the unit matrix. Using
the Pompeiu formula [27] and the above boundary condition, we obtain

—k(Ja=Jp) (£ =2 )4k (Ja=Tp) (6 =2
_s. L[ ©Qwae KCUa=I5) (T—29)+E(Ja—Ip) (s ~2®)
Hab = Oab T Jr2 r — Z(a)

de. (2.9)

Differentiating Eq. (2.9) with respect to k we find

d Jo — k(T —TI M7 @O 1K (T. — _ @
pab _ an b) /RZ(Q“)“” ke I (E-29)+R (= I (2 )de

ok
( ol ) —k(a=Ip) (T2 ) +E (= Ip) (¢ ~2@) (2.10)
! o) ap © d¢
T JRr2 ¢ — 7@ ’
where
Hab = Mab (vl, L ARITT ) kl,kz) , (2.11)

3
(OWap = ann (51, véa) + &, véa) — Jat, —Ja§2> Hnb (4“1, véa) + &, véa)

n=1

n#a
_Ja§19 —JaQ, klv k2)1 (212)
{ =& +i%and d¢ = dgds. (2.13)

Our aim is to complement the above equations for the 11,5’s (Which are written in terms
of the g, ’s) with an additional set of equations for the same 1145’s, but written in terms
of appropriate “spectral functions” of the ¢,;’s. In order to obtain this additional set
of equations for the p,p’s, we shall construct a d-bar problem in which the d-bar
derivatives 3’8‘%" are written in terms of the p,;’s alone (as opposed to Eq. (2.10),

where the expressions on the right hand side contain both the w,;’s and the ag‘—f”’s).
To achieve this, we need to relate Egs. (2.9) and (2.10). In this connection, we first
introduce appropriate notation for the functions appearing as forcing in (2.10),

~ I — 7 _
o (véa)’ véa)7 k) - ~ (Ja = Jp) / (O)yp ¢ FIa=ITHUa=IE 7, dry
T R2
(2.14)
where (Qu),;, 18 as in (2.12).
We can write f, (véa), véa), k) as the two dimensional Fourier transform of the

function H,p:
Fap (057,08 k) = / AT Hy (k, ), (2.15)
R2
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Solving the Initial Value Problem... 15

where w@ = véa) + ivéa).

We next introduce the following new variables (the reasons for this particular choice
will become clear later):

o= J M — Jpky, o =2, —ka. (2.16)

Using the new variables, Eq. (2.15) takes the form

fab (Uéﬂ)’ Uga), k)
. / (a) ’ (a)
= |l / AT IR O m i gy (k1 s Sk — ok, 3 — ka)digdi
R

. (a) (a)
= |Jal /2 e Uati=dokn)vy "+ Oa=k)vs gy (k1 ko Jaht — Jpkt, Ao — ko)dAidaa. (2.17)
R

Denoting f,p(k, 1) := Hyp(ky, ko, Joh1 — Jpky, A2 —k2), by inverting equation (2.17)
and taking into account equation (2.14), we obtain the following expression which can
be considered as the non-linear Fourier transform for the problem under consideration:

Ja—J —
untho2) = = [ E 20, 0®) (@ Va0, 2.18)
R

where we have defined Ep, (k, A, 2@, w@) by

Eap(k, 1, 2@, @)Y = kUa=Ip)T V=K Ua=Ip)e @201~ Uah1 = Jpk1)vs" + 0 —k2)os”]

(2.19)
and where

3
(QWab =) _ Gan (vl, v+l 0§ — Jvr, —Ja vff”) b (vl, vl 40\ pl
nZa
— a1, =0, ki, kz) . (2.20)

We next rewrite everything in the original coordinates and make the change of variables

&1 =561, —Jalo = 6. (2.21)
Equation (2.9) then becomes

Hab (X, y, k)

1 [ kU= d) (1 =30+ 5 €2 —32) | +RUa =) (61 —x0) = 7 (G232

= Sap — -
e al G — 20 + & (02— £2)]

d§dé,.

(2.22)
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16 M. C. van der Weele, A. S. Fokas

Taking into account equation (2.17) and the definition of f,;(k, 1), Eq. (2.10) becomes

oab
—(x, v,k
k ( )

a

_ |Ja|/ [ezi[*(fa)tl*kal)(X2+i}'2)+(}t2*k2)(}'1+Jaxl)+k2(Ja*Jb)xl+kl Gardoly, |
R2

X fab (k, )\.)] d)»ld)»g

M) o kU= (1 =30+ 5 €32 4R Ua =) (€1 =)~ G2y
ab

dédé,
(2.23)

1 (e
7w Jr2 [al [G1 = x1) + - (2 = §2)]

where in Egs. (2.22), (2.23) we have

1
(O ap = <Q <$1, X2+ J—(yz — &), 31+ Ja(x1 — &1), Ez) iz (El,m

1
+— (2 — &), y1 + Jalxi —El),éz,kl,/Q)) ,
Ja ab

and

d 1 0
<Q3_%L>ab = (Q (El,m + J_a(y2 — &), y1 + Ja(x1 — &), Ez) a—lg <51,X2

1
+J—(y2 — &), y1 + Ja(x1 — 1), 82, k1, kz))
a ab

Also, Eq. (2.18), written in the original coordinates, becomes

Jo— JIp

kA = ————
fab( ) |Ja|7T3

fR Fapth, 23, 3) (0, ix, v, Ky drdy,  (2.24)

with the function E,;, taking the form

Eap(k, k,x,y) 0 = expl(Joh — Jpk)X — (Jgh — Jpk)x + (. — k)Y — (k — k)y]
= expl2i ((—=Jgr1 + Jpk1)x2 + (Jaro — Jpka)xy
+(k1 —AD)y2 + (2 — k2)y1)] (2.25)

This expression for E,;, in the original coordinates justifies the specific transforma-
tion (2.16) that we used to mix the spectral variables k and A. The important thing
to note here is the approximately symmetric role played by k and A in this expres-
sion (2.25). This will allow us to replace k by X in several steps of our analysis, which
will prove to be very convenient.

