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Abstract— The performance of directly-modulated lasers 

(DMLs) is severely impaired by nonlinear behaviour when 

operating at high symbol rates. We propose a new linearization 

method for DML-based transmitters which can significantly 

reduce nonlinearity. This method, named the “Stretched A” 

(StrA) method, relies on the generation of an approximation to 

the ideal modulating current that generates a linear optical 

output waveform. In Part I of this work, the theoretical 

framework of the proposed method is presented and detailed 

simulation studies illustrate its implementation and demonstrate 

the benefits it offers. Although the method is applicable to any 

type of DML, the simulation studies presented herein focus on 

optical links based on vertical-cavity surface-emitting lasers 

(VCSELs) as these comprise the vast majority of short-reach 

optical links. Part II of this work presents the proof-of-principle 

experimental demonstration of this new linearization method and 

discusses its possible implementations using either analog or 

digital electronics. 

 
Index Terms— directly-modulated lasers, optical links, 

linearisation method, optical transmitters, non linearity, vertical 

cavity surface emitting lasers 

I. INTRODUCTION 

he ever increasing demand for data communication 

capacity drives the need for higher data rate optical links 

in both the short- and long-reach domain [1]. Although 

nowadays long-reach telecommunication links primarily 

deploy externally modulated optical sources, short-reach 

datacommunication links are largely based on directly-

modulated lasers (DMLs) due to their low cost and ease of 

implementation. However, the performance of such optical 

links is severely impaired by the intrinsic non-linearity of 

DMLs when operated at high data rates such that the symbol 

rate is greater than the 3 dB bandwidth. This results in 

significant non-linear distortion of the output optical 

waveform and degradation of the link performance. The non-

linearity of the signal manifests as skew in the optical eye 

diagram, thickening of the optical levels, overshoot and 

increased jitter. To accommodate these effects, the optical 
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power budget must be increased to allow for the associated 

optical power penalties making the implementation of high-

data rate links particularly challenging. 

Whilst linear equalization, both in the optical transmitter 

and the optical receiver, is now commonly used in optical 

links, it cannot mitigate the high frequency dynamic non-

linearity of the DML. As a result, there has been intense 

research investigating methods to mitigate the non-linearity 

and the implementation of non-linear equalization methods in 

such links. Such methods include asymmetric feedforward 

equalizers [2-8] and non-linear equalization based on Volterra 

series equalizers [9-12], look up tables [13-16], or machine-

learning algorithms [17-20]. However, all these methods are 

complex, power hungry and require some sort of digital signal 

processing (DSP) either at the transmitter or the receiver. As a 

result, their applicability and potential in low-cost optical links 

is limited. In this work we present a novel linearization 

method of optical transmitters based on DMLs which can be 

easily implemented in practice.  

The proposed method, named the “Stretched A” (StrA) 

method, is based on generating a modulating current 

waveform that approximates the ideal modulating current that 

produces a linear optical output waveform. Shaping the 

modulating current waveform has been proposed as a method 

to improve the high speed performance of DMLs [21], and a 

few different laser drivers have been developed to apply 

waveform shaping at the transmitter [22-24]. However the 

currents generated in these schemes are sub-optimal. 

Furthermore, it has been demonstrated that the ideal current 

waveform can be back-calculated from the standard laser rate 

equations under reasonable approximations [15, 16]. However, 

the obtained expression includes terms which are hard to 

generate in practice. A few implementations of this method 

have been reported in the literature, but these rely heavily on 

DSP to generate the desired current modulation waveforms 

[15, 16, 25]. As a result, its applicability and potential use in 

its full form in low-cost data communication links is limited. 

Our method is an extension of the ideal back-calculated 

current method and involves the simplification of the 

expressions that define the ideal modulating current in two 

steps, the ABCD approximation and StrA methods. This 

allows much lower implementation complexity at the 

transmitter than the full back-calculation method as the terms 

that need to be generated are of simpler form, while enabling 

the generation of a sufficiently accurate current waveform that 

adequately corrects the non-linearity in the output optical 
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waveform. It is shown herein that the approximate current 

modulating waveform can be generated with large enough 

tolerances to make this scheme viable for real-world 

implementation.  

