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On effective field theory of dark matter

Ben Geytenbeek

We investigate the feasibility of dark matter particles existing in the Universe as a spin- 1
2 fermion using

effective field theories to parameterise the higher order physics. Our goal is to determine the requirements
for exclusion of such particles by direct and indirect detection. In part I, based on ref. [1], we introduce a
complete basis of operators up to dimension 5 for fermions that are part of singlet, doublet and triplet
representation of the Standard Model SU(2) electroweak symmetry group. Such particles correspond
to the bino, higgsino and wino of supersymmetry models respectively. We determine the thermal relic
density of particles interacting with each of our operators and show that viable thermal relics that evade
experimental constraints can exist with masses as low as as 100 GeV and up to 10 TeV due to the mass
splittings that arise at dimension 5. In part II, based on ref. [2] we further investigate the effect of
fermionic dark matter that may interact through an electromagnetic dipole interaction at dimension 5
on energy transport in the Sun. In particular, we test whether the models can provide a solution to the
solar abundance problem, a theoretical discrepancy between the observations of helioseismology and the
theoretical Standard Solar Model. We introduce all of the necessary theoretical implementation and show
that, although introducing dark matter may alleviate the tension of the solar abundance problem, the
required interaction strengths are strongly ruled out by direct detection experiments.
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Chapter 1

Introduction

The problem of substantial amounts of unseen matter in the Universe was first identified by Fritz Zwicky
in 1933 [3], and remains one of the biggest unsolved problems in theoretical physics. The search for an
explanation has spanned many research fields and energy scales, including high energy particle colliders,
nuclear recoil experiments, high energy gamma ray astronomy, galactic dynamics, large scale astronomical
structure, astroparticle physics, gravitational lensing and galactic cluster dynamics, cosmology and particle
physics beyond the Standard Model. While the astrophysical evidence for the existence of dark matter
is relatively well understood, there is to date no understanding of dark matter on a fundamental level
in terms of its nature, structure and interaction with the Standard Model. Indeed, various detection
experiments have now all but ruled out many of the more appealing or straightforward scenarios for dark
matter. As physicists look towards more sophisticated explanations, their models become increasingly
complex with many parameters or complicated symmetry groups.

We instead seek to explore a model-independent description of a conceptually simple proposal for the
particle nature of dark matter, namely, a fermion interacting with the Standard Model only via the weak
interaction. We shall construct our fermions as gauge invariant quantities, and then model any higher
order physics through a series of effective field theory operators. Given any particular model, we will
subject the observable parameters to the exclusion constraints and require them to match the astrophysical
and cosmological observations of dark matter. We shall also propose a relatively novel method that may
illuminate more of the nature of dark matter, specifically a mechanism for energy transport in the Sun
due to dark matter.

Before we begin constructing our models, we shall review the astrophysical evidence for and par-
ticle physics constraints on dark matter, including the relevant historical context. Understanding the
requirements and limitations will be important for building a viable model. We shall also briefly review
supersymmetry, of which we will discover features which closely map onto the models we will construct.
Finally, we shall review the theoretical construction of effective field theories and how they allow us to
incorporate higher energy physics in a model independent manner.

1.1 Early history of dark matter observations

Dark matter was first proposed by Zwicky [3] when estimating the mass of the Coma galaxy cluster.
Assuming that the cluster is mechanically stable, the virial theorem relates the kinetic energy of a system
of discrete particles, in this case galaxies, to the total gravitational potential energy. By measuring the
kinetic energy from the relative redshifts of the galaxies in the cluster, which determines their relative
velocities, calculating the gravitational potential energy gives an estimate for the mass of the system as a
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whole. The expected mass of the system was inferred by taking the total luminosity of the cluster and
assuming that the brightness is generated by stars of a similar mass and luminosity to the Sun. The
result was a mass-luminosity ratio roughly 200 times greater than expected. Zwicky proposed that there
was some additional dark matter keeping the structure bound. Zwicky [4] proposed using gravitational
lensing predicted from general relativity by Einstein [5] as a means to accurately measure the cluster
mass to determine the true mass and presence of dark matter, although both were sceptical that such
lensing would be observed in practice [6], though it is now easily possible with modern technology and
techniques. After the later discovery of a strong X-ray source from the Coma cluster [7], the presence of
an inter-cluster gas emitting radiation via thermal bremsstrahlung appeared to be a viable explanation for
the missing mass [8]. However, models of the inter-cluster gas as an isothermal sphere could not produce a
sufficient mass of gas to account for a large percentage of the virial mass [9,10]. The likeliest explanations
would require new physics to extend the understanding of gravity, particle physics or astrophysics, or
some combination thereof.

Meanwhile, Oort [11] calculated that there must be an amount of non-luminous matter in the region
local to the Sun by measuring the kinematics of local stars relative to the galactic plane. Comparing to
the luminosity of the given stars gave a mass measurement in the local region an order of magnitude
above the visible mass, but instead concluded that the visible light was being largely obscured on its path
between the source and the observer. Furthermore, Zwicky [12] also proposed that measurements of the
orbital speeds of components of galaxies as a function of distance from the galactic centres would lead to
a measurement of the amount of unseen matter within galaxies. The technique of Oort and the proposals
of Zwicky eventually lead many years later to the measurements of galactic rotation curves by Rubin [13],
the first definitive and widely accepted measurements of dark matter.

1.2 Galactic rotation curves

The first broad attention on the dark matter problem arose following improved measurements on the
velocity distribution in the Andromeda Galaxy [14], the largest galaxy in the Local Group. The relation
between the velocity distribution and the distance from the centre of a given galaxy is called the galactic
rotation curve. If the only gravitational influence on the stars is due to the luminous material in the
galaxy, then the stars at the outer edges of the galaxies are expected to move with slower velocities as
they orbit relative to the inner stars. However, the observations showed a flat velocity distribution, which
indicates additional non-luminous material beyond the visible regions of the galaxy [13].

Subsequent measurements were made of the rotation curves of other spiral galaxies using the redshift
of the emission lines [15], which also showed evidence of non-luminous matter. Modelling of the visible
components also improved [16], reducing uncertainties. For elliptical galaxies, which are devoid of thermal
gasses, the motion of the constituent stars are not coherent as for spiral galaxies. Measurements of the
galactic rotation curve of the Milky Way are more difficult due to difficulties calculating the distance to
stars in the galactic neighbourhood. Examples have included measuring the spectra of emission from
hydrogen [17] or carbon monoxide gasses [18], either in the inner galaxy or in Cephid variable stars [19],
but all collate to a consistent result, albeit with greater uncertainties than the extragalactic measurements.
Dwarf galaxies have proven especially of interest, as in general they have a high proportion of dark matter
relative to their luminous matter [20].

The extra material is inferred to exist in a spherically symmetric halo extending well beyond the
visible region of the galaxy [21]. Given measurements across multiple galaxies, the total mass of spiral
galaxies is roughly a constant proportion to the amount of luminous matter [22]. The best fit model is a
halo of matter modelled as an almost collisionless gas. The nature of the distribution is still not entirely
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understood, especially in the inner cores of dark matter halos. In particular, a theoretical dilemma exists
in the modelling of the dark matter halo in the form of the so-called cusp-core problem [23,24]. Attempts
to compute the formation of dark matter halos use N -body simulations of the dark matter in the galaxy,
typically modelled as a collisionless gas. Numerous authors agreed that, for large radii, the density of dark
matter falls off with the cube of the radius [23,25–27]. The finding was in broad agreement in these regions
with the observed density profile from surveys of large numbers of rotation curves [24,28]. However, the
inner regions near the centres of halos showed a discrepancy between the collisionless gas simulations and
observations. Simulations suggest a so-called ‘cuspy’ profile, where the density is proportional to the radius
of the halo, whereas the observations suggest a so-called ‘core’ profile, where the density in the inner regions
is constant, independent of the radius within some scale distance of at least a few kiloparsecs. Higher
resolution models continue to disagree with the observations [29–32]. The problem remains unresolved,
though there have been several proposals to help alleviate the discrepancy. Solutions include removal of
the assumption of spherical symmetry [33], addition of star formation and supernova feedback [34, 35]
or clumps of dark matter undergoing dynamical friction [36–40]. The most relevant proposal for the
detection of particle dark matter is that the dark matter be self-interacting [41–44]. Highly self-interacting
models are ruled out as the halos become fluid-like and are unstable and prone to core collapse [45–47].
Self-interactions also heat the core and lead to evaporation, constraining the self-interaction such that
the evaporation time is less than the age of the universe [43,48–50]. Self-interactions remain a possible
solution to the cusp-core problem [50–54], but at the very least are constrained by the simulations [55].
Overall, however, the halo is still an almost collisionless spherically symmetric distribution.

Various hypotheses for the description of the unseen material have been proposed, which have since
been narrowed down to the current paradigm of particle dark matter. An early proposal was that the dark
matter consisted of compact astrophysical objects like planets, brown dwarfs, comets and asteroids which
do not emit substantial amounts of visible light. Such objects are colloquially known as MACHOs (MAssive
Compact Halo Objects). Searches for MACHOs are conducted through gravitational microlensing, whereby
if the MACHOs pass in front of a background star their gravitational field will focus light from the
background star [56–58]. Such events cannot be easily forecast, and occur as isolated events, but can be
limited statistically. Extensive searches using this technique suggest that the fraction of the halo consisting
of MACHOs is at most approximately 20% [59], albeit with a wide confidence interval. Subsequent
observations have ruled out a dark matter particles as mostly particles or halo objects with a mass range
of 10−7M⊙ to 10M⊙ [60], that is, with masses greater than the Moon up to the largest red giant stars.

A similar hypothesis to MACHOs is that dark matter exists as a halo of so-called primordial black
holes. Such black holes are hypothesised to have originated in the early universe [61]. They must be
created sufficiently large to have survived the ongoing Hawking radiation [62] from the early universe to
the present day to form the dark matter. Like MACHOs, constraints on the quantity of primordial black
holes are also derived from lensing results, again excluding masses either less than a few solar masses and
greater than the lunar mass [63]. Nonetheless, the prospect of primordial black hole dark matter remains
on the fringe compared to the particle models, as there has been no definitive discovery of a primordial
black hole itself. The majority of the remaining hypotheses is that dark matter exists in the form of some
fundamental or composite particle as an extension to the Standard Model.

1.3 Colliding galaxy clusters

When interpreting the results of the galactic rotation curves, there are two distinct possibilities. Either
there is a large amount of unseen material in the galaxies indicating the existence of a beyond the Standard
Model dark matter particle or dark sector, or there is a deviation from the Newtonian gravitational
dynamics at galactic scales. The possibility of the later arises because the galactic rotation curves only
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measure the influence of dark matter, rather than observing it directly. The first direct evidence for
particle dark matter arises in modern measurements of the masses of galaxy clusters.

Despite the pessimistic opinions on the likelihood on detecting gravitational lensing in galaxy clusters by
Einstein and Zwicky [5,6], modern techniques are able to detect lensing in two forms. Strong gravitational
lensing occurs when the a galaxy is directly behind the galaxy cluster. The light from the background
is bent around the cluster forming an arc of light, or in rare cases a full ring [64,65]. However, though
strong lensing gives a rather precise measurement of the mass of the cluster based on the radius of the arc.
Instead, weak gravitational lensing occurs when the background galaxy is not directly in line with the
galaxy cluster, but close enough to experience a sheer distortion to the observed shape of the galaxy. By
averaging the sheer distortion of an array of background galaxies, it is possible to determine a map of the
mass of the galaxy cluster [66, 67]. The resultant mass map may be compared with the luminous and
X-ray sources [68–70]. Measurements consistently saw a direct overlap between the mass distributions and
visible matter across the entire spectrum, albeit with a mass-to-light ratio on the order of one hundred
times that of the Sun, and in rough agreement with the virial theorem estimates by Zwicky [3, 4, 6, 12].

The best evidence for the direct observation of particle dark matter arises when two large galaxy
clusters collide perpendicular to the line of sight from the Earth. Large galaxy clusters consist of three
major components: the visible galaxies that form the cluster, the intergalactic gasses which emit in the
X-ray spectrum, and the dark matter component. When two such galaxies clusters collide, the dark matter
and the visible galaxies act as a collisionless gas and pass through each other unimpeded, whereas the
intergalactic gasses experience friction in the form of a bow shock and becomes spatially disconnected from
the rest of the cluster. The masses of the respective elements can be measured using weak gravitational
lensing measurements from the background galaxies, which shows a disconnect between the visible and
X-ray spectrum and the mass contours [71]. The first successful observation which demonstrated the
separation between the components was the Bullet Cluster [72–74]. The size of the separation between
the centre of the galactic distribution and dark matter distribution also provides a constraint on the rough
scale of the self-interaction of the dark matter components [75,76]. Additional measurements have been
made in other clusters which provide strong evidence for the existence of dark matter over models of
modified gravity. Examples include observations of the Musket Ball Cluster [77], the Bullet Group [78],
the Burst Cluster [79], the Train Wreck Cluster [80–82], Abell 2744 [83] and MACS J0025.4-1222 [84].

The prospect that dark matter does exist by a modification to the laws of general relativity has in
recent times become more diminished following the detection of gravitational waves from colliding binary
neutron star system by LIGO [85]. Such systems generate both gravitational waves and electromagnetic
radiation that is detected through gamma ray [86], optical and radio sources as well as neutrinos [87]. The
agreement in arrival times between the different sources indicates no discrepancy from the expectations
from general relativity [88, 89]. Such a result rules out many models of modified relativistic gravity which
seek to emulate dark matter. The prospect that dark matter consists of massive particles and not modified
gravity appears very strong. The next step is to describe the nature of the proposed dark matter particle
and determine the prospects for observing such particles.

1.4 Dark matter cosmological density

Beyond the well-established gravitational effects of dark matter, the additional properties such as its mass,
composition and interactions are not well understood. A key question to probe is the energy density of
dark matter, which also provides insights into potential particle models for dark matter. Evidence for the
energy density comes from several sources, notably the cosmic microwave background (CMB) and big
bang nucleosynthesis (BBN).
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1.4.1 Cosmic microwave background

The cosmic microwave background (CMB) is a key probe into the physics of the early universe. After
the big bang, the universe experienced a period of cooling. Initially, the temperature was sufficiently
high such that nuclei were ionised and electrons were free, the primary interaction between them being
Coulomb scattering. At this epoch, Photons are in thermal equilibrium with the electrons and nucleons
and ionise any atoms which do happen to form. The photons are the dominant component of the energy
density of the universe, leading to the epoch being known as the photon epoch.

As the universe cools below a temperature of ∼ 4000 K, the electrons and the protons in the universe
are finally able to combine to form atomic nuclei, mostly hydrogen atoms but also with some amounts of
deuterium and helium and a trace amount of even heavier atoms. For historical reasons, this epoch is
known as recombination [90]. After recombination, the photons in the universe can no longer undergo
Thompson scattering from free ions. The process is known as photon decoupling. After decoupling, the
photons have propagate until the present day with only around 10% undergoing further scattering [91].
As a result, the spectrum of the photons represent the nature of the universe at the moment that they
were last scattered.

The photons as measured today follow a blackbody spectrum which has been heavily redshifted since
the decoupling epoch. The measured wavelengths are now at microwave wavelengths [92, 93], representing
a background spectrum to all microwave measurements. The spectrum is typically described as a series of
spherical harmonics:

T (θ, ϕ) =
∑
lm

almYlm(θ, ϕ) . (1.1)

The monopole, constant term, represents the mean temperature of the CMB, with a blackbody temperature
of T00 = 2.7255 ± 0.0006K = 2

√
πa00 [94]. The temperature of the blackbody is related to the energy

density of the photons at the present day by:

ργ = π2

15T
4
00 ≃ 0.260 eV cm−3 . (1.2)

The energy density is often expressed in terms of the density parameter Ω. Ω is defined in terms of the
critical density ρc, the density at which the geometry of the universe flat:

Ω ≡ ρ

ρc
= 8πGρ

3h2 , (1.3)

for Newton’s gravitational constant G and Hubble parameter h. For the CMB photons, the cosmological
density is Ωγ ≃ 5.38 × 10−5, much lower than the value required for a flat universe.

The dipole l = 1 component of the spectrum is dominated by a Doppler shift due to the motion of the
solar system with respect to the local background radiation [95]. It may be verified by measurements
of the radial velocities of local galaxies [96]. At spherical harmonics beyond l ≥ 2, the anisotropies are
intrinsic to the microwave background itself. The size of the anisotropies are remarkably small, first
discovered at the order of magnitude of 10−5 by the COBE experiment [97]. As they are intrinsic, they
give an insight into the nature of the early universe.

Sources of perturbation in the energy density as evident in the higher multipoles of the CMB can be
caused by perturbations in the density of the early Universe. Notably, the scale of these perturbations
can be predicted by models of gravity in the early universe, giving a theoretical prediction of the power
spectrum - the 2-point function over the entire temperature field. The CMB has no preferred axis, as would
be expected in a universe with no preferred frame, so the correlation between two points is dependent
only on the l-component of the spherical harmonics which describes the angular separation, and not the
m components which describe the orientation. To obtain the power spectrum, the power is summed over
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all of the m modes for each l mode. The angular variation for a single harmonic Ylm is approximately
given by θ ∼ π

l .

There are a number of cosmological parameters which determine the Friedman-Robertson-Walker
(FRW) cosmology [98], the theoretical model which is used to predict the power spectrum. The most
relevant to the CMB are the baryon density Ωbh

2 and cold dark matter density Ωch
2. The total mass

density is also defined as Ωmh
2 = Ωbh

2 + Ωch
2. There may also be a cosmological constant Λ with

density ΩΛ. The radiation component is fixed in the models by the l = 0 CMB measurement. Other
parameters include the Hubble constant h, the optical depth of the decoupling surface τ , the spectral
index ns and a normalization amplitude A for the power spectrum [99]. The values of the energy densities
a key in determining the size of the anisotropies - they determine the perturbations due to gravitational
potentials. Separately, the baryonic number density is important in determining the power spectrum
of the anisotropies due to variations in the Thompson scattering at decoupling. The Hubble constant,
which describes the rate of expansion of the universe, impacts the propagation of CMB photons after
decoupling, though it can be measured independently by the receding redshift of Cephid variable stars in
nearby galaxies [100,101].

Observations by the Wilkinson Microwave Anisotropy Probe (WMAP) [102–106] and later the Planck
spacecraft [107–109] have consistently shown excellent agreement to the power law spectrum, leading to
precise measurements of the above parameters. The inferred dark matter parameters from Planck are a
baryonic density of Ωbh2 = 0.02212 ± 0.00022 and a dark matter density of Ωch2 = 0.1206 ± 0.0021 [109].
Notably, the dark matter density makes up a sizeable majority of the overall matter density, a similar
result to other predictions of the amount of dark matter in the universe. The result also implies that
dark matter is expected to be non-baryonic, and not formed of particles that are not visible through
conventional telescopes.

1.4.2 Big bang nucleosynthesis

The baryon density is independently measured via the primeval deuterium abundance. During a hot
big bang, fusion between protons can create light nuclei including deuterium, 3He and 4He in a process
called big bang nucleosynthesis. The abundances of deuterium are frozen out with the expansion of
the universe, and the fraction remaining is sensitive to the energy density of matter at the freeze-out
epoch [110]. Measurements of the deuterium abundance cannot occur in the solar neighbourhood due to
burning by stars; instead the deuterium abundance is determined in high-redshift quasars, which have
close to primordial abundances [111,112].

Despite the large differences in the types of observations of the Hubble constant and baryon abundance,
both show a consistent agreement with the ΛCDM model, an important double check on the validity of
the ΛCDM results. Both models agree that the baryon density is Ωbh2 ∼ 0.0193 ± 0.0014 [111], calibrated
against the photon number density determined from measurements of the CMB. Again, the baryonic
density is significantly lower than the overall matter energy density of the universe as determined by mass
to light ratios and the cosmic microwave background.

The final major component of the energy density in the universe is the cosmological constant known as
dark energy, which is independently verified by measurements of the redshift of Type-Ia Supernova [113–116],
but beyond the scope of this work. The measurements together show that the energy density of the
universe contains a majority proportion that cannot be explained through baryonic matter. Dark matter is
an appealing the proposed solution, and dark matter particle candidates are expected to exist as particles
beyond the Standard Model.
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1.5 Dark matter candidates

Given the cosmological and astrophysical evidence for the existence of dark matter, there have been
many proposed theoretical models for the nature of the dark matter objects themselves. We shall review
a number of common theories of dark matter particles before a deeper analysis on the subset which
corresponds to supersymmetric candidates.

1.5.1 Theoretical bounds on dark matter particles

In the ΛCDM cosmological model, there are two additional components beyond the vanilla baryonic
elements. One is the presence of the cosmological constant Λ, or dark energy. The other is that there is
dark matter in the Universe and that it is non-relativistic, also described as cold. The constraint that
the dark matter is non-relativistic arises from calculating the Jean’s mass of a gaseous body consisting
primarily of particle dark matter, that is, the largest mass at which the body can be stable before it
undergoes gravitational collapse and overcomes the gaseous pressure [117]. For relativistic dark matter
particles, such as an eV scale fermion, the Jeans mass is several orders of magnitude greater than the
typical mass of a galaxy. Such a scenario would dissipate any density perturbations due to the free
streaming of the relativistic particles [118–121]. A similar result can be found for predicting the size
of density fluctuations in the CMB in the very early universe [122]. The result is a requirement that
any fermionic particular dark matter must be non-relativistic and have a mass greater than around
mχ ≳ 1 keV.

Given our present understanding of the Standard Model, it is a natural extension to assume that dark
matter consists of some form of sub-atomic particle. There are several key requirements that particle dark
matter must follow. First, it must interact gravitationally; that is, it must be massive. Second, it cannot
interact via the strong or electromagnetic forces, at least at tree level with full electric charges [123,124].
Third, it must be stable or very long lived, with an average lifetime at well beyond the present age of the
universe.

The overall bounds for the potential mass of a dark matter particle are very wide. The lower mass limit
for bosonic dark matter is mχ ≳ 10−22 eV, corresponding to the so-called fuzzy dark matter scenario [125].
Here, the very light mass means the particle has a very large de Broglie wavelength on the order of the
size of a galaxy. The halo properties of the dark matter are then determined by the wave properties
of the particle, with a very high occupation number since the particles are bosonic. For fermions, the
lower bound is provided by the requirement for structure formation from the CMB, described above to
be mχ ≳ 1 keV. The upper bound derives from the limit from searches for MACHOs, determined to be
mχ ≲ 1059 eV [60].

1.5.2 Weakly interacting massive particles

Despite there being potentially 81 orders of magnitude for the dark matter mass, the vast majority
of the searches have focussed on the MeV to TeV range, the so-called ‘WIMP’ models, or the sub eV
range, in particular axion models. Weakly Interacting Massive Particles (WIMPs) in general appear
a well-motivated scenario for dark matter. Their abundance can be estimated through the process of
dark matter freeze-out, leading to a so-called thermal relic [126–128]. In this scenario, it is assumed
that dark matter exists in a particle form, and it can undergo 2 → 2 interactions with Standard Model
particles in the early universe. Initially, these interactions are in thermal and chemical equilibrium with
the Standard Model. However, with the expansion of the Universe, there reaches a point where the rate
of collisions decreases exponentially; the particles are far enough apart that the likelihood of collisions
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occurring is negligible. The relative density of dark matter is therefore fixed after this epoch. Such is a
relatively simple and appealing mechanism for explaining the abundance of dark matter, as it implies a
natural interaction with the Standard Model with a simple mechanism. The density fraction is known
from the Planck data to be approximately 0.12, so we have a scale for the approximate annihilation cross
section for the dark matter particles. It has long been noticed, that, given that ⟨σv⟩ ≈ α2

m2
χ

, an interaction
strength on the order of the weak scale α ≈ 0.01 gives a dark matter particle mass of mχ ≈ 100 GeV.
Such masses are of a similar order of magnitude to similar scales in the Standard Model, such as the W , Z
and Higgs boson masses, and so suggested a minimal degree of fine-tuning. The seeming coincidence that
a weak scale interaction from a weak scale particle can correctly reproduce a thermal relic is known as the
WIMP miracle. Such masses also arise naturally in many extensions to the Standard Model, especially
supersymmetry, which gave candidate particles of an appropriate scale that interact weakly with the
Standard Model. Finally, the prospect of building and running direct detection experiments to measure
this mass scale is high, as there are a number of heavy nuclear elements of a similar scale for dark matter
particles to recoil from. Collider experiments can also reach a similar scale threshold for production of
100 GeV particles. The overall focus of the vast majority of dark matter searches has thus been focused
on the weak scale.

1.5.3 SuperWIMPs

An alternative model to weakly interacting massive particles as dark matter are so-called superweakly
interacting massive particles, or superWIMPs. Such scenarios consist of particles with interaction strengths
much lower than the weak scale. SuperWIMPs can be made to reproduce the dark matter density if they
can be produced from WIMPs [129,130]. The WIMPs are produced via the same thermal mechanism as
outlined above, but decay on a timescale between the freeze-out epoch and the present day. The relic
density of the superWIMPs is related to WIMPs by:

ΩSWIMP = mSWIMP

mWIMP
ΩWIMP . (1.4)

The superWIMP model means that the particle undergoing thermal freeze-out is not the same as the
particle in the present day, and so is not subject to the same limitations. The result means that, for
example, the thermal WIMP need not be electrically neutral and the superWIMP can be subject only to
gravitational interactions.

Alternatively, superWIMPs can avoid thermal freeze-out all together if they are created directly during
reheating post-inflation. During reheating, the inflation potential transfers energy to the Standard Model
particles, which may have enough energy to produce superWIMPs, which then propagate to the present
day [129,130]. The scale of interactions is dependent on the cosmological parameters of inflation such as
the reheating temperature [131], and the superWIMPs are never in thermal equilibrium with the Standard
Model.

Common candidate superWIMPs include gravitinos [129, 130, 132–135] and axinos [136–139], the
supersymmetric partners of the hypothetical gravitons and axions. For gravitons the original WIMP could
be any heavier supersymmetric particle, with potential decay lifetimes from hours to months. Axinos may
also exist simultaneously with axinos in a mixed component dark matter scenario [140].

1.5.4 Axions

At the lighter end of the allowed range of dark matter particles is a class of potential dark matter
candidates called axions. Axions are originally proposed [141–143] as a solution to the so-called strong-CP
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problem. The strong-CP arises due to the term

L ⊃ g2
3θ3

32π2 ϵ
µνρσGαµνG

α
ρσ (1.5)

in the Standard Model Lagrangian, where Gαµν is the gluon field with SU(3) index α, g3 is the coupling
constant of the strong interaction and θ3 is an angle parameter. The term is a total derivative, so does
not contribute to the equations of motion, but is odd under CP , so will contribute to CP -violating
interactions. The issue occurs as one such CP -violating interaction is the neutron electric dipole moment,
which is predicted by this term to be approximately [144]:

dn ≃ 3.6 × 10−16θ3 e - cm . (1.6)

However, the experimental upper limit on the neutron electric dipole is |dn| < 3.0 × 10−26 e - cm [145].
Although it may seem to be possible to rotate θ3 to zero by symmetry, the presence of CP -violating weak
interactions in the Standard Model provides another contribution to θ3, so the bare parameter θ3 < 10−10

implies a strong degree of fine tuning in the Standard Model.

The solution to the problem as proposed by Peccei and Quinn (PQ) [141] is to introduce a new global
chiral U(1)PQ symmetry with charges on the quarks QPQ, that is spontaneously broken by a complex
scalar field φ with potential:

V (φ) = λ

(
|φ|2 − f2

a

2

)2

, (1.7)

where the parameter fa is known as the axion decay constant The vacuum expectation value of the field
is then given by

⟨φ⟩ = fa√
2
e

iϕ
fa (1.8)

where ϕ is a Goldstone boson, and it is this Goldstone boson which is identified as the axion.

It is the presence of the charges under the U(1)PQ symmetry which alleviates the strong CP problem
via colour anomalies contributing to eq. (1.5). The axion field is free to be shifted by a constant to absorb
θ3 into ϕ via a field redefinition, with the CP violation now parametrised by ϕ

fa
. The full consequences

on the strong CP problem are beyond the scope of this work, but can be found in reviews on the topic
(e.g. ref. [146]).

Of interest here is that axions are proposed as a candidate particle for dark matter. The axion mass
ma is determined by the axion decay constant fa by:

ma =
√
mumd

mu +md
mπ

fπ
fa

≃ 6µeV
(

1012 GeV
fa

)
, (1.9)

where mu, md and mπ are the up quark, down quark and pion masses and fπ is the pion decay constant.
Notably, the axion can interact at the loop level with photons through the coupling:

L ⊃ −gγ
α

π

π

fa
E⃗ · B⃗ , (1.10)

where α is the fine structure constant and gγ is a model-dependent parameter at O(1) [147–150]. Such
an interaction gives a method of decay for the axion. Importantly for axion dark matter, the mass
is limited by constraints on the decay constant. The simplest constraint requires that the lifetime of
axions must be greater than the age of the Universe in order to be stable as dark matter, hence requiring
ma ≲ 20 eV. More stringent constraints come from the neutrino signal on the supernova SN 1987A at
ma ≲ 10 meV [151].
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Although the most appealing production mechanism is thermal freeze-out, it cannot produce the
requisite quantity of dark matter for two reasons. Firstly, the required axion mass would make it relativistic
and hence hot dark matter, chiding with the requirement that dark matter be non-relativistic. Second,
the required axion mass for a thermal relic is ma ≃ 80 eV, much higher than the requirement on the
lifetime of axions to be present in the universe at the present day. Alternative proposals utilise the
phenomenology of axions and the PQ theory, but they do not account for the full amount of dark matter
in the universe [152,153].

Given that axions are significantly lighter than weakly interacting massive particles, the direct detection
constraints arise from different experimental searches which involve dark matter axions scattering from
a background magnetic field. The strongest constraints arise from the ADMX experiment [154], with a
particular focus on the µeV mass range.

1.5.5 Sterile Neutrinos

In the theory of weak interactions in the Standard Model, the only neutrinos present are left handed,
which couple to left handed electrons. In the Standard Model, the mass terms provide for a mixing
between the left and right handed states, but no such neutrino states are present. Therefore, under the
Standard Model, neutrinos are expected to be massless. However, the observation of neutrino oscillations
in atmospheric neutrinos by Super-Kamiokande [155] and solar neutrinos by SNO [156] suggests that
neutrinos have non-zero mass, in contravention to the Standard Model prediction.

An appealing resolution to the neutrino mass problem is to introduce a right-handed neutrino into the
model. Necessarily, the right handed neutrino will be a singlet under the gauge transformations of the
Standard Model, namely, no electromagnetic charge, no color charge and no weak interactions. The only
manner by which these particles may interact with the Standard Model is via mixing with the left-handed
neutrinos via the Yukawa coupling [157]:

L ⊃ λiβν
i
LνRH

β − 1
2Mαβν

α
Rν

β
R . (1.11)

where there are i = 1, 2, 3 left-handed neutrinos and α, β = 1, . . . N right-handed neutrinos with Yukawa
coupling λiβ to Higgs boson H and right-handed mass term Mαβ . The level of mixing is determined by
the neutrino mass matrix

mν =
(

0 λiβv

λ∗
iβv Mαβ

)
(1.12)

where v is the Higgs vev. Of the different mass eigenstates, three of them must correspond very closely
to the left handed neutrinos of the Standard Model, albeit now with a very small mass, and are called
active neutrinos. The remainder will therefore correspond to the right handed neutrinos and are called
sterile neutrinos. Limits on mixing of the active neutrinos to the sterile neutrinos implies that the sterile
neutrinos should have a mass larger than their active counterparts. However, as the masses of active
neutrinos can be very small, it is still possible to have a light sterile neutrino As the sterile neutrinos are
inert, massive particles, they are a potential candidate for dark matter [158].

Due to their inert nature, sterile neutrinos cannot produced in a thermal freeze-out, but instead may be
produced by oscillations where the temperature of the universe is approximately T ∼ 100 MeV [158]. Due
to their necessarily light masses, sterile neutrinos are also subject to the constraints on warm dark matter
from structure limits from the Lyman-alpha forest [159]. Alternatively, sterile neutrinos may be produced
by some other hypothesised heavier particle [160]. Searches for sterile neutrino dark matter utilise the
fact that they are expected to undergo a loop-level decay to a photon and an active neutrino [161].
Constraints arise from searches in the X-ray spectrum, with an unidentified emission line at 3.5 keV in
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some measurements of galaxies and galaxy clusters [162, 163]. However, the lack of detection in dwarf
galaxies casts doubt to the origin of the signal as sterile neutrino dark matter [164,165].

1.5.6 Hidden dark matter

It is, of course, also possible that there could be any number of dark matter particles which have interactions
independent of the gauge interactions of the Standard Model. There is plenty of choice to introduce
a whole catalogue of new particles, with new gauge interactions and symmetries so long as the only
interaction to the Standard Model is gravitational. Hypothesised examples include ‘mirrored’ or ‘hidden’
models, which suggest additional matter particles and forces that replicate the Standard Model [166,167].

Such models are typically difficult to test experimentally, as they do not generally have a connection
to other phenomenological issues nor do they generate any non-gravitational signal. Potential experiments
involve searches for so-called connector particles at particle colliders, which have interactions with both
the Standard Model and hidden sectors [168].

1.6 Direct detection searches

There are several methods of generalised and specialised experimental and observational searches for
particle dark matter, in particular, dark matter at the weak scale. One of the main categories of
such searches is so-called direct detection. In general, direct detection searches are conducted in deep
underground laboratories, which shields the detector from the background radiation due to cosmic ray
particle showers using the depth of rock. The detector searches for a scattering interaction between an
ion in the target material and a dark matter particle. The resultant energy deposit is measured via
the scintillation of the scattered nucleus, the light from which is measured in photomultiplier tubes, or
through phonon production creating small temperature pulses [169,170]. Such a set-up is ideal for WIMP
candidates with a mass on the order from a few GeV up to the TeV scale, which corresponds to particles
with a similar mass to the corresponding detection nuclei.

1.6.1 Spin independent dark matter searches

There are generally two classes of interaction between dark matter particles and Standard Model nuclei.
The first is spin independent scattering, also known as scalar scattering, the cross section is strongly
dependent on the mass of the target nuclei. Searches generally use targets with larger atomic nuclei
to increase detection rates. The second class is spin dependent scattering, also known as axial-vector
scattering. Here, the scattering rates are proportional to the spin of the target nuclei J(J + 1), which
favours target nuclei with higher spin quantum numbers.

Early direct detection experiments for spin independent scattering were built using crystal detectors
of sodium iodide (NaI) [171–173] or germanium [174–176]. Such isotopes were favoured as they are
relatively heavy with masses ∼ 100 GeV, which maximises the potential recoil energy from dark matter
particles with similar, also relatively heavy masses. For dark matter particles which undergo a vector
coupling, the cross section is approximately proportional to the number of nucleons in the target nuclei,
also favouring heavier nuclei. For particles undergoing an axial coupling with the Standard Model, such
as Majorana neutralinos, the cross sections are dependent on the spin properties of the target nuclei,
favouring nuclei not just with larger spin values, but how the spin is distributed among the constituent
quarks and nucleons [177].
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Direct detection experiments using the crystal detectors were set up in deep underground laboratories,
including the DAMA/NaI experiment at Gran Sasso National Laboratory [178] and the CDMS-I experiment
at Stanford University, later moved to the Soudan Mine [179]. Although the DAMA/NaI experiment
initially showed no direct evidence for a dark matter signal [178], it was later reported that there was
a seasonal modulation in the energy deposits in the DAMA/NaI detector [180]. An annual modulation
in the signal may be due to the motion of the Earth with respect to the galactic background during its
orbit, peaking in late spring in the northern hemisphere [181]. Follow up studies over a seven year period
have repeatedly shown evidence for the annual modulation at DAMA/NaI [182,183], continuing into its
successor experiment DAMA/LIBRA for a further seven years [184–186]. The result is interpreted as
evidence for a dark matter particle with mass of approximately 30 − 200 GeV with a spin-independent
cross section of approximately 10−42 − 10−41 cm2.

However, the apparent success of the dark matter searches in the sodium-iodine experiments was not
replicated in then-contemporary germanium, silicon or tungsten-based scintillation detectors. Almost
immediately, the CDMS experiment appeared to exclude most of the DAMA signal region [179,187,188].
After the move to the Soudan Underground Laboratory, the upgraded CDMS-II completely excluded the
DAMA signal region [189,190], with cross-sections excluded down to 10−42 cm2 for masses in the order of
tens of GeV. Further experiments have increased the detector size and exposure time and technological
improvements have slowly increased the exclusion region to around 10−44 cm2 [191–198]. Additionally,
there has been focus on improving the sensitivity in the low mass ∼ 10 GeV region with the CDMSlite
experiment [197,199–201].

Notably, the CDMS experiment has not detected any annual modulation in the nuclear recoil rate,
also in contradiction to the DAMA results [202,203]. The DAMA result is now highly disputed, with no
other experiment able to replicate the results [204,205]. The SABRE experiment is a proposed southern
hemisphere experiment designed to measure whether the DAMA modulation is a seasonal effect or an
in-phase modulation [206]. Nevertheless, there have still been numerous attempts to reconcile the DAMA
signal with other experiments by invoking various models such as a mixed-coupling of dark matter [207],
inelastic dark matter [208], dark matter interacting via electrons [209] or light dark matter [210].

In more recent years, however, stronger bounds have been placed on the dark matter cross section in a
series of experiments with xenon as the target nuclei. Such experiments are searching for a scintillation or
ionisation signal following the interaction of a nuclei with a dark matter particle. The early proof-of-concept
experiments used a fiducial volume of approximately 10 kg of liquid xenon, namely the ZEPLIN-I [211]
and XENON10 [212] experiments. Since then, subsequent experiments have increased the fiducial volume
increased by an order of magnitude for the ZEPLIN-II [213], ZEPLIN-III [214], LUX [215,216], PandaX-
I [217], PandaX-II [218, 219] and XENON100 [220–222] experiments. No xenon-based experiment has
shown a hint of a signal for dark matter. The current generation of experiments seeks to expand by an
order of magnitude with approximately one ton of fiducial volume, namely the XENON1T [223,224] and
LZ [225] experiments. The early results from the XENON1T experiment represent the strongest bounds
yet on the dark matter cross section at the weak scale.

There exists a theoretical limit on the sensitivity of the current technology of direct detection
experiments which arises from a strong background signal from neutrino recoil. There are numerous
processes in the Sun that can produce neutrinos. Although most are emitted through the fusion of protons
via p + p → d + e+ + νe, some are also emitted through higher-order processes with slightly heavier
elements. There are trace amounts of 8B produced by helium fusion in the Sun which decay by the process
8B → 8Be + e+ + νe. These neutrinos are predicted to scatter elastically from the target nuclei in direct
detection experiments at extremely low but not insignificant cross sections [226, 227]. Other potential
neutrino sources include neutrinos produced in the upper atmosphere by interactions between cosmic rays
and atmospheric gasses [228] and neutrinos produced by nuclear processes in supernovae [229,230]. Both
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Figure 1.1: A selection of current spin independent direct detection dark matter constraints from current
generation xenon-based detectors (green, solid line) [214, 216, 218, 224], low-threshold germanium and
silicon detectors (red, solid line) [199,240,241], and projections of next-generation exclusion limits (dashed
line) [225,242]. The shaded yellow region shows the projected neutrino floor [238]. The brown contours
show the DAMA/Libra annual modulation signal [204].

are expected to produce neutrinos with significantly higher energies than the solar neutrinos, albeit with
a significantly lower event rate [231]. Estimates of the nucleon-neutrino cross section are in the order of
10−45 cm2, though the value is dependent on the nature of the target nucleus. If the dark matter detector
is sensitive to cross sections of such a magnitude as is expected for the ton-scale experiments, it is expected
that there will be a significant additional background to the experimental data [232]. Given the low event
rates expected from dark matter-nucleon cross sections, it will be very difficult to differentiate any signal
from the background noise. The first detection of elastic neutrino-nucleon scattering has been observed by
COHERENT [233], allowing for more accurate calculations about the expected height of the neutrino
floor [234]. However, there are still numerous proposals of methods and techniques to overcome the
neutrino background, some or all of which would need to be employed in future to push searches below the
neutrino floor. Examples include: measuring an annual modulation in the modern experiments, analogous
to the DAMA results [232,235]; employing a directional detector, which would allow backgrounds neutrinos
from solar sources to be excluded [236, 237]; combining limits from experiments with different target
materials [238]; or building a detector with sufficiently fine energy resolution so as to distinguish neutrino
events from dark matter events [239].

The current exclusion limits on the dark matter mass and cross section are shown, along with the
neutrino floor, in figure 1.11. The strongest limits derive from the xenon-based experiments and extend
to approximately 10−46 cm2 in the mass region of 10 − 100 GeV. Lighter dark matter particles are less
likely to trigger an scintillation event above the detectors threshold. The best constraints for lower-mass
particles are found from crystal-based experiments with germanium or silicon as such experiments are
searching for a phonon in the ionisation of a crystal, which allows a lower threshold than scintillation.

The direct detection experiments provide some of the strongest bounds against the detection of particle
dark matter interacting through the weak force. Despite suggested hints of a signal from DAMA, the
required interaction strength has now been strongly excluded by other experiments. However, as the
experimental sensitivities approach the neutrino floor, alternate methods, approaches or techniques will
be required to further the search for dark matter.

1Plot generated by the SuperCDMS Dark Matter Limit Plotter, available at: https://supercdms.slac.stanford.edu/
dark-matter-limit-plotter

https://supercdms.slac.stanford.edu/dark-matter-limit-plotter
https://supercdms.slac.stanford.edu/dark-matter-limit-plotter
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1.6.2 Spin dependent dark matter searches

There is a class of dark matter scattering interactions with Standard Model nuclei which depends on the
spin quantum numbers J(J + 1) of the target nuclei, so-called spin-dependent interactions. Thus, the
interaction strength is determined by the nucleon composition of the target nucleus: where the number
of protons in the nucleus is odd then the dark matter to proton interactions dominate the cross section,
whereas if the number of neutrons in the nuclei is odd then the dark matter to neutron interaction
dominates. Notably, if the nuclei has even numbers of protons and neutrons then the interaction rates
are highly suppressed. Candidate target nuclei include Na, I, Cs and F which all have odd numbers of
protons. Meanwhile, Xe and Ge have stable isotopes with odd numbers of neutrons.

