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Abstract

The classical random walk isomorphism theorems relate the local times of a continuous-
time random walk to the square of a Gaussian free field. The Gaussian free field is a spin system
(or sigma model) that takes values in Euclidean space; in this work, we generalise the classical
isomorphism theorems to spin systems taking values in hyperbolic and spherical geometries.
The corresponding random walks are no longer Markovian: they are the vertex-reinforced
and vertex-diminished jump processes. We also investigate supersymmetric versions of these
formulas, which give exact random walk representations.

The proofs are based on exploiting the continuous symmetries of the corresponding spin
systems. The classical isomorphism theorems use the translation symmetry of Euclidean space,
while in hyperbolic and spherical geometries the relevant symmetries are Lorentz boosts and
rotations, respectively. These very short proofs are new even in the Euclidean case.

To illustrate the utility of these new isomorphism theorems, we present several applications.
These include simple proofs of exponential decay for spin system correlations, exact formulas
for the resolvents of the joint processes of random walks together with their local times, and
a new derivation of the Sabot-Tarres magic formula for the limiting local time of the vertex-
reinforced jump process.

The second ingredient is a new Mermin—-Wagner theorem for hyperbolic sigma models.
This result is of intrinsic interest for the sigma models, and together with the aforementioned
isomorphism theorems, implies our main theorem on the VRJP, namely, that it is recurrent in
two dimensions for any translation invariant finite-range initial jump rates.

We also use supersymmetric hyperbolic sigma models to study the arboreal gas. This is a
model of unrooted random forests on a graph, where the probability of a forest F' with |F|
edges is multiplicatively weighted by a parameter 57| > 0. In simple terms, it can be defined
to be Bernoulli bond percolation with parameter p = conditioned to be acyclic, or as the
g — 0 limit with p = ¢ of the random cluster model.

It is known that on the complete graph Ky with 5 = «/N there is a phase transition
similar to that of the Erd6s—-Rényi random graph: a giant tree percolates for o > 1 and all trees
have bounded size for o < 1. In contrast to this, by exploiting an exact relationship with the
hyperbolic sigma model, we show that the forest constraint is significant in two dimensions:
trees do not percolate on Z? for any finite 8 > 0. This result is again a consequence of our
hyperbolic Mermin-Wagner theorem, and is used in conjunction with a version of the principle
of dimensional reduction. To further illustrate our methods, we also give a spin-theoretic proof
of the phase transition on the complete graph.
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Preface

This thesis consists five chapters, which I have further grouped into two parts. The second part,
entitled superprobability, consists of three papers. These are as follows:

* The geometry of random walk isomorphism theorems, Ann. Inst. Henri Poincaré Probab.
Stat., 57(1): 408-454, 2021, coauthored with Roland Bauerschmidt and Tyler Helmuth.

* Random spanning forests and hyperbolic symmetry, Commun. Math. Phys. 381 1223-1261,
2021, coauthored with Roland Bauerschmidt, Nicholas Crawford, and Tyler Helmuth.

* Dynkin isomorphism and Mermin-Wagner theorems for hyperbolic sigma models and re-
currence of the two-dimensional vertex-reinforced jump process, Ann. Probab., 47(5):3375-
3396, 2019, coauthored with Roland Bauerschmidt and Tyler Helmuth.

These three can be read in any order, but I would recommend reading “The geometry of random
walk isomorphism theorems” before the other two. The first part, entitled superanalysis, contains
the necessary background material on supermathematics that is required for the second part. It is
an expanded version of the appendix to [8], and as such, it can be used either as an introduction
or an appendix to the second part, being referred back to as needed.

This dissertation is the result of my own work and includes nothing which is the outcome of
work done in collaboration except as declared above and specified in the text. It is not substantially
the same as any that I have submitted, or is being concurrently submitted, for a degree or diploma
or other qualification at the University of Cambridge or any other University or similar institution.
I further state that no substantial part of my dissertation has already been submitted, or is being
concurrently submitted, for any such degree, diploma or other qualification at the University of
Cambridge or any other University or similar institution.
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Chapter 1

Superalgebra and Supergeometry

1.1 Supervector Spaces

Supervector Spaces

A supervector space is a vector space which carries the additional structure of a Zs-grading,
otherwise known as a supergrading. This means that it admits a decomposition into a direct sum
of two vector spaces which are labelled by distinct elements of Z,

V=WwoW :‘/even@‘/odd (111)

These subspaces are respectively called even and odd, or in physics parlance, bosonic and
fermionic. Supervector spaces are equipped with natural inclusion ¢; : V; — V and projec-
tion maps 7; : V. — V; for each of their even and odd subspaces. By projecting, we can uniquely
represent each element u € V' as sum of its even and odd components:

U= ug + up (1.1.2)

where ug € Vp and u; € V;. The parity of a homogeneous element is defined as

a(u) = {0 €Ly, uch (1.1.3)

1622, ueW;

or simply «(u;) = ¢ when we have a parity subscript.

We will also use the incredibly useful superbar notation to indicate parity. The convention is
that objects to the left/right of the bar should be considered even/odd. We will use the superbar
in a variety of ways, for instance, rather than writing V' = V;, ® V;, we will often write

vV =VW (1.1.4)
or even v
0

_ N 1.1.5

7 ( )

to indicate parity on the supervector space; in the second case we have used a vertical superbar,
where even/odd objects appear above/below the bar. The superbar is particularly useful as it
helps avoid proliferation of subscripts (which can be an issue with modules over superalgebras, as
both the basis elements and coefficients are graded), and also in cases where explicit subscripts
add to confusion instead of clarity; this is prone to occur whenever we wish to a consider an object
that is normally considered even to be odd.

As a first example, we now define the standard Cartesian supervector space R”!%, where

RPl? .= RP | RY. (1.1.6)

3



4 CHAPTER 1. SUPERALGEBRA AND SUPERGEOMETRY

An element of v € RPl4, represented as a column vector, is given as

a

V= |—— (1.1.7)

where are a;, b; € R ordinary real coefficients.

Tensor Products, Direct Sums, and the Kozsul Sign Rule

For V and W supervector spaces, their direct sum is simply the ordinary direct sum with grading
Vew=voe W |ie W (1.1.8)
Their tensor product, is likewise defined as usual, but now carries the grading given by

V®W:(V®W)o‘(V®W)1
(1.1.9)
=%®WO@V1®W1’%®WI@V1®WO.

i.e., so that for a simple tensor we have a(v ® w) = a(v) + a(w), with the general case following
by linearity. The tensor product is associative in the usual way,

UV)egW=Ue ((VeW)

1.1.10
(URV) W~ u® (v w) ( )

but the braiding map which gives the natural isomorphism V @ W = W ® V, which sends
v ® w — w ® v in the ordinary case, is replaced by the superbraiding

T VW ->WeV

(1.1.11)
v@w i (—1)2MWy @ v,

This is known as the Kozsul sign rule, and it is this that distinguishes supervector spaces, superal-
gebras, etc. from those which are merely Z,-graded. It is for this reason that super is the preferred
terminology.

Remark 1.1.1. Many constructions in linear superalgebra are defined on homogeneous elements
and extended to the entire space by linearity; we will often omit this final step, as we have above,
and simply define expressions in terms of homogeneous elements, with the understanding that
one can linearly extend as required. Furthermore, as a general rule, if the parity of an object
appears in an expression, we assume that that object is homogeneous.

Linear and Multilinear Maps

Let V = Vp|V; and W = W,|W; be two supervector spaces, and let 7 : V' — W be a linear map
between them. By composing with the inclusion and projection operations,

‘/;; Li V T W Uy

W; (1.1.12)

we obtain linear maps defined on the subspaces T;; : V; — W;, with parity defined by

a(Tij) = a(Vy) + (W) =i+ j. (1.1.13)
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Taking direct sums over maps with the same parity allows us to decompose 7" into its even and
odd parts,

T =To ®T11 ‘T01 @ T1o
(1.1.14)
_ T0’T1.

Diagrammatically, we see that T, and 7} are naturally represented by ribbons; even maps are flat

whilst odd maps have a half twist:
Y y Wo (1.1.15)
V1 \-> W1

This ribbon decomposition a induces a supervector space structure on the space of linear maps
as

ro Vo —— Wo

Vi———— W

L(V,W) = Lagae(V, W) ’ Lewise(V, W). (1.1.16)

Remark 1.1.2. By using both the vertical and horizontal superbars, we obtain a useful represen-
tation of linear maps as block operators:

Too | To1 ]
T = (1.1.17)
[ Tio | T11

The effect of the bars is Z,-additive, giving T" a chequerboard structure of even and odd.

Homomorphisms. Supervector space homomorphisms are required to preserve the Zs-grading in
addition to the linear structure, and hence correspond to only the even linear maps:

Hom(V, W) := Lae(V, W). (1.1.18)

The importance of the odd maps will become clear when we examine supersymmetry.

Multilinear Maps. Multilinear maps are also graded. If 7 : V(1) x ... x V(") — ¥ is a multilinear
map with subspace maps

ﬂl-..jn DV X XV, = W, (1.1.19)
we define '
aT? ;) i=aW)) + > a(Vy) (1.1.20)
k

and set T' = Ty + 11 with

@ TI?

a(Tr)=0

= @ Ty.
o

Ty)=1

(1.1.21)

Multilinear maps out of products of supervector spaces correspond to linear maps out of their
associated tensor product spaces, just like the usual case.

Example 1.1.3. The tensor product, considered as a bilinear map

Q:VXW VW

(u,v) »u®wv (1.1.22)

is even, and satisfies the expected universal property: for any bilinear map 7': V. x W — U, there
exists a unique linear map of the same parity 7 : V @ W — U such that T' = To®.
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Parity Reversal
The parity reversal of a supervector space V = V;|V; is defined as the supervector space with the
same subspace decomposition as V', but with opposite labelling:

Inv = vi|Vp (1.1.23)

The parity reversal operator II, thought of as a map Il : V' — IIV/, satisfies the universal property
that for any even/odd map 7' : V' — W, there exists a unique map of the opposite parity
T : IV — W such that T = T o II. We also have a universal property in the opposite direction,
namely, that for any even/odd map S : W — V, we have a unique map of the opposite parity
S:W — IV such that S = ITo S.

The parity reversal operator thus allows us to represent odd maps in terms of even maps into
(or out of) a parity reversed space, i.e.,

Lwist(V, W) ~ Hom(ITV, W) ~ Hom(V, IIW). (1.1.24)
This is easily seen by untwisting the ribbon:

E\/*V@:E—”@:E—”‘_fl (1.1.25)
S— W Vo —— W Vi —— Wy

Dimension and Bases

The dimension of a supervector space V' = Vj|V} is defined as the pair of integers
dim(V) = plq (1.1.26)

where dim(Vy) = p and dim(V}) = ¢ are the usual dimensions of the even and odd subspaces. The
natural bases of supervector spaces are likewise graded, decomposing as B = By|B; where By is
a basis for Vj and B is a basis for V. Choosing a basis ey, ..., e,le1,. .. g4 for a finite dimensional
supervector space gives an isomorphism with R”!9.

Dual Space

The dual space V* = Vf|V}* of a supervector space V is defined as the space of even and odd
linear maps from V — R'? with the ribbon grading:

V* = Lyt (V, R) ‘ Lewist(V, R). (1.1.27)
Equivalently, this is
V* = Hom(Vj, R) ( Hom(V;, IIR) (1.1.28)
Choosing a basis ey, ..., e, |€1,...,6m on V then defines a dual basis z!,..., 2" |£!,...,¢™ on V*
where
' (ej) = &'(g5) = 65 (1.1.29)

Example 1.1.4. Let V and W be supervector spaces. Then

LV,W)~W ®V*. (1.1.30)
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1.2 Superalgebras

A superalgebra is a supervector space A = Ay @ A; equipped with an even bilinear multiplication
operation

m:AxA— A
(1.2.1)
(u, v) = m(u, v)
This means that for homogeneous elements u,v € A we have
a(m(u,v)) = a(u) + a(v). (1.2.2)

We will often leave the multiplication map implicit, and simply write uv. Just as for regular
algebras, superalgebras may be unital or associative. However, as a consequence of the Koszul
braiding, the natural notion of commutativity is replaced by supercommutativity: in a supercom-
mutative algebra A, we have for all homogeneous elements u, v

wv = (—1)*Wa gy, (1.2.3)

This relation implies that elements in Ay commute with all others, whereas elements in A; anti-
commute with each other. In particular, each odd element anti-commutes with itself, and therefore
squares to zero.

Supercommutative superalgebras form one of the two important classes of superalgebras, the
other being Lie superalgebras. For now, we defer the discussion of Lie superalgebras, and will
focus on supercommutative superalgebras. These arise as algebras of ‘functions’ on superspaces,
and will play the role of observables of our spin systems.

In the following, we only consider supercommutative superalgebras that are associative and
unital.

Homomorphisms and Superideals. All of the other concepts and constructions surrounding ordi-
nary algebras carry over to the super case too. For superalgebra homomorphisms and ideals, the
only differences are a result of the grading compatibility requirements: homomorphisms between
superalgebras correspond to even linear maps

T:A— B (1.2.4)
that commute with multiplication
T(uwv) =T (u)T(v). (1.2.5)

If A and B have units, then we further require 7'(14) = 1.
The natural ideals of a superalgebra, superideals, are defined as ordinary ideals with the
additional requirement that they are Z»-graded subspaces, splitting asﬂ:

Superideals come in the three standard flavours of left, right, and two-sided, all of which coincide
on supercommutative superalgebras. Two-sided superideals correspond to the kernels of superal-
gebra homomorphisms, and can be used to construct quotient superalgebras following the usual
procedure.

The (left) ideal generated by a collection of elements

(uty ... uk)r = {arug + - + agug | a; € A} (1.2.7)
generates a (left) superideal if and only if each u; is of definite parity; as such, we often write
(U1,...,Up | ¥1,...,%m)r. The same is true for right and two-sided ideals; these are written as
(ui,...,ur)r and (uy,...,ux), and likewise have their usual definitions. We will never need to

consider a non-super ideal in a superalgebra, so we just write ideal.

!One may want to check that this is non-trivial!
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Tensor Products. The tensor product of two superalgebras A ® B has a natural superalgebra
structure with the induced multiplication map magp: AQ BXx A® B— A® B,

magp(a1 ® by, as @ by) = (—1)11192lm 4 (a1, az) @ mp(by, ba) (1.2.8)

where m 4 and mp are the multiplication maps of A and B. The minus factor again results from
the braiding.

When A and B are both supercommutative, we have natural inclusion mapsis : A - A® B,
ig : B— A® B, which send

a—a®1

1.2.
b—1®0b ( %)

In the supercommutative case, it convenient to use the braiding a ® b — (—1)®®*()p @ ¢ to
‘incorporate’ the tensor product into the algebra product, allowing the elements of a and b to
freely supercommute. With this convention, we see that the rather complicated looking expression
above is actually very simple.

a1b1a2b2 = (*1)|b1||a2|a1a2b1b2. (1210)

The inclusion map is now totally trivial: i4(a) = a, ig(b) = b, with the images considered as
elements of A ® B. Following the usual arguments, we find homomorphisms out of A ® B are
exactly pairs of homomorphisms (74, 75) out of A and B.

Grassmann Algebras

The archetypal supercommutative superalgebras are the Grassmann algebras. These are thought
of as polynomial rings in odd variables, which anti-commute as a result of the sign rule. Formally,
we construct the real Grassmann algebra in N odd variables &1, ..., ¢y, by taking a quotient of
the free associative algebra R({y, ..., &y) by the ideal generated by the al (Jgﬂ) anti-commutation
relations

§i&j = —&;&is 1<i<j<N. (1.2.11)

We denote the Grassmann algebra in NV variables as 2V, or sometimes in the polynomial ring style
R[&, ..., EN]-

Like their commutative cousins, the Grassmann algebras are spanned by monomials, but the
anti-commutativity imposes a major difference: Grassmann algebras are finite dimensional, as
any monomial with a square term &? is automatically zero. A general element P € Q¥ is then a
linear combination of square free monomial &r =&,y - - &y,

P= Y pé&, peR (1.2.12)
IC{1,....N}

This also shows that dim(QV) = 2%,

As a superalgebra, OV splits as Q. & QY with the even/odd parts being spanned by
monomials with an even/odd number of terms, i.e., «({;) = |I| mod 2. It is easy to see that the
product respects the grading, and furthermore, is supercommutative: for monomials ¢;,, £1,, one

can check (say, by pulling variables through one at a time) that

€&, = (—1)2EDaep ef (1.2.13)

which implies supercommutativity for the entire algebra by linearity.

2It is sometimes said that a fixed ordering must be chosen on the Grassmann variables to obtain a valid Grassmann
polynomial due to the sign ambiguity, but this is only necessary if we require a unique representation. Ordinary
polynomials are really no different in this regard, just as 5x122 + 3 and 5z221 + 23 are two different representations of
the same polynomial, 5£1&2 + €3 and —5£2£1 + &3 are two different representations of the same Grassmann polynomial.
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Grassmann extensions

The importance of the Grassmann algebras stems from their ability to turn any commutative
algebra into a supercommutative one through the tensor product: if A is any commutative algebra,
then A@ QY = A2 Q) @ A® QY is a supercommutative oneP} A general element of A ® Q" can
be written as

F= Y fi&, fi€A (1.2.14)

As we will need to make frequent use of this construction, we call A® Q" a Grassmann extension
of A.

Example 1.2.1. The algebra of smooth differential forms on RY can be represented as the Grass-

mann extension C*®°(RY) @ A(RY). Here, A(RY) ~ R[dz1,...,dzy] is the Grassmann algebra
generated by the coordinate differentials dz1, ..., dxy together with the wedge product
dr; Ndx; = —dx; N dx;, (1.2.15)

and a general differential form F' € C°(R") @ A(R") is written as

F= Y filern,...,on)dey A Ndwi,,  fre C®RY). (1.2.16)
IC{1,..,N}

The coefficient functions commute with the differentials f;dz; = dx; f; and each other f;f; = f; fi.

1.3 Superfunction algebras

A running theme across much of mathematics is the idea that algebra is dual to geometry. For
instance, maps between smooth manifolds can equally be seen as homomorphisms between their
algebras of functions, but in the opposite direction. This particular result is known as “Milnor’s
exercise”, or smooth Gelfand duality:

Theorem 1.3.1. For any two smooth manifolds M and N, there is a natural bijection between
smooth functions

p:M—N (1.3.1)

and algebra homomorphisms in the opposite direction
@ C®°(N) = C>®(M) (1.3.2)

where C®(—) := C*°(— — R).

In the super world, this theme can be taken as definition: smooth supergeometry is defined as
the dual to smooth superalgebra. The basic object of study on the algebraic side is the smooth
superfunction algebra C>°(R"™).