Although the proposed method is applicable to any type of 

DML, the studies presented here are focused on vertical cavity 

surface emitting laser (VCSEL)-based links, as these comprise 

the large majority of short-reach optical links [26]. Typically, 

such links have lengths ≤ 300 m and combine multimode 

(MM) VCSELs with multimode fiber (MMF) to achieve low 

cost and power efficiency [27, 28]. Single mode VCSELs and 

fibre (SMF) are currently also being considered for use in 

slightly longer reach links in the range 1 to 3 km in data centre 

environments [29-31]. On a per optical lane basis, currently 

deployed MM VCSEL-based links can transmit 25 Gb/s using 

non-return-to -zero (NRZ) or 50 Gb/s using four level pulse 

amplitude modulation (PAM-4). Various standards bodies 

have begun projects which aim to specify per optical lane data 

rates for 50 Gb/s VCSEL-based links using NRZ modulation 

and 100 Gb/s using PAM-4 [32, 33]. As a result, we focus our 

simulation studies on the generation of high-quality 50 Gb/s 

NRZ optical signals using an 850 nm MM VCSEL and the 

proposed Stretched A method. The simulation results show 

that a high-signal quality optical waveform can be generated 

which exhibits little residual non-linearity and which is very 

similar to the ideal linear optical waveform. A root mean-

squared error (RMSE) between the generated and target 

optical waveform of 0.005 is achieved at 50 Gb/s. The 

respective RMSE value for conventional NRZ modulation is 

0.111. In addition, significant improvements in the quality of 

the eye diagram are demonstrated in comparison to 

conventional NRZ modulation with an improvement of ~78% 

in eye height, ~34% in eye width and ~140% in the effective 

area obtained for 50 Gb/s data transmission. The simulations 

also demonstrate the method’s great potential for real-world 

implementation. Although the Stretched A method presented 

here can be readily extended to generate high-quality PAM-4 

optical waveforms, the related analysis and experimental 

demonstration will be presented in a separate publication. 

The remainder of the paper is structured as follows. Section 

II presents the basic theory and derivation of the expression 

for the modulating current for the Stretched A method while 

Section III describes and illustrates the required current 

waveforms using a simulation model. Section IV focuses on 

the implementation of the Stretched A method and its 

tolerances while Section V discusses some related important 

points. Finally, Section VI provides the conclusions. 

II. THEORY 

A. ABCD method 

The laser output waveform      is proportional to photon 

density       in the laser cavity:  

      
     

    

               (1) 

where   is the volume of the active region,    is the 

differential quantum efficiency,   is the optical confinement 

factor,    is the photon lifetime,   is the light frequency,   is 

Planck’s constant and   is the resulting total conversion 

efficiency of the laser. As a result, for a particular target 

output waveform     , the required photon density       can 

be obtained. The photon density       can be in turn related 

to the carrier density       in the laser cavity via the standard 

single mode laser rate equations: 
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where   is the charge of an electron,    is the carrier density 

at transparency,    is the gain slope coefficient,   is the gain 

compression factor,   is spontaneous emission factor and    is 

the carrier lifetime. It has been shown by Karar et al. [16, 34] 

that by reversing the laser rate equations using a back-

calculation method, the required ideal carrier density   
      

and the corresponding modulation current        required to 

produce the desired photon density       and therefore, the 

target output optical waveform     , can be found and 

accurately approximated by: 
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Assuming that the spontaneous emission rate is much smaller 

than that of stimulated emission (
   

  
 

    

     
   ), which is 

true for operation far from the threshold current, and 

substituting (4) into (5), the ideal back-calculated modulating 

current        can be expressed as a function of the photon 

density       in the laser cavity and its first and second order 

derivatives:   
  

      

  
   

   
       

   . It can be shown that 

       is the sum of four components: 

                               (6) 

These four components, from which the back-calculation 

method is named here the “ABCD” method, are: 

(i) the constant term    which is equal to the threshold current: 

     
  

  

     
 

       

      (7) 

(ii) the linear term       which is proportional to the photon 

density      : 

     
  

   

          
 

     

  (8) 

(iii) the term       which is practically proportional to the first 

order derivative   
 : 

       
  

 
   

     
 

    

 
     

        

  (9) 

(iv) the term       which includes the higher order derivatives 

and the non-linear terms: 
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    (10) 

An equivalent form of eq. (6) is given in [15], approximating 

the ideal total current        with the desired target optical 

waveform     :  

 
         

 

  
 

 

    

     

  
 

             
  

     

       
              

                                                                             

(11) 

where A, B, C and D are constants of proportionally which can 

be related to the parameters which specify the rate equation 

for the laser.   

If the target optical waveform is linear, the dynamical non-

linearity of the laser rate equations is described by the    and 

   terms. Hence, if the ideal modulating current waveform 

       could be generated, the output optical waveform would 

not include any non-linear distortion and therefore could be 

easily equalized with common methods.  

In implementations, the four sub-currents would be 

distorted by the linear electrical channel from the laser driver 

to the laser and by the parasitic electrical characteristics of the 

laser and associated packaging. Various methods could be 

used to correct this linear distortion: by design the channel 

distortion could be minimized, the laser driver could include a 

linear equalizer to correct the distortion, or the linear 

distortion could be included in the desired optical response 

and its effect corrected by an equalizer at the receiver. Since it 

is implementation dependent, for simplicity and clarity, we 

ignore this linear distortion and assume that it would be 

corrected by some method. 

B. ABCD approximation method 

From an implementation point of view, the generation of 

the sub-currents    [eq. (10) or eq. (11)] and    [eq. (9)] could 

be viewed as problematic due to the inclusion of the inverse of 

      [or      within the bracket to be differentiated in eq. 

