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Abstract: We present a new framework for characterizing quasinormal modes (QNMs)
or resonant states for the wave equation on asymptotically flat spacetimes, applied to
the setting of extremal Reissner—Nordstrom black holes. We show that QNMs can be
interpreted as honest eigenfunctions of generators of time translations acting on Hilbert
spaces of initial data, corresponding to a suitable time slicing. The main difficulty that is
present in the asymptotically flat setting, but is absent in the previously studied asymp-
totically de Sitter or anti de Sitter sub-extremal black hole spacetimes, is that L2-based
Sobolev spaces are not suitable Hilbert space choices. Instead, we consider Hilbert spaces
of functions that are additionally Gevrey regular at infinity and at the event horizon. We
introduce L2-based Gevrey estimates for the wave equation that are intimately con-
nected to the existence of conserved quantities along null infinity and the event horizon.
We relate this new framework to the traditional interpretation of quasinormal frequen-
cies as poles of the meromorphic continuation of a resolvent operator and obtain new
quantitative results in this setting.
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1. Introduction

An important problem in the theory of general relativity is to classify the behaviour of
gravitational radiation emitted by dynamical solutions to the vacuum Einstein equations

Ric[g] = 0, (1.1)

where g is a Lorentzian metric and Ric[g] is the corresponding Ricci tensor. It is ex-
pected that a significant proportion of the gravitational radiation emitted by dynamical
black hole solutions to (1.1) may be dominated by quasinormal modes (QNMs), also
known as resonant states as they settle down to a stationary Kerr black hole solution
[54]; see for example the numerics in [19,23], the first experimental observations of
gravitational radiation in [76] and subsequent further analysis in [52]. QNMs are ex-
ponentially damped, oscillating solutions to linear wave equations on fixed stationary
spacetime backgrounds that are characterized by a discrete set of complex frequen-
cies called quasinormal frequencies (QNFs) or scattering resonances. They were first
observed in numerics of Vishveshwara [78] and have been a prevalent topic in the the-
oretical physics literature ever since, see the review articles [20,56,57] and references
therein.! QNMs may be viewed as the dispersive analogues of the normal modes that
dictate the dynamics of an idealized vibrating string.

If one assumes the dominance of QNMs in the gravitational radiation emitted at
late time intervals in the dynamical evolution of perturbations of Kerr black holes, it
is possible to entertain the notion of “black hole spectroscopy” [35,52] which is the
inference of properties of black hole end state from precise experimental measurements
of the most dominant QNFs in the gravitational radiation.

Recently, there have been significant advances towards a mathematical proof of the
Kerr Stability Conjecture in linearized settings, see [28,29,33,53,61] and also [2,45,
51].2 This conjecture asserts that initially small and localized metric perturbations of
sub-extremal Kerr black hole solutions to (1.1) should decay in time and the metric
should asymptotically approach a nearby Kerr solution. We note moreover a recent
related nonlinear stability result in the black hole setting: the stability of Schwarzschild
black holes under axisymmetric, polarized perturbations [55]. Stability is established by
showing that perturbations decay af least inverse polynomially in time.

In fact, early heuristic and numerical analysis of the linearized problem initiated by
Price [44,59,69] suggested that one can do no better than proving inverse polynomial
decay estimates, because at sufficiently late times, the leading-order behaviour should be
exactly inverse polynomial (this is sometimes referred to as “Price’s law”). The presence
of so-called polynomial tails in the context of the linear wave equation on asymptot-
ically flat, spherically symmetric black hole backgrounds has recently been proved in
a mathematically rigorous setting [4—6], where it has moreover been connected to the
existence of conservation laws along null hypersurfaces, first discovered by Newman

1 See Sect. 1.1 for further discussion regarding the precise definitions of QNM:s in the literature.

2 We refer to [32] for a comprehensive list of additional earlier foundational results in the direction of linear
stability.
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and Penrose at null infinity [65] and discovered in a different guise by Aretakis at the
event horizons of extremal black holes? [10—13].* In Fourier space, polynomial tails can
alternatively be related to the precise behaviour of resolvent operators corresponding to
the wave equation near the zero time frequency, see [48,59,75].

The presence of polynomial tails illustrates a clear contrast with the non-dispersive
setting of the wave equation on a compact domain, where normal modes form an or-
thonormal basis for the space of solutions and therefore characterize fully the dynamics
and in particular the late-time behaviour. Let us also note that polynomial tails are char-
acteristic to asymptotically flat spacetimes. Indeed, in the proof of the nonlinear stability
of slowly rotating Kerr—de Sitter black holes [49], it was shown that in the cosmologi-
cal setting there are no polynomial tails and the asymptotic behaviour of gravitational
radiation is instead determined by QNMs.>

It remains an open problem in the asymptotically flat setting to reconcile the expected
polynomial tails in gravitational radiation with the observed exponentially decaying and
oscillating QNMs. In order to discern the dominant behaviour in a given time interval
and to determine how this behaviour depends on the type of initial data, it is necessary
to establish in the first place a suitably robust and quantitative understanding of QNMs
in the context of the linear wave equation

Oev =0, (12)

with [, the Laplace—Beltrami operator corresponding to an asymptotically flat black
hole spacetime background (M, g).

In this paper, we present a novel, mathematically rigorous construction of quasi-
normal modes for (1.2) on extremal Reissner—Nordstrom black hole spacetimes.
Using this construction, we obtain new quantitative statements regarding the distribu-
tion of QNMs near the zero time frequency and the properties of infinite sums over all
angular frequencies. We provide in particular the first construction of QNMs on extremal
Reissner—Nordstrom and the first construction of asymptotically flat black hole QNMs
without the a priori assumption of fixed angular frequencies.

We moreover demonstrate for each extremal Reissner—Nordstrom quasinormal fre-
quency in a sector of the complex plane and for each sequence of Reissner—Nordstrom—
de Sitter spacetimes with cosmological constants A approaching zero and black hole
charges e approaching the extremal Reissner—Nordstrom value, the existence of a corre-
sponding converging sequence of Reissner—Nordstrom—de Sitter quasinormal frequen-
cies.® We present rough statements of the main theorems of the paper in Sect. 1.7; see
Sect. 4 for precise statements of the main results.

We restrict to extremal Reissner—Nordstrom only because of technical simplifications
resulting from the existence of simple, closed-form expressions for conserved quantities
along the event horizon and future null infinity.” The exploitation of the aforementioned
conservation laws along future null infinity and the event horizon plays a fundamental
role in the new type of L2-based “Gevrey estimates” that are introduced in this paper and
involve functions that are Gevrey regular at infinity and near the horizon, a notion that

3 See [14] for a comprehensive overview on extremal black holes.

4 The connection between the conserved quantities of Newman—Penrose and Aretakis was first observed
in [21,60].

5 We refer to Sect. 1.4 for a further discussion on the de Sitter black hole setting.

6 See Sect. 1.4 for further details regarding the role of A.

7 In the sub-extremal case, there are no conserved quantities at the horizon but conserved quantities at null
infinity are still present.
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first appeared in [43].% In future work, we hope to explore applications and extensions
of the methods introduced in the present paper to a quantitative study of QNMs in
sub-extremal Reissner—Nordstrom and Kerr spacetimes.

A key feature of the methods introduced in the present paper is the demonstration that,
in contrast with previous approaches, QNMs may be interpreted as honest eigenfunctions
of the infinitesimal generator of time translations acting on a suitable Hilbert space of
initial data, thus placing them on a similar footing to normal modes. This interpretation
was first introduced in the asymptotically anti de Sitter setting in [79]. In contrast with
the asymptotically (anti) de Sitter settings, where it is sufficient to consider (modified)
L?-based Sobolev spaces as Hilbert spaces, the Hilbert spaces in the asymptotically flat
setting are shown to consist of functions that are Gevrey regular at future null infinity
and at the future event horizon. The results of the present paper demonstrate that such
spaces are natural candidate initial data spaces for investigating the role of quasinormal
modes in the time evolution of solutions to (1.2). Note that weighted L2-based Sobolev
spaces are not well-suited for this purpose, see Theorem 4.5 and Remark 4.4 in [8] and
the discussion in Sect. 1.5.2.

1.1. Traditional approaches to defining quasinormal modes. The wave equation (1.2)
on a Reissner—Nordstrom spacetime with mass M and charge e (see Sect. 2.1 for
more details) takes the following form in standard (¢, r, 6, ¢) coordinates when re-
stricted to the coefficients 4, (¢, r) in a spherical harmonic expansion ¥ (¢, r, 6, ¢) =

Z(eNo,meZ,|m|§Z Yem (t, 1) Yo (0, @):

D= (DO W) = O} rum) = Ve rren | = 0. (13)
with
D(r)=1-2Mr~"+e*r 2,
Ve(r) =L+ Dr>D(r) +r~'DD'(r),

where r € (r4, 00) and D(ry) = 0. )
Solutions to (1.3) of the form Yy, (¢, 7) = e, (r) with s € C therefore satisfy
the following (time-independent) Schrodinger equation:

ﬁs,g(t/}gm) =0, where
A d?
Loo()i= 250 () = (7 + VO (), (1.4)

and we changed from the coordinate » to the radial coordinate r,(r), which satisfies
‘% = D! (see Sect. 2.1 for more details).

8 The spaces of Gevrey functions can be viewed as lying “between” smooth and analytic functions. See
Sect. 3.1 for a precise definition. Moreover, in the sub-extremal setting we expect Gevrey regularity at infinity
(i.e. regularity with respect to the variable % for large values of r, with r a radial coordinate) to be sufficient,
which allows us to include in particular all smooth and compactly supported data.

9 An alternative strategy to deal with the sub-extremal case in the setting of fixed angular frequency
solutions is to view the relevant operators on sub-extremal Reissner—Nordstrom as compact perturbations of
the analogous operators in Minkowski or extremal Reissner—Nordstrom and apply more directly the methods
of the present paper and the companion paper [40]. We refer to the companion paper [40] for related arguments
involving compact operator perturbations.
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Standard asymptotic analysis of second-order homogeneous ODE, see for example
Chapter 7 Sect. 2 of [66], implies that solutions to (1.4) must satisfy the asymptotic
behaviour . )

rrem ~ € or rirg, ~ e,
both as r, — oo and ry, — —o00, if s ¢ —k Ny, with k; > 0 a constant known as the
surface gravity of the event horizon, defined in Sect. 2.2.10 Here, the notation “~” means
that there exists smooth functions Phor +(r) near r = ry and Pipr+(p) near p = 0 and
constants Ay, A_ > 0 and B, B_, such that we can decompose

rvﬁgm (r) = Ape™"* Phop+ (r) + A_e™""* Ppor.—(r) near r = r, and, (1.5)

rvﬁgm (r) = Bye™"™* Ping o (1/r) + B_e ™™ Pyps.—(1/r) for large r. (1.6)

A key question that is relevant for the definition of quasinormal modes is whether the
above decompositions are unique (up to renormalization). Approach 1 and Approach 2
below provide two different paths towards obtaining uniqueness, which allows one to
define “ingoing” and “outgoing” solutions.

1.1.1. Approach 1: quasinormal modes as solutions to a boundary value problem with
convergent Taylor series If V, was compactly supported in 7,, then the solution s,
to (1.4) at sufficiently large |r,| could have be written a sum of ingoing and outgoing
travelling waves, so we would have made the canonical choice Phor,+ = Pint,+ = 1 for
large |ry|. In the seminal work [24], quasinormal modes were characterized as solutions
to (1.4) with Re s < 0 (corresponding to compactly supported analogues of V;) that are
“outgoing at infinity” (B4 = 0) and “ingoing at the horizon” (A_ = 0).

The choice of Ppor,+ and Piys+ (which determines the notions of “ingoing” and
“outgoing” by setting A_ = B, = 0) is, however, not so straightforward since V; is not
compactly supported. Indeed, let Piyr 4+ and Piyr,— be a choice of smooth functions as in
(1.6) and consider the following ingoing solution at infinity with respect to Piyf +:

PUom (r) = Bee™™ P o (1/7) = Bye " ("7 Ping 4+ (1/7)).

Define }’;inf,, (1/r) 1= ™7 Pinf +(1/r) and note that Iginf,, is also smooth in % (because
PRes < 0!). Then the above solution is actually outgoing with respect to i)dinf’f.

In the case of sub-extremal Reissner—Nordstrom, smoothness of Py +(r) in 7 at
r = r; does turn out to be a sufficient regularity condition to determine uniqueness
of Phor,+(r) up to renormalization, since e~ 25 Phor,— (with Ppor,— smooth) fails to be
smooth in r at r = ry (when s ¢ —«;Np). In extremal Reissner—Nordstrom, however,
e~ 28T Phor,— 1s smooth in r; see also Sect. 1.5.2.

One approach to deal with the non-uniqueness of the decomposition involving Pinf +
in the sub-extremal case is to demand more than smoothness by requiring sufficiently
rapid decay of the coefficients of the Taylor series of e*2%" *riem (r) in terms of z =
1 — ry/r around z = 0 so that the series converges at z = 1.!! This approach was
first carried out by Leaver [58] in the sub-extremal setting, following earlier ideas in the

01y e —k+Np, then there are still two linearly dependent solutions, but the asymptotic behaviour is
slightly different, see for example [66].

1 Note that convergence is guaranteed at z < 1 by analyticity. Indeed, analyticity of Phor 4+(r) atr = ry
follows from the fact that r = r4 is a regular singular point of the ODE in the sub-extremal case, whereas
r = oo corresponds to an irregular singular point and, a priori, only smoothness of Pjur _(1/r) can be

L _
guaranteed at - = 0.
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setting of the Schrodinger equation describing hydrogen molecule ions [15], and it forms
the basis of the continued fraction method for approximating quasinormal frequencies
numerically. Indeed, in [9] numerical evidence is given for the claim that the coefficients
in the Taylor series of the function ¢™"+ around z = 0 indeed do not decay sufficiently
rapidly so as to guarantee convergence at z = 1. Furthermore, [58] provides numerical
evidence that the set of s for which the Taylor series of ¢*2%" “rrem (r) does converge is
discrete.

The continued fraction method of Leaver was generalized to extremal Reissner—
Nordstrom in [67].

1.1.2. Approach 2: quasinormal modes as poles of the meromorphic continuation of the
resolvent A different approach to defining QNMs is to interpret solutions to (1.4) with
the desired boundary behaviour as analytic continuations in s of analogous solutions
with PRes > 0 instead of SRes < 0. Indeed, when PRes > 0, one can unambiguously
exclude the solutions with an undesired boundary behaviour ¢!+ (which now grow
exponentially in |r,|) by demanding r Vem tobe suitably bounded at r, = F00. Quasinor-
mal frequencies then correspond to zeroes of the analytic continuation of the Wronskian
corresponding to the two PRes > 0 solutions which are outgoing at infinity and ingoing
at the event horizon, respectively.'?

This approach was carried out by Bachelot—Motet-Bachelot in [16] in Schwarzschild
(where e = 0), and it constitutes the first mathematically rigorous result regarding the
definition and distribution of QNMs.!3

Theorem A [16]. Fix £ € Nq. The resolvent operator Ry(s) = EAS_é (L2(R) > L2(R)
is a bounded linear operator that is holomorphic in s when Re s > 0 and for any pair
(x, x") € CX(R), the operator

x' o Re(s)ox : L*(R) - L*(R)
can be meromorphically continued to C \ R<o.

One can define “quasinormal frequencies” to be the poles of R, (s) and corresponding
solutions to (1.2) to be “quasinormal modes”. Theorem A illustrates the discreteness of
the set of quasinormal frequencies in the complex plane away from the non-positive real
axis. We refer to [18] for additional results regarding the distribution of quasinormal
frequencies in a small conic sector around the imaginary axis when |s| — oo and
£ — oo.

A key feature in both [16,18] is the complex scaling method which uses analyticity
of the Schwarzschild metric components to analytically continue the coordinate r, away
from the real axis into the complex plane. This method was introduced in [1,17] and
extended to a very general, “black-box” setting, in [73,74].

Note that it is not clear from the above discussions that the notions of “quasinormal
modes” and “quasinormal frequencies” as prescribed in Approach 1 and Approach 2
actually agree (although there is ample numerical evidence, presented for example in
[16,58]). We refer to Remark 1.3 for a further discussion on this issue. In order to
differentiate between the two approaches, we will refer in this paper to the (heuristic)
QNMs/QNFs of Approach 1 as Leaver quasinormal modes/quasinormal frequencies
and the QNMs/QNFs of Approach 2 as resonant states/scattering resonances.

12 The analytic continuation of the Wronskian is only valid away from the non-positive real axis.
13 See also earlier heuristic work [34,58] providing a similar interpretation of QNMs.
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The resolvent operator with fRes > 0 can be defined without the restriction to
spherical harmonic modes of fixed £ in all Reissner—Nordstrom spacetimes, using basic
uniform energy boundedness properties from [10,25] and this definition can be extended
to more general classes of spacetimes satisfying suitable energy boundedness properties.

One would arrive at a natural extension of the notion of fixed ¢ scattering resonances
by considering the poles of a meromorphic continuation of this more general resolvent
operator to a suitable subset of the complex left half-plane. It does not follow from the
proof of Theorem A that such a continuation exists as, in particular, one cannot rule
out a priori accumulation points of scattering resonances with fixed ¢ as ¢ — oo!
We address this point in Theorem 4.2 in the setting of extremal Reissner—Nordstrom.

1.2. Quasinormal modes in time evolution. The relevance of the scattering resonances
described in Sect. 1.1 for the behaviour of general solutions to the initial value problem
corresponding to (1.2) becomes clear when one considers the Laplace transform of
solutions to (1.2). Let us consider for simplicity initial data of the form:

(W l=0, 3V li=0) € (C°((r4, 00), x SH)2.

The corresponding solutions ¥ to (1.2) are uniformly bounded in L°° in both sub-
extremal and extremal Reissner—Nordstrom (see for example [10,25]), so for Res > 0
the following Laplace transform is well-defined

o0
ws,r,e,w):f eyt 0, 9) d,
0

and after restricting to fixed spherical harmonic modes, it follows immediately that Vem
is the unique solution to

ﬁs,ﬁ(lﬁlm) = f@m»
with
Sem(rs ) = —=s - r¥remli=0(r) — 0 (rrem)li=0(r).

Note moreover that we can express

Izém = Re($)(fem)-

Let x, x' be cut-off functions in r, as in Theorem A such that x = 1 on supp fem,
then the following inverse Laplace transform can then be obtained via the Bromwich

integral:
so+i S

X' Yem(t,r) = lim >— (X" o Re(s) 0 x)(fem) ds,
S—o002mi Jgy—is
for any sp > 0.

By the meromorphicity property of x’ o R¢(s) o x, established in Theorem A, we can
deform the contour of integration in the Bromwich integral so that it enters the complex
left half-plane (while avoiding R<p), see Fig. 1 below.

Poles of R/ (s) in the left half-plane, which correspond to scattering resonances, will
contribute to the contour integral via the Residue Theorem as exponentially decaying
and oscillating terms, proportional to resonant states, with coefficients determined by

f(m~



1402 D. Gajic, C. Warnick

A 4

—15
Fig. 1. An example of a possible integration contour deformation. The dots indicate possible poles of the
resolvent operator

If one could determine the remaining contributions to the deformed contour integral,
one could in theory reconstruct the solution v, to determine the dominant contribu-
tions of various parts of the contour integral at sufficiently late times. See for example
the heuristics in Schwarzschild spacetimes in [58] where the resonant state contribu-
tion is compared to a polynomial tail contribution, which dominates the very late-time
behaviour [6].

The first observation of the appearance of exponentially damped and oscillating
functions in the time evolution of solutions to (1.2) was made in a numerical setting
in [78] and actually preceded the time-independent definitions of quasinormal modes
described in Sect. 1.1.

1.3. Open problems in the traditional approach. In order to make use of a contour
deformation for the inverse Laplace transform, as in Sect. 1.2, for determining the role of
quasinormal modes in the temporal behaviour of solutions to (1.2) arising from suitably
regular, localized and generic initial data, additional information is needed with regards
to the distribution of scattering resonances and further properties of the resolvent operator
R 0 (S ) .

In this paper, we will address the following points in the setting of extremal
Reissner-Nordstrom spacetimes:

(I) The resolvent operator Ry (s) is only defined for fixed £. What happens when
summing over all spherical harmonic modes? Is it possible to meromophically
continue R(s) = Yy, Re(s)?
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(IT) What does the distribution of scattering resonances look like near s = 0?

(III) The L2-norm of resonant states along {t = const.} slices is infinite, due to their
exponential growth in |r,| as |rx| — oo (see Sect. 1.1).

av) It is temptmg to view scattering resonances as eigenfunctions of the operator
[Zq ¢+s2, with eigenvalues s2, in analogy with normal modes. However, in contrast
with normal modes it is not clear what the corresponding Hilbert spaces should
be (see (IID)).

(V) By Sect. 1.2, one has to restrict to initial data that are supported away from the
horizon and infinity in order to reconstruct ¢, using the meromorphic continu-
ation of Ry (s). There is no physical motivation for solely considering initial data
supported away from the horizon.

(VD) Since Ry (s) has to be multiplied with cut-off functions in order for a meromorphic
continuation to be well-defined, the contour deformation of the inverse Laplace
transform can not be used directly to provide information about the behaviour in
time at the horizon and null infinity.

In the companion paper [40], we moreover address:
(VII) What is the relation between Leaver QNFs and scattering resonances?

In the setting of Schrodinger operators L ¢ as in (1.4) with more general V;, we address
also in [40]:

(VIII) Itis possible to define quasinormal modes when the potential V, in (1.4) behaves
to leading-order like rlz, but is non-analytic in the variable %?

See also the recent work [41] for progress towards addressing (VIII) using complex
scaling methods.

1.4. Comparison with the cosmological semng A key difficulty in determining the
regularity class of homogeneous solutions to EY ¢(Yrem) = 0, that is required to be able
impose the desired outgoing boundary condition, is the slow 7.2 fall-off of V; when
r« — 00; see Sect. 1.1. A similar difficulty is additionally present in the extremal case
(le| = M) when r, — —o0, in contrast with the sub-extremal (Je| < M) case where
Ve ~ €™ as r, — —o0, with «; the surface gravity of the event horizon (see Sect.
2.2). This exponential fall-off is intimately related to the presence of a red-shift effect
along the event horizon at » = r4, see [30].

In order to avoid dealing with the difficulty present at r, = 0o, one can consider a
different problem by replacing “infinity” with a cosmological horizon along which there
is an additional red-shift effect (see for example [32]).

Indeed, we can consider modified Reissner—Nordstrom metrics by adding a cosmo-
logical constant term depending on an additional parameter A > 0:

A
D(r)y=1- 2Mr 42 — grz, so that

—KeTs

Vi ~e as ry — 00,
where k. > 0 (the surface gravity of the cosmological horizon) and r € (ry, r.) for
some r. > 0 with D(r;) = 0 and D(r.) = 0. The corresponding spacetimes are called
Reissner—Nordstrom—de Sitter spacetimes and they are solutions to the electrovacuum
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Einstein—-Maxwell equations with positive cosmological constant, see for example [46].
See Sect. 2.1 for more details.

Geometrically, the A-modification amounts to replacing null infinity with a Killing
horizon at finite radius r = r. and as a result, when «, k. > 0, there is a red-shift
effect along both the event and the cosmological horizon. From an ODE perspective,
the homogeneous ODE [,As, ¢ (@gm) = 0 has an irregular singular point at r, = co and a
singular point at r, = —oo that is either regular (k4 > 0) or irregular (k4 = 0) in the
A = 0 case, whereas in the x4, k. > 0 (A > 0) case both singular points are regular
singular points.

In the x4, k. > O setting it is possible to define scattering resonances as poles of the
resolvent operator for the (massive) wave equation as in Theorem A, without requiring a
decomposition into spherical harmonics, addressing (I) of Sect. 1.3 inthe A > 0 setting;
see [18,22,36,63]. See also the very general set-up developed by Vasy for defining
scattering resonances in the A > 0 setting [77], where the red-shift effect is indirectly
also exploited. The role of scattering resonances in the A > 0 setting on the time-
evolution of solutions to the wave equation was moreover investigated in [37].

The above works use microlocal methods that have previously been applied to study
scattering resonances in a variety of settings (see [38] for a detailed overview of the
corresponding literature) and they are closely related to the study of resonances on
asymptotically hyperbolic Riemannian manifolds [62]. The above results address more-
over (I), (V), (VD inthe A > 0 setting. Let us mention finally that quasinormal modes in
Kerr—de Sitter spacetimes play a fundamental role in the proof of the nonlinear stability
of Kerr—de Sitter in [49].

A different perspective on QNMs was taken in [79], and when applied to the setting
of Reissner—Nordstrom—de Sitter, it results in the following theorem that addresses all
the points (I)—(VI) above in the A > 0 setting:

Theorem B [79]. Let k € Ng and ¥ be a hypersurface in sub-extremal Reissner—
Nordstrom—de Sitter that intersects both horizons to the future of the bifurcation sphere.
Then the infinitesimal generator of time translations'* A : HM(Z) x HY(Z) D
DA — H¥(Z) x HN(D) is a well-defined (unbounded) closed, linear operator
and:

(1) The operator A has pure point spectrum AkQ Npin

1
{s € C|Res > — (5 +k) min{/q,/cc}},

with | keNo AkQ ~r C Cadiscrete subset, and the corresponding eigenfunctions are
smooth.
(i1) For every scattering resonance there exists a sufficiently large k such that the scat-

tering resonance is an element of AkQ v and there exists a subspace Hi(X) <

H**1(2) x HX(Z) such that the union over k of the set of eigenvalues of the restric-
tions A|ers (x) coincides precisely with the total set of scattering resonances.

14 1f one denotes with S(1): Hk+1 () x H* () —> Hk+ () x Hk(E) the semigroup of time translations
along a timelike Killing vector field that map initial data to the corresponding solution to (2.9) and its time
derivative in Reissner—Nordstrom—de Sitter along a time slice at time 7, then we can write S(7) = erA, with
A a densely defined operator. See Sect. 7 for more details.
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We will refer to |, eNo AkQ y F as regularity quasinormal frequencies and the cor-

responding eigenfunctions as regularity quasinormal modes.!?

See also the related results in [77], where, in addition, high frequency estimates are
obtained. We note that in [79], a general asymptotically anti de Sitter A < 0 setting is
considered rather than Reissner—Nordstrom—de Sitter, but the methods can be straightfor-
wardly applied to the A > 0 Reissner—Nordstrom—de Sitter setting to arrive at Theorem
B; see also Appendix B. See [42] for an alternative consideration of the A < 0 setting
and [50] for a related construction of “quasimodes” in the A < 0 setting.

We emphasize that Theorem B addresses (III) and (IV) by demonstrating that the
restrictions of quasinormal modes to hypersurfaces intersecting the horizons to the fu-
ture of the bifurcation spheres (rather than hypersurfaces of constant ¢, which intersect
the bifurcation spheres) can be viewed as eigenfunctions in suitable L?-based Sobolev
spaces.

Furthermore, since normal frequencies can also be interpreted as eigenvalues of A
(on a Sobolev space), corresponding to a non-degenerate wave equation on a spatially
compact domain, Theorem B moreover allows one to view normal modes and (regularity)
quasinormal modes as the same kind of objects.

We note that the proof of Theorem B relies fundamentally on the red-shift estimates
and the enhanced red-shift!® estimates near both horizons, developed in [30]. Since there
is no red-shift at null infinity in the A = 0 setting, and additionally no red-shift at
the event horizon in the extremal (|e| = M) case, the methods of Theorem B do not
apply in the present paper!

The above results in the cosmological setting motivate another problem that will be
addressed the present paper:

(IX) How do cosmological quasinormal modes and frequencies behave in the limit
Al 0?

1.5. Asymptotically hyperboloidal and null foliations. Theorem B demonstrates how,
rather than considering hypersurfaces of constant ¢ in Reissner—Nordstrom—de Sitter
(that intersect the bifurcation spheres), it is more natural to consider hypersurfaces inter-
esting the event and cosmological horizons to the future of the bifurcation spheres when
investigating candidate function spaces containing regularity QNMs. In this section we
consider analogous foliations of Reissner—Nordstrom by hypersurfaces that intersect the
event horizon and are moreover asymptotically hyperboloidal or null (they “intersect”
future null infinity in the conformal picture; see Fig. 2).

1.5.1. Uniform decay estimates A foliation of stationary asymptotically flat spacetimes
by asymptotically hyperboloidal or null hypersurfaces (intersecting the event horizon to
the future of the bifurcation sphere), rather than the asymptotically flat foliation by 7-level
sets is well-suited for deriving uniform decay estimates for solutions to (1.2). Indeed,
while the energy associated to the vector field generating the time translation symmetry

15 Note that in the specific case of Reissner—Nordstrom—de Sitter, by applying standard ODE theory, one can
appeal to regularity of mode solutions to show that for —s ¢ x4+ Ng Uk Ny, the regularity QNFs agree precisely
with the scattering resonances. In the case of exact de Sitter spacetimes, the set of scattering resonances is
empty but the set of regularity QNFs is non-empty and coincides with —«x N, with ¥ > 0 the surface gravity
of the de Sitter horizon, see [79] and the toy model problem discussed in Sect. 1.6.