In general, target nuclei with higher masses do not necessarily improve detection rates as such
experiments are not optimised for spin dependent constraints. As such, the constraints on spin dependent
cross sections of dark matter can be several orders of magnitude weaker than the spin independent
constraints in direct detection experiments. An example of an early constraint from heavy nuclei
experiments on spin dependent dark matter scattering neutrons from in Xe was provided by ZEPLIN-
II [243] at ∼ 10−37 cm2 for a dark matter particle with mass around ∼ 100 GeV. Modern constraints
from LUX [244] and PandaX-II [245] can now reach as low as ∼ 10−39 cm2.

Meanwhile, experiments that directly interrogate spin dependent cross sections choose target nuclei
which have a favourable combination of nucleons. Of those, 19Fe has been shown to be particularly
favourable [246] for scattering from protons. Experiments such as PICASSO [247] and COUPP [248]
use superheated fluorocarbons as the active material. The early bound on the scattering cross section of
dark matter from protons was ∼ 10−36 cm2 for a particle with a mass between 10 − 100 GeV [247]. The
modern constraints now reach as low as ∼ 10−41 cm2 with results from PICO-60 [249]. The sensitivity of
the fluorocarbon based experiments provides the tightest constraints on GeV-scale spin dependent dark
matter detection.

Experiments using iodine crystals are also particularly good at spin dependent detection due to the
nuclei’s relatively larger nuclear spin value [250]. Constraints arise from crystal scintillation experiments,
typically using either NaI like NAIAD [251] and [252] or CeI like KIMS [253]. Indeed, the metal ions
also provide an additional source for spin-dependent scattering. Crystal experiments can also search for
sub-GeV particles using Li-based target crystals in experiments such as CRESST [254]. The constraints on
a particle of 1 GeV is ∼ 10−30 cm2 for proton scattering, the tightest constraints at the low mass regions.

The fact that the spin dependent constraints are significantly weaker than the spin independent
constraints briefly gave rise to a suggestion that a spin dependent interaction could alleviate the tension
between the annual modulation in the DAMA observations and null results from other experiments [255,256].
The idea is reinforced by the fact that DAMA is a NaI crystal detector. The annual modulation favours
a relatively light ∼ 10 GeV dark matter particle and allows a small spin dependent dark matter to
proton interaction of 10−37 cm2, although the expected interaction with a neutron could be as high as
10−35 cm2 [257]. However, these cross sections do remain in tension with other experiments [253].

A selection of current exclusion limits on spin dependent dark matter for both scattering of a dark
matter particle from protons and neutrons is shown in figure 1.21. The different sensitivities of the different
target nuclei in each of the experiments in different areas of the parameter space can be seen across both
the proton and neutron scattering. The fluorocarbon experiments provide the strongest constraints, down
to the xenon neutrino floor, but only for scattering via protons. Meanwhile, the lithium based experiments
provide the best constraints at the GeV scale.
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Figure 1.2: A selection of current spin dependent direct detection dark matter constraints for scattering
from protons (left) and neutrons (right) from current generation xenon-based detectors (green, solid
line) [214, 224, 244, 245], low-threshold lithium and iodine detectors (red, solid line) [193, 201, 241],
fluorocarbon bubble chambers [249] and projections of next-generation exclusion limits (dashed line) [249].
The shaded yellow region shows the projected neutrino floor for xenon-based detectors [238]. The red
contours show the DAMA/Libra annual modulation signal [204].

1.7 Indirect Detection Searches and Solar Neutrinos

Another class of dark matter constraints are the so-called indirect detection searches. In general, these
searches aim to measure annihilation rates from dark matter to the Standard Model in galactic and
extragalactic regions. Annihilation of dark matter in some models may be expected to produce gamma-ray
photons by a direct annihilation via one-loop interactions such as χχ → γγ or χχ → Zγ [258–261], or
by emission of a photon during an annihilation process to other Standard Model particles in a so-called
internal bremsstrahlung [259,260,262,263]. The former generates the observed particles in the 2-body
final state and is expected to appear as a sharp line in the photon spectrum, whereas the latter may
emit a photon from a virtual charged state or from an external leg as final state radiation resulting in
a diffuse contribution to the spectrum. In any case, such photons are expected to appear as otherwise
unaccounted-for gamma-ray sources coincident with expected dark matter distributions. Additionally,
dark matter annihilations may be a source of neutrino production [264, 265], which may be seen by a
neutrino telescope.

There are two major sources of expected dark matter annihilation that have been the subject of
searches by gamma-ray and neutrino telescopes. The Milky Way galactic centre is expected to be the
highest local concentration of dark matter, and is therefore expected to be a strong source of dark
matter annihilation [266–269]. However, there are large uncertainties associated with the galactic centre
constraints due to the concentration of alternative gamma-ray and neutrino sources nearby [270] and due
to the difficulties in modelling the dark matter distribution in the central region of galaxies, the so-called
cusp-core problem [23–32]. Dwarf galaxies offer an alternative source of dark matter annihilation without
the large background uncertainties [271–278] as they are highly concentrated in dark matter [279–282].
However, the associated signal strength is expected to be significantly lower due to the decreased resolution
of the more distant galaxies. Other potential sources include galaxy clusters [283–291], and galactic and
extragalactic diffuse dark matter [292–298], but all suffer similar problems of either large uncertainties or
small signal strength or both.

There are multiple techniques and experiments which are searching for dark matter through annihilation
into gamma rays. The HESS [299], MAGIC [300] and VERITAS [301] telescopes are ground-based
atmospheric cherenkov gamma ray telescopes. Gamma ray photons from outer space enter the upper
atmosphere of the Earth and collide with a nuclei, depositing energy and momentum into the molecule,
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which in turn may collide with another nuclei and so on. The result is a cascade of particles which
spreads to the ground with a small flash of cherenkov light that can be observed through a ground-based
optical telescope. By reconstructing the shower from multiple angles, the original direction and energy of
the incoming gamma ray can be determined. Contrastingly, the Fermi Large Area Telescope [302] is a
satellite-based gamma-ray telescope. Since the telescope is located above the atmosphere, it may detect
gamma rays directly without requiring reconstruction of a particle shower. Gamma rays interact with
metal sheets and undergo electron-positron pair production, creating a small electric charge that can be
measured in a semiconductor. Both the ground-based and satellite-based detectors have provided bounds
on the rate of dark matter annihilation.

The galactic centre in particular has been the subject of searches by FermiLAT and HESS. One
constraint is derived spectrum lines through direct annihilation of χχ → γZ and → γγ [294,303–307]. The
constraints on the dark matter from the line emission spectrum reach to ⟨σv⟩ ∼ 10−29 cm3 s−1 for masses
in the GeV to TeV regime, subject to the choice of dark matter density profile. Claims of an excess in
the gamma ray spectrum in the FermiLAT signal from the galactic centre appear to have now come to
nothing [308]. Alternatively, there is a constraint from the across the entire gamma ray spectrum, which
measures processes like χχ → W+W− and χχ → τ+τ− or χχ → bb [266,267,309]. The constraints are
strongest for dark matter masses on the order of 1 TeV, with cross sections as low as ⟨σv⟩ ∼ 10−26 cm3 s−1.
Similar constraints can be derived from the background gamma ray spectrum across the entire galaxy, not
just the centre [294, 310–312]. Such an observation is less prone to the uncertainty in the dark matter
profile due to the cusp-core problem and potential alternate gamma ray sources [309,313], but the lower
densities result in a weaker constraint of around ⟨σv⟩ ∼ 10−24 cm3 s−1, which is due to the spectrum
constraint. Such masses and cross sections approximately correspond to the expected values that would
be seen in a thermal relic which primarily interacts via the weak force, making the indirect detection
searches a valuable tool to interrogate models of weakly interacting massive particles.

Dwarf galaxy measurements have also placed strong bounds on the searches for dark matter via
annihilation as they do not suffer the same levels of uncertainty as the galactic centre observation. There is
also more data available which allows for greater statistics, even if the expected signal strength is smaller.
Early searches only considered a limited number of well-known dwarf galaxies, with limited constraints [274,
277,278,314–316] Modern analyses combine the constraints from observations of approximately 45 known
or candidate dwarf galaxy systems. The constraints on the spectrum emission from Milky Way dwarf
satellite galaxies with FermiLAT has been steadily tightening to around ⟨σv⟩ ∼ 10−26 cm3 s−1 for masses
on the order of 1 TeV [272,317–320]. Results from ground-based cherenkov telescopes are weaker due to
less observation time, with results from VERITAS and MAGIC at ⟨σv⟩ ∼ 10−23 cm3 s−1 [321–323]. The
HESS telescope has also searched for gamma ray line emission in a small number of dwarf galaxies, with a
constraint less than the galactic centre of around ⟨σv⟩ ∼ 10−25 cm3 s−1 [324].

Indirect detection experiments have also calculated dark matter constraints from a number of other
astrophysical sources of dark matter. HESS has observed a couple of globular clusters in the galactic
halo, albeit with a relatively weak bound of ⟨σv⟩ ∼ 10−23 cm3 s−1 [325]. Limits from annihilation in
galaxy clusters are even weaker at ⟨σv⟩ ∼ 10−21 cm3 s−1 due to the very low rates of the expected
signals [284,290,326].

In addition to the galactic-scale objects, there have also been attempts to constrain dark matter based
on compact objects using gamma ray astronomy. HESS has published limits based on the predict small
dark matter halos around black holes [274], but there is sizeable uncertainty in the modelling of the
black holes themselves. A more promising scenario is dark matter annihilation based on accumulation
in the Sun. As a massive object, the Sun can gravitationally capture dark matter from the galaxy after
interactions with atoms in the atmosphere [327,328]. Alternatively, a small dark matter self-interaction
allows additional capture by scattering from dark matter particles already bound by the Sun [329].
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Searches for gamma-ray emission are problematic as the photons struggle to escape the Sun without
interacting with the stellar atmosphere. However, there are still constraints available from models which
allow emission of a dark matter particle after a long-lived mediator escapes the Sun, or from a dark matter
halo with radius greater than the solar radius [330].

An alternate indirect detection constraint from solar dark matter arises where the by products of the
annihilation are neutrinos, which can transport beyond the stellar atmosphere without a collision with any
nuclei. Constraints from neutrinos from the Sun have been provided by the ANTARES experiment [331,332]
in the Mediterranean Sea, and the IceCube experiment [333–335] at the South Pole, at three to five
orders of magnitude weaker than nuclear recoil direct detection experiments. A similar principle applies
to capture and annihilation by dark matter captured in the Earth, with a similar order of magnitude on
the constraints [336,337].

Similarly, neutrino telescopes can be used to search for neutrinos from annihilations in the galactic
centre as per the gamma ray searches. The principles are similar, except that the annihilation products
decay to neutrinos rather than gamma rays, resulting in an expected emission spectrum. Searches from the
Milky Way centre have provided limits of approximately⟨σv⟩ ∼ 10−23 cm3 s−1 at masses 1 TeV, although
it is highly dependent on the choice of dark matter density profile [338–340]. Similar bounds arise in
neutrino telescope observations from dwarf galaxies and galaxy clusters [341]. The neutrino bounds are
stronger than the gamma ray bounds for smaller masses (i.e. < 100 GeV) as the bounds are only weakly
dependent on the cross section. Neutrinos from annihilations in the galactic centre provide the strongest
bounds on very heavy masses above 1000 TeV [342].

Indirect searches for dark matter have searched for dark matter annihilations in a number of astro-
physical sources, including the galactic centre, dwarf galaxies, galaxy clusters, the Sun and the Earth.
Annihilation processes can decay directly to neutrinos or photons, or to another on-shell particle which
decays into neutrinos or photons. Along with direct detection experiments, they are the best tools available
to probe different scenarios of particle dark matter that exist in the Universe. We are now ready to apply
these constraints to specific proposals for models of dark matter.

1.8 Supersymmetry and neutralinos

The WIMP miracle has provided guidance to searches for dark matter to expect a weakly interacting
particle with a mass in the scale of GeV to TeV. However, no such particle has yet been discovered in
direct or indirect detection experiments, and no heavy beyond the Standard Model particles have been
detected at particle colliders. Concurrently with the continuous improvement of experimental constraints
on dark matter, there has been a development of theoretical candidates for dark matter particles which
can subvert the constraints. One of the most popular classes of candidate models for many years has been
supersymmetric dark matter. Supersymmetry is a relatively straightforward extension to the Standard
Model that provides natural dark matter candidates that satisfy the criteria to be a WIMP. Parts of the
theory of supersymmetric dark matter particles are equivalent to more generalised models of beyond the
Standard Model physics and vice versa, so we shall recap the simplest models of supersymmetry, the
motivations and the candidate dark matter particles.

1.8.1 Supersymmetry fundamentals

Supersymmetry introduces a new transformation into the Standard Model whereby fermionic particles
transform into a bosonic state and vice versa; all other quantum numbers remain invariant [343]. The result
is a shift in the spin angular momentum quantum number by a factor of 1

2 . Supersymmetry provides one
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of the few ways of expanding the set of symmetries of the Standard Model [344], as most other non-trivial
symmetries are forbidden under the so-called Coleman-Mandula “no-go” theorem [345]. In its simplest
forms, the new supersymmetric transformations introduce an additional boson into the model for every
fermion in the Standard Model, and an additional fermion into the model for every boson in the Standard
Model in order to maintain the overall symmetry of the Lagrangian. Apart from the change to the spin
of the particle, the quantum numbers and gauge structures of the new particles are identical to their
Standard Model counterparts, though notably their masses are not bound by this constraint. The particle
catalogue in supersymmetry models is at least double in size to the Standard Model, though additional
beyond the Standard Model particles such as axions will increase this number further. The scenario
where the superpartners are the only additions to the catalogue is known as the Minimal Supersymmetric
Standard Model (MSSM).

Each of the quarks and leptons in the Standard Model obtains a bosonic superpartner. As the left
and right-handed leptons behave differently under the weak transformation, we should expect them to
produce different superpartners. Recall that the neutrinos do not have a right-handed component in the
Standard Model, so there are no superpartners to consider. Additionally, the Higgs sector is expanded
from the known 125 GeV Higgs boson [346,347] two an expanded sector with five physical Higgs bosons,
three neutral and two charged, which equates to two SU(2) doublets. Without the extra Higgs fields
in a supersymmetric theory, there would be no mechanism to cancel out chiral anomalies in triangular
fermionic loops as the sum of the hypercharges of the fermionic particles is non-zero [348]. Additionally, it
is not possible to construct a supersymmetric theory using conjugate fields, however the generation of
masses from the Higgs mechanism requires using the conjugate fields for generating masses of particles
with opposite isospin (for a detailed explanation, see ref. [349] and references therein). Including a second
Higgs doublet with opposite hypercharge resolves both tensions. Finally, when considering the electroweak
gauge bosons, we consider the superpartners of the particles in the interaction basis W 0 and B, not the
mass basis Z boson and photon. A summary of the Standard Model fields and their supersymmetric
counterparts in the MSSM including their naming conventions is shown in table 1.1.

1.8.2 Spontaneous symmetry breaking in supersymmetry

Constructing supersymmetric Lagrangians in an exercise in writing down generalised interaction terms
which satisfy the supersymmetry transformations. For a set of scalar fields ϕi and left-handed fermions
ψi, the possible terms are written in a generalised manner as:

L ⊃
(

−1
2W

ijψiψj +W iFi + xijFiFj

)
+ c.c.− U , (1.13)

where W ij , W i, xij and U are polynomials of the scalar fields and Fi are the so-called auxiliary terms
which have no kinetic term but allows the free fields to be invariant under supersymmetry transformations.
It is possible to show that the W ij and W i terms can be written in terms of a superpotential:

W = Liϕi + 1
2M

ijϕiϕj + 1
6y

ijkϕiϕjϕk , (1.14)

with

W ij = δ2

δϕiδϕj
W (1.15)

W i = δW

δϕi
(1.16)
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Indeed, the terms in the superpotential can contribute to the mass terms of the Standard Model scalar
bosons, namely the Higgs boson. The Lagrangian terms for the gauginos λa also follow directly from
taking the terms for the gauge bosons in the covariant derivatives and mandating that they must follow
supersymmetry. There are many more complications to these derivations, but they are beyond the scope
of this work.

Because supersymmetry is not observed at low energy scales, it is expected that supersymmetry will
be broken. Any interactions in the theory which break supersymmetry are expected to be soft, that is,
have positive mass dimension so as to maintain a mass hierarchy between the electroweak and Planck
scales. The soft supersymmetry breaking terms allowable in the Lagrangian are:

L ⊃ −
(

1
2Maλ

aλa + 1
6a

ijkϕiϕjϕk + 1
2b
ijϕiϕj + tiϕi

)
+ c.c.−

(
m2)i

j
ϕj∗ϕi , (1.17)

for gauginos λa and scalar fields ϕi. Notably for our models, this includes mass terms for the gauginos.
Even though our models in this work are not explicitly supersymmetric, we borrow the standard notation
that the gaugino masses are labelled M1 and M2. The parameters of the supersymmetry breaking are free
parameters, albeit subject to observational constraints. Meanwhile, the other possible soft supersymmetry
breaking terms involve the scalar bosons in the theory, which for the MSSM is the pair of Higgs doublets.
The result of adding these terms is a modification to the Higgs spectrum through the b term.

One of the consequences of having two Higgs doublets in the model is that there is a modification to
the electroweak symmetry breaking procedure in the model. In such models, the Higgs fields posses two
complex SU(2) doublets, which corresponds to 8 real degrees of freedom, two for each complex number
for each of the two components of the two doublets.

As a reminder, for the case of a single complex scalar SU(2) doublet, the Higgs mechanism gives

masses to three gauge bosons by breaking electroweak symmetry. Consider a scalar particle Φ =
(
ϕ+

ϕ0

)
with mass µ and a potential added to the Lagrangian given by:

V (Φ) = |µ|2ΦΦ† − λ
(
|ΦΦ†|

)2
, (1.18)

for some λ > 0. Such a model is known as the Weinberg-Salam model [350]. For the case that |µ|2 > 0,
the potential preserves the symmetries of the Lagrangian since it is invariant under the transformations
of the theory. However, where |µ|2 < 0, the state for minimum energy is no longer at ϕ0 = 0. Instead,
we expand the potential about the minimum value, the so-called vacuum expectation value commonly
referred to as a vev. In such a model, the vev is given by v√

2 ≡
√

−µ2

2λ , the value of the field at the
minimum value. There are many possible parametrisations of the field at the vev, since the minimum
energy is only dependent on the combination Φ†Φ. A popular choice is given by:

⟨Φ⟩ ≡ 1√
2

(
0
v

)
. (1.19)

The complex scalar may now be expanded in terms of real scalar fields h(x) and ηi(x) as:

Φ(x) =
(

η1(x) + iη2(x)
v√
2 + h(x) + iη3(x)

)
. (1.20)

Our theory has now acquired three Nambu-Goldstone bosons [351], ηi(x). Each of these bosons can be
removed from the theory completely by a clever choice of gauge for any of the massless gauge bosons
in the theory. By choosing the unitary gauge for the W± and B0, these bosons are said to have eaten
the Nambu-Goldstone bosons. The only remaining factor is h(x), which becomes the Higgs boson. The
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side-effect of the process that the gauge bosons attain a mass term. Given that the Lagrangian for the
field is:

L ⊃ |DµΦ|2 − V (Φ) , (1.21)

where
Dµ = ∂µ + igWi + i

g′

2 Bµ (1.22)

is the covariant derivative for the SU(2)×U(1) model and Φ has hypercharge 1
2 , there will be an interaction

with the second component of Φ and the gauge bosons packed inside Dµ. In particular, since v is just a
real number, there are mass terms for the gauge bosons of the form:

L ⊃ 1
2

(
0 v

)(
∂µ + igWi + i

g′

2 Bµ
)2
(

0
v

)
. (1.23)

So the initial 4 degrees of freedom in the doublet field have become three mass terms of the gauge bosons
and one physical real scalar boson, the Higgs boson. Such a theory also fixes the masses of the gauge
bosons to the coupling parameters and the vev:

mW = gv

2 ; (1.24)

mZ = v

2
√
g2 + g′2 ; (1.25)

mA = 0 . (1.26)

A similar modification is made to the Yukawa terms in the coupling which gives masses to the Standard
Model fermions except the neutrino, as the lack of right handed neutrino prevents a Yukawa coupling
from being written down.

Now consider the case where there are two SU(2) doublets Hu =
(
H+
u

H0
u

)
and Hd =

(
H0
d

H−
d

)
. In such a

scenario, the scalar potential for the fields is given by:

V =
(
|µ|2 +m2

Hu

) (
|H0

u|2 + |H+
u |2
)

+
(
|µ|2 +m2

Hd

) (
|H0

d |2 + |H−
d |2
)

+
[
b
(
H+
u H

−
d −H0

uH
0
d

)
+ c.c.

]
+ 1

8
(
g2 + g′2) (|H0

u|2 + |H+
u |2 − |H0

d |2 − |H−
d |2
)2 + 1

2g
2|H+

u H
0∗
d +H0

uH
0∗
d |2 .

.

(1.27)

The terms proportional to m2
Hu

, m2
Hd

and b arise from the soft breaking of the MSSM, while the remaining
terms arise from the auxiliary fields in the superpotential. By a similar argument to above, there is choice
about where the fields may be expanded around, which for simplicity is chosen such that at the minimum
energy H+

u = 0 and H−
d = 0. Therefore, the minimum of the potential permits electromagnetism to be

unbroken as the charged components will not have vevs. Next, the potential must be bounded from below,
that is, a minimum of the potential must exist. Equivalently, the quadratic components of the scalar
potential must be positive, so:

2b < 2|µ|2 +m2
Hu

+m2
Hd
. (1.28)

Similarly, for the symmetry to be broken, Hu = Hd = 0 must not be a stable minimum of the potential,
so:

b2 >
(
|µ|2 +m2

Hu

) (
|µ|2 +m2

Hd

)
. (1.29)

Notably, if m2
Hu

= m2
Hd

, both constraints can not simultaneously be satisfied.
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Given the constraints, the phenomenology of the model follows in a similar manner to the case above.
However, we now have two vevs:

vu ≡ ⟨H0
u⟩ ; (1.30)

vd ≡ ⟨H0
d⟩ . (1.31)

By convention, the parameter tan β is defined by the ratio of the two vevs:

tan β ≡ vu
vd
. (1.32)

From here, expressions for the masses fall out of the equations:

v2
u + v2

d = v2 = 2m2
Z

g2 + g′2 ; (1.33)

m2
Hu

+ |µ|2 − b cotβ − 1
2m

2
Z cos(2β) = 0 ; (1.34)

m2
Hd

+ |µ|2 − b tan β + 1
2m

2
Z cos(2β) = 0 , (1.35)

which is unconstrained as there are four unknown parameters: |µ|2, b, m2
Hu

and m2
Hd

. Note here that as
|µ|2 respects supersymmetry while b, m2

Hu
and m2

Hd
break supersymmetry, but all four combine to give

the Z boson mass. It is expected that there may be a mechanism to resolve the so-called µ problem by
aligning all four parameters at the same scale [352].

Now we can return to the effect of introducing both doublets on the number of degrees of freedom
before and after electroweak symmetry breaking. Initially, there were 8 degrees of freedom: two doublets
each contain two elements which are complex, giving two additional parameters. As with the one doublet
case, three of the degrees of freedom are lost eaten as the Nambu-Goldstone bosons are eaten by the gauge
bosons - they become the masses of the gauge bosons in the theory. There are still five remaining degrees
of freedom in the model, corresponding to five mass eigenstates of the Higgs scalar. First, there are two
CP -even neutral scalars h0 and H0. Conventionally, these are chosen such that h0 is lighter than H0.
Additionally, there is one CP -odd neutral eigenstate A0. The remaining two degrees of freedom are in
two charged scalars H± with +1 and −1 charge. These eigenstates are chosen such that they diagonalise
the scalar potential. The mass states are given by:

m2
A0 = 2b

sin(2β) = 2|µ|2 +m2
Hu

+m2
Hd

; (1.36)

m2
h0,H0 = 1

2

(
m2
A0 +m2

Z ∓
√(

m2
A0

−m2
Z

)2 + 4m2
Zm

2
A0 sin2(2β)

)
; (1.37)

m2
H± = m2

A0 +m2
W . (1.38)

Although the masses of A0, H0 and H± can be arbitrarily large, mh0 is bounded such that

m2
h0 < mZ | cos(2β)| , (1.39)

which may appear to conflict with observations of the observed Higgs mass. However, such a mass is
subject to sizeable loop corrections from other supersymmetric particles. The precise details of such
corrections and the viability of the MSSM as a result is beyond the scope of this work Overall, the presence
of the two Higgs doublets results in five mass eigenstates arising from the Higgs mechanism.
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1.8.3 Supersymmetric dark matter candidates

Given that supersymmetry has introduced a new collection of particles, we seek to identify potential dark
matter candidates There are several requirements that a candidate must pass. Firstly, any dark matter
candidate must be a singlet under SU(3), otherwise it would undergo the strong interaction, ruling out all
of the squarks and the gluino. Next, it must be electrically neutral, otherwise it would interact with the
Standard Model strongly through photons, which rules out the charged wino and all three generations of
the selectrons. The remaining candidates are the sneutrinos, the higgsinos, the wino and the bino. The
left handed sneutrinos may seem like a potential candidate as they are an electrically neutral color singlet
with arbitrary mass [353, 354], but are generally not considered viable due to their sizeable coupling with
the Z boson. Right handed sneutrinos do remain a viable dark matter candidate [355], assuming that
right handed neutrinos exist in an expanded Standard Model. There are then strong limits from early
direct detection experiments [356] and double beta decay experiments [357,358], which have ruled out the
possibility that the sneutrinos can be a thermal relic [359]. There is a minor modern interest in heavy
right-handed sneutrino dark matter [360], but that is beyond the scope of this work as we will generally
be focussed on dark matter candidates that are fermionic.

Much of the attention in the literature has been on the supersymmetric partners of the Higgs boson
and the electroweak gauge bosons [361]. Apart from the gluino, which is a color triplet, the remainder of
the gauginos and higgsinos are color singlets, making them candidate dark matter particles, including
four which are also electrically neutral. As all four neutral particles have the same quantum numbers,
they are expected to mix to form four different mass eigenstates [362]. Such eigenstates are typically
labelled χ1, χ2, χ3 and χ4, ordered from lightest to heaviest called neutralinos. The lightest such particle,
or perhaps the two lightest particles if they are near-degenerate, are the dark matter candidates. There is
a corresponding mixing matrix M defined for the basis

(
B̃ W̃ 0 H̃0

d H̃0
u

)
:

M =


M1 0 −g′vd√

2
g′vu√

2
0 M2

gvd√
2

−gvu√
2

−g′vd√
2

gvd√
2 0 −µ

g′vu√
2

−gvu√
2 −µ 0

 , (1.40)

where M1, M2 and µ are the mass parameters of the bino, wino and higgsino, vu and vd are the vacuum
expectation values from the two Higgs doublets and g and g′ are the weak coupling parameters, where
we have not included modifications due to loop corrections. There are several scales in the mass matrix,
namely the mass scales M1, M2 and µ and the two vacuum expectation values. The former two scales are
unconstrained, the latter plays a role in the scalar Higgs potential in the Standard Model [363]. If one of
the mass parameters is an order of magnitude smaller than the others, then the lightest supersymmetric
particle will dominated by one (or in the case of the higgsino, two) interaction eigenstates, in a similar
manner to the mixing due the CKM matrix in the Standard Model sector. Such models are referred
to as, for example, higgsino-like or wino-like dark matter. Such models have been well-studied in the
literature (for reviews, see ref. [364,365]). Earlier works considered that these particles would have masses
at or around the GeV scale, however such ideas are now often discounted as they are constrained by the
measurements of the width of the decay of the Z boson at LEP [366,367].

It is an important requirement for any viable model of dark matter to be able to reproduce the observed
dark matter density from the early universe, particularly as a thermal relic. Considering only models with
a dominant component of a neutralino as dark matter, there are a handful of cases which produce thermal
relics. For example, for bino-like dark matter it is not possible to construct a thermal relic without mixing
with another state as the particle is inert to the Standard Model. For wino-like and higgsino-like dark
matter, the single parameter in the theory means that, so long as the remainder of the physics is at a
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higher scale, the mass at the thermal relic density is precisely determined. The details of the calculation
are subject to the so-called Sommerfeld enhancement, where non-perturbative interactions provide an
attractive or repulsive force prior to the annihilation event which increases the cross section [368–370].
Due to the differences in the strength of the Sommerfeld enhancement, wino-like thermal relic dark
matter occurs at a mass of 3 TeV [371] and higgsino-like thermal relic dark matter occurs at a mass
of 1 TeV [372]. However, such models are subject to rather strong constraints from indirect detection
searches. In particular, wino-like thermal relic dark matter has already been excluded [373–378], while
higgsino-like is under tension from the same experiments [379].

An important question is the stability of the dark matter candidates, as they should be sufficiently
long lived to remain in significant quantities in the Universe to the present day without decaying. It
is expected that a heavier particle in the supersymmetric sector should be able to decay into other
supersymmetric particles, so a dark matter candidate would be the lightest mass particle in the sector,
but there needs to be a mechanism preventing decay into the lighter Standard Model sector. A commonly
invoked resolution is a new global symmetry called R-parity, which is conserved under the spontaneous
breaking of supersymmetry. Such a symmetry is introduced to preserve fermion number in supersymmetric
theories [380]. Otherwise, supersymmetry would allow operators which appear to violate baryon and
lepton number conservation, which is heavily bound by limits on the decay of the proton [381]. The
imposition of R-parity assigns a new, positive quantum number to the Standard Model particles and a
negative number to the introduced supersymmetric particles [382,383]. The direct result of theories which
preserve R-parity is that odd particles (i.e. supersymmetric particles) cannot decay into even particles
(i.e. Standard Model particles) and vice versa. Hence, any supersymmetric particle decay must result in
other supersymmetric particles, with the lightest such particle being stable. Any such particle is therefore
a strong dark matter candidate.

It is increasingly apparent that the simplest models of neutralino thermal relic dark matter are unlikely
to be the true description of dark matter. We must instead turn to more complex descriptions of the dark
matter in order to attempt to describe or fully exclude neutralino dark matter. However, more complex
models are difficult to describe and are often dependent on the precise description of the higher order
supersymmetry or other theory. We need a model independent approach to describe any other additional
physics that affects these models of neutralinos.

1.9 Effective field theories

A perennial problem with the perturbation theory for particle physics is the presence of UV divergent
integrals in the action term of a given interaction due to the loop contributions at higher orders in the
perturbation theory [384]. The UV divergences generally correspond to short distance, high momentum
interactions. The common solution to these divergences is to introduce a prescription of renormalisation
to redefine the bare mass parameters in terms of physical mass parameters that account for the self
interactions from the higher order terms in the perturbation theory [385–388]. A common renormalisation
regime is to impose a momentum cut-off Λ such that p2 ≲ Λ2 on the action for the interaction [389].
The result is to remove the high momentum interactions which cause the UV divergence. The exact
result is returned in the limit Λ → ∞. The computation of the coupling parameters where the regulating
parameter is finite means that the coupling parameters themselves are dependent on the regularisation
parameter. Where the regularisation parameter is greater than the mass scales involved in the interaction,
the physical parameters of the theory, that is those which incorporate the regularisation, are very good
approximations for the fully perturbative parameters. The reason the approximations are so effective is
that the interactions that are incorporated into the regularisation parameter occur at higher energy scales.
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When we construct Lagrangians to describe a quantum field theory, we generally consider terms of up
to dimension 4, that is, some combination of operators O(d) with dimension d and coupling parameters λi
and ci:

L =
∑
i

λ2
iO

(2)
i +

∑
j

λjO(3)
j +

∑
k

ckO(4)
k , (1.41)

where the λi have dimension 1 and ci are dimensionless. Together, these terms describe the theory in
terms of 2-point interactions (mass terms), kinetic terms, 3-point interactions and 4-point interactions.
Their relative strengths are given by the coupling parameters, which after renormalisation describes the
physical masses and interactions of the theory. In most descriptions, it is not possible to write down
any renormalisable O(5) terms without reference to the regularisation scheme, and fully renormalisable
quantum field theories are truncated at dimension 4.

The requirement that we know all of the higher order physics when constructing our regularisation
schemes for our interactions up to dimension 4 means that to describe any low energy interaction, we would
have to specify all of the higher order physics. For complicated higher order physics such as supersymmetry,
or in cases where we do not know the nature of the higher order physics be it supersymmetry or otherwise,
computation would prove nearly impossible. However, an alternative is to consider constructing a so-called
effective field theory for the theory. In an effective field theory, the Feynman diagrams which include higher
order physics are approximated by a series of regularised operators with dimensions 5 or above. Such
operators may describe additional 3-point or 4-point interactions of the lower scale particles, decoupled
from the fields at the higher scale. Where the higher scale physics is known, such interactions can be
matched to the effective field theory operators at lower energies [390]. The result is a series of Lagrangian
terms:

LEFT =
∑
i

ci
Λ O(5)

i +
∑
j

cj
Λ2 O(6)

j + . . . , (1.42)

for a series of operators O(d) with dimension d, dimensionless coupling parameters c and regularisation
scales Λ. The effective field theory Lagrangian LEFT essentially describes the difference between the
full Lagrangian and the dimension-4 Lagrangian describing only the lower order physics. The brilliance
of the effective field theory approach is that so long as the set of operators O(d) spans the space of
operators at dimension d, the specifics of the higher order physics does not need to be written explicitly,
allowing calculation of the physical parameters at low energies to be model independent. Once a physical
description for the parameter has been determined, it can then be matched back to the higher order
theory.

That effective field theory can describe the low energy behaviour of a particle without reference to the
higher energy theory makes it an appealing framework for studying the behaviour of dark matter. Since
dark matter is stable, non-relativistic and interacts only weakly with the Standard Model, it is reasonable
to assume that dark matter particle masses are at a sufficiently low energy scale and form part of some
larger dark sector of new physics. The goal for some proposed dark matter is to consider not only the
required dimension 4 interactions but any and all possible dimension 5 Lagrangian terms.

The precise implementation of effective field theories to dark matter theories is dependent on the
precise description of the particle nature of the proposed dark matter. Examples that we will consider
here include electromagnetic dipole interactions and interactions with the Higgs Boson. The higher order
interaction that corresponds to an otherwise neutral particle possessing an electromagnetic dipole moment
is a modification to the two-point self interaction through a loop with positive and negative charged
components [2, 391–404]. The interaction with the Higgs Bosons parametrise mass splittings between
fermionic dark matter particles [405,406].

In part I, we shall develop our understanding of the effective field theory couplings up to dimension 5
for an arbitrary fermion added to the Standard Model, including the constraints on and limitations of
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such models, with the ultimate goal of determining the regions of the parameter space which correspond
to viable thermal relics. In particular, in chapter 2, we construct the Lagrangians for models where dark
matter is a SU(2) singlet, doublet or triplet, incorporating all potential Lagrangian terms at each order
in the theory. We consider the effect of each additional term on the mass spectrum of the theory, and
notice that some dimension 5 terms can induce mass splittings between the otherwise degenerate neutral
and charged components. In chapter 3, we consider the effect of such particles, in particular the mass
splittings, on the thermal relic density of dark matter. We recap the theories of relic density via the
Boltzmann equations and introduce the experimental constraints on the model, including the modification
to the annihilation rates due to the Sommerfeld enhancement. Finally, we compute the relic density
and show that the introduction of dimension 5 operators greatly expands the range of viable masses for
thermal relic dark matter by orders of magnitude in both directions.

In part II, we delve deeper into a subset of operators at dimension 5 which correspond to electromagnetic
dipole moments and have momentum and velocity dependent cross sections. Such cross sections have
been hypothesised to partially resolve a tension between observations and models in the Sun known as the
solar abundance problem. In chapter 4, we introduce the solar abundance problem and its relationship to
helioseismology and the sound speed profile of the Sun. We introduce the mathematical preliminaries
required for injecting electromagnetic dipole dark matter into the Sun, including calculations of the cross
section for scattering electromagnetically from a nucleus. We use the cross sections to introduce the
relevant physical processes affected by dark matter in the Sun, namely the capture of dark matter particles
by the Sun and energy transport due to dark matter particles within the Sun. In chapter 4 we examine the
effect of the dark matter on a number of solar observables representing a range of regions within the Sun,
with the goal of fitting the best points in the dark matter parameter space based on the uncertainties in
each measurement. Finally, in chapter 6, we summarise our results for each chapter, noting the limitations
and future directions of each result.
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Chapter 2

Effective field theory model building

Starting from the set of particles in the conventional Standard Model, we seek to explore the minimum
addition of new fields and interactions to the Standard Model which still accounts for a dark matter
candidate. By completely exploring these scenarios, we hope to identify how to construct more complicated
models. In particular, focus is given to interaction strengths and masses around the weak scale, as these
give rise to the so-called ‘WIMP miracle’ of a thermally produced relic abundance for the dark matter
(see section 1.4).

To begin, consider adding a new fermion to the Standard Model. What are the requirements to be
considered a dark matter candidate? Immediately, the new fermion must be a SU(3)C singlet, as any
gauge-field interaction with gluons would result in a strongly-interacting dark matter candidate which
doesn’t fit with any observations of dark matter. By a similar argument, we expect the candidate to be
electrically neutral. Although dark matter models with microcharges do exist (e.g. ref. [407]), we do
not seek to modify the Standard Model gauge fields in such a generalised model. Thus, a constraint is
imposed on the weak hypercharge of the fermion.

The only remaining group theory variable from the Standard Model is the structure of the SU(2)L
representation. There are several choices here: a singlet representation B̃, a doublet representation H̃ or
a triplet representation W̃ . These three representations are most commonly represented in the literature
as a bino, higgsino or wino respectively, as they each naturally arise in supersymmetric models (see
Table 1.1). However, when used in the context of supersymmetry, these three particle families are also
associated with a number of other interactions with supersymmetric particles with strengths determined
by other supersymmetric parameters. To maintain generality, we consider the bino, higgsino and wino
from supersymmetry to be a subset in the family of the singlet, doublet and triplet fermions, and will
borrow the relevant nomenclature from supersymmetry to describe these multiplets. As such, we refer to
these multiplets as bino-like, higgsino-like and wino-like. Furthermore, it is entirely reasonable to consider
fermion multiplets of higher order [408], but we do not do so for two reasons. Firstly, due to the analogies
with supersymmetric models, the singlet, doublet and triplet fermions have seen significantly more focus
in the literature, so are more relevant to many models of modern theoretical physics. Secondly, all three
multiplets are already found in nature in the Standard Model, so reasonable extensions to a new sector
are not a great expansion to the theoretical conceptions.

The singlet model brings a single new particle to the particle catalogue. As a singlet, definitionally
there is no overall weak isospin. So by the weak hypercharge formula:

YW = Q− T3, (2.1)
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for weak hypercharge YW , charge Q and third-component of weak isospin T3, the requirement of no
overall charge gives that we must have zero weak hypercharge. The doublet and triplet models are more
complicated: in addition to electrically neutral components which form the dark matter candidate, there
will also be some electrically charged components of the multiplet. For the doublet, the overall weak
isospin is T = 1

2 with two components with weak isospin T3 = ± 1
2 . To obtain an overall electric charge of

zero for at least one particle, there are then two options for the weak hypercharge: YW = ± 1
2 , we shall

require both such particles in the model in order to write down a mixed mass term that satisfies the
U(1) symmetry. Similarly for the triplet, with weak isospin T = 1 there are three components with weak
isospin T3 = 0,±1. Conventionally, the weak hypercharge is chosen as YW = 0 by analogy with the wino
and W -boson; other choices for the weak hypercharge result in fermions with a double charge, which we
do not consider further in this work.

First, we will review the familiar terms of the singlet, doublet and triplet models at dimensions 3
and 4 in sections 2.1 and 2.2 respectively; these correspond to the mass and kinetic terms of the model
respectively. In doing so, we will discover the structure of the mixing matrices of the particles and the
free mass and interaction parameters. Next, we introduce a basis of relevant new terms for the effective
field theory at dimension 5 in section 2.3. We shall explore the implications of the new terms on the
mixing matrices and free parameters, in particular the new mass splittings that are generated between
the previously degenerate states in section 2.4. Finally, we summarise the analogy between the new
parameters and electromagnetic dipole moments in section 2.5, including a brief look at the anapole
moment at dimension 6.

2.1 Dimension 3 - Mass terms

Given these three models, we now seek to develop the minimal number of appropriate terms to be added
to the Standard Model Lagrangian. We start with the mass terms, these are at dimension 3 (each of the
fields is dimension 3

2 ), and contain one dimension 1 parameter - the mass parameter. The mass parameters
are not necessarily fundamental parameters; they may be the result of the relevant Higgs mechanism or
another mass generation process. However, in our model they are free parameters; we do not prescribe the
physics which generates these mass terms. We shall construct the particles with Majorana mass terms,
with the Dirac structure if any arising naturally from the combinations of particle-antiparticle pairs in the
Mass terms.

2.1.1 Singlet

The singlet B̃ is simply represented as a single particle with zero electric charge B̃0 . We therefore obtain
a simple mass term with a mass parameter M1, which may in principle be complex:

L ⊃ −1
2M1B̃

0B̃0 , (2.2)

where the factor − 1
2 is by convention. M1 is a free parameter, though we do not specify whether it is

a fundamental parameter of the theory (as in the MSSM) or a low-energy integration of a higher order
theory. As a singlet, there is no additional gauge structure, so is sterile.

2.1.2 Doublet

As there are two values for the weak hypercharge, in order to write down a consistent model we expect to
introduce the two doublets to the Standard Model in a pair. We represent the doublet higgsinos as a pair
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of two-component spinors:

H̃u =
(
H̃+
u

H̃0
u

)
; (2.3)

and

H̃d =
(
H̃0
d

H̃−
d

)
, (2.4)

where we have used the round brackets for the representation of the gauge group. The mass parameter is
labelled µ. The mass term will therefore be familiar from supersymmetry:

L ⊃ −µϵij(H̃u)i(H̃d)j + h.c. , (2.5)

for the antisymmetric tensor ϵij such that ϵ12 = −ϵ21 = +1, where the indices ij to indicate the gauge
components. The use of the antisymmetric tensor ensures that each term of the Lagrangian is electrically
neutral.