%It is interesting to interpret this idea as Q" (4) := A ® QY
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Definition 1.3.2 (Smooth Superfunction Algebra). The smooth superfunctions algebra
C>°(R™™) is defined as
C®(R"™) := C®°(R") © Q™ (1.3.3)

It’s even and odd subspaces are then

Cn(R™M™) = C(R™) ® QF
e en( ) ( ) 0 (1.3.4)
Coga®™™) = C*(R™) ® Q"

(o]

Its elements F € C°°(R™™) are called superfunctions, and are represented in terms of

Cartesian supercoordinates z1,...,z, |{1,...,&n as
F(my,. o nlll, o bm) = > fil@,. .. z0)ér (1.3.5)
IC[m]

where the f; € C*°(R"™) are smooth functions and {; € Q" are Grassmann monomials.
Even superfunctions are written with lowercase latin letters; odd superfunctions are written
with lowercase greek letters.

As the notation suggests, we will think of C°°(R™™) as the algebra of smooth functions on
R™™ but for technical reasons, can no longer think of it as the a set of points of a supervector
space. Instead, we view it as a formal superspace, defined through duality. Before we look at
the spaces themselves, we first explain how to compose superfunctions.

Grassmann Analytic Continuation

As superfunctions are not functions with a domain and codomain in a traditional sense, their
composition must be defined in a different manner with a procedure known as Grassmann
analytic continuation. The idea is as follows: consider a function ¢ € C°°(R), and an even
superfunction f € C°°(R!?), written in Cartesian coordinates as

9=9()
f=fx]&,8) = folx) + fi(z)éiée

Setting y = f(z| &1, &2), we obtain an apparently ill-formed composite function h = g o f,

h(z|&1,82) = g(fo(z) + f1(7)€162), (1.3.7)

as we are now evaluating a smooth function on an expression involving Grassmann variables.
However, if we exploit the fact that g(y) can equivalently be represented using Taylor’s theorem
as

(1.3.6)

9) = gly) + 9" (W) (¥ — v) + 7 (ye, v) (¥ — p)* (1.3.8)
and only now substitute y = f,(z) + f1(2)&1&e with yy, = fo(2), vy — yp = f1(z)&1&e,

9(fo + f1&a&2) = g(fo) + 9 () fr&a&e + 7(fi, )(f161&2)°
=g(fo) + 9 (fo) €162,

we see that the remainder term 7 is annihilated by (£1£2)? = 0, and we are left with a well defined
expression containing composition only with respect to ordinary smooth functions.

Grassmann analytic continuation is performed relative to the body and soul of a superfunction,
as above. For F a smooth superfunction in C>(R"/™), with

F(':Ela"‘axn|§1a"'7€m): Z f[(xly"'7xn)£ipa (1310)

1€[m]

(1.3.9)
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the body of F' is defined as the ordinary smooth function obtained by formally setting all Grass-
mann variables to zero

Fy,=F(z1,...,2,]0,...,0) = fp(z1,...,2n). (1.3.11)
The remaining part is referred to as the soul:

Fo=F-Fy= Y filz,..., 2, (1.3.12)
IC[m],I#0

Souls are always nilpotent, and for F € C°°(R"™), the nilpotency is of order less than m, i.e.,

F™ = 0. More generally, collections of souls are mutually nilpotent: for F, = (F}... F¥) any

collection of k souls, and a = (as, . .., a;) € N¥ a multi-index with |a| = a; + --- + ag > m, we
have

Fo = (Fh™ .. (Fkyar =0 (1.3.13)

Using the body and soul decomposition F' = Fj + F,, we generalise the simple example

above to the composition of g € C*°(R¥) with a collection of k even superfunctions f!,..., f* ¢
C, (R™™), Let fhoo, ff be their real valued bodies, and let

o 0 0 o o
9'9(x) = PR 83@72’“9(37)’ =t (1.3.14)

Then, using Taylor’s theorem, g(x) can be represented as

1
g(@)= Y g -y + Y ralz.y)(@ -y (1.3.15)
laj<m |o]=m
where 7, are smooth remainder functions. Substituting = — f = (f',..., f¥) and expanding
around around the body f, = (f1,..., f¥) therefore gives
]' [0 (6% 1 e (03
9(f)= D —d W = F)* = D —a ) (1.3.16)
laj<oo lo|<oo

where the expansion is finite due to the nilpotence of the soul.

The procedure is simpler for odd Grassmann analytic continuation, as we can substitute
directly: if ny,...,n, € ngd(]R”'m), i = ni(x1,...,xn|&1,...,&n) are any odd superfunctions,
and G € C=(R"F) with

GWp1,..., 1) = Z grdr (1.3.17)
ICIk]
then
G, om) = Y g (1.3.18)
IC[K]
where
N1 = iy ([ )My () -1, (2| €) (1.3.19)

if &5 = &, &, - . &i,- Combining the even and odd cases gives Grassmann analytic continuation in
the general case:
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Definition 1.3.3. Let f = (fi,...,fn), fi € C,(RPI9), and n = (n1,...,0m) m €
ng‘id(Rp‘q ), be a collection of even/odd superfunctions, and let G € C>®(R"/"™),

G(x1,...,%n &1, Em) = Z gr(z)ér. (1.3.20)

1C[m]

Then the composition G(f |77) € C°°(RPl9) is defined as

G(flm) =) (Z 9 B = ) ) . (1.3.21)

IC[m] \Ja|<oo

Functions and algebra homomorphisms

Every smooth function f € C*°(R")

f:R*"=R
(1.3.22)
(X1, oymn) = f(T1,. .. 20)
defines an algebra homomorphism in the opposite direction
fF:C*R) - C(R") (1.3.23)
by sending g € C*°(R) to its composition with f, i.e.,
ol = g(f(z1,...,zpn)). (1.3.249)

Inverting this idea allows us to think of superfunctions as functions between formal superspaces.
Every even superfunction f € C%,, (R™™) defines a map

f*: C®(R) — C®(R™™) (1.3.25)
which is again defined using composition, but now interpreted in the Grassmann analytic sense:

ol =g(f(z1, ... 20| &1, 6m)) (1.3.26)

Furthermore, this map is a superalgebra homomorphism. Clearly, f* preserves degree, and is
unital and linear

[ =1f) =1, f*lerg + cah] = c1 f*[g] + caf*[R], (1.3.27)

so one need only check f* commutes with multiplication. This follows from the C>°(R™?) case:
letting f = y(x) + q(x)&1&2, we have

f*lgh] = [gh](y) + [9h] (y) fs
= g(y)h ( ) (g W) + g(y)h' (v) fs
( W)+ ) (h) 4 W)L (1.3.28)

flalf []

where we have used that f2 = 0 on the third line. Likewise, for every odd superfunction n €
ngd(Rnlm) we have a superalgebra homomorphism

n* s (R - Cc=(R"M) (1.3.29)
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defined by odd Grassmann analytic continuation. Compared to the even case, this is rather trivial
as a general element 1) € C2%,(R1) is of the form v(¢) = a&, which gives

3
*
=

I
=
3

[

an(zy, ..., xn| &1y &m)- (1.3.30)

As above, n* degree preserving, unital and linear, and trivially commutes with multiplication

0 W10 ] = aragn® = 0 = n*[0] = n*[1¢a], (1.3.31)

so it does indeed define a superalgebra homomorphism.
Superfunctions thus define superalgebra homomorphisms in exactly the same way as ordinary
functions, and we should therefore think of them as ‘maps’ between formal superspaces:

fRm 5 RO
(1.3.32)
n: R™™ _y ROI
acting as
e T | &1, Em) N o N PR oo
(@1, an &, &) = flan, s an €, ) (1.3.33)
(xla"-vxn‘é.lv"wgm) '—>77(9517---733n‘§17--->§m)
in the even/odd cases. More generally, just as how a map
f:R* > R™ (1.3.34)
is represented in coordinates as an m-tuple of smooth functions f = (fi,..., fm), with f; €
C>®(R™),
(X1, yxn) = (i@, n)y ey S (@1, oy 20)), (1.3.35)
a ‘map’ between two superspaces
F:R™ o RPl (1.3.36)
is represented in coordinates by a p|g-tuple of smooth superfunctions F' = (f1,..., fp|n1,...,7q),
with f; € 2%, (R™™), n; € O, (R™™), so that
(@1, s@a €1, Em) = (A1), s Fyl@l©) [ m(@E), . my(alE)). (1.3.37)

On the algebraic side, every such map defines a superalgebra homomorphism in the reverse
direction

F* : C®°(RPIT) — C=(R™™), (1.3.38)
again defined using Grassmann analytic continuation:

F*lgl = g(f1(z[), ..., fp(l&) | m(xlE), - .., mg(=]E)),

F ] = o (fu(@[€), -, Fol@]€)|m (), .. mq(x]€)). (1.3.39)

Under their interpretation, superfunctions are composed using Grassmann analytic continuation;
this is of course compatible with their reversed composition as superalgebra homomorphisms, as
this is also defined using Grassmann analytic continuation, i.e., (G o F')* = F* o G*.

Remark 1.3.4. In fact, every superalgebra homomorphism ¢ : C*(RPI?) — C°(R™™) is repre-
sented by a superfunction F' : R"™ — RPl9, so that ¢ = F** for some F.
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Coordinate Transforms
Every automorphism of C'>°(R™™)

F* : C®°(R™™) — ¢ (R"™) (1.3.40)
defines a coordinate transformation. Geometrically, this corresponds to an invertible map

F:Rm 5 ReIm
(@1 [ € &) = (froe s fa |01, Ym)

which represents the old coordinate functions (z, &) in terms of the new

z; = fi(a,€) &= i@, €), (1.3.42)

or, more concisely as x|{ = F(2'|¢’). The corresponding homomorphism acts on superfunctions
as G(z,&) — F*|G] = G(F(2/,¢')). As the sense of a coordinate transforms follows the algebraic
rather than the geometric direction, we write x | £ — 2’| ¢/, following the ordinary convention.

(1.3.41)

Example 1.3.5. Changes of coordinates do not need to preserve the bodies of superfunctions. For
instance, the change of coordinates (x |£,n) — (2’| &', n') given by

r=a+&n
n=n (1.3.43)
£=¢
is coordinate transform on R!/?. The inverse transform is simply
o' =z —£n
n=n (1.3.44)
§=¢
Both of these maps define superalgebra homomorphisms on C*®(R'?),
G(z|&n) = G+ &' [€7)
F(a'|¢'n) = F(z —&n & n)

and are clearly inverses of each one another in this sense too, and hence are automorphisms.

(1.3.45)

Supermanifolds

More generally, supermanifolds are defined using the following principle:

Theorem 1.3.6. Every smooth manifold M can be smoothly embedded into a Cartesian space R" of
large enough dimension:

i: M —R" (1.3.46)
Dually, this defines a surjective algebra homomorphism
i*: C®(R") —» C*(M). (1.3.47)

Furthermore, this embedding can be realised as the joint zero locus of a finite collection of functions
(fi,..., fr) € C*(R™), so that

M ~{(z1,...,2n) € R"| fi(x) = = fr(x) =0} (1.3.48)
Algebraically, this states that
C*(M) = C*([R")/(f1,---, fr) (1.3.49)
i.e., the ideal defined by ker(i*) is generated by fi, ..., fk.
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We take the super-analogue of this statement as a definition:

Definition 1.3.7. A superalgebra C°°(M) is the algebra of functions on a formal superspace
M if it is isomorphic to a quotient superalgebra of the form

C®(M) =~ C®R™™)/(f1, -, ol p1s-- -+ Pg); (1.3.50)

where (fi,..., fp|p1,...,pq) is a finitely generated ideal.

Functions between superspaces are defined as follows:

Definition 1.3.8. A smooth function between two formal superspaces M and N
f:MN (1.3.51)
is defined as a superalgebra homomorphism
ff:C®(N)— C®(M) (1.3.52)

where C*°(N) and C*°(M) are superalgebras of the form (1.3.50).

Remark 1.3.9. The superspaces defined according to the above definition can be quite singular,
and are closer to schemes than manifolds. For instance, C*°(R)/(x?) is not the algebra of functions
on any manifold, although it does arise as the algebra of global sections of a scheme. Later we will
give conditions on what sorts of ideals (fi,..., f,| p1,...,pq) give rise to supermanifolds, which
are superspaces that are ‘locally isomorphic’ to R?1%. But from the algebraic perspective, having
the extra flexibility can be quite useful, so we retain it.

Example 1.3.10. Let z, 7, z be Cartesian coordinates on R3. Then the algebra of functions on the
sphere S? is isomorphic to the quotient algebra

C®(S?) ~ C®°(R)/(2? + > + 22 — 1), (1.3.53)

as S? can be represented as the zero locus of 22 + 32 + 22 — 1. In analogous way, the algebra of
functions on the supersphere S22 is isomorphic to

C=(S??) ~ C®(R3P) /(22 + y? + 2% — 2¢n — 1), (1.3.54)

where 22 + 4% + 22 — 26n — 1 is the zero locus representing the supersphere, written here in
Cartesian supercoordinates x,y, z | £, on R3?. The superfunction 22 4 32 + 22 — 2¢n is known as
the super-Euclidean quadratic form; we discuss this in further detail in section

The algebra of functions on the hyperbolic superspace H2? is isomorphic to the quotient
algebra

C®(H?) ~ C®(R32) /(22 4+ y? — 22 — 2 + 1,155 — 1) (1.3.55)

where z2 4 32 — 22 — 2¢n is now the Minkowski quadratic form on R312, and 1, is a smoothed
indicator function which picks out the upper of the two branches of the hyperboloid. As we can
explicitly solve z = /1 + 22 4+ y2 — 2€7, we can write a general function on H?? as

F(z,y,2|&n) = Fa,y,V/1+ 22 +y2 - 2n|&,n) = F(z,y|&,n), (1.3.56)

so we have an isomorphism C>(H??) ~ C>(R?P).
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1.4 Further remarks on superspaces

Points in superspace

It worth making a few remarks about why superspaces cannot be regarded as spaces in the
ordinary sense. The fundamental difference between superspaces and ordinary ones is that maps
between superspaces are not uniquely determined by their values on the ‘points’ of the space.
The set of points underlying an ordinary manifold is equivalently realised as the set of maps
from an external point into the space. Taking, say, R", a point p € R™ can be thought of as a map

p:e—R"
(1.4.1)
®— (cl,...,cn)
which sends a point to its coordinates (cy,...,c,) in the space. To be clear, (ci,...,¢,) is an

n-tuple of real numbers, each of which can be thought of as a constant function ¢; € C*°(e) ~ R.
Dually, points in a space correspond to algebra homomorphisms in the other direction

p*: C®(R") = R

1.4.2
flxr, ... xn) = fle1,. .o cn), ( )

corresponding to the evaluation of a function on the point itself, and clearly, if we know the value
of f for all (cy,...,c,) € R", then we know f.

Pulling this idea over to the super case, we encounter a problem: a point again corresponds
to R0 (as there are no variables), and its set of smooth functions C> (R?) is again isomorphic to
R, and so the set of points p € R"™ is defined as the set of superalgebra homomorphisms

p*: CP(R"™) S R (1.4.3)

as these are dual to formal maps p : ¢ — R"™. However, because superalgebra homomorphisms
are required to preserve parityﬂ all odd superfunctions must map to zero as R has no odd
component. Hence, a general homomorphism is of the form

p*(F) = Fl(c1,...,cy]0,...,0). (1.4.4)

By knowing the value of a superfunction F € C*(R"/™) on all points p € R"™, we are able to
reconstruct the body F, € C°°(R") of F, but are unable to say anything about its soul. In this
sense, souls are ephemeral as they cannot be seen directly: superfunctions, when evaluated on
points, are indistinguishable from their bodies.

Visualising Superspaces

When dealing with geometric objects, it is often helpful to have a picture in mind. As the set of
ordinary points in a superspace is naturally equivalent to the set of points of its body, we can
imagine R™™ looking like ordinary R", but with a certain ‘aura’ indicating the presence of the
soul. This is sometimes described as a ‘Grassmann cloud’ or ‘fuzz’, but I find it better to think of
it as a sort of metallic shimmer on the space; in my view, this better reflects the rigidity of the
Grassmann directions.

“Even removing the degree preservation requirement (like we did to obtain odd linear maps) does not resolve the
issue: the image of p*[¢] must always equal zero as if p*[¢] = ¢, then

& =p' ] =€ =p7[0] =0,

which is impossible for ¢ # 0.
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Body and Soul

Previously, we have discussed ‘body and soul’ in the context of Grassmann analytic continuation,
but it is useful to understand how the concept fits into the larger picture. Our original formulation
for C°°(R™™), although correct, paints a somewhat misleading picture as the decomposition of a
superfunction into its body and soul does not truly exist in an absolute sense, but only in a relative
one.

Definition 1.4.1. The soul of a superalgebra Aeven @ Aoqgq is the ideal generated by the entire odd
subspace of A:

Asoul = (Aodd) (1.4.5)
The body of A is then defined as the quotient algebra

Abody = A/Asoul- (1.4.6)
We denote the associated superalgebra homomorphism by
it A— Abody- (1.4.7)

Remark 1.4.2. The body of a superalgebra is an ordinary algebra, and if A is supercommutative,
then Aypqqy is commutative. The notation i* : A — |A| is again here to suggest that we think of
this algebraic quotient as something that is induced by a geometric inclusion i : |[M| — M in the
opposite direction.

Here are some examples of superalgebra bodies:

* The body of the Grassmann algebra Q is |QV| ~ R. This is also true for any quotient
algebra of of a Grassmann algebra |QV /1| ~ R.

e If A= B ® QY is the Grassmann extension of a commutative algebra B, then |A| ~ B.

* In particular, the body of the smooth superfunction algebra
[C=@®™)| = C2 R (6, ) = CRRT) (1.4.8)

is the ordinary algebra of smooth functions on R". It is useful to think of this in a geometric
fashion as
\C”<R”'m>( = C®(IR"™|) = C>=(R™), (1.4.9)

so that the body of R™™ is R”, and that C>°(—) preserves this relation.

This last example motivates the following definition:

Definition 1.4.3. The body of a superspace M is the formal space |M| associated to the
ordinary algebra of functions C*(|M]) := C]fgdy(M ). The geometric inclusion is denoted,

it | M| —> M (1.4.10)

and is defined as dual to the algebraic quotient map i* : C°°(M) — ngdy(M ).

When a superalgebra A = |A| ® QV is defined as a Grassmann extension of a commutative
algebra |A|, we have a natural embedding of the body back into the superalgebra

p* Al = |Al @ QY (1.4.11)
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where p* = i is the natural inclusion associated with the tensor product (again, now thought
of as the opposite of a geometric projection p : M — |M|). By composing with the quotient map
i* 1 |A| @ QN — | A|, we obtain the body projection

Pyoay =p*0i* : BeQY - B— B QY (1.4.12)
and, taking its complement, the soul projection:
Psou =1 — Pbody~ (1.4.13)

The inclusion of the body back into a superfunction algebra designates a subspace of superfunc-
tions as ordinary real valued functions, much in the same way as how the inclusion of the reals
into any algebra ig : R — A indicates which elements are real numbers, that is im(ig) ~ R. For
the smooth superfunction algebra C>(R""™) = C°(R") ® Q™, the body and soul projections give
the previously described decomposition of a superfunction

F(:L’l, - .,:Cnyfl, e ,fm) = Z f[(xl, ‘e ,xn)& (1414)

IC[m]
into its body and soul F' = F;, + Fs, where again

Fb:PbOdy(F):F(xlv"-vxn“)v--wo):f@(xla"'a'xn)

Fs:Psoul(F):F_Fb: Z fl($17-~'7xn)§l- (1.4.15)
IC[m], 10

This gives a decomposition of C'>°(R"™) as
CPR"™) = C, (R™™) © C5y (R™™). (1.4.16)
However, for a general superalgebra, there is no natural embedding
p* A = A, (1.4.17)

and hence no natural splitting into body and soul A = Ay,aqy @ Asoul- In particular, for a superfunc-
tion F' € C°°(M) on a superspace M, there is no absolute sense in which we have a decomposition

F =F,+ F; (1.4.18)
into a ‘real valued’ body and nilpotent soul. It is only after choosing a particular embedding do
we obtain a splitting. This is true even for linear superspaces V, as although we have

C=(V) ~ C®(R™™), (1.4.19)
we still have to choose a specific isomorphism in order to identify them.