16 Here, “enhanced” refers to an increase of the strength of the red shift effect when considering higher-
derivative norms.



1406 D. Gajic, C. Warnick

Fig. 2. A Penrose diagrammatic depiction of examples of an asymptotically null foliation {¥7};>0 and an
asymptotically hyperboloidal foliation {Z/ };>0, compared to a foliation of asymptotically flat -level sets

is conserved along t-level sets, when considered along asymptotically hyperboloidal or
null hypersurfaces, the energy is generically decreasing in time due to energy radiation
through the event horizon and future null infinity, see Fig. 2. We refer to [7,31,33,64,71]
and references therein for energy decay results along asymptotically hyperboloidal or
null hypersurfaces in the asymptotically flat setting. Of particular relevance to the setting
of the present paper is the Dafermos—Rodnianski r?-weighted energy method [31] and
the extended methods in [5,7], which relate the existence of hierarchies of r-weighted
energy estimates along asymptotically hyperboloidal or null hypersurfaces to polynomial
energy time-decay rates.

In the context of extremal Reissner—Nordstrom spacetimes, energy and pointwise
decay estimates for solutions to (1.2) were first obtained by Aretakis in [10, 11]. Aretakis
presented a novel instability phenomenon: transversal derivatives of waves along the
event horizon generically do not decay and higher order transversal derivatives blow
up asymptotically in time along the horizon. The mechanism for this instability is the
presence of conserved quantities along the spheres foliating the event horizon.

The conserved quantities discovered by Aretakis are intimately connected to the con-
served quantities along future null infinity that were discovered by Newman and Penrose
[65] and are present in much more general, stationary, asymptotically flat spacetimes.
Indeed, one can explicitly relate the conserved quantities at the horizon with the con-
served quantities at null infinity via a conformal transformation that maps the horizon
to null infinity [27], see [21,60].

In [5] further results were obtained regarding (1.2) on extremal Reissner—Nordstrom,
exploiting heavily the aforementioned connection between null infinity and the event
horizon and the presence of conserved quantities along both. In particular, the precise
leading-order behaviour in time was obtained for solutions to (1.2), demonstrating the
presence of polynomial tails, first predicted in heuristics and numerics [60,68,72]. See
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also [6] for an illustration of the importance of conserved quantities along future null
infinity in the sub-extremal setting.

1.5.2. Smoothmode solutions In[8], ascattering theory is developed in extremal Reissner—
Nordstrom involving non-degenerate energies. As an application of this theory, it is
shown that for any smooth, superpolynomially decaying scattering data along the event
horizon and future null infinity, there exists a corresponding unique solution to (1.2) that
is smooth along an asymptotically null foliation and is moreover smooth with respect
to the coordinate % at r = oo. In particular, one can construct smooth solutions in the

above sense (with respect to %) and with the exact time dependence e*’ for any s € C
with SRe s < 0. We refer to such solutions as mode solutions.

If we were to consider the infinitesimal generator of time translations A, as in The-
orem B, acting on a dense subset of a naturally r-weighted L?-based Sobolev space of
arbitrarily high order in extremal Reissner—Nordstrom, the point spectrum of .4 would
therefore include the entire open left half-plane!

The above result illustrates that weighted Sobolev spaces are ill-suited as choices for
Hilbert spaces for which the point spectrum of .4 coincides with the set of quasinormal
frequencies. Indeed, if we want to interpret all eigenfunctions of A as regularity QNMs
or we demand at least discreteness of the set of eigenvalues, we need to exclude the above
smooth mode solutions, but we cannot achieve this by simply restricting to a Sobolev
space of suitably high regularity.

An alternative motivation for the failure of weighted Sobolev spaces as candidate
Hilbert spaces, which applies also to sub-extremal Reissner—Nordstrom, can be found
at the ODE level by considering the functions Ppor,+ and Piyf + appearing in (1.5) and
(1.6). Recall that both P, and g7« Pint 4+ are smooth in 1/r for large r, whereas
Phor,+ 1s smooth in r near r = r4, but e 25" Phor,— 1s not when |e| < M. Hence, for any
frequency s with Res < 0, we can restrict to homogeneous solutions with boundary
behaviour Py + near r = r, to obtain a smooth solution in 1/r near r = co. As aresult,
the corresponding radiation field r,,, with ¥y, a solution to (1.2), is smooth along
suitable hyperboloidal/asymptotically null hypersurfaces intersecting the horizon to the
future of the bifurcation sphere.!” This implies that, in contrast with the A # 0 settings,
a restriction to an arbitrarily regular Sobolev space will also not ensure discreteness of
the set of eigenvalues of A in the sub-extremal (A = 0) setting.

The above observations may instil doubts on the relevance of QNMs when consider-
ing the time evolution of solutions to (1.2) in the A = 0 setting, as in Sect. 1.2, arising
from generic smooth initial data along an asymptotically hyperboloidal or null slice,
with 71 moreover smooth at infinity with respect to the coordinate } Indeed, it is not
immediately clear in this setting what singles out quasinormal mode solutions over other
smooth mode solutions with arbitrary frequencies s. See, however, Remark 1.4 for a dis-
cussion on why QNMs are relevant when considering smooth and suitably localized
initial data.

1.6. A toy model. In this section, we briefly discuss a toy model ODE which illustrates
the key differences between the A = 0 and A > 0 settings and motivates the necessity
of Gevrey regularity. We discuss this toy model at length in a companion paper [40].

17 When |e| = M, the mode solutions corresponding to any homogeneous solution to the ODE are smooth
at the horizon and at infinity with respect to 1/r, which is consistent with the scattering theory viewpoint in
[8] where exponentially decaying data along future null infinity and the event horizon that lead to smooth
solutions can be chosen independently.
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Consider the following Dirichlet problem:

_ 4 2y du | du
L (u) := e ((K)C +x )dx> +sdx = f forx €[0, 1],
u(l) =0, (1.7)

with f a suitably regular function on [0, 1], s € C and ¥ > 0. The parameter « plays
the role of either «., the surface gravity of the cosmological horizon, or «,, the surface
gravity of the event horizon. When « = 0, the above equation models the equation for
the spherical mean of ryr with ¥ a mode solution to (1.2) near infinity, with x taking on
the role of %, or near the event horizon of extremal Reissner—Nordstrom withx = r— M,
where M is the radius of the event horizon. The k > 0 case models the A > 0 setting
with v a solution to the conformally invariant Klein-Gordon equation (2.9).'8

One can easily verify that in the « > 0 case, any solution to L ,(u) = 0 can be
expressed as a linear combination of the following solutions:

ui(x) =1,

o= (52)

Note that for Res < 0 and s ¢ —«N,' we have that u, € C*([0, 11) \ C¥*1([0, 1]) for
k = |k~ "|9Res|], whereas u; € C*°([0, 1]). Hence, by restricting to C”([0, 1]), with
n € N suitably high depending on fRe s, we can rule out the existence of homogeneous
solutions to the Dirichlet problem and guarantee uniqueness of solutions to Ly . (#) = f.

In the « = O case, any solution to L , (1) = O can be expressed as a linear combi-
nation of the following solutions:

up(x) =1,
usz(x) —=ex.

If Res < 0, both solutions are smooth, so restricting to C" or C* spaces will not
guarantee uniqueness of Ly (#) = f in this case. Since u; fails to be analytic at x = 0,
one way of obtaining uniqueness of solutions to Ly ,(u) = f is to restrict to the space

of analytic solutions. However, assuming a solution u exists to (1.7) with f = 1, we can
dk

<4 k=0,...,nandn € Ny, to obtain
dx*

apply the Eq. (1.7), commuted with

u™V0) = (=1)"s "Dt + D1,

which implies that u cannot be analytic at x = 0, so existence fails in the analytic
category. The behaviour of # (0) in fact suggests instead the larger space of (o, 2)-
Gevrey functions, with o € R. ¢, which are smooth functions such that moreover

n

dx"

sup ul (x) < Co™(n))?

xe[0,1]

18 1n fact, if we replace s by 2s and k by 2k, the equation is precisely the equation satisfied by the spherical
mean of the radiation field on an exact de Sitter spacetime or the Minkowski spacetime, but with a reflecting

boundary condition at r = (1 +r¢ ! ylandr =1, respectively; see (6.5).
19 When s € —«N, both u1 and up are smooth and —«N may be thought of as regularity quasinormal
frequencies which are not scattering resonances. See also the discussion in Sect. 6 of [79].
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for all n € Ny and for some constant C > 0.20

Indeed, u; is not (o, 2)-Gevrey if o > |*Res| (see Lemma A.1. of [40]). Hence,
loosely speaking, the role of the exponent k in C* spaces, that plays an important role in
the k > 0 setting, is taken on by o in the ¥ = 0 setting. Note that in the present paper it is
more convenient to work with an alternative notion of Gevrey functions, using L>-norms
rather than L°°-norms, see Sect. 3.

1.7. Main theorems. We state below rough versions of the main theorems of the paper:

Theorem 1 (Rough statement). The set of eigenvalues of the infinitesimal generator of
time-translations corresponding to the wave equation on extremal Reissner—Nordstrom,

A:H— H,

with H Hilbert spaces of initial data that are 2-Gevrey regular at infinity and at the
horizon and are supported on suitable asymptotically null hypersurfaces, is discrete
when restricted to the sector

{larg(z)| < %rr} cC.

Remark 1.1. We do not expect the sector {|arg(z)| < %n} to be optimal. In the context
of a toy model equation, we in fact obtain a slightly larger sector in [40].

Theorem 2 (Rough statement). There exists subspaces Hyes < H so that the union of
eigenvalues of operators of the form

A Hyes — Hies,

restricted to { larg(z)| < %n } agree precisely with poles of the meromorphic continuation
of the resolvent operator corresponding to the constant t foliation in this sector.

We refer to the eigenvalues of A : H — H in the sector {|arg(z)| < %JT} as regu-
larity quasinormal frequencies and the eigenvalues of A : Hyes — Hies as scattering
resonances, in analogy with the nomenclature introduced in the cosmological setting
in Sect. 1.4, and the corresponding eigenfunctions as regularity quasinormal modes and
resonant states, respectively. See also the more precise statements in Definitions 4.1 and
4.2.

Theorem 3 (Rough statement). For each regularity QNF s and corresponding QNM
Iﬁs in extremal Reissner—Nordstrom, there exists a sequence of sub-extremal Reissner—
Nordstrom—de Sitter spacetimes approaching extremal Reissner—Nordstrom with a cor-
responding sequence of regularity QNFs approaching s and regularity QNMs approach-
ing 1/}5 with respect to the norm on the Hilbert space H.

See Theorems 4.1, 4.2 and 4.4 for more precise versions of Theorems 1, 2 and 3,
respectively. Theorems 1 and 2 address the points (I) and (II[)—~(VI) in Sect. 1.3 and
Theorem 3 addresses (IX). In [40], we address additionally (VII) and (VIII).

Remark 1.2. Theorems 1 and 2 illustrate that we can maintain the interpretation of quasi-
normal modes as eigenfunctions of A when A = 0, with the key difference with the
A > 0 setting being that we need to adapt out choice of function spaces by restricting to
suitably Gevrey regular functions at infinity and at the horizon; see Sect. 3. In fact, these
function spaces will allow us to simultaneously also consider the case of small A > 0
and derive estimates that are uniform in (small) A.

20 Note that a similar estimate with (1!)2 replaced by n! (1-Gevrey) would guarantee analyticity of u.
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Remark 1.3. Theorems 1 and 2 address the relation between Leaver QNFs and scattering
resonances (see Sects. 1.1.1 and 1.1.2) by presenting a “third” notion of regularity QNFs
as eigenvalues of the infinitesimal generator of time translations for the wave equation
on suitable Hilbert spaces (Theorem 1). By Theorem 2, scattering resonances form a
subset of the set of regularity QNFs. In [40], we show that, in the setting of a toy model
problem, Leaver QNFs also form a subset of the set of regularity QNFs. The present
paper and [40] therefore suggest that Leaver QNF's and scattering resonances can be
related via regularity QNF's, which would be a resolution to problem (VII).

Remark 1.4. Another consequence of Theorems 1 and 2 is that the smooth mode solutions
with arbitrary frequencies s, which are mentioned in Sect. 1.5.2, do not play a role when
considering initial data with suitable Gevrey regularity at infinity and at the horizon in
the extremal setting. Moreover, we do not expect the Gevrey regularity condition at the
horizon to be necessary in the sub-extremal setting; instead, we expect it can be replaced
by finite Sobolev regularity at the horizon. Note that Gevrey regular data at infinity
include in particular data with finite Sobolev norms that are compactly supported.

If we restrict to solutions with a fixed angular frequency, we obtain an additional
statement which addresses (II) in Sect. 1.3.

Theorem 4 (Rough statement). If we restrict to a fixed angular frequency £, there exists
a radius 8¢ > 0 such that all the corresponding the regularity QNFs are supported
outside of the ball Bs,.

See Theorem 4.3 for more a precise statement.

Remark 1.5. While Theorem 4 guarantees that QNFs supported on a bounded set of
angular frequencies are supported away from the origin in the complex plane (when
restricted to an appropriate sector of the complex plane), it remains an open problem to
rule out an possible accumulation of QNFs at the origin as £ — oo.

1.8. Overview of paper. We give in this section an overview of the remainder of the
paper.

e In Sect. 2, we introduce the necessary geometric notions and we set the notation
that is used in the rest of the paper.

e In Sect. 3, we introduce the main Hilbert spaces that play a role in the paper and we
define the precise notions of Gevrey regularity that we will use.

e Equipped with the notions and notation from Sects. 2 and 3, we then state precisely
the main theorems of the paper in Sect. 4.

e Before proving the theorems of Sect. 4, we present the structure of the main proofs
in Sect. 5, highlighting the main new ideas and techniques that are introduced in this
paper.

e In Sect. 6 we derive the main equations that we will use to prove estimates.

e In Sect. 7 we derive the necessary estimates in physical space that allow us to make
sense of the infinitesimal generator of time translations A on the desired Hilbert
spaces.

e In Sects. 8-10, we derive the main frequency space estimates of the paper.

e We apply the estimates from Sects. 8—10 in Sect. 11 together with functional analytic
arguments to arrive at the desired properties of .A.

o Finally, we relate the eigenvalues of A to scattering resonances in Sect. 12.
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2. Geometric Preliminaries

In this section, we review elementary properties of the three-parameter family of Reissner—
Nordstrom—de Sitter spacetimes. We moreover introduce coordinate charts that will
allow us to treat uniformly spacetime backgrounds with non-negative cosmological con-
stants.

2.1. Reissner—Nordstrom(—de Sitter) spacetimes. We treat both the cases A > 0 and
A = 0. We start by considering the Lorentzian manifolds (M As &A), With M A=
Ry X (ry, re)y x S* and:

gA = —D(r)dv2 + 2dvdr + rz(afe2 + sin® Odgoz),

where
2M & A,
Dry=1—-—+—>5— 571", (2.1)
r r 3

M > 0,e € Rwith |e] < M, A > 0,andr. = re(e, M, A) and ry = ry(e, M, A) the
largest and second-largest roots of the quartic polynomial »>D(r), respectively, which
we will assume to be distinct; see Sect. 2.2 for further properties of the roots.

Given our choice of coordinates, it is immediate that we can embed M, into the
manifold-with-boundary M + = Ry X [ry, relr X S2, such that

IMp,=H UC,

where H* = {r = r1} C M 4 is the future event horizonand C~ = {r = r.} C M+
is the past cosmological horizon; see Fig. 3. Both H* and C~ are null hypersurfaces and
Killing horizons with respect to the Killing vector field T = 9, on M, 4. We moreover
take 7 to fix the time-orientation on My ;.

Alternatively, we can introduce a coordinate u = v —2r, on /W A, Where 57’* = D(r),
and consider the coordinate chart (u, r, 8, ¢) on ./\71\ =Ry, X (ry, re)r X S?:

ga = —D(r)du® = 2dudr + r>(d6* + sin> 6dp?).

U+M

Note that we can also introduce ¢t = to cover M A with standard static coordinates

(t,r,0,p).
We can now embed M A into the manifold-with-boundary M _ = R, x [r, relr X
S?, such that the boundary can be decomposed as follows:

IMp_ =H UCH,

where H™ = {r = ry} C Mx _ is the past event horizon and C* = {r = r.} C My —
is the future cosmological horizon. Both H* and C™ are null hypersurfaces and Killing
horizons with respect to the Killing vector field d,,. Furthermore, 9, = T on M.

The main manifold under consideration in this paper is

My = My UHYUCT,

which cannot be covered by either a single (v, r) or (u,r) chart. See Fig. 3 for an
illustration.
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(A) Sub-extremal (B) Sub-extremal (¢) Extremal
Reissner—Nordstrom—de Sitter. Reissner—Nordstrom Reissner—Nordstrom

Fig. 3. A Penrose diagrammatic representation of the embedding of M A in the Reissner—Nordstrom—de Sitter
and Reissner—Nordstrom spacetimes in consideration

Now take A = 0. The corresponding two-parameter family of Lorentzian manifolds,
the Reissner—Nordstrom family (Mo, go) is defined as follows: My = Ry, x (ry, 00), X
S? and:

g0 = —D(r)dv2 +2dvdr + rz(dQ2 +sin® 9d<p2),

where
2M &2
Dir)y=1-—+—.
r r
As above, we can extend M by embedding it into a manifold with boundary, working
in either (v, r) or (u, r) coordinates (defined as above, replacing r. with 00.) to obtain

Mo = ./\70 UH*.

In contrast withthe A > 0, the boundary of M has only one connected component; there
is no cosmological horizon present. Formally, one may think of “{r = oo}” as replacing
C* above. This can be actually made precise by introducing a further extension of My;
see Sect. 2.3 for more details. See Fig. 3 for an illustration.

In fact, it is possible to extend M, 4 and My 4 to r < ry. The additional region
in the extension is called the black hole region and it will not play a role in this paper.
Similarly, in the A > O case it is possible to extend M _ to r > r.. The additional
region in this case is called the cosmological or expanding region.

2.2. Further properties of the metric. Let A > 0. We will denote [> = % Then it can be

shown that the polynomial r2D(r) has fourroots rg < 0 < r_ < ry < re, withr— =0
ife=0andr_ > 0if e # 0. The roots r. and r, are the area radii at the cosmological
horizons C* and C~ and the event horizons H* and H ™, respectively. If ¢ # 0, the root
r_ corresponds to the area radius at the inner horizon. We may write

D) = —172(r —re)(r — ro)(r — ro)(r — ro). (2.2)
By comparing (2.2) with (2.1), we obtain the following identities for ., r4, r—, ro:

ro=—(rc+ry+r_),
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2= r? + rf + 12 rr rore e,
2MP? = rcz(r+ +r_)+ rf(rC Fr ) 1 (ry +re) + 2rerar_,

PP = (re+ry+r_)reryr_.

Using that the surface gravities corresponding to the cosmological horizon and event

horizon are given by k. = —3D'(rc) and k4 = 1 D'(r,), respectively, we obtain:
11
Kc:_2_2(rc‘_r+)(rc_r—)(2r6+r++r—)’ (2.3)
215 rf
11
Ky = —2—2(1’c —r)(ry —r2)Qry+re+ro). (2.4)
20 r

Let A = 0. Then the polynomial r2D(r) has three roots rp < 0 <r_ <r; and

r0=_(r++r7)7
2M =ri+r_,
62=r+r7.

Suppose we fix eand M, thenry (e, M, A) — ry(e, M,0)andr_(e, M, A) — r_(e, M, 0)
as [ — oo. In particular, ry and r_ stay bounded as [ — oo. Therefore

— =1

[
as A | 0. It then follows that k.(e, M, A) — Oas A | O and xy(e, M, A) — ky(e, M)
as A | 0.

The main spacetimes of interest in this paper are the extremal Reissner—Nordstrom
spacetimes, which correspond to the limits A | 0 and ¢> 1 M?2. However, we will
consider the bigger Reissner—Nordstrom—de Sitter family (with suitably small «, and
k) in order to arrive at the desired estimates in extremal Reissner—Nordstrom.

2.3. Conformal radial coordinates. Let us introduce the conformal radial coordinate

pe = "==, or equivalently, p. = % — —. Then, dp‘ = —r~2 and the metric g, takes
c

the following form in (u, pc, 6, @) coordmates

ga = 2 (_D(r)r_zduz + 2dudp; + d6? + sin® 9d§02)

1

e ’*)andr— —.

withu € R, p. € (0, p
Using the expresswn for ke in (2. 3) we can further write
Dr* =2kcpe+ (1 = AP)p2 + AV pl + AP pl. (2.5)
where
A(z) =3[ [rc(hr +r_)+ rf + r% —-r lr+r (ry +r_ )]

c

3

L+ B+ SrEr_ + 5r%r+),

A® — —(rp+ro)+1 2(4rcr+r_ +r
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Indeed, this follows from a Taylor expansion of Dr~2(2 in the variable pc around p. = 0,
using that Dr~22 is a polynomial in »~! and therefore also in p,:

Dr 22 = g(l — YA =Y =Y
=repe(l —rer ™D —ror DA+ (e + 7 +r2)r™h
=2 (re = ro)(re = ) Qre - 4 14)pe
+ (7’62 — 22 =272y = 2 ) 35 o + ) o2
+ (—rc(r_ + r+)2 — rcz(r_ +ry) +3r_re(r— + r+)) pg’ +r_ryre(re +r— + r+)p?
=2k LPpe+ (1 — APV pZ + APl + AP}

From the above expresswn for (Dr~ 2)(,oc) it follows that by considering the conformal
metric gp =1~ g A for A > 0, we can embed the Lorentzian manifold (/\/l A, &) into
the manifold-with-boundary (Ma, ga), with My =R, x [0, L= : ) pe X SZIfA >0,

’ Tl

we have that BMA = {p. =0} = C*.Inthe A = 0 case, we define
=9 Mo = {pc = 0},

and we refer to Z* as future null infinity. Note that 7% is a degenerate Killing horizon,
i.e. it has vanishing surface gravity with respect to the conformal metric g4 .
In order to be able to treat the spacetime regions near H* and C+ simultaneously,

we introduce another radial coordinate that plays a similar role to p.. Let py = rr =, or

equivalently, p; = Z - Then, dd”r* = r~2. Wecan change from (v, 7, 6, ¢) coordinates
to (v, P+, 0, ) coordmates on M, 4 and then it is immediate that

dMas=H" = (p = 0)

for both the A > 0 and A = 0 cases. Note that in this case there is no need to pass to a
conformal metric and extend the spacetime as the original metric g, is well-defined at
H* when A > 0.

Using the expression for « in (2.4), we can write
Dr 2 =2kepp+ (1 = AP pl + AP o2 + AW o, (2.6)
where

AR =372 [r+(rc wro) w2t = e (re + V—)] ;
A(3)_(r +7r_ )_ |:4rcr+r7+r3+r3+5r3r7+5r3rc],

AG = ¢,
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This follows from a Taylor expansion of Dr 212 in the variable p+ around p; = 0, using
that Dr—21% is a polynomial in ! and therefore also in p,:

Dr 2P = — %(1 e [ B s Yo v
= —repe(L—rer™ DA =ror DA+ (e +r-+r9r™)
=1 e = 1) (e — 1) Qre e +ro)py
+ (—2r3 —2r% + rer— —2(re +r_)ry + rf) pf
+ (—3rcr_ (Fe+r—)+re(re — r_)2 + rf(rc + r_)) pi +rer—ri(re+r— + r+)pi
=2, LCpr+ (1= AD)Pp; + AD Pl + AP}

It is convenient to introduce the following modification of p; and p.. We will employ
the notation p when we do not discriminate between p, and p.. Let

p=—L
1—Mp’
Then 15 |
P
0, = —0; = ———0;.
P dp T (= Mp)?
Furthermore, ~
p = P
1+Mp

Note in particular that 5(0) = 0.

2.4. Foliations. We will construct a suitable spacelike hypersurface Xg in M4 .
In order to avoid ambiguity when passing from (v, r) to (u, r) coordinates, we intro-
duce the following null vector fields:

D
L=T+ —0,,
2
D
L=- 38”
)3 =r23,,

with respect to (v, r) coordinates. The vector fields L and L take the following form
when expressed in (u, r) coordinates:

Let us also define the rescaled vector field
L= —rza,.

Consider a piecewise smooth function h,, : (ry,r.) — R, where r. < oo, satisfying
the following properties:
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i) 0 < h,,(r) < 555,
(i) |h+(r)| < Coin {r < ry +minfry, 5"}),
(iii) (22D~ = h,)(r)] < CoM? in {r > ry + min{r,, %5},

with Co > 0 a numerical constant.

It will be useful to consider the following special choice of &,,: take /,, to be a
piecewise smooth function, with A, (r) = 0 when r < r((p4+)o), A, (r) = 2D~ ()
when r > r((pc)o) and 0 < A, (r) < 2D~ smooth when r((py)o) < r < r((p+)o).
Note that /4, is therefore discontinuous at r = r((p4+)o) and r((oc)o), and it is smooth
everywhere else.

We define A, (r) = 2D~ (r) — hy, (r) and introduce the vector field

2 2
Y=—=L+h,T==L—h,T.
D D

Note that the properties (i)—(iii) above imply that ¥ must be spacelike or null everywhere.
Lety : (r4,rc) = Ry X (r4, re)r be the unique function that satisfies:

(a) lim,,, y(r) = (vo, ry), with vg > 0,
(b) &Ly =Y.

Then (y, 6y, ¢o) defines an integral curve of Y in My foreach 6y € (0, ), o € (0, 27)
that has a limit point (vg, 7+, 6o, go) € H* in (v, r) coordinates.

The hypersurface o = y x S> C My is null or spacelike everywhere and has a
boundary that intersects H* at H* N {v = vp}.

Let us denote with vy, (r) the value of the v coordinate along X¢ and uyx,(r) the

value of the u coordinate along Xy. By construction —/-2 d =h,,
Since u = v — 2r,, we have that
d
"% _p, — 2D = —ho(r).
dr

Let rop < r4 be arbitrary. By property (i)—(iii) above, we can bound for all r € (rg, r):
|he(r)| < C(ro)M?r~2, for some constant depending on r¢. After integrating in » from
r=rotor =r.orr = oo, it therefore follows that u|s, attains a finite value as r — r,
or r — oc. In other words, the curve (y, 89, ¢o) has a limit point on C* or Z*.

We define a foliation X, by flowing ¥ along the integral curves of 7, with 7' () = 1.

We denote
R= |J =

t€[0,00)
See Fig. 2 for an illustration in the A = 0 setting.

By considering the extensions S; of 3 in the larger manifold M, UH*, we can
moreover consider the region
R= J =

7€[0,00)

We introduce the coordinate chart (z, r, 8, ¢) associated to the foliation X;. In these
coordinates, we have that 9; = T and 9, = Y.
We will also consider (t, o4, 6, ¢) coordinates. In these coordinates,

35, = (L+Mp) 20, = A+ Mp)2r2Y = (1 + Mpy) 2L+ r*he, (1+ Mpy) T,
(2.7)



Quasinormal Modes in Extremal Reissner—Nordstrom Spacetimes 1417

If instead we consider (7, p., 6, ¢) coordinates, we can express

35, = (1+Mp) 20, = —(1+ Mp)"2r*Y = (1 + Mpe) 2L +r2hy (1 + Mpe) 7> T.
(2.8)
Let us define i = rzh(l + M,5)’2, where h = h,, orh = h,,  and p = p, or p = pc,
respectively.
Let (p4)0, (pe)o € (0, “=2%). Wedenote r ((04)0) = 7'l p,=(p1)o» 7 ((0)0) = 7l p=(p0)0
and assume (04)0, (pc)o are chosen such that 7 ((p+)o) < r((0¢)0).
Consider again the special choice of h,, defined above: h,, (r) = 0 when r <
r((p+)0), hy (r) = 0 when r > r((pc)o) and 0 < h, (r) < 2D~ smooth when

r((p+)o) < r < r((p+)o)-
With the above choice of £, , we can split

Ye :MIUSTUN‘LW

where N, = X; N {r < r((p+)o)} are ingoing null hypersurfaces, N; = X N {r >
r((pc)o)} are outgoing null hypersurfaces and S; = 2 N {r((p+)o) < r < r((pc)o)}
are spacelike.

2.5. Additional notation. For convenience, let us introduce the following notation: let
0 < (p+)0, (pc)o < "=+, then

Fel+

RS = r((p+)o).
RS = r((pe)o).

Suppose i is a solution to the conformally invariant Klein—Gordon equation

1 2
Den¥ = ¢ RIgalY = SAY = 20724, 2.9)

where R[ga] is the Ricci scalar corresponding to the metric g5 . Note that in the case
A = 0,(2.9) is simply the wave equation with respect to the Reissner—Nordstrom metric
80-

We denote the components of the stress-energy tensor corresponding to (2.9) as

follows:

1

T[] = 3,y — zg,w[(;,fl)"‘ﬂao[lpa,gw +207 2y

and we denote with n; the normal vector field to X; and d ., the induced volume form
on X;. We also use the notation ny, := ng and dus, := duo. Note that if X; has an
null piece, we let dpu; = r2 sin 8d0dg along the null piece and n, = L if the null piece
is ingoing and n; = L if it is outgoing.