(11)]. Therefore, a further approximation which does not 

involve the inversion of the desired target photon density of 

the output waveform is desirable. This is referred to as the 

“ABCD approximation” method. After inspection of the full 

set of equations for the back-calculation method, useful 

simplifications that reduce the implementation complexity at 

the transmitter in comparison to the full ABCD method can be 

made based on reasonable numerical approximations. Firstly, 

the sub-current       can be approximated by: 

              
  

 
   

     
 

  

  
 

  

 
 

  

   (12) 

Secondly, from eq. (10), by omitting the higher order terms 

and approximating the inverse of       with the inverse of 

average photon density   
    , the ideal       component can be 

approximated with the expression: 

              
  

   

  
 

  
    

      
   (13) 

Using these approximations and given that         from 

eq. (1), it can be seen that        and        are proportional to 

the first and second derivative of the desired optical 

waveform:        
     

  
,        

      

   . In addition, using the 

fact that        , the ideal total back-calculated current 

       can be approximated with the expression: 

 
          

       
       

         
   

      

       
          

                                                           

(14) 

The scaling parameters   and   are constants that dependent 

on the laser parameters and operating bias point and which can 

be found through the approximate expressions: 

    
 

  
    

    
      

                 
 (15) 

      
 

  

 (16) 

Eq. (14) is the core of the proposed ABCD approximation 

(and Stretched A) method. It stipulates that in order to 

generate the desired output waveform      and avoid non-

linear distortions, it suffices to derive the required linear 

component    and its derivatives and estimate the scaling 

factors   and   in order to produce the approximate back-

calculated current    
 . In the sections that follow, it is shown 

that, provided that the laser parameters are roughly known 

(either by design or measurement), (i) the alignment of the 

three current components    ,     and    in time and (ii) the 

value of the scaling factors   and   have large tolerances 

making the scheme viable in real-world applications. In 

addition, various methods to implement this method in 

practice are suggested in Section IV. First however, a further 

improvement to the ABCD approximation method, named the 

Stretched A method, is proposed.    

C. Stretched A method   

 Current and optical output waveforms for NRZ modulation 

based on eq. (12)-(14) were compared to those obtained from 

the full laser rate equations. It was noticed that whilst the 

ABCD approximation produced reasonable results, the 

accuracy could be improved if the        component was 

appropriately shifted in time with respect to the rising and 

falling edges of the linear       component. In particular, a 

time advance needs to be introduced for positive transitions 

(01) while a reversed symmetric time delay is needed for 

the negative transitions (10). This waveform can be easily 

produced based on a version of       with an introduced 

amount of duty-cycle-distortion (DCD). The DCD stretches 

the duration of the periods of high current level and shrinks 

the duration of the periods of low current level of the 

waveform providing a time advance for the positive edges and 

time delay for the negative ones as required. This is illustrated 

in Fig. 1 and explains the sign convention used for the 

generated timing offset    throughout this work. The time axis 

of Fig. 1 is in units of unit intervals (UI), where a UI is equal 

to the NRZ symbol period, and this is used throughout this 

manuscript. This method for obtaining an improved 

approximation for the       subcurrent is named the Stretched 

A method and the resulting component denoted   
     . In the 

next section, the particular details of the method are explained 

and sample waveforms are illustrated. 
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Fig. 1. Illustration of application of ±10% DCD on a single NRZ 

pulse. The DCD generates an anti-symmetric timing offset    for the 

positive and negative edges of the pulse. The waveforms are offset in 

the y-axis for clarity. 

III. RESPONSES AND WAVEFORMS 

A. Target optical waveform and VCSEL model  

To define the desired optical waveform, previous studies have 

used raised cosine (RC) responses, having roll-off factors in 

the range 0.1 to 1 as the basis for NRZ modulation [15, 16]. In 

this study, we use the pulse response commonly employed to 

estimate the optical power budget for many 802.3 IEEE 

standards based on MMF and SMF links [35-39]. That pulse 

response, which we term the IEEE pulse response, is defined 

as the convolution of a Gaussian impulse with an ideal NRZ 

pulse. The Gaussian impulse response is defined by:  

      
 

    
 

 
  

    (17) 

where,   is the standard deviation of the response. The 10% to 

90% step response time    due to eq.(17) is related to   with 

the expression           . In this paper, we will use the 

step response time    as a parameter to define the desired 

optical waveform     . 

A single mode rate equation model of a VCSEL suitable for 

25 Gb/s operation is used as the basis for this study. Although 

850 nm VCSELs are typically multimode devices, it has been 

shown that the single mode rate equations can provide an 

accurate description of their behaviour [40-42]. The rate 

equation parameters are stated in Table 1. The values used 

here are not based on an actual physical device but are chosen 

to generate DC and high-frequency performance that match 

those expected of a typical 25 Gb/s VCSEL. The simulated 

frequency response is shown in Fig. 2(a). To illustrate the 

modelled laser performance, the VCSEL is operated at close 

to typical conditions for high speed data transmission. The 

VCSEL is biased at 4.95 mA and modulated with a peak-to-

peak current of 4.1 mA, which results in an optical modulation 

amplitude (OMA) of 6.2 dBm and an extinction ratio (ER) of 

4.6 dB. Fig. 2 plots the deterministic, noise-free, eye diagrams 

calculated using the rate equation model at 25 Gb/s and 50 

Gb/s for NRZ modulation and a pseudo-random binary 

sequence of length 2
7
-1 (PRBS-7). The associated electrical 

current modulation waveforms were created by convolving the 

IEEE pulse response with the PRBS. For this data rate, the 

step response time    was set to 0.75× , where   is the 

symbol period. The eye diagrams of Fig. 2(b) illustrate that the 

modelled laser is suitable for operation at 25 Gb/s. However, 

the obtained eye diagram at 50 Gb/s [Fig. 2(c)] exhibits eye 

closure, skew, level thickness, increased overshoot and jitter 

which is due to the non-linearity of the laser.  
TABLE I 

VCSEL RATE EQUATION PARAMETERS 

 

 

 
Fig. 2. (a) Simulated VCSEL frequency response with the rate 

equation model and eye diagrams for (b) 25 Gb/s and (c) 50 Gb/s 

NRZ transmission without non-linear correction for a    of 0.75× . 