Remark 1.4.4. The body of a superspace sits inside it, but the soul is free to ‘tilt’ around it.

1.5 Supermodules and Supermatrices

Vector spaces generalise to modules by replacing the ground field of scalars by an arbitrary ring
or algebra. A left module over an algebra A is a vector space M equipped with a bilinear
map from A x M — M, (a,m) — am called left multiplication, such that (ab)m = a(bm) and
em = m. A right module over A is similarly defined, but multiplication taking place on the
right M x A — M, (m,a) — ma. If M is both a left and right A-module such that for all
m € M, ai,az € A, aj(maz) = (aym)ag, then M is called a bimodule. Any left module over
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a commutative algebra can be considered as a bimodule by defining the right multiplication as
ma := am (and vice-versa for right modules).

When A is a superalgebra, the natural class of modules are supermodules, which are (left or
right) modules equipped with a Z,-grading

M = My @ M; (1.5.1)
that is compatible with the superalgebra structure

A;M; C M;y;  (left supermodule) (1.5.2)
M;A; € M;y;  (right supermodule).
Supermodules over supercommutative algebras can be considered as superbimodules by setting
A;M; = (1) M A;. (1.5.3)
As we are only interested in this case, we will just say supermodule.

Remark 1.5.1. By considering R as a purely even superalgebra, the definition of a supervector
space is identical to an R-superbimodule. Note that unlike supervector spaces (but like super-
algebras), supermodules do not in general split into a direct sum of ordinary modules because
multiplication by odd algebra elements exchanges parity.

Free Supermodules

A supermodule over a superalgebra A = Ay & A; is called free if it can be written in the form
M = My® M; = (A) x Af)o @ (AP x Al); = APl (1.5.4)

We define the rank of such a supermodule as the superpair of natural numbers p|q. Free super-
modules admit a Z,-graded basis

61,...,6p€M0 61,...,EqEM1 (1.5.5)

with the e; labelled even and the ¢; labelled odd. Using this basis, every element v € M is uniquely
expressible as a linear combination v = vy + w1,

p q
vy = Z a;e; + Z QGE;
i=1 i=1
p q
V1 = Z oie; + Z a;&;
i=1 i=1

with v; € M;, a; € Aoy, o; € A1. When M is a superbimodule, the basis elements satisfy the
supercommutativity relations

(1.5.6)

ae; = e;a ae; = e;
L L (1.5.7)

ac; = ;a4 Qg; = —&g;x

Supermatrix Algebras

Linear maps between free supermodules over the same algebra are most easily described by
supermatrices. A supermatrix is a 2 x 2 block matrix

r S
N, N

Roo | Rox
Ry | R

R

a{

(1.5.8)
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with entries in a supercommutative superalgebra. The dimension of a supermatrix is denoted
p|gq x r|s where the dimension of each block is indicated above, and we denote the collection of all
such matrices over a superalgebra A by Mat,, ,s(4). Under the usual matrix addition and scalar

multiplication Mat,|, ,|s(A) is a supervector space with grading R = Ry + Ry,

(1.5.9)

even | odd

even | odd odd | even
0= ; Ry =
odd | even

where even/odd indicates the blocks of homogeneous elements. Furthermore, as we can multiply
matrices by elements of the algebra on the left

FR FR
(F,R) — FR = %o o (1.5.10)
(—1)*P)FRyg | (—1)*F)FRy; |
and on the right
RooF —1)F) Ry F ]
(R,F)— RF = o (D™ "Ry (1.5.11)
Ry F (1) Ry F |
in a fashion compatible with the grading and supercommutativity
a(FR) =a(RF) =a(F) + al(R),
(FR) = o(RF) = o(F) + (R) (1.5.12)

FR=(-1)*BRE

Mat,|, ,|s(A) carries the structure of a superbimodule over A. Notice that the signs are different
from ordinary matrix-scalar multiplication because the have implicitly used the graded basis with
the coefficients ‘in the middle’:

R = Z €Z'(R00)§'€j + Z 61(R01)§€j
i - . (1.5.13)
Z6i(R1o)§€J + Z&(Rn);fj

1] 1]

Here, the ¢;, €/, ¢;, ¢’ are even/odd basis vectors/covectors and which contract as e(e;) = e;(e’) =
¢; and €'(g;) = —¢j(e') = 4}, and these supercommute with elements of A.

Supermatrix Operations

Here we introduce the three fundamental matrix operations: the supertranspose, supertrace, and
the superdeterminant. The supertranspose of a supermatrix is defined as

RST _ Ry ‘ (—1)*RRT, 7 (1.5.14)
~(-1)*®RE | RL
where RiTj is the usual matrix transpose, and satisﬁeﬂ
(QR)T = (1)@ RST QST (1.5.15)
The supertrace is defined for square supermatrices, and is given by
str(R) = tr(Roo) — (—1)*®tr(Ryy). (1.5.16)

>Interestingly, the supertranspose is not an involution and requires 4 repeated applications to return to the initial
state (it behaves somewhat like the Fourier transform, or a spinor, in this regard).
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Like the usual trace, it is linear
str(a@ + bR) = astr(Q) + bstr(R), (1.5.17)
and satisfies the graded cyclic condition
str(QR) = (—1)* @B gtr(RQ). (1.5.18)

Finally, the superdeterminant, which is only defined for even invertible supermatrices, is given
by the Schur complementﬁ style expression

sdetR := det(Roo — Ro1 Ryj' Rio) det(Ry1) " (1.5.19)

This satisfies
sdet(QR) = sdet(Q)sdet(R) (1.5.20)

1.6 Superspins

Let us now refer to the collection of Cartesian coordinates as a superspin, which we denote with
the shorthand v = (z1,...,2,|&1,...,&y). For the reasons discussed above, superspins do not
correspond to the topological points of R"™ however, it is extremely useful to pretend that they
are, as it allows us to think of R”™ as a supervector space. For instance, the formal map

+: RM™ R R7IM

1.6.1
(u,v) = u+v ( )

where u = (z|€),v=(y|n) and u + v = (z + y | £ + n) is a well defined map of superspaces, as it
corresponds to the superalgebra homomorphism

" (1.6.2)
+ [F]:F(x1+y177xn+y7L|£1+77177§m+nm)7

or, more compactly, +*[F] = F(u + v). Using superspins, the superspace R"/" has a ‘supervector
space structure’, as we furthermore have a scalar multiplication map,

R x R™™ _ grim

(1.6.3)
(A u) = Adu=(Azg, ..., zn | A, .y Am)

which is compatible with the addition operation in the usual way; here X\ should be interpreted
as the coordinate function on R, which now plays the role of a scalar. Each of the vector space
axioms now corresponds to a particular commutative diagram: for instance, associativity of
addition (u + v) + w = u + (v + w) corresponds to

Rn|m % Rn|m % Rn|m (+.id) Rn|m % Rn|m

l(id#) b (1.6.4)

RnIm  RnIm + Rnlm

Writing out all such diagrams is a tedious distraction, so we will not do it. But the essence is that
superspins can be manipulated in exactly the same way as supervectors.

®For comparison, the Schur complement formula for the determinant of an ordinary matrix R is

det R = det(Roo — Ro1 R1;' Rio) det(Ri1)
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Bold Notation

Let A = {1,2,..., N} denote a finite set. Given a copy of R""™, let us write
(R = T RA™ 2 RNIN™ (1.6.5)
€A

to denote a A-indexed product. Given coordinates (z|£) on R™™, we denote the associated
coordinates on (R”™)? with an additional index (z, | £,)aca. Thinking of coordinates as super-
spins, (R™™)A is the configuration space for a collection of |A| superspins (ug)aca := (T4 | €a)acA-
To avoid an explosion of sub/superscripts, we use bolded terms to denote collections of objects
indexed by A. Thus, we write

U = (Ug)aeA (1.6.6)

to denote the collection of all superspins, x! := (z%).ca to denote the collection of all i-th
coordinates functions etc. A superfunction on (R™™)A is then written in compact form as

F(u):=F(zl,... 2%, ...,z ..o &, €0 ek, .. €M), (1.6.7)

We sometimes use primes for the same effect when A is small, say writing F'(u, u/) on R™™ x R?™
as we have above.

Norms and Forms

An even bilinear form on R"™ is superfunction
B:R"™m xR R (1.6.8)
which is bilinear with respect to superspin addition

B(u+ v,w) = B(u,w) + B(v,u)

B(U,U+w) = B(uvq)) +B(U,’LU) (1.6.9)

and scalar multiplication
B(Au,v) = AB(u,v) = B(u, Av). (1.6.10)

The bilinearity implies that every bilinear form is represented by a quadratic superpolynomial of
the form

Blu,u') = Y Aymizl+ Y Dij&ic). (1.6.11)

ij=1 ij=1

The real coefficients A;;, D;; are conveniently represented by a real valued, even supermatrix,

Al O
0D
which we can identify with the bilinear form itself. Here, A is an n x n matrix, and D is an m X m

matri

B (1.6.12)

The off diagonal entries are zero because we are considering even bilinear forms. Allowing the off diagonal entries
to be non-zero, and taking A = D = 0 gives an odd bilinear form, and would correspond to a superfunction into R°/*.
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Orthosymplectic Forms

We are interested in the special case of orthosymplectic forms. These are even bilinear forms
that are symmetric in the superspins,

B(u,v) = B(v,u) (1.6.13)

and are non-degenerate
det(A) #0, detD #0. (1.6.14)

The anti-commutativity interacts with the symmetry condition in an interesting way. Expanding

out the symmetry condition B(u,u') — B(u/,u) = 0,
n m n m
Y Aymia+ > D&y — > Agzia— > Dijgig
,5=1 i,5=1 ,j=1 i,5=1
n m n m
= Z Agjaix’; + Z D;j&i& — Z Ajjrja; + Z D (1.6.15)
Q=1 ij=1 Q=1 Q=1
n
= Z (Az] - ]’L xzw + Z ij + D]z 525] =0,
,j=1 t,j=1

we see that A is required to be a symmetric matrix (as would be usual for a symmetric bilinear
form), but D is required to be skew-symmetric due to the anti-commutativity of the Grassmann
variables. Together with the non-degeneracy condition, this implies that A is represented by
a (possibly Lorentzian) inner product, whilst D is represented by a symplectic form. The non-
degeneracy of the symplectic form implies that the fermionic dimension of our superspace must
be even, so only the Cartesian superspaces R™?™ admit an orthosymplectic structure.

By performing a linear change of basis, every orthosymplectic form can be represented as

[, 0 0 |
0 I.,| O
B= P (1.6.16)
0 0 |0 —I,
0O 0 |[I, O

where p is the number of ‘time-like’ dimensions defined by A. We will be interested in two cases:
p = 0, which corresponds to the super-Euclidean inner product, and p = 1, corresponding to
the super-Minkowski inner product. We will mostly denote these in a dot product style as

n m
u-u = Z T — Z &mi — ni&l (Euclidean)
i—1 i—1
n m (1.6.17)
=—z7 + Z T — Z Emp — ni€l (Minkowski)
i—1 i—1

but will sometimes write (u, u’) or (u, u’) to denote these, just as we would an ordinary inner prod-
uct. When equipped with the appropriate inner product, we call R*?™ a Euclidean superspace,
and call R™'I>™ a Minkowski superspace; we have used coordinates (1, ...,y | €1, ..., Em, 11, - - -
on R™?™ and (z,x1,...,%n | €1, Emy Ny - - - 5 ) OD R,

In both cases, we have written the fermionic coordinates in terms of ‘symplectic conjugates’,
so that &; is paired with n; for i = 1, ..., m; on Minkowski superspace, the time-like coordinate =
will usually appear as the first entry of the superspin as above, but will sometimes appear at the
end if it is convenient. In any case, we reserve the variable z explicitly for this purpose. Further,
we opt for the ‘mostly plus’ metric signature of gravitational physics rather than the ‘mostly minus’
signature of particle physics.

anm)
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Quadratic Forms and Energy Functionals

Every orthosymplectic form B gives rise to a quadratic form on R"/?™, represented as a superfunc-
tion
qp : R SR (1.6.18)

with gp(u) = B(u,u). For the Euclidean and Minkowski products, the corresponding quadratic
forms are denoted

m
[ullfue = Y @f =D 26,
7 =1
m
lullfgin = =27+ 2f — > 26
i i=1

or just by ||u||* when the context is clear. Here, we are tempted to take a square root in order to
define a ‘metric superfunction’ d(u,u’) = \/||u — «/||?. Sadly, this is not quite possible due to the
lack of smoothness at the origin; on RI2, we would for instance have

(1.6.19)

gt o

dlu,ut) = o= P =2~ N —1) = o — | - EELE, (1.6.20)

which is not a well defined map of superspaces. On the other hand, as long as we do not take the
square root, there is no issue in defining

m

= [fye = > (@i —2})* = > 2(& — &) (mi — n))
‘ =1 (1.6.21)

m

= = —(2 = )2+ > (w5 — 2))* = > 2(& — &) (ni — ).

i=1

The utility of these ‘quadratic metrics’ is that they allow us to define natural energy functionals
on collections of superspins, that is, on spin systems. In all models we examine, the pair interaction
between spins u,, up is given by

Bab
H(ug,up) = %Huu — wp? (1.6.22)
for some constant ,,. The interpretation here is that the two superspins are thought of as
connected by a spring with stiffness (3,;, with the Hamiltonian functional above defining Hooke’s’

law (or a sort of Minkowskian analogue).



Chapter 2

Supercalculus and Supersymmetries

2.1 Derivatives and Derivations

On a smooth manifold M, functions are differentiated by vector fields through the Lie derivative.
This associates to every vector field X € Vect(M) a derivation on C*°(M), which we recall is a
linear map

Tx: C®(M) — C™(M) (2.1.1)

obeying the Leibniz rule
Tx(fg) =Tx(f)g + [Tx(g). 2.1.2)
Concretely, if M is n-dimensional and X is represented in local coordinates as

)
X = Zgjxh..., azj (2.1.3)

then its associated derivation acts on functions as

3f
Zgj @1, @0) 5o (2.1.4)

In fact, every derivation on C°°(M) arises from a vector field giving a natural isomorphism
Vect(M) ~ Der(C*°(M)). Thus, we can replace geometric objects (vector fields) with algebraic
objects (derivations). The perspective is useful for superspaces, as their definition is fundamentally
algebraic rather than geometric.

Superderivations

Let A = Ay @ A; be a supercommutative superalgebra. Recall that a linear map 7: A — A is
written in block form as

Too Tm]
T = , 2.1.5
[TIO T ( )

and is even if Ty; = T1p = 0, and odd if Tyg = 711 = 0. A homogeneous linear map is one that is
even or odd, and the parity map is again denoted

o(T) = {0 € Zs, T is even ’ (2.1.6)

1€ Zo, T is odd

and for homogeneous F' € A we have a(T'F) = a(T') + a(F'). A homogeneous superderivation
is then defined as a homogeneous linear map 7': A — A that obeys the super-Leibniz rule

T(FG) = (TF)G + (—1)*MeI) p(T@). (2.1.7)

25



26 CHAPTER 2. SUPERCALCULUS AND SUPERSYMMETRIES

Thus even and odd superderivations are derivations and antiderivations, respectively. A gen-
eral superderivation is a sum of an even and an odd superderivation. We denote the collection of
derivations of a superalgebra A by Der(A).

Euclidean Superspace R"™

Consider the superalgebra C>°(R°™). For each Grassmann variable £y, ..., &, define the left
Grassmann derivatives a%: C>°(RY™) — C>°(RI™) as the unique linear maps determined by

aa&(&&) =& &6 #0, 88&1 =0 (2.1.8)

for £ a Grassmann monomial. One can check that these define odd superderivations on C>(R%™):
if F' is a homogeneous Grassmann polynomial, then the above conditions imply

9e, (FG) = (8¢, F)G + (-1)*FF(8:, Q). (2.1.9)

The super-Leibniz rule implies that Grassmann derivatives behave exactly as the usual com-
mutative coordinate partial derivatives a%’ except they anti-commute with each other and the
Grassmann variables:

g 0 g 0 0
875187521? = _%T&F’ o0&, (fZF) 62 5 (2.1.10)

The left Grassmann derivatives form a basis for Der(C>(R%™)) as a rank 0|m C>(R%™) super-
module, with a general superderivation 7" having a unique representation as

" 9
T — ZF"‘@TQ (2.1.11D)
a=1

with F,, € C>°(RY™). If all F,, are even/odd, then T is odd/even.
More generally, every superderivation 7' € Der(C>°(R™™)) can be realised in Cartesian coor-
dinates (z!,..., 2™ | €L, ... &™) as

- 0 “ 0
T = Fo— a=— 2.1.12

where F,, G, € C>°(R™™) are superfunctions, -2 7. are the usual coordinate partial derivatives on

R™, and 6‘9 are the Grassmann derivatives deﬁned above. If T is an even/odd superderivation,
then F,, are even/odd superfunctions and G, are odd/even superfunctions. We also see that
Der(C°(R™™)) is a free rank n|m C°°(R™™)-supermodule.

Chain rule

There is an analogue of the chain rule in the super setting which describes the action of derivations
on composite superfunctions.

Theorem 2.1.1. For f = (fi,..., fa), fi € CS2n(RPI9), and n = (n1,....0m), i € C%,(RP9), a
collection of even/odd superfunctions on RP19, and T' € Der(C*(RPl9)) a superderivation, the action
of T on the composite function g(f|n) for g € C"X’(R”'m) is described by the chain rule

g(f1m) Z g(f1m) +ZT% 5 g(f1m) (2.1.13)

where 889 and 89 are the derivatives of g(z1,...,xn|&1,. .., &n) with respect to its j-th even/odd
component
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Remark 2.1.2. Care must be taken with the order of the factors in (2.1.13) due to the potential
presence of odd quantities.

Proof. See [79, p.59]. O

2.2 Berezin Integration

In the same way that derivations are an algebraic abstraction of differentiation, spaces of linear
functionals on algebras give a model of integration. Indeed, using a functional analytic approach,
measure theory can be developed this way, with the Riesz—Markov theorem and its ilk providing
the bridge between spaces of measures and dual spaces of functions. It is in this style that we
define integration over R™™: the space of measures (or rather, distributions) on superspace R"/"™
is defined as the continuous dual of C°°(R™™). We denote these functionals using an integral-style
notation

/ cdp s C®(RY"™) 5 R (2.2.1)
RnIm

and refer to them as Berezin integrals or Berezin measures.