3. Gevrey Regularity and Hilbert Spaces

In this section, we introduce a notion of Gevrey regularity and we define the main Hilbert
spaces that will be relevant in the paper.
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Definition 3.1. We define the (o, 2)-Gevrey inner products (-, -) ;2 withj =0,1,2
0.j.P0

on the space C*°((0, pp); C) with 0 € R.p and pg > 0 as follows: let f,g €
C*((0, pp); C), then

S 2n

o 0
= _— " fatadp,
fg Gopo n;)n!z(n+1)!2[) pf 08 ap

S o o 1 1-
— —_ n+ n+
(f. 8)g2 0100—2;)”!2(”+1)!2f (o £opz+ 0! ro13] dp,
n=
S o o 1 =, 4an+2 2
— n n+ n+ n+ n+2—
ng<272ﬂo_Zn!2(n+1)!2/0 [8pf8pg+8 fa g+p ap fap g] dp.
n=0
We denote the corresponding norms by || - || ;2 wolble -l , respectively.
a,U,00 a,1,p0 ,2,p(

We refer to functions f € C*°((0, po); C) with 1Sl g2 ., <ooas (0, 2)-Gevrey
0,0,p0
functions on [0, pg].

Lemma 3.1. The spaces (GG IS , (- )Gg,j,po ), with j =0, 1,2, and
G2 i =1 € C¥WO o O [NIfllgz, <00}

are Hilbert spaces.

Proof. Itis straightforward to see that (G2 5 J.p0° (-, ) G2 ) are well-defined inner prod-

0.j:P0
uct spaces. We will show that every Cauchy sequence in G o.j.p COnverges with respect
to || -] G2, . We will consider the case j = 0. The cases j = 1,2 can be treated

similarly. Let {f»} be a Cauchy sequence in GG’ 0.p0- BY standard Sobolev embeddings

on (0, po) and completeness of the Sobolev spaces H" , we must have that f,, converges
in H"N to a smooth function f,forany N € N.

By the Cauchy property of { f,,}, we have that for all € > 0, there exists L > 0 such
that for all k > [ > L and for any N € Npy:

N 2n

o n 2
Z(:) prorm il AL S Dl AT
n=|

Hence, by taking the limit k — oo and using the convergence of { f,,} in HV, we obtain
that for any N € No,

2n

N

3 s T 130 = )y < €
<2+ 112 P122(0,p0)

n=

We can now take the limit N — oo to obtain f — f; € G2 and we can conclude

that f € G2 O

0,0,00’
0,0,00°
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Definition 3.2. Let 0 < pp = (p1)o = (pc)o < ri—r?’ with r. < 00 or r. = o00. For
c

a function f € C®((r4, r¢); C), we denote fy = f|re(,+,Rg) and f. = f|r€(R5,rc)- We

introduce the following inner product on C*((ry, rc); C): let f, g € C®((ry, re); C),
then

(f, g)o,po =(rf+, rg+>G§,O.p0 +{rfe, rgc>Gc27'0,p0 +{f, g>L21RS’RSJ’
(f 8lotp = rfergelgy, +(rfergedg, +{f &) mirg kgl

(f, 8)o.2.p0 = (rfs+s rg+)(;§’2’p0 +{(rfe, rgC>G¢27.2,po +(f, g>H2[R3,R6]-

We denote the norms corresponding to (-, *)o, pg» (*, ), 1,00 @0 (-, )5,2, 00 BY |1 * llo, 0 >
|- 1l6,1,00 and [| - []6,2, oy » respectively. We then define the Hilbert spaces Hy . Hy, 1,45
H; 2,5, as the completions of the spaces

(f € C¥(rered; O Irfillgz,  +lIrfellgz, < oo},
a.0,p0 0,0,p

{f € C¥(Cwre); O Hirfellgz,  +lIrfellgz, < oo},
a,1,p9 a.1,p0

{f € C®(Cere); O Hirfellga, +lIrfellgz, < ooh
a,2,p0 0.2,p0

with respect to the norms || - [|o, oo 5 || - 0,1, 00 @nd [[ - [|5,2, py» TESPECtivEly.
Let £ € Ny and consider the projection operators
e ;LA S?) — L3(SY),
¢
mef =foi=Y fin¥Ym(®,9),
m=—{

with fy,, € Cand Yy, m = —£, ..., € the spherical harmonics with angular momentum
L.

The operator 7, is well-defined on the domains C*°(Xg) and C*°(Sp), and since it
is a bounded linear operator with respect to || - ||;2(x,) and || - [|z2(g,), the following
extensions are also well-defined:

.72 2
me : L°(20) — L7(X0),
me s L*(So) — L*(Sp).

We use the notation ¢ both for the operator acting on L?(S?) and the extensions to
L?(X0) and L?(Sp), for the sake of notational convenience.
Let us now introduce the sets of fixed angular momentum ¢:
Vy = ker(mmy — id) x ker(my — id) C L*(Zg) x L*(So).

Note that dy Yy, = imYy,. We denote moreover

Vem = (ker(mwy — id) x ker(my —id)) N (ker(d, — im) x ker(dy — im)).
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Definition 3.3. Let g = N,USoUNy. We introduce the following normon C* (Xg; C) x
C®(Sp; O): let W € C®(Zp; C) and ¥’ € C*®(Sp; C). We denote with  the unique
solution to the wave equation satisfying ¥ |x, = W and Ty |s, = W’. Then:

W W), = /E T(T.ns,)[¥]dps,
0

2n

+Z[Zm(4 1>/ IL" (o) > dedp,

2+ & o2n \
* 020+ 1)12 Zn'Z(n 1)!2(”"'1) / IL" (rwy)] dwdp+:|

2n

4 An 2
+Z[ZW<“1> /NOIL (rW)|* dwdp,

£2£(£+ 1)2[ o O_Zn

+ +D* L"(r¥y)|)? dodp, |.
2+ D)2 ;n!z(n+l)!2(n )/NO| (rio)l wp‘}

We denote with H,, ,, the completion of {(f,g) € C*®(Zg; C) x C®(So; C) | |I(f,
ln,,. o < oo} with respect to the norm ||(-, -)||u,, o Furthermore, Hy ,, is a Hilbert
space with respect to the natural choice of inner product.

In the proposition below, we state useful relations between the Hilbert spaces Hy ;. o,
withi =0, 1, and Hy; p,.

Proposition 3.2. Let ¢ € Ny.
(i) Let Wy € Ho 1,5y and ¥, € L*[RE, RS for all m| < L. Denote Wy(r, 0, ¢) =
S Y ()Y (0, ) and Wy(r, 0, 9) = 3L _ W, (1) Y (0, @). Then
(W, W) € Hy pp N V.
(ii) Let (W¢, W) € Hy, py N Vy. Then we can write

m={

(We, W) (r,0,0) = > (Y () Yem (0, 9), Wp,, (1) Yem (6, 9))

m=—{
and we have that
Wy € Hy1.py and W, € L*[R], R].

Proof. The proof is a straightforward application of the definitions of Hy, 5, Ho, o, and
Hy 1,p,- We use that the factor (n + 1)* appearing in the infinite sums in the definition
of || - ||y, i implies control over similar infinite sums with one additional p; or p.

derivative, but no factor (n + 1)*. This allows us to conclude that not only Wy, € Hy p,
but in fact Wy, € Hy1,pp. O

We will moreover need the following Hilbert spaces in the case where k.. and k. are
strictly positive. Let k € N and define

H* .= L*((R§, R§) x S*) N HY((r4, RE) x S?) N HY (RS, o) x SP),
HY := H>((R}, R§) x S?) N H*((r+, RE) x S%) N HM (R, 1) x S?).
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4. Precise Statements of the Main Theorems

In this section, we state the main theorems of the paper. We make use of the notation
and concepts introduced in Sects. 2 and 3.

4.1. Construction of regularity quasinormal modes. We first provide a construction of
regularity quasinormal modes in the extremal Reissner—Nordstrom setting (as referred
to in Sect. 1.7) and describe their relation with the scattering resonances (cf. Approach
2 of Sect. 1.1).

Theorem 4.1. Assume that either ki, k. > 0 or ky = k. = 0. Let 0 € R and let
0o > 0 be suitably small. Then the family of solution operators

S(t) 1 Hy py = Hy pys
Wy, TYsy) = Fls,, TYls,),

with  the solution to (2.9) corresponding to initial data (V|s,, TV |s,), define a Co-
semigroup and the corresponding infinitesimal generator A : Hy 5y 2 Dy (A) — Hy p,
satisfies the following properties: let

Qy = [z eC|Rez <0, |z] <o, ?)(jmz)2 —S(S%Z)2 > azlu{z € CRez >0,z #0} CC,

then
®
Spectyoin (A) N Qo = AQy

is independent of pg, with AENF C Qq N {Rez < 0} a discrete set of eigenvalues
which moreover have finite multiplicity.
(i1) The set

1 2
AQNF = U AQnF C {—‘ﬁez < Elzl} = {Iarg(z)l < g”}’

GER>0
is a discrete subset of { larg(z)| < %n} (i.e. with accumulation points only possible
on the boundary of{|arg(z)| < %7‘[} inC).

Theorem 4.1 follows from Corollary 11.10. See also Fig. 4 for a pictorial representation
of Q4.

Definition 4.1. We refer to the elements of A g F as regularity quasinormal frequen-
cies and the corresponding eigenvectors as regularity quasinormal modes.

Theorem 4.2. Assume that either k.., k. > 0 or ky = k. = 0, and consider the operator

2 o A A ~
L)) = %(rl/?) — s+ Dr 2 A y) — r DD’ - rp — 202D - 1,

with Z(-) = ﬁae (sin@dg () + sin129 8‘%(-) the standard Laplacian on the unit round
sphere.
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(1) Then for all Res > 0 and any two smooth, compactly supported cut-off functions
X, x i (ry,re)r = R(withr. < 00), the inverse map

x oR(s)ox :=x" oL oyx: L2 ({t =0}) - H*({r =0})

defines a holomorphic family of bounded linear operators that admits a meromorphic
res

continuation to {|arg(z)| < %n} C C with the set of poles AQNF satisfying

Agnr S AonrF-

(ii) For all o € R~ and for po > 0 suitably small, there exist S(t)-invariant subspaces
HES, < Ho p, such that the infinitesimal generators A™ corresponding to the

’ . Tes res 7 .
restricted operators S(v) : Hg, — H,  satisfy:

U Spectpoim(AreS) NQy = rQe;/ P

U€R>0
Theorem 4.2 follows from Propositions 12.2 and 12.3.

Definition 4.2. We refer to the regularity quasinormal modes that are elements of the

subspace Hy},  as resonant states and the corresponding eigenvalues as scattering

resonances.

4.2. Further properties regarding the distribution of quasinormal frequencies. We state
here additional results regarding the distribution of regularity quasinormal modes and
their relation to regularity quasinormal modes in the setting of positive A.

Theorem 4.3. The following additional properties hold for AgnF:

(i) Let £ € N and denote with AZQ N F the subset of A gn F corresponding to eigenvectors
in V. Then
Ay = Spect(Aly,),

i.e. Aly, has a pure point spectrum. Furthermore, for all L > 0, there exists §; > 0

such that
L

JaGyrnizeClizl <80} =0.
=0

(ii) Let K C {|arg(z)| < %n} be a compact set. Then there exists L = L(K) € N such
that

L
ker(A|HW0 —5) = Zm (ker(AlH(,_p0 — s))
=0

forall o € R., for pg > O suitably small and s € Q2 N K.
(iii) The map s +— (A|Ha,poﬂw —5)"lis meromorphic on Qs with the poles coinciding

with the elements of AZQNF N Q.

Theorem 4.3 is included in a combination of the results of Propositions 11.3, 11.5 and
refprop:relationAL.
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Remark 4.1. Theorem 4.3 illustrates that when restricting to fixed angular frequencies,
there are no regularity quasinormal frequencies near the zero frequency (when restricted
to {|arg(z)| < %n }). Furthermore, regularity quasinormal modes are supported on a
bounded set of angular frequencies.

Theorem 4.4. Let s, € Agnr and let 1&5* a corresponding regularity quasinormal
mode. Then for any sequence of sufficiently small positive cosmological constants A,
approaching zero and charges e, approaching M, there exists a corresponding sequence
of regularity quasinormal frequencies s, for the equation (2.9) and a corresponding
sequence of regularity quasinormal modes U, such that for all suitably small py > O:

Sn > Sx,
(W5 )em — Wn)emllopy — 0 forall £ € Nand m € Z, with |m| < €.
Theorem 4.4 is a reformulation of Proposition 11.7.

Remark 4.2. Theorem 4.4 shows that for each extremal Reissner—Nordstrom regularity
quasinormal frequency, there is a corresponding converging sequence of sub-extremal
Reissner—Nordstrom—de Sitter regularity quasinormal frequencies.

5. Structure of Proofs and Main Ideas and Techniques

In this section we sketch the logic and structure of the proofs of the theorems stated in
Sect. 4 and we highlight the main new ideas and techniques that are introduced in this

paper.

5.1. Infinitesimal generators of time translations and resolvent operators. The theo-
rems in Sect. 4 are concerned with the operator .4, which is a densely defined, closed,
unbounded operator that generates the time translation semigroup corresponding to a
mixed spacelike-null foliation of the spacetime (see Sect. 2.4). Rather than inferring
properties about the spectrum of A by proving estimates for A directly, we first consider
the restrictions A, = Aly, to fixed spherical harmonic modes and use that the invertibil-
ity of Ay — s is equivalent to the existence of the operator I:;_ é, which is the resolvent
operator corresponding to fixed spherical harmonic modes on a mixed spacelike-null
foliation. The precise definitions of .4, and L s.¢ and their relation are described in detail
in Sect. 7. .

The equivalence of the invertibility of A, — s with the existence of Lv_é can also
be easily seen when one considers (2.9) with respect to the Minkowski metric, i.e. the
standard wave equation, and investigates the existence of the standard resolvent operator
(Ags—s*)~!. Inthat case, the infinitesimal generator of time translation A corresponding
to a foliation by hypersurfaces of constant ¢ (the standard time coordinate) is given by:

aon(3)-( ) E)

Since the first and third matrix on the right-hand side above are clearly invertible, it
follows immediately that invertibility of A — s is related to existence of (Ap3 — s~
which is the resolvent operator with respect to a foliation by z-level sets. This kind of
relation between A, and L s.¢ also plays a central role in the proof of Theorem B.

Note that in passing from A; — s to is’e, we lose the simple dependence of the
operator on s but we gain the ability to apply Fredholm theory, see Sect. 5.2.
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5.2. Fredholm theory for resolvent operators. We will show that the operator
I
Lx,(f ' HU,PO — HU,PO

is compact and holomorphic in s, provided s lies in suitable sector of the complex plane
(depending on the choice of o, but independent of pg), for sufficiently large ¢ (or for
bounded ¢ and sufficiently small |s|), which allows us to apply the Analytic Fredholm
Theorem to infer meromorphicity of L for all £.2!

As a corollary, we conclude that .Ag has a pure point spectrum in a suitable sector
including the imaginary axis and moreover, if we restrict to eigenvalues in any compact
subset, then all corresponding eigenfunctions of .4 must be supported on a bounded set
of angular frequencies, so the spectra of Ay in fact determine fully the point spectrum

of A.

5.3. Key estimates. As described in the previous paragraphs, we reduce the problem
of characterizing the point spectrum of A to establishing compactness of the resolvent

operator ﬁS_ é for suitably large £. We establish compactness by showing that in fact

L;,IZ (Ho,py) S Ho,py,2

and using that H, ,, > can be compactly embedded in Hy ,,. The compactness of this
embedding follows from an analogue of the Rellich—Kondrachov theorem to the setting
of L?-based Gevrey norms.

The arguments discussed so far can be mostly considered “soft” (as they are primarily
variations of well-stablished results in functional analysis), and the “hard” part of the
proofs consists of proving the estimate:

1V llopo.2 < Cesl|Ls.e ()l po (5.1)

with a constant Cg q > 0. The estimate (5.1) is central to establishing existence and
compactness of L ! In fact, in order to prove Theorem 4.2, we need a refined version
of (5.1), where we keep more precise track of the £-dependence in the constant, but we
will ignore that point in the discussion in the present section.

We give an outline below of the main steps involved in obtaining (5.1). We will carry
out the discussion for the shifted operator Lg ¢ := L5, — £(£ + 1) where L;  is the
operator appearing in the toy model equation (1.7). The logic of the proof in the context
of the toy model is very similar to the real problem. The key difference that appears
when considering the true resolvent operator are discussed in Sect. 5.4 below.

(1) The resemblance of the operator lAls’ ¢ to its toy model version L ,—o ¢ applies only
in regions near the event horizon and infinity (where r is large or r is close to the
horizon radius M). These regions are both modelled by the interval [0, 1] in the toy
model problem. We consider %(L&K)g(u)) in [0, 1] with « > 0 and use (1.7) to

write:
% ((Kx + xz)u(""'l)>+(2nx+/<n)u(n+1)+su("+1) = (L(+1)—n(n+1))u st (1),
(5.2)

21 One should think of the - -dependent terms in LT l as zeroth order terms with a favourable sign, cf. the

existence theory for solutions to uniformly elliptic PDE on compact domains, see for example Theorem 3 of
Sect. 6.2 in [39].
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2

3

with u® = dk—'f

We take the square norm on both sides of (5.2) and integrate in x. In order to derive
the desired estimate, we need to absorb the term (¢(¢ + 1) — n(n + 1))2u™|? that
appears with a bad sign in the estimate. Observe that this term vanishes whenn = £.
Furthermore, when n > ¢, we can absorb it into the analogous estimate with n
replaced by n — 1, provided we multiply with appropriate n-dependent weights.
This observation motivates the following integration and summation over 7:

Neo 6’2”|S|2n /1[]d
— . _x-
Zz—e n2m+ D12 Jy

Indeed, such a summation allows us to absorb non-coercive terms, which arise by
taking the square norm of both sides of (5.2), into the estimates of either order
n—1orn+ 1. The above summation moreover elucidates the relevance of L?-based
Gevrey regularity. In order for this procedure to work, it is in particular necessary
that Res > —%|s| and we seto = & |s]|.

A caveat of the above summation procedure is that at the top order n = Ny, we
cannot absorb into order n = N+ 1. If we had assumed a priori the finiteness of the
Gevrey norm for u that we want to estimate, then these top order terms would vanish
in the limit No, — 00. We do not make such an a priori assumption, but instead, we
restrict to the case of positive k and make use of the presence of a red-shift effect in
the problem when « > 0 (using that « plays the role of a surface gravity), which is
moreover stronger for larger values of n (this is known as the “enhanced red-shift
effect” and it also plays an important role in the proof of Theorem B), to absorb
the top order term, assuming No, > N, with N, — oo as « | 0. After closing
the estimate for k > 0, we can then take the limit No, — o0 on both sides of the
estimate to arrive at an L2-based Gevrey estimate for k > 0 that is uniform in «,
without control of the lower order derivatives withO <n < £ — 1.

We control derivatives with 0 < n < ¢ — 1 by modifying the estimates above with
suitable exponential weights so that we can control lower-order terms by higher-
order terms and boundary terms at x = 1 via “Carleman-type” estimates. It is im-
portant in this step that we can close the Gevrey estimates with n > £ independently
of the n < £ — 1 estimates (modulo boundary terms at x = 1). We can control the
boundary terms at x = 1 in terms of the lowest order derivatives: |u|>(1) (which
vanishes in the toy problem, by assumption) and |Z—f§|2(1), together with deriva-
tives of Ly . ¢(u), by applying (5.2) repeatedly. As a result, the constant multiplying
|Z_Z 12(1) grows exponentially in £.

In order to pass from L>-based Gevrey estimates to the toy model analogue of (5.1),
we need to estimate the |‘dl—z |>(1) boundary term that is multiplied by a constant that
grows exponentially in ¢. In the real problem, this amounts to estimating boundary
terms along a large fixed constant r hypersurface and a constant r hypersurface
with r close to the horizon area radius M, which arise from restricting the Gevrey
estimates to the near-infinity and near-horizon regions, respectively.

We make use of a new type of degenerate elliptic estimate, with a degeneracy that
depends on ¢, to achieve the desired bounds. In the context of the toy model problem,
we can write

2 2

k

X k

du
=X |-+ Ls,K,E(“)
dx

i<( + Z)d—”)—z(ul)
dx KX+ X dx u




1426 D. Gajic, C. Warnick

for k > 0. We arrive at a suitable degenerate elliptic estimate by integrating the

above equation over an interval [, 1], where n > 0 is suitably small, integrating by

parts, and averaging out the x = n boundary terms with a suitable cut-off function.

We can then absorb the term proportional to x|s |2|% |2 that appears on the right-

hand side into a term proportional to X200 +1) | Z—’)‘C |2
on the left-hand side, provided ¢ is chosen suitably large depending on 7 and |s

Furthermore, the degenerate elliptic estimate is only valid if 0 < k& < £. In other
words, for larger ¢, we can introduce a stronger degeneracy in the elliptic estimate
at x = 0. As aresult, we can multiply the terms arising from the cut-off near x =
with a factor that decays exponentially in ¢.

Let us moreover note that physical space versions of the above degenerate elliptic
estimates also play a key role in deriving the leading-order behaviour (polynomial
tails) of v¢; see the upcoming work [3].

(4) We couple the Gevrey estimates with the above degenerate elliptic estimates, ab-
sorbing the coupling terms by using that the exponentially decaying factor in £ in
the elliptic estimates cancels out the exponentially growing factor in the Gevrey
estimates that appears in front of the boundary term. We arrive at the toy model
analogue of (5.1) with « > 0, but Cy ; still independent of «.

(5) Using the uniformity in ¢ of the k > 0 estimates, we can construct L;,I(ZO‘ ¢, and
establish its compactness as a limit of ¥ > 0 operators as « |, 0.

that appears with a good sign
|‘22

5.4. Conservation laws for spherical harmonic modes. A crucial step in the above sketch
of the L2-based Gevrey estimates above is the vanishing of the term (£(£ + 1) — n(n +
1))?|u"|? when n = €. This is in fact a manifestation of a conservation law along null
infinity in Minkowski that is present in physical space. Indeed,

0 (0200 rv0) =0

along Z* for solutions v, to (2.9) on Minkowski arising from suitable Cauchy initial
data that are supported on spherical harmonic modes with angular frequency £.
In Reissner—Nordstrom spacetimes, however, we generically have that

. (2001 p0) # 0

along Z%. Nevertheless, there are still conserved quantities present which are linear
combinations of (r23,)" (ry) with n < €. Hence, rather than considering derivatives of
the form (r29,)" (ry¢), we need to modify the n-th order quantities in order to see the
conservation law, so that we can close the Gevrey estimates starting at n = £.

In the extremal Reissner—Nordstrom case, the required modification can be done
explicitly by an appropriate change of coordinates, see Sect. 6.4. Furthermore, there are
similar higher-order conserved quantities present along the event horizon. The price we
pay by carrying out the modification is that we have to deal with additional terms in the
modified higher-order equations that have to be absorbed appropriately. Nevertheless,
we arrive at L>-based Gevrey estimates that are similar to those that appear in the toy
model discussed above and the steps described in Sect. 5.3 still hold.

22 Alternatively, for any ¢, we can take |s| suitably small, depending on ¢, in order to close the Gevrey
estimates for small [s|. This approach is taken in Sect. 10.
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5.5. Eigenvalues for small A > 0 and M — e. An advantage of deriving estimates
that are uniform in the surface gravities k., «4, and are therefore valid not only for ex-
tremal Reissner—Nordstrom, but also for near-extremal Reissner—Nordstrom—de Sitter
spacetimes with small A > 0, where k., k. > 0, is that we obtain as a corollary the
convergence of regularity quasinormal frequencies (eigenvalues of A) for the confor-
mally invariant Klein—Gordon equation (2.9) as k4 | 0 and k. | 0, which is the content
of Theorem 4.4.

6. Main Equations

In this section we write down the Eq. (2.9) in coordinates adapted to either the future
event horizon H* or the future cosmological horizon C*, allowing us to easily take the
limit A | Oor M | |e|.
In (7, r, 0, @) coordinates, (2.9) can be expressed as follows:
0=2(1—h, D)o, Ty +r20,(Dr*d,v) — h,,(2 — h,,D)T*¢

+Q@r = 2D )TV +r Ay — 207 ©1

6.1. Equation for the radiation field near the event horizon. It can easily be shown that
the Friedlander radiation field ¢ := r - corresponding to a solution ¥ of (2.9) satisfies
the following equation in (v, r, 8, ¢) coordinates:

20,0, ¢ + 8, (D3, d) — (r D' +20 g +r 2hp =0, (6.2)

where A is the Laplacian with respect to the unit round sphere. Let us denote for con-
venience in this section p = p;. In (v, p, 6, ¢) coordinates, (6.2) reduces to

20,8, + 8, (Dr~28,¢) — (rD' + 2172 r%)¢ + Ap =0,
and hence,
20,0, + 0, (Dr—23,¢) — QMr~" —2¢*r )¢ + A = 0,

where we used that
rD = 2Mr~' —2e%r7% — 20722,

We can further write
IMr—t =272 = 2Mr+_1 - 2627‘:2 + (4@2}’:2 — 2Mr+_1)r+,o - 26‘2/)2
=2ryky + 21_2r3 + (432r_,__2 — 2Mr+_1)r+,0 — 2e2p2
= BO 4+ BVp + BO 2,
with coefficients

Br(?) =2Kk,ry + 2[_2;’2,
Br(i) = (462r+_2 — 2Mr+_1)r+,
BY = — 22,
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Recall from Sect. 2.3 that we can moreover write
Dr—? =2k, p+ (1 — Aﬁf))p2+A£f)p3 +A§‘+*) 4.
where

Ag) =3[2 [r;l(}ur — r_)(rc2 +r_re)+re(r— + rc)] ,

Ag)z 2r_ + 1 [(r+—r )r +(r —r2yre+2r3 +3r r—+3r- r+]
Aff) = — ¢

Combining the above equations, we arrive at the following equation for the radiation
field:
0=20,8,0 +0, (((1 —AD)p2 1 2u,p+ AP 3 + A§4>p4) apqs)
+ ] + + (63)
— BV +BVp+BPpH¢ + K.

6.2. Equation for the radiation field near the cosmological horizon/future null infinity.
In (u, r, 6, @) coordinates, the radiation field ¢ = r - ¢ satisfies the equation

20,0,6 — 3, (D3,¢) + ("D +207)p — r2A¢p = 0. (6.4)

Let us denote for convenience in this section p = p.. In (u, p, 6, ¢) coordinates, (6.4)
reduces to

20,0,¢ +,(Dr20,¢) — @Mr~" —2e*r2)p + K¢p = 0.
‘We can further write
2Mr—! — 26272 = ZMrC_1 — 262r (4e2 —2 2Mrc_l)rc,0 — 262,02
= — 2reke + 20752 — (@2 = 2Mr yrep — 262 0?

Combining the above estimates, we arrive at

0=20,9,0 + 9, (((1 — AD)p% + 2.0 + AP p? + A§j>p4) ap¢) s
~ B + BV p+BPpN¢ + Ko, ©

with coefficients

Br(?) = 2[_2rc2 — 2K¢re,

BV = — (@de*r? —2Mr; Vyre,

B = 22,
where we used the following expression, derived in Sect. 2.3:

Dr 2 =2kcp+(1—AP)p?+ AP p? + AP p*,
where
A(z) =3[ [rc(r+ +r_)+ rf + r% —r, lr+r (ry +r_ )]

3

L+ o+ SrEr_ + 5r3r+),

A® — —(ry+ro)+1 2(4rcr+r_ +r
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6.3. Higher-order equations. In this section we consider the higher-order derivatives
d,.¢ and 9, ¢, with n € N, and derive the corresponding higher-order equations. Ob-
serve first that we can write both (6.3) and (6.5) as follows

0=2T8,¢+3, (1 — A2)p* + 2kp + A3p> + Asp®) 3,0) — (Bo + Bip + BapH)p + Ao,

(6.6)
for appropriate coefficients A; € R, withi = 2,3,4,and B; € R, withi = 0, 1,2,
depending on M, e and A, with k = k. or k = k4, depending on the choice of coordinate
P = pcOrp=ps.

Proposition 6.1. Denote ¢(,) = L"¢ or dmy = L"¢ . Then for each n € Ny, D)
satisfies the following equation:
0 =2T¢qun) + (1 = A2)p> + 26p + A3p* + Aap?) dura)
3
+2n+1) ((1 — AD)p i+ SA 2A4p3) Pl

+ [n(n +1) (1 — As+3A3p + 6A4p2> — (Bo+Bip+ szz)] by + A
+[(n+ Dnn —1) (A3 +4A4p0) — n(B1 +2B20)1 ¢(u—1)
+ 100+ D@ — 1)(n — 2)As — n(n — 1Byl du2).

6.7)

Proof. Itis convenient to work in (u, p) or (v, p) coordinates in which
¢(n) = az‘i’

The equation follows by a simple induction argument, using (6.6), we have that for
n=0:

_ 2 3 4\ a2 3.5 3
0=270y¢+ ((1 = A2)p” +2up + A3p> + Asp’ ) 030 +2( (1 = A)p+ K+ S A3p” +244p” ) 0,0
— (Bo + Bip + Byp?)¢ + K.
In the inductive step, we apply the following identities:

m+Dn+2m+1) =m+2)(n+1),
m+Dnn—1D+3n+Dn=mn+2)(n+ Dn,
m+Dnn—1Dn-2)+4n+Dnn—1)=m+2)(n+ )n(n — 1).