It will be convenient later to reconfigure the two-component Weyl spinors into a four-component Dirac

spinor. In the chiral basis we can construct the four-component spinors as H̃0 =
[
H̃0
u

H̃0†
d

]
and H̃+ =

[
H̃+
u

H̃−†
d

]
where the square brackets indicate spinor components. To determine the mass terms, we expand the index
components of eq. (2.5):

L ⊃ − µ
(

(H̃u)1(H̃d)2 − (H̃u)2(H̃d)1 + (H̃d)†
2(H̃u)†

1 − (H̃d)†
1(H̃u)†

2

)
= − µ

(
H̃+
u H̃

−
d − H̃0

uH̃
0
d + (H̃−

d )†(H̃+
u )† − (H̃0

d)†(H̃0
u)†
) . (2.6)

Factoring:
L ⊃ −µH̃0H̃0 + µH̃+H̃+ . (2.7)

assuming µ = µ†. It is now possible to factor the Dirac spinors into a single SU(2) doublet H̃ =
(
H̃+

H̃0

)
,

The model therefore also represents a single SU(2) doublet being added to the Standard Model. The
mass is given by:

L ⊃ −µH̃iH̃i . (2.8)

The choice of the antisymmetric tensor in eq. (2.5) is now clear as it allows a seamless analogy between
the Weyl spinors that are useful for formulating SUSY models and simplifying the SU(2) components and
the Dirac spinors which allows a simple description of the weak interactions in terms of the gauge field
representations.

Note here that the neutral component of the mass of the higgsino can be written in the form of a
mixing matrix:

L ⊃ H̃0
i M(1)

ij H̃
0
j = −1

2

(
H̃u H̃d

)( 0 −µ
−µ 0

)(
H̃u

H̃d

)
. (2.9)

The two doublets are equally mixed and hence indistinguishable. As the eigenvalues of Mij are ±µ, the
higgsinos create two particles of equal mass.
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2.1.3 Triplet

Finally, the SU(2) triplet model introduces a weakly-interacting Majorana particle W̃ with zero weak
hypercharge. The triplet includes two charged components W̃± and a neutral component W̃ 0, which can
be packed into a triplet as:

W̃i =

W̃
+

W̃ 0

W̃−

 . (2.10)

So as to maintain analogy to supersymmetry, the mass parameter is labelled M2, and the mass term is:

L ⊃ −1
2M2W̃iW̃i ; (2.11)

again where the factor of 1
2 is introduced as a manner of convention. Here, the charged and neutral

components have equal mass; there is no splitting between them.

2.1.4 Mixed models

In models like supersymmetry, it is not uncommon for two or more of the three mass parameters described
above (µ, M1 and M2) to be mixed. It is particularly useful for the singlet models, as these would
otherwise be sterile and not interact with the Standard Model. The two configurations that we consider
are a combination of the singlet and triplet models, which corresponds to the supersymmetric partners of
the SU(2) gauge bosons, and a combination of all three models. In the former case, we construct a mixing
matrix for the neutral components based on a two-component vector of Weyl spinors ψ =

(
B̃0 W̃ 0

)
such that:

L ⊃ −1
2ψiM

(2)
ij ψj = −1

2

(
B̃0 W̃ 0

)(M1 0
0 M2

)(
B̃0

W̃ 0

)
. (2.12)

Presently, as the mixing matrix is diagonal, there will be no mixing between the two states until the terms
at dimension 4 and 5 are added. The only charged component comes from the triplet. For the case that
all three are mixed, we obtain a vector ψ =

(
B̃0 W̃ 0 H̃0

u H̃0
d

)
, and therefore a mixing matrix of:

L ⊃ −1
2ψiM

(3)
ij ψj = −1

2

(
B̃0 W̃ 0 H̃0

u H̃0
d

)

M1 0 0 0
0 M2 0 0
0 0 0 −µ
0 0 −µ 0



B̃0

W̃ 0

H̃0
u

H̃0
d

 . (2.13)

2.2 Dimension 4 - Kinetic terms

The dimension 4 terms in the theory arise primarily due as kinetic terms for the fermions. By dimensional
analysis, to reach dimension 4, we can either have two fermions (dimension 3

2 ) and a derivative γµ∂µ
(dimension 1) or two fermions and a gauge boson (dimension 1). The two terms will be linked by the
requirement that the derivative term is gauge invariant, leading to boson terms determined by the gauge
structure of the multiplets.

2.2.1 Singlet

The singlet model is invariant under the SU(3)⊗SU(2)⊗U(1) transformations of the Standard Model, that
is the singlet model exists in the trivial representation of SU(2). The singlet has zero weak hypercharge,
so there will not even be a contribution from the U(1) electromagnetic group. We therefore do not expect
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any modifications to the kinetic term, which will be given by:

L ⊃ iB̃0
i γ

µ∂µB̃
0
i . (2.14)

The result is that the singlet is sterile in the Standard Model.

2.2.2 Doublet

The doublet model lives in the fundamental representation of SU(2), so we expect that the higgsinos will
interact with the SU(2) gauge bosons. Additionally, the higgsinos have hypercharge ± 1

2 , so there will also
be an interaction with the U(1) gauge bosons. The expansion of the covariant derivative of the doublet
term in the Lagrangian appears as:

L ⊃ iH̃iγ
µ

(
∂µ − igAaµ

τaij
2 − ig′Y Bµδij

)
H̃j , (2.15)

where we have used the Dirac fermions H̃i from eq. (2.8), Aaµ and Bµ are, respectively, the SU(2) and U(1)
Standard Model gauge bosons in the interaction basis, g and g′ are the Standard Model gauge couplings,
Y = ± 1

2 is the weak hypercharge of the doublet, and τaij are the generators of the SU(2), that is, the
Pauli matrices:

τ1 =
(

0 1
1 0

)
, τ2 =

(
0 −i
i 0

)
, τ3 =

(
1 0
0 −1

)
. (2.16)

When the Higgs Boson undergoes spontaneous symmetry breaking, the gauge bosons from the fundamental
representation transform into the mass basis in the usual way:

W±
µ ≡ 1√

2
(A1

µ ∓ iA2
µ) , (2.17)

Zµ ≡
−gBµ + gA3

µ√
g2 + g′2

, (2.18)

Aγµ ≡
gBµ + g′A3

µ√
g2 + g′2

. (2.19)

Combined with the mass in eq. (2.8), we have now discovered the usual interactions between an SU(2)
fermionic doublet and the gauge bosons. There are no additional new gauge invariant Yukawa terms in
the theory because the only scalar particle in the model is the Higgs boson.

2.2.3 Triplet

For the triplet model, the weak hypercharge is zero, so we do not expect there to be an interaction with
the U(1) boson. Meanwhile, the triplet lives in the adjoint representation of SU(2), so we can construct
the covariant derivative for the kinetic term for the Weyl spinors as:

L ⊃ iW̃iσ
µ

(
δij∂µ − igAaµ

T aij
2

)
W̃j + h.c. , (2.20)

where T aij are the three-dimensional representations of the generators of SU(2) given by:

T 1 = 1√
2

0 1 0
1 0 1
0 1 0

 , T 2 = 1√
2

0 −i 0
i 0 −i
0 i 0

 , T 3 =

1 0 0
0 1 0
0 0 1

 , (2.21)
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and σµ is the four-vector extension to the Pauli matrices:

σ0 = σ0 =
(

1 0
0 1

)
, σ1 = −σ1 =

(
0 1
1 0

)
, σ2 = −σ2 =

(
0 −i
i 0

)
, σ3 = −σ3 =

(
1 0
0 −1

)
.

(2.22)
The interaction between the neutral particle and the gauge bosons permits annihilation of the dark matter
candidate, producing a thermal relic with a mass of 3 TeV, which is consequently ruled out by indirect
detection [373–378].

2.2.4 Mixed models - Yukawa terms

In addition to the dimension 4 terms which arise from the kinetic terms and the expansions to the covariant
derivative, it is also possible to construct dimension 4 terms via a Yukawa coupling, that is two fermions
(dimension 3

2 ) and a scalar boson (dimension 1). In the Standard Model, the only scalar boson is the
Higgs Boson. In order for the term to be gauge invariant, we construct the terms of the form ψa(φ†

iT a
ijϕj),

for fermions ψ and φ, scalar boson ϕ and some gauge representation T a
ij . For the Higgs boson, we have

two options for ϕ, corresponding to both positive and negative choices of the weak hypercharge for the
scalar boson:

Hu =
(
H+
u

H0
u

)
; (2.23)

and

Hd =
(
H0
d

H−
d

)
. (2.24)

.

To make a gauge invariant quantity, we must combine the Higgs boson and higgsino with a sum of
fermion from an equivalent representation. Therefore, consider the representation product for SU(2)
representations 2̄ ⊗ 2 = 3 ⊕ 1. Fortunately, 3 ⊕ 1 is the direct sum of the SU(2) representations of W̃i

and B̃0. So we can use the adjoint and trivial representations for T a
ij , giving us the Lagrangian terms:

L ⊃
(
g′B̃0δij + gW̃aT

a
ij

)(
H̃u

i

Hj
u + H̃d

i

Hj
d

)
. (2.25)

Crucially, our terms now have an interaction with the Higgs boson, which undergoes spontaneous symmetry
breaking and obtains a vacuum expectation value. As we have two Higgs boson fields, we will have two
vevs, defined by:

(Hu)0 =
(

0
vu

)
; (2.26)

and

(Hd)0 =
(
vd

0

)
. (2.27)
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We therefore obtain modifications to the mass mixing matrix in eq. (2.13):

L ⊃ −1
2ψiM

(3)
ij ψj = −1

2

(
B̃0 W̃ 0 H̃0

u H̃0
d

)


M1 0 −g′vd√
2

g′vu√
2

0 M2
gvd√

2
−gvu√

2
−g′vd√

2
gvd√

2 0 −µ
g′vu√

2
−gvu√

2 −µ 0



B̃0

W̃ 0

H̃0
u

H̃0
d

 . (2.28)

Now, unlike before, there is mixing for the bino and wino states to and from the higgsino state. The
result is the bino is no longer strictly sterile, so long as it mixes with the other neutral states. For it to be
a viable dark matter model, there must be another neutralino present of a similar mass scale. For the
case that the second particle is a wino, the model particles are referred to as gauginos. Meanwhile, if
the second particle is a higgsino, the model is referred to as a well-tempered neutralino. These terms,
however, are not expected to have a significant impact on direct detection as their interaction with the
Standard Model involves a Higgs Boson as an intermediate product.

2.3 Dimension 5 - Effective field theory operators

We now turn to the novel features of our model: the dimension 5 terms. Although dimension 5 is not
renormalisable, the effective field theory allows us to consider these terms as a valid approximation for
higher order physics, up to some cut-off scale Λ. In general, the scales of the model should be smaller
than Λ for the model to have any physical interpretation. We seek to construct all valid dimension 5
operators for the models described above.

2.3.1 Singlet

The inclusion of operators of dimension 5 and higher is an approximation for particles and vertices at a
higher scale when measured at the lower scale. We do not specify whether the particle is composite, whether
it belongs to a supersymmetric theory or any other specification of the higher scale physics. Notably,
supersymmetry is a possible but far from the only possible UV completion. If it were supersymmetric,
examples of higher order terms which integrate to dimension 5 terms include the top-stop-higgsino
Yukawa coupling - which is dependent on the mass scale of the stop squark - or the effects of other
weakly-interacting neutral fermions at higher mass scales, such as higher scale winos and binos for lower
scale higgsinos or vice versa.

At dimension 5 we have more options for constructing higher order operators using dimensional analysis.
Fermions ψ at dimension 3

2 may still only exist in pairs, forming three-fifths of the operator. The other
two dimensions can be produced by a pair of bosons ϕ, giving operators of the form ψψϕϕ. Crucially,
each of the pairs of particles, either ψψ and ϕϕ or both ψϕ terms, can be made to be gauge invariant
individually allowing easy construction of all operators. The ϕ in each case can be either gauge bosons
or scalar bosons. For the singlet case, there is no gauge structure within the singlet, so we can combine
directly with an invariant coupling of the scalar bosons:

OB
1 = (H†)i(H)iB̃2 . (2.29)

Such an operator represents the only interaction for the singlet model with the Standard Model. Although
annihilation products are still possible, the scattering cross section for such a model will be highly
suppressed as the only available diagram would involve both a loop and a dimension 5 operator. However,
eq. (2.29) does provide a modification to the mass of the particle after the spontaneous symmetry breaking
of the Higgs boson.
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Turning to combinations between the singlet fermions and the Standard Model gauge bosons. As the
singlets have no gauge structure, we can only connect to the other gauge bosons with no gauge structure,
namely the U(1) gauge boson. We could try to write down dimension 5 operators like:

OB
1 = B̃σµνBµνB̃ , (2.30)

OB
2 = B̃σµνB∗

µνB̃ , (2.31)

where Bµν and σµν will be defined in eqs.(2.40)-(2.44), however these terms will vanish as for them to
be gauge invariant, we must multiply by the weak hypercharge of the bino, which is zero. Additionally,
we will later discover in section 2.5.1 that even if the weak hypercharge were non-zero, such a term is
forbidden as a Majorana particle cannot posses these electromagnetic terms.

2.3.2 Doublet

For the doublet model, we are combining the SU(2) doublet from the Higgs boson in eqs.(2.23)-(2.24)
with the SU(2) doublet from the higgsino. The naïve approach is to unite the scalar doublet and the
fermion doublet separately to produce gauge invariant quantities, for example, we would generate a term
like:

O = ϵijϵkl(H)i(H)j(H̃d)k(H̃d)l , (2.32)

however these terms are forbidden [405]. Recall that the Higgs bosons H are symmetric by their boson
nature, so when combined with the antisymmetric tensor ϵij to make the gauge invariant quantity above,
there is an exact cancellation, so combinations ϕϕ and ψψ are not possible as gauge invariant quantities
for this combination of particles. Instead, we need to combine the fermionic and bosonic components
together directly to make a gauge invariant quantity. Thus, we should either expect the fermion and
boson to be in the same gauge representation, or that the combination of the fermion and boson be in a
representation which balances the representation of the second fermion and second boson. For the case
of the doublet model coupling to the Higgs boson, we shall see that these two cases are the equivalent.
Later, for the triplet case, only the latter case is valid.

Consider the gauge invariant quantity of combining a Higgs boson H with a higgsino. There are two
possible combinations depending on which of the two hypercharges the doublet has: (H†)i(H̃u)i and
ϵij(H)i(H̃d)j . These can be combined in four different ways:

OH
1 = (H†)i(H̃u)i(H†)j(H̃u)j , (2.33)

OH
2 = ϵijϵkl(H)i(H̃d)j(H)k(H̃d)l , (2.34)

OH
3 = ϵjk(H†)i(H̃u)i(H)j(H̃d)k , and (2.35)

OH
4 = ϵjk(H†)i(H̃d)i(H)j(H̃u)k . (2.36)

Possible integrations for these terms include taking the gauginos out of the MSSM. These terms naturally
modify the higgsino masses after the spontaneous symmetry breaking of the Higgs Boson as we shall
see shortly. Physically, a mass modification represents a mixing between the masses of the higgsino-like
particle and a particle of significantly higher mass.

Now consider the alternative: the direct product of the representations of the fermionic and bosonic
component. This gives a factor of (H†)iτaij(H̃u)j , which can combine to give an operator like:

O′ =
[
(H†)iτaij(H̃u)j

] [
(H†)kτakl(H̃u)l

]
. (2.37)
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However, the SU(2) generators τaij are subject to the Fierz identity [409]:

τaijτ
a
kl = 2δilδjk − δijδkl . (2.38)

Eq. (2.37) then becomes:

O′ = [2δilδjk − δijδkl]
[
(H†)i(H̃u)j(H†)k(H̃u)l

]
= 2δilδjk

[
(H†)i(H̃u)j(H†)k(H̃u)l

]
− δijδkl

[
(H†)i(H̃u)j(H†)k(H̃u)l

]
= 2

[
(H†)i(H̃u)i(H†)j(H̃u)j

]
−
[
(H†)i(H̃u)i(H†)j(H̃u)j

]
= (H†)i(H̃u)i(H†)j(H̃u)j
= OH

1 .

(2.39)

from eq. (2.33). The remaining permutations of H̃u and H̃d in eq. (2.37) can be transformed into a
linear combinations of eqs. (2.33)-(2.36) in a similar manner, thus eqs. (2.33)-(2.36) are a sufficient set of
operators to span dimension 5.

Now consider constructing operators with an interaction between the doublet fermions and the Standard
Model gauge bosons. Here, we are coupling to the field strength tensors for the U(1) and SU(2) gauge
bosons; we label these Bµν and W a

µν respectively. The field strength tensors are defined as:

Bµν = ∂µBν − ∂νBµ , (2.40)

W a
µν = ∂µA

a
ν − ∂νA

a
µ + fabcAbµA

c
µ , (2.41)

where fabc are the structure constants for SU(2). The field strength tensors have dimension 2, so we can
combine with 2 fermions to give our dimension 5 operators. Additionally, we can also define the dual of
the field strength tensors as:

B∗
µν = ϵµνσρB

σρ , (2.42)

(W a
µν)∗ = ϵµνσρ(W a)σρ . (2.43)

The field strength tensor and its dual span the space of the operators constructed from the gauge fields
at dimension 2. To make the field strength tensor Lorentz invariant, we balance with the σµν matrices,
defined here as:

σµν = i

2 (γµγν − γνγµ) . (2.44)

The introduction of Dirac indices is then balanced by the pair of fermions, allowing for the construction of
the relevant bilinears. We are now ready to construct the appropriate dimension 5 terms to be gauge
invariant. The field strength tensor of the U(1) gauge boson is a singlet under SU(2), so we can easily
construct an interaction with the doublet field. For the SU(2) gauge field, we need to use a representation
which is compatible with the SU(2) representations of the doublet. Along with the dual fields, we obtain
another four operators which together we label the as the electric and magnetic dipole terms:

OH
5 = H̃iσ

µνBµνH̃i , (2.45)

OH
6 = H̃iτ

a
ijσ

µνW a
µνH̃j , (2.46)

OH
7 = H̃iσ

µνB∗
µνH̃i , and (2.47)

OH
8 = H̃iτ

a
ijσ

µν(W a)∗
µνH̃j , (2.48)
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where we have used the combined SU(2) generator to bind the 2̄ ⊗ 2 representation of the higgsino
doublets to the 3 ⊕ 1 representation of the field strength tensor. The 1 component in the 3 ⊕ 1 addition
of representations in eq. (2.46) is cancelled by a careful linear combination of eq. (2.45) and (2.46). Here,
the presence of the SU(2) generator component τaij in eq. (2.46) and (2.48) mixes the two states of the
doublet. Given that the neutral states are mixed, any mass splitting between the two neutral states results
means any associated annihilation or scattering must be inelastic [410]. The collection of operators in
eqs. (2.33-2.48) represent the complete set of gauge-invariant operators at dimension 5 up to the usual
redundancies in effective field theory, as dimensional analysis and symmetry restrict us to operators
involving two fermions and two bosons.

2.3.3 Triplet

For the triplet case, we no longer posses the same gauge structure as the Higgs Boson, which limits the
number of new operators that we can construct. Consider coupling the triplet model to a doublet scalar
boson. We cannot couple the triplet fermion directly to the boson in a gauge invariant way, so we must
construct each component to be gauge invariant. Thus, we can construct a pair of scalar bilinear of the
W̃ and H components, giving a single term linking the Higgs boson to the triplet:

OW
1 = (H†)i(H)iW̃ 2 . (2.49)

As for the higgsino case, possible integrations for the wino case include other fermion multiplets at a
higher mass scale, such as the higgsinos or binos from the MSSM. Eq. (2.49) also induces a shift in the
masses of the doublets due to the spontaneous symmetry breaking of the Higgs boson, but it will not
produce a mass splitting between the charged and neutral states.

Now consider the interaction between triplet fermions and gauge bosons. We can write down terms
coupling the wino to the Abelian Bµν field strength tensor, and the non-Abelian W a

µν field strength tensor
from eqs. (2.42)-(2.43) and their duals B∗

µν and (W a)∗
µν , which are CP -violating terms. For the SU(2)

gauge bosons, these terms are constructed with the SU(2) tensor generator T aij :

OW
2 = W̃iT

a
ijσ

µνW a
µνW̃j , and (2.50)

OW
3 = W̃iT

a
ijσ

µν(W a
µν)∗W̃j . (2.51)

Again, these terms will correspond to electromagnetic dipole moments as we will shortly discover. Because
of this fact, we cannot introduce operators which directly join the tensor indices of the doublet using
W̃iσ

µνBµνW̃i or W̃iσ
µνB∗

µνW̃i as though they are Lorentz and gauge invariant, they vanish identically
via the antisymmetry of the fermionic components, as these components would have corresponded to an
electric dipole operator which is forbidden for Majorana particles under a CPT -invariant theory [411,412].
However, the terms in eqs. (2.50)-(2.51) avoid this by the presence of the generator T aij , which contains
both symmetric and antisymmetric components so avoids the constraints for CPT -invariant theorems.

However, by introducing a gauge field with matrix components, it is possible to form a Lorentz invariant
via a coupling between the antisymmetric components of T aij and the antisymmetric combination W̃iW̃j .
Hence the terms in eqs. (2.35) and (2.36) can avoid the constraints on magnetic dipoles in CPT -invariant
theories.

2.3.4 Mixed models

Finally, we turn to terms which arise from models that contain multiple multiplet fermions of a similar
scale. Such a model can resolve the issue for the triplet case coupling to the Higgs boson via a lack of
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gauge invariant representations. We consider a product of two dimension 2 SU(2) via 2̄ ⊗ 2 = 3 ⊕ 1.
Fortunately, 3 ⊕ 1 is the direct sum of the SU(2) representations of W̃ a and B̃. In order for proper
dimensional analysis, we must add an additional singlet B̃. Eq. (2.52) shows the 3 component of the
direct sum; the 1 component is equal to and mixed with eq. (2.29). Hence, we can account for the extra
component by a redefinition of the coefficient of OW

3 . Hence, we can admit a new operator for a model
which contains both a triplet and a singlet:

OBW
1 = ((H†)iT aij(H)j)W̃ aB̃ ; (2.52)

Such a term provides a mixing between the neutral component of the triplet and the singlet via the
spontaneous symmetry braking of the Higgs boson. Further, there are no additional terms in the mixed
models that correspond to interactions between some combination of fermions and gauge bosons.

2.4 Mass splittings from spontaneous symmetry breaking

To examine the properties of these operators developed in section 2.3, we must first collate the dimension-5
terms into the effective Lagrangian. Each of these terms will possess a coupling constant, which is bound
to be less than order one to ensure a perturbative solution, as for the familiar coupling constants from the
Standard Model. Further, each operator is subject to some UV cut-off scale Λ (with units of dimension 1).
For the effective field theory to be valid, all relevant mass scales in the operator should be less than the
cut-off scale. The choice of the cut-off scale is arbitrary. In order to ensure that the relevant physics is
independent of the choice of cut-off scale, any change to the cut-off scale is compensated by an equivalent
change in the coupling constant, so long as the requirement that it be less than order one is still observed.

For the singlet model, the Lagrangian is compiled as:

L ⊃
8∑
i=1

bi
Λ OB

i + h.c. , (2.53)

for coupling parameter bi. For the doublet model, the Lagrangian is compiled as:

L ⊃
8∑
i=1

ci
Λ OH

i + h.c. , (2.54)

for some coupling coefficients ci. Similarly for the triplet model, we construct the Lagrangian as:

L ⊃
3∑
i=1

di
Λ OW

i + h.c. , (2.55)

for coupling parameters di. Finally, for the mixed models, we construct the Lagrangian as:

L ⊃
1∑
i=1

ei
Λ OWB

i + h.c. . (2.56)

In principle, the parameters ci, di and ei can be complex. However, in this work, we consider them to be
real. In most circumstances in this work, we are not considering circumstances where we are combining
multiple operators, so the complex phase of the operator is not relevant. However, we do allow for the
case where the operator is negative.

One of the key consequences of the dimension 5 operators is that they provide a coupling between
the fermions and the Higgs boson, which will undergo spontaneous symmetry breaking and create new
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mass terms in the Lagrangian via the Higgs mechanism [405]. The relevant terms for the higgsino-like
models are eqs. (2.33)-(2.34), the relevant term for the wino-like models is eq. (2.49) and the relevant
term for mixed models is eq. (2.52). In particular, we have new operators which provide mixing between
the neutral wino and bino as is the case of OWB

1 , or new diagonal terms in the mixing matrix for the
higgsinos in OH

1 and OH
2 , which means that the eigenvalues of the mass matrix are no longer equal. The

latter creates a mass splitting between the two neutral states. Some terms will only add to the neutral
components on the diagonal such as OH

3 and others will add only to the charged states such as OH
4 . To

determine the magnitude of the new mass terms, we consider the vacuum state of the Higgs boson to be
determined by eqs. (2.26)-(2.27). For the higgsino models in eqs. (2.33)-(2.34), we construct a mixing
matrix building from M(1)

ij in eq. (2.9) for the neutral mass terms as:

L ⊃ H̃0
i M(1)

ij H̃
0
j = −1

2

(
H̃u H̃d

)( v2c1
Λ −µ+ v2c3

2Λ
−µ+ v2c3

2Λ
v2c2

Λ

)(
H̃u

H̃d

)
. (2.57)

To determine the physical masses of the two neutral particles, we must diagonalise the matrix M(1)
ij

to obtain the eigenvalues in the mass basis. We follow the Takagi diagonalisation method for complex
matrices [413]. Here, any complex symmetric matrix of the form:

M =
(
a c

c b

)
, (2.58)

can be diagonalised by an n× n unitary matrix U such that:

UTMU = diag (m1,m2, ...,mn) , (2.59)

for real, non-negative mi, which are the so-called singular values of M , not the eigenvalues; defined as the
non-negative roots of the eigenvalues of M†M. For the 2 × 2 case, the matrix U can be parametrised by:

U = V P =
(

cos θ eiϕ sin θ
−eiϕ sin θ cos θ

)(
e−iα 0

0 e−iβ

)
, (2.60)

where 0 ≤ θ ≤ π
4 and 0 ≤ α, β, ϕ < π. Eq. (2.59) is then evaluated as:(

a c

c b

)
V = V ∗

(
σ1 0
0 σ2

)
. (2.61)

where σ1 = m1e
2iα and σ2 = m2e

2iβ . Expanding gives:

σ1 = a− ce−iϕ tan θ = be−2iϕ − ce−iϕ

tan θ , (2.62)

σ2 = b+ ceiϕ tan θ = ae2iϕ + ceiϕ

tan θ , (2.63)

where
eiϕ = bc∗ + a∗c

|bc∗ + a∗c|
, (2.64)

and
tan(2θ) = 2 |bc∗ + a∗c|

|b|2 − |a|2
. (2.65)

We then obtain expressions for the singular values of: M

m2
i = |σi|2 = 1

2

[
|a|2 + |b|2 + 2|c|2 ∓

√
(|b|2 − |a|2)2 + 4 |bc∗ + a∗c|2

]
. (2.66)
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Expanding for the mass matrix in eq. (2.57), we obtain equations for the masses in the higgsino model:

m2
1,2 = 1

2

(
2|µ̄|2 + v4(|c1|2 + |c2|2)

Λ2 ±
√
v8(|c1|2 − |c2|2)2

Λ4 + 4v
4|c2µ̄∗ + c∗

1µ̄|2
Λ2

)
. (2.67)

Here, we consider the limit whereby the parameters are real, though more generally, we can consider
complex phases to be equal. The neutral particle masses are then given by:

m1 =
∣∣∣∣µ̃− c1 + c2

2Λ v2
∣∣∣∣ (2.68)

and

m2 =
∣∣∣∣µ̃+ c1 + c2

2Λ v2
∣∣∣∣ , (2.69)

with the charged mass given by

m± =
∣∣∣µ+ c4

2Λv
2
∣∣∣ . (2.70)

Here we have defined:

µ̃ = 1
2

√
(c1 − c2)2

Λ2 v4 + 4µ̄2 , (2.71)

and

µ̄ = µ− c3

2Λv
2 , (2.72)

where v ≃ 246 GeV is the Higgs vacuum expectation value. Note that in the limit where c1 ≃ c2 as we
consider later in this work, then µ̃ ≃ µ̄. Finally, note that the θ parameter in eq. (2.60) with:

tan θ ≃ 1 + c2 − c1

2µΛ v2 . (2.73)

Consider the masses for the neutral particle, that is, the dark matter candidate, in eqs. (2.68) and
(2.69). There are two parameters here: µ̃ and c1 + c2. The relative scales of these two parameters
determines the scale of the mass of the dark matter candidate. In the main, one of the two parameters will
dominate the dark matter mass, however an interesting phenomenon occurs when µ̃ ∼ v2

Λ . Here, the two
parameters approximately cancel each other, resulting in a dark matter mass orders of magnitude smaller
than the other mass scales in the model, including the chargino, which would still have a mass of O(µ).
The presence of a large mass difference between the charged and neutral components has a significant
effect on the relic density as coannihilations are no longer as relevant for the annihilation calculation. We
will show that the region where this cancellation occurs is capable of producing a feasible thermal relic
dark matter with a mass significantly lower than the canonical thermal relic dark matter mass.

Now, we move on to a similar feature of the triplet models. Here, we only have one operator that
contributes as a mass term after spontaneous symmetry breaking of the Higgs boson. Eq. (2.49) provides
a modification to the mass term for the triplet model in eq. (2.11), though unlike the doublet case where
the masses occur on the anti-diagonal of the mixing matrix, the mass modification affects all particles in
the model equally. Here, the charged and neutral components will have equal masses regardless of the
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scale of the coupling. The mass component of the Lagrangian then becomes:

L ⊃ W̃ i

(
M2 + d1v

2

Λ

)
W̃ i . (2.74)

Hence, we do not expect to see any splitting of the masses so do not expect any modification to the
physics of the dark matter, although the underlying mathematics of the relative sizes of M2 and d1 is
altered, the physical masses will be unchanged. Similarly for the singlet model, the mass component of
the Lagrangian becomes:

L ⊃ B̃

(
M1 + b1v

2

Λ

)
B̃ . (2.75)

The situation is different when we move to models which combine the triplet and the singlet models.
As discussed in section 2.1.4, these models represent the two gauginos from supersymmetric models, albeit
at two separate scales M1 and M2. Although unlike the doublet case, the unmodified mixing matrix
possess parameters on the main diagonal, rather than the anti-diagonal. Therefore, in order to generate a
model with a mass splitting between the neutral and the charged state, the new components in the mixing
matrix need to be off the diagonal, i.e. they will mix the two components. Fortunately, such an operator
exists in the form of eq. (2.52). In addition to the diagonal components in eq. (2.49) and eq. (2.29), which
as we have seen simply shift the values of M1 and M2, we obtain a modification to the mixing matrix in
eq. (2.12):

L ⊃ ψiM(2)
ij ψj =

(
B̃ W̃ 0

)(M1 + d3v
2

Λ
d1v

2

2Λ
d1v

2

2Λ M2 + d2v
2

Λ

)(
B̃

W̃ 0

)
. (2.76)

As before in the doublet model, we seek to obtain the physical masses from the mixing matrix using
Takagi diagonalisation outlined in eqs. (2.58)-(2.66). Here, we obtain the two masses for the neutral
components as:

m1 = 1
2

(
MT −

√
∆M2 + d2

1v
4

Λ2

)
; (2.77)

and

m2 = 1
2

(
MT +

√
∆M2 + d2

1v
4

Λ2

)
, (2.78)

where

MT = M1 +M2 + (d2 + d3)v2

Λ , (2.79)

and

∆M = M1 −M2 + (d2 − d3)v2

Λ . (2.80)

Furthermore, the mass of the charged component is also modified:

m± = M2 + d2v
2

Λ . (2.81)

Once again, the mass of the lightest neutral particle is the dark matter candidate, and there is a nexus
between two mass scales in the problem. Consider the case where MT ∼

√
∆M2 + d2

1v
4

Λ2 , here the
cancellation reduces the mass of the neutral component while leaving the mass of the charged component
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unchanged - a mass splitting. As for the doublet case, this nexus causes an increased relic density for
these lower masses due to the decreased coannihilation rates.

It is possible to combine the doublet mixing matrix from eq. (2.57) and the singlet-triplet combined
mixing matrix in eq. (2.76) into a single, combined mixing matrix for all four neutral particle. Indeed,
this mirrors the four neutralinos that appear in supersymmetry models. Using the form of eq. (2.28), we
obtain a full mixing matrix of:

L ⊃ − 1
2ψiM

(3)
ij ψj

= − 1
2

(
B̃0 W̃ 0 H̃0

u H̃0
d

)

M1 + d3v

2

Λ
d1v

2

2Λ
−g′v√

2
g′v√

2
d1v

2

2Λ M2 + d2v
2

Λ
gv√

2
−gv√

2
−g′vd√

2
gv√

2
v2c1

Λ −µ+ v2c3
2Λ

g′vu√
2

−gv√
2 −µ+ v2c3

2Λ
v2c2

Λ



B̃0

W̃ 0

H̃0
u

H̃0
d

 .
(2.82)

Such a mixing matrix combines all four neutral states with terms from the dimension 3, dimension 4 and
dimension 5 operators. We do not seek to diagonalise this matrix, and shall not be considering this model
further. Such a model is relevant in this work only when all three natural mass scales M1, M2 and µ are
roughly equal. Where one or more of the mass scales is an order of magnitude higher than the others, we
consider that neutral component to be included in the effective field theory approximation, that is, its
interactions are integrated into the remaining dimension 5 operators.

We have now introduced all dimension-5 terms of the singlet, doublet, triplet and mixed models
introduced separately into the theory. These terms account quite generally for the leading effects of physics
at higher scales. The new terms provide both electric and magnetic dipole-like interactions, and couplings
to the Higgs provide mass terms. There is a regime for the doublet and mixed singlet-triplet models
where if the effective field theory couplings is sufficiently balanced against the raw mass parameters in the
theory, the masses may split, cancel or dominate, which is relevant to the coannihilation rates in the relic
density calculations.

2.5 Electromagnetic dipole terms

We now turn our attention from the new dimension 5 terms which couple to the Standard Model Higgs
Boson to the new dimension 5 terms which couple to the gauge bosons, which we have been referring
to as electromagnetic dipole interactions. We now explore the relationship between these operators and
electromagnetic dipoles. Although we do not expect any change to the mass spectrum of the model, such
operators now allow for new scattering processes from Standard Model particles, specifically the exchange
of a long-range photon in scattering from charged particles. We will derive an analytic expression for the
scattering cross section which we will later use to calculate direct detection rates as well as the thermal
conduction of dark matter in the solar interior.

2.5.1 Correspondence between operators and dipole moments

When developing our dimension 5 terms, we have introduced the field strength tensors Bµν and W a
µν in

eqs. (2.40) and (2.41), with the Dirac components determined by the sigma matrices σµν in eq. (2.44).
Such a composition can be represented in bra-ket notation for some Dirac or Majorana ψ as:

⟨ψ†|HM |ψ⟩ = c

Λ ⟨ψ|σµνFµν |ψ⟩ , (2.83)
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for Hamiltonian HM , operator coupling constant c with cut-off scale Λ and arbitrary field strength tensor
Fµν . Recall that the Hamiltonian operator has an eigenvalue of energy EM , representing the potential
energy generated by a particle possessing such an operator. For the dual field strength tensors B∗

µν and
(W a

µν)∗, consider the identity:
i

2σ
σρϵµνρσ = σµνγ5 . (2.84)

Here, we see that the effect of considering the dual field strength tensors, that is, multiplying the
field strength tensor with the antisymmetric tensor ϵµνρσ is equivalent to considering the operator as
corresponding to a Dirac pseudotensor due to the γ5 component. The Hamiltonian HE then becomes:

⟨ψ†|HE |ψ⟩ = c

Λ ⟨ψ|σµνF ∗
µν |ψ⟩ = −2i cΛ ⟨ψ|σµνFµνγ5 |ψ⟩ . (2.85)

To see the relationship between the coupling to the field strength tensors and the electromagnetic
dipole moments, consider the electromagnetic field strength tensor:

Fµν = ∂µA
γ
ν − ∂νA

γ
µ , (2.86)

where Aγµ is defined in eq. (2.19) as a linear combination of the Bµ and Aaµ fields after electroweak
symmetry breaking, that is, Fµν is a linear combination of Bµν and W a

µν which represents the massless
Standard Model photon. Classically, Aγµ is the electromagnetic four-potential:

Aγµ =
(
V, A⃗

)
, (2.87)

for electric potential V and magnetic potential A⃗, with the field strength tensor:

Fµν =


0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx
−Ez −By Bx 0

 , (2.88)

where B⃗ = ∇⃗ × A⃗ and E⃗ = −∇⃗V − ∂A⃗
∂t are defined from Maxwell’s equations. The field strength tensor

may also be written as:

F0i = −Fi0 = Ei ,

Fij = − ϵijkB
k ,

(2.89)

where Latin indices indicate the 3 spatial dimensions, ϵijk is the Levi-Civita symbol, and F00 = 0. Now
consider the factor of σµν in the chiral basis. Here, the γ-matrices are defined in terms of its 2 × 2 spinor
components as:

γ0 =
(

0 I
I 0

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
−I 0
0 I

)
, (2.90)

where I is the 2 × 2 identity matrix and σi are the Pauli spin matrices. We therefore construct σµν using
eq. (2.44) giving:

σ00 = 0 (2.91)

σ0i = −σi0 = i

(
−σi 0

0 σi

)
(2.92)

σij =
(
ϵijkσk 0

0 ϵijkσk

)
, (2.93)
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where we have used the Pauli matrix identity:

σiσj = δijI + iϵijkσk . (2.94)

Finally, we can construct the Lorentz invariant σµνFµν as:

σµνFµν = σ00F00 + σ0iF0i + σi0Fi0 + σijFij . (2.95)

As the two components in eq. (2.92) have opposite signs, when we insert such a term into the bilinear
for a Dirac fermion, the left handed and right handed components will have opposite signs, so assuming
there is no bias in the ratio of left to right handed components, there will not be a contribution to the
Hamiltonian in eq. (2.83). The result is that the only contribution to HM arises from the σijFij which
gives a Hamiltonian operator:

HM = c

Λ

(
σ⃗ · B⃗ 0

0 σ⃗ · B⃗

)
, (2.96)

that is, the potential energy of the operator is given by:

EM = c

Λ S⃗ · B⃗ , (2.97)

where S⃗ is the spin of |ψ⟩. Eq. (2.97) can be readily identified as the potential energy of a magnetic dipole
U = −m⃗ · B⃗ for magnetic moment m⃗ defined as:

m⃗ = − c

Λ S⃗ . (2.98)

We can therefore associate the coupling constant and cut-off scale combination as representing the magnetic
moment of |ψ⟩, as such we will introduce the label:

µχ = c

Λ , (2.99)

as for similar magnetic moments for familiar Standard Model particles such as the electron, proton and
neutron. It is common to express the units of the magnetic moment not by the cut-off scale Λ in GeV−1,
but in units of the Bohr magneton µB = 1

2me
= eℏ

2mec
where me is the rest mass of the electron. Hence we

shall be referring to the operators OH
5 and OH

6 in eqs. (2.45)-(2.46) and OW
2 in eq. (2.50) as the magnetic

dipole operators.

For the dual field strength tensor operators, we construct the Hamiltonian HE in a similar way.
However whereas we previously considered a cancellation to the potential due to opposite signed terms
in eq. (2.92), the presence of the γ5 component means that the opposite sign now occurs in the σij

component. We therefore obtain the Hamiltonian operator as:

HE = c

Λ

(
σ⃗ · E⃗ 0

0 σ⃗ · E⃗

)
, (2.100)

with the potential energy of the operator given by:

EE =
c

ΛS⃗ · E⃗ (2.101)

As before, we see that eq. (2.101) is identified as the potential energy of an electric dipole U = −p⃗ · E⃗
where the dipole moment p⃗ is defined as:

p⃗ = − c

Λ S⃗ . (2.102)
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Thus for the dual field strength tensor case, the coupling constant and cut-off scale represents the electric
dipole moment of |ψ⟩. We therefore introduce the label:

D = c

Λ , (2.103)

where the units of D are usually expressed as e - cm - electron centimetres.

Electric and magnetic dipole dark matter has been studied in the literature in the context of electro-
magnetic U(1) interactions [2, 391–404]. The model received particular attention as a potential resolution
for the DAMA annual modulation [184], where the strongest limits from null result direct detection
experiments have been applied at mass scales of a few to a few hundred GeV. In particular, there were
suggestions that inelastic magnetic dipole models could both reproduce DAMA and satisfy the relic
abundance criteria [394], though less consideration has been given to these models following the increased
tension between the DAMA result and other direct detection experiments.

A key feature of the electromagnetic dipole operators is their behaviour under CPT transformations.
Ideally, new operators introduced to a theory should be CPT invariant, so our new operators should be
even under CPT . However, recall that σ⃗, an angular momentum variable, is odd under time reversal
but even under charge conjugation and parity. In order to be an CPT invariant operator, the remaining
components in the operator must also be CPT odd. However, both the electric field E⃗ and the magnetic
field B⃗ are CPT even: B⃗ is odd under both time reversal and charge conjugation and E⃗ is odd under both
parity and charge conjugation. Where the operator acts on a Majorana particle, that is, a self-conjugate
particle, it will not be possible to maintain a CPT consistent theory [411, 412]. As the multiplets we
consider are Majorana, it would appear that all electromagnetic dipole moments are forbidden. However
this is not so. For the doublet model, where the two neutral states have equal mass, the accounting
trick of combining both doublets into one Dirac fermion in eq. (2.8) alleviates the restrictions. Similarly,
where the dipole is inelastic, either by a split in the masses caused by the operators like OH

1 and OH
2 or

through an interaction between the neutral and charged eigenstates, the restrictions are also void. There
is no such resolution for the singlet case in eq. (2.2) which is therefore banned from future consideration.
Finally, we note that the nature of the electric field means that the electric dipole moment operators are
CP -violating.