We will now construct a d-bar problem via Eqs. (2.22) and (2.23). For concreteness,
we concentrate on the second column of the matrix % Multiplying Eq. (2.23) for
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Solving the Initial Value Problem... 17

a =1,2,3and b = 2 (second column) by the factor ¢ (~/2kix2t2koxi—kivathay) e
find

i(— . 1) 012
e2i(=hkixot+Dkoxi—kiy2+kayi) o7 (x,y, k)

=4l /2 e2i(*11)»1x2+J1)»2x1*)»1)'2+)»2)'1)f12(k’ A)da
R

1 / (412% +q 3dmz> eZi[—Jzkl(x2+%1(y2—éz))+lzk2$1—k152+k2(y1+11(X1—E1))] .
7w Jre [l [ = x1) + (2 — 8] ’
(2.26a)
o2 (= Dok xa+hakaxi—ki yatkay1) a/’?z x, y, k)
ok
(q21 IS¢ + g3 3/1-32) eZi(—Jzk]xz+Jzk2x1—k1y2+k2y|) (226b)

_l/ . dé.
T Jr2 2] [(G1 = x1) + 5 (2 — §2)]

2 (= hkixatakoxi—kiya+kayi) 8/“%32 (x, v, k)
ad

= || /2 e2i(*J3sz+J3)»2X1*)»1,\’2+)»2y1)f32(k’ A)da
R

d/ 122 ) e2i [—Jzkl (M‘F% ()’2—Ez>)+lzk2§1 —ki&a+ka (V1+J3(x1 =€ ))]

d.
(2.26¢)

| (431 CI5E +gn
/.

[J3] [(51 —x1) + J%(yz — &)l

Multiplying Eq. (2.22) fora = 1,2, 3 and b = 1 by 2 (“/tkiatikxi—kiyvathoy) “ye
find

eZi(*Jlk1x2+Jlk2X1*k1y2+k2)’1)lt11(x’ v, k)

= Q2i=Jikixa+Nikaxi —kiy2+k2y1)

. (2.27a)
_ l (qi2p21 + ‘113#31)ez’(*11k1X2+Jlk2X1*kl,\‘2+k2y1)dg
R2 il (61— x0) + 5 (2 — §2)] ’
i (=Jikixa+Jikax1 —kiya+kayi) w21 (x, v, k)
L[ @ g ¢ 21Tk (2 5 G2 —82) )+ ka1 —k E2 e (31 + 251 —60) | w
R2 |l G = x1) + £ (02 — &) ’
(2.27b)
2 (= Tikixa+Jikoxi —ki ya+kayn) w31 (x, y, k)
_ 1 (gaipn+gnu) e 2=tk (4 028+ kot ki ot (1 3 1) | "
7 Jre [J3] [(&1 —X1)+,’*3(y2—$2)]
(2.27¢)
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18 M. C. van der Weele, A. S. Fokas

In each of the above three equations we replace k by A, multiply by |J1| f12(k, A) and
integrate over dA. Thus, we obtain the following three equations:

[J1] /2 621(—11)»1»’62-*-11)»2)(1—Al.\'2+?»2y1)ulI(x’ v, A fia(k, A)da
R

= |Ji| /RZ ezl‘(*fl)wxz+fl)~2xl*)tl}'ZJr)\Z,\'l)flz(k’ 2)dx (2.28a)

1l / (qrapa1 +quzps) PRI TR £y (k, 2)
s R2 JR2

. dgda.,
Vil LG1 = x1) + 57 (2 — £2)]

11 / . QA Ih Rt It o (x, y, A) fia(k, A)dA
R

i[—./l}q (xz+ﬁ (.Vz—éz))-%—]l A& —riEa+ra(y1+ (=6 ))] Fiak, A) deds

_M/ (@211 + @3p31) €
T Jr2 Jre 2] [E1 = x1) + 4 (2 — &)1
(2.28b)

[J1] /2 G2 (=Ixe+Jihx1 =k y2+hay1) wa (x, v, M) fiatk, A)da
R

i[—ll)»l(Xz+ﬁ(y2—$z))+11)»2$1 —)»1€2+A2(y1+13(x1—$1))] Fialk, 1) G

_ 7@/ (@311 + qopa1) €
T Jr2 Jre 511G = x1) + 5 (32 — )]
(2.28¢)

We apply a similar procedure to the third column of Eq. (2.22) (witha = 1,2, 3 and
b = 3): multiplying these three equations by e/ (—/skix2tJskaxi—kiya+kay)) ' we find

2i(—Jz3k J3kyx1—kyyr+k
2 (= S3kixa+Jskoxi —ki ya+kayn) wi3(x, y, k)

. 1 o _ _
L[ (g + g ik (4 a0 )t skat kot G (1160

= : dég,
7 Jr? Vil [E1 = x1) + 7 (02 — §2)]
(2.29a)
eZi(*J3k1X2+J3k2X1*kl,\‘z+k2y1)uz3(x’ v, k)
. 1 o _ | _
L Gt ) & [—ssk1 (x4 35 028 ) +Uskati —ki -+ (1 +Da (11 —60) w
T Jr2 2] [(61 — x1) + 5 (2 — §2)]
(2.29b)
eZi(*Jak1X2+Jak2X1*k1y2+k2)’1)ﬂ33(x’ v, k)
— eZi(—Jgk1x2+Jgk2x1—k1y2+k2y1)
(2.29¢)

1 [ (g31013 + gaapas) €2 lkimtlskaxi ki thayn

. dé&.
T JR? 31 [(E1 — x1) + 7 (2 — §2)]

In Egs. (2.29a)-(2.29¢) we replace k by A and then multiply by |J3| f32(k, A) and
integrate over dA. In this way we obtain the following three equations:
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Solving the Initial Value Problem... 19

| 3] /z 2 (= I3hxatT3hoxi —hiy2+22y1) wiz(x, y, &) fra(k, A)dA
R

i[—JSM (Xz-%—ﬁ (}'2—52))+13?»251 —hiéa+ra(yi+J1(x —€1))]

2
_ _@/ (q12123 +q13133) € Sk, ) ded
T JeJr 1l [E = x1) + 4= (2 — £2)] ’
(2.30a)
|J3] /z 2 Shxatlshoxi =y +hay) o (x v, 1) f3a(k, X)dxr
R
2i| = J3ng (x2+ 5 (2—82) ) +J32aE1 — A1 E2+Aa (v 42 (x1 —
_@/ (q21113 + g231433) € i i El»].7‘32(/(, ) d&da
T Jelwe Il [E1 = x1) + 4 (2 — £2)] ’
(2.30b)
|J3] / 2 (= Shxatlshaxi =y +hay) sy v, ) f3a(k, A)da
R2
= | /3 /1;2 eZi(flshszr/sf\zﬂfkl.\'erAz,vl)f}z(k’ A)da (2300)

d&d.

| 5] / (g311413 + qaojup3) X Hmataxi =it g, (k, )
7 Jre JR2 51 11 = x1) + 3; (2 — £2)]

At this point, we use the similarity of the kernels of Egs. (2.26), (2.28) and (2.30) to
arrive at the desired d-bar problem. Introducing the notations

~

Ma2(xa yv k)

— Q2i(=hkixathkaxi—kiy2+kayi) ) (x,v, k), a=1,2,3, (2.31)

ok
Mﬂl (x9 y5 k)
= ] [ H I ) fiak, )k, @ = 1,23,
(232)

and

Ma3(x7 ya k)