6.4. Higher-order conservation laws. The higher-order equations derived in Proposition
6.1 have to be modified in order to use them in the Gevrey estimates of Sect. 9. In this
section we carry out the required modification and we show that conservation laws arise
for the modified higher-order quantities along H* and Z* when A = 0 and |e| = M. In
order to see the conservation laws, we need to restrict to the projections ¥y = m; () of
solutions ¥ to (2.9), i.e. solutions satisfying ZAIW = —L(€ + 1)y (see Sect. 3).

The key goal of this section is to derive equations for modified higher-order
quantities, which give rise to conservation laws, whilst keeping track of the precise
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dependence of constants on the order of differentiation and the surface gravities k.,
k. This is achieved in Lemma 6.2. It is only at this part of the paper where extremality
of t2h36 spacetime in the A = 0 limit is fundamentally used via smallness of both k. and
Ky.

In the discussion below, we will simultaneously investigate spacetimes regions near
H* or C* (Z* when A = 0), by working with the coordinate p, where p = p; or p = pg,
respectively.

In order to obtain the conservation law in the £ = 0 case, no modification is required
of ¢(,). We consider (6.7) with n = 0 and immediately see that the quantity

hm apc¢0(fv r, 97 QD)
r— 00

is independent of 7 in the limit A | 0 and moreover,
lim 0,, ¢o(z, 7,6, @)
riry

is independent of T when both A |, O and |e] — M.
Now consider £ > 0 and (6.7) with n = £. When n = £, we see that

lim 8, ge(r. 1.6, 9)

is independent of t in the limit A | 0 if M = 0. However, this conservation law fails to
hold when M > 0.

In order to derive conservation laws in the M > 0 case when A | 0 and |e|] - M,
we introduce the quantity ® := w(p)~'¢, where the weight function w will be chosen
appropriately. Let us consider (6.7) with n = 0 and an additional inhomogeneous term
f on the left-hand side. We express this equation in terms of & as follows:

[ =2Td,¢+0, (Dr 29,(wd)) — (By + Bip + Bap?)wd + whd
=2T3,¢ +w'd, (Dr2w?8,®) + [(Dr2wYw™" — (Bo+ Bip + B2p®) | w® + whd
and hence,

wl f = 2Tw_13p¢ + w—za,, (Dr_zwzapcb)

) 6.8)
+ [(Dr—2w’)’w—1 — (Bo+Bip + szz)] D+ Ad.

‘We now choose w so that the factor in | frorlt othhe zeroth-order term @ vanishes when
k. = k+ = 0. We first define constants A3, A4, B and B; that satisfy:

Dr % = ,02(1 - M,o)2 +2Kp + A2p2 + Z3,03 + AV4,04,
Bo+ Bip + Bap® =2Mp(1 — Mp) + By + Bip + Bap>.

Note that AV3, 24, El and §2 vanish when k., = k; = 0 and A; and By also vanish when
Ke = ks = 0.
Let w be a solution to the following differential equation:

(P*(1 — Mp)*w') =2Mp(1 — Mp)w.

23 Although one could in principle try to derive an analogue of Lemma 6.2 near Zt or C*, which is useful
even when «4 is not small.
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Then w(p) must be of the form
w(p) = Ci(p — Mp*) ™'+ Co(1 — Mp) ™",

for some constants C; € R and C, € R.
We set C; = 0 and C, = 1 to obtain:

w(p) = (1 —Mp)~".

Note that w(0) = 1.
We now recall the coordinate p introduced in Sect. 2.3:

p=—"
1—Mp’
Then . |
P 2
0, =—0;=—""—""-=50; =w0;
14 dp P (1_Mp)2 P 14
Furthermore, .
p= P
1+Mp

and we can express

3

wip) =L =1+ Mp.
P
By the above observations, we can rewrite (6.8) as follows:
w”f:ZTw%¢+%(DF%1—Mm“ﬁﬂﬂ+l¢+hF%A@%1—Mm2
+ﬂp+Ay¥+Zﬂﬁ+&m%%w)7QMﬁG4ﬂhﬂ+B0+Ep+E%ﬂﬂ¢
:zra+Mm%¢+%(ﬁ%¢)+%(aw+ANP+Zw3+&ﬁml—Mm4%¢)+l¢

+h”%wu—Mmﬁew+hﬁ+&ﬁ+&ﬁ»—wmﬁm+iﬁﬂm

We can express:

=4 ~4 =4
Qep+ Az + A3p® + Kaph (1 — Mp) ™ = 224 4,5+ B v Ayt
P )

vl
0
= 2p(1L+Mp)> + Asp>(1 + Mp)? + A3p° (1 + Mp) + Asp”.
Furthermore, we can express
w9, (M(1 = Mp)~*Q2icp + Axp® + A3p” + Aap*)) — (Bo + Bip + Bap?)
= M(1+Mp)d; (2”3(1 FMpB)+ Asf? + A3 531+ Mp) 4 Ayl + Mﬁ)_z)
— (Bo+ Bip(1+ Mp)~ + Bop?(1+ Mp)2)
=2Mi(1+Mp)(1+2Mp) +2MA2p(1 + Mp) + MA3(3p% — Mp>(1+ Mp)~")
+ MAL@AP L+ Mp)~ —2Mp* (1 + Mp)~?)
— (Bo+ Bip(1+ Mp)~ + Bop?(1 + Mp)2)
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to obtain:
(L+Mp) ™' f =2T(1+ Mp)azop +3; (5°9; @) + 9 ((2“3(1 +Mp)>
+ AP+ MB)? + A (1 + Mp) + Z4,54)a,;q>) + Ao
+ [2MK(1 +MP)Y(1+2Mp) +2MA2p(1 + M) + M A3 (35>
FMALAFP 1+ Mp)Y = 2Mp* (1 + Mp)~?)

— MF A+ Mp)) = (Bo+ Bip(+ Mp) ™ + B (14 Mp) ) o
(6.9)
Recall now that
d=0+Mp)d.

Define moreover fioy = (1+ M p)~! £, then we can write
foy =2T(1+ Mp)*a;® +2M (1 + MP)T® +3; (5°9; )
+9;5 ([265(1 + Mp) + A2 (1 + Mp)? + A5 (1 + Mp) + Asp*] 0;0) + Ao
+ [ZMK(l +Mp)Y(1+2Mp) +2MA25(1+ Mp) + MA3(3p%> — M (1+ Mp)™h)
+FMALAFPA+Mp) P —2Mp4 (1 + Mp)2)
— (Bo+ Bip(1+ Mp) ™'+ Bap?(1+ Mp)~2) ]q>.
(6.10)
Lemma 6.2. Define
D) =,
Dy =59,
foy =00+ Mp)~' 1),

where 3 is defined with respect to the coordinates (v, P+, 0, 9) or (u, pc, 0, @).

Let0 < pg < © < _r:* and restrict to the region {p < po}. Then there exist functions
-

Fu k. ﬁn,k 1[0, po] = R foralln € Nand k € Nwithk < n + 2 such that

1
foy =21+ MB)>T D ey + 4 <n + E) M1+ MpB)T @y +2n> M>T D,y

+ 1265 + P21+ Fyps2) 1@ a2y + 201 + DS+ + pF 1 1P s

n
o (n+1)! _
+ [+ D+ K]0+ Y M ke
k=1 ’

n
nn—k+1) .~
+ Z TM" Fu k@,
k=0
(6.11)

with Fy k., Fy k satisfying:
1 Fn kLo ([0, 001 + I Fn k100, p01) < Colks +Ke), (6.12)

with Coy > 0 a constant that is independent of n, k, k4, k..
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Proof. We will obtain (6.12) by acting with 8/’3‘ on both sides of (6.10). First of all, recall

that the constants A,, A~3, A~4, By, B1, B; can all be bounded by x4 + k.
Then, observe that the factors in the terms on the first two lines on the right-hand side
of (6.10) are polynomials in p. Acting with Bg therefore results straightforwardly in the

terms on the first two lines on the right-hand side of (6.12) and [n n+1)+ A] D).
This determines in particular F}, 42 and F}, ,+1, which are simply polynomials in p.
Furthermore, after acting with 3’5 on the terms with polynomial factors in o and ap-

plying the Leibniz rule, the terms involving «, A7, A3, Ay generate also terms involving
@y, n — 2 < k < n that can be grouped as follows:

n
(n+1)! —k
E ——M""F, D).
— ! ’
) (k —1)!

k=n—
We are left with applying Bg to the term of the form [...]® on the right-hand side of

(6.10). This term also involves factors of the form (1 + M o)~ multiplying ®, so when
we act with 0% we will see derivatives of the form &) for all 0 < k < n. It therefore

remains to show that the factors in front of ® () do not grow too fast in n, so as to respect
the behaviour stated in (6.12).
We will need to use that, after applying the Leibniz rule, we have:

(=1)J(j+m —1)!M/
(1+Mp)/+i(m — D!

B3+ Mp)™") =

The terms that will lead to the largest growth in n are therefore terms involving factors
(1 + Mp)~™ with the largest values of m. In the case under consideration, these will
terms of the form:

n — - n! n— —
! ((1+Mp) 2<1>) = ,;maﬁ k((1+M,0) 2) D

o [ (=DM (i —k+ 1))
=2 u Sy ®w
K L1+ Mp)yrhe (n —k)!

2”:( L 1)n! (—1)"—’<M"—’<cI>
n—k+l)————-— .

~Nn—k+1 > k)
port k! (1 + M pyr—hk+

We can similarly decompose n! ,51 Bg_l ((Q+M ,6)_2<D) as sum over @y, to group all the
terms coming from d; acting on P+ Mp)2d as:
n

nln—k+1) _, ~
ZTM” kF,,,kCD(k).
k=0 :

The remaining terms in [. . .]® on the right-hand side of (6.10) can be dealt with mutatis
mutandis to conclude that (6.11) holds. 0O
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Note that by Lemma 6.2, it follows immediately that for ® corresponding to a solution
Ye to (2.9) on extremal Reissner—Nordstrom (k4 = «. = 0), the quantity

1
CI)([H) +2 <€ + 5) M(D(g) + KZMZCI)(@_U

is conserved in 7 along Z* (when p = p.) or H* (when p = py).

6.5. Fixed-frequency operators. We consider solutions ¥ to (2.9) that take on the fol-
lowing form:

14
V(T r0,0) =" Y Yun()Yen(, ¢).

m=—{

For the sake of convenience, we will suppress the m and ¢ in the subscript of Vem.
Furthermore, we denote ® := ={0+Mp)~ rlﬂ and ¢ = rlp
Then we use (6.1) to obtain the following ODE for w.

0 =2(1 — hy,D)sd, ¥ +r28,(Dr?o,4) + [2r ' — r=2(Dr?h,,))s
—hy (2 = hy, D)s*1 — r 2000 + D) — 20724, (6.13)
Let us furthermore define the higher-order quantities &D(n) as follows:
Dy 1= (95 — sh)"d
where we recall that i = r2h(1+Mp)~2, witheither h = h,, orh = h,, = 2D~ ' —h,,,
and where 9 is defined with respect to the coordinates (z, o, 6, @).

Recall from Lemma 6.2 the two different definitions of @, corresponding to the
choices p = p; and p = p,, expressed in a coordinate invariant way:

Dy = (1+Mpy) °L)"®
Oy = ((1+Mpo)°L)"®
By (2.7) and (2.8), we can write both of these as:
Dy = (05 — hT)'®
We can therefore conclude that
(@) em (T, r) = T D (r),

with d; defined with respect to the coordinates (z, g, 6, ¢).
Then, (6.7) reduces to

0 =25¢@*D 4 ((1 — A2+ 2kp + Azpd + A4,04) PGS
3 .
+2(n+1) <(1 —A)p+k+ EA3pz + 2A4p3) D

[n(n +1) (1 — Ay +3A3p+ 6A4p2) — (Bo+Bip+ sz2)] 3 _ oo+ 1™
+[(n+ Dn(n — 1) (A3 +4A4p) — n(By +2B2p)] "

+[(n+ Dnm — 1)(n —2)As — n(n — 1)By] "2
(6.14)
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and (6.11) reduces to
. 1 R .
0=2(1+Mp)*sdgu) +4 <n + 5) M1+ Mp)s®y +2n> M>s D,y

+ 125+ (1 + Fups2)1®(ua2) + 200+ D)5 + i + pFyns1) Pns)

(n+1)!

—k 2
TETRC

+nm+1) = LE+ D] Dy + Y
k=1

n
nln—k+1) .~ »
+kZOTMn Fu 1 ® -

Equation (6.13) motivates the study of the differential operator I:S, ¢.«» which is defined
as follows:

P2 Lk () = 21 = hy, D)o + 7720, (Dr29,90) + [—hy, 2 — hy, D)s”
+ @ =D )5l — R+ 1) 20D
=2(1 = hy, D)sr '8, (r)) + 20, (Dr29,9) + [—hy, (2 — hy, D)s>
— (heD)'sT — 200+ D) + 20727

(6.15)
We moreover have the following relation
@5 —sh)" (31 + MpY 2L 0 (1)) = 2(1 + MB) s D e
1 ~ “
+4 <n + 5) M1+ Mp)s® gy +2n° M5 D,y
+ 126/ + 57 (1 + Fyus2) 1P a2y + 201+ V(B + i+ Fp s D)
(6.16)

Mn_an’k Ci)(k)

" = (n+1)!
+[nn+1) =L+ D] D, +}; k—1)!

n

nn—k+1) _,~ &
+ZTM" Fu k@ ).
k=0

Note that the operator I:S, ¢.« depends on the choice of hypersurface X, i.e. the choice
of h,,!
Suppose
r(+Mp) 'Ly o) = f,
then we denote

fo = (@5 — s)"(f). (6.17)

7. The Solution Operator Semigroup

In this section, we will derive physical space estimates involving Gevrey norms, which
will allow us to define the time-translation operator S(7) on the Hilbert space Hy, , (see
Sect. 3). In particular, we establish propagation of Gevrey regularity near H* and C* or
T+

Here, we will fix X to be a mixed spacelike-null hypersurface of the form ¥y =
Ny U So U Ny by choosing h,, =0 forr < R and h,, = 0 forr > R, see Sect. 2.4.
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Proposition 7.1. Let y € C°°(7%; C) be a solutionto (2.9). Let o > 0. Then, for p = p4
or p = pe and py > 0 suitably small, there exist constants B, C > 0, independent of o,
such that for all Ty > 0 and N € N

/E T(T, Ny _, IR dﬂr:rl

2n

> ot 4 PO/ 5
+Z|:Z KZ”(Z+1)2” €+1) /0 - |(¢£)(n)| (t1, p, 0, ¢)dwdp

02+ )12 S o 4 [ 2
+ E +1 [0) p,0,9)dwd
ZZE(Z 1)26 — n'z(n 1)'2 (I’l ) /(; LZ |( Z)(n)| ('L'], s Uy ) & IO:|

00 -1 on
< CeBom Z[men)“] [ @0wP.0.6.0)dods
=0

DR X

! ! 4 [P0 ,
+£2‘(£+1)25gn!2(n+l)!2(n+1)/0 fsz|<¢z>(n>| (0, p. 0, @) dedp

+C€B‘”1/ T(T, ng,_)¥]dp—o.
Yr=0

(7.1)

Proof. In the notation below, we will suppress the subscript £ in v/, and ¢¢. The higher-
order quantities ¢, satisfy (6.7). Multiplying both sides of (6.7) with ¢, , and taking
the real part of the resulting equation, gives:

1
0 =T(lguen®) + 5 ((1 = 42> + 200 + 439> + A4p*) 0, (1101 )
1
+ 507 (L= A2p? + 260+ Asp® + A4p*) T1guuen) )
_ 3 hp? 3 2
+2n+ D | (A —A)p+i+ 2A3,0 +2A40° ) 1P@m+n)]

+ [n(n +1) (1 — Ay +3A3p+ 6A4p2) — (By+Bip+ szz)] Re (G Peus1))

+Re (RPyPne1) + [0+ Dn(n — 1) (A3 +4A4p)
—n(By +2B2p)1Re (pn—1)P (ns1))

+[(n+Dn(n —1)(n —2)Ag — n(n — 1) B2] Re (Bn—2 @ (n41))-
(7.2)

We apply the Leibniz rule to rewrite:
1 2 3 4 2
5 (1= 4207 + 210+ Asp® + A4p*) 8, (D1 )
—81(1—A22 Azp> + Asp* 2
=% |5 2)p°+2kp + A30” + Asp” ) [P(n+1))]

3.9 3 2
— A =A)p+k+ §A3p + 24407 | PGyl
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We now invoke the assumption 4&1// = —{¢(¢ + 1)y and integrate the above equation in
U, cf0.7;] 2« N{p = po}, with 7 > O arbitrarily large, and we apply a weighted Young’s

inequality to the terms involving ¢ with k < n to obtain the following estimate for
n>1:lete, o > 0, then

00
/ /SZ[ —rzh (1 — A2)p* +2kp + A3p> + Asp )] beusn > (1, p, 0, @) dwdp

1 i
+5 (1= 42008 + 2000 + A3p3 + As}) / / 19w (3. p0. 0, 9) dod
0 S

oo 3 5 3
+2(n+1)/ / / (1 —A)p+Kk+=A3p" +2A4p0"
0o Jo Jg2 2

1 _ 3
— 5+ [(1 — A)p+K+ S A3 2A4p3] )|¢><n+1>|2 dwdpdt

PO 1
< /0 /S 2 [1+§r2h (a —Az>p2+2Kp+A3p3+A4p4)] G001y 0, . 6, 9) deodp

Lo
+C€710‘/ / / |¢(n+1)|2dwdpdr
0 0 S?
7] PO
0—1/ / max{€>(¢ + 1)%, n?(n + )} () >
0 0 S?

+ M?[(n — D*n*(n+ D* + 0?1l I*

+ M*(n —2)%(n — 1’02 (n+ 1> + n>(n — D2 |* dwdpdr,

(7.3)
where we introduced appropriate factors of M on the right-hand side to ensure that the
constants C, € > 0 can be taken to be dimensionless and o > 0 has the same dimension
as M~!. Note that all the terms appearing on the left-hand side are non-negative definite
when pg is chosen sufficiently small, using moreover that « > 0 has a good sign and
that Ay — 0 when k — 0.24

For n = 0 we instead multiply both sides of (6.7) with x$(1>, where x is a non-
negative smooth cut-off function, such that x(p) = 1in p < pg and x(p) = 0 for

Fe—T.
200 < p < oy + and we 1ntegrate in the larger region p < 2py. We assume py is

sufficiently small so that 2pp < 5 Loo + 5 ’; r’* This generates additional terms with a

factor d, x, which are supported in compact regions of r, away from r. and r,.
Furthermore, we do not apply Young’s inequality to estimate the integral of the terms

Re (40&45)(5(1)) and fRe (—Boqu$(1)) on the right-hand side of (7.2), and we instead
estimate

, _ 1 . .
/Sz Re (& — Bopoyx b)) do = f ~ S IVOI + BoxIoP) + hr? x T(VSF + BoloP)

+**(|V¢I + Bolg*) do,

24 One can also first set M = 1, carry out the computation, and then place appropriate powers of M in front
of the terms on the right-hand side to ensure that the dimensions of all the terms in the inequality are the same.
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where the terms involving 7 on the right-hand side vanish for p < pg since 2 = 0 for
p < po. We do apply Young’s inequality and then a Hardy inequality (A.1) to estimate

T 200 5 _ T 200 )
[ [ [ ximips maotinaadnaodoar < [ [ [ coxin aodpar
0 0 S? 0 0 S?

T 200
+C€_1/ / /g2(312’00+322p(%))(|¢|2dwdpd1—
0 0

oA 12 2
< / / / (e + Ce™ oD px I 2 dodpdr
0 0 S?

T 200
+Ce—1/ / f |$|> dwdpdr,
0 00 S?

where € > 0 can be taken arbitrarily small, and pg is chosen suitably small such that
Ce™! po < €.

‘We then obtain

2p0 1
/ / X [1 + 577 (1= A2)p? + 2up + A3p + A4p4)] b (11, 0.0, 9) dwdp
0 S?

T 200 3
+2/ / / X((l—Az—e)p+/<+—A3,02+2A4,03
o Jo Js 2

1 3
-3 [(1 — A))p+k+ zA3,02 + 2A4p3] )|¢(1)|2 dwdpdt

2p0 1
< / /S zx[l+5r2h ((1—A2)02+2K,0+A3,03+A4,04)] 6110, p, 6, 9) dwdp
0

| T 200 5 o
+Ce™ /0 / /;2 |p|” + |V @|” dwdpdt
0

2po

+C Z/ fgz(|¢|2+|§'¢¢|)|rzr/dwdp.

7/=0,7 140

(7.4)

We will now consider the higher-order quantities ¢, and treat the cases n < £ and
n > £ + 1 separately.

Case I n < € — 1 Take pg suitably small and consider the following weighted
summation over n:

-1 0_2n

2 e

n=0
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We apply (7.3) and (7.4) to obtain:
/m/ P et 2 (T1, 0, 60, @) dwdp
E s 1o P+l 0,0,
0 SZn:OE (g +1)>"
LA -1 2n
[ e,
o 2, 2 |¢(n+l)| (Ts P, 9¢) wap T
0 0 S2H=O€"(£+1) n

£0 -1 o2n )
+C/0 /SZZWM("H)' 0, 0,0, 9)dodp
n=0

LT[ 2 12
CE—/O / /SZ|¢| + VP dodpde
00

2po i
2
+C 3 /p | 40P + 198D1.— dodp.

/=0,1]

1439

(7.5)

Case 2 n > £ Take pg suitably small and consider the following weighted summation

over n:
Noo

020+ 12
2L+ 1) Z n’2(n + 1)v2 L

where N is arbitrarily large.
We apply (7.3) (when ¢ > 1) and (7.4) (when ¢ = 0) to obtain

£0
f fSZZn,Z(nH),zw(mm (71, 0. 6, ¢) dwdp

£0
/ / fszzn,z(n+l),2|¢<nm| (t, .0, ¢) dwdpdt

£0
+C/ /SZZW(”H),zw(w ©, 0,0, ¢)dodp

00
_1/ f /S2Zn'2(n+1)'2[(n+l)”|¢(")|

+ M2 [(n+ D*n%(n — 1) + 1)

+ M (n+ 1202 — )20 — 2)% +n’(n — 1)2]|¢(n_2)|2] dodpdt

LT[ 2 12
Ce—/o / /Sz|¢| + VP dodpde
00

2p0 s
2
+C ) fp /Sz<|¢| +1V9Dle—r dodp.

/=0,1]
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Given the choice of summation over n, we can group the terms on the right-hand side
with a factor € > 0 with terms lower in the summation to obtain:

£0
/ /Szzn‘z(n+1)'2 et 2 (11, 0. 60, ¢) dadp

£0
/ / /Szzn,z(n_'_l),z@(nﬂ)l (t,p,0, ¢)dwdpdt
£0

+C/ Lzzn|2(n+ 1)|2|¢(n+1)| (O P, 0, </>)da)d,o

Noo—1
+Ceo™ 1(a +0 +06) " Z o™ ) | dwdpdTt
o L nP(ue D e

Ce_I// /|¢|2+|7°7¢|2dwdpdr
0 00 S?

2po .
> /p /Sz('¢’|2+lv¢|)|r=t/dwdp.

/=0,1]

We can rewrite the above expression further to obtain:

02+ 1)12 oo
Zzl(e_'_ l)ze / -/;2 Z n'2(n+ 1)'2 |¢(n+l)| (T] P, 9 QD)da)dp

ng(g+1)|2 L [P0
—1
=c o rer’) it | / /SZZ ,2(n+1),2|¢<n+1>| (x. p. 0. 9) dodpdr

5'2(e+1)v2 Po
€2l(€+ l)zg / ,/S2 Z I’l’z(}’l'l- 1)'2 |¢(n+l)| (0 P, 0 (ﬂ)dwdp

-y n o )

62(6—1)(e+1)2(€—1)/0 /0 o 19T 0.0, ) dodpdr
52(6-2) n oo ,

mrmarm e [, L el p.0.0) dodods
S2(6-3)

0
2
Ew%)(“_l)wfg)/ / o lpe—2)1° (T, p, 0, @) dwdpdt

T 200
cm/O 1/ / 162 + V¢ dwdpdt + C Z / /(|¢I2+IV¢I>If L dodp.
00 0

(7.6)

+Ce(o +05)

+ Ce(o +05)

+Ce(o +0°)
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We can combine (7.6) with (7.5) to group the last three spacetime integrals on on the
right-hand side of (7.6) with the terms on the right-hand side of (7.5) and obtain:

£—1
ZW/ / |¢(n+1)| (t1, 0.0, 9)dwdp

2+ 2 Yo g2

+
e+ 12 = n2(n+ 112

0 5
/ / [P+ |7 (15 0, 0, @) dwdp
0o Js?

-1 o2n 20 5
<C —_— 0,p,0,9)dwd
= ,2)52"(€+1)2" /0 ./82 1P(+1) 70, 0,0, ¢) dodp

2+ D2 W g
e+ 12 = n2(n+ D12

£0 5
/ / [#+1)|7(0, 0, 0, ) dwdp
0 Js2

-1

1 [P0
+Celo ZW/ / / pur1) (T, p, 8, @) dwdp

ng(g+ D2 poopeo
-1
+C(e ‘o +e€o 62€(£+1)25f / /s2 Z n'z(n+1)’2 |¢(n+1)| (7, 0,0, ¢) dodpdt

T . )
ce! / / / 161% + |Y¢|? dwdpdt + C Z / / (612 + Vo) |y—yr derdp.
0 Jpp /82 W 2

We then apply a standard Grénwall estimate to obtain

-1
02n

£0

2
Py PPN 9 791 d d
;:052,,(“1)2,,/0 /sz ||~ (T1, P, 0, @) dodp

L ey e 2n P )
R DY - Z '2(n PN /0 /sz [pn+1)|“(T1, 0, 0, ) ddp
—1

5
< CeBloto )II[ZW/ / |¢(n+1)| 0, 0,0, 9)dwdp

NG = o0 )
Zze(e_'_ 1)2K Z '2(n+ 1)‘2/0 '/‘Sz |¢(n+1)| (07 P, 97 q))da)d,o

2p0 NP 2po y s
/ / / oI +|V¢|° dwdpdt + Z / /(l(bl +|77¢>|)|r=r’dwd,0],
£0 §? 7/=0,7| PO $?

(7.7)
with B > 0 a suitably large constant.

It remains to bound the integrals supported in pg < p < 2p¢. This can be done by
applying a standard 7T -energy boundedness estimate (see for example [10] in the extremal
Reissner—Nordstrom setting) and a Gronwall inequality, together with the fundamental
theorem of calculus to estimate integrals of |¢|* in terms of the T-energy.
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By relabelling the summation variable, we then conclude that:

£—1 2,
[ r@ms_ pwidne v Y et [ " [ 10w p.0. ) dodo
S O L 0 Js

L2+ D2 S o s
L+ DZ = 2+ 1)

00
1)4/ / low > (21, p, 6, @) dodp
0 s?

1 2n

Blo+od)n | -2 o 4 [P 2
< CeP\7 Il|:C7 ZW(Z'FD /0 2 [Pyl 0, p, 0, 9)dwdp

n=1

L2+ D2 S o
o (n+
CHe+ DX =+ D2

0
b* / / (B I2(0, p, 0, @) deodp
0 S2

+ / T(T,ng,_ )] dur:0]~
2:1:0

m}

Remark 7.1. The estimate in Proposition 7.1 cannot be made uniform in time 7| without
losing the uniformity in «. This is because, in the case for extremal Reissner—Nordstrom,
for each € the terms with n > £ + 2 on the left-hand side. will grow polynomially in t
when k; = 0 or k. = 0. This is a manifestion of the Aretakis instability, discovered in
[10,11], together with its analogue along null infinity [7].

Definition 7.1. For pg > 0 suitably small, the solution operator corresponding to (2.9)
is the bounded linear operator

S(1) 1 Hg py = Ho
W)~ (Yls,, TYls,),

where ¥ is the unique solution to (2.9) corresponding to initial data (W, W"). By Propo-
sition 7.1, the above definition makes sense.

By Proposition 7.1, there exist constants B, C > 0 independent of k., k. and 7 such
that:
IS@I? < CePor. (7.8)

Theorem 7.2. The family of solution operators S(t) from Definition 7.1 define a Cy-
semigroup on Hy .

Proof. We omit the proof as it follows directly from the proof of Theorem 3.16 of
[79] combined with (7.8). We can apply (7.8) because initial data (\V, v with r¥ €
C*®(X,C)and ¥' € C*(S, C) lead to unique solutions ¢ € C*(R, C) of (2.9), since
the equivalent equations (6.3) and (6.5) have coefficients in C*°(R, C), so standard
local-in-time energy estimates apply.