2.5.2 Anapole moments

There is another electromagnetic term which is often considered alongside the electric and magnetic
dipole models which can subvert the restrictions on Majorana particles, namely the anapole moment
and arises as a result of parity violating interactions [414]. The anapole moment, a special case of the
toroidal moment where the interaction is elastic [415], is a purely electrodynamic phenomenon, it does not
appear in electrostatic multipole expansions. It appears classically as an induced current in a solenoidal
shape, with the current J⃗ taking the role of the dipole field instead of E⃗ or B⃗. Anapole moments have
been measured in caesium [416] and are hypothesised for neutrinos [417]. Anapole dark matter is often
studied alongside other electromagnetic dipole dark matter and has been generally considered as a feasible
model [391,395,400,401,411,418,419]. To construct an operator for the anapole moment, we begin with
the potential energy of the operator:

EA = c

Λ2 S⃗ · J⃗ , (2.104)

for electromagnetic current
Jµ =

(
ρ, J⃗

)
. (2.105)
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By analogy with the electric and magnetic dipoles above, we construct a Hamiltonian operator as:

HA = c

Λ2

(
0 σ⃗ · J⃗

σ⃗ · J⃗ 0

)
. (2.106)

The Dirac structure here is different to the electric and magnetic dipole cases as we are now coupling to a
single 4-vector rather than a tensor, although the resultant eigenvalues are equivalent. From here, we note
that:

γiγ5 =
(

0 σi

σi 0

)
, (2.107)

γ0γ5 =
(

0 I
−I 0

)
. (2.108)

We see that the γ-matrix component for the anapole moment will then be γµγ5, as the potential due to
the time-like component will be cancelled as per the examples above. To transform J⃗ into a more familiar
form, consider the inhomogeneous Maxwell equation:

∂νFµν = Jµ . (2.109)

which allows us to construct a Hamiltonian for the anapole moment as:

⟨ψ|HA |ψ⟩ = c

Λ2 ⟨ψ| γµγ5∂νFµν |ψ⟩ . (2.110)

Note here that the additional derivative ∂ν compared to the electric and magnetic dipoles increases the
operator to dimension 6, and is compensated by an additional factor of the cut-off scale Λ. Although we
do not seek to develop a full catalogue of dimension 6 operators, we do consider the anapole in limited
circumstances here due to its consideration in connection with the other electromagnetic dipole moments.





Chapter 3

Relic density

The criteria for a dark matter candidate to be considered a viable theoretical model is determined by
a number of key observables of the Universe. Although the forefront of experimental constraints on
such models arise form direct and indirect detection searches, there are a number of key fundamental
questions that must first be asked about a candidate particle or model, namely, can the model explain the
astrophysical and cosmological observations of dark matter? In chapter 1, we discovered that any dark
matter particle should exist in the universe in halos around large gravitational objects such as galaxies and
galaxy clusters. It should be non-relativistic and non-baryonic as determined by the universe expansion rate
and cosmic microwave background – the so-called ΛCDM model. In chapter 2, we developed a model based
on a set of particle physics constraints. A dark matter candidate particle should be stable and long-lived,
at least on the time scales of the age of the Universe, and its interactions with the Standard Model limited
to the weak and gravitational sectors, or at least a suppressed coupling to the electromagnetic sector.
Now, we seek to expand our selection of model constraints to another key theoretical question. Any viable
dark matter model needs to explain why dark matter occurs in the Universe with an abundance on a
similar order of magnitude to the abundance of baryonic matter.

An appealing scenario for the production of dark matter in the Universe and its stability through
to the present day occurs where the dark matter particles may exist in thermal equilibrium with the
Standard Model in the early Universe [126–128]. At some point in the early Universe prior to Big
Bang Nucleosynthesis, the dark matter particles thermally decoupled from the Standard Model particles,
freezing their relative abundance. After decoupling, their abundance depletes via annihilation, which is
counteracted by the concurrent expansion of the Universe. Eventually, the expansion is sufficiently large
such that annihilation events are exceedingly rare, fixing the dark matter cosmic density, the so-called
relic abundance of dark matter.

Such a concept is particularly appealing for models which maintain a weak interaction with the
Standard Model for both cosmological and phenomonological reasons. In the thermal relic scenario, the
freeze out is expected to occur prior to Big Bang Nucleosynthesis as the relative densities at that epoch
can be calculated from the primodial deuterium abundance [110], which favours masses closer to the weak
scale or above. Phenomologically, the combination of a typical weak scale interaction with a typical a weak
scale correctly produces the relic abundance, the so-called WIMP miracle [364]. Freeze out mechanisms
are also present in familiar Standard Model cosmological processes such as photon decoupling during
recombination and neutrino decoupling, leading to the cosmic microwave background radiation and cosmic
neutrino background respectively [420].

Although thermal freeze out is an appealing mechanism, there are some notable exceptions to such a
process. If there are multiple non-baryonic particles with similar masses, the relic abundance is affected
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by the annihilations of the slightly larger particle into the smaller one [421,422]. Such processes will be
important for our investigation as we consider in particular similar mass higgsinos, or combined neutral
and charged fermion multiplets. Other exceptions include where the light dark matter annihilates into
a heavier state in so-called forbidden dark matter models [422, 423], as well as a suite of non thermal
production mechanisms, either by decay of particles already out of thermal equilibrium or primordial
black holes [424], but we do not consider these further.

For our models of higgsino and wino-like dark matter, for the canonical renormalisable dimension 4
couplings there is only a single parameter that determines the relic abundance after thermal freeze out,
namely the mass parameters µ, M1 and M2, depending on the model chosen. The only diagrams which
contribute to annihilation of dark matter in the early universe are interactions with the gauge bosons, with
operator terms arising from the covariant derivative in the Lagrangian. The diagrams include s-channel
annihilation to a number of Standard Model particles via a Z boson, or t-channel annihilation to a pair of
W bosons. As the coupling strength for these interactions is fixed by the Standard Model electroweak
coupling parameters g and g′, only the mass parameter at dimension 3 is free which directly corresponds
to a predicted value of the relic density.

The annihilation cross section is indirectly proportional to the relic density of the dark matter particles,
since for an increased annihilation cross section, the dark matter particles deplete more efficiently resulting
in less overall dark matter after freeze out. If we assume that the dark matter consists of a single category
of particle which freezes out at a single abundance, then the observed relic abundance constrains the
annihilation cross section within the error on the measurement of the observed abundance. However, such
assumptions can not necessarily be justified without a laboratory based measurement of dark matter
particles, so the relic abundance instead becomes a bound on the cross section, absent other non-thermal
processes that influence the dark matter cosmic density. Since the annihilation cross section is set directly
by the dimension 4 parameters, the assumption that the relic abundance is the only thermal process
for dark matter suggests a specific particle mass for each model. For higgsino-like dark matter, the
constrained mass is 1 TeV. For wino-like matter, the lack of coannihilations with a second neutral
state gives a constrained mass of 3 TeV. Consequently, searches for dark matter have focussed on the
TeV-scale mass region. Notably, the 3 TeV wino thermal relic has been ruled out by indirect detection
experiments [378,425], while the higgsino model maintains viability as it possesses mass splittings between
its two neutral states.

We seek to investigate the effect of introducing the dimension 5 operators on the relic density. In
section 3.1, we will sketch the calculation of the relic density from the Boltzmann equations. We then
introduce the selection of experimental constraints that we apply to our parameter spaces in section 3.2,
followed by an introduction to modifications to the annihilation rate due to the Sommerfeld enhancement
in section 3.3. From there, we will examine each of our operators and consider where the combinations
of parameters which produce thermal relics and whether or not they are viable in section 3.4. We shall
see that the electromagnetic dipole models can provide additional annihilation at high masses to provide
thermal relics greater than their canonical counterparts, while the Higgs couplings produce thermal relics
at low masses due to the cancellation in the mass terms.

3.1 Relic density Boltzmann equations

We now review the Boltzmann equation which describes the evolution of the dark matter density in
the early Universe. We will sketch the justification for the historically conventional reasoning behind
nominating weakly interacting massive particles as a candidate for dark matter. We will identify the
confluence of energy scales which leads to the so-called WIMP miracle that motivates the energy scales
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of direct detection of dark matter, and briefly introduce coannihilations as a key component in the relic
density calculation for dark matter with degenerate or near degenerate mass states. Our derivations here
closely follows the work of refs. [422,426].

We seek to construct the differential equation describing the evolution of the local dark matter number
density n with time in the early Universe. In general, if there are multiple species of dark matter, they
may be described by multiple number densities ni, though we continue here for a single species. There are
several factors at play which can affect the dark matter number density. One key process is the expansion
of the universe as described by the Hubble parameter H(t). Such an expansion does not affect the total
number of dark matter particles, but decreases the local density due to the increase in space. Additionally,
there may be a net creation or destruction of dark matter particles through annihilation and creation
processes with particles in the Standard Model. The strength of the interaction is parameterised by the
thermalised annihilation cross section ⟨σv⟩. The annihilation rate is dependent on the densities of dark
matter in the universe and given by n2 - the square is present since there are two particles involved in the
interaction. Similarly, the creation rates are dependent on the Standard Model number densities, which is
in thermal equilibrium with the dark matter, with a separate annihilation rate. In such an equilibrium,
the principle of detailed balance means that the annihilation rate for the Standard Model into dark matter
particles is identical to the annihilation rate for dark matter into the Standard Model subject to the
equilibrium conditions. We can therefore construct the Boltzmann equation as:

dn

dt
+ 3H(t)n = ⟨σv⟩

(
n2

eq − n2) . (3.1)

It is useful to express eq. (3.1) in terms of scale and dimension independent quantities. To do so, we define
parameters Y = n

s for s the total entropy density of the Universe. The entropy density in equilibrium is
given by

s = 2π2

45 g∗T
3 , (3.2)

where g∗ is the number of degrees of freedom in the Standard Model and T is the temperature scale of
the universe. Since the entropy scales with the cube of the temperature, it also scales with the cube of the
scale factor a(t). The result is that the parameter Y (t) is independent of the expansion scale. Similarly, it
useful to describe the time scale in terms of the temperature of the Universe since the temperature is
a monotonically decreasing parameter in the expansion of the Universe. The temperature can be made
model independent relative to the mass scale mχ of the dark matter by a parameter x such that x = mχ

T .
The relationship between the time scale and x is given by dx

dt = H(x)x. The Boltzmann equation is then
rewritten as:

dY

dx
= −xs(x)⟨σv⟩

H(x)
(
Y 2 − Y 2

eq
)
, (3.3)

which is often written in terms of a parameter λ:

dY

dx
= − λ

x2

(
Y 2 − Y 2

eq
)

(3.4)

where
λ ≡ 2π2

45
MP

1.66
g∗s

g
1
2
∗

mχ⟨σv⟩ , (3.5)

which follows from the definition of s in eq. (3.2) and where the Hubble parameter in a radiation dominated
universe is given by

H = 1.66g
1
2
∗
m2
χ

MP
, (3.6)
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Figure 3.1: Sketch of evolution of co-moving density Y and equilibrium density Yeq for a 100 GeV dark
matter particle with interaction strength ⟨σv⟩ = 10−30 cm2 s−1

and where MP is the Planck mass, and the dependence on the dark matter mass and the factor of 1.66
have arisen from the definition of the Hubble parameter

H =
(

8
3πGρ

) 1
2

(3.7)

and energy density

ρ = g∗
π2

30T
4 . (3.8)

There is not an analytic solution for Y in terms of x for the equation above. When implemented in
full calculations, the Boltzmann equation is calculated fully numerically for Y . The equilibrium number
density Yeq can be approximated non-relativistically via [422]:

neq ≃ g∗

(
mχT

2π

) 3
2

e− mχ
T , (3.9)

or in terms of Yeq as:
Yeq ≃ 45

2 5
2π

7
2
x

3
2 e−x . (3.10)

An example of the equilibrium number density Yeq and the dark matter co-moving density Y for sample
mass and cross section for this model is shown in Figure 3.1. Note that as the universe evolves, the
equilibrium number density decreases exponentially as it cools past the point x = 1, that is, mχ = T .
Beyond this point, the Standard Model particles present which may annihilate to create the dark matter
particles do not, on average, posses enough kinetic energy for the interaction to proceed. However, the
congruent annihilation process may still go ahead, resulting in an overall depletion of dark matter in the
Universe. If not for the expansion of the Universe, under the thermal model there would not be any dark
matter present in the Universe today.
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However, a second threshold is reached when the interaction rate Γ = n⟨σv⟩ reaches the same order of
magnitude as the Hubble constant H(x). Prior to this epoch, the large number density n of dark matter
particles means that Γ(x) ≫ H(x), so there are always available particles for annihilation to occur and
the dark matter is in thermal equilibrium Y (x) ≃ Yeq(x). Any perturbation away from equilibrium is
restored as the right hand side of eq. (3.3) is negative, that is, the equilibrium is maintained so long as
the coefficient λ⟨σv⟩

x2 from eq. (3.3) is sufficiently large to counteract the perturbation.

As the number density depletes for x > 1, the dark matter will soon reach the so-called freeze-out
epoch xf , whereby Γ(x) ≃ H(x). After the freeze-out epoch, the coefficient λ⟨σv⟩

x2 of eq. (3.3) can no
longer restore the density to the equilibrium density, so the dark matter co-moving density is roughly
fixed at the value at the freeze-out epoch. Physically, this corresponds to the expansion of the Universe
reaching a point where dark matter particles can no longer annihilate as the mean free paths of such
interactions become prohibitively large. The result is that an amount of dark matter survives to the
present day, although the local density n still decreases as the entropy of the Universe increases.

Here, we shall sketch an approximate solution to the Boltzmann equation to highlight the relevant
physics and provide a rough approximation for the scales of masses and interaction strengths which
correspond to the observed value of the dark matter density in the Universe at the present day. In the
large x limit, i.e. Γ(x) ≪ H(x), the dark matter is not in thermal equilibrium so the co-moving number
density Y (x) is much larger than the equilibrium density, Y (x) ≃ Yeq(xf ) ≫ Yeq(x), where Yeq(xf ) is the
equilibrium density at the freeze-out epoch. Under these conditions, the Boltzmann equation can then
approximated as:

dY

dx
≃ −λY 2

x2 , (3.11)

using the definition of λ in eq. (3.5). We assume, for the sake of the example here, that ⟨σv⟩, and hence λ
is independent of x, although in the general case there may be an energy dependence of the interaction,
especially as we are considering a thermally averaged cross section. We may now integrate to obtain an
expression for Y as:

1
Y (x = ∞) − 1

Y (x = xf ) = λ

xf
, (3.12)

where as x → ∞, T → 0. We also assume for simplicity that Y (x = xf ) ≫ Y (x = ∞) as is common in
the literature [427], however such an assumption significantly weakens the approximations made. The
result is a good rule-of-thumb approximation for the present day co-moving number density:

Y (x = ∞) ≃ xf
λ
. (3.13)

Here, the number of dark matter particles in the present day (i.e. x = ∞) is determined by the epoch
of freeze-out, cosmological parameters at T ≃ mχ and the cross section of annihilation. The epoch of
freeze-out is determined by equating Γ ≃ H(xf ), which gives an empirical determination that xf ∼ O(10)
as demonstrated in Figure 3.1. However, a full computation of the relic abundance should consider carefully
the calculation of the freeze-out epoch, as it is highly dependent on the phenomenological parameters of
the dark matter. If the interaction strength between the dark matter and Standard Model is stronger, the
freeze-out epoch is delayed as more annihilations can take place in a slightly more expanded universe,
resulting in a lower overall present day number density. Conversely, a weaker interaction will result in a
higher present day number density. Hence, we may use the present day co-moving number density to
calculate the fraction of the critical density of dark matter at the present day:

Ωχh2 = mχs(x = ∞)Y (x = ∞)
ρc

≃ 10−26 cm3 s−1

⟨σv⟩
, (3.14)
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where ρc = 3H2

8πG is the critical density of the universe. The fraction of the critical density is the commonly
reported measurable property which describes the observed quantity of dark matter in the Universe,
and is measured to be Ωh2 = 0.1188 ± 0.0010 [108]. Here the effect of the annihilation cross section
on the dark matter density is clear. We therefore obtain an order of magnitude approximation to the
predicted scale of the annihilation interactions between dark matter and Standard Model particles to
be approximately 10−27 cm3 s−1. By coincidence, the required rate ia approximately equal to the rate
that would be expected for a particle with a mass approximately at the weak scale mW interacting via a
coupling approximately equal to the weak coupling αW . The resultant interaction strength for such a
particle is approximately αW

mW
. It is important to stress that there is no objective reason to expect such

an agreement of scales; at no point in the calculation have we specified that the dark matter particle
is weakly interacting. The congruence of the scales is popularly known as the WIMP miracle and has
motivated the scale and scope of many dark matter searches, particularly direct detection. However, the
failure of such direct detection experiments to discover dark matter has necessitated a re-evaluation of the
simple thermal relic model [428].

By introducing the new operators at dimension 5 to the model, we can alter the scenario in two ways.
First, we can introduce new diagrams that provide additional avenues for dark matter annihilation. Such
scenarios can reduce overabundant relic densities to levels that are viable. Second, modifications to the
masses of the dark matter particles may alter the annihilation cross section relative to the bare mass
parameters.

Additionally, the models we consider differ from the simple calculation presented above as there are
multiple annihilation products with near-degenerate masses. Such scenarios mean that there are multiple
annihilation rates to consider, including the rate of annihilation from heavier Standard Model particles
into both of the near-degenerate particles. The marginally heavier of the two will later decay into the
lightest. The overall process is called coannihilation [422]. In such scenarios, the inelastic scattering of
dark matter particles can also affect the number density of each species. Other common modifications
include forbidden channel annihilation, where the dark matter has sufficient energy to annihilate into a
marginally heavier Standard Model particle, and circumstances where the annihilation rate is near a pole
in cross section [422]. Such modifications are not significant in the regions of interest in the parameter
space of interest in our models, as they require the dark matter mass to be of a similar scale to at least
the weak bosons in the Standard Model; our models are most interesting at scales tens to hundreds of
times more massive.

The coannihilation rates are important as higgsino-like models have both two near-degenerate neutral
particles as well as a near-degenerate charged state. Similarly, the wino-like models have a degeneracy
between the charged and neutral states. The coannihilation rates become most significant where the
difference between the masses is of a similar scale to the temperature of the Universe at freeze-out. Such a
requirement ensures that the higher mass particle is kinematically accessible for the annihilation processes
that are taking place. The Boltzmann equation is therefore expanded to become a coupled equation for a
particle i with density ni

dni
dt

+ 3H(t)ni = −
∑
j,X

[
⟨σijv⟩

(
ninj − neq

i n
eq
j

)
−
(
⟨σ′
ijv⟩ninX − ⟨σ′

jiv⟩njn′
X

)
− Γij (ni − neq

i )
]
, (3.15)

where the three terms describe the annihilation, inelastic scattering and decay with annihilation cross
section ⟨σijv⟩, scattering cross section ⟨σ′

ijv⟩ and decay rate Γij against a Standard Model particle X
respectively.

The quantity of interest is n =
∑N
i=1 ni, the total number of dark matter particles after freeze out as

any higher mass particles present at the freeze out epoch will decay to the lightest state by the present
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day. Resultantly, the Boltzmann equation sums to

dn

dt
= −3H(t)n−

N∑
i,j=1

⟨σijv⟩
(
ninj − neq

i n
eq
j

)
. (3.16)

The incorporation of such additional interactions can provide a significant alteration to the calculated
relic abundance for a given model [422]. Indeed, for our models, the coannihilation pathways i ̸= j are
dominant over the direct annihilation pathways i = j. The above differential equation is solved numerically
in our simulations. Such a calculation is done via the codes outlined in section 3.4.

3.2 Experimental constraints on physical models

Before we calculate the relic abundance for each of our points in parameter space, we must consider the
experimental constraints that must be applied on each of our models. There are three broad categories of
constraint, namely direct detection experiments, indirect detection experiments and collider experiments,
which can exclude parameter points for the models we consider. We now consider each family in turn.

The direct detection bounds on thermal relic higgsino-like and wino-like dark matter are relatively
weak. The strongest such bounds on these models occur for masses well below that required to produce a
thermal relic, as the nuclear recoil as measured in these experiments is most efficient when the nuclear
mass is on a similar order of magnitude to the dark matter mass. However, as the typical relic abundance
for these models of dark matter are at the TeV scale, bounds from recoil from GeV scale nuclei are not
strong. Additionally, our models possess characteristics that differ from minimal supersymmetry models
which also depress the bounds that can be inferred from direct detection. At tree level, the t-channel
scattering for the higgsino-like models is suppressed since there is a cancellation in the vertex describing
the interaction with the Z boson where there are neutral components of near degenerate mass. Similarly,
there is reduced s-channel scattering compared to minimal supersymmetric model since there are no heavy
squarks to act as intermediate states [429, 430]. The result is a scattering cross section that is smaller
than the fundamental limit of the neutrino floor for direct detection experiments, well below any of the
current limits of modern experiments. Meanwhile, in a model without other supersymmetry components
to provide off shell states, there are no tree level diagrams which permit elastic scattering as there is no
interaction to the Z boson. Therefore, direct detection bounds do not rule out significant regions of the
parameter space under the usual conditions of a small mass splitting between the neutral and charged
states [410, 431]. However, there is one notable exception. There are regions of the parameter space
where the lightest stable dark matter candidate is the charged component of the doublet or triplet. Such
scenarios are strongly excluded as dark matter due to several experimental limits on dark matter, one
example of which is measurements of the abundance of superheavy isotopes of hydrogen in sea water [432].

The strongest constraints on dark matter at the thermal relic scale arise from indirect detection
searches. Here, the by products of annihilation events in high concentration dark matter locations such as
the galactic centre [294] or galaxy clusters [319] are the subject of searches in gamma ray astronomy with
ground based and satellite based telescopes. The lack of observation of such annihilation events provides an
upper bound on the annihilation cross section of the dark matter particles for any given set of parameters.
We impose constraints on our models based on the satellite based Fermi-LAT observations of a selection
of dwarf spheriod galaxies [319] and the ground based HESS observations of the galactic centre [266]. The
Fermi-LAT observations provide stronger constraints for dark matter masses at approximately 100 GeV,
while the HESS constraints provide the stronger constraints for dark matter masses at approximately 1 TeV.
The indirect detection constraints rule out the canonical wino-like dark matter before the imposition of
dimension 5 operators [378]. Here, the strongest bound is for annihilation into a W+W− channel, as such
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processes are directly produced by the the electric and magnetic dipole interactions. Here, we compute
the cross section for a range of annihilation processes using the micrOMEGAs code [433–435]. We calculate
the modification to the raw annihilation rate by the Sommerfeld enhancement [436–438] as detailed in
section 3.3. The strongest constraints occur at a resonance near the W boson mass due to the W+W−

annihilation channel.

Above the thermal relic scale there is a fundamental upper bound on dark matter which has previously
been in thermal equilibrium with the early Universe. The requirement that the S matrix for annihilation
of dark matter in the early Universe be unitary places an upper limit on the dark matter cross section,
and via the freeze-out density, the mass [439]. The upper limit on the mass is mχ ∼ 340 TeV. such a limit
forms the upper bound of the regions we investigate.

The final set of constraints arise from collider experiments. If the dark matter mass is less than the
mass of the Z boson, decays of on shell Z bosons to the dark matter particle are possible if there is a
coupling between the dark matter particle and the Z boson, then decays to dark matter are possible and
will contribute some component of the decay width of the Z boson. As such decays are not detectable by
the collider, they form part of the so-called invisible width of the Z boson. The limits on the invisible width
are provided by decays measured by LEP [366,440–444], and limit the mass of the charged component of
the fermion to no less than 37 GeV [443], as smaller mass particles are more probable decay products.
No such constraint is placed on the neutral component of the higgsino-like fermion as there is no direct
coupling to the Z boson.

We have now covered all aspects of the constraints on dark matter, including direct and direct detection
and collider constraints, all of which apply in some capacity to our models. In order to implement them
correctly, we must first consider modifications to the annihilation cross section for indirect detection due
to the Sommerfeld enhancement.

3.3 Sommerfeld enhancement

The calculation of the annihilation cross section for indirect detection and to a lesser extent the relic abun-
dance is subject to the so-called Sommerfeld enhancement [445]. Here, the non-perturbative contributions
from a light force carrier become significant in the calculation of indirect dark matter searches [446–449].

The Sommerfeld enhancement occurs in annihilation processes where there is exchange of a force
carriers prior to the annihilation interaction in a so-called ladder diagram, an example of which is shown
in figure 3.2. Equivalently, in non-relativistic quantum mechanics, the Sommerfeld enhancement can be
seen as a potential V(r) in the Schrödinger equation which can attract or repel an incoming particle.
Consequently, the resultant wavefunction undergoes a modification compared to the unperturbed case,
which is described as a factor known as the Sommerfeld factor S = |ψ(∞)|2

|ψ(0)|2 , that is, an enhancement of
the wavefunction at the bare scattering case by a modification to the wavefunction as it propagates from
infinity to the centre of the potential.

In general, the Sommerfeld enhancement arises when the Compton wavelength of the force carrier is
longer than (αmχ)−1 which allows the dark matter to form a bound state [449]. Where the force carrier
is a W or Z boson, as in our theories, the mass scale for the Sommerfeld enhancement to be relevant is on
the order of a few TeV [446,447], the same scale of the masses which generate the correct relic density.
The calculation of the Sommerfeld enhancement therefore becomes an important factor in computing
the indirect detection limits where annihilation occurs. However, where the particles are relativistic or
near-relativistic, the effects of the enhancement are reduced as it is not possible to form a bound state.
We therefore would not expect to see a significant modification to the relic density calculations, as such
annihilation happens at higher temperatures in the early universe.
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Figure 3.2: Ladder diagram for Sommerfeld enhancement of dark matter annihilation

The attractive force carrier leads to modification to the thermally averaged cross section by the
Sommerfeld factor S:

⟨σanvrel⟩ = ⟨σanvrel⟩0S(vrel) , (3.17)

for perturbative cross section ⟨σanvrel⟩0 and relative velocity vrel. For a massless force carrier ϕ with fine
structure constant α, the Sommerfeld factor is given by:

S =
πα
vrel

1 − e
− πα

vrel
. (3.18)

However, in our models of wino-like and higgsino-like dark matter, the force carrier is the massive W
boson through the dimension-4 coupling in eqs. (2.15) and (2.20). The model will then produce resonant
effects as bound states can form with the weak bosons at the TeV scale and above, making them key for
determining the viability of the dark matter model [437,450]. In general, multiple such resonances occur
at integer multiples of the Compton wavelength of the W boson. The full calculation of the Sommerfeld
enhancement for annihilation where the intermediate particle is an excited state follows from the potential
due to the weak boson and is outlined below following the procedure in ref. [436]. The Sommerfeld factor
for our two-state (lightest neutralino and lightest chargino) system is calculated from the radial component
of the spherically symmetric Schrödinger equation [436] for scattering in the presence of the Yukawa
potential V(r) generated by the interacting W bosons as:

d

dr

(
r2 dR⃗l(r)

dr

)
−mχr

2 (V(r) −mχv
2
rel
)
R⃗l(r) = l(l + 1)R⃗l(r) , (3.19)

for dark matter mass mχ, partial wave l, and where the attractive potential is given for a two-state
wavefunction as [449]:

V(r) =
(

0 V (r)
V (r) 2δ

)
, (3.20)
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where V (r) is the Yukawa potential

V (r) = −αe
−mϕr

r
= −e−rϵϕ

r
. (3.21)

From here, it is possible to transform the wavefunction under a change of variables Rl(r) = ψ(r)
r since the

lowest-l partial wave dominates for the short range interactions. Further, we transform to the dimensionless
parameters ϵv = v

α , ϵδ =
√

2δ
mχ

and ϵϕ = mϕ

mχα
where δ is the mass difference between the lightest chargino

and lightest neutralino and α is the structure constant for the force carrier ϕ with mass mϕ. We thus
obtain the vectorised Schrödinger equation

ψ′′(r) =
(
l(l+1)
r2 − ϵ2v V (r)
V (r) l(l+1)

r2 + ϵ2δ − ϵ2v

)
ψ(r) ≡ Mψ(r) . (3.22)

To solve for the Sommerfeld factor, we must solve for the wavefunction at the limits of 0 and ∞. To
perform the calculation, we first compute the eigenvalues of M to obtain expressions for the wavefunction.
The eigenvalues of M follow as:

λ± = −ϵ2v + l(l + 1)
r2 + ϵ2δ

2 ±
√
ϵ4δ
4 + V (r)2 . (3.23)

with eigenvectors

ψ± = 1√
2

∓
√

1 ∓
(

1 + 4V (r)2

ϵ4
δ

)− 1
2√

1 ±
(

1 + 4V (r)2

ϵ4
δ

)− 1
2

 . (3.24)

The key factor in these expressions is the Yukawa potential V (r), which is not straightforward to compute
analytically. Instead, to find a solution for the Schrödinger equation, the Yukawa potential is split into a
small-r and a large-r approximations, following ref. [436]. In the small-r region, the exponent term in the
Yukawa potential approaches zero, so the potential is well approximated by a massless Coulomb potential
VC(r) ≃ 1

r . In this region, the mass of the W boson is small compared to the distance between the two
particles, and essentially behaves as a massless boson. The particles here have formed their bound state.
For the large-r region, we approximate the Yukawa potential with an exactly-solvable exponential potential
VE(r) ≃ V0e

−µr for some selection of parameters µ and r. Such an approximation reflects the fact that
bosons are indeed massive and cannot interact strongly at long distances. Compared to a massless boson,
there is not an attractive force that can draw the two particles together. The transition between these
regimes is shown in figure 3.3. Between the two regimes, the wavefunction is approximated using the
WKB approximation [451–453], up to a matching radius rM chosen such that V (rM ) = max(ϵ2δ/2, ϵ2ϕ).
The matching condition allows the parameters of the exponential potential to be determined, namely, the
exponent is given by:

1
ϵϕ

= 1
µ

(
rM + 1

µ

)
. (3.25)

The Schrödinger equation in the large-r scenario is given by substituting V → VE in eq. (3.22). We
therefore obtain a new set of eigenvalues λE±:

λE± = −ϵ2v + ϵ2δ
2 ±

√
ϵ2δ
4 + VE(r)2 . (3.26)

Although the details of the derivation are beyond the scope of this work, the exact solution to the
Schrödinger equation can now be calculated for each of the potentials as they now have analytic solutions.
Such calculations have been completed in ref. [436], which contains further details of such a derivation.



3.3 Sommerfeld enhancement 59

10
-2

10
-1

10
0

10
1

10
-2

10
-1

10
0

10
1

10
2

10
3

Figure 3.3: Transition between potential (blue) and exponential (orange) regimes for a Yukawa potential
(red) for a dark matter particle of mass 3 TeV with a W -boson force carrier.

For a wavefunction is given by ψ(r) =
(
ψ1(r)
ψ2(r)

)
, the exact solution is:

ψ1(r) = ηeirϵv 0F3

[
{} ,

{
1 − iϵv

µ
,

1
2 − iϵv

2µ −
i
√
ϵ2v − ϵ2δ
2µ ,

1
2 − iϵv

2µ +
i
√
ϵ2v − ϵ2δ
2µ

}
, z

]

−

√
zζeir

√
ϵ2

v−ϵ2
δ 0F3

[
{} ,

{
3
2 − iϵv

2µ − i
√
ϵ2

v−ϵ2
δ

2µ , 3
2 − iϵv

2µ + i
√
i
√
ϵ2

v−ϵ2
δ

2µ , 1 − iϵv

µ

}
, z

]
ϵ2

v

4µ2 +
(

1
2 − i

√
ϵ2

v−ϵ2
δ

2µ

)2

(3.27)

and:

ψ2(r) = −

√
zηeirϵv 0F3

[
{} ,

{
3
2 − iϵv

2µ − i
√
ϵ2

v−ϵ2
δ

2µ , 3
2 − iϵv

2µ + i
√
i
√
ϵ2

v−ϵ2
δ

2µ , 1 − iϵv

µ

}
, z

]
(

1
2 − iϵv

2µ

)2
+ (ϵ2

v−ϵ2
δ)

4µ2

+ ζeir
√
ϵ2

v−ϵ2
δ 0F3

[
{} ,

{
1 − iϵv

µ
,

1
2 − iϵv

2µ −
i
√
ϵ2v − ϵ2δ
2µ ,

1
2 − iϵv

2µ +
i
√
ϵ2v − ϵ2δ
2µ

}
, z

] ; (3.28)

where
z = V 2

0
e−µr

16µ4 , (3.29)

and pFq are the generalised hypergeometric functions defined as the power series for a function z as:

pFq(a1, . . . , ap; bq, . . . , aq; z) =
∞∑
n=0

(a1)n . . . (ap)n
(b1)n . . . (bq)n

zn

n! , (3.30)

where the rising factorial (a)n is defined as

(a)n =

1, n = 0;

a(a+ 1)(a+ 2) . . . (a+ n− 1), n ≥ 1.
(3.31)
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The empty brackets in eq. (3.27)-(3.28) indicate that there are no coefficients of (ai)n to be applied in
eq. (3.30). The boundary conditions of the wavefunctions are defined by the parameters η and η as the
coefficients of each of the terms of the two wavefunctions. Since the calculation of the Sommerfeld factor
S is defined as the wavefunction on the boundary, both of these factors need to be computer. Ref. [436]
performs the calculation by evaluating the generalised hypergeometric functions in terms of the Gamma
functions Γ[z] =

∫∞
0 xz−1e−xdx. The parameters η and ζ are defined thus by the boundary conditions to

be:

η =
−2

√
2π2e

ϵvπ
µ

(
ie

iϵ∆π

µ +iθ−ϕ−(0) − eθ+ϕ+(0) + e
2iϵ∆π

µ +2iθ−+θ+ϕ+(0)
)

√
µ
(
e

ϵvπ
µ + e

iϵ∆π

µ

)
(eϵvπ+iϵ∆π+2µiθ−µ− 1) Γ

[
1 − iϵv

µ

]
Γ
[

1
2 + ϵ∆

2µ − iϵv

2µ

]
Γ
[

1
2 − ϵ∆

2µ − iϵv

2µ

] ; (3.32)

and

ζ ≃ 0 , (3.33)

for ϵv < ϵδ, and

η =

−2
√

2π2e
ϵvπ

µ

iϕ−(0)e
ϵ∆π

µ +iθ− +
4ϕ+(0)eθ+

(
e

2( ϵ∆π

µ
+2iθ−)−1

)
2−e2(θT −θY )+2e2(θ∗+θT −θY )+e−2θ∗


√
µΓ
[
1 − iϵv

µ

]
Γ
[

1
2 − i ϵv+ϵ∆

2µ

]
Γ
[

1
2 − i ϵv−ϵ∆

2µ

] (
e

ϵvπ
µ + e

ϵ∆π

µ

)(
e

ϵvπ+ϵ∆π+2µiθ−
µ − 1

) ; (3.34)

and

ζ =

−2
√

2π2e
ϵ∆π

µ

iϕ−(0)e
ϵvπ

µ +iθ− −
4ϕ+(0)eθ+

(
e

2( ϵvπ
µ

+2iθ−)−1
)

2−e2(θT −θY )+2e2(θ∗+θT −θY )+e−2θ∗


√
µΓ
[
1 − iϵ∆

µ

]
Γ
[

1
2 − i ϵv+ϵ∆

2µ

]
Γ
[

1
2 − i ϵ∆−ϵv

2µ

] (
e

ϵvπ
µ + e

ϵ∆π

µ

)(
e

ϵvπ+ϵ∆π+2µiθ−
µ − 1

) , (3.35)

for initial conditions ϕ+(0) and ϕ−(0) with the dimensionless parameter ϵ∆ defined by:

ϵ∆ =
√

|ϵ2δ − ϵ2v| , (3.36)

and with phases defined as:

iθ− =
∫ rM

rS

√
λE−dr − 4iz

1
4
S −

∫ rM

0

√
λ−dr ; (3.37)

θ+ =
∫ rM

rS

√
λE+dr − 4z

1
4
S −

∫ rM

0

√
λ+dr ; (3.38)

θT =
∫ rM

r†

√
λE+dr ; (3.39)

θ∗ =
∫ r∗

0

√
λ+dr ; (3.40)

and

θY =
∫ rM

0

√
λ+dr , (3.41)

with rS and zS = z(rS) as psuedo-parameters defined as:

V0e
−µrS ≫

{
ϵ2v, ϵ

2
δ

}
, (3.42)



3.3 Sommerfeld enhancement 61

10
2

10
3

10
4

10
5

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

Figure 3.4: S-factor dependence on dark matter mass for range of velocities v
c =

{0.0001, 0.0003, 0.001, 0.003, 0.01} in natural units and δ = 0. The case for no enhancement (S = 1) is
shown as a horizontal dashed line.

and r† defined such that
VE(r†) = ϵv

√
ϵ2v − ϵ2δ . (3.43)

The Sommerfeld enhancement for s-wave annihilation for a particle in the ground state, in our case, the
neutral state, is given by:

S = |ψ(∞)|2 , (3.44)

with initial conditions ψ(0) =
(

1
1

)
, i.e. ϕ(0) =

(
0√
2

)
. Simplifying eq. (3.27), the Sommerfeld factor

becomes [436]

S = 2π
ϵv

sinh
(
ϵvπ

µ

)
1

cosh( ϵvπ
µ )−cos(

√
ϵ2

δ
−ϵ2

v
π
µ +2θ−) ϵv < ϵδ ;

cosh((ϵv+
√
ϵ2

v−ϵ2
δ) π

2µ ) sech((ϵv−
√
ϵ2

v+ϵ2
δ) π

2µ )
cosh((ϵv+

√
ϵ2

v−ϵ2
δ) π

µ )−cos(2θ−)
ϵv > ϵδ .

(3.45)

We have now sketched the derivation for the Sommerfeld enhancement factor for our models of dark
matter. We can now examine the effect of the Sommerfeld enhancement on our models. Figure 3.4 shows
the magnitude of the S-factor as a function of the dark matter mass for a range of relative velocities and
for the scenario of no mass splitting. The dipole moment interactions in eqs. (2.45-2.48) and (2.50) as well
as the Higgs-higgsino interaction in eqs. (2.35-2.36) do not see a mass splitting as detailed in section 2.3.

Where the dark matter particle mass is at the GeV scale, the S-factor is of order S ∼ 1, that is, there
may be a small enhancement to the annihilation cross section, but it is not significant enough to alter the
signature for indirect detection. In such scenarios, the particle mass is too light to form a bound state with
a heavy force carrier, and so the only interaction between the two incoming particles is the annihilation
interaction itself. As the mass increases to the TeV scale, the mass of the dark matter particle is much
larger than the mass of the force-carrier, so the latter appears similar to a massless force-carrier, making
it possible to form a bound state as the non-perturbative interactions become more significant. The
Coloumbic potential starts to approximate the Yukawa potential in the WKB approximation for larger
radii, essentially increasing the effective cross section for two interacting particles.
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At the mass which corresponds to a dark matter particle with the correct relic density in the canonical
models, that is, between 1 TeV and 3 TeV, the enhancement reaches an order of magnitude above the
underlying cross section. The result is a minor increase to the bounds provided on models by indirect
detection in this region, which leads to the exclusion of wino-like dark matter as a viable dark matter
model [378].

At the 10 TeV scale, the Sommerfeld enhancement reaches a resonance, with further resonances at
higher masses. Here, rather than simply being attracted into the Coulombic potential well, full bound
states are formed between the particles at integer multiples of the Compton wavelength. The size of
the resonances as well as the baseline of the resonances is larger for decreasing relative velocities. The
size of the resonances dependent on the relative velocity of the incoming particles. For non-relativistic
particles, as is typical in galactic halos, especially dwarf spheriodal galaxies where indirect detection
bounds are stronger, the resonances are large - up to 4 or 5 orders of magnitude compared to the bare
cross sections. The effect of the Sommerfeld enhancement on the cross section for measurements of
annihilation, particularly indirect detection, at such velocities is expected to be very significant [454].
For indirect detection, the typical relative velocity is determined by the thermalised galactic rotational
velocity, approximately v ∼ 0.001, which we use in further calculations of the Sommerfeld enhancement in
this work.

For relativistic and near-relativistic relative velocities, the resonances due to the Sommerfeld enhance-
ment are suppressed, resulting in an overall reduction in S factor to an order of magnitude or less. The
suppression arises as the relativistic particles have significantly more kinetic energy making it more difficult
to bind into a potential well. However, there is still a residual enhancement, which may have a minor
effect in cases of annihilation of such relativistic velocities, notably in the thermal freeze-out [455,456].

In some of our models, namely the interaction between higgsinos and higgs bosons, a mass splitting is
generated between the neutral and charged particles or between the two otherwise degenerate neutral
particles. Such mass splittings are important for measuring annihilation as the annihilation processes are
inelastic. Taking the masses from eqs. (2.68) and (2.70), the mass difference between the neutral and
charged components is:

δ =
∣∣∣∣∣∣∣µ+ c4

2Λv
2
∣∣∣−
∣∣∣∣µ̃− c1 + c2

2Λ v2
∣∣∣∣∣∣∣∣ . (3.46)

By way of demonstration, we assume that the mass and coupling parameters are real, that the cut-off
scale is equal for all parameters, and c1 = c2, avoiding any complex phases that would serve to reduce
the overall mass splitting. The latter assumption can be generalised by shifting the neutral component
but not the charged component. Under these assumptions, the modified mass parameter µ̃ in eq. (2.71)
reduces to µ̄ in eq. (2.72). The mass difference can therefore be approximated as:

δ ∼
∣∣∣∣c1 + c2 + c3 − c4

2Λ v2
∣∣∣∣ . (3.47)

The coupling parameters ci can then be chosen relative to the cut-off scale such that the largest parameter
is O(1), giving an approximation for the mass difference simply as:

δ ∼ v2

Λ . (3.48)

That is, for increasing values of the cut-off parameter Λ, the mass difference will be decreasingly small,
whereas for stronger dimension 5 interactions, the mass difference will increase.