=13 / [ H TR IR T 4 (x, y, ) fro kMR, @ =1,2.3,
R

(2.33)
equations (2.26) can be rewritten as follows:
Component 12
Miy(x.y. k) = |Ji] / e (it hikan =R ) (k, )dA
R (2.342)

| (Q12M22 +6113M32)

- ; ds,
T Jr2 |1l (€1 — xD) + 5 (2 — §2)]
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20 M. C. van der Weele, A. S. Fokas

(6121M12 + 6123M32>

dg,
2 [Nl [ —x1) + Jz(yz — &)
(2.34b)

1
Component 22 M 2(x, v, k)= /
R

Component 32

1\}32(x, v, k) = |]3|/ eZi(*J3}-1x2+J3)»2xl*)\Iy2+)~2y1)f32(k7 A)da
E (2.34¢)
<LI31M12 + 6]32M22)

1
i fn« IE —x1) + (2 — £2)]

where in the integrals of equations (2.34a)—(2.34c) the elements depend on the vari-
ables as follows (fora =1,2,3, b =1,2,3 witha # b)

~ »-=%&
qabMp2 = qap <$1,X2 + 7
a

»-—5&

a

Y1+ Ja(x — &), Sz)

X Mp (él,n—i- 1+ Ja(xy —51),52,k1,k2>-

Adding Eq. (2.284a) to (2.30a), Eq. (2.28b) to (2.30b) and Eq. (2.28c) to (2.30c), and
using the notations introduced in (2.32) and (2.33), we obtain the following three
expressions:

Sum of 11 and 13
My (x, y, k) + My3(x, y, k) = |Jj] / ANt i =ty £, (k, 3)da

L[ (g2 (Mag + Ma3) + q13 (M31 + M33))

B G —x) + 502 — )] &
(2.352)
Sum of 21 and 23
1 (21 (M1 + M13) + q23 (M31 + M33))
Moi(x, v, k) + My (x,y,k) = —— ,
e w ) R VAT S T R
(2.35b)

Sum of 31 and 33
M3y (x, y, k) + M33(x, y, k) = | J3] / At Shaxn=hinthan) £ (k, 3)da

_ L[ (g (Muy 4 M) + g32 (M) + M2))
R 3] [ —x1) + 702 — £2)]

’

(2.35¢)
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Solving the Initial Value Problem... 21

where in the integrals of equations (2.35a)—(2.35c) the elements depend on the vari-
ables as follows (for a = 1,2,3,b=1,2,3 with a #b and j =1, 3)

»-—5&

Ja
»-—=5&
Ju

qabMpj = qab (El,xz + Y1+ Ja(xr = &), Ez)

X My, (El,xz-i- o1+ Ja(x —51),%'2,/61,162).
Comparing Eqgs. (2.34a)-(2.34c) with Egs. (2.35a)-(2.35¢), we find
My =My + M3, My = My + My, M3 = M3 + Ms3,

which in the original notation yields the second column of the d-bar problem:

3

a2
k) = / Dl ttan (e, 3, 2) fua G, M Ena(k, &, x, y)dA, a = 1,2,3.
R
)
(2.36)
In a similar way, following the same procedure for the first and third columns of the
matrix ‘?—’i, we arrive at the full d-bar problem for the 3-wave interaction equations in
4 + 2 dimensions:
A lab :
= (k) =/ZZ|Jn|uan(x,y,x)fnb<k, W Enp (k. A, x, y)dA, a,b=1,2,3,
R —
nZb
(2.37)
where the E,;;’s are defined in (2.25).
The above d-bar problem can be written in a more concise form as
o
_—(xv y7k)= M(xa y7)\')F(k’)"ax7 )’)d)\a (2'38)
ok R?

where F'(k, X, x, y) is the 3 x 3 off-diagonal matrix with its ab-th entry equal to
Fab(ks )"a -xv )’) = |Ja| fab(ks )\)Eab(k, )"a -xv y)v for a 75 b

Using the Pompeiu formula, and also using the condition that u — I + O (%) in the
limit k — oo, Eq. (2.37) yields

3 ’
1 , , dk’dx
Mab (X, 3, K) = 8ap+ = | Y 1l tan(x, 3, 2) fun K, ) Enp (K, 3, x, y) 7=
T R4n:l k—k
n#b
(2.39)

In summary, Eq. (2.22) expresses wqp in terms of the g,p’s, whereas Eq. (2.39)
expresses qp in terms of the f,,’s. We can now obtain a relation between the ¢g,p’s
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22 M. C. van der Weele, A. S. Fokas

and f;;’s by noting that in the limit k — oo Egs. (2.39) and (2.2) imply, respectively,
the following relations:

3
1 1
Mab(xvysk)waab'i‘*‘/‘ § |Jn|Man(x7ys)\)fnb(k»)h)Enb(ks)hxsY)dkd)“+O <7>
wk R4 o k
n#b

(2.40)
and, fora # b,
(x, y, k) 1 (x, Vb (x, y, k) + O :
l‘l“ab x’yv k(]a—.]b)qab x?.y /"l’bb xﬂyv k2
1 1
~ e g +O(=). k . 2.41
e ) + <k2> — 00 (241)

The O (%) terms of Egs. (2.40) and (2.41) yield

3
G ) = =2 [ S a0 2 . 5, )k

T R4 —

n#b
(2.42)
These above expressions for the g, ’s in terms of the f5’s, together with the associated
expressions for the f;;’s in terms of the g,;’s given by (2.24), define the non-linear
Fourier transform pair needed for the solution of the Cauchy problem of the 4+2

3-wave interaction equations.

2.2 Second Method: Green’s Function Formulation
In order to solve the direct problem we look for a solution of Eq. (2.2) such that u — 1

as the spatial variables tend to infinity, where I denotes the unit matrix. A solution of
Eq. (2.2) statisfying the above condition is given by the following equation

ludb(x’ y’ k) = Sab + /]1;4 Gab(x - x/7 y - y/’ k) (Q(x/7 y/)/“l/(xlv y/a k))ab dx/dy/v

(2.43)
where we require that the Green’s function G (x, y, k) satisfies
Gab;('xa Y, k) - J(lGaby(xv Y, k) - k (Ja - Jb) Gab(x» Y, k)
1 _ _
=8(0)8(y) = — / eP¥TPXTIY=9Y 4 pdo, (2.44)
T R4

where p = p; +ipy, 0 = 01 +ioy,dp = dpdp,, do = dojdo, and we have used
the notation 6(x) = 68(x1)5(x2), 6(y) = 8(y1)8(y2). Hence, from Eq. (2.44) we have

eprplx+oyfﬁ

1
Gap(x. v, k) = — dpdo. 2.45
ab (6 7- ) n4/R4—5+Jaa—k(Ja—Jb) dad (2:49)
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Solving the Initial Value Problem... 23