To obtain strong continuity, we first make the slight abuse of notation: ||| | |HW0 =

[1S(T)(V, ¥)|lu with ¢ the solution to (2.9) arising from initial data (¥, ¥"). Then

.0

it follows from a Minkowski inequality that

0.0 "

7]
IS ()W, W) — (W W), . < f T lelln,,, dr < CPo™ay 1T ol
0
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For general (¥, W) € Hy 5, ||V |ollH, need not be finite, since it involves derivatives
of (W, W'). But if we assume that (¥, ¥') € H,/ ,, N C®(Zp), with ¢’ > o, then it
follows that ||T[o]lm,,, is finite, so [|S(z1) (¥, ) — (0, \IJ’)||HU_p0 — 0ast | 0.
Convergence in the general case then follows from a standard approximation argument,
using that H,/ ,, is dense in Hy o, if o’ > o, which in turn follows from considering
convolutions with appropriate Gaussian mollifiers, which have sufficiently large Gevrey
regularity. 0O

Definition 7.2. Let

S(O(W, V) — (¥, ¥)
T

Dy (A) := {(\IJ, V') € Hy p, hi% exists in Hg,po}
T

and

A: H; », 2 Ds (A) —Hy, p,

(9.9 o i SO, W) - (¥, W)

T

We refer to (Dy(A), A) as the infinitesimal generator of the semigroup S(r) and to
Dy (A) as the domain of A.

Theorem 7.3. The infinitesimal generator (D, (A), A) satisfies the following proper-
ties:

(i) Do (A) is dense in Hy .
(i1) (Dy (A), A) is a closed operator
(iil) There exists B > 0 such that the resolvent (A —s)~! : H; ,, — Dy (A) exists and
is a bounded linear operator for Re(s) > B.

Proof. The statements (i)—(iii) are standard properties of strongly continuous semi-
groups, see for example Theorem 2 in Sect. 7.4 of [39] and Theorem 11.6.1 of [47]. The
statement (iii) follows by invoking additionally (7.8). O

Consider the differential operator is, ¢.x- We can take as the domain of is, ¢, to be
the function space Dy (L ¢ ) defined as the closure of

{f € C¥ra. 1) O LI 1 Hy g + st (P, < 00}

under the norm || - ||, , + [|Ls,e.c ()| H, -
We define the following restricted operators:

Ag = .A|D0(A)mw Dy (A NVy — Hy oo N Ve.
Proposition 7.4. Let k. > 0 and k. > 0.

(i) The map
(A —5)"" i Hy py N Ve — Do (A) NV,

is a well-defined bounded linear operator and is the inverse of Ay — s if and only if

l,:71 : Hg’po —> Da(iK,e,.Y)

sl

exists as a bounded operator with Dy (lA,S,g’,() C Hg 1,
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(i) Let (¥, ') € ker(A—s), with (A—s) : Dy (A) — Hy, ,, and assume that (Ap—s)~!
exists as well-defined bounded operator for all £ > L. Then

7o (W) = (W) =0.
Proof. Observe that we can rearrange (2.9) to obtain:
By (2 = hy, D)T*y =2(1 — hy, D)r= '8, T (rp) + r =20,(Dr?d,4)
— (D) Ty — (r A +20 )y
= — hp, (2 — hy, DYPL(TY) + 1 23,(Dr?8,v)
+ (2 A -2y,
where Pj is the following operator:

. 1 1 ’
P =~y (20 = D80 — DY ).

Similarly, we can rearrange (6.6) to write

R 1 .1,
Top9 = —33,(Dr 23,9) + = (Bo+ Bip + Bap”)p — 7 Ko,

and hence,

1 P
T9IN, (5. p.60.9) =T@ls(z.r (000 0.0) = 5 [ [3,(0r5,0)
£0

~(Bo+ Bip+ Bap)p + Ko (z.p' 0. 9)dp'.

By using that W = ¢ |y and W' = T¥|g, we find an explicit expression for A, by using
that A = T = 9, if we use the wave equation (2.9) to write T, which acts on v, as an
operator acting on initial data (¥, ¥’) in the following way:

W\ _ (W Tyl _ (Y
Q) =7 (w) = () = (&)
where
Uls =1/,

~ 1 [°
Py = e 0.9~ 5 [ [0 20,00
0

—~(Bo+ Bip + Bopr + A )| v (0,6, 0) do,

- 1 1 o
VU = - P(V)+—— 23, (Dr 9, ¥)+—————(r 2 A — 20720,
1(¥) hr+(2—hr+D)r (Dr=0, W) hr+(2—/’lr+D) (r A )

(A=) (CI,I’) = (5’)

So if we instead denote
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Wwe can express:
Uls =W —sWlg,

1 P
iy = = sl W00 0.0 = 5 [ 3,000 25,0w)
0

—~(Bo+ Bip+ Bop?rv + ()| (0,6, 0) dp,
V= - W) —— 2,00,
hy, (2 — h;, D)
1 -2 -2 /
—— —2H W — 5P
a4 W5 —s

We can further rewrite the above expressions for the restriction A, — s by making
use of the operators L ¢ . (acting on the Wy, part of Wy) :

Uls =0 —s¥ls,
rUly = —sr¥|y +r'(r((pe)o), 0, ¢)

1 [Pr1 &
- 5/ I:rLS,l,K(\IJNN - 2S8p(r‘-11)|N:| (p/, 9’ (p) dp/,
PO

~ 1

/

= Gy b Wls SR WL — (P ()

Note in particular that it’s possible to write the above relations on S in matrix form:

\TJ;JS _ 0 1 —mr_zlts,g,,(o —-10 \Ifls
v ) T\ —(P +5) 0 1/ \=s1 v

We can formally invert the above matrix to obtain

Wig\ _ (=1 1\ (~hy@—h, D)L} O\ (Pr+s1)(¥s
v ] T \-s -0 0 B 1 o)\v )

‘We moreover have that
Wiy = —20rLs.es) " (@ (rP|n)) -

The above expressions constitute a formal definition for (A, — s)~!, where we identify
the functions on S and N with their trivial extensions to ¥ in order to act with lA,A_éK
We immediately see that (A;—s) ~1is a well-defined bounded operator iff f,:ék exists
as a bounded operator with D, (ix, t.x) C Ho 1,5, The identities (Ag —s) o (A¢—s) e
idg,, " and (Ay —s) Lo (Ap—s) = idp, (4,) then follow immediately.
In order to prove (ii) we observe that we can decompose WV = Z?‘;O (W) and
W =372 (V) and (g (W), (me(¥)) € ker(Ap —s). O
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8. Degenerate Elliptic Estimates

In this section we will derive two degenerate elliptic estimates, which are each valid
for either small |s| or large angular momentum £. The purpose of these estimates is

to control H2-norms of ¥ away from H* and C* or Z*, in contrast with the Gevrey
estimates of Sect. 9, which are restricted to suitably small neighbourhoods of H* and
C* or Z* and involve higher-order Sobolev norms. The degenerate elliptic estimates and
Gevrey estimates are coupled. In order to make the coupling constant sufficiently small
in the degenerate elliptic estimates below, we will make use of either the smallness of
|s| (Proposition 8.1) or largeness of £ (Proposition 8.2).

Proposition 8.1. Let k., ki > 0 and let po > 0 and € > 0 be arbitrarily small. Then
there exists a constant sy > 0 and constants C, Cc > 0 that are independent of s, k4
and k., such that for all £ € N and s € C such that (1 + €(£ + 1)) (|s| + M|s|?) < so:

e R N R R
/ M?r7210,(Dr?o,9)|>+D|0,¢|>+Mr3v/D||* + DM?> (£ + 1) + 2r217 )3, % |
I+
F0C+ Dr 72 + M2+ D> r b dr

PO n n
<Cls| Z/ (M +|s|M* + €)|p|* + M*(M + |s|M?) i) > dps
*€{+,c} 0
e R R )
+C [ unnthPar
I+
(8.1)

Proof. We rewrite the equation is,g,,((lﬁ) = f, see (6.15), in terms of <;3 = rlﬁ instead
of 1}: obtain:
25(1 = hy, D) 8,¢ + 8,(Dd,$) — r2Q2Mr~—" —2e%r=2)¢p — r24(L + 1)
—(hy, (2 — hy,D)s* + (hyD)'s)p =r~' f,

We multiply both sides by —¢, take the real part and rearrange terms to obtain:

—$0,(Dd,d) +2rH(Mr — D)2 + £(L + 1)r2|$|2
=2(1 — hy, D)Re (s0,$p) — Re (" f)
—Re (hy, (2 — hy, D)s* + (hy D)'s)| 9|
Integrating over [ry, r.) with r. < oo or r, = oo and using that the corresponding

boundary terms vanish, we obtain after applying Young’s inequality on the right-hand
side:

fe A ~ A
/ D|0,¢|> +2r *(Mr — &®)|p|*> + €t + Dr2||> dr

I+

re R N
Slsle r21g1> + M8, 917 dr
Iy

Te R Te -
+e/ r_2|¢|2dr+C€/ | f1*dr,
I+ I+
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where Mr — ¢ > 0, since r > r, > M and le] < M. Indeed we have that D(M) <
£ _1<0and D(r) = Oforall r > ry 507, > M.
From (6.15) it follows that we can alternatively write:
r V=201 = by, D)so, (rr) + r 1 0.(Dr?0, ) + [—hy, (2 — by, D)s*> — (hyD)'s1ri
—r7 e+ 1) + 2P0

(8.2)
‘We moreover denote
rVF = —2(1 — hy, D)sd,(r\y) + [y, (2 — by, D)s*> + (hy D) slrir +r L f,
then
r 9. (Dr2o, ) — r e+ 1) + 2P0 = rF. (8.3)

so after taking the square norm on both sides and apply the Leibniz rule several times,
we obtain

210, (Dr2 o) > + @2+ 2+ DX 2+ 40 + DG )?
— 20, (L + D)r~2 +2[72)Re (Dr20, Iﬁ)

+2DEL+ 1) + 2720729, 9 |> — 42(€ + 1) Dr~'Re (a,lm)
= r_2|F|2.

We can estimate
4¢(¢ +1)Dr ! |a,1/}||Z| <2De+ D)3,y > +20¢ + 1)Dr 2|2,

80, using moreover that the total derivative term vanishes after integration, we can finally
conclude that

Fe R R R
/ D3, ¢> +2r 4 (Mr — &)|p|> + €€ + Dr 2| dr
I+

re N N
+ M2 / r218,(Dr2o,9) > + D + 1) +2r2172) (3,7
'+
@R P+ DT 40+ DD P dr

e - e R R
§C/ r*2|F|2+|f|2dr+M|s|/ r21617 + M72r%0,¢)2 dr
Iy Iy

re R
+ ef r2|$1> dr
T+

Fe - Fe R R
50/ | f1? dr + max{|s|M, |s|2M2}/ r2o1> + M2r% 0,1 dr
Iy ry

e R
+e/ r72|¢|2dr.
Iy

For M|s|(1+£(¢+1))~! suitably small compared to Mpgande > 0 approprlately small,
we can absorb the terms involving qb and 0 qb in the integrals restricted to (R RO) on
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the right-hand side into left-hand side. We are then left with

Fe R R R
/ D|0,¢> +2r *(Mr — &) |p|> + £ + Dr2|$|> dr
Iy

re N A
+M2/ r219,(Drd,y)|* + DC(L + 1) + 2r7(72) ]9, |
@A P+ DT+ 4+ DU dr

re 0 N
c [Tifparee Y [ onkt sPat s oldr
ry 0

*€{+,c}

+ M2 (Is|M + |s|> M)y | dps.
O

Proposition 8.2. Fix 0 < py = (p1)o = (pc)o < % Let K € N, K > 2. Let

re
Ky, ke > 0 be suitably small compared to pg and K. Consider a smooth function g :
[rs, re] = Rso which satisfies:

) 1 for R <r < R{,

r) =

¢ M2pe(r)p+(r)  forr < r((3p+)o) and r = r(§(pe)o)-
Furthermore, let x : [r4,r:] = Rsq be a cut-off function supported in [r(%(p,;)o),

r (5% (pe)o)] such that x (r) = 1 for all r € [r (3 (0+)0). r (3 ()0)]-
Then there exists a constant ¢y > 0 depending only on x, such that for

k> < coM3pdee +1)

and

e+ 1> |sP(1+M|s) K0y (8.4)

we have that for all k., k. suitably small compared to £:

7 (5% (pc)0) R R
/ SED2 €+ 1)+2r2172))0, (x ¥) P +r 3¢5 (e + 1) + 2P 172 Dy 2|y |2 dr
7 (5% (0)0)
ik [T
< Cloy koo

5% (Pc)o

A

1612 + 18,01 dpe

x (o
K N A
+Coe)g (KM (g H 7 f L bR+ 18,81 dp.

2K (p+)o

r (5% (0c)0) R R

+C / g Dr 2y % Lo )17 dr,
r (5% (p+)0)

(8.5)

where C > 0 is a constant that is independent of £, k+ and k.
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In particular, for any constant Ko > 0, and ¢ satisfying (8.4) with K replaced by Ky,
we can estimate

Rg R R
/ r 210, (Dr?o.9) > + DL€ + 1) + 2r2172) 0,9 |
Ry

+Dr 2+ 1) + 2207221y > dr

¢ (oo, 2 Ao i, (p+)o 5 5
=K, /0 |#1” +10p01” dpc + K /O 61" + 10,01 dps 8.6)
Rg - . () -
+c / Dr|Ls.ex()*dr +C f IrLs. eI dpe
R} 0

(p+)o R Al
+ C/ |rLs,K,K(w)| dpy,
0

with C > 0 a constant depending in particular on Ky, but independent of £.

Remark 8.1. Tt is important that the coupling constant K ¢ on the right-hand side of
(8.6) depends exponentially on £ and moreover K¢ can be chosen arbitrarily large if ¢
is taken appropriately large, because of the competition with an exponentially growing
constant on the right-hand side of (9.19) in Corollary 9.8.

Proof of Proposition 8.2. Let f = I:S,g,,( (1&). We denote
rVF = —2(1 = hy, D)sd,(r\f) + [y, (2 — by, D)s*> + (hy D) slrp +r ' f.
By (6.15), we have that
r oD ) — r e+ 1) + 2,272 = LR (8.7)
Then, by applying (8.7), we can estimate, for 0 < n < 1 arbitrarily small,
r20,(Dr2o )1 = (L= r 2@+ 1) + 2772 [ P = Cpr | FI?, (8.8)

with C;; > 0 an appropriately large numerical constant depending on 1 > 0.

Letg : (r+,r.) = R- o be a smooth weight function that we will specify below. Then
we can take the square norm of both sides of (8.7), multiply both sides by the weight
function Dg* and apply (8.8) to arrive at the following inequality:

Q=) D r 20+ 1) + 2P [ |2 — 2Re (-2 Dgk 9, (Dr28,9)(L(£ + 1) + 2r2172) )
< Cyr2Dgk|FP?,

where k € Ny.
By applying the Leibniz rule, we can further estimate

—2%Re (2 Dgk o, (Dr28,9) (L + 1) +2°202) ) = —28, (iRe (r*2ngDr2a,1/}(e(e +)+ 2r2r2)$))
+285D2 (e + 1) + 272078, + 2kg" " ¢/ D*Re (aﬂ& (£e+ 1) +272172) E)

+[2D' D + 1) +272172) — 406 + 1) D> 1gkRe (9,49)).
(8.9)
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We now take the weight function g to satisfy the following properties: g(r) = 1 for
Ry <r < R§and g(r) = M2p.(r)p+(r) for r < r((3p4)0) and r > r(3(pc)o), so that
g'(r) = 0for Rf <r < R§and g'(r) = —M*r~2(ps — pc) for r < r((3p+)0) and

r > r(3(pc)o).
Note that

’—2kg"*‘g’D2me (a,xﬁ(z(z +1)+ 2r2r2)5>)
. K2 .

< @-2mg“ @+ D) +2r 2 Dr 2P+ ———————Dr g 19,517 g DXL + D], V2,

< Q-2mg U+ 1) +2r717) Dr W|+(2—2n)€(€+1) rolgT 0p8178" DL + D[ |
where 9, = 9,, in the region » < Rj and 8, = 9, in the region r > Rg.

By using standard properties of cut-off functions, we can infer that there exists a
co > 0 depending only on the choice of cut-off function appearing in the construction
of g, such that

-2, — -1 -3
Dr g 8,81 < 5o

Given €’ > 0 arbitrarily small, we can moreover estimate

)[20/1)(@(5 +1)42°202) —de(e + 1)D2r_1] gk Re (arl/}E)‘ <2¢' D2k e(e+1)19,9 |2
/—1

k 2=272.. -2 12512
. L+1)+2r7t D
TS, g UW+1)+2r7%)r [¥]

+e' D2k +1)+ 2707210, 9 > +

—1

€
+
C+1)

cghee@+ 1) + 2P0 ) DD 21

Note that we can write D'r = (Dr’z)’r3 +2 D, and using (2.6), we can therefore estimate

(rD")* <2r%19,,(Dr=2)1> + 8D?

< Crzpf +Creppir? + CK_%}”2.

The above estimate holds also with p, and k4 replaced with p, and «., so we can then
estimate:
(rD)? < CD+C(k2+x2)r?.

Now assume k> < coM? pgé(ﬁ + 1) and choose n, €’ > 0 appropriately small and ¢
appropriately large. We then combine the above estimates to obtain:

SDr2 @+ 1) + 2P 2219 2 + gKD* (e + 1) + 2r*172)]9, 9 |* + total derivative

<CDr2gMFP + Cuc? + 172 - ghece + 1) + 2207221 2.
(8.10)
Rather than integrating (8.10) directly from r; to r., we will first introduce a cut-off
function x : [ry, 7] > R. Let K € N, K > 2. Take the cut-off function x to satisfy:

x(r) =0 forallr € [ry,re],
1 1
x(r) =0 ifr<r <5K_1(p+)0> orr>r (EK_I(/OC)()) :

x(r) =1 ifr(K ' (ps)o) <7 < r(K "(0e)0).
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If we replace 1} in the above estimates by yx - I/A/, then we have to replace r~! F by
X F =) "Dry = o (Dr) X' = 2Dry o,
and we can apply (8.10) to obtain

SDr 2+ 1) + 2,202 1 210 12 + g5 D20 + 1) + 2r*172)19, (x ¥)|* + total derivative
<CDr 232 g FP+ DI P +r 2% )8 191 + CDr =21}/ g 19,61

+Cx (K++x§)z 2 oghee+ 1) + 2P 72219 2
(8.11)
‘We have that

x2Dr2|FI* < CDr2s1218, (x )12+ C(x/ PPr¥+ D (Is|* + M?|s|Y) DIy 1> + CDr =2 x 2| f 2.

It

z<z+1>>>|s|2(1+M2|s|2>max{(D”r%(%K‘l(m)O),(D )( K~ (pc)o)}

(8.12)
then we can use that the cut-off x allows us to restrict r € [r (%K _1(,o+)o),

r (% K-! (/Oc)o)] in order to absorb part of the | F |2 term into the left-hand side of (8.11)
to be left with

Sr2e+ 1) + 222D 2P + gD e + 1) + 2r2172)19, (x ) |2
+ total derivative

<CDr 22| fIP+ CDDIX" 1+ r 72X Pl + CDr 2 1x 10,61
+Cx 22+ k)07 R + 1) + 2,7 H G2

(8.13)

Finally, we integrate (8.13) over [r (3 K ~(p4)0)), 7 (3 K ' (p)0))] and use that we
can bound

Dr2x' P+ D) 1> <r *+ K+p;1r74 + KC,OJII"74 + /cf,o;2r74 + Kf,o;zr*4

to obtain

r (5 (p)0) ) .
fl“ $EDX+1) +2r20)0, (x V)1 + r g5 + 1) + 2P 1722 Dy 2|1y |2 dr
(5 (0+)0)

K(ﬂc)O N
< Clpe)g (KM~ gy~ "/ 1612 +19,61% dp,

7K (PL)O

(P+) A A
+C(p)y (KM~ pg 1)~ "/1 [@1% +18,61” dp.

2[((/7+)0
(5% (pe)0)
+c/ ¢ Dr2x2 2 ar,
(5% (p+)0)

where C is a constant that depends on K but is independent of £ and k., k. are chosen
suitably small, depending on pg and K. We conclude that (8.5) holds.
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In order to prove (8.6), we first observe that K > 0 can be taken arbitrarily large
[provided £ is taken suitably large according to (8.12)] so we simply make the integration
interval on the left-hand side of (8.5) smaller and the integration interval on the right-
hand side larger, and we use that g = 1 on [R}, R]. Finally, we can include the term
r=2|o, (Drzarl/}) |? that appears on the left-hand side of (8.6) by applying additionally
8.2). O

9. Main Gevrey Estimates

In this section, we prove the key estimate of the paper, namely a L>-based Gevrey
estimate near H* and C* or Z* under the assumption of suitably large angular momentum
L.

Theorem 9.1. Let vy € C®([ry, rc]). Fixo € Rog, £ € No and (p+)o = (pe)o = po >
0. Let k. = ke = k > 0 or let k = 0 and assume additionally that € Hy» p,. Let
s € Qs C C, where

Qo ={ze€C|Mez <0, |z <0, 3(Imz)* —5Rez)* > 0 }U{z € C|Rez > 0, |z| > O}

Then for all po > 0 suitably small, there exist Ay € N suitably large such that for
all A > Ao and for k suitably small depending on € and X\, we can find constants
Cy., Cs,py > 0, such that we can estimate

R . .
f 1912+ 19,917 + 829> dr
R}

1 x 2n R

C—Z(nflmn (n+1)° f |5, 1P+ p* a5 i) P d oy

1 o 2n (pe)o ~

C—Zmﬂmn (n+1)° / |5, i)+ pH 5 ()P dpe
n=0 :

ot 2n

RS
Scs,p()/ [Ls, ¢+, K(W” dr + Cy POZ
R

2,12
: 0(n+1)!n!

38

(p+)o R 5
/ |8Z+(rLS,[+)\,K(w))| d,0+
0

e 0-2” (Pc)o " R 2
+ Cy,po ZO T DEE /O 18" (L.t (9))1* dpe.
n=|

9.1)

For the convenience of the reader, we provide an outline of the main steps involved
in the proof of Theorem 9.1.
Outline of the proof of Theorem 9.1:

Step 1 We restrict to a single region of the form {r < R} or {r > R{}, with py :=
(p+)o = (pc)o, where 0 < po < ="+ will be chosen suitably small, and we

derive estimates for the modified quantlty d>(n) in terms of f;,, which is defined in
(6.17) and appears on the left-hand side of (6.16). We start by proving degenerate
H?-type estimates for all n > ¢ (see Proposition 9.2). These can be viewed as
the main (fixed-frequency) vector field multiplier estimates in the near-horizon
regions.
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Step 2

Step 3
Step 4

Step 5

Step 6

We consider the estimates from Proposition 9.2 and sum over n, starting from
n = £ with appropriate n-dependent weights that allow us to absorb terms into
(lower) n — k-order or (higher) n + k-order estimates with k > 0 and we use the
non-degeneracy of the wave operator away from the horizons to express the sum
over the boundary terms at p = pg in terms of dAD(,oo) and é(])(po) (see Lemma
9.4 and Proposition 9.5).

We increase the summation from n > £ to n > 0 (see Proposition 9.6).

We show that for s € Q, all but the top order terms on the left-hand side of
Proposition 9.6 are non-negative definite (see Lemma 9.7) and show that we can
moreover absorb the top order terms if we assume « > 0, making use of the
enhanced red-shift effect (see Corollary 9.8).

We couple the estimate from Corollary 9.8 to the estimates in Proposition 8.2 in
order to get rid of the p = pp boundary terms (see Proposition 9.9).

We finish the proof of Theorem 9.1 by converting the estimates for the modified
higher-order quantities CfD(,,) from Proposition 9.9 into estimates for 8;‘¢3 (see
Corollary 9.10).

Proposition 9.2. Let s #~ 0. For all € > 0, there exist £ € Ny and po, y satisfying

M~ 5> max{l, v} and y3> (M7's|" + Mls)),

such that the following estimates hold when . + k. S (£ + 1)_1. Let ¢ <n <24, then
foralla, B,v >0, u € [0, 1] and ® € C*([0, pol)

po PN
(A= (1 +Mp)* — €)@+ p7) " MV D) P dp

po —R 0 2 5 a
+/ (1 —4p7! <M> TVH T E) |2S\2€2mep|¢(71+1)|2 dp
0

0

[s]

£0 PR
+ / @4 —B—a(l—p) —n+ D> +i)?MVEEDL G, 1 2 dp
0

P 25752 o o _ T A N
—/ —  a71F 20— W+ 221+ MBYH (P + 2 p)e MVEEDR G 2 d
0

,/’3“ [n(n+1) — L+ 1)12(1+€)52|2S‘2EZVMM5|§>(
n
0

(n+1)%(n+2)?2

2 g~
= _ d
PR 1+nl~dp

n 2
+1)! PIDN
< Celer 1) Yy LD VT )
k=1

(k=12

n 2 O
c _ L niy 1! . . Ao i 3
L+ 1) 1 2 yz(n k) > eZyM./Z(K+1)P0|cI>(k)‘2(100) ) / eZyM«/({(Hl)plfn‘Zd)’

k=0 0

with Ce > 0 a constant that is independent of £.
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Letn > 24, then

) PPN
fo (= v~ (14 MpY* — ) 2kf + 722 MVEEDR b 12 4

po —NRe (s). 0\ 2 -
+/ (1—4/3_l <M> _”“_G)|2SI2e2”Mm”|¢(n+l>|2dﬁ
0

Is|
) PN
+ | @G=B—all —p) —e)n+ ) +x) MG 2 dp
0
oo |25]%5 —1~=2 2
- — . 1 - +2
/0 iz @ ¢ U=werd)

x (1+ M) (3® + 2 p2)er MVEED2 & P dfp

po +1) =L+ 1)]? - -
- / it D=2 DF (1 4 0022526 MVIE0 b,y 2 dp
0 125|252
5 2 2 2.2
_ C/po s4,-4" (n+1)°- (:1 —Dn 2 Pl MVEBDR G 2 g
0 25|45

n—1 5
Ccus 1)_2 Z /po gZ(n—k+1)|2s|2(n—k) (n— 2Z)k!2
12
k=20+179 "
(n+1)1%n!? 1
k!z(k _ 1)!2 |2s|2(n7k+])8‘2(n7k+1)

} 25 PP MVEEDD &y 12dp

_ L [P (n+ D)2 , . s
—Cy e+ n7? / —aor ¢ s 1 PP
0 .

2¢ 2
. Loep (+ D! TTTh0, 5 120
= Celb )77 )y 200 o s e EEDR b 1 Bo)
k=1 ’

20 2
— _ Loap_p 1! TS A A 5
+Cy e+ D) +2)? E y2 k)—k'zez”M SED D 412 (Po)
k=0 :

Ao .
o A
0

with C, Ce > 0 constants that are independent of £.

Remark 9.1. Given an arbitrary choice of «, 8, u, v, the first three integrals on the left-
hand sides of both estimates in Proposition 9.2 need not be non-negative definite. We
will later fix these parameters (Lemma 9.7), so that under suitable restrictions on s € C,
we obtain non-negative definiteness.

We will make frequent use of the lemma below that shows that we can absorb lower
order derivatives terms with respect to o into higher order derivatives by introducing
suitable exponential weights in p at the expense of introducing additional boundary
terms on the right-hand side of the relevant estimates.
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Lemma 9.3. Let M, y > 0 and consider a function h € Cl([O, 00]).

£0 - 1
2y MJEEDF 1,2 g~ 2
e h|“dp + ——————1h|“(0
/0 |hl”dp oM £(€+1)||()

1 ) ) _ 1 -
< yMVTED6 19112 dj + 2y MVEE D01, 12 (50).
_7M2y2w+1)/0 e 0512 dp 4 e 1% (30)

9.2)
Proof. We can expand

aﬁ(eyM«/e(f+l)ﬁh) — e}/M«/Z(f+1)ﬁaﬁh + '}/M\/K(Z + l)e}/M\/l(f+1)ﬁh'
Hence,
€2VMV[(€+1)'5|815}1|2 — |al5(e}/M»\/Z((+l),5h)|2 + y2M2£(€ + 1)62]/M«/l(@+1)ﬁ|h|2
— 35(y M€+ 1Py MVEEDD 2y,

and after integrating, we obtain

£0 _
/ Y2M2O + D)2 MYEEDD I p2 a5 4y M/ + 1)|R)?(0)
0

o . .
< / A MVEEDP s n 2 d s+ y ML+ DX MYVEEDR 2 (5g).
0

O

Proof of Proposition 9.2. We first of all rearrange (6.16) as follows:

201+ Mp)s® ) + (265 + 57105 — sh)Duany + 201 + 1) (5 + 1) Das)
ney

+Z(n+1)!M"’kF 3 +§:n!(n k+D kg & _ 6
P (k—l)' n,k ¥ (k) rard | nk¥ k) = Un

k!

9.3)
with ny = min{n, 2¢} and

Gp = fu—[n(n+1) — €L+ D)D) — @n+2)M(1 + Mp)sd,) — 2n°M>sd(, )
— P Funs2a® a2y — 200+ 1) pFyns1 @ e

if n <2¢ and

Gp=fo—[nn+1) — €L+ D)D) — @n+2)M(1 + Mp)sd,) — 2n°M>sd(,_ )

(n+1)!