B. Step response by the ABCD approximation method 

The proposed ABCD approximation method is applied to 

correct the VCSEL non-linearity and considerably improve the 

output waveform to make it suitable for 50 Gb/s transmission. 

Initially, the step response of the laser is studied to illustrate 

the shape of the required ideal sub-currents to generate a 

positive step in the output optical waveform (01 transition) 

of the desired shape and amplitude. Assuming the 0 and 1 

levels of the output waveform      correspond to photon 

densities   
  and   

  respectively via eq. (1) and that the 

transition happens at   , the target photon density       can 

be found by considering the desired impulse response     : 

        
     

    
             

 

  

 (18) 

For the Gaussian impulse response used in this work and for 

    ,       is found to be: 

Parameter Symbol Value 

Mode (optical) confinement factor   0.18 

Spontaneous emission factor   0.001 

Active region volume   3.8×10-18 m3 

Electron lifetime   
 4.0×10-9 s 

Photon lifetime    5.0×10-12 s 

Gain slope constant    1.2×10-11 m3 s-1 

Gain compression factor   4.125×10-23 m3 

Carrier density at transparency    5.0×1024 m-3 

 

(a) 

(b) (c) 
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   (19) 

As a result, the ideal four sub-currents   ,   ,   , and    can be 

calculated from eq. (7)-(10).   ,   ,   , and the total ideal 

modulating current     for generating a step in the optical 

output waveform with a response time    of 0.75×  and an 

amplitude similar to the one used for NRZ modulation at the 

two data rates of 25 and 50 Gb/s are plotted in Fig. 3. As 

indicated above, the first two terms representing the    and    

components are required to correct the dynamic non-linearity 

of the modelled laser. It can be noticed that their form is 

similar for the two data rates, but a larger magnitude is 

required for the higher data rate of 50 Gb/s indicating larger 

laser non-linearity.   

  

 
Fig. 3. Waveforms of ideal sub-currents (a)   , (b)   , (c)    and total 

modulating current (d)     for a desired output step with    of 0.75×  

at 25 and 50 Gb/s. The term    is constant and equal to the threshold 

current (0.77 mA). The black arrow indicates the timing of the step.   

Using the proposed approximations, the     and     sub-currents 

can be obtained through eq. (12)-(13) and the total 

approximated ideal current   
     for a positive step input is 

obtained through the ABCD approximation method and eq. 

(14) and is given by: 

  
      

   
      

  
        

               
                       

  

 
    

 

   
  

             
      

                                                                                                         

(20) 

Here,     and    are the calculated mean and peak-to-peak 

amplitude of the    component from eq. (8). Fig. 4 compares 

ideal    and    components from eq. (9) and (10) with the     

and the     approximation described in eq. (12) and (13) for the 

step response at 50 Gb/s.  

It can be observed that (i) the currents    and     are 

practically identical, (ii) the     approximation has a similar 

shape as the ideal    pulse but occurs at slightly different 

times. This is due to the omission of the higher order terms of 

eq. (10). Fig. 4(a) also plots the   
   pulse derived from the 

Stretched A method and the duty cycle distortion of the linear 

current component   . The time shifting of the     pulse 

produces a better approximation of the ideal current   .  

 

 
Fig. 4. Comparison of the (a) ideal   , approximate     and   

   (time-

shifted version of    ) and (b) ideal    and approximate     for a 

positive step in    (01 transition). 

A symmetric expression can be derived for the total 

approximated ideal current   
     required to generate a 

negative step (10 transition) of the same shape and 

amplitude: 

  
      

  
      

  
        

             
                              

  

 
    

 

   
  

             
      

                                                                                             

(21) 

As a result, the total back-calculated current    
     can be 

written as the summation of the current required to generate 

the desired positive and negative steps at the respective times 

  
  and   

 : 

    
        

      
  

 

    
      

  

 

 (22) 

C. Results at 50 Gb/s for the ABCD approximation method 

Combining the corresponding four sub-currents, the ideal and 

approximate back-calculated modulating currents        and 

   
     are calculated for the PRBS-7 input at 50 Gb/s with a 

desired response time    of 0.75×  for the same operating 

conditions as the ones used for Fig. 2. Fig. 5 illustrates the 

waveforms of the ideal sub-currents and total back-calculated 

modulating current as well as the resulting (i.e. target) optical 

output waveform        . For clarity, the first 60 bits of the 

(b) 

(c) 

(a) 

(d) 

(b) 

(a) 
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transmitted PRBS-7 pattern are shown as these contain most 

of the transition types, including long sequences of 1s and 0s, 

an isolated one, and alternating single 1s and 0s. Fig. 6 shows 

the corresponding eye diagram and related metrics: eye height 

 , width  , and effective eye area metric  , defined as 

      , for the complete PRBS-7 pattern. The 

combination of these eye diagram metrics and the root mean 

squared error (RMSE) of the normalised output waveform 

with respect to the normalised target (ideal) waveform are 

employed to assess the quality of the obtained optical 

waveforms with the proposed approximation methods and 

therefore, their effectiveness in reducing the non-linear 

distortions. For reference, the values of the eye diagram 

metrics for the conventional NRZ modulation (non-corrected 

waveform) [Fig. 2(c)] are calculated and are found to be: 

                                    . 