At very large Λ, the mass difference will be on the order of a few MeV. Here, there is a small effect on
the Sommerfeld enhancement, shifting by a few percent or so. When Λ reduces to approximately 100 TeV,
the mass splittings are now on the order of a few GeV. Here, there is now a substantial reduction of the
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Figure 3.5: S-factor dependence on mass splitting higgsino- dark matter for range of cut-off parameters Λ.
The case for no enhancement (S = 1) is shown as a horizontal dashed line.

Sommerfeld enhancement. The resonances that were previously present are now no longer possible as
it is not possible to form a bound state in an interaction which requires a large mass difference in the
inelastic interaction between the incoming and outgoing legs of the diagrams. In such cases, only the bare
interaction cross section is applicable to the annihilation.

The calculation of the Sommerfeld enhancement is an important part of the calculation of the
annihilation cross section for the indirect detection rates of our models of dark matter. There is an order
of magnitude enhancement to the annihilation cross section due to non-perturbative terms in the regions
of interest at the TeV scale. Where there is a small mass splitting, the Sommerfeld enhancement is
reduced at very high masses. At larger mass differences, the assumptions in this calculation break down
as the non-perturbative contributions are no longer comparable to a particle and its excited state.

3.4 Relic density calculations

We can now calculate the relic abundance for models of dark matter which include each of the additional
dimension 5 operators introduced in section 2. These include the eight dimension 5 operators for higgsino-
like dark matter in eqs. (2.33-2.48), the five dimension 5 operators for wino-like dark matter in eqs. (2.49),
(2.50) and (2.51) and the one dimension 5 operator for bino-like dark matter in eq. (2.52). We will
investigate modifications to the canonical relic density spectrum caused by modifications to the higgsino-
like masses in eqs. (2.68) and (2.69) and to the wino and bino-like particle masses in eqs. (2.77) and (2.78).
We compute the relic densities and corresponding direct and indirection limits with the micrOMEGAs

computer code [433–435], utilising the inbuilt CalcHEP [457] and LanHEP [458] functionality to generate
the required Feynman diagrams and calculate the associated squared matrix elements.

We consider each operator and its effect on the physics separately. For some operators, the effect
of two operators is equivalent, so they are combined for simplicity of explanation. Adjustments to the
relative size of such operators typically result in a shift to the relevant physics by a rescaling of the relevant
parameter. There are two parameters which determine the physics for each operator. The first is the
bare mass parameter, µ or M1,2 for higgsino-like and wino or bino-like dark matter respectively. The
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(a) 1
Λ OH

7 from eq. (2.47) (b) 1
Λ OH

8 from eq. (2.48)

(c) 1
Λ OH

5 from eq. (2.45) (d) 1
Λ OH

6 from eq. (2.46)

Figure 3.6: Parameter space for electric (top) and magnetic (bottom) dipole operators. The horizontal axes
show the mass parameter µ and the vertical axes UV-cutoff allowed for the parameter point, determined
with the numerical coefficients ci = 1. The contours of parameter values which satisfy the relic abundance
are shown as a solid green line. The regions where the EFT is not valid are shaded grey. The regions
excluded by indirect detection are shaded yellow with horizontal hatching. The regions excluded by LEP
are shaded and green with upwards diagonal hatching (for charginos).

second is the combination of the coupling parameter bi, ci, di and ei defined in eq. (2.53)-(2.56) and the
associated UV cut off scale Λ. Although we technically have a free choice for the relative scales between
the parameters and the cut-off scale, in all cases we set the coupling parameters equal to one, representing
the largest possible coupling allowed for a given cut-off scale. Such a choice maximises the region of
parameter space whereby the effective field theory is valid, that is, the UV cutoff scale is greater than all
of the physical masses in the theory. Where the effective field theory is not valid and the higher scale
physics becomes, we highlight it as an excluded region in our plots.

We calibrate each model to the observed value of the relic density to highlight which sets of parameters
produce viable thermal relics and which sets of parameters produce overabundances of dark matter. We
compare each model to the observed relic density from Planck satellite observations, which show the
density of dark matter in the Universe as Ωh2 = 0.1188 ± 0.0010 [108]. In all plots, we show the viable
relic density regions as a thick green line.
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3.4.1 Higgsino electromagnetic dipole interactions

We now begin analysing the parameter space for each of our dimension 5 operators, the relevant constraints
and the required relic abundances. The parameter space for the magnetic dipole interaction of higgsino-like
dark matter is shown in figures 3.6c-3.6d and the electric dipole interaction in figures 3.6a-3.6b for the
operators in eqs. (2.45)-(2.46) and eqs.(2.47)-(2.48) respectively. Such operators provide annihilation
processes from two higgsinos to two gauge bosons as well as momentum dependent annihilations to a
single gauge boson. The strongest interactions occur for the smallest values of Λ. The annihilation cross
section in the region of the parameter space Λ < 10 TeV and µ > mW is dominated by the magnetic
dipole interactions. Such interactions deplete the overabundant dark matter, which can decrease the dark
matter density to the observed relic abundance. The model allows thermal relic dark matter with masses
of up to 70 TeV, corresponding to a magnetic dipole with a strength of 10−3 to 10−4 times the proton
magnetic moment.

However, the operators also produce annihilation by products that can be detected by indirect detection
experiments. Specifically,he operator OH

6 annihilates directly to the a pair of W bosons, while the OH
5

operator only annihilates into a combination of Z bosons and photons. The latter channels are channels
that are easily detected by indirect detection because of the large spectrum of the massless photon,
while the former channel are more straightforward to detect from the decay of the on-shell W boson.
The indirect detection bounds are shown here for the W+W− channel only [319]. The reduced relic
abundance due to the annihilation channel also reduces the total annihilation that can be measured by
direct detection.

3.4.2 Higgs-higgsino interaction with neutralino mass splitting

Next, we consider the category of operators corresponding to dimension 5 couplings between the Higgs
boson and the higgsino. Such operators provide additional mass terms to the dark matter candidate after
the Higgs boson undergoes spontaneous symmetry breaking. We divide such operators into two categories.
The first category are the operators which correspond to a splitting of the masses of the two neutralinos,
while the second category do not split the masses of the two neutralinos. For the first category, the
masses of the two higgsinos and the chargino also become non-degenerate. There are two such operators
c1,2
Λ (OH

1 + OH
2 ), defined in eqs. (2.33) and (2.34). We combine these operators in a linear combination of

the two coupling parameters c1 and c2. Such a linear combination sets both coupling constants as equal,
essentially removing the offset to µ̄ in the equation for µ̃ in eq. (2.71) as it is dependent on the difference
between the two coefficients. Such an offset does not alter the underlying physics in a general sense, only
shifts the relative sum of the two operators. The mass of the chargino is unaffected by these operators
and so is completely determined by µ.

We show the mass contours of the doublet model in figure 3.7a for positive and negative values of
the coupling parameter. Since the chargino masses are unchanged for these operators, the mass contours
are vertical lines equal to the µ parameter. However, for the neutral masses, the result is slightly more
complicated. Where µ ≫ v2

Λ , that is, µ and Λ are both large, the component of the mass due to the mass
parameter µ dominates the mass terms and so the mass of the neutral particle is approximately equal to
the mass of the charged particle. Meanwhile, for µ ≪ v2

Λ , that is, µ and Λ are both small, the contribution
due to the dimension 5 term after symmetry breaking dominates the mass of the neutral component. As
the chargino mass remains at µ, the lightest stable particle in the model is indeed the chargino µ. Such
models are clearly not viable a they interact with the Standard Model through the electric charge and is
shown as ruled out by direct detection experiments. There is a different behaviour however, in the regime
where µ ∼ v2

Λ . Here, the opposite signs of the contributions to the mass in eq. (2.68), or the presence of
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(a) Mass contour for c1,2
Λ (OH

1 + OH
2 ) with c1,2 = −1

(top) and c1,2 = +1 (bottom) (b) c1,2
Λ (OH

1 +OH
2 ) from eqs. (2.33-2.34) with c1,2 = −1 (top)

and c1,2 = +1 (bottom)

Figure 3.7: Mass contour plots (left) and parameter space (right) for Higgs-higgsino operators. Mass
contour shows the lightest neutralino mass in black and the lightest chargino mass in blue as a function
of the input parameters. The top graphs show negative values of the coupling constant and the bottom
graphs show the positive values. The region where µ ≃ v2

Λ is marked as a dashed magenta line. The
regions excluded by direct detection are shaded blue with downwards diagonal hatching. For a description
of the parameter space plots, see the caption of fig. 3.6.

a negative coupling constant in eq. (2.69), mean that there is a cancellation in the mass of the lightest
particles, much smaller than the previously degenerate chargino mass, which remains at µ.

We show the constraints and relic density for a range of parameters for the mass splitting models in
figure 3.7b. We show the region of interest where the mass splitting is large, that is, µ ∼ v2

Λ as a dashed
magenta line. When such an approximate equality is an exact equality, the mass of the lightest particle
is exactly zero. However, without some specific relation in the higher order theory such a model would
be highly fine tuned and improbable. Indeed, we are not suggesting that such a fine tuning occurs, only
that the two quantities are of a similar order. In such a regime, where the mass degeneracy is no longer
held, there is a distinct effect on the relic abundance. For mass degenerate models, the coannihilation
modes for annihilation between the near-degenerate higgsinos and charginos annihilate via a W boson
dominate. Where the two neutral cases are exactly equal, there is no annihilation component between
the neutral bosons [459]. Such cases correspond in supersymmetry to cases where the wino and bino
are not present, or are at least at scales many orders of magnitude above the higgsino mass scale. The
lack of such annihilation is due to cancellation in the higgsino-higgsino-Z boson terms in the Lagrangian,
leaving the coannihilation as the primary annihilation mode [460]. By removing the degeneracy, there
are no longer valid modes of annihilation, leaving to a Universe overabundant in dark matter. From
the extreme case where the cancellation is exact, there is a continuous transition to the case where the
masses are degenerate and coannihilations permitted. Along the variation, there is an arbitrary, non fine
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(a) Mass contour for c3,4
Λ (OH

3 + OH
4 ) for c3,4 = −1

(top) and c3,4 = +1 (bottom) (b) c3,4
Λ (OH

3 + OH
4 ) from eqs. (2.35-2.36) for c3,4 = −1 (top)

and c3,4 = +1 (bottom)

Figure 3.8: Mass contour plots (left) and parameter space (right) for Higgs-higgsino operators. Mass
contour shows the lightest neutralino mass in black and the lightest chargino mass in blue as a function of
the input parameters. The regions excluded by direct detection are shaded blue with downwards diagonal
hatching. For a description of the parameter space plots, see the caption of fig. 3.6.

tuned point where there is sufficient annihilation to generate a dark matter density that corresponds to
the observed relic density. Such a contour generates viable dark matter with masses from a range from
mχ ∼ 50 GeV to mχ ∼ 100 GeV, with the lower bound provided by the LEP constraints. Finally, as
for the electromagnetic dipole cases, the direct annihilation through the higgsino-higgs interaction also
provides additional contributions to the annihilation cross section for large mass particles, however, the
required interaction strength is not a valid effective field theory.

3.4.3 Higgs-higgsino interaction without neutralino mass splitting

We now turn to the remaining operators which couple a higgsino-like particle to a higgs boson, those which
do not provide a mass splitting between the neutralino masses. There are two such operators, namely
c3,4
Λ (OH

3 + OH
4 ) from eqs. (2.35)-(2.36). Again considering a linear combination of the two operators only

provides a shift in the location of the relevant physics, but no change to the underlying physics itself.
The parameters space covers a similar range to the mass splitting components above, but the Lagrangian
terms now have different effects on the mass spectrum. The c3 component corresponds only to an overall
shift in the neutral components, while the c4 component generates a splitting between the charged and
neutral components in eq. (2.70), disconnected from the modified mass parameter in eq. (2.72). The mass
spectrum for these models is shown in figure 3.8a.
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(a) 1
Λ OW

2 from eq. (2.50)

Figure 3.9: Parameter space for wino magnetic dipole operator. For a description, see the caption of
fig. 3.6

For our models, we once again have a dichotomy between the two components of the mass terms in
the Lagrangian. When µ ≫ v2

2Λ , that is, both µ and Λ are large, the masses of all particles is roughly
degenerate and equal to µ, with no change to the overall mass spectrum. Conversely, where µ ≪ v2

2Λ , that
is, both µ and Λ are small, the masses of the higgsinos are again both large and approximately degenerate,
with m1 = m2 = v2c3

2Λ and m± = v2c4
2Λ , noting here that we have set c3 = c4. Like the mass splitting

case, there is an interesting cancellation where µ ∼ v2

2Λ . Note here that the mass spectrum is symmetric
about the line µ = v2

2Λ . The relevant parameter space is shown in figure 3.8b. However, along the line,
at least for the positive coupling parameter case, the masses of the neutral components cancel while the
charged components increase by at most a factor of two. As before, since the annihilation processes that
contribute to the relic density are the coannhilations between the neutral and charged components, a
cancellation between the terms means the coannihilations are no longer efficient, reducing the amount of
annihilation overall. Again as the mass splitting case, there is a continuous variation away from the highly
fine tuned scenario and the degenerate scenario, with the relic density reaching the observed value at an
arbitrary point along the variation. The result is a viable dark matter thermal relic with masses between
mχ = 80 GeV and mχ = 120 GeV. The cancellation also affects the neighbourhood of the canonical
1 TeV thermal relic, reducing the amount of viable annihilations and expanding the viable region to a
lower bound of approximately mχ = 500 GeV. Once again, the direct annihilation also contributes to the
annihilation cross section, albeit at masses close to the limits of the effective field theory.

Where the coupling parameter is negative, there is a mass cancellation in the chargino and a doubling
of the mass for the higgsino as seen in eq. (2.70). The result is that along the line µ ∼ v2

Λ , although
the coannihilations are suppressed, there is not a regime with a viable neutralino relic density, with the
parameter space restricted by the constraints on chargino dark matter. Finally, if the linear combination
of the coupling parameters is complex, or the coupling parameters themselves are complex, there is a
constant transition between the negative and positive scenarios varying with the overall phase from 0 to
π, with the inflection point at π

2 corresponding to a shift of the lightest particle from the neutral to the
charged component.

3.4.4 Wino inelastic magnetic dipole

We now turn to the relic density and constraints on wino-like dark matter due to the dimension 5 operators.
First, we consider the interaction due to the magnetic dipole in eq. (2.50). The parameter space for the
inelastic magnetic dipole is presented in figure 3.9a. The masses of such a model are determined only by



3.4 Relic density calculations 69

10
-2

10
-1 1 10 10

2
10

3
10

4
10

5
10

6

1

10

10
2

10
3

10
4

10
5

10
6

0.3

1

3

1
0

3
0

1
0
0

3
0

0

1
0

0
0

3
0

0
0

1
0

0
0

0

30000

3
0

0
0

0

1
0

0
0

0
0

3
0

0
0

0
0

0.3

1

3

1
0

3
0

1
0
0

3
0

0

1
0

0
0

3
0

0
0

1
0

0
0

0

3
0

0
0

0

1
0

0
0

0
0

10
-2

10
-1 1 10 10

2
10

3
10

4
10

5
10

6

1

10

10
2

10
3

10
4

10
5

10
6

0.3

1

3

1
0

3
0

1
0
0

3
0

0

1
0

0
0

3
0

0
0

1
0

0
0

0

30000

3
0

0
0

0

1
0

0
0

0
0

3
0

0
0

0
0

0.3

1

3

1
0

3
0

1
0
0

3
0

0

1
0

0
0

3
0

0
0

1
0

0
0

0

3
0

0
0

0

1
0

0
0

0
0

(a) Mass contour for d1
Λ O1

W for d1 = −1 (top) and
d1 = +1 (bottom) (b) d1

Λ O1
W from eq. (2.49) for d1 = −1 (top) and d1 = +1

(bottom)

Figure 3.10: Mass contour plots (left) and parameter space (right) for wino-Higgs operators. For a
description of the mass contour plots, see the caption of fig. 3.7. For a description of the parameter space
plots, see the caption of fig. 3.6.

the mass parameter M2. The effect of such physics on the parameter space are similar to the higgsino-like
dark matter particles. Where the interaction is weak, the dipole component has a negligible effect on the
relic density, which corresponds to the canonical 3 TeV thermal relic. Such thermal relics are excluded by
indirect detection experiments, with the cross section magnified due to the Sommerfeld enhancement. For
a larger interaction strength, that is, a lower cut-off, the direct annihilation due to the magnetic dipole
operator becomes significant, reducing the overabundance of dark matter for larger masses. Introducing
the additional annihilation allows thermal relics for masses in the range 3 TeV ≲ mχ ≲ 100 TeV for the
case d3 = 1. However, the annihilation that produces the relic densities can also be detected through
indirect detection techniques. Such techniques are generally not quite as effective at higher masses,
meaning that the increased mass some thermal relics are viable, while at masses closer to 3 TeV, the
thermal relics are either ruled out or on the boundary of current experiments.

3.4.5 Wino-Higgs interaction

As with the interaction between the higgsino and the Higgs boson, the interaction between the wino
and the Higgs boson produces alterations to the mass spectrum. The mass spectrum is shown in
figure 3.10a. However, there are no opportunities for cancellations between two opposing sign mass
terms in the Lagrangian. There are also no changes to the relative degeneracy between the charged
and neutral components. Where d1v

2

Λ < M2, the mass parameter M2 dominates the mass of the wino
components. However, where d1v

2

Λ > M2, the contribution from the dimension 5 component after
spontaneous symmetry breaking dominates. The resultant parameter space is shown in figure 3.10b. Since
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there are no modifications to the degeneracies in the mass spectrum, the relic density represents a mapping
following the contours of the mass spectrum, with the 3 TeV thermal relic following the 3 TeV mass
contour. The exception occurs when direct annihilation through the dimension 5 operator is significant,
which results in an increased overall annihilation cross section and reduced relic density.

3.5 Discussion

The effective field theories of doublet and triplet dark matter represent two major forms of interaction
with the Standard Model, namely coupling via a Higgs boson and coupling via an electromagnetic dipole.
Both have distinct effects on the parameter space of dark matter and its relic density. We have now
computed the relic density and consequential experimental bounds due to direct and indirect experiments
and collider bounds from the LEP experiment.

For each of the operators we consider, if the strength of the relevant interaction is sufficiently large
then direct annihilation through the dimension 5 operators dominates the annihilation cross section.
Such operators can provide thermal relics through sufficient annihilation of early universe dark matter.
The operators which produce direct annihilation to two Higgs bosons require large coupling strengths to
provide enough annihilation to produce a relic abundance, which occur at a scale beyond the UV cutoff
of the theory. For the interactions with an electromagnetic dipole moment, the process of annihilation
due to the dimension 5 operators produces viable thermal relics due to inelastic magnetic dipoles with
strengths as low as O(10−3) times the proton magnetic moment while still avoiding the UV cutoff. In
models where these theories are valid, there is a substantial increase in the spectrum of viable thermal
relic dark matter, up to mχ = 100 TeV. Descriptions of higher mass or sufficiently strongly interacting
operators must be dealt with as part of a more descriptive theory, with higher scale components made
explicit. The viable regions may be detectable via an indirect detection experiment with an increase in
sensitivity of a factor of O(10).

For the operators that provide new couplings between the dark matter and the Higgs boson, the fact
that the Higgs boson undergoes spontaneous symmetry breaking provides new mass terms for the particles.
Such operators produce mass splittings either between the neutral and charged components, or in the case
of the higgsinos, the two neutral components. We have seen that where the neutral components split, one
component of the neutral mass may approach zero. In these regions, the decoupling of the masses results
in a loss of efficiency of coannihilation processes. The result is a region of parameter space with a thermal
relic well below the canonical mass, at or around 100 GeV. Such regions are only bounded by the LEP
constraints on the invisible Z width, within range of near future experiments. The operators required to
produce such results require coupling parameters too strong to be produced by the conventional MSSM,
but could be produced by a different higher scale theory, which could be some flavour of supersymmetry.

Here, we have assumed that the coupling parameters of the dimension 5 operators are real, though in
principle, such parameters may be complex. Where these parameters are complex, there is no overall
change to the direct annihilation components for larger masses, though there are modifications to the
mass splittings in, for example, the last term in eq. (2.67). Where the relative combination of terms is not
parallel or anti-parallel, the sum of the oblique or orthogonal components results in masses somewhere
between the exact cancellation and the exact superposition. In general, at least where the masses are not
strictly orthogonal, there is still a decoupling of the mass parameters and the resultant physics due to the
reduction in coannihilation components still applies.

We have only considered most of the relevant operators in isolation, except where such operators
provide a similar function on the parameter space to each other. In general, however, combinations
of higher order operators do not exist in isolation, and would appear in higher order theories in linear
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combinations. Where such operators are combined, the result is additional modes of annihilation, resulting
in a reduction in the scale of interaction required to produce a viable thermal relic. Including the additional
interactions will still result in cancellations in the masses between the raw mass parameter µ and the
coupling parameter, the average of c1 and c2 in the regime where coannihilations are suppressed.

We have only considered models that correspond to higgsino-like or combined gaugino-like dark matter,
the latter being the combination of wino-like and bino-like dark matter, with any other components
relegated to a significantly higher scale. Many other combinations of neutral particles exist which include
multiple neutral states, such as the so-called “well-tempered neutralino” which combines a neutral higgsino
with a bino, or a fully mixed higgsino, wino and bino combination. Unless the mass parameters of each
of these models is the same scale, the effective field theory approach encompasses these scenarios by
integrating out the heavier mass particles. If they are at the same scale, our models do not apply due to
the Yukawa terms which mix the different neutralinos, meaning that the mass terms for the mass basis
particles will be significantly altered.

Introducing the effective field theory approach has simplified the analysis of fermionic models of dark
matter without specifying the higher order theories, supersymmetry or otherwise. Allowing such higher
dimensional operators has increased the range of values permitted for thermal relic dark matter from
a single, deterministic value to a wide spectrum ranging from a few hundred GeV to a few hundred
TeV. Such regimes may be constrained in the near future by new experiments, but the results show that
higgsinos remain viable candidates for dark matter particles.





Part II

Electromagnetic dipole dark matter
detection in solar energy transport

Based on Geytenbeek et. al. (2017) Effect of electromagnetic dipole dark
matter on energy transport in the solar interior, published in Journal of

Cosmology and Astroparticle Physics, volume 2017, page 029 [2]





Chapter 4

Theory of dark matter in the Sun

Dark matter, regardless of whether it is a thermal relic or otherwise, has never been observed in direct or
indirect detection experiments [184, 197, 200, 216, 218, 221, 248, 461–464]. While developments in direct
detection experiments continue to improve detection thresholds, new methods of identifying and testing
dark matter models are an appealing option to shed light on the true nature of dark matter. One appealing
class of observation features modelling the effect of dark matter on solar physics, which provides an
indirect method of constraining certain parameters of dark matter. The scale of the physical size of the
Sun can counteract the weakly interacting nature of the dark matter, increasing the concentration of dark
matter particles in a nearby locale and meaning high precision measurements could observe very small
modifications to the solar interior.

In this chapter, we introduce one of the key sets of observations in the Sun that can be affected by dark
matter, namely the solar abundance problem and helioseismology, and the mathematical preliminaries
required to describe such effects. In section 4.1, we introduce the solar abundance problem and the
measurements made by helioseismology, and outline how dark matter can be a potential solution. We
begin the mathematical preliminaries in section 4.2 by deriving the cross sections of electromagnetic dipole
dark matter scattering via an electric current from nuclei in the Sun, and consider the form factors which
describe the interaction of photons within the nucleus. In section 4.3, we compute the rate equation for
the population of dark matter particles within the Sun including the saturation of the capture rate of
dark matter. In section 4.4 we consider the Boltzmann collision equation which describes the processes
of transporting energy within the Sun due to the dark matter, and define and calculate the thermal
conductivities and diffusivities for each of our models of dark matter and how such quantities influence
the energy transport. We also introduce the Knusden transport for when the interaction is no longer in
thermal equilibrium.

4.1 Solar abundance problem

The theoretical framework for solar dark matter arose in the literature as part of a catalogue of potential
solutions to the solar neutrino problem [465–474]. The solar neutrino problem was a theoretical dilema
whereby the observed flux of neutrinos from 8B decay in the Sun was measured as significantly lower than
the theoretical flux predicted by then-contemporary solar models [475,476]. Although the later discoveries
of neutrino oscillations in atmospheric neutrinos by Super-Kamiokande [155] and later in solar neutrinos
by SNO [477] alleviated the solar neutrino problem by allowing the neutrinos to oscillate to other states
while in transit between the Sun and the Earth, it had been proposed that the reduced neutrino rate was
due to a lower than expected core temperature inside the Sun [478]. By cooling the core, the expected
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Figure 4.1: Relative error in the speed of sound profile of various Standard Solar Models. Left: Comparison
of models before revision of solar abundances (Green, GS98 [490]) to after (Blue, AGSS09 [491]); (Red,
AGSS09ph [492]). Right: Comparison of best-fit models Solar Models with constant cross section, spin
independent dark matter (Orange [493]), momentum dependent (q2) dark matter (Purple [494,495]),
and no dark matter (Red [492])

rate of production of 8B from the fusion of helium isotopes is reduced, which also reduces the flux of
neutrinos from their associated decays. Introducing interactions between the elements in the Sun and
dark matter provides a mechanism for the heat transport out of the solar core [465–467].

Although the original motivations for solar dark matter were realised by other mechanisms, the
theoretical framework that was developed remains valid. Several key processes were identified and
calculated. First, the dark matter needs to be captured by the Sun from the galactic halo [328]. Here,
the dark matter scatters from the nuclei in the Sun to below the escape velocity of the Sun, moving into
a gravitational orbit and a stellar halo. Next, the dark matter can thermalise through self-interactions
or further scatterings, resulting in some degree of evaporation from the Sun [327,479]. When inside the
galactic halo, scattering within the Sun can cause thermal transport to occur, typically from the core
to the radiative or convection zones [480, 481]. Finally, given sufficient concentration of dark matter
within the gravitational influence of the Sun, there is predicted to be a degree of annihilation between
dark matter particles, which can produce a neutrino spectrum [468,482]. The Sun then becomes a good
laboratory for testing the scattering properties of dark matter, especially off lighter elements such as
hydrogen and helium.

The modern description of the solar interior derives not from neutrinos, but from helioseismology,
which studies propagation of pressure waves in the Sun. Such waves induce surface oscillations, which
are detected via Doppler radar techniques [483]. Such surface oscillations are identified as modes of
a series of spherical harmonics Ylm which propagate acoustically with a range of low to high angular
degrees l [484–486]. The identification of a large number of modes allows for mapping of the acoustic
properties of the solar interior. The rate of propagation as a function of the radius of the Sun is termed the
sound speed profile, and is mapped directly from the oscillation modes [487]. The sound speed is directly
determined from the temperature profile of the Sun, which is predicted by the theoretical modelling of the
Sun [488,489].

Early attempts to theoretically model the speed sound profile of the Sun suffered from a lack of
oscillation modes to make reliable predictions, with large errors on the inversions especially around
the solar core (R < 0.2R⊙). The first high precision mapping of the solar profile which included the
solar core was provided by the Global Oscillation Network Group (GONG) project [496] and the Global
Oscillations at Low Frequencies (GOLF) experiment on the Solar and Heliospheric Observatory (SOHO)
spacecraft [497], which included a large number of low degree modes mapping the solar core [498–501].
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These new observations showed a slight discrepancy near the border of the radiative zone and the convective
zone (R ∼ 0.6R⊙), the transition between non-thermal and thermal energy transfer [490,502,503]. Here,
the observed speed of sound is greater than the models predicted, indicating that the models are too cold.
The discrepancy is shown in figure 4.1 as the GS98 model.

The next development caused a significant discrepancy in the theoretical understanding of the solar
models, leading to a phenomenon called the solar abundance problem. Updated spectroscopy data from
the Sun revised the solar metal content downwards by a factor of 2 [491,504–513]. The change in the solar
abundance is due to two reasons. First, the refinement of the modelling due to the new three-dimensional
hydrodynamic models of the photosphere has increased the accuracy of the models. Second, and more
significantly, there were major improvements in the treatments of how the models depart from the local
thermal equilibrium at the atomic level which generated the absorption lines [514–517]. The resultant
absorption lines are refined through spectroscopy, with improvements to the measurements of atomic data,
line selection and equivalent widths. Suggested improvements based on alternate 3D models [518] and
measurements of the solar wind [519]. Such alterations do not hold up to scrutiny based on spectroscopic
fundamentals [511–513] and the neglected fractionation effects [520] respectively.

The result was worsened helioseismology fits, as the sound speed profile is dependent on the description
of the elemental abundances at different depths of the Sun [521–525]. The result of the changes to
the metallicity was that the Standard Solar Models could not reproduce the sound speed profile from
helioseismological observations. The discrepancy at the convective zone boundary was exacerbated, shown
as the AGSS09 model in figure 4.1. Subsequent updates to the metallicity has reduced the discrepancy
slightly [491,492,526] as shown as model AGSS09ph in figure 4.1, although the error is still statistically
significant. Additionally, the metallicity observations has caused significant tension with other solar
observations, namely the radius of the convection zone Rcz [521] and the surface helium abundance
Ys [492,526,527].

An appealing solution to resolve the solar abundance problem is to introduce dark matter into the
processes modelling the sound speed profile of the Sun. The goal is to introduce a mechanism that can
transport energy from the core to the outer regions. Consider a dark matter particle which interacts
sufficiently weakly with the stellar material such that it satisfies other solar observables such as the
neutrino flux. There are then two mechanisms for energy transfer: local thermal equilibrium and Knusden
transport. In local thermal equilibrium, the dark matter interacts with the local solar matter sufficiently
strongly so that the dark matter maintains a thermal equilibrium with the surrounding material, allowing
for short distance energy transport within the Sun [480]. As the strength of the dark matter to Standard
Model interaction increases, the interaction becomes increasingly short distance, reducing the amount of
energy that can be transported. However, the number of interactions increases meaning the dark matter
can pick up energy from the surrounding material more easily. Conversely in the Knusden limit, the
interactions are much weaker, leading to a mean free path between interactions to be of a size similar to
the size of the Sun itself [481]. In this regime, interactions are rarer, but transport energy easily over
longer distances allowing the dark matter to easily take energy from the solar core to the outer regions.

Initial investigations into the effect of dark matter on solar energy transport did not show any
measurable improvements to the solar abundance problem [528]. Such investigations typically focussed
on intermediate mass dark matter particles close to the then threshold of dark matter direct detection
experiments (30 GeV − 100 GeV). The largest effects occurred where the cross section approaches the
transition between the local thermal equilibrium and Knusden energy transport regimes, where the
luminosity of energy transported is maximised [529, 530]. Later investigations have considered lighter
dark matter particles (1 GeV − 10 GeV) where the mass more closely matches the masses of common
nuclei in the Sun such as hydrogen and helium [493,531]. Such models are shown as the SI DM models
in figure 4.1. The result is an improved measurement of the sound speed profile at the border of the
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convective and radiative zones, but also results in a significant reduction in the core temperature of the
Sun. Problems arise with such models due to the strong constraints on the temperature of the inner core
from measurements of neutrino fluxes.

A proposed solution to the drastic reductions in core temperature is to consider models of dark matter
where the cross section is momentum or velocity dependent [494,495,532,533]. Here, the cross section is
different at different layers of the Sun, as the thermalised dark matter in the hot core can interact at a
different cross section to the cooler outer regions. The most promising such model, where the cross section
depends on the momentum squared of the dark matter and is shown as the q2 DM model in figure 4.1.
Such models can accomplish a warming in the outer regions of the Sun without causing a collapse in the
core temperature due to the dualism of the cross section.

We now seek to develop models which contain such momentum and velocity dependent cross sections
from a theoretical perspective. We will see that the electromagnetic dipole models which we developed
in chapter 2 contain such momentum and velocity dependent cross sections, namely the electric dipole,
magnetic dipole and anapole models. Each of these three models provides different momentum and
velocity dependent cross sections with slightly different functional forms to that considered previously in
the literature. The operators are momentum dependant because the mediating particle, the photon, is a
massless rather than a massive boson, so the denominator of the propagator is q2 instead of q2 +m2 ≃ m2.
We will review and develop the theoretical formalisms for modelling the effects of these models on
helioseismology. Two of our models possess linear and non-linear combinations of momentum and velocity
dependent cross sections that require novel mathematical approaches. We will construct all relevant
physical quantities in order to implement these models for simulations of relevant helioseismology in the
DarkStec package [495].

4.2 Electromagnetic scattering cross sections

We shall now develop further the scattering cross sections and theoretical constraints on dipole moment
dark matter that we introduced in chapter 2. As we are only looking at the interaction term of the neutral
components with electromagnetic photons, we do not specify the gauge structure of the fermion that we
are considering. We have already seen that the doublet, higgsino-like neutral fermion can be structured in
terms of a Dirac fermion, while the triplet, wino-like neutral fermion must be structured as a Majorana
fermion. In section 2.5.1, we discovered that electric and magnetic dipoles are forbidden for Majorana
fermions, with only the anapole moment being permitted. Nonetheless, here we consider the dark matter
particle to be any generic Dirac fermion χ for the electric and magnetic dipole moment models, and
any generic Dirac or Majorana fermion χ for the anapole model. Further, in chapter 2 we defined the
operators in terms of the unbroken gauge field strength tensors Bµν and W a

µν . Now we consider only
the components that correspond to the pure electromagnetic gauge fields after spontaneous symmetry
breaking in eq. (2.19), with field strength tensor Fµν .

We now construct the generalised electromagnetic Lagrangian terms. For the electric dipole moment,
we generalise OH

7 and OH
8 in eqs. (2.47)-(2.48) for the doublet and OW

3 in eq. (2.51) [394]:

LED = − i

2Dχσµνγ5χFµν ; (4.1)

where we have used the identity in eq. (2.84) to rewrite the dual field strength tensor in terms of the a
Dirac psuedo-tensor with the inclusion of the γ5 component. The electric dipole moment D is defined in
terms of the higgsino coupling parameters as a linear combination of the coefficients of the operators OH

7
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and OH
8 for:

D = gc7 + g′c8

Λ
√
g2 + g′2

, (4.2)

and for the wino coupling parameters as:

D = g′d3

Λ
√
g2 + g′2

. (4.3)

For the magnetic dipole, we generalise the OH
5 and OH

6 operators from eqs. (2.45)-(2.46) for the doublet
models and OW

2 from eq. (2.50) as [394]:

LMD = 1
2µχχσ

µνχFµν ; (4.4)

where the magnetic dipole moment µχ is again defined as a linear combination of operators OH
5 and OH

6

for the doublet model as:
µχ = 2 gc5 + g′c6

Λ
√
g2 + g′2

, (4.5)

and similarly for the triplet coupling parameters:

µχ = 2 g′d2

Λ
√
g2 + g′2

. (4.6)

Finally, for the anapole, the analogous operators appear at dimension 6, unlike the magnetic and electric
dipoles where the analogous operators appeared at dimension 5. We introduced the anapole operator in
section 2.5.2. Building from the effective Hamiltonian in eq. (2.110), the anapole Lagrangian is written as:

LAN = g

2Λ2χγ
µγ5χ∂νFµν , (4.7)

for coupling parameter g
Λ2 . Note here that the common usage in the literature is to define the coupling

parameter as g [400], distinct from the Standard Model SU(2) × U(1) coupling parameters g and
g′ in eqs. (4.2)-(4.3) and (4.5)-(4.6). These Lagrangian terms have been developed extensively in
the literature, applying direct, indirect and collider constraints often favouring masses of only a few
GeV [391–404,411,418,419,534,535].

4.2.1 Scattering cross sections of electromagnetic dipole dark matter

We now arrive at the derivation of the analytical expressions of the differential cross sections for each of
our three models of electromagnetic dipole dark matter scattering from nuclei in the Sun. We follow a
methodology which considers the electromagnetic current due to the dipole instead of calculating traces of
Dirac matrices [400]. To begin, we start with the Golden Rule for the scattering cross section:

dσ = 2π
v
δ
(
EpN

+ Epχ
− EkN

− Ekχ

)
|M |2 d3k⃗

(2π)3 , (4.8)

where v is the velocity of the dark matter particle in the lab frame of the nucleus, k⃗χ and k⃗N are
the incoming four-momenta of the dark matter and nucleus respectively, p⃗χ and p⃗N are the outgoing
four-momenta of the dark matter and nucleus respectively, E is the energy of each of the four-momenta
above, that is, the first component of the four-momenta and δ is the Dirac delta function. Expanding into
spherical coordinates, the Golden Rule becomes:

dσ = 2π
v

d|⃗k|
2π

dΩCM

(2π)2 |⃗k|2δ
(
EpN

+ Epχ − EkN
− Ekχ

)
|M |2 , (4.9)
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where we have expanded in terms of the solid angle in the centre of mass frame ΩCM. Note that the
velocity here is still in the lab frame of the target nucleus. Here, we utilise the identity:

d|⃗k|δ
(
EpN

+ Epχ
− EkN

− Ekχ

)
=
(

|⃗k|
mχ

+ |⃗k|
mN

)−1

= Mχ,N

|⃗k|
, (4.10)

where mχ and mN are the masses of the dark matter particle and nucleus respectively, and Mχ,N is the
reduced mass of the system of the dark matter particle and nucleus together. The differential cross section
then simplifies to give:

dσ

dΩCM

|⃗k|Mχ,N

4π2v
. (4.11)

For a non-relativistic pair of particles in the centre of mass frame, the magnitude of the momentum |⃗k| is
given by |⃗k| = vMχ,N where v is the incoming velocity in the frame where the nucleus is at rest. Thus the
differential cross section simplifies further:

dσ

dΩCM
=
M2
χ,N

4π2 |M |2 . (4.12)

For elastic scattering, it is common to express the differential cross section in terms of the nuclear recoil
energy ER, which is the amount of energy transferred from the dark matter particle to the nucleus. The
three-momentum transferred is given as |q⃗|. The recoil energy is thus given by:

ER = |q⃗|2

2mN
= |⃗k|2(1 − cos θCM)

mN
=
M2
χ,Nv

2(1 − cos θCM)
mN

. (4.13)

where θCM is the scattering angle in the centre of mass frame. Differentiating, the nuclear recoil gives:

dER = − |⃗k|2

mNd(cos θCM) , (4.14)

with the solid angle differential giving, for a cylindrically symmetric scattering,

dΩCM = −2πd(cos θCM) . (4.15)

The scattering cross section with respect to the recoil energy is then given by:

dσ

dER
= mN

2πv2 |M |2 . (4.16)

The challenge therefore, is to compute the scattering amplitude |M |2 for each of our three models
scattering from a Standard Model nucleus.

The squared scattering amplitude is averaged and summed over the initial and final spin polarisations
of each particles. Further, we can define the transition matrix iT from a state with initial spins sχ and
sN for the dark matter particle and nucleus respectively to a state with final spins s′

χ and s′
N for the dark

matter particle and nucleus respectively as:

⟨p⃗, s′
χ, s

′
N | iT |⃗k, sχ, sN ⟩ = iM (2π)4δ (pχ + pN − kχ − kN ) . (4.17)

Such a transition matrix is related to the interacting component of the Lagrangian Lint as:

iT = Texp
{

−i
∫
d4xLint

}
, (4.18)
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where the right hand side represents the action of the interaction. Our goal is to write the interaction
Lagrangian in the form:

Lint = jµA
µ , (4.19)

for some operator jµ. Here, Aµ represents the electromagnetic interaction component of the Lagrangian,
while jµ represents the four-current due to the dipole. Such a decomposition allows us to rewrite the
transition matrix at the leading order in the exponential as:

⟨p⃗, s′
χ, s

′
N | iT |⃗k, sχ, sN ⟩ = −i

∫
d4x ⟨p⃗, s′

χ, s
′
N | jµ(x)Aµ(x) |⃗k, sχ, sN ⟩ . (4.20)

We note here that the terms accompanying Aµ are always accompanied by a derivative component due to
the field strength tensor Fµν which appears in each of the Lagrangians eq. (4.1), (4.4) and (4.7). To deal
with the derivative, we seek to transition from position-space to momentum space. Therefore, we expect
that the derivative operator acting on Aµ will be replaced by its eigenvalue:

i∂µ → qµ ≡ kµχ − pµχ , (4.21)

where qµ is the four-momentum of the off-shell photon Aµ. Similarly, the spinors undergo a similar
transformation:

χ(x) → e−ikχ·xχ(kχ) . (4.22)

We can now fully decompose the transition matrix into two, separate components for jµ and Aµ, as the
former is only dependent on the dark matter particle and the outer is only dependent on the photon and
nucleus. The transition matrix becomes:

⟨p⃗, s′
χ, s

′
N | iT |⃗k, sχ, sN ⟩ = −i ⟨p⃗, s′

χ| jµ(q) |⃗k, sχ⟩
∫
d4xe−iq·x ⟨s′

N |Aµ(x) |sN ⟩ . (4.23)

The current component is now independent on the position x, and so has been brought out of the integral,
while the gauge field remains inside the integral. Such an integral now represents a four-dimensional
Fourier transformation of the photon field A(x) → A(q), fully decomposing the transition matrix into two
clear components:

⟨p⃗, s′
χ, s

′
N | iT |⃗k, sχ, sN ⟩ = −i ⟨p⃗, s′

χ| jµ(q) |⃗k, sχ⟩ ⟨s′
N |Aµ(q) |sN ⟩ . (4.24)

The transition matrix now contains components which are dependent on the current due to the electro-
magnetic dipole and the coupling between the photon and the nucleus. Such terms can be evaluated
separately and independently; brought back together to produce the scattering amplitudes.