—k 2
TR

n
- 52Fn,n+2&>(n+2) —2(n+ l),5Fn,n+1(,I\D(n+l) + Z
k=2¢+1

n
nln—k+1) =, ~ 4
> M Fude
k=20+1 ’

ifn > 2¢.
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We take the square norm of both sides of the Eq. (9.3) and then multipy by an
exponential weight function to obtain the equation:

AVMVEEDP D (1 4+ MBY2s D ey + (26 + 521D — sh) D s
n+1)! .
+2(n+1)(,0+K)q>(n+1)+Z 1 Kk @
ne 2

nln—k+1) _,~ 4
+];TM" F k@)

_ eZyM«/Z(ZH),ﬁ'Gn'Z’

where y > 0 is a dimensionless constant that will be chosen suitably large.
We can split up the left-hand side above as follows:

Y MVIEDD (1 4 M) 5Dty + (265 + 52105 — sh) Do)

(n+1)!

—k A
) M" F k@)

+2(n+ 1D)(p +/<)CI>(,1+1) + Z

4
nln—k+1) .~ ~ |2
PO D k[ =3
i=0

|
Z k!
where
Jo = 1251+ MpY* X MVIBDR G 12 1 i+ 522 MVEEDR | 2
+4(n+ D2(F + k)22 MVIEDA G 12

and

Ji = 4Re 29)(n + (1 + Mp)* (5 + )™ MDD, ) 2,

D=2+ D (5 +10)[26p + 5712 VD51 D i) )
=201+ DRe 2)h(p + )26 + 71> MDD 2,

Ty =201+ Mp)* (2 + p*1e? MVUEDPRe (25D 41) D na2)).

2
o 2yMJEED/ (n+D! & nln—k+1) _p~ +
Ji=e Z(k 1)’M F,,kq>(k)+k207k- M"*FE,  d
U n+1)! — Enln—k+1) . o~ T
+2e2YM w“)”ﬂ‘ie[(z (k—l)’Mn an,kq)(k)+ZTM" an,kd>(k) :
=1 : k=0 :

: (2(1 + M) sDuer) + 1265 + 521D sy +2(n + 1)(5 +x><i><n+1>) ]

Step 1: Estimating J1—J3. We will first estimate Ji. Let us first suppose PRe (s) > 0.
Then J; has a good sign. Now suppose Re (s) < 0. Then we introduce the parameter
B > 0 and apply Young’s inequality to estimate:
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1] < B+ 121+ Mp)*(p + 1) 2P MVEEDD 1§y 2
[ 1Re29))? T A
+4/3 1 < |2s| |2S|262yM e(£+l)p|q>(n+1)|2.

Consider J>. We integrate by parts (using that @ is smooth at p = 0):
00 o
/ hdp =21+ 1)(5 + )26+ 1T MVEED G2
0 A=po

00 N
— |+ DK+ 125 + 65212 MVIEDE G 2
0

— Ay ML+ D)+ 1) (5 + 10126 f + 512 MYEDP D 2
—2(n+ DRe 2)h(p + k)2 p + pH1e2 MVEEDP | § 2 dp.
Note in particular that we can absorb the second term in the integral on the RHS into

Jo, provided y M <0, I
Furthermore, using that £ < n, we can estimate the third and fourth terms by:

Po PN -
/ E(l’l + 1)2(,‘5 + K')ZC‘ZVM«/Z(Z*—I)'O|q)(n+])|2 d,O,
0

where € > 0 here can be taken suitably small, using that y M <0, Uand « S@E+n,
where we will take £ arbitrarily large.
Now consider J3. We introduce a parameter p € [0, 1] and split:
3] <20251(1 + Mp)*[2icf + 571> MYV D 1y | D s |
= (1 — 212s|(1 + Mp)*[2kc 5 + 571e™ MV D2 D ) [| D2 |
+ 12128 (1 + M) (25 + 521 MVEEDP ) D) .

Subsequently, we introduce another parameter « > 0 in order to estimate the term with
a factor 1 — p via Young’s inequality:

21— w2s|(1+Mp)* (205 + 5212 MVAEDP b1 | D2

<a(l— @+ 15" +2p)e? MDD P

251252 N 9.4)
(n +|1)SZ|(:+ 22 @7 - w2y

x (14 MpY (57 + 26 p)e? MVEED 1D 7.

Furthermore, we introduce the parameter v > 0 in order to further estimate the term
with a factor u via another application of Young’s inequality:
2125 (1 + Mp)* (25 + 21 MVEEDR D ) | D) |

< vuf2s PR MVIEDD |G 2+ B (14 MpY e + 572 MVIEDD 2.
V
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Step 2: Estimating J4. We consider J4. We apply Young’s inequality with suitable
weights to obtain

N Line—h) | el Ly 1+ D
Jy > GZ)/ 2 Jo—Ce™ Zy e
X M2(n—k) |F k|282yM«/E(l+l p|q)(k)|

Let 1 < k < ny. We will ignore the |Fn’k|2 and |1’5,,,k|2 factors for now. Then we can
apply Lemma 9.3 to estimate:

0 (n + 1)1? - .
f zeZyM«/Z(lé+1)p|q)(k)|2 dp
o (k—1)!

£0 +1)12 L, . .
<Cy™? f &EWW“)P(@@H)P + %P @@ dp (9.5
0o (k+1—102

2
b C DY @R g0,
ye@+ 1)z k=D

and then we can absorb the /2|s|?| ﬁ)(k) | term appearing in the integrand on the right-
hand side into the left-hand side, for y suitably large.
Similarly, we have that for all 0 < k < ny:

Po p1? 5 A -
./ k2 (n — k +2)2MVEEDP G 12 d s
0 .

s o p12 5
<Cy /0 n 1).2(” k+1)+2)

(9.6)
5 |: n—k+ 2) j| eZyM\/Wﬁﬁ)(kH)lz dp

n—(k+1)+2)?2
C n!?

TR R DRIy, P )
y(E+1))2

+

By repeatedly applying the estimate (9.5) ny — k + 1 times, we obtain the following
estimate for ® ) with 1 <k < ng:

po n+ )2 5
f yi(ng—k) ( ) eZyM«/Z(€+l)p|q>(k)|2 dp
0

(k=112
12 A
< |S|—2Cn@—ky—2y—%(ne—k)/ Is| (n+‘12) ZVM«/@(K+1)P|<D<W+])|2dI5
0 ne.
c ) —1-2(m—k) (”"'1) 2YMVEED01$ 125
+— Zy — Dy | (P0).

st —ne¢
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where C > ( is a constant independent of y, £. If we take y suitably large compared to
C, then we can sum over k to obtain:

e rpo 12 .

Zf y%(ng—k) ((]’: + 11))~'2e2yM4/[([+l)p|q)(k)|2 d,5 < C|S|—2y—2
0 — D!

k=1

P (n+ 1)12 .
x / O D 2 M 5213, 1) d
0

ng!z
C <L (n+ 112
+—Zy§("e—k) : e2VM«/W7+1)/30|q3(k)|2(/30)_
y+1) P (k=112

We can similarly apply (9.6) n; — k + 1 times. Before we do that, we observe that for
all0 <k <ny

_ 2 2
(n—k+2) (14 1 <4
(n— (k+1)+2)2 n—((k+1)+2
Hence,

POy n? A
/ yj(ng—k)kv(n _ k+2)2e2yM»,/€(€+1)p|q)(k)|2 dﬁ

0
/3() n'
< kg 72y 2 —%W—k)/ —— —(n— (g +1)+2)?
< 5172y 2y G (et DD
x Y MVHEDR 1521 By ) P d
c a 2
+——_yarluh 3 y—1—2<m—k>"_‘2(,, —m+2)?
(£ +1))2 m=k m

X e2}/M4/€(€+1)/3()|(/I\>(m)|2(ﬁ0)'
Therefore, we can sum over k to obtain:
[P L —k)”!2 2 2y MJEE+DF & (2 5~
Zf y2 s =k 2)%e Pl® gy |*dp
O .
k=0

n!? po = A
<Cy s = (g4 1) +2)? / PP MVIEDP| 0512180 o1y 2 d
(ng+1)12 0

ny 2

— _ Lep, 1! A -
+Cy T e+ DT+ 2)? )y k>_kﬂeZVMv@““)Pw@(k)|2(p0).
k=0 ’

We moreover have that |F,,,k|2 + |1‘:“n,k|2 < C(/{f + /cc2), so in order to ensure that
the integrals appearing in the estimates above can be absorbed into Jy, we will take
Kiske S (L + 1)~!. We can then conclude that for € > 0 arbitrarily small and |s| > 0,
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there exists a y>M -1 |s|_1 suitably large such that: forn < 2¢ (ny = n)
£o £o | 3
/ Jdj > - f eJodp — Coy~ '+ 1)
0 0

L=k (n+ 1)1 2YMVTEDR01 & 125
x Z G-t [P )1~ (ho)

—Coyle+n” ‘Zyz“’ DI MV 2 )

12
k=0 k

and forn > 20 (ny = 2¢)

00 00
/ Judp > —/ eJodp
0 0

o o [P+ )2 U . y

- Loty M+ VP o v i g 2
— Cey™He+1)” 3Zy 23670 2V MVEEEDR B, 12 (o)

k-1’
20 n’

—CyTl D2 y2 0 O pe IR b (o).
k=0 ’

Step 3: Estimating G . Estimate first of all

S [+ n! r 1a [
k=20+1 ' ’
(n +1)! _ ~ 5
<C(n—20) Z (—DQM”" k>(|Fn,k|2+|Fn,k|2))|<1><k>|2.

k=20+1
We can therefore apply a suitably weighted Young’s inequality in the n > 2¢ case:
for € > 0 arbitrary small, we have that there exists a constant C > 0, such that
Gul> <+ +1) — £+ DI D0 |* + Ce(n+ D*n* (| Fyn* + 1 Fon )| ) |
+ Ce(n + 1?5 *| Dy |* + Cen® |s*| D 1) |*
+Cep| Fa, n+2|2|ci><n+z>|2 + Ce(n+1)* 5| Fy 12| @ ueny

(n+ 12

—p MV UFul + Fril b

+Ce(n —20) Z

k= 2/é+1
2
+ C€|fn| ’

whereas in the n < 2¢_terms we obtain the same inequality, but without the terms
depending on Fj, ; and Fn x with 2¢ + 1 < k < n on the right-hand side .
First of all, we rewrite
[n(n+1) — €€+ DJ?
|25]262

(1+)[nn+1) — L+ D dgy > = (1+6)32 252D (141
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We refer to the proof of Proposition 9.5 for the motivation to include the factor 52 above.
Similarly, we have that for n > 2¢

n2(n+1)2
1251252
znz(n +1)2
1251252
Snn+1)% - (n —1)%n?
|25]254

Ce(n+ 12| Fyn* Doy |* < CF2(kE +2) 125121 ® (141 |,

Ce(n+1)2s2 | | = Cen 25225 1252 D 1412

12511 D (y—241) >

Cen*|s?|® 1y |* < Cen™ 54|25

and, for2¢ +1 <k <n,

(n+ )12

2

MO Fy 1+ 1 Fa k)

~ n—20)k!?
S CM2(n7k)(K% + Kg)a2(n7k+l)|2s|2(n7k) ( ‘2)
n.

(n+1)*nl? &2 (k=) |9 [ ~2n—k=1)
K2k —1)12 s

25| @141 .
If n < 2¢, we instead apply Lemma 9.3 to estimate:

£0 - e £0 - _
/0 n4|S|262yM4/Z(Z+l)p|q)(n_])|2dp - ﬁnzfo |S|262yM«/Z(Z+l)p|q)(n)|2dp

+ s 22y MVEED G 112 (5p).

€+ )2y
and
po 2 2 MV s 24~ - € Po 2 2y MJTE+Df | & 2 5~
n”|s|%e [Pl dp = — |s|“e | ay|“dp
0 Y 0
+ s PP MVEEDR b 2 ().
(Le+1)2y

Step 4: Putting everything together. We combine the above estimates to obtain the
following estimate: let € > 0 be arbitrarily small, then there exist y suitably large with

M7 oy sy s+ Ms)),
and moreover M ! ,50_ 1 >>1, such that forn < 2¢:

00 PP
(A= A+ Mp) — )2+ p7)* e MVEEDP 1D, ) P d s

fo —NRe(s),0)\° o
+/1 (1_4ﬁ_1<ﬂﬁi__5§l_i> _”“_{)|%V6”M D21 ) [P dp
0

Is|

) . _
+ / 4=B—a(l —p) —e)n+ 1P +1)2 MDA $ 12 dp
0
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P |251%57 lx—2 2 ~\4
—A m'a_ o (1-,&)(”4—2) (1+M,0)

x (5% + 2k p)eXY MVEEDL 1y 12 d

p0 +1)— L+ D] - 5
- [ (s @ s P T P
0

|25|2~2
-3, —k (n+ 1)1 2y MJTE+)
<Ce(t+1) Z 20 oEe IS P o)

_ _ L' ST T | A _
+Cey~ €+ D) IZw(“ e VB (o)
k=0 ’

A0 .
+ Ce[ eZyM\/Z(ZH)p'ntZ d,5.
0

Letn > 2¢, then

£0 = A -
f A =™ A+ MpY* — )2+ 522 MVHEDP G )2 dp
0

fo —Me(s),0)\? o
+/ (1—4ﬂ_1 (M) _”“_E) 2522 MVEEDP D, P dp
0

s
00 <A
+ | @G=B—al —p) —e)n+ 1) +K) 2P MVEEDN$ 12 dp
0
n |25|2 2 I~—2 2 ~4
— — .« 1570 - +2)°(1+M
fo T o 7 A m w2 5)
x (5 + 26 p)e MVEED 1B 7 d
/ﬁo [n(n+1) — £+ 1))
0

125252

(1+€)3%2s PP MVEEDL 1B (11 2 dfp

5 2 2 2.2
_C/po s, 4"+ D7 (n = 1)7n 25 2|2 MVIETH 6
0 2575

- —20)k!1?
—C+1)7? Z / R PXIE u n!z)

n_2+ny|>dp

k=20+1
(n+ 11212 1
x k!z(k _ 1)!2 |2s|2(n—k+1)a’2(n—k+1)

x 2522V MVEEDR 1@ 1,012 dp

2 o [P (n+ )2 i . 3
_ CV 2|S| 2(( + 1) 2/ We2yr+«/[(e+l)p|2s|2|¢)(26+1)|2 dp
0 !

20 2
- _ Loy (m+ 1! . .
SCyTl U+ Ty 2 k>meWW*”P%%|2(po>
k=1 ’
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24
+CyT e+ )42 Y 20 ">Z 27 MVEEEDR1 B, 12 (o)
k=0 ’

£0 ;
+ Ce / eZyM«/Z(Z+1)p|f‘n|2 dﬁ
0

O

In order to estimate the boundary terms at p = pg that appear on the right-hand side
of the inequalities in Proposition 9.2, will will make use of the non-degeneracy of the
wave equation at p = po (away from the horizons) in the form of the following lemma:

Lemma 9.4. There exists a constant A > 0 such that for all 2 < n < 2¢, we can
estimate

1y (Bo)l < A" 5y 2"V + 1) (1D1(5o) + 1D(1) 1 (50))
n— 2

Y e ('S i P A7 ©.7)
k=0

Proof. We will prove (9.7) by induction. The n = 2 case follows immediately from
(6.16) with n = 0. Now suppose (9.7) holds for all 2 < n < N. We will show that then
(9.7) must also hold forn = N + 1.

Observe first of all that for all 2 < n < 2¢, we have that

In(n+1) — €€+ 1) <3€+1).

By (6.16) with n = N — 1, we have that there exists a constant C > 0 independent
of N and ¢ such that

1D na1)(B0)] < CMTIN By 21Dy | (Bo) + CLE + 1)y 21D v—1)] (Bo)
N—1 NI
+ C(ky +Kc)ﬁ(;2 |:Z i 1),M" k1D 1 (o)
k=1

N 9.8)
Z (N - 1)’(N k)

M"_klé(k)l(ﬁo)}
+CP0 [ fn-1l.

Note that by applying (9.7) withn = N and n = N — 1, we obtain

CM™'N g | D)l (o) + CLE + 1) 1Dy 1) (Bo)
< @CM AN + AN N (@ + DN (D] (Bo) + D1yl (50))
N-=-2
+(CMTTAT 4 CATY) ST ANk RN EDTRE g )N f ().
k=0

Similarly, using Stirling’s formula to obtain

- N!D‘ < oN— k+](€+ l)N k+]
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we can estimate

N—1
<2 : —k & ~ ~—2
Clkes + 1) kZ_} oM 1wl G0) = Clis + kg
N—1
X Z 2N7k+] (E + 1)N+17an7k|<D(k)|([)‘0)
k=1

N—k+1
< Clis + 1) (€ + 1)N+1AN+1 ~—2N |:Z ~2(N—k) (i) :| (1P| (5o) + |&>(1>|(/30))

k=1

Nl 5\ N—k+l
+ Clicy + ko) (€ + DNFTANT 52N 3 G20 (_)

A
k=1
k=2
X 3 AT DT £l (o))
m=0

1 o _
<2AN+1<E+1>N+‘ 2N(|¢|(;Oo)+|<1>(1)|(p0))+ Laveis o N e+ Nt
x ZA R+ D7 £l (o),

for po suitably small and A chosen suitably large, where we used the convergence of
the geometric series. The remaining term on the right-hand side of (9.8) involving &D(k)
can be estimated similarly.

By taking the dimensionless constant A - M suitably large compared to the dimen-
sionless constant C > 0 that appears in the expressions above (and is independent of
Lo 1, N and ¢), and by combining the above estimates, we obtain (9.7) forn = N + 1,
thereby concluding the induction argument. 0O

Proposition 9.5. For all € > 0, there exist constants B, C,y > 0 depending on |s|M,
such that for y>>(|s| "M~ + |s|M), poflel > max{y, 1} and £>3>1, we can estimate
for Noo > 20 arbitrarily large:

& 2sEn o O 4 20
““””Zm A= w ' A+ Mp)* — )2kp + p%)
n={ T 0

N, ~
0 |2S|2n02n

2y M JL(L+1)p | & 2 g~
x e MVEEDD |G o) dp+e!(e+1)!zm-
n=>~

o 2
./m (1 —4p! <—ma"{_“§r ), O}> —vp— (1 +e)5> - e)
0

x (252 MVHEDR 1B P d

Noo |2S|2n5:2n 00

+£!(@+1)!Zm i G—B—(a+a ') —p) —e
n={



Quasinormal Modes in Extremal Reissner—Nordstrom Spacetimes 1465

X (n+ 125+ )2 MVEEDL 1B 012 dp
e+ 1),/’70 s PN s Sl
- . . : a -
0 (Noo + DPNoo? (Nog + 1)2 #
x (1+Mpy pPer MVEED2 1§y o) 12dp
< CBZE,&O_SZ|25|Ze2VM*/‘2(“”‘3° [|q3|2('50) + |&)(1)|2(p~0)]

20-2
+ CBZK/SO—SE|2s|fe2}/M«/Z(E+l)p0 Z A—4—4k[561+4k(£ + l)_2k|fk|2(50)
k=0

Neo

252152 PO ST 2 <
Yt “nl

Proof. We will sum the inequalities appearing in Proposition 9.2 over n with the fol-
lowing summation weights:

N, ~
X 25|25
£+ 1)! —[ . ],
( ) ; (n+1)12n!12

where Ny, will be taken suitably large and the value of & will be determined later.
Before we carry out the summation, we will first apply Lemma 9.4 to estimate further
the boundary terms at p = pg that appear in the inequalities of Proposition 9.2.
By Lemma 9.4, we have that there exists a constant B > 0 such that forall 0 < k <
min{n, 2¢},

(n+D? 1 - @ D50 4 .
(k — 1)'2 2(1’!@ k)€2yM Z(Z+1)/)o|q>(k) |2(,OO)
2(k+1)
SBk,50_4k(n + 1)1 (i : 1) y%(ng—k)EZyM«/Z(ZH)ﬁo

k—2
: [|é>|2<ﬁo> +1 Dy 2 (Po) + Y AT L+ 1)_2m|fm|2(ﬁo)} :

m=0

2(k+1
Note that (%) (k+D)

] attains its maximum when € + 1 = e(k + 1) so by redefining B we
can write
(n+ 1)

1, — ST+ 51 2 - - 1, ~

k—2
: [@F(ﬁo) +1 Dy 2P0y + Y AT (L + 1)_2m|fm|2(ﬁo)] :

m=0
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And hence,

Noo 1y 2n=~=2n 2
1250 (n+ DI 16, 2y MVE@EDR & 2
E!(Z+1)!Zz(rz+l)!2n!2 e’ e °1D | (Po)
n={ k=0

|2s|2n 2n
< £1(£ + 1)l MVEEDA Z

n=¢{

Z Bk 4k

k—2
: [Iélz(ﬁo) + 1Dy P (o) + Y AT G e+ 1)2m|fm|2(,50)}
m=0
- Noo |2s|2”52"
< 1(E + 1)lePr MVEEDR 3 B .

n!?
n=¢{

ne
B [18RG0) + 190y (o)

202
+ AT G+ 1>2’"|fm|2(5o)}

m=0

N, ~
0 |2s|2no_2n

< CLI(L+ 1)l MVEE D 3 ™
n=L{

(18P Go) + 190y P 50)

202
+ AT G 4 1)_2m|fm|2(,50):|

m=0

~—4n
ny 4
n!2 B0

< CBY 25 5 X MYEEDR (162 (9) + bt (o) |

202
+CBZE|2S|4£ ~—8¢ 2}/M«/Z(@+l po Z A —4—4k ~ 4+4k(£+ 1) 2k|fk| ('00)
k=0

We can analogously estimate the remaining boundary terms.
‘We now take the sum over n of the equations in Proposition 9.2 with £ suitably large.
We will then see, in particular the following double summation if n > 2¢:

2
- 2—k)~2(1—k+1) 1 .. 2(n—k) 71 — 20)k!
(t+1)2 § § / MR 25200 E T

n=20+1 k=20+1
|: |2S|2(k—1)02(k—1)

PECEEE } 1252 MVEED2 ) P dp

_ -2 2n—k) ~2(n—k+1) 1 20— (1 — 20k!
e+ Y Y M5 25200 Z =T
k=20+1 n=k+1

po |25|2(k—1)32(k_1) 5 N
= 7 s Retr MV B 245.
/o |: PETNE |25 |Pk—14+1)|"dp
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We further estimate the factor:

Noo 5
Z M=) F 20—k ) 21—k (n —20)k!
12
n=k+1 n:
2
<32 Z F2m pp2m ) m (M +k —20)k!
(m + k)12

< (52 <
o Z:(m+1)2 = ¢35

for € is sufficiently large compared to M|s| and 5.

Now, in view of the chosen summation, the terms with a negative sign on the left-hand
sides of the inequalities in Proposition 9.2 at order n can be directly absorbed into the
terms with a positive sign in the inequalities in Proposition 9.2 at one order higher or
lower, i.e. with n replaced by either n — 1 or n+ 1. Note that when n = £, only absorption
into the estimates at order n + 1 is necessary.

The absorption into the inequalities with n replaced by n + 1 is no longer possible at
top order, i.e. when n = N. In that case, we moreover apply a slight variation of the
estimates in the proof of Proposition 9.2: we do not apply (9.4), but we estimate instead:

201 = w)[2s|(1+ MpY* (26 + 521> MVEEDP B (o) | D (a2 |
<a(l =)+ 1" + k) MVEEDP By P
25

o] 4 52,2y MG+
_— 1— 1+M 14 )PP
(Neo + 1)2 (1T = p)( PP [P (N

ol

Let € > 0 and ¢ appropriately large, then we can group the remaining terms in the
summation of the equations in Proposition 9.2 to obtain (9.9). 0O

Remark 9.2. Tt is important to note that no terms involving dAD(n) with n < ¢ appear on
the right-hand side of (9.5) apart from the n = 0 and n = 1 boundary terms. Hence, the
n > { estimates are only coupled via the lowest order boundary terms at p = pg. This
makes it considerably easier to add estimates for the n < £ terms; see Proposition 9.6
below.

Proposition 9.6. For all € > 0, there exist a constant C > 0, with C independent of ¢,
such thatfory>(Is| "' M~ +[sIM), py ' M~"> max{y, 1}, &> 1 and kc+ics S (¢+1)7),
we can estimate for Noo > 2L arbitrarily large:

125]2n 62 /po AMVEED§ 12 35
n
e+ Jo

Noo |2S|2n8:2n £0 . 4 . 20
“nlc Jo
n=¢

N, ~
% |2s|2no.2n

2y MAJUU+1)p | & 2 4~
x VMDD |G o) dp+€!(£+1)!zm-
n=¢{
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o 2
[ ( Capt (RO e )
0

Neo
x 252 MVEEDR G ) P dp+ e+ DY
n=¢{

|2S|2n52n 00
X —_—
(n+1D2n2 J,
x(n+ D25+ 102V VDB, 2 d b

_ez(z+1)!/ﬁo 252N |25 SSa (1= )
) (Neo+ DEN (N +2)2

G-B—(@+a T —p) —e

X(l +M,O)4 ~2 2yM«/Z(€+1 ,O|CD(N 2)|2d§
< CB 5™ s X MVEEDR [1B2 ) + bty P (o) |
3 202
+CB2€[50—8£|2s|4Z62)/M«/€(K+1),00 Z B*2}’Lﬁéﬂ|2s|72n(£+ 1)72k|fk|2(150)
k=0
& 25278 (7 v T . 2
| | = - 14 +Dpo 5
+Ce'(“1)';(n+1)!2n12/0 e | ful“dp. (9.10)

Proof. We apply Lemma 9.3 £ + 1 — n times to estimate forall0 <n < ¢

2y MJT{+1) 255 2"|‘1’(n)| ~ 2n~2 200+1 ¢
/ yMVEGDR 2 O TPl 5 o 012512620 (My) 2E=M (00 + 1))
0 €+ 1)1

0 .
X/ eZyM«/K(l+l)p|q>(e+l)|2 d,5
0

+C(My)~ e+ )72 25262
14
x D (My) 20 (e + 1) DA MVEEDR § g 2 (5o).
k=n

After summing over n, and using that £>>My|2s|, we obtain

12 12
Z|2s|2n5.2n Z(My)fz(kfn) (K(ﬁ + 1))7(k71)e2]/M«/@(€+1)p()|&>(k)|2(I50)
n=0 k=n

12 n
< Y (My) e+ 1)) [Z |2s|2"&2"<My)2k} AT MVUEDR1 B, 2 (o)

n=0 k=0

|25|2n 2n 2 M o ~
< y M/ E(+1)po ) 2
E ey TSRS [Py (P0)
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and hence,

Z ~ ~
Z |2s|2n02n /PO eZmeﬁ|&)( )|2 d,5
] n
e+ =1 J,
|S|2(£+1)62(6+1)
<C(M2s|5y) P
L+ 1)t
|2s|2n&2n
e+ 1)

A0 o
/ e2yM«/Z(£+l)p|q>(l+l)|2 dp
0

l
_ 1 A B
+C(My) e +1)2 > Y MVEEDD | ) 2 (5p).
n=0

By Lemma 9.4 we have that there exists a constant B > 0 such that

|2s|2n&2n

TSR IR

l
M) e+ 1)y
n=0

1 ~— ~ ~ A ~
<My) '+ 1)z max {B¥ 5,125 PM(R1 (o) + 1Py 2 (60))
0<n<(-2

1 —
+(My)~l e + 1)1 B¥ gy 25>
-2
X Y BTG 2s |72+ 1)U £l (o).
n=0

By combining the above results with the estimates in Proposition 9.5, we obtain
(9.10). O

In order to ensure that the terms on the left-hand side of (9.10) are positive-definite
for k and o suitably small, we need to impose several compatibility conditions on the
parameters o, 8, i, v, 0.

2
For the sake of convenience, we introduce the notation ¢ := 'mrs I(; ) When SRe (s) <

0, the compatibility conditions are: if © > 0, then

0<pu<v, 9.11)
4—a(l—p)—B—-5"2a"1-p >0, 9.12)
1—-47'¢c =52 — % >0. (9.13)
If Re (s) > 0, we instead obtain:
w<v, 9.14)
4—a(l—p)—B—-5"2a71-p >0, (9.15)
1—u?>0. (9.16)

Note that if we take = 0, we can omit the parameter v in the above expressions.

Lemma 9.7. (i) There exist o, B, ju, v and &2 satisfying (9.11), (9.12) and (9.13) if and
only if, when Re (s) < 0, we have that |Re s| < %|s|, or equivalently |arg(s)| < %n.
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Fig. 4. An example of a domain 2, which is represented by the shaded region in the figure. The points
satisfying PRe (s) = —% |s| are represented by the two dashed lines in the left half-plane in the picture

(ii) Fix the product o := 27 |s| € R. Then, there exist a, B, w, v satisfying (9.11), (9.12)
and (9.13) if and only if, when SRe s < 0, we have that:

s> <o,

3[3ms|> — 5|Res|? > o>
If we denote

ngz{(x,y)e(C|x<O, x2+y2<02, 3y2—5x2>02}U{(x,y)e(C|x20,
(x,y) #(0,00} cC

then

1
U @ = {(x,y) eClx <0, x* < Z(x2+y2)}U{(x,y) eClx >0,
U€R>0

(x,y) # (0, 0)}

(iii) Fix s € {—%|s| < Mes < 0}. There exist o, B, i, v and &2 satisfying (9.11), (9.12)

and (9.13) if
1 2
—<62<§—2 [Re s| .
4 4 |s]
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Proof. There exist «, 8, u such that (9.12) and (9.13) hold if and only if
1
4=p—p e —d?