Superfunction Spaces

Actually, the space of linear functionals on C*°(R™™) is not entirely suitable because the associated
distributions have compact support. In particular, the super-analogue of the Lebesgue measure is
not contained in C*°(R™™)*. By starting with a smaller space of test functions, we gain access
to a larger dual; following the ordinary case, we focus on the space of compactly supported
smooth superfunctions, defined as the Grassmann extension

C(R™™) .= C®(R™) @ Q™. (2.2.2)

Lying between C>°(R"™) and C2°(R™™) are a multitude of intermediate spaces that one
could consider. We list a few here, all of which are defined as Grassmann extensions of ordinary
function algebras:

e Schwartz superfunctions: S(R"") := S(R") ® Q™
* Superfunctions vanishing at infinity: C§°(R"™) := C3°(R") @ Q™
* Bounded superfunctions: Cg°(R"™) := C°(R™) @ Q™

* Slowly growing superfunctions: C’:lf)w(R”'m) = O3 (R") @ Q™, where

, |02 /]
P A(R™) = € C*°(R") | There exists 3 € Ns.t. sup ——=—— < oo, forall « € N"
Slow( ) {f ( ) /B IERBL (1 + H'TH/B)
(2.2.3)
These spaces fit together in the following chain of inclusions:
C(R™™) C SR™™) C CF(R™™) C CP(R™™) C O, (R™™) € C=(R™™) (2.2.4)

Their dual spaces are nested in the reverse order. We present the general framework using
cee (R"™)*, i.e., the most general class of distributions. Later, we will work with some of the
other classes, particular Schwartz superfunctions (i.e., those with rapid decay), and also those that
have slow growth. The framework we present here transfers to this setting essentially unchanged,
as long as one is careful with the usual convergence issues.
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Integration on R°I™

Let us first examine the fermionic superspaces, R°™. As their underlying topological space is a
single point, all superfunctions are compactly supported C°(R%™) = C'>°(RO™). Berezin integrals
on fermionic spaces are completely determined by their values on Grassmann monomials as these
form a basis for C>(R0/"™):

/ROmFdM—/ROlm Z Jrérdp

IC[m]

= Z fl/ Erdp.

ol
Igﬂmﬂ RO[m

(2.2.5)

Choosing the Berezin measure defined by

/RO &dgz{l & =66 bn 226

0 otherwise

we obtain Berezin’s remarkable definition of integration as iterated differentiation:

0 o 0
F = .. ——F 2.
/ROm e R T (2.2.7)

We call this the Berezin-Lebesgue measure, as it is uniquely singled out by its infinitesimal
symmetry under ‘fermionic translations’: for all a%- and F € C=(R%™), we have

0
—_Fde¢ =0. (2.2.8)
\/R()m afz 5
Every Berezin measure can be written as a density with respect to the Berezin-Lebesgue
measure by precomposing on the right with a function p € C>(R%"™):

0 0 0

FQ () = [ | P& = 5. 55 (FE(E) (2:2.9)

This function p is called the density of the Berezin measure.
The parity of the Berezin-Lebesgue measure on R%™ is defined as

ROIm

7 .
a(dg) = {0 €L miseven (2.2.10)
1€ Zs, m is odd
and the parity of a general Berezin measure du = p d with p homogeneous is
a(dp) = a(p) + a(df) (2.2.11)

Integration on R"™

Continuous linear functionals on C°(R"™) correspond to Berezin distributions on R"™, and
are of the form

T(x,8) =Y Ty(x)&rdé (2.2.12)
i

where the T; € C°(R")* are distributions on R™" = R” and d¢ is the Berezin-Lebesgue measure
on RO™_ If each distribution 77 is an actual measure, then we obtain a Berezin measure on R"/™,
which we write

dp(x, &) = dvr(x)¢rde. (2.2.13)

1
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The integral of such a measure is defined as

o 0

d
/R . Fdu(z,§) == ZI: B 8726?1@&) dvr(z). (2.2.14)

Taking dvg(x) = dx the Lebesgue measure on R™ and dv; = 0 otherwise gives the Berezin-
Lebesgue measure dzd¢ on R™™. This is the essentially unique super-translation invariant
measure on R™™ i.e.,

0 )
/Rmm 8Iing; d¢ = i a—&F drdé =0 (2.2.15)

for all F € C°(R™™).
Finally, we have the super Fubini theorem: for d; and dv homogenous Berezin measures on
R"™ and R”!9, we have for all F' € C°(R"PIm+4)

/ Fdpdy = (—1)xdmel(dv) / / Fdvdp. (2.2.16)
Rrla JRnIm RnIm JRpla

Changes of variables

Under a change of coordinates z|€ — y|n, i.e., so that z; = z;(y,n) € C%,(R"™) and & =
&i(y,m) € C54(R™™), a Berezin measure transforms according a superanalogue of the Jacobian
known as the Berezinian:

dx d€ — Ber(y|n)dy dn. (2.2.17)

The Berezinian, which is an even superfunction, is expressed as a superdeterminant of the
Berezinian supermatrix of partial derivativesE]

A| B
Ber(y|n) = sdet(M), M = (2.2.18)
(ylm) = sdet (M) %ﬁ
where
Aij = gw% Bij = g&f
Yi Yi (2.2.19)
L B O .9
Yo Yo
This gives the change of variables formula for the Berezin-Lebesgue integral as
| Fagdeds= [ Fa(y.n).&w.n) Berylmdydn (2.2.20)
and more generally,
L P& saleizic = [ F.€)e) Ber(ylmdydn (2.2.21)

for Berezin integration against p(x|€)dx d¢ (the dependence of « and £ on y and 7 is not shown
for clarity). See [13]] for a proof of this.

INote that this gives the transpose of the usual way of writing the Jacobian; we have written it this way to avoid
having to take derivatives on the right.
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2.3 Supersymmetries and Lie Superalgebras
Under the supercommutator map
[T, T5] =Ty o Ty — (=1)* T2y o T (2.3.1)

superderivations form a Lie superalgebra. The general definition is as follows:

e p

Definition 2.3.1. A Lie superalgebra is a supervector space g = go @ g1 equipped with an
even bilinear operation
[——l:gxg—9, (2.3.2)

called the Lie superbracket, which is skew-supercommutative
[u, v] = —(—1)2W2@)[y 4] (2.3.3)
and satisfies the super Jacobi identity:

(=1, fo, w]] + (=1)*@* O [w, [u, o] + (1), [w,ul) =0 (23.4)

The primary Lie superalgebra of interest is Der(C'>(R""™)), which describes the complete
set of infinitesimal symmetries of Cartesian superspace, i.e., infinitesimal superdiffeomorphisms.
Rather than examining all such symmetries, it is often useful to consider various sub-algebras of
Der(C>(R"™)) which preserve some additional structure on the superspace. We begin with what
we call integral symmetries, before discussing the orthosymplectic superalgebras.

Integral Symmetries and Ward Identities

Infinitesimal integral symmetries are defined as follows:

Definition 2.3.2. Let [y, - du be a Berezin integral on R™™. A superderivation T’ € Der(C>(R"I™))
is an infinitesimal symmetry of [, - du if for all F' € O (R

/ T(F)dp=o. (2.3.5)
an

Infinitesimal symmetries lead to integration by parts formulas, otherwise known as Ward
identities: suppose T' is a symmetry of [, -du, and that F,G € C>*(R™™) have compact
support. Then

/ TIFG) dy =0, (2.3.6)
RnIm
since F'G is compactly supported. Since 7" acts as a superderivation, we obtain the Ward identity
/ T[F)G dp = —(—1)DeF) FT[G) dp. (2.3.7)
RnIm RnIm

If either T" or F is even, this is the usual integration by parts formula.

Remark 2.3.3. It is difficult to overstate the importance the above identity. Without doubt,
it is the existence of Ward identities which gives the spin system approach its power.

Example 2.3.4. As previously mentioned, infinitesimal super-translations are symmetries of the
Berezin-Lebesgue measure: for all F' € C°(R™™), we have

0 0
Fdzd§ = —Fdxd¢ =0. 2.3.8
/an 81‘2 * 5 Rnlm 852 * 5 ( )
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One can check, this property uniquely characterises the Berezin-Lebesgue measure (up to an
overall scaling factor). The Berezin-Lebesgue measure has many more symmetries: if

0 0
Zi: 8gciJr;G% (2.3.9)
is any superderivation satisfying the zero divergence condition
_ OF; a(G) 9Gi
div(T) = Z 5o T Zz:(l) ( )aTi — 0, (2.3.10)

then 7" is a symmetry of [,/ - dz d€.

Anomalous Ward Identities
Let [nm - dpand [, - dv be two Berezin integrals which are related as
dv = pdp, dp = p~tdv (2.3.11)

for some p € C°,_ (R™™) an even invertible superfunctio , and let 7' be a symmetry of du. Then,

even
as the product of p with any compactly supported superfunction F is also compactly supported,

Fp € C®(R™™), we have

/nm T[Fpldu = 0. (2.3.13)
Expanding out the associated Ward idenn‘iity for du,
/an T[F)pdp = — /an(—l)“(T)a(F)FT[p]du (2.3.14)
and absorbing p back into the measure gives an anomalous symmetry for dv,
/ TIF] dv = —(—1)xDe() / Flll g, 2.3.15)
Rrlm Rnlm P

which in turn, gives rise to an anomalous Ward identity:
T
/ T[F|G dv = (—1)T||F|+1/ FT[G] dv + (—1)TI(FIHIGD+1 el g, (2.3.16)
Rnlm Rnlm Rnlm P
Here it is convenient to rewrite the relative density as p = +e'°8” with the choice of sign
indicated by the sign of the body. For clarity, let us suppose that p is positive, so we can writ
p = €'°8?, Defining H = — log p, so that p = e ¥ we see that
Tlp]
p
and so the anomalous Ward identity for dv = e~ dy can now be written as

= —TI[H] (2.3.18)

/ TIF|Gdy = (=1)TIFIH1 / FTIGdy — (—1)T0FHEH [ periH]dy. (2.3.19)

As the e~ dy notation suggests, the Berezin measures presented in this form arise as Berezin-
Gibbs measures in the super-analogue of statistical mechanics.

2Recall that the multiplicative inverse of a superfunction F' = Feyen + Foaq, should it exist, is of the form
1_ 1 1
F Feven FCQVSH

with ﬁ and —— understood in the Grassmann analytic sense. This inverse will indeed exist if and only if the body
Ve even

Foad, (2.3.12)

of F' is nowhere 0, i.e., so that Fib is a smooth function.
3Explicitly, the logarithm of p = p, + p. is defined using Grassmann analytic continuation as

ps _ pr o PE
lo =1lo + 85 5 (2.3.17)
g(p) =log(ps) + " =5 2 T3
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Orthosymplectic Symmetries

The infinitesimal symmetries of the ordinary dot product on R™ are described by the (special)
orthogonal Lie algebra so(n). Usually, this is defined as the "(” U dimensional vector space of
n x n skew-symmetric matrices, equipped with the matrix commutator [A, B] = AB — BA. For us,
however, a more useful characterisation is given by the derivation representation, which expresses
so(n) as a Lie subalgebra of Der(C*°(R™)). Here it is convenient to use the diagonal embedding

A : Der(C*®(R™)) — Der(C™(R" x R™)) (2.3.20)
of Der(C*°(R"™)) into C“(Der(O"o(R” x R™)), which sends a derivation 7" = > | E(mi)a‘;’;i to
A(T) =Ty+Ty =31 Fi(x )(%Z +y 1F(gcb)8 7 where (zl,...,27 2}, ..., 2}) are coordinates

on R” x R™. Then, a derivation 7 is contained i in the so(n) subalgebra of Der(C*°(R")) if the
image of 7" under the diagonal map annihilates the dot product

A(T)(uq - up) =0, (2.3.21)

where uq-up = zlai +- -+t € C°(R™ xR™). One may then check that every such derivations
are closed under the derivation supercommutator, and they are all of the form

- 0
(2
Ty = z]: Ay 5 (2.3.22)
for some skew-symmetric matrix A. This does indeed define a representation of so(n) as the
map A — T4 preserves the Lie bracket [T, Tg] = Tia,p)> and furthermore, this representation is
faithful. Similarly, the derivations T' € C°°(R™!) which annihilate the Minkowski inner product
Ug - Up = —2q2p + x}twé + -+ xyxy, form a representation of the Lorentzian Lie algebra so(n, 1).
Such derivations are of the same form as (2.3.22]), but A is now skew-symmetric with respect to
the Minkowski inner product, i.e.,

AV Jpq + Ju1A =0, Ju1 = diag(—1,1,...,1). (2.3.23)

Orthosymplectic Lie Superalgebras. Extending this idea to the super setting leads us to the or-
thosymplectic Lie superalgebras, denoted osp(n, p|2m) in the general case. This can be defined
as a matrix Lie superalgebra, but here we opt for an equivalent characterisation using its super-
derivation representation, as this is ultimately what we are interested in.

The cases p = 0 and p = 1 describe the symmetries of the super-Euclidean and super-
Minkowski inner products, which we recall are given by

n m
Up = Z ToTh — Z Eally — Mah (Euclidean)
=1 i=1

- - (2.3.24)
g Uy = —Za% + ¥ ahxh— Y Eni —niéh  (Minkowski).
In each case, let us denote the coordinates ofasuperspin by (u!,... u"™2m) = (2! . .am |t Mot
and (u%,u!,... ") = (2,2} o €L Mt ™).
As in the ordinary case, we deﬁne the diagonal map
A : Der(C®(R™PI2m)) 5 Der(C™(RHPI2m 5 Rrtpi2m)) (2.3.25)

and define a symmetry of an inner product u, - u, € C>(R"PI2m x R"+PI2m) a5 a super-derivation
T € Der(C>®(R™PI2™)) such that

A(T)(uq - up) = 0. (2.3.26)

™)
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Such superderivations are then of the form

.0
T=>Y" Riju' 5 (2.3.27)
4,3

where R is a real n + p|2m x n + p|2m supermatrix satisfying

RTJ4+ JR=0, (2.3.28)

where R°T| the supertranspose of R, and .J are given by

Jap| 00
ST n,p
A B AT T
RST:{C D] :[—BT DT]’ J= 0 —I, |, (2.3.29)
0 |, O

and J, , = diag(—1,, I,).
It is convenient to represent the coefficient matrix R in 3 x 3 block form, in which case one
can check that it is of the form

A \ B, B,
R == Bg Dll D12 5 (2.3.30)
~-Bl' | Dyy —DY

where AT J, , + J, A =0, D12 = DY, and Dy = DI,. The coefficient matrices in the even/odd
cases are then

Al 0 0 0 |B1 B
Reven=| 0| D11 D12 |, Roaa=1| B | 0 0 |, (2.3.31)
0| Dy —DEL -BF1 0 o0

and the constraints imply that the dimension of the underlying supervector space is %(n +p)(n+
p—1)+m(2m+ 1) | 2(n + p)m. The even symmetries take on a familiar form: they are the direct
sum of an orthogonal symmetry A € so(n,p) and a symplectic symmetry D € sp(2m). The odd
symmetries, otherwise known as supersymmetries have no classical analogue.

2.4 Supersymmetric Localisation

Given a collection of superspins u = (uq)qca € R™?™ indexed by a set A, and A € R4 a real
valued matrix indexed by A, we define the product Au as the superspin with entries

[Aua = Agpus,. (2.4.1)
beA
For example, if u = (uj,u2) and A = zl)) ﬂ , then Au = (u3 + 2ug, 3u; + 4us). Let us also define
the A-indexed super-Euclidean and super-Minkowski inner products as the sum
(uv u) = Z Uq * Ug- (2.4.2)
a€A

Given a matrix A € R4 we then have

(u, Au) = > ug - [Aula = Y Agytta - up. (2.4.3)

a€A a,beA
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This notation is useful for defining high dimensional Gaussian measures which are invariant under
the action of a lower dimensional Lie group (or rather, algebra). For instance, let A € RV*V
be symmetric and positive definite. Then we can associate to A the so(n)-invarian Gaussian
measure on R

Ndxl . da?
e 3(wAW) g =5 3y Aa @by oty H i ... AL (2.4.4)

o Ve

where we have used the superspin notation u, = (z.,...,2") on the left hand side. As is well
known, the integral of this measure is

/ e 2 (wAY) gy — % (2.4.5)
RN det(A)

In physics parlance, this is a bosonic Gaussian integral. We can also associate to A the sp(2m)-
invariant fermionic Gaussian Berezin measure on R%2™N

N
e 2 (AU goy — o7 Y Aat(Eam —maly o+ 0 ) H deldn} ... demdn, (2.4.6)
i=1

where we have used superspins u, = (&,...,6™, nl, ..., n™). A computation shows that the
Berezin integral of the fermionic Gaussian is given by a positive rather than negative power of the
determinant:

/ e 2 (A gy — det(A)™. (2.4.7)
(]RO|2m)N

Combining these two cases, we obtain the super-Gaussian measure on (R™27)V:

o . o 1 n el 7.1 m .M
e~ gy — o4 Ty Aas (S el S €f-k)) T duy ... deids dn; .. d57dnf 4 4 o)
i=1 v2m

This is invariant under osp(n|2m) under its diagonal representation, and has Berezin integral

2m—n

/ e 2 (AW gy — det(A) T (2.4.9)
(anm)N

When the bosonic and fermionic dimensions are equal, that is, when n = 2m, we see that the
value of this integral is independent of A!

/ e~ 3 (WA gy — 1 (2.4.10)
(R2m|2m)N

This most surprising result is a simple example of supersymmetric localisation. The rest of this
section describes this phenomenon; as we shall see, this is the result of a Ward identity coming
from an odd symmetry of the underlying Berezin-Lebesgue measure. For ease of exposition, we
focus on the simplest case, with n = 2m = 2.

The odd symmetry @ € osp(2|2),

0 0 0

35~ "5 T VaE (2.4.11)

0
QZS%‘FU

*By this we mean invariant under the diagonal action 7'+ > T}, for T' € so(n).
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is the supersymmetry generator associated to this localisation result. Unlike an ordinary sym-
metry, it has the property that Q? € osp(2[2) is also a derivatiorﬂ Let us denote the image of )
under the diagonal map by the same letter,

N
0 0 0 0
= ; =& — — — L, —— i—. 2.4.12
Q ; Qi Qi &i 0, + i 8% T 8772' + Y; 8& (2.4.12)

so that @ is now considered as an element of Der(C>°((R??)")). In terms of superspin coordinates,
Q acts as
Qui =&, Qui=mni, Q&=—vi, Qni = (2.4.13)

A superfunction F € C*°((R?2)N) is defined to be supersymmetric if QF = 0.
Note that if G € C*°(RPl9) is any superfunction and (fy, ..., fplt1, ..., 1q) are any collection
of supersymmetric superfunctions, then the composite is supersymmetric by the chain rule:

QIG(flv)) = ZQ(fi)gg +)° Q(d}j)gg = 0. (2.4.14)
i g j

As a corollary to this, we find that supersymmetric superfunctions form a subalgebra of C>°((R2)),
which we see by taking G(z,y) = azx + by, G(x,y) = xy etc.