 
Fig. 6. Eye diagram at 50 Gb/s for the ideal back-calculated 

modulating current     with related metrics noted. 

 Applying the ABCD approximation method and eq. (12) 

and (13), the approximate sub-currents     and     and 

corresponding total modulating currents    
     are calculated 

for the same data transmission parameters and desired 

response time    of       . Fig. 7 illustrates the 

corresponding eye diagram of the output optical waveform 

with the eye diagram metrics and RMSE value noted. 

 
Fig. 7. Eye diagram at 50 Gb/s for the approximate total back-

calculated modulating current    
  with eye metrics noted. 

It can be clearly noticed that the ABCD approximation method 

greatly improves the obtained eye diagram in comparison with 

that obtained for the conventional NRZ modulation at 50 Gb/s 

[Fig. 2(c)]. This is reflected in the greatly improved values of 

the eye metrics and the RMSE value. However, it can be 

noticed that there still exists some non-linear distortion in the 

optical waveform with some eye skew, jitter, overshoot and 

level thickness which results in reduced eye metrics in 

comparison to those obtained for the ideal modulating current 

   

 
Fig. 5. (a) Data input with transitions noted for the first 60 bits of the PRBS-7 pattern and (b-f) waveforms of the ideal sub-currents (b)   , (c) 

   and (d)    and (e) total back-calculated modulating current     and (f) output optical waveform      for a PRBS-7 input at 50 Gb/s and 

desired response time    of       . 

  

(a) 

 

 
 

(b) 

 

 

 
(c) 

 

 
 

(d)  

 

 

 
(e) 

 

 

 
(f) 

RMSE = 0 

RMSE = 0.036 
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(Fig. 6). Fig. 8 shows the waveforms of the approximate total 

modulating current    
  and the generated output waveform. 

The respective ideal waveforms are also shown (green lines) 

for comparison. 

IV. STRETCHED A METHOD AND TOLERANCES 

A. Sensitivity analysis for   
   and     

 As indicated in the previous section, by applying the 

Stretched A method, a better approximation   
   of the ideal    

is obtained [Fig. 4(a)].   
   can be obtained from the     pulse by 

time shifting and amplitude scaling:  

   
                  (23) 

For a relative amplitude      and timing offset     , the 

  
   pulse is the same as    . The optimum parameters of this 

new approximate pulse   
   and their tolerances are 

investigated by assessing the resemblance of the generated 

output optical waveforms to the target (ideal) waveform 

(RMSE value) and comparing their eye diagram metrics 

(     ). The total modulating current is obtained for different 

values of the   and    parameters and the resulting output 

optical waveform is calculated for 50 Gb/s data transmission 

and the same operating conditions previously stated. The 

RMSE of the output waveform and the corresponding eye 

diagram metrics are obtained for each set of parameters 

studied. It should be noted that for these simulations (i) mainly 

positive offsets    are considered as the ideal    current has a 

time advance (for a 01 transition) with respect to     [Fig. 

4(a)], (ii) the timing offset is assumed to be reversed for the 

negative transition (10) as this is what the DCD of the 

generating NRZ waveform would produce (Fig. 1) and (iii) the 

remaining three sub-currents are assumed to be the 

approximate     and ideal    and    components.  

  Fig. 9 shows contour plots of the obtained eye height ( ), 

width ( ) and effective area (     ) while Fig. 10 the 

corresponding RMSE value as a function of the two 

parameters   and    of   
  . There is a broad region where the 

Stretched A method performs as well as or better than the     

approximation obtained with the ABCD approximation 

method of eq. (14). The values obtained for the     

approximation are indicated in the plots with the cyan dot 

(        ) and the     notation. The set of parameters 

yielding the maximum eye area is found to be 

                 . This point is noted in  Fig. 9(c) with a 

yellow dot and the notation    
      

. It coincides with the global 

minimum for the RMSE values (Fig. 10) indicating the 

agreement of the two metrics. Fig. 11 compares the 

waveforms of the ideal   , approximate     and optimised 

  
   per Fig. 10(c) and shows the resulting eye diagram at 50 

Gb/s for the optimised   
   with its metrics noted. Clearly the 

Stretched A method produces an output waveform very close 

to the target one (Fig. 6) with little residual non-linearity (eye 

skew, level thickness, overshoot and jitter) and eye metrics 

very close to those obtained from the target waveform. This is 

explained by Fig. 11(a) where it can be seen that the shape of 

the   
   pulse (and in particular the rising and falling edges) 

approximates very well the ideal pulse   . In addition, the eye 

area   and RMSE contour plots [ Fig. 9(c) and Fig. 10] 

indicate the method has relatively large tolerances with good 

performance obtained (large   values and small RMSE values) 

for a wide range of the   and    parameters.  