4.2.2 Nucleus electromagnetic current and form factors

First, consider the photon-nucleus component ⟨s′
N |Aµ(q) |sN ⟩. To evaluate this matrix element, we need

to use the equation of motion for a photon in the Lorenz gauge ∂µAµ(x) = 0:

∂2Aµ(x) = eJµ . (4.25)

where e is the electromagnetic coupling constant and Jµ is the electromagnetic current generated by the
nucleus. We need to transform the equation to momentum space using eq. (4.21):

Aµ(q) = −eJµ

q2 . (4.26)
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Here, we note that both |sN ⟩ and |s′
N ⟩ are energy eigenstates with eigenvalues EkN

and EpN
respectively,

giving an overall δ function to the matrix element, which becomes:

⟨s′
N |Aµ(q) |sN ⟩ = e ⟨s′

N | Jµ(q) |sN ⟩
|q⃗|2

, (4.27)

where we expand the four-momentum q2 = −|q⃗|2 for a massless photon.

Next, we need to find an expression for the electromagnetic current inside a nucleus Jµ. Such a
current cannot be described using analytical functions, so we shall seek to express such quantities using
electromagnetic form factors. Such form factors are well-studied properties of the nucleons as calibrated
by deep inelastic scattering [536]. In order to compute the form factors, we consider the laboratory
frame whereby the nucleus is at rest. By convention, the momentum exchange is defined to be in the z
direction. Such a frame is spanned by a set of four-dimensional orthogonal basis vectors: the energy of the
nucleus kµN = (mN , 0), the three-momentum transfer Qµ = qµ − kν

Nqν

m2
N

kµN = (0, q⃗lab) and two unit vectors
eµx = (0, êx) and eµy = (0, êy) where mN is the mass of the nucleus. In this basis, the electromagnetic
current decomposes as:

Jµ = (J · kN )kµN
k2
N

+ (J ·Q)Qµ
Q2 + (J · êx)êµx + (J · êy)êµy . (4.28)

Here, we note that the electromagnetic current Jµ must satisfy the continuity equation qµJµ = 0, allowing
us to simplify slightly, utilising the fact that we are in the rest frame of the nucleus

Jµ = ρlab

mN
kµN + ρlab

mN

(kN · q)
|q⃗lab|2

Qµ + Jxê
µ
x + Jy ê

µ
y , (4.29)

where we have defined Ji = J · êi and identified that J0 = ρlab is the charge density in the lab frame.
Now, we take the non-relativistic limit, which allows us to identify q2 = −|qlab|2 and Qµ = qµ + O(v3), so

Jµ = ρlab

mN

(
kµN − (kN · q)

q2 qµ
)

+ Jxê
µ
x + Jy ê

µ
y + O(v3) . (4.30)

Lastly, we can expand qµ = pµN − kµN to give an alternate expression for the term in the brackets as:

kµN − (kN · q)
q2 qµ = 1

2 (kµN + pµN ) . (4.31)

Now, where we are in the non-relativistic limit, we have an expression for the current of the nucleus in
terms of lab frame components, which are much easier to measure and quantify:

ρsNs′
N

(q⃗) = ρlab
sNs′

N
(q⃗) + O(v2) ; (4.32)

J⃗sNs′
N

(q⃗) = ρlab
sNs′

N
(q⃗) k⃗N + p⃗N

2mN
+ J⃗ T,lab

sNs′
N

(q⃗) + O(v2) , (4.33)

where we have defined J⃗ T,lab
sNs′

N
(q⃗) as the component of J⃗ which is transverse to q⃗.

To calculate these quantities, we seek to express each as an electromagnetic form factor. Such form
factors are approximations to the structure of the nucleus are more important for increasing momentum
transfer. For low momentum transfer, the nucleus can be well approximated by a point particle. Examples
include the scattering involved in the energy transport within the Sun. However, for larger momentum
transfer the internal structure of the nucleus becomes a relevant quantity. In the case that particles are
being captured from the galactic halo, the larger momenta involved means that the choice of approximation
for the form factors becomes important [537]. The form factor for electromagnetic interactions is typically
described in terms of an electric form factor FE and a magnetic form factor FM . Naturally, such quantities



4.2 Electromagnetic scattering cross sections 83

describe the charge density ρ via electric interactions and the current density J⃗ via magnetic interactions
respectively. However, it is possible to describe the form factors in an alternative basis, typically in
terms of transverse and longitudinal components FT and FL respectively. Such quantities have a ready
definition in terms of the lab frame quantities we have derived in eqs. (4.32)-(4.33). In momentum space
such quantities are given as [536,538,539]:

4π|FL(q⃗)|2 = 1
2IN + 1

∑
sN

∑
s′

N

ρlab
sNs′

N
(q⃗)ρlab,∗

sNs′
N

(q⃗) ; (4.34)

2π|FT (q⃗)|2 = 1
2IN + 1

∑
sN

∑
s′

N

J⃗ T,lab
sNs′

N
(q⃗) · J⃗ T,lab,∗

sNs′
N

(q⃗) . (4.35)

where IN is the spin of the nucleus and where we have summed over the initial and final spin polarisations.
The factors of 4π and 2π are conventions which respectively arise from the multiple expansion of the form
factors [536]. The form factors are listed as squared as such terms arise in scattering calculations when
the scattering amplitude is sum-squared. Any crossover terms that arise in the squaring of the scattering
amplitude vanish as the transverse and longitudinal components are orthogonal, that is,∑

sN

∑
s′

N

(
J⃗ T,lab
sNs′

N

)
i
(q⃗)ρlab,∗

sNs′
N

(q⃗) = 0 . (4.36)

As the longitudinal form factor describes the charge distribution, it is directly related to the electric form
factor with a factor of the total charge of the nucleus Z, given as:

|FE(q⃗)|2 = 4π
Z2 |FL(q⃗)|2 . (4.37)

The magnetic form factor can be described in terms of the longitudinal form factor, with the coefficient
describing the behaviour of the form factor as the momentum transfer approaches zero [539]:

|FM (q⃗)|2 =

(IN + 1
3IN

)(
q

2mN

)2
(
µN
e

2mp

)2
−1

|FT (q⃗)|2 . (4.38)

where IN , mN and µN are the spin, mass and magnetic dipole moment of the nucleus. Note here that a
spin 0 nucleus the magnetic dipole moment is exactly zero, therefore there can be no interaction with the
magnetic form factor. A key example is the 4He atoms prevalent in the Sun, which are spin 0 bosons.

The approximations for the form factors FE and FM are typically described as analytic functions with
parameters determined by matching to experimental results. The simplest approximation is a Dirac delta
function, equivalent to approximating the nuclei as a point particle. Such an approximation here is not
accurate enough to properly ascertain the capture rate [537]. The next approximation is to assume that
the charge and current densities are spherically symmetric with the radial distribution assumed to be
Gaussian [226,540]. For example,

ρ(x⃗) = ρ0e
− x⃗2

4b2 , (4.39)

for arbitrary parameters ρ0 and b which determine the size and shape of the distribution. The momentum
space form factor is then determined using a Fourier transformation:

FE(q⃗) = ρ0

Ze

∫
d3xe−iq⃗·x⃗e− x⃗2

4b2 . (4.40)

Computing the integrals with the Gaussian functions, we obtain the expression:

FE(q⃗) = 1
Ze

(2π) 3
2

b3 ρ0e
− q⃗2

b2 . (4.41)
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To satisfy the normalisation conditions as the momentum transfer approaches zero, the initial charge density
ρ0 must be given by ρ0 = Zeb3

(2π)
3
2

. The shape of the form factor is dependent on the factor b. The choice of
b is determined by the physical size of the nucleus. Empirically, b is given by [246,327,356,495,541,542]:

b2 = 3
R2 , (4.42)

where R is the average nuclear radius. Experientially, R can be well approximated by [543]:

R =
(

0.3 + 0.89A 1
3

)
, (4.43)

for a nucleus with baryon number A. The form factor is then given as:

FE(q⃗) = e−3 q⃗2

R2 = e− ER
E0 . (4.44)

It is often convenient to express the form factor in terms of the nuclear recoil energy ER = q⃗2

2mN
:

FE(ER) = e− ER
E0 , (4.45)

where E0 = 1
2mNb2 = 3

2mNR2 .

The so-called Gaussian form factor in eq. (4.45) fits the data well where ER

E0
= q2

b2 ≲ 2, with an
approximate error in the calculation of ≲ 10% [246]. Such a form factor is also often used to represent
the mass distribution within a nucleus, which also provides a first order approximation to the magnetic
form factor FM . Indeed, here we shall use the approximation FE ≃ FM [392]. It is possible to write more
accurate form factors, such as a convolution of a uniform charge distribution and the Gaussian charge
distribution [544]. However, the improved accuracy of such a form factor at the expense of mathematical
complexity is not expected to have a significant effect on the capture rate of dark matter, especially
as we will later show that the capture rate reaches a fundamental maximum in the regimes where the
electromagnetic dipole interactions are relevant to solar energy transport.

4.2.3 Scattering of electric dipole dark matter

Now that we have an expression for the nuclear and photon components of eq. (4.24), we can consider the
current due to the dipolar dark matter components ⟨p⃗, s′

χ| jµ(q) |⃗k, sχ⟩. To solve this term, we must write
the Lagrangian in eq. (4.1) in the form of eq. (4.19). Consider expanding the field strength tensor Fµν :

LED = − i

2Dχσµνγ5χ (∂µAν − ∂νAµ) . (4.46)

We may integrate eq. (4.46) by parts (noting the integration of the Lagrangian in the action in eq. (4.18)),
and invoke the antisymmetry of σµν to obtain an expression:

LED = iD∂µ (χσµνχ)Aν , (4.47)

which allows us to identify the current due to the electromagnetic dipole as:

jν(x) =
(
ρ(x), j⃗(x)

)
= iD∂µ (χσµνχ) . (4.48)

We can transform to an momentum space current by replacing the derivative operator by the momentum
transfer as for eq. (4.21) giving a current of:

jν(q) =
(
ρ(q), j⃗(q)

)
= Dqµ (χσµνχ) . (4.49)
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We can now seek to evaluate the bilinear by expanding and evaluating the spinors and σ matrices. Here,
we expand the Dirac spinor χ in the Dirac representation as:

χks =
(

1
σ⃗·⃗k
E+m

)
ξs , (4.50)

for some two-component spinor ξs, where the spin of the spinor is s and the momentum is k⃗. Here, we are
using σ⃗ = (σ1, σ2, σ3) as a vector consisting of the Pauli matrices. We are considering interactions in the
non relativistic limit, so E ≃ m and the spinors are normalised such that χ†χ = ξ†ξ = 1. We evaluate the
spatial and temporal components separately. In the Dirac representation, the σ-matrix becomes:

σi0 = −i

(
0 σi

σi 0

)
, (4.51)

where the axial γ5 matrix in the Dirac representation is:

γ5 =
(

0 1
1 0

)
, (4.52)

with the conjugate Dirac spinor given by χ = χ†γ0 where the γ0 is given in the Dirac representation as:

γ0 =
(

1 0
0 −1

)
. (4.53)

We can now expand the temporal components of the electromagnetic dipole current as:

χpχs′
χ
σi0γ5χkχs′

χ
= −i

(
ξ†
s′

χ
ξ†
s′

χ

(
σ⃗·p⃗χ

2mχ

)†
)(

1 0
0 −1

)(
0 σi

σi 0

)(
0 1
1 0

) ξsχ(
σ⃗·⃗kχ

2mχ

)
ξsχ

 . (4.54)

Expanding out, we reduce to:

χpχs′
χ
σi0γ5χkχs′

χ
= −iξ†

s′
χ
σiξsχ + iξ†

s′
χ

(
(σ⃗ · p⃗χ)σi(σ⃗ · k⃗χ)

4m2
χ

)
ξsχ . (4.55)

In the non-relativistic limit, the second term is O(v2), compared to the first term which is O(1) so can be
ignored. For the first term, we can define the quantity:

s⃗ = ξ†
s′

χ
σ⃗ξsχ . (4.56)

The non-relativistic approximation is then:

χpχs′
χ
σi0γ5χkχs′

χ
= −isi . (4.57)

We then obtain an expression for the charge density due to the electromagnetic dipole from eq. (4.49) as:

ρsχs′
χ
(q) = −iDq⃗ · s⃗ . (4.58)

We see that the charge density is maximised where the momentum transfer and spin are parallel as
we would expect for an electric dipole. For the spatial components, we use the fact that in the Dirac
representation, the spatial components of the σ matrices are given by:

σij = ϵijk

(
σk 0
0 σk

)
. (4.59)



86 Theory of dark matter in the Sun

We then can expand the temporal components as:

χpχs′
χ
σijγ5χkχsχ = ϵijk

(
ξ†
s′

χ
ξ†
s′

χ

(
σ⃗·p⃗χ

2mχ

)†
)(

1 0
0 −1

)(
σk 0
0 σk

)(
0 1
1 0

) ξsχ(
σ⃗·⃗kχ

2mχ

)
ξsχ

 , (4.60)

which expands to:
χpχs′

χ
σijγ5χkχsχ = ϵijk

1
2mχ

ξ†
s′

χ

[
σkσlk

l
χ − σlp

l
χσk

]
ξsχ . (4.61)

We can simplify with the identity σiσj = δij + iϵijkσ
k such that:

χpχs′
χ
σijγ5χkχsχ = ϵijk

1
2mχ

ξ†
s′

χ

[
qk + iϵklm

(
klχ + plχ

)
σm
]
ξsχ

, (4.62)

since q⃗ = k⃗χ − p⃗χ. We therefore obtain an expression for the current due to the electromagentic dipole
from eq. (4.49) as:

j⃗sχs′
χ

= iD 1
2mχ

[
q⃗ ·
(
k⃗χ + p⃗χ

)
s⃗− (q⃗ · s⃗)

(
k⃗χ + p⃗χ

)]
. (4.63)

Here, the first term vanishes for elastic scattering since q⃗ ·
(
k⃗χ + p⃗χ

)
=
(
k⃗χ − p⃗χ

)(
k⃗χ + p⃗χ

)
= 0. The

current density is then given by:

j⃗sχs′
χ

= −iD 1
2mχ

(q⃗ · s⃗)
(
k⃗χ + p⃗χ

)
. (4.64)

Here, we see that the the electromagnetic current is directly proportional to the charge density in eq. (4.58),
which is as expected. The direction of the current is an average of the incoming and outgoing momenta.

We now have constructed all of the charge and current elements for both the nucleus and the
electromagnetic dipole. We can now combine each of these elements into the scattering amplitude M

using eqs. (4.17) and (4.24). In terms of the charges and currents, the four-vector product gives the
scattering amplitude as:

M = −i e
|q⃗|2

(
ρsχs′

χ
ρsNs′

N
− j⃗sχs′

χ
· J⃗sNs′

N

)
, (4.65)

where the coefficient has arisen due to the equation of motion of the photon propagator in eq. (4.26).
Inserting our expressions for the charge and current elements, we obtain the amplitude as:

M = −eD
(
ρlab
sNs′

N

q⃗ · s⃗
|q⃗|2

− q⃗ · s⃗
2mχ|q⃗|2

(
k⃗χ + p⃗χ

)
· J⃗ T,lab
sNs′

N
(q⃗)
)
. (4.66)

In order to calculate the interaction cross section, we need to consider the squared scattering amplitude,
summed and averaged over the spins of the initial and final states. For the nucleus, such sums and
averages are naturally incorporated into the form factors derived in section 4.2.2. For the dark matter
states, these must be computed explicitly. In terms of the longitudinal and transverse form factors, the
squared scattering amplitude is therefore given by:

|M |2 = e2D2

(
siqis∗

jq
j

|q⃗|4
4π |FL(q⃗)|2 +

siq
is∗
jq
j

4m2
χ|q⃗|4

(
k⃗χ + p⃗χ

)2
2π |FT (q⃗)|2 .

)
(4.67)

The average over the initial and final states of the vector s⃗ can be calculated from the definition as:

sis∗
j = 1

2
∑
sχs′

χ

(
ξ†
s′

χ
σiξsχ

)(
ξ†
s′

χ
σjξsχ

)∗
=
∑
sχs′

χ

ξzs′
χ

† σiξ†
sχ
σjξs′

χ
= 1

2 Tr [σiσj ] = δij , (4.68)
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where we have expanded the sums in to the trace using the completeness relation for the two-component
spinors. The scattering amplitude for the electric dipole dark matter then becomes:

|M |2 = 4πe2D2

|q⃗|2

|FL(q⃗)|2 +

(
k⃗χ + p⃗χ

)2

8m2
χ

|FT (q⃗)|2

 . (4.69)

In the non-relativistic limit, the component (k⃗χ+p⃗χ)2

8m2
χ

∼ O(v2) with the transverse form factor only
contributing additional positive powers of the velocity. By contrast, the longitudinal form factor contains
no additional powers of v, so the second term is negligible. We can also expand the longitudinal form
factor as the electric form factor in eq. (4.37), giving the amplitude squared as:

|M |2 = Z2e2D2

|q⃗|2
|FE(q⃗)|2 . (4.70)

We are now ready to compute the differential cross section in eq. (4.16). For electric dipole dark
matter, the scattering cross section is:(

dσ

dER

)
EDM

= Z2e2D2

4πERv2 |FE(ER)|2 , (4.71)

where we have substituted |q⃗| for ER using the definition of the recoil energy in eq. (4.13). As expected,
the scattering cross section is directly proportional to the strength of the electromagnetic couplings for
each particle, namely the charge Ze of the nucleus and the electric dipole moment D of the dark matter
particle. We shall use the cross section in eq. (4.71) to compute the capture rate of dark matter by the
Sun.

To compute the energy transport rate, we require the thermally averaged cross section ⟨σEDM⟩. The
thermally averaged cross section is computed by integrating the cross section with a velocity distribution:

⟨σEDM⟩ =
∫
d3v⃗F (v)

∫ 1

−1
d cos θCM

dσ

d cos θCM
, (4.72)

where the Boltzmann distribution F (v) is here defined as:

F (v) =
(
π(1 + µ)v2

T

)− 3
2 e

− v2
(1+µ)v2

T , (4.73)

where µ is the mass ratio µ = mN

mχ
and vT is the thermal velocity defined by:

vT (r) =

√
2kBT (r)
mχ

, (4.74)

where kB is the Boltzmann constant and T (r) is the temperature of the Sun at radius r. The (1 + µ)
component accounts for the transformation of the lab frame velocity v to the centre of mass frame in the
collision.

Firstly, we transform the differential cross section with respect to recoil energy in eq. (4.71) to a
differential cross section with respect to scattering angle using eq. (4.13):(

dσ

d cos θCM

)
ED

=
M2
χ,N

2π
Z2e2D2

|q⃗|2
|FE(q⃗)|2 . (4.75)
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Here, we digress slightly to note an important correspondence. The equation above can be written in the
functional form:

dσ

d cos θCM
= σ0

(
q0

q

)2
, (4.76)

with the definitions σ0 = Z2e2D2 and q2
0 = m2

χ

π (1 +µ)−2 = M2
χ,N

π . Such a functional form, that is σ ∼ q−2,
is a momentum dependent cross section that was shown by ref. [532] to have an appreciable effect on the
thermal transport of dark matter in the Sun to alleviate the solar abundance problem outlined in the
introduction to this chapter. We therefore expect that the electric dipole model will also have a similar
effect on the solar abundance problem.

To compute eq. (4.72), we must make the dependence of the momentum transfer on the scattering
angle and velocity explicit using:

|q⃗|2 = 2M2
χ,N , v

2(1 − cos θCM) , (4.77)

such that: (
dσ

d cos θCM

)
ED

= Z2e2D2

4πv2 (1 − cos θCM)−1 |FE(q⃗)|2 . (4.78)

However, the above expression is problematic: it possesses an infrared divergence as cos θCM → 1. However,
such scenarios correspond to forward scattering where there is little to no transfer of energy. To regulate
such a divergence, we adopt a technique from plasma physics [545, 546] and consider the momentum
transfer cross section σT defined as:

σT = (1 − cos θCM)σ . (4.79)

Furthermore, as the interactions we are considering are at typically low energies, it is sufficient to consider
an approximation to the form factor |FE(q⃗)|2 = 1, that is, the nuclei being scattered from appear to the
dark matter particles as point particles. Therefore, we compute the total momentum transfer cross section
as:

σT,ED(v) =
∫ 1

−1
d cos θCM(1 − cos θCM)

(
dσ

d cos θCM

)
ED

= Z2e2D2

2πv2 , (4.80)

leading to the thermally averaged cross section as:

⟨σED⟩ =
∫
d3v⃗F (v)σT,ED(v) = Z2e2D2π− 5

2 (1 + µ)− 3
2 v−3
T

1
2

∫
d3v⃗

1
v2 e

− v2
(1+µ)v2

T . (4.81)

Computing the integral:
⟨σED⟩ = Z2e2D2π−1(1 + µ)−1v−2

T , (4.82)

in agreement with ref. [532].

We have now constructed the relevant quantities for considering the dynamics of electric dipole dark
matter in the Sun. Importantly, we have shown that the electric dipole model corresponds to the q−2 case
in ref. [532]. We can now move on to the magnetic dipole and anapole models, which will follow a similar
treatment to the electric dipole model.

4.2.4 Scattering of magnetic dipole dark matter

Next, we seek to derive the scattering cross section for magnetic dipole dark matter. As for the electric
dipole, we seek to write down a current density jµ in the form of eq. (4.19). Again, we modify the magnetic
dipole Lagrangians in eq. (4.4) by expanding the field strength tensor and performing integration by parts.
The difference between the magnetic dipole and electric dipole cases is that the magnetic dipole has a
tensor component instead of a psuedotensor component with a γ5 component. After we transform into
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momentum space with the transformation i∂µ → qµ, the current is given by:

jµ(q) =
(
ρ(q), j⃗(q)

)
= iµχqnu (χσνµχ) , (4.83)

where µχ is the magnetic dipole moment of the dark matter particle. As before, we expand the Dirac
spinor in terms of a non-relativistic two-component spinor ξs as per eq. (4.50). We expand the bilinear
component χpχs′

χ
σνµχkχsχ

in terms of temporal and spatial components. For the temporal component,
using the definition of σi0 in the Dirac representation in eq. (4.51) as:

χpχs′
χ
σi0χkχsχ = −i

(
ξ†
s′

χ
ξ†
s′

χ

(
σ⃗·p⃗χ

2mχ

)†
)(

1 0
0 −1

)(
0 σi

σi 0

) ξsχ(
σ⃗·⃗kχ

2mχ

)
ξsχ

 , (4.84)

which expands to give:

χpχs′
χ
σi0χkχsχ = −i− i

2mχ

(
ξ†
s′

χ
σiσjkχjξsχ − ξ†

s′
χ
σjpχjσ

iξsχ

)
. (4.85)

Here, unlike the electric dipole case where the γ5 prevented the positive energy and negative energy
solutions from combining which resulted in a momentum and velocity independent bilinear at non-
relativistic velocities, the magnetic dipole case combines the positive and negative energy solutions, which
results in two terms which are both dependent to a linear power in the incoming and outgoing momenta.
Both terms are therefore at O(v). We simplify the combinations of the Pauli matrices again using the
identity σiσj = δij + iϵijkσk and the definition of the momentum transfer as q⃗ = p⃗χ − k⃗χ to obtain:

χpχs′
χ
σi0χkχsχ

= −i− i

2mχ

(
−qiξ†

s′
χ
ξsχ

+ iϵijk (kχj + pχj) sk
)
, (4.86)

where we have implemented s⃗ from eq. (4.56). We can therefore evaluate the charge density of the magnetic
dipole moment using eq. (4.83) as:

ρsχs′
χ

= µχ
2mχ

|q⃗|2ξ†
s′

χ
ξsχ

+ i
µχ

2mχ
q⃗ ·
[(
k⃗χ + p⃗χ

)
× s⃗
]
. (4.87)

Whereas for the electric dipole where the charge density was maximised where the momentum and
spin were parallel, here the charge density is maximised where the average momentum and spin are
perpendicular. Meanwhile, for the spatial components, we obtain using eq. (4.59):

χpχs′
χ
σijχkχsχ = ϵijk

(
ξ†
s′

χ
ξ†
s′

χ

(
σ⃗·p⃗χ

2mχ

)†
)(

1 0
0 −1

)(
σk 0
0 σk

) ξsχ(
σ⃗·⃗kχ

2mχ

)
ξsχ

 , (4.88)

which expands to:

χpχs′
χ
σijχkχsχ = ϵijkξs′†

χ

[
σk − (σ⃗ · p⃗χ)σk(σ⃗ · k⃗χ)

4m2
χ

]
ξsχ . (4.89)

Where the spatial component of the electric dipole mixed the positive and negative energy solutions, the
magnetic dipole prevents these from mixing resulting in a velocity and momentum independent term
and a term which is negligible in the non-relativistic limit as pχkχ ≪ m2

χ giving a current density for the
magnetic dipole as:

j⃗sχs′
χ

= iµχ (s⃗× q⃗) . (4.90)
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The current density maintains a familiar form perpendicular to the spin and momentum transfer. We now
are ready to compute the scattering amplitude M using eq. (4.65) as:

M = −ieµχ
|q⃗|2

(
− |q⃗|2

2mχ
ξ†
s′

χ
ξsχ

ρsNs′
N

+ i

2mχ
q⃗ ·
[(
k⃗χ + p⃗χ

)
× s⃗
]
ρsNs′

N
− i (s⃗× q⃗) · J⃗sNs′

N

)
, (4.91)

or in terms of the lab frame nuclear variables in eqs. (4.32)-(4.33):

M = eµχ
|q⃗|2

(
i|q⃗|2

2mχ
ξ†
s′

χ
ξsχ

ρlab
sNs′

N
+ (s⃗× q⃗) · V⃗T ρlab

sNs′
N

− (s⃗× q⃗) · J⃗ T,lab
sNs′

N

)
, (4.92)

where we have used the circular shifting property of the scalar triple product a⃗ · (⃗b× c⃗) = c⃗ · (⃗b× a⃗) and
defined the transverse velocity V⃗T as:

V⃗T = k⃗χ + p⃗χ
2mχ

− k⃗N + p⃗N
2mN

. (4.93)

Note that V⃗T satisfies the transversality condition V⃗t · q⃗ = 0 for q⃗ = p⃗χ − k⃗χ = k⃗N − p⃗N . The transverse
velocity can be expressed in terms of the lab frame velocity v⃗ = k⃗χ

mχ
− k⃗N

mN
and the momentum transfer as:

V⃗T = k⃗χ
mχ

− k⃗N
mN

− q⃗

2mχ
− q⃗

2mN
= v⃗ − q⃗

2Mχ,N
, (4.94)

for reduced mass of the dark matter particle and nucleus Mχ,N . The squared expression is straightforward
due to the transversality condition :

|v⃗|2 = |V⃗T |2 + |q⃗|2

4M2
χ,N

. (4.95)

We can now construct the spin averaged squared amplitude required for the scattering cross section, using
the longitudinal and transverse form factors in eq. (4.34) and (4.35):

|M |2 =
e2µ2

χ

|q⃗|4
1
2
∑
sχs′

χ

[(
i|q⃗|2
2mχ

ξ†
s′

χ
ξsχ

+ ϵijksiqiV kT

)(
− i|q⃗|2

2mχ
ξ†
sχξs′

χ
+ ϵlmns∗lqmV nT

)
4π|FL(q⃗)|2

+ ϵijksjqkϵilms∗
l qm2π|FT (q⃗)|2

]
.

(4.96)

To compute the spin averages we use the expression:

1
2
∑
sχs′

χ

ξ†
s′

χ
ξsχ

ξ†
sχ
ξs′

χ
= 1

2 Tr[1] = 1 , (4.97)

which follows from the completeness relations for ξsχ
alongside the similar equation in eq. (4.68). Note

that the cross terms in the expansion of the coefficient of the longitudinal component vanish as the Pauli
matrices are traceless. The squared scattering amplitude is then:

|M |2 = e2

µ2
χ

|q⃗|2
[(

|q⃗|2

4m2
χ

+ |V⃗T |2
)

4π|FL(q⃗)|2 + 4π|FT (q⃗)|2
]
, (4.98)

where we have also used the transversality condition for the transverse velocity.

We can now write an expression for the differential cross section with respect to the nuclear recoil
energy from eq. (4.16):(

dσ

dER

)
MD

=
e2µ2

χ

4πv2

[
Z2
(
v2

ER
− 1

2mN
− 1
mχ

)
|FE(ER)|2 + IN + 1

3IN
µ2
N

µ2
p

mN

m2
p

|FM (ER)|2
]
, (4.99)
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for nuclear recoil energy ER = |q⃗|2

2mN
, nucleus spin IN , nuclear magnetic moment µN in units of the

proton magnetic moment µp and proton mass mp, where we have used the expressions for the electric and
magnetic form factors in eqs. (4.37) and (4.38). Like the electric dipole moment, this expression is used to
calculate the capture rate of dark matter by the Sun. One component of eq. (4.99) couples the magnetic
dipole moment to the charge density of the nucleus, the natural magnetic field generated by the motion of
the charge distribution relative to the motion of the incoming dark matter particle. The other component
couples to the intrinsic magnetic dipole of the nucleus where the nucleus has non-zero spin and hence a
non-zero magnetic dipole moment.

We also need to compute the thermally averaged cross section like eq. (4.72) in order to calculate the
energy transported by the dark matter in the Sun. We transform to the differential cross section with
respect to the scattering angle as:

(
dσ

d cos θCM

)
MD

=
e2µ2

χ

4π

[
Z2

(
2M2

χ,Nv
2

q2 + 1
(1 + µ)2 − 1

2

)
|FE(q⃗)|2

+IN + 1
3IN

M2
χ,N

m2
p

µ2
N

µ2
p

|FM (q⃗)|2
] , (4.100)

where the mass ratio µ is defined as µ = mχ

mN
. The functional form of the differential cross section is:

dσ

d cos θCM
= σ0

((
v

v0

)2(
q0

q

)2
+K

)
. (4.101)

The exact version of the functional form σ ∼ const+ v2

q2 has not previously been investigated in the context
of solar dark matter, although it is fairly similar the canonical momentum and velocity independent models.
Indeed, the evaluation of the v2

q2 reveals only a dependence on the scattering angle, which should average
out as the thermalised particles are not biased with respect to any particular direction. Indeed, after
identifying q2 = 2M2

χ,Nv
2(1 − cos θCM) and setting the form factors to the simplified case FE = FM ≃ 1

for low momentum scattering, the differential cross section becomes:

(
dσ

d cos θCM

)
MD

=
e2µ2

χ

4π

[
Z2
(

1
1 − cos θCM

+ 1
(1 + µ)2 − 1

2

)
+ IN + 1

3IN
M2
χ,N

m2
p

µ2
N

µ2
p

]
, (4.102)

which again contains an infrared divergence for the forward scattering case. The divergence is again solved
by considering the momentum transfer cross section in eq. (4.79):

σT,MD =
∫ 1

−1
d cos θCM(1 − cos θCM)

(
dσ

d cos θCM

)
MD

=
e2µ2

χ

2π

[
Z2
(

1 + 1
(1 + µ)2

)
+ IN + 1

3IN
M2
χ,N

m2
p

µ2
N

µ2
p

]
= ⟨σT,MD⟩ ,

(4.103)

where the total cross section is exactly equal to the thermally averaged cross section because the total cross
section is not dependent on the velocity of the interaction. The only way that the magnetic dipole moment
will be different to the vanilla spin-independent cross section for the purposes of thermally averaged energy
transport is that the the magnetic dipole moment also contains a spin dependent component.
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4.2.5 Scattering of anapole dark matter

Finally, we turn to the cross section for scattering of a dark matter particle from a nucleus via an anapole
moment. The methodology will be very similar to the electric and magnetic dipole, and mirrors a similar
derivation in ref. [400]. Once again, we seek to write the Lagrangian for the interaction in eq. (4.7) in
the form eq. (4.19). To accomplish the task, we must integrate by parts twice as there is an additional
derivative on the field strength tensor:

LAN = 1
2
g

Λ2

(
gµσ∂2 − ∂σ∂µ

)
χγσγ

5χAµ , (4.104)

which enables us to define the electromagentic current in position space for the anapole as:

jµ(x) =
(
ρ(x), j⃗(x)

)
= 1

2
g

Λ2

(
gµσ∂2 − ∂σ∂µ

)
χγσγ

5χ , (4.105)

which may then be transformed into momentum space using eq. (4.21):

jµ(q) =
(
ρ(q), j⃗(q)

)
= −1

2
g

Λ2 q
2
(
gµν − qµqν

q2

)
χγνγ

5χ . (4.106)

Once again, we expand in terms of the spatial and temporal components, however, here we only need
consider the regular γµ matrices and not the antisymmetric σµν matrices, so we will not need to consider
a convolution of Pauli matrices. Instead, we identify that in the Dirac representation:

γiγ
5 =

(
σi 0
0 −σi

)
(4.107)

γ0γ5 =
(

0 1
−1 0

)
. (4.108)

Inserting the Dirac spinor in eq. (4.50) is now straightforward, giving in the non-relativistic limit

χpχs′
χ
γ0γ

5χkχsχ
= k⃗χ + p⃗χ

2mχ
· s⃗ ; (4.109)

χpχs′
χ
γoγ

5χkχsχ
= − si . (4.110)

using s⃗ defined in eq. (4.56). The spin component in the temporal component arises from the combination
of positive and negative energy spinors, whereas the spin component in the spatial component arises from
the Pauli matrices that form the components of the γi matrices. It therefore becomes straightforward to
write down the current and charge densities due to the anapole moment in momentum space as:

ρsχs′
χ

= |q⃗|2 g

Λ2 s⃗ · k⃗χ + p⃗χ
2mχ

; (4.111)

j⃗sχs′
χ

= |q⃗|2 g

Λ2 s⃗T , (4.112)

where s⃗T is defined as:
s⃗T = s⃗− (s⃗ · q⃗)q⃗

q⃗2 , (4.113)

being the component of s⃗ transverse to the momentum exchange q⃗, assuming the collision is elastic. The
expression for the current illuminates the unique feature of the anapole coupling as only coupling to the
component of the spin wihch is transverse to the momentum transfer, rather than directly along the
momentum transfer as the other two electromagentic moments. Now, inserting into the equation for the
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amplitude M gives:

M = eg

Λ2 s⃗T ·

(
k⃗χ + p⃗χ

2mχ
ρsNs′

N
− J⃗sNs′

N

)
, (4.114)

where we have substituted s⃗ for s⃗T since q⃗ · (k⃗χ + p⃗χ) = 0. In terms of the lab frame charge and current
densities used to define the form factors in eqs. (4.32)-and (4.33), the amplitude becomes:

M = eg

Λ2 s⃗T ·

[(
k⃗χ + p⃗χ

2mχ
− k⃗N + p⃗N

2mN

)
ρlab
sNs′

N
= J⃗ T,lab

sNs′
N

]
, (4.115)

which can be simplified using the definition of the transverse velocity in eq. (4.93) to be:

M = eg

Λ2 s⃗T ·
(
V⃗T ρ

lab
sNs′

N
− J⃗ T,lab

sNs′
N

)
. (4.116)

Like before, we calculate the squared amplitude by using the sums and averages of the spins in the
scattering amplitude, which allows substitution of the longitudinal and transverse form factors in eq. (4.35)
and (4.34):

|M |2 = e2g2

Λ2

(
(s⃗T · V⃗T )(s⃗∗

T · V⃗T )4π|FL(q⃗)|2 + s⃗T · s⃗∗
T 2π|FT (q⃗)|2

)
. (4.117)

The averages over the spin may be solved using eq. (4.68) to note that:

s⃗T,is⃗∗
T,j = (si − skq̂kq̂i)(sj − slq̂lq̂j)∗ = δij − q̂iq̂j , (4.118)

where q̂ is a unit vector in the direction of q⃗ and we have used the transversality condition s⃗T · q⃗ = 0. The
transversality condition V⃗T · q⃗ = 0 for the transverse velocity then gives the squared amplitude as:

|M |2 = 4πe2g2

Λ4

(
|V⃗T |2|FL(q⃗)|2 + |FT (q⃗)|2

)
, (4.119)

giving us a differential cross section with respect to the recoil energy from eq. (4.16): as

(
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)
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= e2g2mN

2πv2Λ4

[
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m2
p

|FM (ER)|2
]
, (4.120)

where the ER terms have arisen from the definition of the transverse velocity in eq. (4.93), and we have
substituted the longitudinal and transverse form factors for the electric and magnetic form factors in
eqs. (4.37) and (4.38). Once again, the form of the cross section above is required for calculating the
capture rate of dark matter by the Sun.

To compute the thermally averaged cross section, we transform eq. (4.120) into the differential cross
section with respect to the scattering angle, giving:

(
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d cos θCM

)
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M2
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2π
e2g2
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]
, (4.121)

where we have set the electromagnetic form factors to unity for low momentum scattering. Here, we see
the rather unique functional form of the cross section to be:

dσ

d cos θCM
= σ0

[
1
2
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v

v0

)2
+
(
q

q0

)2
]
, (4.122)

where σ0 = M2
χ,N

2π
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Λ4 , v0 = 1
Z and q0 =

(
− Z2
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2m2

N

µ2
N

µ2
p

m2
N

m2
p

)− 1
2 . Such a functional form is a linear

combination of two of the functional forms considered in ref. [532], namely σ ∼ v2 +q2. Such a combination
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is unique and has not been previously considered in the literature in regard to solar models, making the
implementation here novel.

For the thermally averaged cross section, we expand q2 = 2M2
χ,Nv

2(1 − cos θCM. As we do not have
any infrared divergences here, we can directly calculate the total velocity dependent cross section to be:

σAN(v) =
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]
. (4.123)

The thermally averaged cross section is then calculated using the distribution in eq. (4.73) to be:
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(4.124)

where vT is the thermal velocity in eq. (4.74) and the mass ratio µ is defined as µ = mχ

mN
.

To recap, we have derived the differential cross sections for electric dipole, magnetic dipole and anapole
dark matter scattering from a nucleus. We parametrised the scattering amplitude in each case in terms of
electromagnetic charge and current densities jµ generated by each operator as well as the nucleus Jµ,
with the equation of motion for the photon forming the propagator between the two. In the latter case,
we approximated the charge and current densities inside the atomic nucleus with electromagnetic form
factors which are calibrated using techniques like deep inelastic scattering. However, for low momentum
as is the case for energy transport inside the Sun, these form factors can be well approximated by a
Dirac delta function in position space - unity in momentum space, that is, a single point particle. For
the higher momentum collisions such as capture of the particle from the galactic halo, we considered
approximating the form factors by a Gaussian form factor. We then computed the thermally averaged
cross sections, utilising the momentum transfer cross section to regulate infrared divergences. Along the
way, we discovered the functional form for the differential cross sections: the electric dipole cross section is
proportional to q−2, the magnetic dipole cross section is proportional to v2

q2 + const. and the anapole cross
section is proportional to v2 + q2. Of these three functional forms, the first and last are of the velocity
and momentum dependent types that may alleviate the problems with the sound speed profile in the Sun,
the latter never having been investigated before. The remaining form has previously been investigated in
ref. [547], but did not consider the correct formalisms juxtaposing Knusden and local thermal equilibrium
transport that we will develop shortly.

4.3 Population of dark matter particles in the Sun

As we have now developed the theoretical understanding of the electromagnetic dipole models and their
interactions with the nuclei that are abundant in the Sun, we now turn to quantifying the effects of
such interactions on the mechanisms of the Sun on a global scale. We seek to construct the theoretical
formalisms required to describe the relevant physics and any observables that can be used to distinguish
and promote different models of dark matter. There will be two key quantities to consider. The first is
the total population of dark matter particles within the Sun. Increasing the mass of particles in the solar
halo will increase the scale of any changes to the solar structure itself by multiplying any other processes.
The second quantity is the energy transport within the Sun due to the dark matter particles. The energy
transport can alter the temperature of the different regions of the Sun in a manner that can be readily
observed using helioseismology and other related techniques. Models which degrade the helioseismology
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measurements can be considered unfavourable, while models which improve the helioseismology fits can
perhaps provide a clue towards the true nature of dark matter.

First, consider the total population of dark matter in the Sun, an important first step in determining
whether observable physical effects may exist. The number of dark matter particles N in the Sun is
determined by the rate equation:

dN

dt
= C(t) −A(t) − E(t) , (4.125)

where C(t) is the rate at which the Sun captures dark matter from the galactic halo by scattering the
particles to velocities lower than the escape velocity of the Sun, A(t) is the rate at which dark matter
particles in the Sun collide with other dark matter particles within the Sun and annihilate, and E(t) is the
rate at which dark matter particles already in the Sun scatter to velocities higher than the escape velocity
and evaporate [495]. The capture rate C(t) is the most important of these three processes: it is the only
way for dark matter particles to build up their quantity inside the Sun as no Standard Model processes at
temperatures present in the Sun are expected to spontaneously produce dark matter. Particles in the
galactic halo moving in some velocity distribution are gravitationally attracted towards the Sun, but an
energy-depleting collision with a stellar nucleus is required to kick the particle into the solar halo. The
process therefore is highly dependent on the scattering dynamics of the dark matter.

The annihilation processes within the Sun are a key way of reducing the quantity of dark matter
particles present, reducing the impact of the dark matter particles on the solar physics. For example, any
Majorana particle present will undergo self-annihilations, as will any combined presence of Dirac dark
matter and its antiparticle. As the electric and magnetic dipoles are not present for Majorana fermions as
discussed in section 2.5.1, the complications arising from self-annihilations are automatically resolved.
For a Majorana anapole dark matter, some annihilation may exist, but we assume that the rate is small
compared to the capture rate. The full consideration of Majorana anapole dark matter annihilations are
beyond the scope of this work. For Dirac dark matter, we assume that the dark matter is asymmetric, that
is, it is present in the universe in only its matter form much like the Standard Model [494,495,533,548–550].
Limits on the levels of asymmetry of dark matter suggest that the fraction of matter to antimatter
may be as low as 10−10 in order to ensure a stable proportion of dark matter relative to the Standard
Model in the universe [551]. Such asymmetry suppresses the annihilation rate relative to the capture
rate such that A(t) ≃ 0. Even if a small proportion of the dark matter antiparticle is present, if it has
a different interaction cross section then the symmetric component may still be captured alone in large
quantities [550].