As a first step, we minimise the lower bound for G2 in a. It it easy to see that it is
minimized if

<5 <1-487'¢c — u%

1 _
a=§m—ma—ml,
so with this choice of «, we obtain

4(1 — )
@—p)?

We now assume Re (s) < 0. We can find a 52 satisfying (9.17) if and only if

<52 <1-47'¢ —u% 9.17)

4 <22 -b)[1-p2 = (1= w72,

where 2b := 4 — 8.
Now, we will find a u € [0, 1] such that
L—p® = (1= p)?p?

is maximized.
Equivalently, we would like

—2u+2(1 — Wb 2=0

which is the case when
b2 1

T 1+b 2 1+b2
Using the above choice of u, we are left with

1 bt 22— D)b?
(L+b2)2  b2(1+b2)2 | 1452

n

’

4¢ <22 —b) [1

‘We have that

s

d (2Q—-b)b*\  2b(b—D(*+b+4)
E( 1+b2 >__ (b2 +1)2

with b < 2. The above expression must attain a maximum when b € (0, 2) atb = 1 and
we can conclude that
4¢ < 1,

or equivalently, we need to restrict
1
|Res| < SIsl,
2

after taking 8 =2, u = % and o = 2.
Now assume Res > 0. Then we can take 4 = 0, § = 0 and « = 2, and (9.15)
reduces to:
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s0 no restriction on the allowed values of s is required in this case. We have established
@).

We now turn to (ii). Fix 0 € R.q. Suppose Re (s) < 0. From the above, we can
moreover infer that with the choice « = 2, u = % and b = 1, we have that

- 3
<O’2<Z—2§. (9.18)

Hence, if we fix 02 = 52|2s|2, we have that

s> <o,

319ms|> — 5/Res)? > o2
The statements in (ii) and (iii) now follow immediately. O

Remark 9.3. The choice of domains €2, in Lemma 9.7 is sufficient for foliating {fRe (z) >
%|z|}, but it is not optimally chosen. One can for example show that all values of s the
subset {|z] > S} N {Re (z) > —Cp}, with arbitrary Cp > 0 and S > 0 suitably large can
be arranged to satisfy (9.11), (9.12) and (9.13) with a single choice of o.

Corollary 9.8. Fix 0 € Rog and let s € Q, C C. Assume that k. + k+ < (€ + 1)’1.
Then there exist M pg, v, L > 0 suitably large depending on s, and constants A, C > 0,
depending on s, M py and y, such that for all £ > L and Noo > 2L:

Z |25|2n&2n /PO eZyM\/m;”qA)( )|2 dﬁ
—1 n

—ee+ny-"Jo

& |25 pho 202 2y M5 & 2
HOE+ D) o | Qb+ 62 O B P dp

n=~{

Neo |2S|2n52n 00 .
+OE+DY —/ (125 + (n + 1)2(5 + k)22 MVEED2 & 2 dp

0

(n+ 1)12n1?
n=¢

—cae+ 1!
(e )/0 (Noo + D2No (No + 1)2

< Ale2y MVTTD o [|&>|2(,50) + |<i>(1)|2(,50)]

P0 |25|2Noo52Noo 2512 - .
|25 |25 IOZeZVM«/Z(£+l)p|q)(NOO+2)|2dp

ze_l 252152 Ao 2y MJTE+DF | ¢ 12 ¢
+A ZW/ P MVUEDD 212 05 + A0 (L + 1)
e+ )T o
Noo |2 |2n~2n 00
XY o [ R

(n+ 1)2n1?
n=¢{

(9.19)

Proof. We apply Lemma 9.7 to conclude that we can choose «, 8, i, v such that the
constants in front of all but the final integral on the left-hand side of (9.10) are positive,
provided s € Q2. Then we estimate the boundary terms involving f,, on the right-hand
side of (9.10) in terms of integral norms by applying a standard Sobolev inequality. O
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Remark 9.4. Tt is important to note that the constants appearing in the estimate (9.19)
depend exponentially on £. The growth of the constants in £ turns out to be sufficiently
slow so as to allow for a coupling of (9.19) with the estimate (8.5) in Proposition 8.2 in
order to convert (9.19) into a global estimate; see Proposition 9.9 below.

Proposition 9.9. Let ¢ € Nand assume k4, k. > 0and ky+ik, S (6+ l)_l. Fixo € Rog
and let s € Q, C C. If £ is suitably large, there exist constants Cg, > 0 and A > 0
that are independent of k4., k¢, £ and Ny, «, € N, such that

RS
f°(1+62(5+1>2)|1/?|2+(1+z<z+1)>|ar&|2+|83&|2dr
R,

+
0

— : m" Po 2y MJTEDF G 12 g2
+A Z Z(g_,_l)Z(n—l)/ ¢ [Py |~ dps

xe{+.c) n=0 0
Y & |25|2"52n Ao 2 22
+ AT+ 1) Z meo (125 + (n + 1)?5%)

*€{+,c} n=¢

x 2V MVEEDD 1§ 1 |2 4 pre2y MVEED G 0012 d

RS oM
N 712 ) M 2y MJTEDF) » 2 g~
sc,,o,x/Ra |FlRdr+Crys §{ j}}oﬁ (£+1)2"/0 e 2 dp,

*E\+,cp n=

Noo ~ 5

Z Z 2512752 (PO BT 2 g~

+C,50‘S£!(£+l)! m[ e 4 /0()|fn| dp*,
*€{+,c} n=¢ T 0

(9.20)
forall Noo > Ny, ..
Furthermore, if k1. = k. = 0 and we make the a priori assumption 1& € Hy 2, py, then
the above estimate holds with N, replaced by oo.

Proof. We first use that for k > 0, we can absorb the non-positive definite integral on
on the left-hand side of (9.19) into the second integral on the left-hand side, provided
N« is taken suitably large, depending on the value of «. This is a manifestation of the
red-shift effect along the horizons.

Then we apply the fundamental theorem of calculus to estimate for both p = p. and

P = P+t

1D1>(50) + 121y (B0) S CB)UITI(B0) + 10,17 (P)]
r((ﬁzr)o) R N N
< C(ﬁo)/ [ > + 10,9 > + (074 dr.
r((0+)0)

In order to obtain (9.20), we estimate the RHS above by applying (8.6) and using that
Ko can be taken arbitrarily large compared to the constant A on the RHS of (9.19)
so that we can subsequently absorb the terms on the RHS of (8.6) involving ¢3 and E)p(fb
into the LHS of (9.19). Note that we require in particular £(£ + 1) to grow as |s| |, 0.

When « = 0, the non-positive definite integral on on the left-hand side of (9.19)
vanishes as Ny, — o0 if we assume that ||1/Af||g,2 <o0. 0O
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Corollary 9.10. Let ¢ € N and assume k., k. > Qand ki +x. S (L+ D~L Fixo € Rog
and let s € Q, C C. If £ is suitably large, there exist constants Cy ,,, C¢ > 0 that are
independent of k5., k¢, with Cy_p, moreover independent of £, and Ny, ., that does depend
on Ky, K¢, such that:

RS
/ 0(1 + 2+ DG+ A+ L+ 1) + 1020 1> dr
R,

+
0

_1 & [2s]5 2 202 [ SU02 L Ayantl 2
+C;t Y mel) n fO 0, (ri)1” + o3 105! (r )P dp,
*€{+,c} n=0
R§ Noo |2s|2n52n £0 -
scs,po/+ |fPdr+Ce ) me |07, (r I dps.
Ry *e{+,c} n=0 ThJo

9.21)
forall Noo > Ny, ..
Furthermore, if ks = k. = 0 and we make the a priori assumption 1& € Hy 2, py, then
the above estimate holds with N, replaced by oco.

Proof. We can immediately rewrite (9.20) to obtain

Rg R R R
1+ 2@+ DHPP+ A+ €L+ )00 + 18201 dr
Ry

. Neo s |52 T
+A Z Z(n+1)!2n!2(n+1) n /0 [Py~ + 07 | Pua1)|” dpox

*e{+,c} n=0

R§ Noo |25|2n8‘2n £0
<C; 2dr+C - 2dp,.
< /Ro FRarec, Z(Hl)!zn!zfo fuldp

*€{+,c} n=0
Observe that

Dy = (1 — Mp)?8, — sh)"(r),
fo = (1 = Mp)?d, — sh)"((1 — Mp)r> f),

with p = p. or p = p4 and h = fzc orh = hy, respectively.

Using analyticity of h as a function of p in [0, po] and the rapid growth in n of the
denominators in the summation factors, the estimate (9.21) then follows in a straight-
forward manner. 0O

We will additionally need a slight variation of (9.21) when investigating the conver-
gence of resolvent operators with k > 0 as « |, 0; see

Proposition 9.11. Let ¢ € N and assume ki, k. > 0 and k4 + ke S (£ + 1)_1. Fix
o €Ropandlets € Q, C C. If € is suitably large, there exist constants Cs ,,, C¢ > 0
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that are independent of k4, k. and Ny, . that does depend on k.., k. , such that

R(_‘
/ (1+E2(£+1) )|1//| +(1+£¢+1))|0, w| +|8 1/f| dr
R

0

|2S|2n~2n

PO N R
Y Z(,HM B 2[() |02 (ryn) > + pi 100 ()| dps

*e{+,c} n=0
|2S|2n~2n

scs,pO/R FRdr+Cop Y Z(n+l),2n,2/ (n+ 172102 () dp.

*€{+,c} n=0
(9.22)
forall Noo > Ny, «,.

Proof. Observe that the difference between (9.21) and (9.22) amounts to an additional
factor (n + 1)~2 in the summation over n. We arrive at by repeating the arguments in
this section, employing instead the summation

Noo |2s|2n~2n

0+ WE:T_EEW( n”j]
n=¢{ ’

We omit the details of this procedure. We remark that the main difference is that will
(n+1)2
2

see in particular additional factors of appearing when trying to absorb terms into
estimates of order n + 1 or n — 1, but we use that

(n+1)2

—=1+0(n""
n

so the procedure of absorbing terms poses no problem provided £ is taken suitably
large. O

10. Additional Gevrey Estimates for Low Frequencies

In this section we obtain additional Gevrey estimates that are only valid for bounded
0 < ¢ < L and for correspondingly small values of |s|, cf. the estimates in Sect. 9,
where |s| > 0 1is allowed to be arbitrary large, but we need to assume £ is suitably large.

Theorem 10.1. Let L € Ny, 0 € Rog and pg > 0. Assume that k. = k. = k > 0
and 0 < € < L. Let s € Qs N{|s| < so} for a given positive constant so. If sq is
chosen suitably small and py > 0 is a suitably small constant, both independent of k,
then we can find a constant Cy 1 > O that is also independent of k, such that for all

I//} € C®([ry, rc]) we can estimate
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2n

/I; |I/f| +|8 wl +|8 'ﬁ[/| dl"+2mn (n+1)2

0

(P)0 R
x /0 197 )+ 021 ) P d s
00 2n

(Pc)o
o 2 2 2 L5802
+nE_0 —(n+1)!2n!2n (n+1) [0 195, (r)| +pc|8"+ (ry)|”dpc

2n

(p+)o
scs,L/R L)) dr+c$LZm/0 0, (Lo D) dp

2n

(Pc)o
o n TNV 12
$Co §Oj e /O 107 Ly, 0 D)2 dp.
n=

(10.1)

We will prove the theorem via several propositions which play a similar role to the
propositions of Sect. 9.

Proposition 10.2. Let L € Ny and assume that £ < L. Let o, «, 8, u,v € R and let
€ > 0 be arbitrarily small. Then there exist integers 0 < N ¢ < Noo = Noo(k) and
constants pg = po(L) > O suitably small and Cc 1, > 0, such that

& 2 (e 1 2 3 42 2Myp) 7 (n+2) 2

E m/ (1 —pv~ )((I*AZ)P +2KP+A3P’+A4P) e yﬂ\¢('l+)| dp
“nl= Jo

n=0

Noo 2n ~2n 0 2
[25|™"G o _, ( max{—Re (s), 0} B .
+y WD /0 147 [ ————7 ) —(+e0 2 —e—vu ) 25PM7P gD 2 gp
n=0 S

Is|

Neo |2S‘2n62"
W[/ G-—B—a(l+Ar+e(l+k))(1—pn) 7()(7'(1 + Ay +€e(1 +/())(772(1 — W1))-
—0 (n+ 1). n: 0

S+ D (1= A2 0%+ +2(1 = Ag)ep + O(p?) + k0 (p) + k2 0(p)) M7 |6V 2 dp

- /mm + D[6(1 — A2)?p? + 4k (1 — A2)* +1) + (L + [sDO(03) + (1 + \s\)O(po>]e2“Vf’|¢3<"*‘>\2dp]
0

P 25PN 2N 2] _ .

—cf — 3o (= (0 + 20D PP dp
0 (Noo + 1)IZNoo!? (N +2)

N |2V‘2” 2n

Z m(" + D205 (1 = A2)* + 4k (1 = A2)* +1)po + O () + kO (p)]e

=P0

NL.e |2s‘2n 2n

PO -
<Cer )y 1™ <po>+c€LZm/ M98 (r )P dp.

n=0 n=0

(10.2)

Proof. We consider the inhomogeneous version of (6.14) and split
25D 4 ((1 — A+ 2up + Azpd + A4p4) D L2+ 1)
3 n
X <(1 —A)p+k+ EA3p2 + 2A4p3> p*h

— Ly () — [n(n +1) (1 — Ay +3A3p+ 6A4p2)
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—~(Bo+ Bip + BapH)] ¢ + (e + D™

—[(n+ Dn(n — 1) (A3 +4Asp) — n(B) +2B2p)] "V
—[(n+ Dnm — 1)(n —2)As —n(n — 1)By] "2,

Subsequently, we square both sides and multiply them by ¢*7? with y > 0 an L-
dependent constant that will be chosen suitably large. Then we integrate over [0, pg] as
in the proof of Proposition 9.2, but with ) replaced by qg (which satisfies a significantly
simpler equation) and pg replaced by pp.

We firstrestrict to the case n > N . > 2¢ suitably large depending on € > 0 because
in this case, we have that

mn+1) — €+ D =+ D> =2n(n+ D+ 1) + 2+ 1> < n’(n+1)?

so the Ez(ﬁ + 1)2 |q§(”) |2 term forms no problem. We sum over Ny < n < Ny, with the
same weights as in Proposition 9.6. We require here that p0<<VLM.

We can estimate the n < Ny, . terms simply by repeatedly applying Lemma 9.3 as in
the proof of Proposition 9.5. The weights in the summation over 0 < n < Ny, . do not
matter as we are assuming £ < L and we do not keep track of the precise L dependence
of the constants. O

Proposition 10.3. Let L € Ny and 0 € R.g. Let s € Q4 with |s| < so. Assume that
ki, ke > 0. Then there exists Ny, . > 0, so = so(L) > 0, (p+)o, (oc)o > O suitably
small, and Cr, s > 0, where Cr, s > 0 remains bounded as |s| — 0O, such that under the
restriction 0 < |s| < spand 0 < £ < L:

R R .
/ 112+ 18,917 + 18291 dr
R+

0

Noo ~
e S BT G e 10202+ 1Dy P
0 Py (n+1) Px

12,712
erpyr, (n+1)!*n!
R Noo |2s|2n8‘2n 00 B
2 2yMpqn 2
<cp, /Ra 7 dr+cL,s*§m§—(n+l)!2n!2/O A0 )2 dp,,

(10.3)
forall Noo > Ny, ..

Proof. First we apply the analogues of the estimates in Lemma 9.4 with o replaced by

dA) to estimate the boundary terms on the right-hand side of (10.2) by q@(po) and q’;(l) (po).
We then repeat the proof of Corollary 9.8, using Proposition 10.2 instead of Proposition
9.6. Finally, we proceed as in the proof of Proposition 9.9, applying (8.1) in place of
(8.6), taking |s| to be suitably small (depending on Cy,) so that the terms on the right-hand
side of (8.1) can be absorbed. O

11. Quasinormal Modes as Eigenfunctions

In this section, we apply the estimates of Theorem 9.1 to construct the resolvent operator
L é o on an appropriate Hilbert space and derive compactness properties.
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11.1. Definition of the resolvent operator. We start by investigating the invertibility of
L 5.t With k > 0. In this case, the main required properties, which involve estimates
that are not uniform in «, are adaptations of the estimates in [79] and are derived in the
setting of the present paper in Appendix B.

Theorem 11.1. Fix £, A € Ngand k > 0. Let s € C and k € Ny. We define Dk(is,g,,()

as the closure of {f € we(C®([r4, re] x S%: O |1 £l gt + || Ls,e.c (H)ll g < 00} with
respect to the graph norm

- 1 gx + L e O] -

Then, for all k € N, the map
is,Z,K : Dk(is,é,/() - nl(ﬁk)

is a densely defined, closed linear operator.
Moreover, there exists k, € N, independent of £ and A, such that the following
dichotomy holds.

(1) Either
i—l

. 7k ki (T rykie+1
A Toan(H™) = D™ (L 42.4) C Tenr (Hy )

is a well-defined bounded linear operator,
(2) or the equation

Ls,Z+A,K(W) =0
admits non-trivial solutions 1& € Dk (lA,s,g+;L,,().

Proof. Since k > 0, we can apply the techniques developed in [79]. Since [79] deals
with asymptotically anti de Sitter spacetimes, we include the main estimates in the
setting of the present paper in Appendix B. In particular, Proposition B.5 together with

Rellich-Kondrachov implies that L é +3.. 18 well-defined for suitably large A (depending
on k and «). We conclude the proof by applying the Analytic Fredholm Theorem as in
Theorem 4.9 of [79]. O

R that are uniform in «,

We now apply Corollary 9.10 to derive estimates for L
after restricting to suitable subspaces.

Proposition 11.2. Fixo € R.g and £ € N. Then for all s € Q, there exist g € N and
ko > 0 independent of £ and s; > 0 dependent on £ such that for all 0 < k < ko and
either . > A or |s| < s¢ the inverse map

l,:71

s 0+hK - Hs.py = Do (Ls,t+nc) S Hs2,pp-

is a well-defined bounded linear operator and there exists a constant Cy ; s > 0 such
that the operator norm can be bounded.:

-
WL g1 s W Ho pg— Hoppy = Clns-

Proof. Letk > 0. First suppose for our choice of s, we are in case (1) of Theorem 11.1.
Suppose f € H,, p, and consider g = f - Yy45 0. Then g € 7o (H%) forall k > 0, so
the restriction

i1

s l+h Kk

: Ha,po - Do(is,€+k,f()
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is well-defined. Then we can apply Corollary 9.10 and take the limit Noo — 00 to
conclude that there exists ko > 0 and pg > 0 suitably small, such that forall 0 < k < kg

and f € Hs oy
A ~ ~
||Ls,e+)h,((f)||a,2,p0 = C[,)\.,S“f“()',pov

50 Do (Ls,t42.4)  Ho 2.0 and [|1L] 35 N Hy > Hony < Clts-
Now suppose we are in case (2) of Theorem 11.1. Let I:S,“,\,Kt/} = 0. Then we can
apply Corollary 9.10 to conclude that Y = 0, which is a contradiction. O

Finally, we use the uniform estimates from Proposition 11.2 to construct i;; 41088
a limit of a sequence of resolvent operators with strictly decreasing ¥ > 0.

Proposition 11.3. Fix 0 € R.g and let s € Q. Let £, . € Ny and consider the linear
operator

L 04,0 : Do (L 043.,0) = Hg py-

Let ko, Lo, S¢ be the constants from Proposition 11.2 and let {k,},eN be a sequence
of positive numbers such that |k, | < ko and k, — 0. Let . > Ao or |s| < s¢. Then the
sequence of linear operators

A1 _ A

{LS,Z"'X,Kn . HG,po - DU(LS,Z+A,K”) - Ha,Z,pO}
neN

has a subsequence that converges in the Banach space of bounded linear operators

B(Ho',pov Ho,po) to

. _ .
Ls,€+k,0 . Ho,po - Da (Ls,f+)u,0) C HO’,Z,,O(V
which is the inverse of L ¢+ o and there exists a constant Cy ;. s > 0 such that
LS g ol <cC
s,4+1,0 Ha,p0_>Ha.2,p0 = LLlAs-

Proof. We establish first the existence of a limit of i:é +ix, With respect to strong
operator convergence. Let s € Q4. By openness of €2, there exist oo > 01 > o such

that s € Q4 N Qq,. Hence, for all f € Hy, p» Ls_,éﬂ,xn (f) is a bounded sequence

with respect to || - ||4,,2, - Since Hy, py € Hyy p, by Lemma 11.4 below, there exists a
-1
s, +\ Ky

limit by . We moreover have that

subsequence of {I: (f)} that converges with respect to || - ||5,,2, oo- We denote the
Ly0+3,00) = (Ls 420 = Ls.t43.10) ) + Ly t4rse, (b — ¥a) + f,
(L0420 = Lis.tsric) @loupo <kn Y [||1/>||a,p0 +11r 10, 1Y), 0

*€{+,c}
—14q2 7
Hlor™ 02 )l o)

||Ls,€+A,K,,(¢ - &n)“a,po = Z I:”VA/ - I»/A/n”(r,p() + ||r_18,0*(r1} - rl/}n)Ho,po

*€{+,c}

+11pr ™ 02 0 = )l |
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where the norms on the right-hand side go to zero as n — oo after passing to a
subsequence if we take o7 > o, since Hy, 5, € Hy, 5, and we obtain

Ly esr.0(0) = f.

This provides a definition of L;; 3.0 : Hoz,pp = Ho 2, py- By density of Ho, p, in Hg, gy

we can extend L;; +3..0 0 Ho p,. Furthermore, by Corollary 9.10 we have that

||L_/g+;L 0||Hop0—>H(,2ﬂo = CZ e

Now we will show thatin fact L~ in the sense of uniform operator convergence. We

will show that L
We can express

vl+kk

. e +3., Torm a Cauchy sequence in the Banach space B(Ho, py, Ho, py)-

—1 —1 e A A
LS,£+)L,KV, - LS,Z+A,KW Ls Cthtem © (LS’Z"')\:"m - LS’("')‘»"n) o Ls C4h,kn "

Note that

. . . T
I(Ls.e+3cn = Lstsric) (Pllooy S kn = kiml Y [||1/f||a,p0+||r 3p, (r¥) 1o

*€{+,c}

+1r = 032, lo.p0 |

w1th1p Ls_é+ (f) However, wecannotcontrol||r_1,082 (r1p)||g po With ||W||02 00

(which we control by [1 fllo,p using Corollary 9.10).

Instead consider a slightly weaker norm of (Ls,gﬂ,,(m — isgu,\,,{")( f), where the
terms in the sum defining the norms come with an extra factor (n + 1)~2. We will denote
the relevant weaker norms by || - ||5, p9,w and || - ||o,2, po,w- Then we have that

—1,92 .7 -1 0 0
=" pd,, r¥)la,po.w + [1r™ 0, r¥) o, pg.w = ClIYll0.2.00 < ClIf o, p0-

From Proposition 9.11, it moreover follows that

r—1
||(LS L+, km (g)||(r,2,p0,w = C||g||0,p0,wa

so we obtain:

r—1 r—1
||(Ls L4, kep Ls Y Km)(f)”a,Z,pg,w < Clen — km| - 1 f o, p0-

Finally, we observe that:

~_1 r—1
||(LA iy — Lstwnie) (Mospy = C||(L3 iy — Lswnie,) SMo,2,p0,w
< Clkn — km| - ||f||<r,p0~

The convergence of {k,} ensures that indeed {L 504+ } is Cauchy in the Banach
space B(Hy p,, Hy,p,) and therefore converges. By uniqueness of limits, the limit is

1
Lo O
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11.2. Fredholmtheory. Inthissection we establish compactness of the operator L, z s
which allows us to apply the Analytic Fredholm Theorem in order to obtain information

about the boundedness properties of Ls_;,o (with & = 0).
Lemma 11.4. Let 0 € R~ . The following embeddings hold

Hy 2 py C Ho.1.p9 € Ho,pys (11.1)
Hy' py € Hyp, ifo’ > 0. (11.2)

Proof. We will only prove (11.1) as the proof of (11.2) proceeds very similarly. Consider
a sequence {f,} in Hy 1 p,, such that || f;||,1,p0 = 1. We will show that there exists a
subsequence that converges with respect to ||+ |, 5o - Firstof all, by || £ |lo,1,00 = 1, given
any N € N, we can use standard Sobolev inequalities to estimate forall0 < k < N

17 fullcre qo.ouo + 17 Fall et (o, (o)) < CNs

where the C*-norm is taken with respect to the p, and p, coordinates. Hence, by Arzela—
Ascoli, there exists for all N € Ny a subsequence { f,, } satisfying the following Cauchy

property: forall ¢’ > 0, there existsa K > Osuchthatforallm > [ > Kand0 <k < N:

U7 fa = Tl ckqo0.co0r0n + 17w = Tl lckqo. (poron) < € -
‘We moreover have that

o0 0—2] (Px)o j 5 1 2
oy W/o 105, oy = rfu) P dpe = S i = Fucllz

*e{+,c} j=N
2
S —>.
= N2(N + 1)2

Hence, for any € > 0, there exists N > 0 suitably large such that

2
+—
NZ(N + 1)2

/
<

€
— < Ce —.
||fnk fn[HGi,o,pO = )
‘We moreover have that
||f"k||H1[R6',R6] <1,

so by Rellich-Kondrachov, there exists a further subsequence { fy,, } thatis Cauchy with

respect to the L2[R6r , Rg]-norm. We can conclude from all the above that {fy, }isa
Cauchy sequence with respect to || - ||5,p, and must therefore converge. O

Proposition 11.5. Let o € R. ¢ and let ko be the constant from Proposition 11.2. Then
forall 0 < k < kg
i1

st Hopo = Ho 2,9

is holomorphic forall s € Q4 \A(éﬁ}';o, with Agf\}ip C Qg adiscrete set. Furthermore, if
s € Agﬁﬂ-" then ker lA,S,g,K = 0 is finite dimensional and lA,S,g,Klﬁ = f admits a solution
if and only if f € (coker lA,s,g,,()l with coker is’(’,( < Hg p, and dim coker lA,s,g,,( =

dimker Ly ¢ -
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Proof. Lets € Q4. By Proposition 11.3 and Lemma 11.4

B(s) =AM+ DL}, = Lsps — 2O+ Did)™" : Hy py = Hopy

s 4+M Kk

is a well-defined compact operator when A > X¢. Furthermore, one can easily verify
that

B(s') — B(s)

(£ =20+ D o)™ [P @ = e, DYPL (L 007 ()

= (552, @ =y, DY (E 07 (D]

with Pj defined in Proposition 7.4. Since (lA,S,gM,,()_l( f) € Hy >y, it follows that
B(s))—B(s)

limy_,; ==—7— is a bounded linear operator for all s € 2, and hence s — B(s) is
analytic.
We can relate the existence of L é’K i Hy py — Hy p, to the invertibility of 1+ B(s).

Indeed, one may easily verify that 1} € H, o, satisfies

Lo =f = (1+B)W) = Lsear) ().

Since there exists s € 2, (with Re (s) > 0) such that (lA,S,g,,()_1 is well-defined by
Theorem 7.3 and Proposition 7.4, we can apply the Analytic Fredholm Theorem (see
for example Theorem 7.92 of [70]) to conclude that (id + B(s)~!: Hs py = Hg,py is
holomorphic forall s € Q4 \Agf\;fé’ , where Agf\;fpo C . is a discrete set. Furthermore,
ifs € Agi}’;o, then the space of solutions Lg ¢ () = 0 is finite dimensional.

By the above, we have that if s ¢ Agf\}‘;o, then ¢y = lt;}y,((f) € Hy, p,- Since we
can moreover express ¥ = Ls_é we (S A+ DY), we can take A suitably large and

apply Propositions 11.2 and 11.3 to conclude that Ve Hs2.p0- O

11.3. Convergence of quasinormal modes as k | 0. The proposition below is a variation
of the proof of Theorem 7.92 of [70], utilising the uniform convergence of L;]e 15 38
k | O that is established in Proposition 11.3.

Proposition 11.6. Let 0 € R and denote
Acs =20+ DLy, ™"+ Hopy = Ho,py
withk > 0 and s € Q4. Suppose that
ker(1 — Ao,,) # 9
for some s, € Q.