 To further demonstrate that the optical output waveforms 

obtained through the Stretched A method have very low non-

linearity, a linear equalizer is applied to fully open the eye 

diagrams. An 11-tap T-spaced feedforward equalizer (FFE) is 

applied on the output optical waveforms obtained for the 

different combinations of the   and    parameters. Eleven taps 

were used as it was found that more taps did not significantly 

improve the quality of the waveforms for the non-corrected or 

corrected cases. The eye metrics ( ,  ,  ) of the equalized 

waveforms as well as the noise enhancement factor (NEF) 

introduced by the equalizer are calculated and plotted in Fig. 

12. It can be clearly seen that the FFE can successfully 

equalize the generated optical waveforms and produce more 

open eye diagrams with       and          (or 

equivalently      ) for a broad range of amplitude scaling 

factors    and timing offsets   . The NEF for these parameters 

is small ( 0.6 dB for the great majority) and very close to the 

value obtained for the ideal    (NEF = 0.45 dB) indicating that 

the waveforms produced through the ABCD approximation 

and in particular, the Stretched A method, feature very little 

non-linear distortion. The best performance in terms of eye 

metrics is again obtained for the set of parameters for 

  
      

identified above:                   [point    
      

 in 

Fig. 12]. The eye diagrams obtained after equalization with the 

11-tap FFE of the optical waveform generated with 

conventional modulation without any non-linear correction 

[Fig. 2(c)] and that using the ABCD method when the  ideal    

(Fig. 6), approximate      (Fig. 7) and optimised   
     

 [Fig. 

11(c)] are employed, are shown in Fig. 13. It can be clearly 

(a) 

 

 
 

(b) 

 

 
Fig. 8. Waveforms of (a) the total back-calculated modulating current    

  obtained with the ABCD approximation method and (b) the 

resulting output optical waveform     
  for a PRBS-7 input (first 60 bits shown) at 50 Gb/s and desired response time    of       . The 

respective ideal back-calculated waveforms    and      are also shown in green for comparison. 

(b) 

(a) 
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seen that the non-corrected equalized eye diagram [Fig. 13(a)] 

exhibits significant level thickness, overshoot, jitter and 

greatly reduced effective area. In addition, the eye diagram of 

the equalized waveform obtained with the Stretched A method 

[Fig. 13(d)] is similar to the ideal one [Fig. 13(b)] with similar 

eye metrics too.  

 

 

 

 Fig. 9. Eye diagram metrics: (a) height  , (b) width   and (c) area   

as a function of the   
   parameters: relative amplitude   and timing 

offset    for 50 Gb/s data transmission for the Stretched A method. 

 

 

Fig. 10. RMSE value of the output optical waveform as a function of 

the   
   parameters: relative amplitude   and timing offset    for 50 

Gb/s data transmission for the Stretched A method. 

 

 
Fig. 11. (a) Comparison of the ideal   , approximate     and optimised 

  
      

 pulse and (b) eye diagram at 50 Gb/s with the relevant metrics 

noted when the optimised   
      

 sub-current is used. 

  

(b) 

(b) 

(a) 

RMSE = 0.005 

(a) 

(c) 
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Fig. 12. Contour plots of eye metrics: (a) height  , (b) width   and 

(c) area   after the application of the T-spaced 11-tap FFE on the 50 

Gb/s optical waveforms obtained through the Stretched A method 

and (d) noise enhancement factor (in dB) as a function of the   
   

parameters: relative amplitude   and timing offset   . 

  

 

Fig. 13. Equalized eye diagrams at 50 Gb/s and           with 

the 11-tap FFE for (a) the conventional NRZ modulating signal, (b) 

the full ABCD method (ideal   ), (c) the ABCD approximation 

method (   ) and (d) the Stretched A method (optimised   
      

).   

A similar sensitivity analysis has been carried out for        for 

50 Gb/s PRBS-7 transmission and for a desired step response 

time    of 0.75× . The approximate     pulse is offset in time 

and scaled in amplitude: 

   
                     (24) 

and the RMSE of the resulting output waveform     
  with 

respect to the ideal (i.e. target) waveform      is obtained. For 

the simulations, it is assumed that the optimised sub-current 

  
      

 obtained through the Stretched A method and the ideal 

   and    sub-currents are employed. Fig. 14 shows the 

obtained RMSE as a function of the parameters   and    .  

 
Fig. 14. RMSE of the output waveform as a function of the scaling 

parameter   and timing offset     for the sub-current   
    

   . 

As expected, the optimum performance is achieved for     

and        , as the     approximation is very close to the 

ideal    sub-current [Fig. 4(b)]. The plot demonstrates relaxed 

alignment tolerances for the generation of    , with good 

performance obtained (RMSE  0.05) for a wide range of 

timing offsets, larger than ±10% of the bit period and nominal 

amplitude. 

(b) 

(a) 

(c) 

(d) 

(b) 

(c) 

(a) 

(d) 
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B. Tolerance to timing offset and adaptive gain scheme  

In practical implementations, the   
   waveform created 

through the Stretched A method from   , would need to be 

realigned to the     and    waveforms. To investigate the effect 

of misalignment of   
   on the generated optical waveform, the 

RMSE of the laser output waveform was calculated as a 

function of the relative delay      of   
   and the rising/falling 

edge of the perfectly aligned        and       waveforms. This 

time shift, in contrast to the one studied in section III.C (Fig. 