The final process affecting the population of dark matter particles is evaporation, which depletes dark
matter by scattering dark matter particles to velocities greater than the local escape velocity. Evaporation
events are relatively rare due to the large momentum transfer that is required between the solar nuclei
and the dark matter particle [327, 479]. Typical velocities for dark matter particles in the Sun are
∼ 100 km s−1, while the local escape velocity can be up to ∼ 1400 km s−1. For dark matter particles
which are significantly heavier than the majority of the population of nuclei in the Sun like hydrogen
and helium, large momentum transfer is required, whereas light dark matter is more susceptible to
evaporation. For dark matter above the so-called evaporation mass, the rate of evaporation can essentially
be ignored [552], unless there is a very close match between the dark matter mass and one of the heavy
nuclei in the Sun [327]. Estimates suggest that the evaporation mass occurs at approximately 4 GeV,
roughly the mass of the helium in the Sun. Below the threshold, evaporation is considered to be a
significant component of the rate equation in eq. (4.125). In the present work, we include dark matter
masses down to mχ = 3 GeV, and note that such models should be treated with care. Meanwhile, we can
safely ignore the evaporation effects for all higher mass models.
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We turn to calculating the capture rate C(t) of dark matter particles by the Sun, the dominant
component of eq. (4.125). The description of the capture rate follows refs. [328,553], which we generalise
to allow for dark matter interacting via an electromagnetic dipole moment with momentum and velocity
dependent cross sections following refs. [494,495].

Consider a dark matter particle moving through the galactic halo with some velocity u. The distribution
of velocities of all dark matter particle velocities in the halo is described by a Maxwell-Boltzmann
distribution. In the galactic rest frame, the distribution is unbiased with some velocity dispersion u0

typically taken as u0 = 270 km s−1. However, we need to consider the motion of the Sun with respect
to the galactic rest frame. In the solar rest frame, which moves with a velocity u⊙ = 220 km s−1 with
respect to the galactic rest frame, the distribution of velocities is given by a modified Maxwell-Boltzmann
distribution as [554]:

f(u) =
(

3
2

) 3
2 4√

π

ρχ
mχ

u2

u3
0

exp
(

−
3(u2

⊙ + u2)
2u2

0

) sinh
(
3uu⊙/u

2
0
)

3uu⊙/u2
0

. (4.126)

Now consider such particles passing through a spherical shell centred around the Sun with radius R, with
values typically much larger than the solar radius R⊙ so that the effect of gravitational attraction is
negligible. The particles are assumed to have a uniform angular distribution. The local flux dFa of halo
dark matter particles passing through a surface element da is given by:

dFa = u cos θda dn . (4.127)

where θ is the direction of travel of each particle and dn is the local number density of dark matter
particles travelling in the direction θ + dθ, given by:

dn = 1
2f(u)du d(cos θ) , (4.128)

where f(u) is the velocity distribution of halo particles, where the factor of 1
2 arises as the flux is azimuthally

symmetric. Integrating over the surface area of the entire shell
∫
a
da = 2πR2 gives the differential flux

passing through the entire shell dFs as:

dFs = 2πR2f(u)u cos θ du d(cos θ) . (4.129)

Given the rate at which the particles pass through the shell, there is some probability dP that the particle
will scatter in the shell to a velocity less than the escape velocity of the Sun vesc. The particle passing
through the shell will fall into the gravitational well of the Sun, giving it a velocity w of:

w(r) =
√
u2 + vesc(r)2 , (4.130)

where u is the initial halo velocity of the particle before it has entered the gravitational well. Note here
that we do not consider the accelerated velocity w when considering the flux F as in the latter case we
are considering the number that have arrived from the halo itself, whereas now we are considering the rate
at which those particles are being scattered. Let Ω(w, r) be the rate at which the particles scatter from a
velocity w to a velocity less than the escape velocity vesc at a radius r. The probability that a particle
will in a second shell contained within the Sun with thickness dl will be captured is then given by:

dP = Ω(w, r)dl
w
, (4.131)
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since dl
w is the time spent by the particle in the shell. The distance travelled in the shell is determined by

the angle ϕ at which the angle passes through the shell by:

dr = cosϕdl , (4.132)

for a shell with radius between r and r + dr. The two angles here, ϕ and θ are related as the angle before
and after gravitational acceleration and are related by conservation of angular momentum as:

Ru sin θ = rw sinϕ , (4.133)

or in terms of cosϕ as:

cosϕ =
√

1 − R2u2 sin2 θ

r2w2 . (4.134)

The probability of capturing a particle in the shell is then given by:

dP = Ω(w, r)
w

[
1 − R2u2 sin2 θ

r2w2

]− 1
2

dr . (4.135)

Now, the capture rate dC is determined as the rate at which particles passing through the shell with flux
dFs are captured by the material in the shell, dP , namely:

dC = dFs dP , (4.136)

that is,

dC = 2πR2f(u)uΩ(w, r)
w

[
1 − R2u2 sin2 θ

r2w2

]− 1
2

dr du d(cos θ) . (4.137)

The total capture rate is then integrated over these variables to give:

C = 2πR2
∫ R⊙

0

∫ ∞

0
du

∫ 1

−1
d cos θf(u)uΩ(w, r)

w
cos θ

[
1 − R2u2 sin2 θ

r2w2

]− 1
2

, (4.138)

where R⊙ is the radius of the Sun. Performing the integration with respect to cos θ removes the dependence
on the outer shell, giving the expression from ref. [327]:

C = 4π
∫ R⊙

0
r2dr

∫ ∞

0
du
f(u)
u

w(r)Ω(w, r) . (4.139)

The relevant particle physics are encapsulated by the rate of particle capture Ω(w, r), which is the total
rate of scattering subject to the kinematic constraints that the velocity must drop from w to less than the
escape velocity vesc. The minimum required loss in kinetic energy is therefore given by:

ER ≥ 1
2mχw

2 − 1
2mχv

2
esc = 1

2mχu
2 , (4.140)

using the definition for w in eq. (4.130), where ER is equivalently the nucleus recoil energy by the
conservation of energy. The maximum possible recoil energy occurs where the nucleus initially has zero
kinetic energy. The bound on the recoil energy is then given by:

ER ≤ 1
2mχw

2 − 1
2mχw

2
f , (4.141)
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where wf is the velocity of the particle after the collision with a zero-velocity nucleus, determined
kinematically to be wf = mχ−mN

mχ+mN
w, which provides an upper bound as:

ER ≤
2m2

χmN

(mχ +mN )2w
2 = 1

2mχw
2 µ

µ+
, (4.142)

using the standard notation [328] µ = mχ

mN
and µ± = µ±1

2 . The bounds in eqs. (4.140) and (4.142) provide
the required limits on the total cross section for scattering to kinematically capture particles. We therefore
can construct the rate of particle capture Ω(w, r) as:

Ω(w, r) = w(r)
∑
i

ni(r, t)
∫ mχw2µ

2µ2
+

mχu2
2

dσi
dER

dER , (4.143)

where we have summed over the nuclear species i, and where ni(r, t) is the number density of nuclear
species i at some location a radius r from the centre of the Sun. The number density is time dependent as
the production and transfer of nuclear species via fusion throughout the evolution of the Sun changes the
composition of the different nuclear species. Therefore, the overall rate is also time-dependent during
the evolution of the Sun. For each dark matter model, we compute the integral of the cross section in
eq. (4.143) numerically using our expressions for the scattering cross sections in eqs. (4.71), (4.99) and
(4.120). We shall compare our results to another model with a spin-independent interaction with cross
section.

Additionally, there exists a fundamental limit to the capture rate; whereby the total cross section is
equal to the total cross section of the Sun σ = πR2

⊙. Here, every particle that collides with the Sun from
the halo will be captured making the Sun opaque to dark matter, the so-called solar vacuum cleaner [495].
The capture rate is said to be saturated. The result is an analytic expression for the maximum capture
rate:

Cmax = 1
3π

ρχ
mχ

R2
⊙(t)

(
e

− 3
2

u2
⊙

u2
0

√
6
π
u0 +

6GNM⊙ +R⊙(u2
0 + 3u2

⊙)
R⊙u⊙

erf
[√

3
2
u⊙

u0

])
. (4.144)

The total capture rate is then the lesser of eqs. (4.139) and (4.144).

To calculate the capture rate for each model, we must consider the number density of each element as
a function of the radius of the Sun. To compare capture rates here, we use the present day solar model
AGSS09ph [491,492]. When we later perform full simulations of the Sun, we can consider using the solar
model generated at each time step of the simulation to compute the capture rate, although for the vast
majority of cases we consider, we are at the maximum capture rate imposed from the saturation case in
eq. (4.144).

We compute the capture rate for modern day solar physics for each of the three electromagnetic dipole
models as well as a constant cross section, spin independent model in figure 4.2. Areas of the parameter
space which produce large capture rates are shown in red or black. Areas with a reduced capture rate
are shown in yellow and white. For each mass value, we compute the saturation limit as a function of
the interaction strength, shown as a blue line on each graph. Above the saturation limit, the capture
rate is constant, with a slight increase for smaller dark matter masses. Here, there is no dependence
on the strength of the interaction as almost all particles are being captured regardless of their strength.
Below the saturation cross section, the capture rate decreases by the square of the interaction strength
as expected due to the dependence on the cross section on the interaction strength. The amounts of
dark matter captured in these regimes are diminishingly small. We expect that the total effect on the
solar observables will be greatly reduced in regimes where the capture rate is not saturated. By way of
comparison, the total amount of mass of dark matter captured by the Sun per year when the capture is
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Figure 4.2: Capture rate for spin independent dark matter (top left), electric dipole dark matter (top
right), magnetic dipole dark matter (bottom left) and anapole dark matter (bottom right). The colour
axis shows the base-10 logarithm of the capture rate in units of year−1. The point at which saturation
first occurs is shown as a blue line.

saturated is roughly the same as the mass lost by the Sun due to fusion reactions every second. The total
mass of dark matter in the Sun is roughly the same as the mass of a dwarf planet or large asteroid [555].
Although these quantities are not large enough to significantly alter the main solar observables such as
mass and luminosity, we shall see that there is a sufficient effect on the helioseismology of the Sun.

4.4 Energy transport

We now turn to the calculation of the energy transported by dark matter throughout the internal structures
of the Sun. The total transported energy is described by two quantities, the distribution of dark matter
within the Sun and the local luminosity of energy transported. To calculate these quantities, we follow
the procedure of refs. [480,532,533]. The equation of motion of the phase space distribution F (v⃗, r⃗, t) of
dark matter is described by a Boltzmann collision equation:

DF = l−1
χ CF , (4.145)

where D is a differential operator describing the flow in phase space due to the motion of the particles, lχ
is the mean free path of a dark matter particle and C is the collision operator. The mean free path is
given as:

lχ(r⃗) =
[∑

i

σini(r⃗)
]−1

, (4.146)
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for total cross section σi of scattering between the dark matter particles and an atomic nucleus species i
with abundance ni. The collision operator is determined in a regime known as the dilute gas approximation,
whereby the expected collision rate between the dark matter and the nuclei is considered to be much
larger than the self-collision rate of dark matter [480]. Here the collision operator is given as:

CF =
∫
d3vCin(u⃗, v⃗, r⃗, t)F (v⃗, r⃗, t) − Cout(u⃗, r⃗, t) = F (u⃗, r⃗, t) , (4.147)

where Cin is the rate at which particles scatter from velocity v⃗ to a specific velocity u⃗ and Cout is the rate
at which particles scatter from velocity u⃗ to any other velocity. The method for solving eq. (4.145) is to
consider a decomposition of the phase space into spherical harmonics Y jm(r̂) and expanding perturbatively
as F = F0+ϵF1+O(ϵ2). The typical notation defines F jmν , corresponding to the jm spherical harmonic and
order ν in ϵ in the perturbative expansion. Here, the expansion parameter is defined as ϵ = lχ(r)|∇ lnT (r)|
for a temperature T . ϵ is required to be small so that the mean free path is much less than the change
in the temperature gradient. The first order approximation, corresponding to the case where the dark
matter is in local thermal equilibrium with the solar material is then:

DF jm0 = ϵ

lχ
CF1jm . (4.148)

From here, it is also typical to normalise the distributions to remove the dependence on the amount of
dark matter from the scale of flow in phase space:

f jmν (x⃗, r⃗)dx = 1
nχ(r⃗)F

jm
ν (v⃗, r⃗)dv , (4.149)

where nχ is the local number density of dark matter particles, and the normalised velocities x⃗ and y⃗ are
defined as x⃗ = v⃗

vT
and y⃗ = u⃗

vT
for vT the thermal velocity defined in eq. (4.74).

The dynamics of the energy transport can now be parametrised into two dimensionless parameters:
the thermal diffusivity α and the thermal conductivity κ [480, 532,533]. The thermal diffusivity describes
the spread of dark matter throughout the solar dark matter halo due to thermal pressure. The thermal
conductivity parametrises the efficiency of the dark matter at transporting dark matter within the Sun.
The diffusivity is defined as:

α = ⟨y|C−1 |y3f00
0 ⟩

⟨y|C−1 |f00
0 ⟩

, (4.150)

for inverse collision operator C−1, where the Dirac bra-ket notation is here defined as:

⟨g|Q |f⟩ =
∫
dydx g(y)Q(y, x)f(x) . (4.151)

The thermal conductivity is also defined as:

κ =
√

2
3

∫
dy y3f10

1 . (4.152)

The first order term in phase space f10
1 is calculated using the thermal diffusivity and the zero-th order

term f00
0 by ref. [532]:

αy − y3f00
0 (y) =

∫
dxC(y, x, r)f10

1 (x) . (4.153)

The full details of the derivations of α and κ can be found in ref. [480]. The thermal diffusivity and
conductivity are dependent on the cross sections from the different nuclear species and are generalised
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from species specific diffusivity and conductivity as:

α(r, t) = lχ(r, t, )
∑
i

σini(r, t)αi(µ) , (4.154)

and
κ(r, t) =

[
lχ(r, t) ∼i

σini(r, t)
κi(µ)

]−1
, (4.155)

where α and κ are now only dependent on the mass ratio µ = mχ

mN
and can be calculated as a parameter

independently for each dark matter model.

Using these expressions, it is possible to show that the density profile nχ(r) can be given by [532,533]:

nχ(r) = nχ(0)
[
T (r)
T (0)

]− 3
2

exp
[

−
∫ r

0
dr′ kBα(r′)dT (r′)

dr′ +mχ
dϕ(r′)
dr′

kBT (r′)

]
, (4.156)

where kB is the Boltzmann constant, T (r) is the temperature of the Sun and ϕ(r) is the gravitational
potential within the Star. The factors of nχ(0) and T (0) normalise the total expression given the total
number of dark matter particles in the Sun and the core temperature of the Sun. The two terms in the
integral describe the physical process which affect the distribution of the dark matter. The dϕ

dr term
captures the gravitational pull of the Sun on the dark matter, while the dT

dr describes the conduction of
dark matter due to interactions with the Sun.

Further, the luminosity carried by the dark matter is given by:

Lχ(r) = 4πr2κ(r)nχ(r)lχ(r)
[
kBT (r)
mχ

] 1
2

kB
dT

dr
. (4.157)

Here, the thermal conductivity κ describes the efficiency of transport, while the mean free path lχ describes
the distance over which the energy can be transported. The expression for the luminosity transported
in ref. [532], which generalised the derivations for momentum and velocity dependent cross sections, is
incorrect by a factor of ζ2n, which was remedied by ref. [533]. The correction of the error modified
the improvement in the sound speed profile, now favouring high powers of momentum transfer in the
functional form of the cross section.

In eqs. (4.156) and (4.157), we have the required components for calculating the transport due to dark
matter in the Sun, parametrised by αi and κi. We will need to compute αi and κi for each of our models,
however, first we consider the case where approximation in eq. (4.148) breaks down.

4.4.1 Knusden vs. LTE transport

Where the mean free path of the dark matter particle is sufficiently large, the physical distance between
two interactions of the dark matter and the solar nuclei overcomes the temperature gradient and the
assumption of local thermal equilibrium no longer applies. Ref. [480] estimates that the breakdown of
these assumptions occurs when the mean free path exceeds lχ ≫ rχ where the scale height rχ is defined as:

rχ =
(

3kBTc
2πGNρcmχ

) 1
2

, (4.158)

where Tc and ρc are the temperature and physical matter densities at the core of the Sun, and GN is
the Newtonian gravitational constant. Beyond this limit, the energy transfer is in the so-called Knusden
regime, whereby the dark matter may travel for long distances between interactions, hence allowing for
long distance energy transport. The downside to the Knusden regime is that the strength of the interaction
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is usually quite weak, so the amount of energy transported will decrease. Conversely, if the interaction
is well within the local thermal equilibrium regime, the mean free path will be too short and although
interactions are plentiful, the distance that energy is transported is relatively small.

The effects of the Knusden regime are accounted for by empirical corrections [480,481,528,554,556].
The corrected luminosity is given by:

Lχ(r) = f(K)h(r, t)Lχ,LTE(r) , (4.159)

for Lχ defined in eq. (4.157). The corrected number density of dark matter is also given by:

nχ(r) = f(K)nχ,LTE(r) + [1 − f(K)]nχ,iso , (4.160)

for nχ,LTE(r) given by eq. (4.156) and where nχ,iso is the number density of an collisionless halo of dark
matter, given by:

nχ,iso = N(t)e
− r2

r2
χ

π
3
2 r3
χ

, (4.161)

for N(t) as the total number of dark matter particles. The empirical parameters f(K) and h(r) are defined
as:

f(K) = 1

1 +
(
K
K0

) 1
τ

; (4.162)

and

h(r) =
(
r − rχ
rχ

)3
+ 1 . (4.163)

where K = lχ
rχ

and the constants K0 and τ are emperically determined to be K0 = 0.4 and τ = 0.5 [481].

We now have all of the components required for computing the energy transport due to dark matter.
We may now begin considering the specific parameters of each model in turn.

4.4.2 Energy transport due to electric dipole dark matter

The calculation of the thermal parameters is dependent on the particular model of dark matter. α and κ
are dependent on a number of particulars, namely the mass ratio µ = mχ

mN
, the functional form of the cross

section and the total cross section, the latter at least for the species independent parameters. Before the
calculation of the total cross section, the thermal parameters can be tabulated for the various values of µ.

As we have already discovered in eq. (4.75), the electric dipole moment possesses a q−2 dependent
cross section. The thermal coefficients for q−2 dependent cross sections have already been calculated
and tabulated by ref. [532]. We use these tabulations with the identification of σ0 = Z2e2D2 and
q2

0 = m2
χ

π (1 + µ)−2 = M2
χ,N

π . Although the thermal conductivity and diffusivity coefficients will be the
same as ref. [532], the overall results will be slightly different due to the cross section dependence of q0 on
the mass of the dark matter particle. We can therefore use the exact expression for the outbound collision
operator Cout from ref. [532], namely:

Cout(y) = µ− 1
2w−1 erf(w) , (4.164)

where w = y√
µ and erf is the Gauss error function.
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4.4.3 Energy transport due to magnetic dipole dark matter

Unlike the electric dipole case, the thermal conductivity and diffusivity have not previously been calculated
for the functional form of the magnetic dipole. As we discovered in eq. (4.101), the functional form
for the magnetic dipole cross section is ∼ const + v2

q2 . Indeed, no linear or non-linear combinations of
velocity and momentum dependent cross section dark matter had previously had their conductivity and
diffusivity calculated. The combination of the velocity and momentum dependence cancels out the velocity
component, leaving only an angular dependence on the cross section. We should therefore expect the
conductivity and diffusivity parameters to be similar to a canonical spin-independent non-momentum or
velocity dependent cross section.

Calculating the conductivity coefficient is not a trivial task as eq. (4.150) requires a calculation of the
inverse of the collision operator C−1. To achieve the goal, we first need to further develop our expressions
for the collision operator in eq. (4.147). Of the two components of eq. (4.147), Cout is calculated in a
straightforward manner:

Cout =
∫
d3z |x⃗− z⃗| σ̂tot(vT |x⃗− z⃗|)Fnuc , (4.165)

where the thermal velocity distribution of the nuclei is given as:

Fnuc(z⃗) = (πµ)− 3
2 e− |z⃗|2

µ , (4.166)

where x⃗ = v⃗
vT

and z⃗ = v⃗nuc
vT

are dimensionless velocities relative to the thermal velocity vT , and σ̂tot is
the total dimensionless cross section defined such that σ̂tot(vT ) = 1. For the magnetic dipole, σ̂ can be
determined easily from eq. (4.103). The presence of the integral in the expression for Cint in eq. (4.147) is
more difficult due to the presence of the integral with respect to the incoming particle velocities. Ref. [480]
calculated an expression for Cin as:

Cjin(y, x, r) = (1 + µ)4 y

x

∫ ∞

0
da

∫ ∞

0
dbFnuc(z⃗)2πb⟨Pj σ̂⟩

× Θ(y − |a− b|)Θ(a+ b− y)Θ(x− |a− b|)Θ(a+ b− x) ,
(4.167)

where Θ is a Heaviside step function and ⟨Pjσ̂⟩ is the angle-averaged product fo the normalised differential
cross section and the j-th Legendre polynomial, expanded around the transverse scattering angles in the
lab frame [532]. The angle averaged product here is where the expressions for α and κ will differ form
the spin-independent model. Calculating to the first order in the collision equation in eq. (4.145), the
Legendre polynomial is expanded to first order as:

⟨Pj σ̂⟩ = ⟨P1σ̂⟩ = 1
2π

∫ 2π

0
dϕ

(
G+B

b2

xy
cosϕ

)
σ̂ [(1 + µ)bvT , A+B cosϕ] , (4.168)

where:

A = (x2 − a2 − b2)(y2 − a2 − b2)
4a2b2 ; (4.169)

G = (x2 + a2 − b2)(y2 + a2 − b2)
4a2xy

; (4.170)

B2 = 1 − A2

G2 −G2 +A2 , (4.171)

and the cross section is evaluated at vrel = (1 + µ)bvT and cos θ = A+B cosϕ [532].

To compute eq. (4.168), we first rewrite eq. (4.100) in the form eq. (4.101), Although there are multiple
degenerate choices here, we choose the parameters σ0, v0 q0 and K such that the maintain the correct
dimensions. Thus we choose σ0 = Z2e2µ2

χ

4π , q0 =
√

2M2
χ,N , v0 = 1 and K = 1

2

(
1

(1+µ)2 − 1
)

+ S where the
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parameter S is defined as:

S = 1
Z2

IN + 1
3IN

M2
χ,N

m2
p

µ2
N

µ2
p

. (4.172)

Starting from the form in eq. (4.101), we further decompose the momentum in terms of the angular and
velocity components such that q2 = 2b2ζ2

q q
2
0(1 − cos θCM) where b is defined as the velocity of the incoming

dark matter particle and θCM is the scattering angle in the centre of mass frame. The dimensionless
coefficients ζq and ζv are defined as ζq = q0

mχvT
and ζV = v0

vT
. The cross section then becomes:

d

cos θCM
= σ0

(
(1 + µ)2

ζ2
vζ

−2
q (1 + cos θCM)

+K

)
, (4.173)

where we have transformed the velocity from the lab frame ot the centre of mass frame. As we have
previously noted, the expression for the cross section possesses an infrared divergence where θCM → 0.
Once again, we use the momentum transfer cross section, giving the total cross section as:

σT,tot =
∫ 1

−1
d cos θCM (1 − cos θCM) dσ

d cos θCM
= σ0

(
(1 + µ)2

ζ2
vζ

−2
q

+ 2K
)
. (4.174)

Here, we note that the total cross section is independent of the velocity and the scattering angle. The
normalised total cross section is therefore constant and therefore equal to unity. The expression for Cout

in eq. (4.165) may now be calculated explicitly as:

Cout = µ
1
2

[(
w + 1

2w

)
erf(w) + 1√

π
e−w2

]
, (4.175)

where w = y√
µ [532].

We now normalise the differential cross section to the form required for eq. (4.168) to calculate the
incoming collision rate Cin. Here, the cross section is defined to be equal to unity where vT = 1, but as
there is no velocity dependence, we simply normalise the differential cross section to be:

σ̂ =
(1 + µ)2 + 2(1 − cos θCM)ζ2

vζ
−2
q K

2(1 + µ)2 + 4ζ2
vζ

−2
q K

. (4.176)

We can now insert the expression into eq. (4.168). There is no velocity dependence, but we do insert
A+B cosϕ for cos θCM obtaining:

⟨Pqσ̂⟩ = 1
2π

∫ 2π

0
dϕ

(
G+B

b2

xy

) (1 + µ)2 + 2(1 −A−B cosϕ)ζ2
vζ

−2
q K)

2(1 + µ)2 + 4ζ2
vζ

−2
q K

. (4.177)

We now perform the integral to give an expression for the angle averaged Legendre polynomial as

⟨P1σ̂⟩ = G
(1 + µ)2 + 2(1 −A)ζ2

vζ
−2
q K

2(1 + µ)2 + 4ζ2
vζ

−2
q K

−
B2 b2

xy ζ
2
vζ

−2
q K

2(1 + µ)2 + 4ζ2
vζ

−2
q K

, (4.178)

which simplifies slightly to give:

⟨P1σ̂⟩ = G

2 −
2GAζ2

vζ
−2
q K +B2 b2

xy ζ
2
vζ

−2
q K

2(1 + µ)2 + 4ζ2
vζ

−2
q K

. (4.179)

Notice here that all of the parameters that are specific to the magnetic dipole model are incorporated in
the expression ζ2

vζ
−2
q K. Using our definitions for ζv, ζq, v0 and q0, we note that

ζ2
q = q2

0
m2
χv

2
T

= 2
(1 + µ)2v2

T

, (4.180)
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and
ζ2
v = 1

v2
T

, (4.181)

which gives a combined expression for the dipole parameters as:

ζ2
vζ

−2
q K = (1 + µ)2

2
1
2

(
1

(1 + µ)2 − 1 + 2S
)

= 1
4
(
1 + (2S − 1)(1 + µ)2) , (4.182)

which gives a new expression for the angle averaged Legendre polynomial as:

⟨Pqσ̂⟩ = G

2 −

(
2GA+B2 b2

xy

) (
1 + (2S − 1)(1 + µ)2)

4(2S + 1)(1 + µ)2 + 4 . (4.183)

We have now reduced the expression for the angle averaged Legendre polynomial two input parameters µ
and S as well as the remaining velocity parameters. The expression for S in eq. (4.172) is only non-zero if
the relevant nucleus has a non-zero nuclear magnetic moment. It may be computed explicitly for each
nuclei present in the Sun and relevant to the simulations as a function of µ as:

Hydrogen-1: SH1 = 2.79285 µ2

(1 + µ)2 . (4.184a)

Nitrogen-14: SN14 = 1.076696 µ2

(1 + µ)2 . (4.184b)

Sodium-23: SNa23 = 5.385992 µ2

(1 + µ)2 . (4.184c)

Aluminium-27: SAl27 = 7.330418 µ2

(1 + µ)2 . (4.184d)

We have taken the magnetic dipoles and masses from the collated experimental results from ref. [557]. We
now have all of the required elements to compute the inward collision rate Cin and the outward collision
rate Cout, and hence the thermal conductivity and diffusivity.

4.4.4 Energy transport due to anapole dark matter

As for the magnetic dipole, the functional forms for anapole dark matter have not previously been analysed
for the purpose of the thermal conductivity and diffusivity. Of the three models, the functional form for the
anapole is perhaps the most interesting as it is a linear combination of momentum and velocity dependent
cross sections, namely σ0 ∼ q2 + v2 from eq. (4.121). As before, we need to calculate the operators Cout

and Cin. For the former, we need the total cross section then to be integrated via eq. (4.165), while for
the latter we need to calculate the angle averaged Legendre polynomial in eq. (4.168). Again to begin we
consider the generalised form of the cross section in eq. (4.122). We select v0 = 1, σ0 = M2

χ,N

2π
Z2e2g2

Λ4 and

q0 =
[

− 1
4M2

χ,N

+ 1
Z2

IN + 1
3IN

1
2m2

p

µ2
N

µ2
p

]− 1
2

. (4.185)

Using the definitions of the dimensionless parameters ζv = v0
vT

and ζq = q0
mχvT

gives an expression for the
generalised cross section in eq. (4.122) expanding the momentum in terms of the incoming velocity and
scattering angle as:

dσ

d cos θCM
= σ0

[
(1 + µ)2b2ζ−2

v + 2b2ζ−2
q (1 − cos θCM)

]
, (4.186)
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where the dimensionless velocity b is defined as b = v
vT

. The total cross section is calculated by integrating
with respect to cos θCM such that:

σtot =
∫ 1

−1
d cos θCM

dσ

d cos θCM
= 2σ0b

2 [(1 + µ)2ζ−2
v + 2ζ−2

q

]
. (4.187)

To calculate Cout, we need to normalise the cross section such that σ̂(vT ) = 1, noting that we need to
transform the velocity to the centre of mass frame we get:

σ̂T,tot =
b2 [(1 + µ)2 + 2ζ2

vζ
−2
q

][
1 + 2(1 + µ)−2ζ2

vζ
−2
q

] , (4.188)

here, we note the combination of ζv and ζq can be evaluated along with our definition for q0 to be:

ζ2
vζ

−2
q = mχ

q2
0

= 1
2(2S − 1)(1 + µ)2 , (4.189)

for S defined as eq. (4.172). We can therefore greatly simplify eq. (4.188) such that:

σ̂T,tot = b2(1 + µ)2 . (4.190)

Such a total cross section is a linear combination of momentum and velocity dependent total cross sections
investigated by ref. [532], so we can fully calculate the integrals required for Cout such that:

Cout(y) = µ
3
2

[
3 + 12w2 + 4w4

4w erf(w) + 5 + 2w2

2
√
π

e−w2
]
, (4.191)

for w = y√
µ .

Meanwhile, for the inward collision operator Cin we need to calculate the angle averaged Legendre
polynomial. The normalised differential cross section, from eq. (4.186) is given by:

σ̂ =
b2 ((1 + µ)2ζ−2

v + 2ζ−2
q (1 − cos θCM)

)
2ζ−2
v + 4(1 + µ)−2ζ−2

q

. (4.192)

We insert the differential cross section into the expression for eq. (4.168) with the substitutions b → (1+µ)b
and cos θCM → A+B cosϕ such that

⟨P1σ̂⟩ = 1
2π

∫ 2π

0
dϕ

(
G+B

b2

xy
cosϕ

)
b2 [(1 + µ)2ζ−2

v + 2ζ−2
q (1 −A−B cosϕ)

]
4ζ−2
v + 2(1 + µ)−2ζ−2

q

. (4.193)

Integrating out the angles and simplifying, we obtain:

⟨P1σ̂⟩ = b2G

2 (1 + µ)2 − b2

2 (1 + µ)2 − b2

2 (1 + µ)2 2GA+ 2B2 b2

2xy

(1 + µ)2ζ−2
v ζ2

q + 2
. (4.194)

We can modify this expression to give:

⟨P1σ̂⟩ =
b2G

2 (1 + µ)2

1 + 2ζ−2
q ζ2

v (1 + µ)−2 +
1
2b

2(1 + µ)2
[
G(1 −A) − b2B2

2xy

]
1
2 (1 + µ)2ζ−2

v ζ2
q + 1

. (4.195)

However, we note two results for ref. [532] for the momentum and velocity dependent cross sections:

⟨P1σ̂v2⟩ = 1
2b

2G(1 + µ)2 ; (4.196)
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and,

⟨P1σ̂q2⟩ = 1
2b

2(1 + µ)2
[
G(1 −A) − b2B2

2xy

]
, (4.197)

which illuminates the angle averaged Legendre polynomial of a cross section, which is a linear combination
of momentum and velocity dependent components, is itself a linear combination of angle averaged Legendre
polynomials of cross sections that are momentum and velocity dependent, that is:

⟨P1σ̂⟩ = ⟨P1σ̂v2⟩
1 + 2ζ−2

q ζ2
v (1 + µ)−2 + ⟨P1σ̂q2⟩

1
2 (1 + µ)2ζ−2

v ζ2
q + 1

. (4.198)

Utilising the expression in eq. (4.192), we can parameterise the linear combination in terms of a single
parameter S:

⟨P1σ̂⟩ = ⟨P1σ̂v2⟩
1 + 1

2 (2S − 1)
+ ⟨P1σ̂q2⟩

2(2S − 1)−1 + 1 . (4.199)

As the S parameter is µ dependent, and takes on four different coefficients depending on the nuclear
species, we essentially obtain five different linear combinations of the angle averaged Legendre polynomials,
including the case where the nuclear spin and hence magnetic dipole is zero. Here, we now have all of the
components for the full tabulation α and κ for all models with the various values of S for the magnetic
dipole and anapole models.

4.4.5 Tabulation of diffusivity and conductivity coefficients

We are now ready to compute and tabulate the thermal diffusivity α and conductivity κ using the
mathematics developed above. Following ref. [532], we construct a discrete distribution of the lowest order
spherical harmonics of the phase space f00

0 , defined in eq. (4.149), into a 500 element vector. We normalise
the velocity distribution with respect to the thermal velocity vT and consider a range of velocities from
y = 0 to y = 5, where the y = 5 case forms the upper limit to the integral over the velocities as it
corresponds to particles with a velocity five times the thermal average. We then use the expressions
for Cout in eqs. (4.164), (4.175) and (4.191), the expressions for ⟨P1σ̂⟩ in eqs. (4.183) and (4.199) with
the relation between the angle averaged Legendre polynomial and the inbound collision operator Cin in
eq. (4.167) to compute the collision operator itself as C, a 500 × 500 element matrix acting upon the
discretised phase space vector. Indeed, we compute a different C for each of our models, as well as the
different choices of S as defined by eq. (4.172) We then are able to perform a matrix inversion on C to find
the inverted operator C−1 as required to compute α in eq. (4.150). From here, we compute the first order
spherical harmonics of the phase space distribution f10

1 using eq. (4.153), which allows us to compute
the thermal conductivity κ using eq. (4.152) These raw values are then tabulated, though in order to
utilise them in calculation, we must re-insert the cross section and elemental abundance dependencies
using eqs. (4.154) and (4.155). We compute the different values of C for a range of values of the mass
ratio µ = mχ

mN
from 10−2 to 102. The tabulated diffusivity and conductivity coefficients for each model

are plotted in figure 4.3. We segregate the nuclei with non-zero spin and show these results separately
alongside the zero spin calculations.

We compare the results for the thermal diffusivity α and conductivity κ for each of the electromagentic
dipole models with a model representing a constant, momentum and velocity dependent spin independent
model, listed in figure 4.3 as SI. For the electric dipole moment models, the diffusivity is enhanced relative
to the spin-independent case for small µ, that is, the dark matter mass is much smaller than the nucleon
mass, but the conductivity is enhanced for large µ. For larger masses, where the momentum transfer
relative to the size fo the dark matter particle is smaller, the q−2 cross section means that there will be
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Figure 4.3: Dimensionless thermal diffusivity α (left) and conductivity κ (right) as a function of mass
ratio µ. The plots at the top compare values for spin-independent (SI), electric dipole moment (ED),
magnetic dipole moment (MD), and anapole moment (AN), with S = 0 for the latter two. The middle
and bottom graphs compare the α (left) and κ (right) for non-zero values of S for the magnetic dipole
(middle) and anapole (bottom) respectively (see Eqs. (4.183) and (4.199)).
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on average more interactions capable of transferring energy. The q−2 interaction arises as the force carrier
here is the photon, rather than a heavy weak boson, making the momentum transfer more efficient.

The diffusivity and conductivity coefficients for the magnetic dipole model follow closely to the constant
cross section spin independent model. The result is expected since we have already discovered that the
momentum and velocity dependencies of the magnetic dipole moment cancel out leaving only an angular
dependence on the cross section. For larger values of µ the conductivity decreases slightly relative to
the spin independent model. Here, there second term in eq. (4.183) becomes significant, resulting in a
cancellation which reduces the total inbound rate of scattering Cin. As the scattering is angular dependent,
there are angles of scattering which result in a reduced cross section. Where the dark matter particle is
significantly smaller larger than the nucleus, the relative contributions from the nuclear spin that generate
the angular dependence are more important. The angular dependence for heavy dark matter is due to
the requirement that the dark matter particle should have a component of its spin, which generates the
magnetic dipole, oriented parallel to the incoming nucleus to maximise the interaction strength. For light
masses, the cross section is dominated by the electric field induced by the changing magnetic field which
lacks the angular dependence.

The anapole model produces the most significant diversion from the standard spin independent cross
section of the three models. For small masses, the anapole produces a much more compact halo as it is
less able to diffuse, while for large masses, the anapole diffuses more easily but cannot as easily conduct
energy transfer. The anapole cross section follows the behaviour of the q2 and v2 models of [532], where
the momentum dependence means that heavy mass particles are more likely to undergo interactions
producing some level of energy transfer. The result is that low mass anapole models produce compact
halos with smaller outwards diffusivity along the temperature gradient. The larger masses diffuse more
easily but there increased interactions mean that the distanced travelled between interactions is smaller,
reducing the long distance energy transport.

The models considering the interaction between the magnetic dipole and anapole models with the non
zero spin nuclei which produce a non zero value for S in eq. (4.172) are shown in the middle and bottom
panels in figure 4.3. Here, we consider the interaction between the four nuclei in the sun with non zero
spin with a non-negligible abundance, namely 1H, 14N 23Na, 27Al. Of these nuclei, the hydrogen is by far
the most prominent in the Sun. For the magnetic dipole, there is very little modification to the thermal
diffusivity. For the remaining models, there is a minor modification to the diffusivity and conductivity
coefficients provided the dark matter mass is greater than the nucleus mass. For the anapole, the added
spin components slightly increase the thermal conductivity, since the new terms reduce the size of the
momentum dependant terms that cause the conduction to be inefficient. Meanwhile the magnetic dipole
decreases the thermal conductivity as the new spin terms make the momentum dependent components
larger.

4.4.6 Effectiveness of energy transport

As we have now developed all of the relevant theory for analysing the effect of electromagnetic dipole dark
matter on the solar interior, we can analyse each of the models to see which are more or less efficient in
providing a mechanism for energy transport inside the Sun. The models which are particularly efficient
are the most likely to be a viable solution to the solar abundance problem.

To begin, we define the total energy transported per unit mass at a given radius r from the centre of
the Sun as:

ϵχ(r) = 1
4πr2ρ(r)

dLχ(r)
dr

, (4.200)
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Figure 4.4: Average absolute value of the rate of energy transfer |ϵ| for spin independent dark matter
(top left), electric dipole dark matter (top right), magnetic dipole dark matter (bottom left) and anapole
dark matter (bottom right). The blue line illustrates the saturation capture rate, above which the
population of dark matter within the star is roughly constant. The colour scale is measured in units of
log10

(
ϵ [ erg g−1 s−1]

)
.

where ρ(r) is the density profile of the nucleus matter of the Sun, and Lχ(r) is the luminosity transported
as defined in eq. (4.157). For a spherically symmetric star, the average rate of energy transport is then
given by:

⟨|ϵχ|⟩ =
∫ R⊙

0 r2|ϵχ(r)|dr∫ R⊙
0 r2dr

, (4.201)

for a star of radius R⊙. By averaging the energy transported in this way, we obtain a rough approximation
for the magnitude of the changes to the solar structure due to the additional energy transport. It does
not necessarily indicate that the additional energy transport causes changes to the solar structure in a
way that reduces the tension in the sound speed profile. The averaged energy transported for each of our
models is presented in figure 4.4 for a star with an age of 4.59 Gyr based on the AGSS09ph model [491].

There are multiple physical processes that are affecting the total energy transported by the dark matter
inside the Sun. Firstly, the total energy transported is dependent on the sum total of dark matter particles
in the Sun as determined by the capture rates in section 4.3. We show the level at which the capture
rate is saturated as a blue line in figure 4.4. Where the model exists below the saturation threshold, the
total number of particles decreases with the square of the interaction strength, which reduces the overall
population and hence luminosity as Lχ is linearly dependent on nχ in eq. (4.157). For each of the models
under consideration here, the saturation point occurs at or near the models where the energy transport is
maximised. Models which saturate the cross section are much more likely to produce a solution to the
solar abundance problem.
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For each of the models, there is a balance between the local thermal equilibrium solution and the
Knusden transport regime. Between these two regimes, there is a band where the energy transport is
maximised. Where the model is in the local equilibrium regime, decreasing the interaction strength
increases the total energy transported. Here, the stronger interactions interact more frequently, meaning
that the dark matter is more readily thermalised with the local solar environment and cannot transport
energy over any significant distance. Where the model is in the Knusden regime [481], the mean free path
is long, allowing energy to be transported long distances. However, the small interaction strength reduces
the amount of energy that can be transported. Such a regime is also likely to be below the saturation cut
off as it becomes possible for the dark matter particle to perform one or more orbits between interactions.
The result is the energy transported is maximised at the transition point between the local thermal
equlibrium and Knusden regimes, that is, where the mean free path is approximately equal to the scale
factor in eq. (4.158).

Finally, there is a dependence of the energy transported on the mass of the dark matter particle,
although we do not consider as wide a range of masses as in section 4.4.5. In general, the energy transported
is stronger for smaller masses as for most of the models, the thermal conductivity is greater for smaller
mass particles. The exception is for the electric dipole model, where the conductivity is much greater for
high mass particles. Thus for the electric dipole, the energy transported does not decrease with mass over
the range we consider here.

We have now developed and understood all of the elements required to simulate the effect of electro-
magnetic dipole dark matter within the Sun. We have computed the total number of particles in the Sun
by considering the capture rate of each of our models, which was dependent on the cross section of dark
matter scattering from a nuclei. We have discovered the fundamental limit of saturation on the capture
rate, and noted that models which saturate are significantly more likely to produce a large amount of
energy transport. Further, we have introduced two mechanisms for energy transport, the local thermal
equilibrium and Knusden transport and developed the required calculations for both. The total energy
transport is maximised at the nexus between these to regimes, where the mean free path of the particle is
equal to the scale factor rχ. We have encapsulated the physics of the local thermal equilibrium model in
terms of two dimensionless parameters, namely the thermal diffusivity α and conductivity κ and produced
tabulations for each. We now have all of the necessary ingredients to perform full simulations of the Sun
to predict the effect of dark matter on the physical observables.