Example 2.4.1. By definition, () annihilates the super-Euclidean inner product, and so
i - uj = ;4 yiy; — &l + mi&j (2.4.15)
is supersymmetric.
Much of the magic of supersymmetry is due to the fundamental localisation theorem:

Theorem 2.4.2. Suppose F € C*®°((R??)N) is supersymmetric and integrable against the Berezin-
Lebesgue measure du on (R?2)N. Then

/ Fdu = F,(0) (2.4.16)
(R2I2)N

where the right-hand side is the body of F evaluated at 0.
For a proof of this, see the Appendix of Chapter 3.

Example 2.4.3. Let f € C2°(RV*"), and let (u; - u;);";_,, be a collection of super-Euclidean inner

products u; - uj € C®((R??)N). Then, by @.4.14) and (2.4.15), the composite superfunction
f(uuT) € C°((R??)N) is supersymmetric, and so by Theorem we have

/ fuul)du = £(0) (2.4.17)
(]RQ\?)N

>Technically, any odd symmetry has this property as the Lie super-bracket acts as an anti-commutator on odd

elements [Q, Q] = 2Q*. However, the super-bracket can be trivial Q* = 0. Consider, say, Q@ = & a% — ma%.
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Chapter 3

The geometry of random walk
isomorphism theorems

3.1 Introduction

Random walk isomorphism theorems refer to a class of distributional identities that relate the
local times of Markov processes to the squares of Gaussian fields. These theorems, which connect
two different types of probabilistic objects, have their origins in the work of the physicist K.
Symanzik [[101]]. Isomorphism theorems have been useful in the investigation of a variety of
phenomena, and they can be used in two directions: to study field theoretic questions in terms of
random walks, and to study random walks in terms of field theory. An incomplete list of topics
investigated via isomorphism theorems includes: local times of Markov processes [69] and their
large deviations [17,/22]; cover times and thick points of the simple random walk [[1,{34}(57];
four-dimensional self-avoiding walk [6}/15]]; ¢* field theory [18,[19,49]; and random walk loop
soups [63,(102]].

The purpose of this article is to expand the scope of isomorphism theorems beyond Gaussian
fields. Namely, we describe, and make use of, isomorphism theorems that relate non-Markovian
stochastic processes to non-Gaussian spin systems. Our proofs also provide a new perspective on
isomorphism theorems: they are consequences of the symmetries of the underlying spin systems.

In Section below we give an introduction to isomorphism theorems and the processes this
article is concerned with. Before doing this, we briefly summarise the new results contained in
this article:

* New and efficient proofs of the Brydges—Frohlich-Spencer-Dynkin (BFS-Dynkin), Eisen-
baum, and second generalised Ray—Knight isomorphism theorems for the simple random
walk (SRW). These results are all derived in a few pages from a more general Ward identity
for the Gaussian free field.

* New and efficient proofs of supersymmetric versions of the isomorphism theorems for the
SRW. In particular, we prove a previously unknown supersymmetric version of the gener-
alised second Ray—Knight isomorphism. For the reader’s convenience we also present an
introduction to supersymmetry directed towards probabilists in an appendix.

* New isomorphism theorems connecting the vertex-reinforced jump process (VRJP) with hy-
perbolic sigma models, and supersymmetric versions of these theorems. The analogue of the
BFS-Dynkin isomorphism previously appeared in [9], and here we also establish analogues
of the Eisenbaum and Ray-Knight isomorphism theorems. Our proofs are geometric and
do not rely on any particular set of coordinates. In particular, we do not use horospherical
coordinates.

39
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* New isomorphism theorems for the vertex-diminished jump process (VDJP). The VDJP is
connected to a spin model taking values in the hemisphere. It previously appeared in the
context of the Ray—Knight isomorphism theorem for SRW in [90].

We also give several applications of these isomorphism theorems. In Section [3.6] we show that
the Sabot-Tarrés limit formula for the local time of the VRJP [89] is a direct consequence of our
supersymmetric Ray—Knight theorem for the H2? model. In Sectionwe show how isomorphism
theorems yield fixed-time formulas and representations of the resolvents for the joint processes
of the random walks together with their local times. Lastly, we prove some results concerning
exponential decay of correlation functions for the associated spin models in Section (3.8

Isomorphism theorems for hyperbolic and spherical geometries

Let X; be a continuous-time stochastic process on a finite state space A with associated local times
L; = (LY);ea. The processes considered in this paper are all of the form

PXirar = j | (Xo)s<t, Xe =] = Bi;(1 + L) dt, &€ {-1,0,1}, (3.1.1)

where 3;; > 0 and f3;; = f8;; forall i, j € A.

The random walk models defined by are defined more precisely below. The models
have all appeared previously, though they have received varying amounts of attention. When ¢ = 0
the model is the continuous-time simple random walk; for e = 1 it is the vertex-reinforced jump
process (VRJP) first studied in [30,31]]; for ¢ = —1 it is the vertex-diminished jump process (VDJP)
which appeared in [90]. As the names suggest, the VRJP is a random walk that is encouraged to
revisit vertices it has visited in the past, while the VDJP is discouraged from doing so.

Let R™ denote n-dimensional Euclidean space, H" denote n-dimensional hyperbolic space,
and let S" denote the upper hemisphere of the n-dimensional sphere. Below we will introduce
spin systems that take values in these spaces, and then link these to the aforementioned random
walks. The spin systems are the R"-valued Gaussian free field (GFF), corresponding to the SRW;
the H"-valued hyperbolic spin model, corresponding to the VRJP; and the S’} -valued hemispherical
spin model, corresponding to the VDJP.

To give a flavour of the relationships that we will establish, recall Dynkin’s formulation of
an isomorphism linking the SRW and the R-valued GFF [44]. Let G = (A, E) be a finite graph
with Laplacian A, h > 0, and let (-) denote the expectation of a GFF (u;);cx with covariance
(—A+h)~L. This is often called the massive GFF with mass m = v/h. Let E; denote the expectation
of a continuous-time SRW X; with associated local time field L; = (L%);cs, started from i € A,
with X, independent of the GFF. Then for all bounded g: R* — R,

<uiujg(;u2)> = </0<>0 I[-Ei(g(%u2 + Ly)1x,—;) e dt>, u’ = (u?)ZeA (3.1.2)

The left-hand side is a generalization of the spin-spin correlation between the spins u; and u;
of the GFF. In particular, taking ¢ = 1 in (3.1.2) reveals the well-known fact that the second
moments of the massive GFF are given by the Green’s function of a SRW killed at rate h.

In Theorems [3.3.3] and [3.4.4] we establish analogues of for the hyperbolic and hemi-
spherical spin models; the hyperbolic case first appeared in [9]. Our methods also allow us
to establish other isomorphism theorems. In particular, we give new proofs of the Eisenbaum
isomorphism theorem [[46] and of the generalised second Ray—Knight theorem [[47]] for the GFF,
and we establish analogues of these results for hyperbolic and hemispherical spin models. Our
proofs apply to n-component spin systems for general n € N = {1,2,...} in all cases, and even
for the GFF some of these results are new when n > 1. To ease our exposition we will refer to the
generalised second Ray—-Knight theorem as the Ray-Knight isomorphism in what follows.
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Supersymmetric isomorphism theorems

There is another type of isomorphism that relates the simple random walk to a spin system, in
which the GFF is replaced by the supersymmetric Gaussian free field (SUSY GFF). These isomor-
phisms originated in work of McKane [72] and Parisi and Sourlas [83]]. Supersymmetry has played
a role in several interesting probabilistic problems [20,21},28,140]], and several of the applications
we mentioned in the opening paragraph of this article involve the SUSY GFF [6}/15,/17,22}/63].

The most important aspect of the SUSY isomorphism for the SRW is immediately apparent from
the statement of the result, and hence we defer a careful definition of the SUSY GFF to Section (3.5
Let (-) now denote the expectation with respect to the SUSY GFF. The SUSY isomorphism theorem
is that for all smooth and bounded g: R* — R,

1 o0
(wudaGluP)) = [ B el = (e (313
0

The key point of (3.1.3) is that the right-hand side only involves the simple random walk, while
the left-hand side involves only the components (u;);cx of the SUSY GFF. Thus questions about
the local time of random walk can be rephrased purely in terms of the SUSY GFF.

The viewpoint that isomorphism theorems arise as a consequence of continuous symmetries
applies equally well to supersymmetric spin systems. Beyond proving (3.1.3)), Section also es-
tablishes results analogous to for the supersymmetric H?? and Sip models, and moreover
we prove a SUSY variant of the Ray-Knight isomorphism. This is new even for the simple random
walk. We emphasise that these theorems give direct access to the local times of the non-Markovian
VRJP and VDJP in terms of the spin models. The analogue of for H22 first appeared in [9].

Proof ideas

Our proofs of isomorphism theorems all follow a common strategy. The spin systems we consider
possess continuous symmetries, and as a result satisfy integration by parts formulas that are called
Ward identities in the physics literature. Isomorphism theorems are a direct consequence of these
Ward identities.

A key step is to consider a random walk X, to be a marginal of the joint process (X;, L;)
of the walk and its local times together. Our Ward identities can be rephrased in terms of the
infinitesimal generator of this joint process, and all of our isomorphism theorems follow quite
quickly by choosing appropriate specializations of the Ward identities. In particular, this gives a
unified set of proofs of the BFS-Dynkin, Eisenbaum, and Ray-Knight isomorphism theorems for
the SRW.

Structure of this article

Section gives our new proofs of the classical isomorphism theorems that link random walks to
Gaussian fields. We present our arguments in detail in this familiar context as very similar ideas
are used in Sections and which derive isomorphism theorems for the VRJP and VDJP. We
derive supersymmetric isomorphisms for the SRW, the VRJP, and the VDJP in Section and
Sections through concern applications of our new isomorphisms.

To keep this article self-contained, Appendix contains an introduction to the parts of
supersymmetry needed to understand our supersymmetric isomorphisms and their applications.
In Appendix [3.B|we discuss some further aspects of symmetries and supersymmetries that are not
needed for our results, but that help place the results of this article in context.
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Related literature and future directions

Related literature. For monograph-length treatments of isomorphism theorems and related topics,
e.g., loop soups, see [69,(102]]. Many proofs of various isomorphism theorems have been given;
here we mention only the recent [[60,90]. The major innovation in the present work is that we do
not rely on Gaussian calculations. This is important both for obtaining results for H" and S, and
for obtaining supersymmetric variants.

Future directions. This article describes isomorphism theorems that link spin systems on R", H",
and S} (and the supersymmetric versions when n = 2) to random walks. This provides a partial
answer to a question of Kozma [61]], who asked if there are other spin models (beyond the 22
model) with associated random walks. The development of a more systematic connection between
spin models and random walks would be very interesting. In particular, it is natural to wonder if
there are geometric spaces beyond R", H", and S'} that have associated isomorphism theorems.

Another interesting future direction would be to clarify the relation between our new isomor-
phism theorems and loop soups. In the setting of the SRW this connection is well-developed [69,
102[] — do these connections extend to the VRJP and VDJP? Similar questions can be asked about
random interlacements; for recent progress in this direction see [76].

Notation and conventions

A will be a finite set and 3 = (3;5)i jea Will be a set of edge weights, i.e., 3;; = §;; > 0. The edge
weights induce a graph with vertices A and edge set {{7,j} | 5;; > 0}, and we will assume that
this graph is connected. We also let h = (h;);ca denote a set of non-negative vertex weights; here
we are setting a convention that bold symbols denote objects indexed by A. Both £ and h will
play the role of parameters in our models. For typographical reasons we will sometimes write h
in place of h when there is no risk of confusion.

Suppose V is a set equipped with a binary operation (z,y) +— x -y. We write V2 for the
set of maps from A to V, denote elements of this set by u = (u;);cn, and let |u|? = (u; - u;)ien.
If elements of V are vectors, e.g., u; = (u},...,u?) € R", then we write u® = (u%);ca for the
collection of o™ components.

For a function f: R — R we often impose that f is smooth and has rapid decay. A sufficient
condition is that f and its derivatives decay faster than any polynomial: for every p and k, there
are constants C, such that the kth derivative satisfies |f*)(u)| < Cpplu|™?. If f: R" — R,
(uy,...,up) — f(ui,...,u,), then we say f has rapid decay in u; if f(-,ua,...,u,) has rapid
decay with constants uniform in us, ..., u,. Rapid decay in u; is defined analogously, and we say
such an f has rapid decay if it has rapid decay in some coordinate. For a non-smooth function f,
we say that f has rapid decay if the the above holds with & = 0.

Similarly, we often impose that f: R™ — R™ has moderate growth. A sufficient condition is
that f has at most polynomial growth, i.e., there exists ¢ and Cj, such that |V* f(u)| < Cy|u|? for
all k.

Given a function f: A x R* — R, (i,£) — f(i,£) we say f is smooth, rapidly decaying, etc. if it
has this property with respect to its second coordinate £. Throughout we will assume functions
are Borel measurable without making this explicit.

3.2 Isomorphism theorems for flat geometry

In this section we introduce the simple random walk, the corresponding Gaussian free field, and
several well-known isomorphism theorems relating these objects. The method of proof will be
used repeatedly in the remainder of the paper when we consider other spin systems. An important
aspect of the proofs is that they do not rely on explicit Gaussian computations; this is essential
for the generalization of these theorems to non-Gaussian spin systems. Our proofs also show that
these results are true for GFFs with any number of components.
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Simple random walk and Gaussian free field

Simple random walk. The continuous-time simple random walk (SRW) on A with symmetric edge

weights 8 = (8ij)ijen, i.€., Bij = Bji = 0, is the Markov jump process (X;)¢>o with transition rates
PXiyar =i | X¢ = j] = Bij dt. (3.2.1)

We write IP; and E; for the law and expectation of X; when it is started from the vertex . Formally,
X, is a continuous-time Markov process with generator Ag, where the Laplacian Ag is the matrix
indexed by A that actson f: A — R by

(Dsf)() =Y Biy(f(5) — f(i)). (3.2.2)

JEA
In what follows it will be useful to view X; as a marginal of the Markov process (X, Lt):>0
consisting of X; and its local times L; = (L!);c, which are defined by

t
Li=Ly+ / 1x,—;ds, i €A, (3.2.3)
0

where the vector L is a collection of free parameters called the initial local time. A short compu-
tation shows that the generator of (X;, L;) acts on smooth functions f: A x R® — R by

of(i,0) .
90, ie.,

(L), ) = (Apf)(i, €) + Lf=Agf+0f, (3.2.4)

where Ag only acts on the first argument and the last equation uses the vector notation

of(i,£)
o,

F=(f00,€)icn, Of =( JieA- (3.2.5)
We write P; , for the law of (X, L) started at (i,£) € A x R, and E, 4 for its expectation. Note
that E; o f (X, L) = E; 0 f(X¢, £+ L), and in particular that f;(i,£) = E; o f(X¢, L) is a smooth
function with rapid decay in £ if f is smooth with rapid decay.

Gaussian free field. The (n-component) Gaussian free field (GFF or R™ model) is a spin system
taking values in R”. Its configurations are elements u € (R™)%; by an abuse of notation we will
write R™ in place of (R™MA, Let h = (h;)iea, and assume h; > 0. To define the probability of a
configuration, let

Hy(u) = ~(u, —Agu), H57h(u)EH5(u)—|—%(h,|u|2), (3.2.6)

N | —

where (f,9) =3 ica figi |u|?> = (u; - u;)ien, and - is the Euclidean inner product. In (3.2.6)) the
Laplacian acts diagonally on the n components of u, i.e., Agu = (Agu®)?_,, and hence (3.2.6)
can be rewritten using

a=1>

(u,—Agu) = Z Bij(u uj)?, (h, |ul?) Zh u; - U, (3.2.7)

i,JEA LIS

where (u; — u;)? is shorthand for (u; — u;) - (u; — u;). Note that another common notation is
h; = mf > 0, and m; is called the mass at the vertex i. Define the unnormalised expectation -] 8.h
on functions F: R™ — R by

[Flgp = / . F(u)e Ton() duy, (3.2.8)
R"L

where the integral is with respect to Lebesgue measure du on R™*. We set [] 5 = [lgo-
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The Gaussian free field is the probability measure on R™* defined by the normalised expectation

o b (hful?)
<F>Bh_L[F} ,hZ[F by

ZB . Z@h = [1],3 he (329)

[e™ 3 (h|uf? )]B '

Note that for the expectation in (3.2.9) to be well-defined we must have Z3; < oo; this is the
case if and only if h; > 0 for some i. The divergence if h = 0 is due to the invariance of Hz(u)
under the simultaneous translation u; — u; + s for any s € R™.

Fundamental integration by parts identity
For any differentiable f: R™ — R we write

af
oul’

J

T;f = Tf=(T;f)ien- (3.2.10)

Thus Tj is the infinitesimal generator of translations of the j® coordinate in the direction e! =
(1,0,...,0) € R™. The following lemma is a consequence of the translation invariance of Lebesgue
measure, and we will derive all of our isomorphism theorems from this identity. In later sections
of this paper we will derive analogous results by replacing the translation symmetry by different
symmetries.