1), results in the same type of delay for both the positive and 

negative transitions (01 and 10) (Fig. 15). Therefore, it 

results in different form of the total modulating current than 

the one studied in the previous section. 

 
Fig. 15. Illustration of timing offset in the alignment of the   

   pulses 

generated via the Stretched A method. The     and    pulses are 

assumed to be perfectly aligned with the edge of each transition 

(edges shown here for the transmission of a single 1 bit). 

 The RMSE value of the output waveform obtained via the 

Stretched A method for PRBS-7 transmission at 50 Gb/s and a 

desired step response time    of        is calculated for 

different values of the timing misalignment      and is plotted 

in Fig. 16. The RMSE value obtained for the conventional 

NRZ modulation [un-corrected waveform, Fig. 2(c)] is also 

shown for reference. The parameters of the Stretched A 

method used here are:        and            for   
    ). 

The plot indicates that a relatively large tolerance to achieve 

RMSE values  0.05 of           to this type of 

misalignment is obtained. It should be noted that misalignment 

beyond      UI results in larger vertical eye openings, as the 

  
   pulse operates essentially as a frequency booster 

(equalizer), without correcting all of the non-linear signal 

distortion, as is evidenced by the increased jitter and level 

thickness of the eye diagrams in this region (Fig. 16). 

 
Fig. 16. RMSE for the output waveform obtained through the 

Stretched A method at 50 Gb/s and a desired step response time 

          as a function on the timing offset      and the 

respective eye diagrams for a selection of offsets. Dashed lines 

indicate the RMSE value obtained for the ideal and un-corrected 

waveform. 

 It was found that an improved tolerance to the timing 

misalignment      was enabled by varying the amplitude of 

the   
    ) and        currents as a function of the timing offset 

    . Inspection of the total current waveforms, not shown 

herein, indicated that in the region of low RMSEs the different 

combinations of the relative gains for   
    ) and        

produced similar total modulation current waveforms that 

approximate the ideal back-calculated modulating current 

      . This can be achieved in practice by adaptively 

changing the gain parameters   and   in eq. (14). Their 

optimum values for each timing offset      are found by 

minimising the RMSE of the output waveform with respect to 

the target (i.e. ideal) waveform. The scheme is applied for the 

same data transmission parameters (50 Gb/s, PRBS-7) and 

Stretched A method implementation (         ,    
       ) and the obtained results are shown in Fig. 17.  

 The observed variation in the optimum values of   and   

can be explained as follows. As      is made more negative, 

the scaling factors for   
    ) and        both increase [Fig. 

17(a)]. In this region the output optical waveforms tend to be 

approximately linear however the eye opening systematically 

reduces and hence the eye metrics degrade [Fig. 17(b)]. This 

behaviour is due to a portion of the various currents acting as a 

form of low pass filter due to the phase mismatch between 

them. At some point the   
    ) and        currents would 

become excessive and/or the eye opening would become 

impractically small. 

 As      is made more positive, the scaling factors reduce. 

However, for      values in the range ~0 to 0.6 UI, the scaling 

factor   for   
    ) decreases much more slowly than the 

scaling factor   for        [Fig. 17(a)]. In this region, a portion 

of the currents is acting as a form of linear frequency 

“boosting” filter which partially equalises the output optical 

waveform increasing the eye opening and maintaining or 

improving the eye metrics [Fig. 17(b)]. Once the scaling factor 
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for        becomes zero (           ), the scaling factor for 

  
    ) reduces more quickly. In this region there is no 

correction for the non-linearity. However, the   
    ) current 

creates a high frequency boost effect which, to some extent, 

equalises the optical output waveform.  

 

                
Fig. 17. (a) Optimized scaling factors   and   as a function of the 

time offset      when the adaptive gain scheme is applied on the 

  
      and        components at 50 Gb/s and (b) corresponding 

RMSE of the output waveform and eye diagrams for sample 

     values. 

Overall, the results in Fig. 17(b) indicate that greatly improved 

tolerance to the timing offset      can be achieved with the 

proposed adaptive gain scheme. Low RMSE values  0.05 are 

obtained in the range -0.3 UI to +0.65 UI., which is roughly a 

6 times improvement over the case when no gain adaptation is 

applied (Fig. 16).  

V. DISCUSSION 

A few points related to the application of the ABCD 

approximation and Stretched A methods are discussed below. 

(i) Choice of response time   : The choice of the desired 

response time    affects the shape of the sub-current 

components required to remove the laser non-linearity. As a 

result, it has a direct impact on the bandwidth requirements for 

the driving electronics and electrical connections to the laser. 

Throughout this article, the proposed methods have been 

implemented for a target response time    of 0.75×T as this 

provides open eye diagrams [Fig. 11(b)] without the need for a 

powerful linear equalizer. In practice however, larger values 

closer to 1.0×T might be preferred as this relaxes the 

bandwidth requirements for the current modulation waveforms 

that have to be generated. The proposed methods work equally 

well for such    values, but the eye opening of the output 

optical waveform is smaller, requiring therefore a larger 

amount of linear equalisation (resulting in larger NEF) to fully 

open the eye diagrams. To illustrate this, the Stretched A 

method is applied on the modelled VCSEL for a desired    of 

1.0×T and a PRBS-7 input at the same data rate of 50 Gb/s. 