Our aim again is to complement the above equations for the i, s with another set
of equations for the same p,;’s, but now written in terms of appropriate “spectral

functions” of the g,5’s, which we will denote by él\a »- In order to obtain this additional
set of equations for the M_ab’S, we shall construct a d-bar problem. Differentiating
Eq. (2.45) with respect to k we find, for a # b

aGap 1 ePX—PXHOY=0Y § 1
P (x, v, k) = — dpdo. 2.46
ok (.. 8) w4 /R4 —(Ja—Jp) Bk *P“a”+k g ot

Using the formula

0 1
= ( ) =7nd(z—¢) =7md(z1 — §1)é(z2 — &2),
z\z—¢

where z = z1 +izp and ¢ = &1 + i&2, with 71, 22, ¢1, {2 € R, we obtain

9 1 —p1+ 7, -y
R B :né(lq—M>8<k2—u>. (2.47)
ok k—_;:l_]"ba Jo— I Jo—JIp

So combining Egs. (2.46) and (2.47) we get

0Gap
—(x, v,k
Z (x,y,k)

1 pX—pX+oy—0oy — J —J

_ _4/ e 78 <k1 =P+ Jaol ) s <k2 o, an) dpdo
7% Jrs —(Ja — Jb) Ja — JIp Jo—JIp

1 P PTHOYOY (g — N\ (T, — T 1

— S ki 4+ — o1 —

73 w[ ~a = ) < Ta ) ( A ‘”)

Jo — Jp 1
5| — ko + —p2 — dpd
X < 7 2+ Japz Uz):| pdo

1 J,—Jp
73 (Jg)?

e2i(p1x2+p2x1+01y24+02y1)
R2

d
o1 = F-1Ua— ki + o1 P
02 = —5-[(a = Ip)ka — p2]
_i Ja— Jp / CZi{Plx2+ﬂ2xl+i[(-’a*«lb)kl+pI]y2*i[(«la*Jb)k2*,02]yl}d
7 () SR

’

where in the second step we have used the identity §(ax) = 8|EYX|)’ a € R\{0}.
With the change of variables

p1 = —Jar1 + Jpk1,  p2 = Jaho — Jpka,
we find
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24 M. C. van der Weele, A. S. Fokas

8G—ah (x,y,k) = ——Ja _3Jh/ e2il(=Jar1+Ipk1) 2+ (Jara = Jpk2)x1 4+ (k1 =A1)y2+ (A2 —k2)y1] 4,
T RrR2
_ Ja = Jb / elUar=Jpl)T = (Jad= k) x+(—=k)3=(G~k)y] 45
7T3 R2
Jo—J
= [ Eathnx (2.48)
T R2

where Eg, is defined in (2.25). Equation (2.48) was found for a # b, but this equation

is also valid for a = b. Indeed, since Eq. (2.45) does not depend on k or k whena = b,

we have that agki“‘ (x,y,k) =0,a =1, 2,3, which is consistent with Eq. (2.48).
Differentiating Eq. (2.43) with respect to k we get

Ohab
dk

9G
B /w aEab (x=x\y =y, 0 (QW, yui', ¥, b)), dx'dy’

(x,y, k)

3
+/ Gap(x —x',y —y' k) (Q(x/, MLy, k)) dx'dy’
R4 ok ab

@48 S b [ / Eap(k, 2 x —x' y =) (Q' 3@’ Y, b)), di dx'dy’
s R4 JR2
/ / 7 / a/"' ! / / /
+ | Galx—x,y—=y, 000G, Y)=G"y, k)| dx'dy
R4 ok ab
Ja — Jp - o o ’o ’y7
=03 /Rz fw Eap(k, b, x, V) Eap(k, 1, 27, y) (QO, yn(x', y', b)), dx'dy’dA
/ / ’ / 8“ / / / /
+ | Gap(x—x,y—=y,0)|0E", )=y, k) dxdy.
R4 ok ab
By defining
A Jo—Ip —
Gapk, A) = — 3 s Eap(k, A, x,y) (Q(x, y)u(x, y,k))gp dxdy, (2.49)
we have
0 thab

A
— (x’ y’k) =/ Eab(k’)\'vxv y)qab(kv)\')d)‘-
dak R?

a
+/ Gab(x _-x/’y_y/v k) <Q(-x/a y/)_lf(x/s ylvk)> dx/dy/‘
R* ok ab
(2.50)
Now, we shall again construct a d-bar problem, this time via equations (2.43)

and (2.50).
Multiplying equations (2.43), fora = 1,2,3 and b = 1 with k replaced by A, by

alz(k, M E1(k, A, x, y) and integrating over dX, we find
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Solving the Initial Value Problem... 25

A
/2M11(X,y,?u)Q1z(k, MEp(k, A, x, y)di
R
A
= f2E12(k,)wx»)’)5112(k, A)da
R
A
+/2 /4G11(x —x",y =Y MEnKk, A x, g1k, A) [qrax’, Y par(x', ¥, 1)
r? JR

+ g3, y)us(x', ', M)]dx'dy’da, (2.51a)

AN
AZ I’Lzl(xv Y, )\')q12(k7 )\)E12(ks )"7 X, y)d)"

A
= /2 /4 Go(x — x/, y— y” MEpk, A, x, y)q ok, 1) [f]zl(x’, y')ﬂn(x’, y’, »
R* JR

+ g3(x, )z (x', ¥, V)] dx'dyda, (2.51b)

N
./11;8 m3r(x,y, Mgk, MEp(k, A, x, y)da
A
= /2 /4 G31(x — x’, y — y’, ME;pk, A, x, y)qlz(k, A) [431(?5/, y’)/m(x’, y’, A)
R JR
+ g, y)pua(x', ', 0] dx'dy’da. (2.51¢)

Now, multiplying (2.43), for a = 1,2,3 and b = 3 with k replaced by A, by
?132(k, M) E3n(k, A, x, y) and integrating over dX, we find

fRZ 113, v, Mok, W) Esa(k, A, x, y)da

A
= /2 f4 Giz(x —x',y — ¥, M Esk, 1, x, y)g3(k, 1) [qr2(x", Yoz (x', y', 1)
R JR

+ qi3(x’, Y)us(x', ¥, 0] dx'dy’d, (2.52a)
/RZ 1235, 3. ok, M) Ena(k, A x, y)dA

A
= Az /R4 G(x —x',y — ¥, MEsnk, k. x, y)g3(k, 1) [q21 (&', Y iz (x', y', A)

+ g3, Y)us3(x', ¥, 1] dx'dy’da, (2.52b)
/R s,y sk, D Es k. 2, x, ¥)d
= A Bk 2%, 0)gn (k. )d