Lemma 3.2.1. Let [-]g be the unnormalised expectation of the R™ model, and let E; 4 be the expecta-
tion of the SRW. Let f: A x R® — R be smooth with rapid decay, and let p: R™ — R be smooth
with moderate growth. Then:

_ Z[ Yu; Lf(j, 5 |u| )L => [(ij)(U)f(j, ;ul2)L. (3.2.11)

JEA JEA

In particular, the following integrated version holds for all f: A x R* — R with rapid decay:

S |ptwnt G 5luP)| =X @ow) [T 8 et 2oy ar] (3.2.12)

jeA B jeA B

Remark 3.2.2. Using (3.2.5) and with (T', f) = >, Ti fi, (3.2.11) can be restated compactly as

- uul 1'11;2 = u 1’LL2 . L.
(ol (ER) G| = |(Tpte, 5] (3:2.13)

Proof. We first prove ([3.2.11) by integration by parts. If f, f: R™ — R are differentiable and
have rapid decay, then integration by parts implies

[(Tif1)falg = [fl(Tj*fQ)]ﬁ, (3.2.14)
where, for f: R™ — R differentiable,
Ti f(u) = =T f(u) + (TiHp(w)) f (u). (3.2.15)

We now compute the right-hand side of (3:2:15). To simplify notation, let z; = u} and
x = (x;)ica- By (3.2.6), (3.2.2), and using that 7} is the derivative in the z-component,

TjHg(u —T D ui (—Aw); = (-Agz);, (3.2.16)
1€EA
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so that for a function of the form f (% lu|?),

0f(5lul’)

1 1
ST GluP) = () GluP) + 2 (3:217)

where the last term denotes a partial derivative with respect to the jth coordinate of the function
f. By applying (3.2.17) to each of the functions f(7, %|u\2) and using (f1, Agf2) = (Agfi, f2),

01(j, Luf?
TG ) = Y e | Aaf G ) + W] = (LNl L), (3218
jEA jeA

JEA

To verify (3.2.11), multiply (3.2.18) by p and use the result to rewrite the left-hand side of
(3.2.11)). The desired equation then follows by applying (3.2.14)):

-S|ttt =X [omrG | =30 |@os |

jeA B jeA B jeA B

We now prove ([3.2.12)); it suffices to consider f smooth with rapid decay. Indeed, if f. is the
convolution of f with a smooth mollifier in the second argument, one has f. — f pointwise and
the f. are bounded uniformly in ¢ by a function with rapid decay, so by dominated convergence
the result for f follows from the result for the f.. Let f;(i,£) = E; ¢(f(X:, L)), and note that f; is
a smooth function with rapid decay since f has this property (see below (3.2.5)). Apply
to f; and rewrite the left-hand side using Kolmogorov’s backward equation, i.e., Lf; = 0, f;. The
result is

_3875 Z [P(U)U}Ejémp(f()(t,Lt))}ﬁ = Z [(Tj )(u) Ej,%|u|2f(Xt’ Lt)]ﬁ. (3.2.19)

jeA JEA

To conclude, integrate ([3.2.19) over (0, c0). The result follows since the boundary term at infinity
on the left-hand side vanishes. To see this last claim, recall that the graph induced by § is finite
and connected, so L} — oo in probability for all vertices i € A. When f has sufficient decay this
implies

1
T—oo 72

for all u. If f has sufficient decay and p has moderate growth then implies

Tlgréo[p(u)EjéWPf(XT’ LT)]ﬁ =0 (3.2.21)
by dominated convergence, as desired. This completes the proof of (3.2.12). O

Our proofs of the classical isomorphism theorems will apply Lemma with the following
choices of p and f; further details will be given in the proofs.

* BFS-Dynkin isomorphism: p(u) = u, and f(j,€) = g(£)1,—, with a,b € A;
2

* Ray—Knight isomorphism: T,p(u) — d(us) — 6(uq — s) and f(j,£) — g(£)6(la — %5 )1j=a;

* Eisenbaum isomorphism: p(u) = exp(s(h,u) — % (h, 1)) and f(j, £) = g(£)e~"D1;_,.

BFS-Dynkin isomorphism theorem

We now prove the BFS-Dynkin isomorphism theorem.
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Theorem 3.2.3. Let [-]3 be the unnormalised expectation of the R™ model, and let E; 4 be the
expectation of the SRW. Let g: R* — R have rapid decay, and let a,b € A. Then:

1 [ee]
[u;u; g(2|u2)] = [/ E, 12 (9(Le)lx,—pdt| . (3.2.22)
B 0 B
Proof. Apply Lemma with p(u) = ul, f(j,€) = g(£)1—p, and use Tjp(u) = 1. O

If h # 0, after replacing g(£) by g(£)e~("% in (3.2.22)) the unnormalised expectation can be
normalised using (3.2.9). Since E,¢(g9(L:)) = E.(g(L + £)) for the simple random walk, we
immediately obtain Dynkin’s formulation of this theorem as stated, e.g., in [102, Theorem 2.8].

Corollary 3.2.4. Let (-)3 be the expectation of the R"™ model, and let E; , be the expectation of the
SRW. Let g: R — R be bounded, a,b € A, and suppose h # 0. Then

1 e 1
ului g(=|ul?) = Eo( g(L;i + = |u?)e L)1y, ) dt . (3.2.23)
2 Bih 0 2 Bh

We have rebranded this the BFS-Dynkin isomorphism because a version of Corollary first
appeared in the work of Brydges, Frohlich, and Spencer [16, Theorem 2.2].

Ray-Knight isomorphism

The Ray-Knight isomorphism (i.e., the generalised second Ray-Knight theorem) is also a quick
consequence of Lemma 3.2.1] Several other proofs of this identity exist for the 1-component GFF,
see [47,90]] and references therein. For an explanation of the name, see [[102, Remark 2.19].

We introduce the following notation for translations to emphasise the analogy between the
classical Ray—Knight isomorphism and its hyperbolic and spherical versions. Let 6, be the transla-
tion of all coordinates by s € R in the direction e! = (1,0,...,0) € R", i.e., 05 f(u) = f(u + sel)
for e! = (e!,...,e') € R™ . In particular, f;u = u + se!. Note that 6, is the group action
associated to the diagonal translation symmetry, which has infinitesimal generator ) jen L)

We will write

[0uo (ua) Flp (3.2.24)

for the expectation of the spin model in which the spin at vertex « is fixed to uy = (0,...,0) € R™.

Theorem 3.2.5. Let [-]3 be the unnormalised expectation of the R™ model, and let E;, be the
expectation of the SRW. Let g: R® — R be a smooth compactly supported function, let a € A, and let
s € R. Then
1
9(=105u|*) 00 (ua)| = |E, 1,,29(L_, 2 )6uy(ta) (3.2.25)
2 s a5 |ul (%) P
where 7(v) = inf{t | L}, > v} and up = (0, ...,0) € R™.

Proof of Theorem Since the identity is trivial if s = 0, assume s # 0. The proof is by applying
Lemma [3.2.1] with p.(u) = pe(ua), f(j,€) = 9(£)n:(£a)1j—a, and the functions p.: R” — R and
n.: R — R chosen such that T,p. and 7. are smooth compactly supported approximations to
Ouy — 90,u, and o 102 subject to p.(v)n.(3]v[*) = 0 for all v € R™. Explicitly, with (532 (x) denoting
a smooth approximation to a delta function at & € R¥ with support in the ball |z — | < £/2, we
may take

S§—¢€ 1
pe(ug) = / (0 ug) dr,  n=(€) = 55 <£ s - ;) (3.2.26)
0
By Lemma [3.2.1] since p. (uq)n-(5|ua|?) = 0,

[Tapa(ua) /OOO By 1 (9(Le)n(L§) Lx,=a) dt}

— ptuda( PGl 0. G227
B

B
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Let dL® = 1x,—, dt. By the continui of s — Ea7£g(LT(lsg)) and the definition of 7.,
2

i E, . /0 9L (L)L x i = lim By /0 9Ly - (LY) AL
= lim ; Eae(9(Lr 1)) (7) dy = Eaeg(Ly(142)),  (3.2.28)

unlformly in £ with ¢, < §s2. Since T,p:(uq) = 5730)5(%) — 5%?&(97(575)%), taking the limite — 0

7) yields, by (3.2.28),

[Ea,;|u|2<g<LT(sz)>>5uo<ua>} - [Ea1wsulz(g(LT(sQ)))«suo(ua)} (3.2.29)
2 B 2 B

where we have used the invariance of [-|3 under 0, i.e., [F]g

[0sFg. To conclude, observe

B 0L, 2, o()] = [o(G10. )] (3:230)

since 7(1s2) = 0if L§ = 5. O

Eisenbaum isomorphism theorem

The Eisenbaum isomorphism theorem involves a continuous-time random walk with killing. Thus
let X; be a killed random walk with killing rates h, and let L; be its local times. To be precise, the
generator of the joint process (X, L;)¢>¢ is given by

(LM F)(i,0) = Lf(i,8) — hif(i,€), ie, LM=L—h. (3.2.31)

for f: A x R® — R smooth. We let Efz denote the corresponding (deficient) expectation, i.e.,
integration with respect to the density of the killed random walk, which may have measure less
than 1. Note that the killing does not depend on the initial local times, i.e.,

E?,e (9(X¢,Ly)) =E; o(9(Xe¢, Le)e™ Yjenhi (L{_éj)) , (3.2.32)
and we can hence write
E;o(g( X, Ly)e Zoea bty = Bl (g(Xy, Ly))e™ Toenhits, (3.2.33)

Probabilistically, the deficient law can be realised as a Markov process with state space (A U
{1}) x RAU{T} where t ¢ A is an absorbing ‘cemetery’ state. The walk jumps from 7 to t with rate
h;. The generator acts on functions that are identically zero at {, and we identify such functions
with functions on A x R, We denote the time of the one and only jump to 1 by ¢.

The following theorem is a version of Eisenbaum’s isomorphism [46].

Theorem 3.2.6. Suppose h # 0. Let ()5, be the expectation of the R"™ model, and let IEZZ be the
expectation of the killed SRW. Let g: R® — R have moderate growth, let a € A, and let s € R. Then

<(98u;)g(;\gsuy2)> _th </ Eh 1, w2 (9 (Lt)lxta)dt>ﬁ7h. (3.2.34)

1EA

ITo see continuity, since g is compactly supported, it suffices to show that for a sufficiently large T, s >

angg(LT(%Sz)AT) is continuous. Since g is Lipschitz, it suffices to show ]Ea,g|LT(%SL§)AT - LT(%52+5>AT|1 — 0

as§ — 0, | - |1 the 1-norm. Let J; be the event that a jump occurs in the interval [s® — §, 3s° + §]. Then

Ea,llLT(%S2,5)AT - LT(%S2+6)/\T|1 < o+ T]P)a#e('](s) = OT((S)
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Proof. We apply Lemma [3.2.1| with
sl =5 (1) _ A (hlul) (o= (lo-ul)) (3.2.35)
[(5,2) = g(£)e~"O1,_,. (3.2.36)

While p does not have moderate growth in the sense of our conventions, the very rapid (Gaussian)
decay of f is sufficient for the lemma to hold. We then use that (Tjp)(u) = sh;p(u) to obtain

s S0 o) [T B s o s M) dt] = 3wyl e )

JEA B jea B
= [ul (=|uf?)e 2 (Pl0—sul >] . (3.2.37)
B
by inserting the definition ([3.2.35]). Using (3.2.33) to substitute
PE; 1 (9(Le)e ) = ED o (g(Ey))e s (uloeeld (3.2.38)
) 53 u

and by the translation invariance of |5, i.e., [0sF]z = [F]s, we can rewrite (3.2.37) as

DI [(/ E} 1j6,up2 (9 <Lt>1xt_a>dt)e%<hv“'2>} —[<esu>< Oguf?)e 3Pl >] .

JEA B B
(3.2.39)
This can be re-written in terms of [-] 5, as
1
$Y h; [/ 1[«:]7%'9 up (9(L)1x,=a) dt] = [(asu;)g(2\95uy2)] : (3.2.40)
]GA ﬁ?h ﬂ:h
and normalising gives ([3.2.34). O

We will now derive the usual formulation of the Eisenbaum isomorphism as a corollary. For
notational simplicity, suppose n = 1, and let u; = u}. Writing the translations explicitly, Theo-
rem“ylelds for s = (s, s, )GRA s#0,

Ug +5 1

€A

- Zh < / |’ll,—|—3| +Lt)1Xt a€ ZjeAhjL{ dt>
ieA B,h

=Y b < / Iu 4824 Ly)lx, e Zieahild dt> (3.2.41)
€A B,h

where in the last line we have used the reversibility of the killed random walk, i.e., the probability
of a path P;_,, is the same as its reversal P,_,;. Bringing the sum inside the Gaussian expectation,
we recognise the conditional density that X jumps from i to 1 at time ¢, proving the following
corollary. Recall ( is the time of the jump to the cemetery state.

Corollary 3.2.7. Suppose h # 0. Let (-) 5. be the expectation of the R" model, and let E?’K be

the expectation of the killed SRW. Suppose g: R® — R has moderate growth, a € A, and s =
(s,5,...,5) € RN with s # 0. Then

(Mg Gur ) = (BhGlu s+ L) ) (3.2:42)
S 2 B,h 2

)
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R

R’n

Figure 3.1. Minkowski space R™ 1. The shaded area is the causal future and the hyperboloid is H".

3.3 Isomorphism theorems for hyperbolic geometry

In this section we describe spin models with hyperbolic symmetry, the associated vertex-reinforced
jump processes, and isomorphism theorems that link these objects. The proofs follow closely those
of Section [3.2] but with the translation symmetry of R” replaced by the boost symmetry of H".

The vertex-reinforced jump process

The vertex-reinforced jump process (VRJP) X, with initial local time Ly € (0, 00)” and initial vertex
v € A is the process X; with Xy = v and jump rates

Pyro[Xivar = 7 | (Xo)sct, Xe = i] = By L dt, (3.3.1)

where the local times L; of X; are defined as in (3.2.3)). Note that with € = 1 is the special
case of in which Ly = 1. The construction of a VRJP with given initial local times is
straightforward, see [|31, Section 2]. Our assumption that the graph induced by the edge weights
B is connected implies that L{ — oo as t — oo in probability for all j and all sets of initial local
times, see [31, Lemma 1].

As in Section it will be helpful to view X; as the marginal of the process (X, L;) that
includes the local times L;. For convenience we will also call this joint process a VRJP. Unlike
X, the joint process (X;, L;) is a Markov process. The generator £ of the joint process acts on
smooth functions g: A x R* — R by

ag(i,ﬁ).

3.2
o¢; (3.3.2)

(L9) (i €) =Y Bijti(9(5,€) — g(i, 0) +

JEA

We note that ¢;(i,£) = E; p (X, L;) is smooth in ¢ for any ¢ > 0 if g is smooth. This can be seen,
for example, from the explicit construction of the VRJP in [31, Section 2].

Hyperbolic symmetry

The VRJP will be seen to be closely related with hyperbolic symmetry, i.e., the Lorentz group
O(n,1). In this subsection we discuss the relevant aspects of this group and its action on
Minkowski and hyperbolic space.
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Minkowski space. Minkowski space R™! is the vector space R"*! equipped with the indefinite
Minkowski inner product

n
up - up = —ulud + Z ufug, (3.3.3)
a=1
where each u; = (uf,ul,...,u?) € R™!. The points u € R™! with u - u < 0 are called time-like.

The set of time-like vectors with «? > 0 is called the causal future; schematically this is the shaded
area in Figure In what follows, for u € R™! it will be notationally convenient to write z = u°
and z = u'.

The group preserving the quadratic form « - u given by is the Lorentz group O(n,1).
The restricted Lorentz group SO™(n, 1) is the subgroup of T' € O(n, 1) with det "= 1 and Ty > 0.
SO*(n, 1) preserves the causal future, see Figure The elements of SO (n, 1) can be written
as compositions of rotations and boosts. We briefly review the aspects of these transformations
needed for what follows. Rotations act on the coordinates u', ..., u™ exactly as in Euclidean space,

while a boost 65 by s € R in the zz-plane acts by
Osz = xsinhs + zcoshs, 6Osz =xcoshs+ zsinhs, Ou®*=u® (a=2,...,n), (3.3.4)

and similarly for boosts in other planes. From (3.3.4) it follows that the infinitesimal generator 7’
of boosts in the xz-plane is the linear differential operator satisfying

Tz=z, Tr=z Tu*=0, (a=2,...,n), (3.3.5)
ie.,
0 0
T=z— —. 3.3.6
“or +m8z ( )

Hyperbolic space. When given the metric induced by the Minkowski inner product, the set
H"={uecR" |u-u=—1,2>0} (3.3.7)

is a model for n-dimensional hyperbolic space. Note that implies z > 1. For u,v € H",
—u - v = cosh(d(u,v)), where d(u,v) is the geodesic distance from w to v. In particular, —u - v > 1.
For details on why this is indeed hyperbolic space see, e.g. [24].

H™ is the orbit under SO*(n,1) of the point uy = (1,0,...,0), and the stabiliser of ug is
the subgroup SO(n). Thus H" can be identified with SO (n,1)/SO(n). It is parameterised by
(ul,...,u") € R™

H" = {uc R™ | (u!,...,u") € R" z = /1+ (u!)2 + ... (u")2}. (3.3.8)

In these coordinates, the SO (n, 1)-invariant Haar measure on H" can be written as

du' ... du”
du=2" ) =T (@2t + (a2 (3.3.9)
z(u)
Note that the Lorentz boost (3.3.4) maps H" to H", and that in the parameterization of H" by
u',...,u"), the infinitesimal Lorentz boost in the zz-plane is given by
1 ™), the infinitesimal L b in th 1 is gi b
T= z2 (3.3.10)
ox

This is because T satisfies the defining equations (3.3.5): Tz = x, Tz = z, and Tu® = 0 for o > 2.
In the last calculation we have used the definition (3.3.8) of z(u). The invariance of the measure
du under Lorentz boosts implies that for differentiable f: H"™ — R with sufficient decay,

/ Tfdu=0. (3.3.11)
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Hyperbolic sigma model

Hyperbolic spin models are analogues of the Gaussian free field defined in terms of the Minkowski
inner product instead of the Euclidean inner product. While it is possible to define a spin model
associated to the entire causal future of Minkowski space, see Figure for now we restrict
ourselves to the sigma model version of this model in which spins are constrained to lie in H". We
will later consider (the supersymmetric version of) a spin model taking values in the causal future
in Section

In the H" sigma model there is a spin u; € H" for each i € A. We again let 5 be a non-negative
collection of edge weights and h > 0 be a collection of non-negative vertex weights. For a spin
configuration u we consider the energy

Sl 8w = 1 S Bl —w)’, Haplw) = Ho(w) + (hz 1), (3312)

ijeA

Hp(u) =

analogous to (3.2.6), except that the inner product in (u; —u;)? = (u; —u;) - (u; — u;) is now given
by the Minkowski inner product. The mass term has also been replaced by the term (h,z — 1)
since z; > 1 for all <.

Note that Hg(u) is invariant under the diagonal action of SO (n, 1), analogous to the in-
variance of by the Euclidean group. Moreover, since u; - u; = —1, we have (u; — u;j)?* =

—2 — 2u; - uj, we can thus rewrite Hg(u) in terms of @ = (ul,...,u") € R" as
1 n
Hy(u) = —3 > Bii (Z ugu§ — zizj + 1), (3.3.13)
i,JEA a=1

where we recall that z; = z;(4;) is given by (3.3.8]). Define an unnormalised expectation [-] 5. 0N
functions F: H™® — R by

di;
= _Hﬁ,h(u) — _Hﬁ,h(u) v
Flgp= | Flue du /R  F(u)e i|€A| @) (3.3.14)

where du is the A-fold product of the invariant measure on H™. In the second equality we have

written this integral using the parametrization by R” in (3.3.9). When h = 0 we set [|5 =[],
The H"-model is the probability measure on H™" defined by the normalised expectation

1
(F)gn = %[F]g,h, Zan = g (3.3.15)

Note that for (3.3.15) to be well-defined we must have Zg;, < oco. This is the case if and only if
h; > 0 for some i due to the invariance of Hz(u) under the non-compact boost symmetry of H".

Remark 3.3.1. This model was studied in [99] as a toy model for some aspects of random band
matrices. See Remark [3.5.8 below for further details on this connection.

Fundamental integration by parts identity

The statement of the following lemma is formally identical to that of Lemma However, the
objects in its statement are now hyperbolic versions: L is the generator of the VRJP, [-|3 is the
unnormalised expectation from (3.3.14)), 7} is the infinitesimal Lorentz boost in the zz-plane in
the jth coordinate specified by (3:3:5), and 1|u/|? is replaced by .