Chapter 5

Simulating dark matter in the Sun

Having developed the relevant theory to describe the interactions of dark matter within the Sun, we
now consider implementing the solar theory into simulations of the Sun to make predictions about solar
observables, in particular the sound speed profile. We perform simulations of the Sun in the presence of
dark matter using the modified DarkStec code [494,495,533]. The DarkStec code combines the stellar
evolution features of the GARSTEC Garching Stellar Evolution Code and the dark matter capture and
transport features from the DarkStars code. GARSTEC has been developed over many authors and versions
originating from the legendary Kippenhahn stellar evolution code [526,558–563]. It provides a convenient
and effective method of tracking the solar abundances in the standard solar models. The DarkStars

code is evolved from the STARS stellar evolution code [564–567] with the implementation incorporated to
include dark matter physics from DarkSUSY [554,556,568–571].

DarkStec takes, as an input, a protostellar model which, when evolved, gives a star with similar
characteristics to the Sun. It then calculates a number of physical parameters, namely the age (τ⊙ =
4.57 Gyr), the solar luminosity L⊙ = 3.8418 × 1033 erg s−1, the solar radius R⊙ = 6.9598 × 1010 cm and
the metal to hydrogen fraction (Z/X)⊙ = 0.0181 [491]. These quantities discriminate whether the output
model is to be accepted as a description for the Sun. If not, then input parameters of the protostellar
model must be varied. The parameters considered are the mixing length parameter, conventionally labelled
αMLT, and the initial helium and metal mass fractions Yini and Zini respectively. The code then follows a
Newton-Raphson iteration scheme to calculate the best-fit parameters [495]. We terminate the iteration
regime when the constraints are satisfied to better than a part in 104. We consider adjusting several input
parameters to the model to calibrate the iteration scheme, namely, the initial helium abundance (Yini)
and metallicity (Zini) of the models and the mixing length parameter αMLT, associated with the efficiency
of convection.

There is no guarantee that the iteration scheme converges for one of two reasons. First, the iteration
may not converge to an acceptable stellar model due to the vagaries of the root finding algorithm. Second,
the iteration may be aborted midway due to unexpected behaviour in the stellar evolution. These problems
can arise in models where dark matter may be transporting energy in an unusual or unexpected manner.
For example, if dark matter carries too much energy out of the core, the temperature of the core may
become significantly lower than its surroundings. The result is an unusual distributions of nuclear fusion
within the star, possibly resulting in a density inversion. The code is not designed to handle such physics
and may fail. Regions of the parameter space which do not converge are identified in all plots in grey.
Whilst a solution may exist for at least some points which do not converge, the surrounding parameter
points are often in very strong disagreement with observations. For the plots in this section, regions
around the non-converging regions may show discontinuities in the contours due to difficulties in the
interpolating procedures.
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The impact of electromagnetic dipolar dark matter physics on the stellar evolution outlined in section 4
required some modification to the original DarkStec code. The capture rate evaluation was rewritten
to be able to handle more complicated momentum and velocity-dependent cross sections, which may
be passed into the program analytically or numerically. Previously, the code could only accept analytic
expressions of the cross section. Whilst acceptable for constant cross section or generalised momentum or
velocity-dependent dark matter, it was not suitable for the more involved expressions for the magnetic and
anapole moments. The new routine is also more adaptable to more accurate electromagnetic form factors
within the capture rate [537]. Contrastingly, the calculation of thermal conduction due to electromagnetic
dipolar dark matter needed only the insertion of the recalculated tables for the parameters α and κ

outlined in section 4.4.

We perform solar calculations for five different categories of models, and numerous point of parameter
spaces therein. Each electromagnetic dipole moment from section 4.2 contributes one category. Additionally,
we consider a model of dark matter with a constant spin-independent cross section determined by a
arbitrary parameter σ0, which has previously been the orthodox implementation of dark matter within
the Sun. Finally, we consider a solar model without any dark matter at all, corresponding to the baseline
interpretation of the standard solar model. For the four categories with dark matter, we simulate a solar
model on a grid of points in a parameter space covering the dark matter mass mχ and the electromagnetic
or spin independent coupling parameter, represented by D, µχ, g

Λ2 or σ0 as appropriate. We consider a
range of masses from 3 GeV and 30 GeV. The lower bound is determined by the limits of evaporation on
low mass dark matter, with models with masses below ∼ 4 GeV subject to strong evaporation rates and so
should be treated with caution [552]. The upper limit is chosen as an order of magnitude above the most
common nuclear masses in the Sun, beyond which the effects of solar transport are muted. The ranges
for the coupling strengths are selected based on the direct detection constraints, the interaction strength
at which the capture rate is saturated, and the nexus point between the local thermal equilibrium and
Knusden transport. Where regions showed substantial deviation from the case of no dark matter, the
grid of the parameter space is calculated to a higher resolution. Where no points in the parameter space
showed any results of interest, the bounds of the parameter space were widened.

For each point in our parameter space grids, we compute a number of outputs that can be compared
to well-measured solar observables. Using these outputs, we can compute a goodness of fit for each of the
simulations. In this chapter, we consider a number of solar observables available which show moderate to
severe discrepancies from the Standard Solar Model [495,526,533]. Note that the choice of observables are
not necessarily independent, nor provide a complete description of the defects in our understanding of
the Sun. We now consider each of these solar observables in turn, including the solar neutrino fluxes in
section 5.1, helioseismology and the sound speed profile in section 5.2, the frequency separation ratios in
section 5.3, the convection zone depth in section 5.4 and surface helium abundance in section 5.5. Finally
we compute a total likelihood for all observations in section 5.6.

5.1 Solar neutrino fluxes

The first constraints that we consider provide tight bounds on the behaviour of the models in the inner
core of the Sun, namely, the observed solar neutrino fluxes due to 7Be and 8B. The vast majority of
neutrinos emitted from the Sun arise from the nuclear fusion of photons into deuterium via the process
p+ p → d+ e+ + νe. However, a small number of neutrinos are emitted from higher order processes, due
to the nuclear fusion of a number of composite nucleons. The key processes that we consider are the
fusion processes of boron and beryllium, in particular, 7Be + e− → 7Li + νe and 8B → 8Be + e+ + νe. Due
to the higher energies involved in such fusion interactions, the neutrinos produced by these interactions
follow a different energy spectrum, and may be distinguished in neutrino detection experiments from the
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Figure 5.1: Ratio of predicted 7Be neutrino flux to the measured value ϕBe,obs = 4.82 × 109 cm−2 s−1

for spin independent dark matter (top left), electric dipole dark matter (top right), magnetic dipole
dark matter (bottom left) and anapole dark matter (bottom right). The expected value is 1. The white
contours show the regions where the flux is 1σ above/below the expected value . Simulations in the grey
regions did not converge.

proton fusion neutrinos. Such neutrinos also have a sufficiently high flux when they reach Earth to be
precisely measured without large uncertainties. The aggregated results give values for the flux of neutrinos
from 8B decays as ϕB,obs = 5.16 × 106 cm−2 s−1 and the flux of neutrinos from electron capture of 7Be as
ϕBe,obs = 4.80 × 109 cm−2 s−1 [572, 573]. The observational errors on the fluxes are estimated at 5% and
the additional error due to modelling effects are estimated to be ∼ 14% and ∼ 7% respectively [495,533].

The relative flux of the 7Be and 8B neutrinos is highly dependent on the core temperature of the Sun.
If the core temperature heats or cools, the rate of fusion of these elements changes substantially due to
the amount of energy available, which in turn alters the neutrino fluxes. Analytical approximates suggest
that the dependence on the ratio of neutrino fluxes on the core temperature models as ϕB

ϕBe
∼ T 13.5

c where
Tc is the core temperature [574,575]. We therefore treat the neutrino fluxes as a very sensitive test of the
impact of introducing dark matter on the core temperature of the Sun, a feature that is difficult to probe
using the sound speed profile due to the low order oscillations required. Since the proposal of introducing
dark matter into the Sun is to provide mechanisms for energy transport out of the core into the radiative
zone, such bounds on the core are an important test of whether the dark matter thermal transport has
irrevocably cooled the core to unacceptable levels.

We show the simulated neutrino flux across our parameter spaces as a ratio with the measured neutrino
fluxes in figures 5.1 and 5.2 for neutrinos from 7Be and 8B respectively. Models without any dark matter
or where the introduction of dark matter has a minimal impact provide an excellent fit to the observed
models. Such regions are shown in figures 5.1 and 5.2 in green. Where the dark matter is introduced to
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Figure 5.2: Ratio of predicted 8B neutrino flux to the measured value ϕB,obs = 5.00 × 106 cm−2 s−1 for
spin independent dark matter (top left), electric dipole dark matter (top right), magnetic dipole dark
matter (bottom left) and anapole dark matter (bottom right). The expected value is 1. The white and
black contours show the regions where the flux is 1σ and 2σ above/below the expected value respectively.
Simulations in the grey regions did not converge.

the Sun and has a small to moderate impact, the overall effect is a broad worsening of the fit. For each
of these models, the reduction on the fit can be more than 2σ, shown as black contours, beyond which
the models fail to converge as they can not replicate the observed physics of the Sun. The bands which
correspond to the reduction in core temperatures neatly corresponds to the regions with significant energy
transport from figure 4.4. For each of the models, there is a regime near to the bands on non-convergence
which only corresponds to a 1σ depreciation in the fit, shown as a white contour. Such models are still
broadly acceptable as a viable measurement of the Sun. The band where dark matter has a substantial
impact on the Sun is shown in blue and is truncated for the magnetic dipole and anapole models above
mχ > 15 GeV and mχ > 5 GeV respectively. The band in each case corresponds to a reduced core
temperature. The reduction in neutrino flux for the 8B neutrinos is more pronounced as the 8B neutrino
flux is more sensitive to the core temperature. The neutrino fluxes provide an important discriminating
feature on our dark matter models.

5.2 Helioseismology

One of the best probes of the structure of Sun is helioseismology, specifically the sound-speed profile. To
recap, helioseismology is the measurement of surface oscillations of the Sun with Doppler radar, which
indicate the propagation of pressure waves throughout the Sun. Such propagation is presented as a
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Figure 5.3: Combined likelihood χ2 of the sound-speed profile defined in eq. (5.1) for spin independent
dark matter (top left), electric dipole dark matter (top right), magnetic dipole dark matter (bottom
left) and anapole dark matter (bottom right). The green star shows the best-fit χ2 and the black and
white contours show the preferred regions at 1 and 2σ respectively, corresponding to ∆χ2 = 2.3 and 6.18
respectively. Simulations in the grey regions did not converge.

function of the radius of the Sun via the sound speed profile, as determined from inversions from the
oscillation modes. The sound speed profile is predicted from the standard solar model via the measurement
of the temperature T and mean molecular weight µ at a given radius in the Sun, which is approximated
by c2 ∼

√
T
µ .

The standard solar models with the updated surface composition [491, 492, 526] are not generally
compatible with helioseismology observations. At the core, R ∼ 0.2R⊙, the models predict a sound
speed larger than observed, while in the radiation zone, that is 0.2 ≲ R ≲ 0.7, the models predict a
sound speed smaller than observed. However, in the convective zone, defined by R ≳ 0.7R⊙, there is
good agreement as expected since the temperature gradient is by definition adiabatic. Provided the
AGSS09ph abundances [491,492,526] are appropriate throughout the Sun, there is strong evidence for
some mechanism for transporting energy from the core to the radiative zone to match the results to the
observations. The goal of introducing dark matter is to provide a modification to the temperature profile
due to an additional energy transport mechanism, plus minor changes to µ such that it can satisfy the
standard solar models.

We compare the sound speed profile simulated by DarkStec to the helioseismological inversions
calculated by ref. [576]. There are two main contributions to the errors in these measurement. The first is
the error due to the uncertainties in modelling, which we take from ref. [495]. The second is the error
due to the helioseismological inversion, which are taken from ref. [577]. We add both errors together in
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Figure 5.4: Best fit profile of the sound speed for spin independent dark matter (SI), electric dipole dark
matter (ED), magnetic dipole dark matter (MD) and anapole dark matter (AN). The light blue regions
are the 1σ and 2σ errors from modelling. The green regions are the 1σ and 2σ errors from inversions.
The red profile is the AGSS09ph [491] without dark matter.

quadrature. From here, we define an effective χ2 value following ref. [495]:

χ2
cs

=
∑
ri

(cs,model(ri) − cs,hel(ri))2

σ2
cs,hel(ri)

. (5.1)

We sample the data for the calculation of the χ2 value from 5 equally spaced radii ri between R = 0.1R⊙

and R = 0.67R⊙, the upper limit chosen as the boundary of the radiative and convective zones, while
the lower limit is chosen near but not at the core in order to maintain statistical independence from the
neutrino measurement. The measured helioseismological values in the core have large uncertainties, while
the measured helioseismological values in the convection zone are all in good agreement with the models.
Note that the sound speed profile and the frequency separation ratios both derive from helioseismology
observations and so are not statistically independent and can not be combined in a χ2 fit.

We compute the sound speed profile for each point in the parameter spaces, and the χ2 likelihood
fit by eq. (5.1) and present the χ2 fits in figure 5.3. The darker red regions in figure 5.3 correspond to
better fits to the sound speed profile. The regions which show an improvement to the sound speed profile
correspond to the same regions which show the decreases to the fits to the neutrino fluxes in figures 5.1
and 5.2, since in general the increased energy transport that reduces the sound speed profile reduces the
core temperature of the Sun. Many of the models remove too much heat from the very inner core of the
Sun, or don’t deposit it efficiently into the radiative zone. The result is a modelled sound speed in the
inner core R < 0.1R⊙ well over 4σ from observations, similar to the exclusion from the observations of
the neutrino flux.

We now compare the parameter points for each model which produce the best fit to the sound speed
profile to the sound speed profile in models without any dark matter. The best fit sound speed profiles
are shown in figure 5.4. All of the best fits occur at light dark matter masses, which we note corresponds
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Figure 5.5: Small frequency separations r02 (left) and r13 (right) for the best-fit models to helioseismological
observations. Data is compared to the Standard Solar Model (SSM) and BiSON experiment [578]. The
error bars correspond to observational and modelling error [495]. Below each figure are the residuals with
respect to BiSON data, in units of the total error.

to the regime where evaporation effects are significant. The best fit model for all models provide a
remediation of the tension at the base of the convective zone, R ∼ 0.6R⊙ to well within the standard
error. However, all models increase the speed of sound near the core of the Sun; the best fit models for the
momentum-dependent electric dipole and anapole most egregiously. Here, the results are best constrained
by the neutrino flux. Such best fit models correspond to decreases in the neutrino flux of up to 35%. The
sound speed profile of the magnetic dipole closely follows that of the spin indepednent model, since both
have approximately equal thermal conductivities κ for low mass ratios. Meanwhile, the anapole at these
mass regimes has a more tightly packed distribution due to the thermal diffusivity α, partially explaining
the change in distribution in the core. Our models improve the fits from other works on spin independent
dark matter [493,547] due to the improved description of energy transport we follow from refs. [495,533].

5.3 Frequency separation ratios

Another related probe that relates the inner structure of the Sun to helioseismology measurments are the
so-called frequency separation ratios. Since the ratios do not rely on the inversion of the oscillation modes
and are not as dependent on the solar surface composition [579], they are sensitive to the core structure
of the Sun whilst minimising systematic errors [578, 580]. The frequency separation ratios are defined
by the relative sizes of the differences of adjacent frequencies of solar oscillations, in particular the low
frequencies, namely:

r02(n) = d02(n)
∆1(n) , r13(n) = d13(n)

∆0(n+ 1) , (5.2)

where
dl,l+2(n) ≡ νn,l − νn−1,l+2 ≃ −(4l + 6) ∆l(n)

4π2νn,l

∫ R⊙

0

dcs
dr

dr

r
, (5.3)

and ∆l(n) = νn,l − νn−1,l for
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Figure 5.6: Combined likelihood χ2 of the small frequency separation ratios defined in eq. (5.4) for spin
independent dark matter (top left), electric dipole dark matter (top right), magnetic dipole dark matter
(bottom left) and anapole dark matter (bottom right). The green star shows the best-fit χ2 and the
black, white and cyan contours show the preferred regions at 1, 2 and 4σ respectively, corresponding to
∆χ2 = 2.3, 6.18 and 19.33 respectively. Simulations in the grey regions did not converge.

We define a combined χ2 statistic for the frequency separation modes for a range of radial modes n for
each of the separation ratios r02 and r13 such that:

χ2
rl,l+1

=
∑
n

[rl,l+2,th.(n) − rl,l+2,obs.(n)]2

σ2
obs.(n) + σ2

th.(n) . (5.4)

We present the parameters space points which show the best fit to the frequency separation ratios r02

and r13 as measured by the BiSON experiment [578, 580] for each of the dark matter models in figure 5.5.
Dipole moment dark matter improves the error in the frequency separation modes from approximately
3 − 4σ to within approximately 2σ, with the exception of the electric dipole model at low frequencies,
due to the q−2 dependence of the electric dipole cross section. The overall χ2 for both models, namely
χ2
r02

+ χ2
r13

fits for the entire parameter space are shown in figure 5.6. Not all of the regions which show
the best fit to the sound speed profile, as the frequency separation ratios are more sensitive to changes in
the solar core, and so provide a better overall fit to the energy profile throughout the Sun.

5.4 Depth of the convection zone

We now move out from measurements dependent on the inner, nuclear fusing core of the Sun to parameters
that are found in the outer regions, which are less related to the helioseismology observations. The first
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Figure 5.7: Ratio of predicted convective zone depth to the measured value Rcz = 0.713R⊙ for spin
independent dark matter (top left), electric dipole dark matter (top right), magnetic dipole dark matter
(bottom left) and anapole dark matter (bottom right). The expected value is therefore 1. The white and
black contours show the regions where the Rcz is 1σ and 2σ above/below the expected value respectively.
Simulations in the grey regions did not converge.

such observation we consider is the depth of the convection zone Rcz. Also known as the tachocline, it
denotes the boundary between the radiative zone, where major heat transfer mechanism is radiation by high
energy photons, and the convection zone, where convection patterns are the main heat transfer mechanism
and the matter exists in local thermal equilibrium. Nuclei in the convection zone are transported from
the tachocline to the surface via the convection mechanisms, while nuclei in the radiative zone are
typically confined locally subject to the pressure and temperature gradients [581,582]. The homogenous
nature of the convection zone means that the elemental composition is well known throughout based
on surface measurements. The convection zone depth is measured from the higher frequency modes
of helieoseismology, since the propogation of pressure waves undergoes a step change at the boundary
between the two zones, as their is a discontinuity in the derivative of the temperature gradient.

The value for Rcz is determined by calculating the discontinuity of the temperature gradient from the
sound speed profile, making the measurement of the convection zone radius not statistically independent
form the sound speed profile. The measured values of the convection zone radius is calculated from
observations to be Rcz = (0.713 ± 0.001)R⊙ [521, 582–584] which is approximately 3σ above the value
predicted by standard solar models without any dark matter, a significant tension.

We present the ratio of the predicted to measured convection zone radius for each point in our
parameter spaces for each of our models in figure 5.7. The models which do not modify the convection
zone radius are shown as red in figure 5.7, indicating that they are in significant tension with the observed
model. The better fits are indicated in yellow or green, in regions that correspond to the better fits to the



122 Simulating dark matter in the Sun

sound speed profile in figure 5.3. Indeed, the key feature of the best fits to the sound speed profile in
figure 5.4 is an improvement to the major discrepancy at around 0.65R⊙, just inside the convection zone
radius. Such models have provided sufficient energy transport into the radiative zone which increases the
temperature gradient, exceeding the adiabatic gradient at a lower depth. However, such energy transport
tends to correspond to the regions with poorer fits to the neutrino fluxes. The tension between the cooling
of the inner core and heating of the convection zone is at the heart of the solar abundance problem.

5.5 Surface helium abundance

The best way of measuring the impact of the new models of dark matter on the convection zone, which
runs all the way from the convection zone radius Rcz to the surface of the Sun is by measuring the surface
helium abundance. Convective heat transfer means that the temperature and compositional profile at the
surface is deterministic of the properties of the entire convection zone at time scales of months, rather
than the thousands of years for the changes of structure in the remainder of the Sun. At the outer surface
of the Sun is the solar convective envelope, where a second ionization of helium occurs in a region around
R = 0.98R⊙ [527], which causes a sharp depression in the adiabatic index, defined as Γ1 = ∂ logP

∂ log ρ

∣∣∣
ad

. The
depression affects the propogation of the pressure waves through the Sun and hence the high frequency
helioseismology modes. The magnitude and position of the depression is determined by the proportion
of helium to other nuclei, mainly hydrogen, in the convection zone. Due to the chemical mixing in the
convection zone, the surface helium abundance can be measured independently from helioseismology
through photospheric observations. Both are well in agreement. The best measurements for the surface
helium abundance are Ysurf = 0.2485 ± 0.0034 [527].

Since the introduction of dark matter is to effect the energy transport in the Sun, it is expected that
there will be a reduction in temperature in the solar core, where nuclear energy is released through fusion
reactions. Such a reduction in temperature for any given star would be expected to reduce the total energy
produced through nuclear fusion, and hence both the temperature throughout the star and the abundance
of nuclear fusion by products would be reduced. However, in iterating our initial conditions to produce an
overall luminosity that matches the observed solar luminosity L⊙, we have marginally adjusted the initial
hydrogen and helium abundances from the standard solar models in order for the resultant start to match
the present day Sun. The resultant reduction in helium abundance is propagated through to the solar
surface in a number of models we consider, though at most the reduction is 1 − 2%, approximately 1σ of
the overall error budget.

For the vast majority of parameter points we consider, however, the effect on the surface helium
abundance is negligible. We do not show the contour plots for the surface helium abundances as there is
not a sufficiently significant variation for any but the most extreme cases. Most changes in the convection
zone are convectively mixed, reducing the overall impact on any one observable at a single layer. The
results are included in our overall consideration of the likelihoods.

5.6 Total likelihood

We have now considered the impact of introducing dark matter into the Sun on a range of helioseismological
observables at all layers of the Sun. The temperature of the inner core is represented by the 8B and 7Be
neutrino fluxes, the outer core and inner radiation zone is measured by the frequency separation ratios,
the size of the outer radiation zone and temperature gradient is determined by the convection zone radius,
and the properties of the convection zone are determined by the surface helium abundance. We can now
construct a combined total likelihood by combining the χ2 measurements from each of these observables
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Figure 5.8: Combined χ2 of neutrino fluxes, convective zone radius, surface helium abundance and
frequency separation ratios matching observed values as given by eq. (5.5) for spin independent dark
matter (top left), electric dipole dark matter (top right), magnetic dipole dark matter (bottom left) and
anapole dark matter (bottom right). The green star shows the best-fit χ2 and the black, white and cyan
contours show the preferred regions at 1, 2 and 4σ respectively, corresponding to ∆χ2 = 2.3, 6.18 and
19.33 respectively. Simulations in the grey regions did not converge.

as an overall χ2 as:

χ2 = (ϕB − ϕB,obs)2

σ2
B

+ (ϕBe − ϕBe,obs)2

σ2
Be

+ (Rcz −Rcz,obs)2

σ2
Rcz

+ (Ysurf − Ysurf,obs)2

σ2
Ysurf

+ χ2
r02

+ χ2
r13

. (5.5)

taking the measurements from uncertainties from each of the observables independently. We do not include
the sound speed profile as it is directly correlated with the frequency separation ratios and convection
zone radius, and partially correlated with the surface helium abundance. We plot the total χ2 likelihood
for each point in parameter space in figure 5.8. We further present the points of parameter space which
producess the best fit overall χ2 likelihood in table 5.1. The best fit models overall roughly correspond to
the best fit models for the sound speed profile and small frequency separations from figures 5.4 and 5.5
respectively, there being minor variations in the masses or coupling strengths.

On the whole, the introduction of any mechanism for energy transport due to dark matter improves
the fit of the standard solar model to the selected observables compared to the case without any dark
matter at all. In particular, the introduction of the electric dipole, magnetic dipole and anapole models
perform better than the canonical spin independent dark matter at explaining the relevant observables.
The reduced fit in the neutrino fluxes from the core of the Sun is at least partially offset by the improved
measurements of the frequency separation ratios. The electric dipole and magnetic dipole interactions
perform particularly well at mitigating the helioseismology tension without causing too much tension to
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Runtype mχ Coupling Strength νBe7 νB8 Rcz Ys χ2
total

no DM - - 4.71 4.95 0.722 0.236 1000.0
SI 5 σ0 = 10−37.5 cm2 4.366 3.714 0.720 0.234 72.6
ED 3 D = 10−9.5 e−cm 4.422 4.153 0.719 0.233 42.6
MD 3 µχ = 10−3.0 µp 4.418 3.961 0.720 0.234 50.6
AN 3 g

Λ2 = 103.0 GeV−2 4.280 3.640 0.718 0.233 36.3

Table 5.1: Table of parameters for best fit models. The run types are: Spin Independent (SI), Electric
Dipole (ED), Magnetic Dipole (MD), Anapole (AN). The mass is in units of GeV. The beryllium-
7 neutrino flux is in units 10−6cm−2s−1, the boron-8 neutrino flux is in units 10−9cm−2s−1 and the
convective zone radius is in units R⊙.

the neutrino fluxes. Caution needs to be considered, however, due to the mass of the best fit particles.
Each of the masses that generates the best fit is the lowest in the parameter space that we can consider
before the effects of evaporation become dominant [552].

5.7 Discussion

Introducing dark matter into the Sun is an appealing, though not conclusive, mechanism for alleviating
the tension between the standard solar models and the helioseismology observations. It has also provides
a possible hint at the nature of dark matter if no other solution to the solar abundance problem can be
found. Potentially favoured models include dark matter interacting through an anapole with an anapole
moment of 1 GeV−2 and mass 3 GeV or an electric dipole moment with mass 3 GeV and dipole moment
of 10−10 e - cm, though the viable models cover a non trivial part of the parameter space. All dark matter
models have the ability to trigger some improvement to the helioseismological parameters beyond the
standard solar model without any dark matter.

There is, however, a major problem with these findings. All of the favoured points in the parameter
space for each of these models is well within the exclusion regions for direct detection, beam dump and
collider constraints on electromagnetic dipole dakr matter [394, 400, 402]. The anapole moment and
magentic dipole bounds are bounded above ∼ 10−4 GeV−2 and 10−4µp respectively for the given dark
matter mass that produces the best fit. These bounds are more than an order of magnitude below the
required best fit models for the Sun. Without a theoretical novelty to explain away the lack of direct
detection of these models of dark matter, it is almost impossible to reconcile these models of dark matter
existing in the Sun.

Despite the fact that the models are excluded by other experiments, the concept of introducing dark
matter into the Sun does provide an example solution for the types of physics may be able to solve the
solar abundance problem. Even then, that the inclusion of dark matter in general worsens the fit for
the neutrino fluxes and surface helium abundance, hints that other mechanisms may be required, even
if it replicates the same mechanics of energy transport. We have also made liberal assumptions about
the number of dark matter particles in the Sun. By assuming that the annihilation and evaporation
processes are negligible compared to the capture process, we have generated the best case scenario for
the overall population of dark matter. However, since the evaporation effects are not negligible for dark
matter masses less than ∼ 4 GeV. It is precisely this regime which corresponds to our best fit results,
casting further doubt on their veracity. What we have instead shown here is that improvement for the
solar abundance problem is possible, either through a lighter or alternative dark matter process or some
alternative astrophysical process.

The effect of magnetic dipole dark matter in the Sun had been previously analysed by ref. [547] which
provided helioseismology bounds on the magnetic dipole moment. Here, we use the updated formalism for
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energy transport in the Sun provided by ref [495], rather than the now outdated formalism of ref. [467].
The new formalism correctly accounts for the angular dependence in the differential cross section for
magnetic dipole dark matter. By accounting for the angular dependence in the calculation of the thermal
diffusivity α and thermal conductivity κ, our method produces a different energy transport mechanism.
The electric dipole moment is equivalent to the q−2 dependent dark matter models that have been
previously considered by refs. [495,533], and we attain similar results, but reinterpret them in terms of
the electric dipole moment of the dark matter particle. Anapole moment dark matter, with its unique
q2 + v2 dependent cross section, has never before been considered in the Sun, making our results here
completely novel.

In general, our models either improve the fits to the standard solar model or provide no change to the
parameter space. As a result, we can not impose new exclusion bounds on the parameter space for each of
our models of dark matter. The presence of other factors, such as evaporation or unknown features of solar
physics makes such bounds difficult to enforce with statistical rigour. The few parameter space points
which do result in a worsening of the solar physics bounds are too small to make generalised statements of
the viability of such exclusion bounds.

There are several possible steps to improve on the shortcomings of our methodology to provide more
precision, accuracy and tests of viability on dark matter models in the Sun. First, a full examination on
the evaporation rates of momentum and velocity dependent dark matter now exists for light masses [552],
though is not implemented her. Similarly, the calculation of the annihilation rates of dark matter in the
Sun not only reduces the uncertainty in the dark matter population, but also direct detection of the by
products of such dark matter annihilation, albeit from a location with significant amounts of background
from other Standard Model fusion processes. Other modifications to the capture rate have been suggested
where it is not already saturated, including modifications to the nuclear form factor we consider here [537]
and enhancements to the capture rate for self interacting dark matter [585,586], the latter of which is due
to scattering of halo dark matter from dark matter which has already been captured by the Sun. There
are also a number of astrophysical uncertainties due to the dependence on the capture rate on velocity
distribution of dark matter in the galactic halo [328, 587]. Indeed, such uncertainties apply for most
observations on dark matter including the direct and indirect detection rates. Attempts have been made
to write descriptions of dark matter in a manner independent from halo measurements. In particular,
refs. [400,588] suggest that halo independent measurements of anapole and magnetic dipole dark matter
could, albeit under tension, reconcile the required interaction strengths with the negative direct detection
experiments.

We have now fully explored the effect of dark matter with dimension 5 electromagnetic dipole operators
on the Sun, as well as a single dimension 6 operator. We have examined the mathematical and physical
formalisms for introducing electric dipole, magnetic dipole and anapole moments in the Sun, coupling
to the electric field, magnetic field and electromagnetic current respectively. We have developed the
requirements for the capture rate and energy transport mechanisms due to these models of dark matter.
Such mechanisms describe the quantity and distribution of the dark matter in the Sun and the changes to
the temperature and molecular distributions of the Standard Model particles in the Sun itself. We have
simulated the evolution of the Sun under these conditions with the DarkStec code, and have shown it is
possible to alleviate problems with the sound speed profile, small frequency separations and convection
zone radius, at the expense of increased tension with the rare fusion neutrino fluxes. Overall, such
models improve the discrepancies of the solar abundance problem, but the required strengths of the dipole
moments are excluded by direct detection experiments [391–396,398–401,403,404,411]. The result suggests
that the discrepancies between solar models and helioseismology cannot be solved by dipole moment dark
matter alone without some modification to the direct detection constraints.
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Conclusion





Chapter 6

Discussion

We have now introduced and analysed dark matter which interacts through effective field theory operators
through several different lenses. Our motivation for introducing such operators was to fully realise the
possible viable parameter space of dark matter interacting at or around the weak scale with a model
independent description in light of the persistent negative results from direct detection searches and
failure to-date of the Large Hadron Collider to show any signals of supersymmetry. Overall, the evidence
suggests that weak scale dark matter does remain viable, though future experiments will likely cover the
last outposts of the parameter space. Due to the negative results from mainstream conventional dark
matter detection experiments, we have also investigated a novel method of indirectly testing dark matter
parameters, namely, the search for dark matter particles interacting via an electromagnetic dipole moment
in the Sun. Although our results do suggest an improvement to the observable parameters in the Sun,
the required coupling strengths and poor alterations to the dynamics of the inner core suggest that such
models are not the precise solution to the solar abundance problem.

The most straightforward explanations of astronomical and cosmological observations of dark matter
suggest that dark matter in the Universe exists as a fundamental or composite particle existing beyond
the Standard Model. Colliding galaxy clusters indicate that dark matter cannot easily be explained by
modifications to gravitational theories, and the anisotropies in the cosmic microwave background radiation
and the levels of big bang nucleosynthesis both indicate that dark matter exists as a non-baryonic particle
or collection of particles. Large scale structure formation suggests that the vast majority of such particles
are not relativistic. Together, these observations narrow down a mass range for fermionic dark matter to
no less than a few keV. In this work, we have consistently assumed that the dark matter is fermionic; a
common assumption motivated by the observation that long-lived massive particles in the Standard Model
are also fermionic. In principle, dark matter may be bosonic or fermionic with a spin greater than 1

2 . We
have not considered such examples as they are generally motivated by alternate theoretical anomalies, for
instance the axion. Our goal, rather, is to explore the limits of the parameter space of spin 1

2 fermions,
which posses most of their theoretical motivations at the weak scale.

We have described fermionic dark matter existing in the Universe in terms of its multiplet structure
under the action of the SU(2) weak interaction gauge groups. Our scope narrowed further by looking
at three multiplets in particular, namely the singlet, doublet and triplet. These multiplets correspond
to the trivial, fundamental and adjoint representations of the gauge group. Such representations give
natural analogies to the neutralino particles in supersymmetric models, namely the bino, higgsino and
wino respectively. Although there is a neat mapping from our models to supersymmetry, we stress that
our models are not inherently supersymmetric: they may be any such fermion multiplets added to the
Standard Model, regardless of the higher order theory. By considering effective field theory operators, we
can approximate all of the higher order effects that would be caused by other supersymmetric particles in a
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supersymmetric theory. Indeed, we have not even specifically stated whether our particles are fundamental
or composite. Instead, the key limitation we have made on our models is that we have not considered
higher order multiplets. In principle, such fermions may instead live in representations of dimension 4
or higher. However, we do not expect such multiplets to have a major impact on the physics behind
our results. Of the two broad categories of dimension 5 operators we have constructed, the physical
principles behind the electromagnetic dipole moments are relatively independent of the gauge structure of
the multiplet. Indeed, in order to write down gauge invariant quantities for such theories would require
decomposing the reducible representations of the higher orders into subrepresentations which include
the adjoint representation, where the electroweak particles live. Similarly, the interactions which involve
coupling a dark matter particle to the Higgs boson would require decomposing the reducible representations
of the multiplets into the fundamental representation in order to construct a gauge invariant Lagrangian.

Here, we have considered only effective field theory operators up to dimension 5. The exception is the
anapole, which lives at dimension 6, which we have included here as it is often considered in the literature
as a direct companion to the electric dipole and magnetic dipole operators. Indeed, the anapole is also
motivated as the only electromagnetic dipole moment for Majorana mass particles in CPT -invariant
theories. Other higher order operators are generally considered to be suppressed by powers of the cut-off
parameter Λ, although operators of up to dimension 7 are also thought to approximate the mass splitting
between neutral and charged winos at the two loop level [406]. Considering dimension 6 operators would
unlock a suite of operators which describe four-point interactions between dark matter and Standard
Model fermions, or even between two different classes of dark matter particles. The latter would be
constrained by the limits on self interacting dark matter from colliding galaxy clusters and the cusp-core
problem, while the former would be expected to correspond to loop effects in scattering and annihilation to
Standard Model fermions as observed by direct and indirect detection experiments respectively. However,
the number of operators and hence independent parameters at dimension 6 is prohibitively large for a
study such as the present one, as it is straightforward to construct gauge invariant quantities through the
simple multiplication of two bilinears of gauge objects, especially as we strive to be model independent in
our descriptions of such particles.

Additionally, at dimension 6 we would also unlock variations of the dimension 5 operators which now
posses a derivative coupling to the boson operators, which includes the anapole as an derivative coupled
interaction to the Standard Model electromagnetic field strength tensor. Such interactions naturally
produce interactions with strong momentum dependence, which motivates them for scenarios where
momentum dependence is required to evade other detection constraints. An example of a requirement
for momentum dependence is a reconciliation between direct detection experiments which experience an
annual modulation - which typically use lower mass nuclei - to those that do not - which typically use
higher mass nuclei. However, it is the suggestion that dark matter which possess a momentum-dependent
cross section could be a solution to the solar abundance problem by ref. [494] that motivated our analysis
of electromagnetic dipole operators in the Sun.

We have used the thermal relic abundance of the dark matter as a guiding principle for evaluating the
viability of any model. In particular, we have sought models which correctly account for density of dark
matter in the Universe. We have investigated two mechanisms for expanding the region of masses which
correspond to the observed relic density. For each of the operators, the direct annihilation through the
dimension 5 operator is able to reduce the density of parameter points where are otherwise overabundant.
The result is in general an increase of the viable thermal relic dark matter mass. However, the coupling
strength required in such models are generally relatively large, with the particle masses close to and often
exceeding the UV cut-off for the theory. In general, the effect is stronger for the electromagnetic dipole
operators rather than the Higgs boson operators, as the annihilation by-products for the former are the
somewhat lighter on-shell gauge bosons which fall out of thermal equilibrium at a slightly later epoch.
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Nonetheless, our results show that the range of particle masses an order of magnitude above the TeV
scale cannot be ignored. Such large mass particles are difficult to detect in direct detection experiments
where the nuclear recoil targets have typical masses at the GeV scale, especially where the scattering
processes involves the exchange of for example a Higgs boson.

The second regime which can produce viable thermal relics is where the masses of the particles are
significantly modified by operators which carry interactions with the Higgs boson, and become mass terms
after spontaneous symmetry breaking. In particular, where there is a mass cancellation between the mass
parameter in the theory and dimension 5 operator the neutral particles lose their degeneracy with the
charged particles in the theory. The result is a strong reduction in the rates of co-annihilation, which are
some of the more dominant annihilation modes present. The reduction in the overall annihilation rate lifts
otherwise under-abundant models back to the observed relic abundance. We have already discussed that
such a cancellation does not necessarily correspond to a strong fine-tuning of the model; we are not seeking
a complete reduction in the annihilation rate to reproduce the observed Universe. The result is viable
thermal relics on the order of 100 GeV, particles with masses much less reach experimental constraints
from the invisible width of the Z boson. However, we have only considered introducing the operators to
the theory one at a time, and even then only for real coupling parameters. In reality, one might expect
multiple operators to exist simultaneously with differing interaction strengths. Nonetheless, the overall
principle remains the same, even if the combination of operators which produce the cancellation is different
from that presented here. Indeed, the addition of extra operators only shifts the interaction strengths for
which the cancellation occurs.

It is worth noting that modifications to the mass matrix in, for example, supersymmetric higgsinos in
the manner we have demonstrated here are common in supersymmetric theories, corresponding to the
one-loop interactions with higher order supersymmetric particles. In many supersymmetric models, the
mass splittings are a small fraction of that which we consider here since the off-shell particles in the loop
corrections are typically at the GUT scale. As we do not limit ourselves to supersymmetry models, and
permit the inclusion of complex higher order physics or a composite particle as dark matter, we are not
subject to the same limitations. Overall, the lighter masses in these dark matter models compared to
their canonical values need to be considered seriously as the potential mass regime, and are within range
of future indirect detection experiments.

In addition to the common catalogue of dark matter detection experiments, we have additionally
considered alternate observations that may be used to measure dark matter interacting via our dimension
5 operators. The interactions coupled to a pair of Higgs bosons or the heavy electroweak bosons are
necessarily short range, and scattering processes from the Standard Model are necessarily limited to the
types of interactions that can be detected in direct detection experiments. However, the interaction via
an electromagnetic dipole opens a new category of scattering processes, namely long range interactions
via photons. Astrophysical processes that may be influenced by these interactions that may be detectable
necessarily require a large concentration of dark matter spatially coincident with a large concentration of
Standard Model particles. The dynamics of the latter must be reasonably well understood and precisely
measured in order for the effects of the dark matter to be significant above any modelling or observational
uncertainties. The Sun therefore becomes an appealing laboratory, with highly precise observations
arising from helioseismology and a statistical tension with hints towards a resolution with dark matter.
In particular, it has been previously suggested that momentum or velocity-dependent dark matter is a
particularly appealing theory, precisely corresponding to electromagnetic dipole dark matter.

We have explored the full theory of introducing dark matter into the Sun and measuring its effect on
energy transport, albeit subject to a number of key assumptions. For instance, we have made favourable
assumptions with regards to the population of dark matter in the Sun. In reality, the annihilation processes
may be a significant component of the Boltzmann equation, especially as the strength of the interaction
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increases. Indeed, various experiment have proposed indirect detection from annihilation within the Sun
producing neutrinos as a means for constraining dark matter [331]. Additionally, evaporation rates of
dark matter from the Sun are predicted to become significant for light dark matter masses [552], precisely
where we our models suggest the effect on the energy transport is strongest. We have also made minor
assumptions about the transition to Knusden transport by assuming that the same values for the Knusden
parameters are valid for momentum and velocity dependent and independent dark matter. A full analysis
of dark matter in the Sun should include a correct calculation of all of these phenomenon. Such an
inclusion would weaken the effect on energy transport. However, because the scales of interaction required
are excluded by the direct detection rates, it would not be a worthwhile endeavour to pursue such accuracy,
at least for the models of electromagnetic dipole dark matter.

The prospect of resolving the solar abundance problem with dark matter is not removed by our results,
however it further demonstrates the difficulty involved in threading the needle between dark matter which
resolves the tension in helioseismology observations and direct detection experiments. Low mass particles
are an option as they can scatter resonantly with the hydrogen in the Sun while avoiding the lower
thresholds of direct detection, but are susceptible to evaporation. Higher masses are both more readily
excluded by direct detection and less able to efficiently provide energy transport. Finally, the possibility of
other unknown systematics affecting the modelling or measurements prohibits any conclusive observations
about the nature of dark matter.

Overall, there are still considerable prospects for discovering dark matter as a weakly interacting
fermion, even when considering the lack of detection signal from direct or indirect detection experiments
and the to-date failure of the Large Hadron Collider to provide reliable evidence of physics beyond the
Standard Model. To rule out such models requires a full consideration of the available parameter space,
from the order of tens of GeV through to the hundreds of TeV, not just at the masses which reliably
produce thermal relics at dimension 4. In particular, the regions of parameter space with masses less than
the canonical value are well within the possible detection regimes of current or near-future technology,
though the heavier mass models are more difficult for searches. In particular, the detection of a particle in
the lower mass regime would provide significant clues to the underlying nature and interactions of such
particles. The effective field theory approach has provided a simple model to describe such interactions,
independent of the vagaries of the higher scale physics, and is a key step between the eventual detection
of dark matter and the description of the true underlying theory.
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