A
+ /2 /4 Gy(x —x',y — Y, MEsk, &, x, g3k, ») [g31(x", Y13 (', ¥, 1)
R- JR

+ g (', Y)us(x', ¥, M) dx'dy'dA. (2.52¢)

Adding equation (2.51a) to (2.52a), equation (2.51b) to (2.52b) and equation (2.51c¢)
to (2.52c), we obtain the following three expressions:
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26 M. C. van der Weele, A. S. Fokas

fRz [un(x, Vo W Enatk, hy x, 0120k, 2) 4+ i3 (x, v, W Es(k, b, x, y)332(k,x>] dx
- /Rz Eia(k, &, x, ¥)q 12 (k, A)dA
+ /R [qlz(xﬁ %) (/R Gri(x —x', y =y WEnk, o x, 1ok, Mpar (1, ¥, 3)
+Giax —x,y =y, MEs(k, &, x, g3k, s (x', )»)d)»)
+qi3(x’,y") (/ﬂ‘§2 Gnix—x',y =y, MEnk, A, x, y)c?lz(k, M,y n)
+Giax —x,y =y, WEs(k, &, x, y)g3 0k, s (x, A)dk)]dx’dy’, (2.53a)
[ R e e R S A A N
= /11@4 [qzl(x', ») (/Rz Gotlx —x',y =y, MEpk, A, x, y)glz(k, My, )
+Goz(x —x',y =y M Esn(k, A, x, y)aaz(k, My, )»)dk)
+g23(x’, y) (/RQ Goi(x —x',y — ¥, MEn(k, A, x, Y)q 120k, Mpsi (x, ¥, 2)
Gt — Xy — 3 D Esah. b x sk, Dz ¥, ndx)]dx/dyc (2.53b)
A;Z (3103 D EB G, v 100, 0+ w33(e, v, DEn (k. 2. x. Wik, )] a2
- /}R Euk, 2, v, ik, Ddr
+/;§4 [qy(x/,y’) (/R Ga1(xr — 2,y — ¥, D En(k, A, x, a0, i (', ¥/ 1)
+Gyx —xy — ¥ DEnk, A, x, Nant, D, Y, x)dx)
+gn@&',y) (/1.@2 Ga1(x —x',y — ¥ WEnk, & x, Y)q 12k, D (x', ¥, 2)

+Gy(x —x',y =y MEs(k, A, x, g3k, s (x', A)dk)]dx/dy/. (2.53¢)

We now consider the second column of the matrix 22 i.e., the equations obtained

E 9
from (2.50) for b = 2: ?

d
B2 (kv k) =/ Ena(k, hy x, )4 1 (k, 1)d2
dk R2
du2n
+/ G12(x_x/ay_y/vk) (5112(x/7 y/)_—(x/v yl’k)
R4 ok
ad
+q13(x, y’)%(x/, Y, k)) dx'dy’, (2.54a)
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Solving the Initial Value Problem... 27

Ou2 0
—(x, y, k) = / Gnx—x',y—y, k) (qm(x’, 2y k)
ok R4 ok

3
+q23(x/, y’)%(xﬂ Y, k)) dx'dy’, (2.54b)

o3

(s v, k) = /R Esa(k. 2 x, )5k, 1)

dk
3
+/ Gnx—x",y—y.k (q31(X’, MRy k)
R4 ok
3
+qn(x’, y/)%()/, y, k)) dx'dy’. (2.54¢)
Comparing equations (2.53) to equations (2.54) we find
our A
Ly = [ [y DER®K A2 )10k 2)
ok R2
A
i, v W Enh, b x sk ) | da, (2.552)
22
—(x,y,k) = / [le(x, v, MEpRKk, A, x, Y)6A112(k, )
ok R2
2 (s v, W Enalk, 2 X, k) | da, (2.55b)
au3 A
_—(-xv )Hk):/ |:I'L31(xv y7)L)E12(k,)»,x’ y)CIlz(k»)h)
ok R2
A
sy W Enk o ante b]di (@550

provided that

Gix—x',y =y, Enk 1 x",y)=Gnx —x",y =y, MVEnk, &, x,y),

(2.56a)
G —x',y =y . kEpnk 1 x',y)=Gix—x",y—y ., MEnk 1, x, ),
(2.56b)
Gunx —x'y =y . KEnKk 1 x',y)=Gux—x",y—y MEpK 1 x, ),
(2.56¢)
Gu(x—x',y =y k) Exk, 1, x',y) =Gnx —x',y =y, MEsnk, A, x,y),
(2.56d)
G —x',y =y, R Enk 1, x',y)=G(x —x",y =y, MEnRK, A, x, ),
(2.56e)
Gau(x —x',y =y, ) Exnk, 1, x',y) = G(x —x',y =y, M Exnk, A, x, y).
(2.56f)
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28 M. C. van der Weele, A. S. Fokas

Thus, as a consistency check, we will now verify equations (2.56a) and (2.56b) (the
other equations can be verified in a similar way). Equivalently, we want to show that

G, y, k) =Gnlx, y, VEpKk, A, x, y), (2.57a)
Gra(x, y, k) = Guz(x, y, M Ez(k, A, x, y). (2.57b)

These conditions hold, since

(1) Gia(x, y,k)

45) 1 ePX—PX+0oy—Cy
= — — — dpdo
7t Jpe =0+ J1o —k(J1 — Jp)
1 epx*/T)H“U,V*Ui)’
= —4/ - dodo
7% Jra (—p1 + J1o1 — ki1 (J1 — ) +i (o2 — J102 — ka(J1 — J2))

(2.58)

We replace the variables (p1, p2, 01, 02) with (o1 + Jok1 — J1A1, p2 — Joko +
Jir2, o1 + ki — A1, 02 — ka2 + X2). Then equation (2.58) becomes

e2i(p1x2+p2x14+01y2+02y1)

74 Jgs (—p1 + Ji01) +i (02 — J102)
=G, y, VEnk, A, x,y)

G12(x7 y»k) = dpda Elz(k,)\.,x,y)

which verifies equation (2.57a) and consequently equation (2.56a).
(i) We now replace the variables (o1, p2, 01, 02) with (p1 + Jok; — J3A1, p2— Joko +
J3h2, o1 + ki — A1, 02 — ko + X2) in equation (2.58). Then (2.58) becomes

Gia(x, y, k)
1 e2i(prx2+p2x1+o1y2+02y1)
= —4/ - dpdo
7% Jra (—p1 + Jior — A (J1 — S3)) +i (2 — Jio2 — A2 (J1 — J3))

x Ezp(k, A, x,y)
= Gu3(x,y, M) Ezn(k, A, x,y)
which verifies equation (2.57b) and consequently equation (2.56b).