Lemma 3.3.2. Let [-|3 be the unnormalised expectation of the H" model, and let E; , be the expecta-
tion of the VRJP. Let f: A x R® — R be a smooth function with rapid decay, and let p: H"™ — R be
smooth with moderate growth. Then:

= lpw)z LF(G,2)] 5 = Y _[(Tip)(w) f(, 2)] 5 (3.3.16)

JEA JEA
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In particular, the following integrated version holds for all f: A x R* — R with rapid decay:

S lotulef G2, = 3 |@o)w) [ Eialr0x L) ] (3.3.17)

JEA jEA B

Proof. The proof is again by integration by parts and closely follows that of Lemma In-
deed, using that []5 has density e~ with respect to the Lorentz invariant measure on H"", the
identity (3.3.11)) implies that for fi, fo: H™ — R smooth and with sufficient decay,

(Tif1) fol g = [F1(TF f2)l g (3.3.18)
where
T; f(u) = =T; f(u) + (T;Hg(w)) f(u). (3.3.19)
Using ([3.3.13) and (3.3.5) yields
TiHp(u) Z BirTi(wjwr — 2j2k) Z/Bij(xizj — ;%) (3.3.20)
],kGA JEA

and hence, using (3.3.5) and the chain rule to compute T; f,

. 9f(2)
~Trf Z Bij(xjzi — xiz5) f(2) + m,T& (3.3.21)
JEA
Applying (3.3.21)) to each function f(i, z) and summing over i yields
s . . of (i, z)
—ZTz‘ f(i, ) =in(z&jzj(f(j,z)—f(z,z)) f sz Lf),z) (3.3.22)
€A €A JEA €A

by the formula for £. The remainder of the proof follows the proof of Lemma O

Hyperbolic isomorphism theorems

The following theorems are analogues of the BFS—Dynkin, Ray—Knight, and Eisenbaum isomor-
phism theorems. Their proofs are analogous to those in Section using Lemma [3.3.2]in place
of Lemma [3.2.1], and using hyperbolic versions of p and f. We begin with the hyperbolic version
of the BFS-Dynkin isomorphism, i.e., Theorem[3.2.3] It first appeared in [9] and was proven there
using horospherical coordinates. Here we give a more intrinsic proof that avoids horospherical
coordinates.

Theorem 3.3.3. Let [-|3 be the unnormalised expectation of the H" model, and let E; ¢ be the
expectation of the VRJP. Let g: R® — R have rapid decay, and let a,b € A. Then

(wazs9(2)]5 = [z / Eos (9(Le)1x,0) dt| . (3.3.23)
0 8

Proof. Apply Lemma with p(u) = x4, f(4,£) = g(€)1j=p, and use Tjp(u) = 1;—42;. O

The next theorem is a hyperbolic version of the Ray-Knight isomorphism, i.e., Theorem [3.2.5
Recall the definition of a boost 65 by s € R in the z2-plane from (3.3.4). In what follows we let 6,
act diagonally on u € H™, and we write ,z to denote the first component of §,u. We also write
[ f6uo (uq)] 5 for the expectation of the spin model in which the spin u, is fixed at ug € H".

Theorem 3.3.4. Let [-|3 be the unnormalised expectation of the H" model, and let E; be the
expectation of the VRJP. Let g: R* — R be a smooth compactly supported function, let a € A, and let
s € R. Then

[g<98z)5uo (ua)]lg = [EG,ZQ(LT(COShS))duo (ua)]ﬁ (3324)
where 7(y) = inf{t| LY >~} and up = (1,0,...,0) € H".
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Proof of Theorem Since the identity is trivial if s = 0, assume s # 0. We begin by applying
Lemma [3.3.2) with p.(u) = p:(ua), f(j,£) = 9(€)n:(fa)1j—q, with the functions p.: H* — R and
n.: R — R chosen such that T,p. and 7. are smooth compactly supported approximations to
Oup (Ua) — 0pug (Ua) and deosh s(La) subject to pe(uq)ne(zq) = 0 for all u, € H". Since s # 0, these
conditions can be shown to be satisfiable by explicit construction. Exactly as in the proof of
Theorem this yields

[Tapg(ua)/o Eo 2 (9(Li)n-(L{)1x,=a) dt] , =0, (3.3.25)

ie.,

[ags_guo,gw | Beno@on @i, dt] _ [5u0,€<uo> | Barlol@an eyt de

B B
(3.3.26)
As in (3.2.28), by the continuityﬂ of 5+ Eq 09(L+(coshs)) and the definition of 7.,
lim Ea,l/ g(Lt)na(Lg)lXt:a dt = lim Ea,ﬂ(g(l"r('y))ns(’y) dy = Ea,lg(LT(coshs))7 (3.3.27)
e—0 0 e—0 0

uniformly in £ with ¢, < cosh s.

To conclude, we use (3.3.27) to take ¢ — 0 in (3.3.26). More precisely, we use that dg,,
concentrates the u, integral at z, = cosh s on the left-hand side, and hence the time integral at
t = 0. By the boost invariance of [-]5, this term produces the left-hand side of (3.3.24):

[505u0 (ua)Emz(g(LT(coshs)))]ﬁ = [&Lo (ua)Ea795Z(g(LT(COShS)))]ﬁ = [5U0 (ua)g(esz)]ﬁ' (3.3.28)

Again by (3.3.27), the §,, on the right-hand side of (3.3.26) concentrates the time integral at
7(cosh s), which gives the right-hand side of (3.3.24). O

Finally, we prove a hyperbolic version of the Eisenbaum isomorphism theorem, i.e., Theo-
rem This concerns a killed VRJP. The generator of this killed process (X, L;):>¢ acts on
smooth functions f: A x R* — R as

(LPf)(@i,8) = Lf(i,€) — hif(i, ), ie, L"=L—h, (3.3.29)

where £ is now the generator of the VRJP and h; are the killing rates. We let IE? , denote the
corresponding deficient expectation. As for the SRW, the killing does not depend on the initial
local times, i.e.,

EPo(9(X1, L)) = Eio(g(Xy, Ly)e™ Toeahilii—)), (3.3.30)

and we can thus write

By o(g( Xy, Ly)e Ziea k=) — Bl (g(X,, Ly))e Zoea PV — B2 (g(X,, Ly))e e,
(3.3.31)

Theorem 3.3.5. Let () 5.5, be the expectation of the H" model, and let Eﬁfz be the expectation of the
killed VRJP with h # 0. Let g: A x R™® — R be of moderate growth, and let s € R. Then

S (0s0)(i, 052)) 5 = Zhi<(esxi ) /0 T By (9(X0 L) dt> . (3.3.32)

ieA ieA B,k

2Continuity can be proven by an argument similar to the one we gave for simple random walk near (3.2.28)): after
restricting to times at most 7" using compact support, the claim follow from the fact that P(Js) = Or(9) since the jump
rates up to time 7" are bounded by O(T).
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R

Rn

Figure 3.1. The upper half-plane in Euclidean space R™*! (shaded) and the upper hemisphere ST.

Proof. Analogously to the proof of Theorem [3.2.6 we apply Lemma [3.3.2| with

p(u) = e(hz=0-s2) — e(h’z_l)(e_(h’efsz_l)) (3.3.33)
(£)e~ 11, (3.3.34)

~
o
.
)
N~—
Il
Q

and use that (Tjp)(u) = hj(z; — 0_sz;)p(u) to obtain

S0 = 0o ptw) [ B 0B )

jEA B
= Z {p(u)xjg(z)lj:ae_(h’z_l)} = [:pig(z)e_(hﬂ*sz_l)] . (3.3.35)
, B B
JEA
Using (3.3.31) to substitute
p(u)E]‘z (g(Lt)lXt:ae_(h7Lt_1)) = E?,z (g(Lt)lXt:a)e_(hﬂ_sz_l)u (3.3.36)
and the boost invariance of the spin expectation [f-]s = [-]g, we can rewrite (3.3.35) as
> ohy {(95%‘ - l‘j)/ Efg,2(9(L)lx,=a) dt| = [(652a)9(6s2)]5, (3.3.37)
ieA 0 B,h

where we have absorbed the magnetic terms e~ ("#~1) into the measures. Normalising gives

(13.3.32). O

3.4 Isomorphism theorems for spherical geometry

In this section we describe analogues of the theorems of Sections and for spherical
geometry.

The vertex-diminished jump process

The vertex-diminished jump process (VDJP) (X, L;) with initial conditions (v, Ly) € A x (0, 1] is
the Markov process with conditional jump rates

Py ro[Xosar = J | (Xs)sct, Xe = i) = Bij LI dt (3.4.1)

that is stopped at the time ¢ = inf{s | exists j € A s.t. L} < 0}. Here L, is the collection of local
times of X; defined by

. . t
=1 / Lx._; ds, (3.4.2)
0
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and L% > ( is the initial local time at j. It is straightforward to see that (X}, L;) is well-defined up
to ¢ by a step-by-step construction as is done for the VRJP in [31]. Note that withe = —1
describes the VDJP with Ly = 1.

The generator £ of the VDJP acts on smooth functions g: A x (0,1]* — R by

B 89(2‘,6)'

o0, (3.4.3)

(L9) (i €) = Bijti(g(i,0) — g(i, 0)

JEA

We write P; r, and E; r,, for the law and expectation of the VDJP with initial condition (7, Ly).

Rotational symmetry

We consider the space R"*! equipped with the Euclidean inner product u - v = u%0° + - - - + u™™,
which is preserved by the orthogonal group O(n + 1). In the next section we will define an
unnormalised expectation exactly as in Section [3.2] but we will investigate the consequences of
rotational symmetries instead of translational symmetries.

The hemispherical spin model S

Hemispherical space. In this section we discuss a spin system that takes values in S'}, the open
upper hemisphere of the sphere " C R"*!. See Figure For notational convenience we write

u=(u%...,u") € R""! and let z = u°, and we will also often write z = u!. Then

St ={ueR" |u-u=12>0}, (3.4.4)
where the inner product is Euclidean. S} is parametrised by the open unit ball in R", i.e., by
B" = {(ul,...,u") e R" | (u})? + -+ (u")? < 1}. (3.4.5)

Symmetries. In the flat and hyperbolic settings we considered the Euclidean group O(n) x R™
and the restricted Lorentz group SO*(n,1). Unlike in these settings, the orthogonal group
O(n + 1) does not preserve the hemisphere. Our results, however, were based on the infinitesimal
symmetries of flat and hyperbolic space, and the hemisphere still possesses useful infinitesimal
symmetries. This section briefly explains this; the key identity is (3.4.9).

The infinitesimal symmetries of the hemisphere form a representation of the Lie algebra so(n +
1), see Appendix The associated invariant measure du on S} can be written in coordinates as

du = ;n, 2(u) = /1 — (ul)2 — - — (un)2. (3.4.6)

This is the invariant measure on the full sphere restricted to S’;. We let §, denote a rotation by
s € R in the zz-plane. Note that in the coordinates (x,u?,...,u") the infinitesimal generator of
rotations in the xz-plane is

T=z2— 3.4.
Z@x’ (3.4.7)

which acts on the coordinate functions as
Tz = —x, Tr=2z Tu*=0, (a=2,...,n). (3.4.8)

A consequence of T' being an infinitesimal symmetry of the hemisphere is that for compactly
supported smooth f: S} — R,

/ Tfdu=0, (3.4.9)
5%

an identity which is also easily proven by rewriting the integral as an integral over S™ and using
the rotational invariance of the full sphere.
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The St model. By a by now familiar abuse of notation, we write S in place of (S" ). Define, for
u € SfﬁA,
1
Hs(u) = 5(u, —Agu), Hgp(u) = Hg(u) + (h,1—2), (3.4.10)

where as before 3 and h are collections of non-negative edge and vertex weights, respectively. For
F: S — R define the unnormalised expectation

1 n
Fly, = / Fu)e o) gy — / F(u)e Hon@w) H du; ... duj (3.4.11)
) SiA EnA ieA Z(ul)

where du = [[,., du;, and each du; is a copy of the invariant measure on S". The S} model is the
probability measure defined by the normalised expectation

[F]
Zﬁih, Zop = [Ug - (3.4.12)

(F)gn =

Unlike the GFF and H"-model, the S} model is well-defined if h = 0, and we will omit the
subscripts h to indicate h = 0.

Remark 3.4.1. The spherical O(n) models are obtained by removing the restriction that spins lie
in the upper hemisphere in (3.4.11). See Remark below.

Isomorphism theorems

The following isomorphism theorems are analogues of those in Section and We again
start with a fundamental integration by parts identity, with the change that now L is the generator
of the VDJP, [-| is the unnormalised expectation of (3.4.11)), and 7} is the infinitesimal rotation
in the zz-plane in the jth coordinate specified by (3.4.7)).

Lemma 3.4.2. Let [-]3 be the unnormalised expectation of the S} model, and let E; 4 be the ex-
pectation of the VDJP. Let f: A x (0,1]* — R be a smooth compactly supported function and let
p: SﬁA — R be smooth. Then:

= oWz L (G, 2)]5 = Y [(Tip)(w) £, 2)]5- (3.4.13)
JEA JEA
In particular, the following integrated version holds for compactly supported f: A x (0,1]* — R:
Y lp(wzif ()], = Z{(ij)(u)/ Ej2(f(Xe, Ly)) dt| . (3.4.14)
jEA jEA 0 B

Proof. By (3.4.9) we can integrate by parts. The proof is almost identical to that of Lemma|3.3.2]
the only differences being H™ is replaced S™*, and T; = zi% is the infinitesimal generator of a
rotation in the zz-plane at ¢ instead of a Lorentz boost. This introduces a sign, i.e.,

Tif(2) = —2; 2L Z) (3.4.15)

ol;
where the hyperbolic model had a factor of +1 in (3.3.21)), producing the VDJP generator instead
of the VRJP generator. The remainder of the proof is essentially unchanged. O

Remark 3.4.3. Analytically, holds for the spherical O(n) model, although it is no longer
obvious how to interpret £ as the generator of a Markov process since ‘jump rates’ become negative.
In particular, it is unclear how to obtain a formula like (3.4.14). A probabilistic interpretation of
L for the O(n) model, without restricting to the hemisphere, would be very interesting.



3.4. ISOMORPHISM THEOREMS FOR SPHERICAL GEOMETRY 57

The hemispherical BFS-Dynkin isomorphism theorem for the VDJP is as follows:

Theorem 3.4.4. Let [-]g be the unnormalised expectation of the S’} model, and let E;, be the
expectation of the VDJP. Suppose g: (0,1]* — R is compactly supported. Then for a,b € A,

[zazp9(2)] 5 = [Za/o Eq,2(9(Lt)1x,=p) dt| . (3.4.16)
B

Proof. Apply Lemma with p(u) = x4, f(4,£) = g(€)1j=p, and use Tjp(u) = 1;—42;. O

The fact that finite symmetries do not preserve the hemisphere leads to slightly different
formulations of the Eisenbaum and Ray-Knight isomorphism theorems as compared to the GFF
and H" models. We let [F'(u)dy,(uq)]; denote the unnormalised expectation for the spin model
in which the spin at u, is fixed to be uy € S'}.

Theorem 3.4.5. Let [-]g be the unnormalised expectation of the S’} model, and let E;, be the
expectation of the VDJP. Let g: (0,1]* — R be a smooth compactly supported function, let a € A, and
let s € (—%,5). Then

[Ea,z (g(LT(COS 8))1{7(008 s)<(})5u0 (’U,a)]ﬂ = [g(z)59su0 (ua)]ﬁ (3.4.17)
where 7(v) = inf{t| L} <~} and ug = (1,0,...,0) € S}.

Proof. The proof is analogous to the proof of Theorem [3.2.5] Since the identity is trivial if s = 0,
assume s # 0. We begin by applying Lemma [3.4.2) with p(u) = pe(ua), f(j,£) = 9(€)1:(€a)1j=a,
with the functions p.: S — R and 7.: (0,1] — R chosen such that 7,p and 7 are smooth
compactly supported approximations to dy, (tq) — dg,u, (te) and deos s(q) subject to pz(uq)n:(24) =
0 for all u, € S’. Since s # 0, these conditions can be shown to be satisfiable by explicit
construction. Exactly as in the proof of Theorem this yields

oo
[Tape(ua) / Eo2(9(Li)n-(L{)1x,=q) dt| =0. (3.4.18)
0 B
To conclude, we use that 65u( has z-coordinate cos s, so the term with g, (u,) concentrates the
ug integral at z, = cos s, and hence the time integral at ¢ = 0. This gives the right-hand side of
(3.3.24). The term with §,,,(u,) concentrates the time integral at 7(cos s) and gives the left-hand
side of (3.3.24) as the integrand is non-zero only if 7(cos s) < (. O

The hemispherical Eisenbaum isomorphism theorem concerns a killed VDJP. The generator of
this killed process (X;, L;)¢>0 acts on smooth compactly supported f: A x (0,1]* — R by

(LM f)(i,0) = LF(i,8) — hif(i,0), ie, L'=L—h, (3.4.19)

where £ is the generator of the VDJP and h; > 0 are the killing rates. We let E?, denote the
corresponding deficient expectation. As for the SRW, the killing does not depend on the initial
local times, i.e., ‘

Ele(9(Xe, Le)) = Eie(9(Xe, Lee 2ientalamE), (3.4.20)

Notice that the sign in the killing term e~ Ljeahi(t;=11) g reversed: this because the local times
of the VDJP are decreasing rather than increasing by (3.4.2). We can rewrite (3.4.20) as
By o(g(Xy, Ly)e™ Zaeahi-ID)y = Bl (g(X;, Ly))e™ Taeahi(1=6), (3.4.21)

Theorem 3.4.6. Let [-]g be the unnormalised expectation of the S', model, and let E;, be the
expectation of the killed VDJP. Suppose that g: (0,1]* — R is compactly supported, and s € (=5, 5)-
Then

xag(z)e_(h’l_e‘sz)}ﬂ = Z hi [(:L’Z — G_Sxi)/ Eﬁz(g(Xt, Ly))dtem1=0-2) |  (3.4.22)
icA 0 B
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Proof. We apply Lemma with
p(u) = e(hf-s2=2) — o(h.1-2) (ef(h’lfe‘sz)) (3.4.23)
£(5,8) = g€)e”m1=01,_ (3.4.24)

and use that (Tjp)(u) = hj(z; — 0_sz;)p(u) to obtain

2_h; [(xj = 0-s;)p(u) /0 " (L) Ugymae 1) dt] =3 |pwjg(z)1 e "]

jer B iea s
_ [mag(z)e*h’l—@fsz)}ﬂ.
(3.4.25)
Using to substitute
P(W)E 2 (9(Le) L xpmae” " E0) = B2 _(g(L)1x,=a)e” 17052 (3.4.26)
on the left hand side of gives the desired result. O

3.5 Isomorphism theorems for supersymmetric spin models

In this section we introduce the supersymmetric R22, H2?, and Si'z spin models and derive
isomorphism theorems that relate them to the SRW, the VRJP, and the VDJP. Readers who are not
familiar with the mathematics of supersymmetry may consult Appendix which contains an
introduction to supersymmetry as used in this article, before reading this section.