Then there exists a sequence {k,} in R~ and {s,} in C, such that k, — 0, 5, = s4
and

ker(1 — Ay, s,) # 9.
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Proof. By Proposition 11.3, there exists a suitably small xp > 0 and a neighbourhood
Us, C Q4 of 54, such that forall s € Uy, and 0 < « < ko,

1
||AK,S - AO,S*H = Z

Since Ag s, is compact, there exists an N € N and a linear operator of rank N, B :
Hey 5y — Ho, py, such that

1
1B — Aos, Il = 7

We therefore have that for all s € Uy, , we can estimate
1
||B _AK,SH = 5

Since A,  is analytic in s, we use the convergence of the appropriate Neumann series to
conclude that the operator (1 — (A, s —B)) —lexistsand is also analyticin s. Furthermore,
we have that for all K € U,

sup (1 = (Aes — B) ™' — (1 — (Ao — B) =0
se

ask | 0.
We define the linear operator

Fe(s) :=Bo (1 —(Acs— B) ™' : Hy py = Ho py
so that we can write
1 - A/c,s =1 - Fc(s))o(l— (A/c,s — B)).
We have that 1 — A, ; is invertible if and only if 1 — F.(s) is invertible.
Note that F (s) is an operator of rank N that is analytic in s and for all K € Us,

sup || F(s) = Fo(®)l| > 0
sekK
ask | 0.
By the finite rank property, there exists a basis {e;} of B(Hy,,,) with1 <i < N and
analytic functions f; : Uy, — Hgy p,, with 1 <7 < N, such that for all v € Hy p,,

N
Fe()v =Y (fei vlei.
i=1
Define M;j..(s) := (fc,i,ej), 1 <1, j < N and denote with M, (s) the corresponding
N x N matrix. Then M;;.. (s) is analytic in s and for all K € Uy,, supscg [M;j.c (s) —
M;j.o(s)] — Oas« | 0.
We can conclude that 1 — F(s) and therefore 1 — A, s is invertible if and only if

det(1 — M(s)) = 0.

Since, det(1 — My(s,x)) = 0 by assumption, we can take {«,},cn to be any sequence
converging to 0 with |k, | < k¢ for alln € N and use the above properties of M; ;.. (s) to
apply Hurwitz’s theorem, see for example Theorem 2.5 in Sect. 7.2 of [26], and conclude
that there exists a corresponding sequence {s, } in Uy, such that s, — s, and

det(1 — My, (s,)) = 0.



1484 D. Gajic, C. Warnick

We will use the above convergence property of the quasinormal frequencies associated
to k > 0 to derive an improved regularity property of the k = 0 quasinormal modes.

Proposition 11.7. Let o € R. and let ;.04 € ker Ly, 4.0, with s, € Qo, k = 0 and
angular frequency £. Then there exists a sequence

wsn;/(nve € ker LS,,,K,I,E

with k, — 0 and s, — sy such that

NYs,:0.6 — Yspikn,tllopg = 0
for all py > 0 suitably small, as n — oo.

Proof. Define A := A(A + 1)(Ls*,e+x,0)_l. By Proposition 11.6, for every sequence
{rn} in R- o, such that k, — 0 as n — oo, there exists a sequence {s,} in C such that
Sp — sx as n — oo. Furthermore, if we define A, := A(h + 1)(Ly, «,.c+1) ", then
ker(1 — A,) # ¥ and

A — Anll =0

as n — o0o. Hence, assuming without loss of generality that ||1/Afs*;0,g||(7 = 1, we can

apply Lemma A.1 to obtain a subsequence &S"k; ny ¢ € ker(1 — Ap,) such that

||1/fs*;0,€ - ‘/fs,,k;x,,k,ﬁnn -0
ask — o0o. 0O
Proposition 11.8. Let o € R and let Viy,.0.¢ € ker L, 1.0 C Hy,py With s € Q0.
Then
Vs.:0, € Hot pg

for all
2

1 3
—Ise]? < 077 < Zlsel? = 2|1%Re (50| (11.3)
4 4
Proof. By Proposition 11.7, there exists a sequence 1/Afsn;,(n,g € H,, po,suchthat||1ﬂsn;,(n, —
Vs,:0.llc — 0asn — oo and

LK,1,€+)»,s,,,(12sn;K,,,l) = )\()\ + 1)1/33‘,,;/(,,,0

Letus assume, without loss of generality, that o’ satisfies (11.3)and 6’ > o . By Corollary
9.10, we can estimate

254157

p o
/ (s P+ Prridr+ 3 5 i ,2mz<m+1)2/0 [Py 2

*€{+,c} m=0

7 2.2
SCZ,A,sn/ [Vssien,e| 77 dr + Cy s,
T+

Noo om
|25n| ma/n /PO N 2
X [(r s, i l)(m)l dpx,
§ § 12,12 nikn s
o) m=0 (m+ D“m!= Jy

*

(11.4)
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for all Noo > Ny, , where |s, |0/, := o,, with

1 » 3
lsnl® <o < Jlsal® = 2Re 51,

Since s, — Sy, there exists N9 = Ny(c’) € N such that for all n > Ny, we can
fix 0’,; = o’. Furthermore, as the constant Cy , 5, does not diverge as s, — s, we can
replace it by a constant that is independent of 7.

There exists M, suitably large depending on £ and A, so that we can absorb all terms
on the right-hand side of (11.4) withm > M into the left-hand side, making use of the
additional factor m?(m + 1)? that appears on the left-hand side, provided we take Noo
to be suitably large. We obtain:

(20")2m no
/ (s P+ o Prrdr s 3 5 st 0 [0l 000 P o,
*€{+,c} m=0

(20")2m P ,
<Cip, / P2 dr + Coss, xS § / Py 2 .
Iy 0

(m+ 112512
*€{+,c} m=0 (m + 1)' m!
By taking the limit No, — 00 on the left-hand side, we therefore obtain that

||I/fsn;l{n,@||a 00 = C||I/fvn Kn, Z||J 00>

for some constant C = C (¢, A, s, 0/, o) > 0. Since vy, 4, ¢ is a convergent sequence

in Hy ,,, we can conclude that ¥, .., ¢ is a uniformly bounded sequence in H, ,, By
. . . ~ . / .

considering the difference ¥, .,,.¢ — Vs, ik, 05 with n > n’ and using that

LK”,Z+)».S,,, (wsn:;{n,é - wsn/;l(”/.l) = )\(}L + l)(ws,,:fc,,,é - wsn/;/(”r,l) + (LKn,("’)\.,Sn - LK,’,,KHL,S,’,)1//5”/:/("/,[

and k, | 0,5, —> sy, itis stralghtforward to apply the above estimates to the difference
wsn Kl I/fs sk L in order to show that {1//Sn -kn,¢) 18 also a Cauchy sequence with respect

to the H,’ ,, norm, so the corresponding (unique) limit must satisfy: Wv*; 0,0 € Hy py-
O

] In the following proposition, we investigate the dependence of A7, 0 N F on the choice
of pp.

Proposition 11.9. Consider py and p|, suitably small so that Proposition 11.5 can be

applied to define Agf\}‘;o and AZf\}/;O. Then

o l,p0 _ 6,5,06
AQNF - AQNF :

Proof. Assume without loss of generality that pj > po. Let @s*;o, ¢ € Hy p,. Then we
use that, as in the proof of Proposition 11.8, there exists a sequence I//}Xn;,{n, ¢ € Hs py,
such that ||V, .«,.¢ — Vs,.0,¢llc = 0asn — oo and

Ly t43.50, Wsyeicn.0) = A0+ Dfrg, 0
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Similarly, we have that

(20)%" LN
/ (.2 + 10,y e Por dr + Z 5 et 0 [ 10 000 P o
*€{+,c} m=0

< CL)».S* / |12}S,1;K,,.l|2r2 dr + C%le
I+

Moo (2(7)2'" /P(/) |( ]& ) |2d
E E rs, - -
welrie) mmo M+ (m+1)12m?2 Jy ik m 4P

In order to conclude that the term in the sum on the right-hand side is finite, we split the
integral over [0, p(/)] into an integral over [0, po] and (po, ,06]. The integral over [0, p(’)]

is finite since lﬁsn; «n,t € Hy py. In order to conclude that the remaining integral is finite,
we use the equation Ly, ¢ 5, (Vs,:«,,¢) = 0 (and commute with Bpm) to control all higher-
order derivatives. Hence, ¥,.., ¢ € Hy - It follows straightforwardly that the limit

Vs,;0,¢ must also be an element of H,; - O

By Proposition 11.9, we can unambiguously denote

AU,Z

4
ONF — AO-’ PO

ONF >

omitting pg in the superscript.

Corollary 11.10. Let o € R and consider A : Hy 5 2 D(A) — Hy p.
(i) Then

Spect(Ay) N Q4 Spectpmm(.Ag) NQy = AQNF, (11.5)
Spectyoin (A) N Qo = AQyp = | AGyp (11.6)
£eNy

with A(éf\, r C Qg the sets of isolated points from Proposition 11.5.
(i1) Define

2
AonF = U A‘éNF C {Iarg(z)l < gn},

oeR.

then A g is aset of isolated points in { larg(z)| < %7‘[ } (with possible accumulation
only on the boundary of { larg(z)| < %n } inC).
(iii)
Spectyoin (A) N {Rez > 0} = 4.
(iv) Forall £ € Ny there exists §¢ > 0 such that Agf\,p N{|z| < 8¢} =0, i.e. the elements
of AZﬁ,F do not accumulate at the origin.

Proof. First, consider part (i) of the proposition. By Proposition 7.4 combined with
Proposition 11.5, we immediately obtain (11.5). We moreover obtain

U Agﬁ/F = SpeCtpoim(A) N Q2
£eNy
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since Spectygin (Ae) N Qs C Spectygin (Ae). Suppose s € Spectyyin (A). Let (W, W') €
ker(A—s) be initial data, then the corresponding solution vy is of the form ¥/ (z, r, 0, ) =
¥ (r, 0, p)e’t and we can decompose ¥ = ZEGNO Ye with Lg ¢ 0(¢) = 0. By Proposi-

tion 11.3, we have that there exists L > 0 such that forall £ > L, is_ e},o is well-defined,

so we must have that 1/} = Zf:o IZ/g and we can conclude that s € Uf:o AZﬁ,F SO

L AGr 2 Spectyoin (A) N .
LeNy

Consider part (ii). Let s € AENF for some o € R.q. Since A‘éNF is a set of
isolated points by Proposition 11.5, there exists a neighbourhood Uy, of so such that

Uy, N Q25 = {s0}. Suppose there exists 51 € Uy, \ {so} and £ € N, such that sy € Agl’fF

for some ¢’ € R. Let 1@“ € ker I:sl,g,o C H,. Since s1 € 2, we can apply Proposition
11.8 to conclude that 1%1 € Hy - But then 51 € A‘é NF> which is a contradiction. So
we can conclude that U, cp_, ADyr N Usy = {s0}-

Consider now part (iii). Let PRe (s) > 0 and suppose (A — s)(¥, ¥') = 0 with
(W, V') € Hy p, for some o € R.o. Then there exists a corresponding solution
Y(t,r6,9) = TV (r,60,9) to (2.9). However, by an application of the degener-
ate energy estimates (see for example [10] for the relevant estimates in the extremal
Reissner—Nordstrom setting), it follows that the (degenerate) energy with respect to T
must decrease in time, which contradicts the supposed exponential growth or non-decay
in 7 of the T-energy norm.

Finally, (iv) follows from Proposition 11.5 combined with Proposition 7.4. O

12. Relation to the Scattering Resonances

In this section, we show that the “traditional” notion of quasinormal frequencies as
scattering resonances (with fixed angular frequency), defined as in Theorem A, but
in the setting of extremal Reissner—Nordstrom, can be interpreted as eigenvalues of
A. In fact, we determine the appropriate restriction to .4, which guarantees that all
eigenvalues correspond to scattering resonances in a suitable subset of the complex
plane. Furthermore, we show that we can make sense of scattering resonances in extremal
Reissner—Nordstrom without a restriction to fixed angular frequencies.
Let i be a solution to (2.9). Then we can express in (¢, r, 6, ¢) coordinates

D7 <07 rw) + (D) + Dr2AGry) = 7DD () +2D1 ey | =0,
(12.1)
We introduce the following fixed-frequency operator with Res > 0:

Ly () = (D32 0) + Dr2AGryp) — (52 +r~'DD'(r) + 2DI72)r ).

Let f € L?({t = 0}), where L2 ({t = 0}) is defined with respect to the natural volume
form on {r = 0} with respect to the induced metric, and denote the trivial extension as
follows: f : R — R, f(t,r,0,¢) := f(r, 6, ¢). Then the map

0, :L*({r =0}) — L*(Z\ (Kt UCY)),

[ fels
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is well-defined and invertible. Furthermore, if x, x’ : {f = 0} — R are smooth cut-off
functions that vanish near H* and C*, then it follows immediately that

Qs 0 x 1 LA({t = 0) — LX),
X' 007 o x s HA(Z) — H({r = 0))
are bounded linear operators that are holomorphic in s.

Lemma 12.1. Let k. = k. = k > 0. Then we can express
Drﬁs,/( = Qs_l o ils,(,l{ o Q.

Let x, x' : {t = 0} — R be smooth cut-off functions that vanish near H* and C* or I".
Then we moreover have that for Re s > 0:

X o Re(s)ox = X/oﬁ;i o X
= X007 o (DL 0 Qs 0 x t LA({t = 0}) — H*({t = 0})
is a bounded linear operator.

Proof. We first need to show that (r—zi);; : LY2(Z) »> HY(Z) is well-defined as a
bounded linear operator when SRes > 0. This is a standard result. By performing the
steps in the proof of Proposition B.1 with fRe s > 0 and x4, k. > 0, it follows that

g1 (sy < Clr 2Ly e Wl 25y

with C > 0 a constant that is independent of . We then apply similar steps to those in
Appendix B to construct E;}(. In fact, the above estimate moreover implies that

X 2D (Dl < ClA 2w,
for a cut-off function x that is supported away fromr =randr =ro,orr =o00. 0O

Proposition 12.2. Let 0 < k. = ky = k < ko, with kg > 0 suitably small. Then the
linear operator
X' o Re(s) o x : L*({t = 0}) — H>({r = O}

can be meromorphically continued to {|arg(z)| < %JT} C C and the poles form a subset
of AoNF-

Proof. By Lemma 12.1, we have to prove that

x' oL ox : L2t =0}) - H*({t = 0})

S,K

can be meromorphically continued to {— 9T;|S < %} C C. Note that we can express for
feL*({r=0)
X oLito)(H) =D > (X" oLy, o) fim)Yem®, @) (12.2)

=0 |m|<¢t

when Re (s) > 0.
Lets € , with Q C {—% < %, z # 0} such that Q N {Rez < 0} is compact.

Then, by Corollary 9.10 with pg > 0 suitably small depending on x and x’, there exists
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L = L(2) > Osuitably large such thatforall £ > L+1, (x o i;;j o x) is aholomorphic
operator from L[ry, o] to H*[ry, r.] and there exists C > 0 such that

o
D > oLy, o) (fem)Yem(©. 9) < ClIf 2=y

{=L+1|m|<t H2({t=0})

Furthermore, by Proposition 11.5,

L
Fe 0> oLyl o) (fum)Yem(©. @)

£=0 |m|<t

is meromorphic on €2 as an operator from L?({t = 0}) to H>({r = 0}). We can conclude
that (12.2) is well-defined as a meromorphic operator from L2({r = 0}) to H2({r = 0})

when{—”l‘;ls <ilcC o

We would like to identify the poles of R, (s) with the eigenvalues of A, restricted to
a suitable subspace of H, ,,. We introduce the following function space:

X ={S@W, V)| (¥, ¥) e (CX(T) x C®(S) NHg,p, T > 0}.

We denote with HE, ' the closure of X under the norm on Hy, p,. Then, HF, ' is the

smallest, closed subspace of Hy , that is invariant under S(t) and contains (C° () x
C>(S)) N Hy 4. Furthermore,

. TeS TeS
S(r) : Hy p — Ho

is well-defined, by construction, and hence,

Ares . DI‘CS (A) - HI‘CS

7,00 a,P0

is a densely defined closed operator with D, (A) € HE, ' a dense subset.
We now denote with AT;}- the subset of eigenvalues in A9y for A restricted to

Do (A). Moreover, we denote

ove = |J AGNF C Aonr.
O'E]R>Q
Proposition 12.3. Let k. = x4+ = k > 0 be suitably small. Then the poles of
X' o Re(s) o x : L*({t = 0)) — H*({r = 0})

for any choice of cut-off functions x, x' correspond precisely to elements of ArQe“N I
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Proof. Fix £ > 0, 0 > 0 and pp > O suitably small. In view of the fact that for s
in any compact neighbourhood in €2, there exists an L € N such that ker(A — 5) C

Hy o N Zﬁ:o Ve, combined with Proposition 11.9, it is sufficient to show that s is not

a pole of x" o Ry ¢(s) o x for all cut-off functions x, x’ if and only if s ¢ Agﬁ}r}:g for

all £. For the sake of convenience, we moreover restrict to functions in V,,, for a fixed
m € Z with |m| < £ and we ignore their angular part.
We will use the following expressions, derived in the proof of Proposition 7.4:

o (2)-(9)

for (W, '), (W, U’) € H™S N V,,, if and only if

a,pP0

Ly0ac(®|s) = hy, (2 — hy, D)r* [W' + (P +5)(¥[5)].
U= sW|g+ W,
rLsoc(Wiy) = — 23, (r¥|y),
rLge.c(¥|y) = — 20, (r¥|y).
Let (‘I’, \TJ’) € (C°(X) NHg, py N Vine) x (C*°(S) N Vipe) and suppose s is not a pole
of x" o Re.¢(s) o x.
We define the following auxilliary function:
rf =r3he, 2 —hy, D) [¥' + (P +5)(F[s)] onS,
rf =—208,(r¥|y) onN,
rf =—29, r¥|y) onN,

—1
s,k L

then f € Lg(r+, r¢) N Hy 4. By the meromorphicity of L
hood Uy of s such that for all s’ € Uy we can decompose

there exists a neighbour-

N
Ly =AG)+) (s —s)F By, (12.3)
k=1

where N € Ny, A(s), By : Hs,p, — Hs, p, are holomorphic linear operators. We
moreover have that By are finite rank operators that are independent of s” (note that
By =0forall kif s ¢ Ay ).

By Lemma 12.1, we can moreover express

XD () = Qoo x o R o x 0 0N (124)

with x’ an arbitrary smooth cut-off function and x a smooth cut-off function such that
x = 1 onsupp f. Since s is not a pole of x’ o R(s") o x by supposition, we have that
x' o R(s") o x is uniformly bounded in s’ provided Uy is suitably small, so we can
multiply both sides of (12.4) by (s — s’ )¥ with 1 < k < N and take the limit s’ — s to
conclude that x'Bi(f) = O for all k. Since x’ was chosen arbitrarily, we must in fact

have that f € ker By for all k and hence f € Ran(I:S,K,g) = (coker lA,s’,(,g)L.



Quasinormal Modes in Extremal Reissner—Nordstrom Spacetimes 1491

Defining W' = sW|g +~\I’| s, with W = A(s)(f), we can therefore conclude that
(AP = 5)(U, W) = (W, V') € (C°(2) NHy py N Vine) x (C(S) NHy py N Vine),
with (W, W) uniquely determined, and since (A} — s) commutes with S(7):

(A — )7L Ran(Ay™ —5) D X NVy — D), (A)
is well-defined. A A

By the closedness of Ran(L; « ¢) = (coker LS,M)J— it follows that for any s € Q,,
Ran(A}®® —s) is closed. Since A}® — s trivially commutes with S(z) we moreover have
that Ran( A} — ) is S(7)-invariant. We therefore obtain the following identity:

Ran(A® —5) = HI NV, (12.5)
since HE, M V¢ is the smallest closed, S(7)-invariant subspace of Hy p, NV containing
(CX(2) NHg, py N Vi) X (C(S) NHy, py N Viye). Since X is dense in H7, and the
inverse is well-defined on X, we must have that ker(A}® — s) = {0} and Spect(A};*) N

U = . We conclude that s ¢ AZS}V‘}Z.
res,o,

In order to conclude the proof, we need to show thatif s ¢ A ONF > then s is not a
pole of Ry ¢(s) for any choice of cut-off functions x, x’. By (12.3) and (12.4), we have
that if s ¢ ArQe;‘;;;l, then x’ o R ¢(s) o x is a bounded operator on H,, ,,. We can take po

to be suitably small, depending on the choice of y, x’ to conclude that x’ o Ry ¢(s) o x
is a bounded operator on L2(r+, r¢), from which it follows that s cannot be a pole. O
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Appendix A. Basic Lemmas

Lemma A.1. Let H be a complex Hilbert space and let (Ay)n,eN be a sequence of
compact operators on H such that there exists a compact operator A on H with

A, —> A
with respect to the operator norm, as n — 00. Assume moreover that
ker(1 — A,) #0 and dimker(l — A,) < ocoforalln € N.

Let x € ker(1 — A), with ||x|| = 1. Then there exists a subsequence x,, € ker(1 —A;,)
such that
[lx = xn || > 0

as k — oo.
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Proof. Denote V = ker(1 — A) and letn € Ny. Consider the eigenspaces V,, := ker(1 —
Ap).Let N, := dim V), and {e, ,} an orthonormal basis for V,, with 1 <m < N,,.
Let x € V. Then we can decompose
Ny
X = Z {x, en,m>en,m + Yn,

m=0
1 Nn
with y, € VnL. Letx, ==, " o(X, €nm)enm-
We can rearrange terms and use that x € V and x,, € V;, to obtain
Yn =X — Xp
=Ax — Aux,
= Ay, + (A — Ay)x,.
Note that
2 2 2
L= lx]I7 = llxall” + [lyall”,

SO
[[(An = A)xnll < |[An — All = 0

as n — oo. Furthermore, {y,} is a bounded sequence, so by compactness of A, there
exists a subsequence {y,, } and y € H such that

[|Ayn, — Il = 0

ask — oo.Sincey, = Ay,+(A—A,)x, by the above, we can conclude that || y,, —y|| —
Oand Ay =y,s0y e V.
By compactness of A,, we can moreover conclude that Ran (1 — A,Zk) is closed in H
and

Yni € V- =Ran(1 — A} ).

ng

Hence, there exists z,, € H such that
Ymg = (1= Al )zn = (1= AN zu + (A — Ap) 2y

We have that |1 — A} || > [|[1— AT|| — [JAT — A}, || = ||1 — AT|| as k — oo. Without
loss of generality, A # 1, so |[1 — AT|| > 0 and there exists a constant C > 0 such that

C
Nznkll < —=llynll £ ——F7—.
" 11— AT = 11— ATl

and therefore, (A — Ank)Tzn,k — 0 as k — o0o. We therefore have that
y = lim (1= ATz,
so by closedness of Ran (1 — AT), we must have that
yeRan(1— A" =vt
Since we also showed that y € V, we must have that y = 0 and
[lx — xn, || > 0

ask — oo. O
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Lemma A.2. (Hardy inequalities). Ler ¢ € R\ {—1}. Let f : [a,b] — R be a C!
function with a, b > 0. Then

b b
f x? £2(x) dx 54(q+1)_2/ x9+2 af
a a dx

2
dx + 207 f2(b), forg > —1,
(A.1)

af

2
dx +2a7" 2 (a), forq < —1.
(A2)

b b
f x4 f2(x)dx <4(q + 1)72/ xI+?

a a

Proof. See for example the proof of Lemma 2.2 in [7]. O

Appendix B. Red-Shift Estimates in Reissner—-Nordstrom—de Sitter

In this section, we include various estimates which are nor uniform in the surface gravities
k+ and k.. These are small variations of the estimates derived in [79] that fundamentally
rely on the red-shift effect along both the event and cosmological horizon, and that we
include for completeness.

Consider the operator

is,/c : ,Dk(is,/c) - ﬁka

with Dk(l:s,,() the closure of C*®([ry, r.] x S?) under the graph norm L1 g + ||I:S,K
()l - By construction, (DX (I:S,K), I:S,K) is a closed, densely defined operator.

Proposition B.1. Let k. = k. = k, s € C and k € Ny such that Re (s) > —K(% + k).
For suitably small (pg)+ > 0, (po)c > 0and A > O suitably large, there exists a constant
C =C(s, A, ky, kc) > 0 such that
||¢’||H2([R3,R5]><SZ) + ||W||Hk+1([r+,Rg]xsZ) + ||‘¢,||Hk([R6,r(.]><Sz)
< Cll(Lysc = 2O+ DY 12 re Rg1x52) + CllLsc = 2O A DYty r71x52)
+ ClI(Ls e = A0+ DY g e 1 1x52)-

Proof. We multiply Eq. (6.14) with inhomogeneity 3" (r f) by dp¢m) = (b(us1) —
she,) to obtain
Re (565011 ) =2Re () + 01+ Dk + 0P Idiuan
+ (kp + 0(02)3, (e P + Re (O (D 1))
%w + 1), (¢ ) + Re (O -1 Ps1))
+Re (O(Du—2)Pns1))s

where the big O notation indicates the behaviour of factors as p — 0 and we do not keep
track of dependence on n and s. We integrate the above equation on [0, pg] to obtain the
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following estimate for pg suitably small:
o 2 2 " 2 22
(Re (2s) + (n + D) dun) |7 dp + kpoldmn |7 (p0) + £(€ + D] |7 (0)
2O R . .
=€ [ bl + W1+ a2 Didiaen | dp

N N ro - A
+ CUL+ DI 2(p0) + Crepoldn 2 (o0) + C fo 192 P)lIdens | dp-

We apply a Hardy inequality, see Lemma A.2, to estimate further:

2

/ (Re (25) + (n + Dic — )| dp < CZ |n—11*(00) + CLE + 1)y *(p0)
k=0

0 ~
+Ce_1/ 92(r f)I* dp.
0

We can sum over n to obtain for Res > —(n + %)K:

Z > / L+ D)2 (b | + 1) P dp

k=0 ki+ko=
< Ce(t+ 1) gl (po) + Ce™ ‘Z > f (ece+1)y1a5 ¢ fH1* dp,
k= 0k1+k2

with C a constant independent of £. We can estimate the boundary term at p = pp using
(8.1) and by taking ¢ suitably large, we are left with

N X X
/R+ 702 + 10,912 + (14 (L + DD dr
0

n+l

+ Z Z Z / (5(f+1))k2|¢(k1)| dp,

*€{+L}k 0k1+k2
<C/ 530> / (e + 12108 ¢ ) dp.
k=0 ki+ky=
O

From Proposition B.1, it follows immediately that:

Corollary B.2. For suitably large A > O, IAJM —A2A+1) Dk(iS,K) — H*is an
injective linear operator with a closed range and D* (Lsx) € Hf“.

We now consider the adjoint operator of I:M.

Lemma B.3. The linear operator

I:j,( = _gy,( :Dk(lA,IYK) — ﬁk,
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with D (ii,K) the closure of
{f € C®¥([ry,rel x SH | 8F f(ri) = 8F f(re) = Oforall k € N}

under the graph norm || f|| gx + | Ls « (S| gx, is the adjoint ofis,,( with respect to H*.
Proof. See Lemma 4.5 of [79]. O

Proposition B.4. Let k, = k. = k and Re (s) > %K. For suitably small (po)+ > O,
(po)e > 0 and A > O suitably large, there exists a constant C = C(s, A, k) > 0 such
that

111y < CI(LY « = 4G+ DA o (A3)

Furthermore, for k € Ny and Re (s) < (% + k), there exist (pg)+ > 0, (pg)e > 0
suitably small, & > 0 suitably large and a constant C = C(s, A, k, k) > O such that

191150 < CILY = 2+ DYAD s (A4)

Proof. In order to prove (A.3), we proceed as in the proof of Proposition B.1 forn = 0,

with s replaced by —5s but we multiply the equation with 8/)(13 rather than —8p<13.
We obtain (A.4) by repeating exactly the proof of Proposition B.1 with s replaced by
—s. O

Proposition B.5. Let k € Ny and PRe (s) > —(% +k)k. Then, for . € Ny suitably large,
the operator
Ly«—x+1):DYLy, ) — H*

is invertible and ) -
D¥(Ly,) C HEHL

Proof. We first investigate the existence and uniqueness of solutions to
(L =2+ D)W = f, (A5)

with f € C®([ry, re] x S?). Uniqueness follows from Corollary B.2. Furthermore,
given any k € N, isv,( —AA+1): Dk(i&,() — HF* is a closed operator with closed
range provided Re (s) > —(% +k)k . Hence, by a standard functional analytic argument,
see for example Lemma 4.4 of [79],

(Lyje =2+ D)D*(Ly ) = H* if LT, —2(+1) : DNLT ) — H* is injective.

By Proposition B.4, injectivity of the adjoint holds for all s € C provided we restrict
tok > 1.

Since f € C®([ry, re] x S?), we can take k > 1 and conclude that for fRe (s) >
—(§ + k), (A.5) admits a solution in D¥(L; ). Hence,

(Lsse =2+ 1)1 C®([ry, rel x §) — DX(Ly )

is well-defined if Re (s) > —(% + k)x with k > 1 and A is suitably large. By Corollary
B.2 we in fact have that for all kK > 0 and Re (s) > —(% +k)x and A > O suitably large

1L =20+ D) (Dl g < CIIF N s
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so forall k > 0, (i s —AMA+ 1)~ admits a unique extension as an operator from H*
to DK (Lgs.x), provided Re (s) > —(% + k)« , and moreover we have that

DF(Ly.0) € HF,

It immediately follows that the extended operator must be the inverse of I:S,K - A
A+1). O
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