Hence, equations (2.55) hold and yield the second column of the d-bar problem

3

a2 A

aEa (x,y,k) :/Rz § Man (X, ¥, MGk, N Epa(k, A, x, y)dA, a =1,2,3.
n=1

n;a_é2

(2.59)
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Solving the Initial Value Problem... 29

In a similar way, we arrive at the full d-bar problem for the 3-wave interaction equations
in 4 4 2 dimensions:

3

0 ab -

a£ (x,y,k) :/Rz E Man(x,y,k)cA]nb(k, MNEqp(k, &, x, y)da. (2.60)
n=1

n¥b

Comparing equations (2.24) and (2.49), we observe that aab(k, A = | Jal fap(k, X).
Hence, the above equation is exactly the same as equation (2.37), i.e., the d-bar problem
we found in Sect. 2.1. Thus, we find again

3
Jo— JIp -
Qab(xv )’) = . T /%4 Z |‘ll’l| Mal’l(-x7 yv )")fl’lb(k7 )\)Enb(lﬂ )"vxv y)dkd)"
nZb
Jo—Tr [ — A
= - 2 T /R4 Zﬂan(x, Y, )\-)qnh(kv )")Enb(ks )"5 X, )’)dkdk (261)
b

Hence, equations (2.61) and (2.49) comprise again a non-linear Fourier transform pair
tailor-made for the solution of the Cauchy problem of the 4+2 3-wave interaction
equations. This completes the analysis of the time-independent part of the Lax pair.

3 The Time-dependent Problem

Let us use the non-linear Fourier transform pair g, and f,, given by equations (2.42)
and (2.24) respectively. Suppose that f,,(k, 1), a,b = 1,2, 3 are allowed to depend
on the complex variable ¢, where t = t; + itp, with 1, f, € R. To avoid confusion, let
hap(k, A, t) denote these functions. Then g, (x, y) fora, b = 1, 2, 3 will also depend
on the time variable ¢ and we denote these functions by g, (x, y, 1).

Let us consider the following non-local d-bar problem:

0
—‘f(x,y,r,k)=f e,y 1, F(k, A, x, y, £)da, (3.1a)
ok R2
(1) t 1
Wx, v, 1, K =1+%+0(1€—2>, k—oo,  (3.Ib)

where
Fop(k, M, x, y,1)
= [Jal hap(k, X, 1) Eqp(k, X, x, )
= |Jal fank, 1) expl(Juh — Jpk)T — (Jah — Jpk)x + (L — k)Y — (A — k)y
+ (Cah — Cpk) T — (Cak — Cpk) t], for a,b=1,2,3 witha # b,
and F(k, A, x,y,t) =0, for a=1,2,3, (3.2)
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30 M. C. van der Weele, A. S. Fokas

where C1, Cp, C3 € R\{0} (with C; > Cy > C3), Egp’s are defined in (2.25), fap’s
in (2.24) and o
hap(k, o 1) = fup(k, 1)e Car=CobI=(Car=CoR)t (3.3)

We assume that the d-bar problem characterized by (3.1) has a unique solution. Which
means that if we find two operators L and M such that (i) Lu and M p satisfy Eq. (3.1a)
and (ii) Ly and M are of O (%) as k — oo, then we have Ly = 0 and Mu = 0.
The above argument is the main idea of the dressing method (see e.g. [9,32]). Using
the dressing method we will show that u(x, y, t, k) satisfies the following eigenvalue
equations:

Lp=pz—Juy —klJ,u]l — Qn=0, (3.4)

where é and A are off-diagonal 3 x 3 matrices defined in terms of u by

0= [M“), J] A= [M“), C] , (3.6)

where C is the diagonal 3 x 3 matrix with entries C1, Ca, C3. We note that Egs. (3.6),

by eliminating 11, give that the ab-th entry of the 3 x 3 matrix A is equal to ctap O 4p.

where o), 1= CJ“:%’ fora # b.

Let us now introduce the following operators:

Dz = pux+kud, (3.7a)
Dy = puy + kp, (3.7b)
D7 := py + kuC. (3.7¢)
We shall show that
(Dx — JDy — Q) uw=0. (3.8)

We do this in two steps:

(i) First we show that (Dx —JDy — Q> w satisfies (3.1a). We observe that the oper-

ators Dy, Dy and D7, commute with the operator ad_E Hence, also using (3.2), we
find

a o ~ _ _ o ~ ai
ﬁ <(Dx - JDy Q) U—(k)) = (Dx JDy Q) (8% (k))
= (D)T—— J Dy — é) (/ wR)F (k, )\.)d)\.)
RZ

= /ZMI(A)F(k,)»)+M()»)F.7(k,)»)+ku(l)F(k,>»)J — Juy(W)F(k, 1)
R
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— T Fylk, 1) — kJ G F (k, 3) — OuO)F(k, 2)da.
= / wzr WV F e, 2) + 1R WJTF(k, ) — kF(k, M) J) + k() F(k, 1) J
RZ
— Ty F(k, ) + Tk — A F(k, &) — kJ Q) F (k, A) — OO F (k. M)da,

- A 2 [u«;(k) — T+ AT = AT (k) — éu(k)] F(k, 2)d2

= / ((D;— Dy — (:)) M(x)) F(k, 2)dx, (3.9)
RZ

where for convenience we have surpressed the dependence of © and F on {x, y, t}.
(i) The second step is to recognize that

~ 1
(Dy—JDy—Q),M:O(E) as k — oo. (3.10)
Indeed, by taking into account the asymptotic expansion (3.1b) of u, we obtain

1
(D — JDy) i = px—J puy—k[J, nl = [,ﬁ“, J]+0 (E) , k— o00. (3.11)

From the definition (3.6) of Q in terms of u, we conclude that (3.10) holds.

Therefore, by virtue of (3.9) and (3.10), we have indeed (Dx —JDy — Q> u=0.

As a consequence, u(x, y, t, k) satisfies (3.4).
In a similar way we can show that

(D; = CDy — A) p =0. (3.12)

After expanding the operators, equation (3.12) takes the form (3.5).