The eye diagram of the output optical waveform obtained for 

the ideal back-calculated current and via the Stretched A 

approximation method before and after the application of the 

11-tap FFE are shown in Fig. 18. Clearly the method works 

equally well for the larger desired response time   . The linear 

FFE is able to equalize the output waveform and fully open 

the eye diagram but has a larger NEF due to the smaller inner 

eye height of the transmitted output waveform [Fig. 18(c)]. 

However, it should be recognized that if a receive decision 

feedback equalizer (DFE) were used then the NEF could be 

significantly reduced. 

  

 

Fig. 18. Eye diagrams with metrics noted for the ABCD Stretched A 

method and a target response time    of 1.0×T : (a-b) for the ideal 

back-calculated current     (c-d) when the approximate   
      

and     

are used before (a) and (c), and after (b) and (d) the application of the 

11-tap FFE. 

(ii) Pattern length: A short PRBS-7 has been used 

throughout this work to demonstrate the principle and benefits 

of the Stretched A method. The method works equally well for 

longer patterns as the generated modulating current removes 

the non-linearity for each transition via the    /  
      

 and     

components. To illustrate this point, the data transmission of a 

PRBS-15 is simulated at 50 Gb/s using the same VCSEL and 

desired response time    of 0.75×T. The T-spaced 11-tap FFE 

is again applied to remove the linear distortion of the output 

optical waveform. Fig. 19 shows the eye diagram of the output 

optical waveform when no non-linear correction is applied 

(un-corrected waveform), and when the ideal back-calculated 

current and the approximate    
     obtained through the 

Stretched A method are applied to the VCSEL. The eye 

diagrams obtained clearly demonstrate that the proposed 

method works equally well for longer patterns. 

(b) 

(a) 

(c) 

(a) 

(d) 

(b) 

RMSE = 0.007 

RMSE = 0 
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Fig. 19. Eye diagrams with metrics noted of the output optical 

waveform before (a-c) and after (d-f) the application of the 11-tap 

FFE for the data transmission of PRBS-15 at 50 Gb/s when (a and d) 

no non-linear correction is applied, (b and e) for the ideal back-

calculated current     and (c and f) for the approximate back-

calculated current    
  obtained via the Stretched A method. 

(iii)   
   parameters: The optimum values of the   and    

parameters of the approximate   
   component are obtained by 

finding the values that yield either the lowest RMSE value for 

the output optical waveform      when compared with the 

target waveform (Fig. 10) or the larger effective area   for the 

eye diagram after the application of the FFE (Fig. 12). 

However, it is also possible to obtain a good estimate of the 

optimum values by comparing the   
   waveform with the ideal 

one    using a RMSE metric. This method has the advantage 

that does not require the generation of optical waveforms to 

obtain a good estimate of the optimum values, but could 

provide slightly sub-optimal values. This is due to the fact that 

not all parts of the   
   waveform are equally important for the 

generation of the desired linear output waveform (e.g. the 

rising and falling edges appear to be more important than the 

timing of the zero crossing). This method has been carried out 

for data transmission at 50 Gb/s using the desired response 

time    of 0.75×T and the same simulation parameters as those 

employed for section IV.A and the results are shown in Fig. 

20. The purple dot in the plot indicates the point of minimum 

RMSE for the   
   component. This is achieved for   

                . The other two metrics presented in 

section IV.A yield                   for the optimum 

  
   parameters. This point is noted with a yellow dot in Fig. 

20. It can be clearly noticed that the method based on the 

comparison of   
   and    provides a very good estimate of the 

optimum parameter values. Given the large tolerances of the 

Stretched A method (Fig. 10 and Fig. 12), similarly good 

performance is expected from the two sets of parameters in 

practice. This method can be very useful in practical 

implementations of the Stretched A method as near optimum 

parameters can be obtained for   
   using only the laser 

parameters (known either by design or measurements).  

 

Fig. 20. RMSE (×10-3) of the   
   component when compared with the 

ideal sub-current    as the function of the parameters   and   . The 

purple dot indicates the point where the minimum RMSE is obtained.  

(iv) By simulation, it can be shown that if a T-spaced FFE 

having 11 taps is used to pre-distort the NRZ modulation 

current of the VCSEL, the optical eye metrics ( ,  ,  ) at 50 

Gb/s are (0.81, 0.66, 0.54). Therefore, the Stretched A method  

outperforms linear pre-distortion by the FFE.  

VI. CONCLUSIONS 

A new linearization method for optical transmitters based on 

directly modulated lasers, named the “Stretched A” method is 

presented. The method approximates the ideal modulating 

current that produces a linear optical output waveform with a 

current waveform that provides sufficiently good correction of 

the laser non-linearity. The theory and the derivation of the set 

of equations of the proposed method are reported. Simulation 

studies focussed on VCSEL-based optical transmitters and 

NRZ-based 50 Gb/s data transmission are presented. The 

results demonstrate that this new method produces an optical 

waveform which is very close to the ideal linear output 

waveform with little residual non-linearity and with large 

enough tolerances to make this scheme viable in real-world 

systems. 
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