Let us denote the ab-th entry of the matrix Q by g,»(x, y, t). Then by the note we
made under (3.6), we have that the ab-th entry of A is equal to aqpgap(x, v, t), Where
Ogp - C” Cb (a # b). In the Appendix we show that (3.4) and (3.5) provide a Lax
pair for the followmg 3-wave system in 442, i.e., in four spatial and two temporal
dimensions

8ab; = ®ab8aby T (Cq — Jaaub)gaby + (@an — Anb)8an&nb>
fora #bandn # a,b, and g,q =0, (3.13)
wherea,b,n =1, 2, 3.
Using the non-linear Fourier transform pairs in four dimensions f;;, and g, which are

defined in equations (2.24) and (2.42), respectively, we can solve the Cauchy problem
of equations (3.13) supplemented with the initial condition

8ab(x1, %2, ¥1, ¥2,0,0) = qap(x1, x2, ¥1, ¥y2), Va,b=1,2,3. (3.14)

@ Springer



32 M. C. van der Weele, A. S. Fokas

Indeed, suppose that the functions g, are Schwartz functions in four dimensions which
satisfy appropriate small norm conditions such that equations (2.22) and (2.39) have
unique solutions. We define the f,;;’s by equations (2.24), then the h,’s are given
by equations (3.3). We define g, (x, y, t) by equations (2.42) where the f,;,’s are
replaced by the corresponding /,5’s. Then, the functions g, satisfy equation (3.13)
and condition (3.14) for all @, b = 1,2, 3. The above discussion implies that the
solution of the Cauchy problem of the 3-wave interaction equations in 4+2 dimensions
is given by

3
Jo— JIp
8ab(x,y,1) = — : f Zl‘]n|ﬂan(xay7ta)¥)fnb(k’ MEnp(k, 1, x,y)
R | =
nZb
x e(Crr=CohT—(CaZ=Coh)t | qrdp. (3.15)

where the E,;;’s are defined in (2.25) and where the 1,,’s are the entries of the time-
dependent 3 x 3 matrix-valued function x which satisfies the non-local d-bar problem
(3.1). Hence, these time-dependent 11, ’s are given by Eq. (2.9) with the f,;’s replaced
by the corresponding A,;’s of Eq. (3.3).

4 On the Reduction to Fewer Dimensions

Having solved the problem in 4+2 dimensions, one would like to be able to reduce this
to 3+1 dimensions in order to comply with the physical world. This is not a simple
matter, as we will discuss in this section. A logical first step is to eliminate one of
the two time variables, and this step at least can be accomplished in a straightforward
manner. We show this by eliminating the #; variable, focusing in first instance on
the relatively simple case of the linear limit, i.e., for g, — €qup + O(€?), with
€ - 0and a,b = 1,2,3. The £, variable may be eliminated in analogous fashion.
The present analysis may be compared with that in [29], where the reduction of the
4+2 dimensional Davey—Stewartson system to 3+1 dimensions was discussed.

In the linear limit we have, as can be inferred from Eq. (2.39),

Haa = 1, pap — 0, fora #b, “.1)

implying that in Eq. (3.15) we now have only to deal with a single term out of the
sum-over-n, i.e. only for n = a. Noting that the exponent appearing in Eq. (3.15) is
of the following form (with n = a):

(Cak — Cpk) T — (Cah — Cpk) t = 2i [(Carz — Cpka) 11 — (Cahi — Cpk1) 12],
“4.2)
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we see that the 71 variable can be eliminated by imposing the condition

C
Cuho — Cpky =0, i, hy = C—bk2. (4.3)

a

The #; variable may be eliminated in an analogous manner by imposing C A1 —
Cpk1 = 0. In what follows, however, we focus on the elimination of #;.

In the linear limit, the 3-wave interaction equations decouple, so we only have to
consider one of the equations (e.g. the one for a = 1 and b = 2) for a dependent
variable denoted by u: u(x1, x2, y1, ¥2, t2). For the choice a = 1 and b = 2, the
condition (4.3) becomes

A = —kj. “4.4)

Making in equations (2.42) and (2.24) the substitutions

mi1 =1, ni3 =0, upn =1, u3p =0, fialk, 1) = f(k, 1), qi12(x, y) = u(x, y; 0),

4.5)
we obtain the Fourier transform pair in four dimensions:
u(x, y;0) = — I/11( = ) e2il(=J1A1 Dk x2+(J1ra—ok2)x1+(ki =2A1) y2+-(Aa—k2)y1)]
T T R4
xﬂhxﬁdhn, (4.6)
Py = JL= ) [6721'[(711)»1+Jzk|)X2+(Jl?»2712k2)X1+(k1*?»1)y2+(lsz2)y1)l
’ |1l 73 Jps
xu(x, y: 0)] dxdy. “.7)

In order to impose the reduction (4.4) in the above pair, we make in equation (4.6) the
substitution

~ Co
Jk,A)= f(k,2) 0 (M - C_1k2> . (4.8)
Then, (4.6) becomes
u(x, y; 0)
_ [J1l(J1 = J2) |:62i[(—11)\1+12k1)xz+(11gf—fz)kzxw(kl—)»l)yz-i-(gf—1)/62)’1)]
T R3

x f(ki, ko, M)}dkldkzd?»l,

4.9)
where f(k1, k2, A1) denotes f <k1 S ko, A1, %k2>. Introducing the notation

c
Ji é—h)kpq

Bk, ko, s x1) = £k, ko e € , (4.10)

@ Springer



34 M. C. van der Weele, A. S. Fokas

equation (4.9) can be rewritten in the form

WG, y:0) = Al = D) [ 21 (=t dakxaHta =2y —1 k)|
T
X ®(ky, ky, A1 Xl)]dkldkzd)nl
_ |J1|(J1 - D) |: 2i (12X2+y2)k1+( )y1k2+(—11Xz—y2)M}
x ®(ky, kz,)»l,xl)ildkldkzd)»l 4.11)
Defining

= (k1, k2, A1) = (p1, p2, p3) (4.12)

and

(2 (Jax2 +y2),2 (C_1 - 1) 1, 2 (=Jix2 — yz)) = (r1,r2,13).  (4.13)

So we can write u(x, y; 0) as a function of ry, r2, r3 and x1, which we will denote
by h(ry, r2, r3; x1).
Hence, we can write equation (4.11) as

1 — —
w3 0) = bz = o [P (<8010 - @i &5
R

(2m)3
(4.14)
Employing the inverse Fourier transform in the variables (71, 72, r3), the above equa-
tion yields

— 872 J1|(J1 — )P (p:x)) = f3e—fp"h<r1,r2,r3;x1>d37. (4.15)
R

We want to change variables from 37 to dxdy;dy;, hence we compute the Jacobian

a(ry, ra, C
A rrs) g <—2 - 1) (J1 — J). (4.16)
a(x2, ¥1, y2) Cy
Thus,
®(p; x1)
L2 _
_ G 1‘ e—Zi[(12Xz+yz)k1+(%—1>y1k2+(—11xz—yz))»1]u(x y: 0)dxady dys
 m?al e Y '

(4.17)
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Hence, recalling the definition of ® from (4.10), the above equation becomes

G 1‘
Fky ko, Ay) = — Cl2 / I:e*Zi[(*Jl/\1+Jzk|)x2+(J| %*Jz)kleJr(kl*11)y2+(%*1)k2y1)]
72Nl Jr3
x u(x,y; O)]dxzdyldyz. (4.18)

The reduction (4.4) imposes the constraint

J1Cy — JhCy
axlbt = ﬁ ayll/t. (419)
The “reduced” Fourier transform pair (4.9) and (4.18) can be used for the solution of
the #1-independent linearized version of equation (1.3) fora = 1 and b = 2, i.e. of
the equation .

i
FUn = apuy + (C1 — Jiap)uy, (4.20)
supplemented with the constraint (4.19). Indeed, using in (3.15) the substitutions (4.5)
and (4.8) we find the equation

u(x,y, n)
_ [J11(J1 = J2) I:GZi[(—11M+Jzk1)XZ+(Jlg?—Jz)kZX1+(k1—M)y2+(g%—l)kzyl)}
T R3

x e 2 (C1A=Cok £ () ks xl)} dk dkodh ;. 4.21)

In summary, there exist two different ways to solve the system of equations (4.19)
and (4.20). One way is to solve equations (4.19) and (4.20) using the novel Fourier
transform pair (4.9) and (4.18): consider the Cauchy problem of equations (4.19)
and (4.20), where

u(xy, x2, y1, ¥2,0) = uo(x1, x2, y1, y2), X1, %2, y1,y2 € R, (4.22)

with ug a scalar function. Then, equation (4.21) with f defined in terms of ugy by
equation (4.18) where u(x1, x2, y1, y2, 0) is replaced by ug, provides the solution of
the above Cauchy problem. Indeed, it is straightforward to verify that if u is defined
by the right hand side of (4.21), this function satisfies (4.19) and (4.20). Furthermore,
evaluating (4.21) att, = 0, we find (4.22) in lieu of the validity of the Fourier transform
pair (4.9) and (4.18). Hence, the above defined function u(x1, x2, Y1, ¥2, f2) solves the
Cauchy problem.

The second way of solving Eqs. (4.19) and (4.20) is to use (4.19) to eliminate one
of the space variables from (4.20) and then to use the standard Fourier transform, or
alternatively the method of characteristics. For example, eliminating 9, from (4.20)
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we find

. J1Cy — 1 Cy . .
iu, = a2 (W Uy, + lux2> + (C1 — J1a12) (“yl + luy2) (4.23)

C1=C we see that Eq. (4.23) simplifies further to

and recalling that o1y = N

Uy = a2y, + (C1 — J1a12)uy,, (4.24)

which has the form of the 2+1 dimensional linearized 3-wave interaction equations.
This shows that, in the linear limit, the elimination of #; has brought about a greater
reduction than intended; instead of a problem in 3+1 dimensions we are left with a
2+1 dimensional equation. That is to say, the evolution involving the variables x3, y»
and 1, is described by Eq. (4.24), while the relation involving the x| and y; variables is
governed by Eq. (4.19). This separation can also be inferred directly from the way in
which the general solution (4.21), which satisfies both (4.19) and (4.24), depends on the
four spatial variables x1, x2, y1, y2 and the time variable 7. Namely, the exponential
expression can be separated into one part containing x; and y; that involves only
the spectral variable k7, and a second part containing x>, y» and #, that involves the
remaining spectral variables k1 and A. In the end, then, Eqgs. (4.19) and (4.24) can be
solved independently of each other.

It is readily checked that the elimination of the , variable leads to a similar conclu-
sion. So the method presented above exceeds its original aim, giving an over-reduced
set of equations, at least in the linear limit. This over-reduction appears to be a pecu-
liarity of the 3-wave interaction equations, since the same method applied to the linear
limit of the 4+2 dimensional Davey—Stewartson system yields a 34+1 dimensional result
[29].

The non-linear problem is technically more difficult. In this case, in contrast to the
linear limit, the 114, ’s do not simplify and hence, in the function g, of Eq. (3.15), we
have to deal with both terms of the sum-over-n (n = 1, 2, 3, n # b). To eliminate #
(or 1) from the exponential appearing in this function, we thus have to impose two
conditions for each value of b, instead of the single condition (4.3) we had in the
linear limit. Furthermore, since the equations remain coupled in the non-linear case,
all three values » = 1,2, 3 must be considered, giving six conditions in total. The
implementation of these conditions, and their implications for the desired reduction
of the full non-linear problem to 3+1 dimensions, are currently under investigation.

As a final remark, we note that the original 2+1 dimensional problem is easily
recovered from the 4+2 dimensional version. Indeed, to accomplish this reduction, it
is sufficient to assume that the functions g,; appearing in Eq. (3.13) are independent
of x2, y» and . Then Eq. (3.13) reduces to a non-linear problem in 2+1 dimensions,
equivalent to the original N-wave interaction equations (1.1) for N = 3.
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Appendix

Here we shall show that equations (3.4) and (3.5) indeed provide a Lax pair for (3.13).
In order to see this explicitly, let us prove that the compatibility condition

Hix = Uzt 5.D

yields equation (3.13). Differentiating equation (3 4) Wlth respect to 7 we get
Mzt — -]l/«yt —k [-I7 l/Lt] Qtle QM . (5.2)

Likewise differentiating equation (3.5) with respect to X we get
v — Cusz —k[C, ux] — Az — Aux = 0. (5.3)

Hence, combining equations (5.1), (5.2) and (5.3) we obtain

Jusi+kJ p—kugJ + O+ Opy = Cuyy +kCuy —kuxC + Az + Aux. (5.4)

We will use the following relations:

o iy =Cuyy +k [C , ,uy] + Ayu + Auy, this equation is found by differentiating
equation (3.5) with respect to y and using the compatibility condition py; = Uzy.
o u; = Cuy+k[C, u]+ Au, which is equation (3.5).

o uyr = Juyy+k [J /1,‘] + Q} w+ Q,uy, this equation was found by differentiating
equation (3.4) with respect to y and using the compatibility condition uzy = pyx.

o uy = Juy+k[J, u]+ Qu, which is equation (3.4).
Substituting the above in equation (5.4) we arrive at
J (Cuyy +k[C, uy] + Ay + Auy) + kJ (Cuy + k[C, ] + Ap)
—k (Cuy +KIC, w1+ Ap) J + Qi + Q (Cus +kIC, 1] + Ap)

=C (Juyy +k[J, puy] + Zz;u + éuv>

@ Springer


http://creativecommons.org/licenses/by/4.0/

38 M. C. van der Weele, A. S. Fokas

+ kC (J[Ly+k[J,M]+é/L> —k(J,uy—l—k[J,/L]-i-é,U«)C
+AxM+A<JMy+k[J,M]+éM)~

Thus,

~

r=Ax+C0Oy — JAy+ [A, O] (5.5)

where we have used that [J, A] = [C, O], i.e., (J; — Jp)Agp = (Cq — Cp)gap Which
is true because of the definitions of the matrix A and the coefficient oz, := %

We observe that the component form of equation (5.5) gives us the 3-wave sys-
tem (3.13) and, hence, equations (3.4) and (3.5) indeed provide a Lax pair for (3.13).
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