Supersymmetric Gaussian free field

Super-Euclidean space and the SUSY GFF. The supersymmetric Gaussian free field (SUSY GFF or R?I?
model) is defined in terms of the algebra of observables Q2 (R?A) = Q2IAI(R?IAl), see Appendix[3.Al
This algebra replaces the algebra of observables C>°(R™) of the usual n-component Gaussian
free field.

Concretely, let (&;);ca and (n;);ca be the generators of the Grassmann algebra Q%A let
(23, vi)ica be coordinates for R?*, and let Q**(R?") be the algebra with coefficients in C*°(R?")
generated by (&;)ica and (7;);ea as in Appendix We call elements F of QA (R?7) forms, and
say that a form is smooth, rapidly decaying, compactly supported, etc., if all of its coefficient
functions have this property.

We think of Q> (R?) as the smooth functions on a putative superspace (R??)2, though (R2?)A
has no formal meaning, i.e., we will only work with the algebra Q**(R?"). There are two ordinary
(even) coordinates and two anticommuting (odd) coordinates for each element i € A, and by
analogy with the familiar representation of a vector u; € R? in terms of its coordinate functions
u; = (x;,y;), we will abuse notation and write u; € R2I2 to refer to a supervector u; = (i Yis §is i)
i.e., a tuple of of even and odd coordinates. Further, we define the super-Euclidean ‘inner product’
on R212 by

i - uj = Tixg 4 yiy; — &inj 4 & (3.5.1)

Note that the ‘inner product’ defines a form, and is not an inner product in the standard
sense of the term. Similarly, we write u = (u;);ca to denote the collection of the w;, and define
(u, —Agu) analogously, i.e., by

(u, =Apu) =Y > Bijlwi(wi — x5) + yilyi — ) — &ilni — ) + mi(& — &) (3.5.2)
i€EA jEA

1
:i Z Bij(ui-ui+uj-uj—ui-uj—uj-ui), (3.5.3)
1,JEA
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where the second equality is a calculation. The formal rules introduced above imply the last
quantity is iZz‘,jeA Bij(u; — u;)? if we interpret u; — uj as (z; — xj,y; — y;,& — &, ni — n;) and
use to compute (u; — u;)? = (u; — uy) - (u; — uj).

For F € Q*A(R?A), the normalised Berezin integral is denoted

1
F=—— [ dxd F 3.5.
/(RQQ)A (27T)|A/  dy On O¢ I, 354

where 0,0 is defined by 8,”/\'8,5“\‘ o On, Oy, d = dxp|...dzr1, and dy = dyjy, . .. dy, for some
fixed ordering of the i € A from 1 to |A|.
To define the supersymmetric GFF, suppose h > 0 and let

1 1
Hp(u) = 5 (u,~Apu),  Hsp(u) = Hy(u) + 5 (h, lul?), (3.5.5)
where |ul? = (u; - u;)iea, and hence (h, |ul?) = Y, hiwi - u;. Both Hg and Hpgj, are elements of
Q?M(R?M). The superexpectation of the supersymmetric Gaussian free field is the linear map that
assigns to each F' € Q?*(R?") the value

[Flgn = / Fe Hon, (3.5.6)
’ (R2|2)A

and we write [F] 5 when h = 0. For h # 0, this superexpectation is indeed normalised; see the
paragraph below ([3.5.13)).

Symmetries. In this section we describe the two aspects of the symmetries of the SUSY GFF that
we require. Further details about these symmetries, which form a Lie superalgebra, can be found

in Appendix
As for the GFF, the infinitesimal generator of translation in the z-direction at i € A is
0
T, = —, 3.5.7
"= o ( )
and T; acts on coordinates as
TZ‘ZL‘j = 1i:ja Tiyj =0, Tﬂ]j =0, Tlfj =0, 1,5 € A. (3.5.8)

Thus it is analogous to the operators 7; for the ordinary GFF, and it leads to analogous Ward
identities, i.e., for forms F' with sufficient decay,

/(RM)A(TZ-F) =0. (3.5.9)
For s € R the finite symmetry associated to ) _,_, 7; will be denoted 6,, which acts by
Oswi =i +s, Osyi=yi, Osmi=mi, 0s& =&, i €A (3.5.10)
The second symmetry of importance is the supersymmetry generator
QEZQi Qz’Eﬁi(;?Ui%—m;%—wi;m%-yi(%, (3.5.11)

iEA
which acts on coordinates as
Qri =&, Qui=nmn, Q& =—v;, Qn =, i€ A. (3.5.12)

This supersymmetry generator is responsible for a very powerful Ward identity known as the
localisation lemma: for any smooth function f: R**A — R with sufficient decay,

/ fuu”) = f(0), (3.5.13)
(R2\2)A

where uu’ denotes the collection of forms (u; - u;)i,jen; see Theorem and Corollary|3.A.10
In particular, the expectation (3.5.6) is normalised if h # 0, i.e., [1] g =1
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Isomorphism theorems for the SUSY GFF. This section presents isomorphism theorems for the SUSY
GFF. The statement of the following fundamental Ward identity is formally identical to that of
Lemma 3.2.1} but now the expectation [] is that of a SUSY GFF.

Lemma 3.5.1. Let []5 be the superexpectation of the R?? model, and let E;  be the expectation of
the SRW. Let f: A x R® — R be a smooth function with rapid decay, and let p € Q*(R*) have
moderate growth. Then:

=Sty | =S| @ gl (35.14)
B B

JEA JEA

In particular; the following integrated version holds for all smooth f: A x R* — R with rapid decay:

o1 >
S |ptwressGigluf)] = X[ @) [ 8 e zoyar (3.5.15)
JEA B jeA 0 Jé;
Proof. Starting from (3.5.9)), the proof is identical to that of Lemma (3.2.1 O

As a consequence, we obtain the same isomorphism theorems for the supersymmetric GFF as
for the non-supersymmetric one. However, for the supersymmetric model, we may in addition
use localisation to greatly simplify the right-hand side of (3.5.15) when T}p(u) is supersymmetric.

Theorem 3.5.2. Let [-|3 be the superexpectation of the R22 model, and let [E; ¢ be the expectation of
the SRW. Let g: R® — R be a smooth function with rapid decay, and let a,b € A. Then

1 [e.e]
[a:axbg(2|u]2)]ﬂ:/0 Ea0(9(Lt)1x,—p) dt. (3.5.16)

Proof. Apply Lemma with p(u) = x4, f(J,£) = g(£)1,=, and note Tjp(u) = 1,—,. Thus the
integrand on the right-hand side of (3.5.15)) is a function of |u|?, and hence is supersymmetric.
By applying localisation, i.e., (3.5.13)), we conclude

UOOO Ea,%\up(lXt:bg(Lt)) dt] , = /OOO Ea0(lx,=p9(Ly)) dt. O

Remark 3.5.3. Theorem has its origins in physics [66,/67,72,83]]. A formulation similar to
the one presented here was given in [22], see also [|63].

The Ray-Knight isomorphism theorem applies to spin models in which the spin at vertex
a is fixed; in the supersymmetric version the constraint is now u, = (0,0,0,0). We write the
corresponding unnormalised expectation of an observable F' as

[Féuy(ua)ls, (3.5.17)

where we have defined the pinning using a formal delta function ¢, (u,). The precise meaning of
buo (uq), and of its smooth approximations used below, may be found in Appendix 3.B|

Theorem 3.5.4. Let [-|3 be the superexpectation of the R22 model, and let [E; ¢ be the expectation of
the SRW. Let g: R® — R be smooth and compactly supported, let a € A, and let s € R. Then

1
9(5105u*)8uy (ua) | = Eaog(L, 2)) (3.5.18)
g

where 7(y) = inf{t| L, >~} and ug = (0,0,0,0).
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Proof. The proof is by applying Lemma with p(u) = pe(ua), f(j,£€) = g(€)n:({a)]lj=a, and
the form p. € Q%(R?) and function 7.: R — R chosen such that T, p. and 7. are smooth compactly
supported approximations to dy,(ug) — dy,(0—sus) and § 12 subject to p. (uq)n-(5|ua|?) = 0.

An argument identical to the one in the proof of Theorem [3.2.5|shows

o0
(O aue) [ B e (L) x|
B

= [5%’6(1%) / Bt jup (9(Ly)ne(LY)1x,=q)dt| . (3.5.19)
0 B
By choosing 6, «(u,) to be supersymmetric, i.e., Qd,, . = 0, the integrand on the right-hand side
is a product of supersymmetric forms and is therefore supersymmetric. Applying supersymmetric
localisation (i.e., (3.5.13))) hence shows

{6%@(0_(3_5)ua> / Ea,;|u|2<g<Lt>ns<Lf>1xt:a>dt] = | BuolaEon @) dr

B
(3.5.20)
Applying a global translation 6,_. on the left-hand side and then taking ¢ — 0 as in the proof of
Theorem gives the desired result

[g(;|95u‘2)5u0(ua)] = Ea,Og(LT(ﬁ))- o
ﬁ 2

The preceding two theorems are analogues of the BFS-Dynkin and Ray—Knight isomorphisms
for the SUSY GFF. While calculations analogous to those leading to the Eisenbaum isomorphism
can be carried out for the SUSY GFF, it is not possible to apply localisation, because the form
10su|? that arises (recall (3:2:34)) is not supersymmetric.

SUSY hyperbolic model H?2/2

In this section we introduce the supersymmetric analogue of the H? model, and then obtain the
associated isomorphism theorems.

Super-Minkowski space R31> and the super-Minkowski model. Let (&;,7;)ica be the generators of
the Grassmann algebra Q. The algebra of observables Q?A(R32) is the algebra generated by
(&,mi)ien With coefficients in C>°(R3%). Choosing orthonormal coordinates (z;, 2, 3;)ica for R3A,
a supervector u; € R312 is a tuple of even and odd coordinates w; = (z;, s, i, &, i), and we say
that R32 is a super-Minkowski space when equipped with the ‘inner product’

u; - uj = —zizj + 1wy + Yiy; — &ing + mié;- (3.5.21)
We have written ‘inner product’ to emphasise that u; - u; is a form, and hence this is not an inner
product in the standard sense of the term.

H22 sigma model. To define a supersymmetric analogue of H2, define the even form

2=z, &) =1+ +y2 —2n= 1422+ y2 - 5—77 (3.5.22)
Ve
Using the definition (3.5.21)), a short calculation shows that v; - u; = —1, just as for H?. The
algebra of forms ?(H?) is the algebra over C°°(H?) generated by two Grassmann generators &
and 7. In coordinates, we have F(u) = F(z,z,y,§,n) = F(\/l + 22 +y2 — 2n,x,y,&,n), and
hence every form F' € Q?(H?) can be identified with a form in Q?(R?). Using this correspondence
we define the Berezin integral for F' € Q?(H?) as

1 1 1
/ F:/ “F = /d:z:dyag 8,-F (3.5.23)
H2I2 R2I2 2 27 z
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where on the right-hand side we are viewing F as a form in Q?(R?). Similarly,

1 1 1
F= = dx dy 0y 0¢ =—F 3.5.24
/(]HIQQ)A /(R2|2)A [Tica 2 (2m)lAl / Yonce [Tiea =i ( )

where we note there is no ambiguity in the product of the z; as they are even forms.
Define, for h > 0,

1
Hg(’u,) = §(u, —Agu), Hg,h(’u,) = H[g(u) + (h, z — 1), (3.5.25)
where
(u,—Agu) = - Z Bij(wi - ws + wj - uj — ui - uj — uj - u;) = Z Bij (=2 — 2u; - uj),
2 5en 2 ijeh (3.5.26)
,z—1) Z hi(z;i — 1),

1EA

and each u; - u; is defined as in (3.5.21). The equality in the first line holds because u; - u; = —1.
We define the H?? model superexpectation for F' € QA (H?*) by

[Flgn = / Fe Han, (3.5.27)
’ (H2|2)A

and we write [F]; in the case h = 0. For h # 0, the superexpectation is normalised, i.e., [1]5, = 1.
This is a consequence of supersymmetry, see (3.5.32) below.

Symmetries. There are two symmetries necessary for what follows, and we introduce them in
this section. For a further discussion of the Lie superalgebra of symmetries associated to the H??

model see Appendix
The first relevant symmetry is the infinitesimal Lorentz boost in the zz plane ati € A:
0 0
T, =z =+/1+ a2 —2 3.5.28
sigy = VI+a? £y =2, (3.5.28)
which acts on coordinates as
TiZj = lei:ja Tixj = Zjli:j, Tiyj =0, Tlfj =0, Tﬂ]j =0 1,] € A. (3.5.29)
As for the SUSY GFF, this leads to a Ward identity for forms F' with rapid decay:
/ (T;F) = 0. (3.5.30)
(H212)

For s € R the finite symmetry associated to ) .., T; will be denoted 0, and acts as (for j € A)

0szj = zjcosh s + x;sinh s, Osx; = xjcoshs + zjsinhs, Osy; =y;, 0& =&, 0smj = n;.
(3.5.31)
The second relevant symmetry is the supersymmetry generator (, which is defined by (3.5.11)).
Note that z; can be written as z; = /1 + |@;|2, where @; = (z;, i, &,m) € R?2. Thus, z; is
supersymmetric, i.e., Qz; = 0. This implies the same localisation Ward identity applies for H2? as
for R?2, i.e., for smooth functions f: R* x RA*A — R with sufficient decay,

/ f(zaa") = £(1,0) (3.5.32)
(H2|2)A

where 0 is the matrix indexed by A with all entries 0, and we have written @@’ to denote the set
of forms (QNLZ : aj)i,jeA-
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Isomorphism theorems for the H22 model. Let [E; » denote the expectation for a VRJP started from
initial conditions (i, £). We begin with the SUSY analogue of Lemma 3.3.2]

Lemma 3.5.5. Let [-|3 be the superexpectation of the H2?2 model, and let E; ¢ be the expectation of
the VRJP. Let f: A x R® — R be a smooth function with rapid decay, and let p € Q*)(H?*) have
moderate growth. Then:

=S o)z Lf(.2)] 5 = Y[ Tip)w)f (. 2)], (3.5.33)

jeA JEA

In particular, the following integrated version holds for all smooth f: A x R* — R with rapid decay:

> lo(w)z (G, 2)]g = [(Tw)(u) / Ej-(f(Xe, Ly)) dt| . (3.5.34)
jeA jEA 0 B
Proof. The proof is identical to that of Lemma(3.3.2 O

The SUSY analogue of Theorem is the following.

Theorem 3.5.6. Let [-]3 be the superexpectation of the H??2 model, and let E; , be the expectation of
the VRJP. Let g: A x R™ — R be a smooth function with rapid decay, and let a,b € A. Then

(wasg(2)] = /D Eo1(g(L:)1x,_s) dt. (3.5.35)

Proof. Apply Lemma [3.5.5| with p(u) = z, and f(j,£) = g(£)1j=p. Thus Tjp(u) = 1;—q2,. By
applying localisation, i.e., (3.5.32]), we obtain

g = [ [ BuslalBxms) 0]

- / Ea,1(9(Lt)1x,=p) dt. ]
g Jo

Theorem 3.5.7. Let [-] be the superexpectation of the H?? model, and let E; , be the expectation of
the VRJP. Let g: R™® — R be a smooth compactly supported function, let a € A, and let s € R. Then

[9(052)du, (ua)]ﬂ = IE:a,lg(LT(cosh s)) (3.5.36)
where 7(7y) = inf{t| L, > ~} and uop = (1,0,0,0,0).

Proof. Applying Lemma [3.5.5|with p(u) = pc(ua), f(j,£) = g(£)1:(¢a)1j—q, and the form p. €
(?(H?) and function 7.: Ry — R chosen such that T}, p. and 7. are smooth compactly supported
approximations to dy, (g ) —dg,u, (Ua) and deosn s SUbject to p.(uq)n:(z,) = 0, an argument identical
to the proof of Theorem [3.3.4] shows

[%5(0_(5_8)%) /O T Ean (0L (E) x20) dt} - [5u0,s<ua> /0 T Ban (9L (L8 1) ﬁ

(3.5.37)
As in the proof of Theorem 3.5.4} 0, -(uq) is chosen to be supersymmetric. The claim follows by
applying localisation to the right-hand side, boosting the left-hand side by ;_., and then taking
e — 0 as in the proof of Theorem (3.3.4

[Ea,zg(LT(cosh s))(suo (ua)] 8 = Ea,lg(LT(cosh s)) O

B

Remark 3.5.8. The H?? model was introduced in [105]; it serves as a toy model for Efetov’s
supersymmetric approach to studying random band matrices [45]. The connection between
random band matrices and hyperbolic symmetry goes back to Wegner and Schéfer [93,/103]], and
Efetov made use of supersymmetry to avoid the use of the replica trick. For further discussion
see [40], and for other uses of supersymmetry in the study of random matrices see, e.g., [35,]36,
96].
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Remark 3.5.9. Unlike the H" models, the H?? model captures the phenomenology of a localisa-
tion/delocalisation transition [[40,/97]]. Probabilistically, this is captured by the recurrence/tran-
sience of the VRJP.

SUSY hemispherical model Szf
In this section we introduce the supersymmetric analogue of the Si model, and then obtain the
associated isomorphism theorems.

Integrals over Si'Q. In this subsection we work with smooth compactly supported forms in Q%A (SiA),

which we denote Q2A(S24). Concretely, we will identify such forms with compactly supported
forms in Q22 (B2), where B? is the open unit ball, by setting

£n
V1= a2 —y?
By considering B? as a subset of R?, a compactly supported form in Q**(B?) can be trivially

extended to a form in Q?*(R?}), and we may therefore apply the results of Appendix
Similarly to the notation introduced in Section 3.5 let u; = (z;, z;, ys, &, mi), and let

z=z(z,y, &) =V1—22 — 2 +2n=/1—a2 -2 + (3.5.38)

wi -y = 225 + 2wy + iy — &mj -+ i, i,5 € A. (3.5.39)

With these definitions, u; - u; = 1, just as for Si. We define, for F' € Qz(Si),

1 1
/SiQ F= o /dw dy O¢ 877;F, (3.5.40)
and similarly, for F € Q28 (S%4),
/ F= ! /dwd 88#17 (3.5.41)
(gip)/\ o (27T)|A| Y ¢ nHiEA Zq ’ e

where we note there is no ambiguity in the product of the z; as they are even forms.

Sip model. Define, for h > 0

—_

Hs(u) = z(u,—Agu), Hgp(u)=Hg(u)+ (h,1—2), (3.5.42)

2
where

(u,—Agu) = - Zﬂ” Wi - Ui+ Uj - Uj — Ui - Uj — Uj - Uj) = Zﬁu — 2u; - uyj),
i,JEA ’JEA (3543)

(h,1—z) Zh

1EA

and u; - u; is defined as in (3.5.39). We define the Sip model superexpectation of F' € Q24 (S4)
by

_ —H, _ —Hgp
], = /(Sm)A FeHs, [F),, = /(SM)A FeHan, (3.5.44)
+ +

Symmetries. As in the previous sections, there are two symmetries of relevance to the following

discussion. For details on the Lie superalgebra associated to Sm, see Appendix The first
symmetry of relevance is an infinitesimal rotation in the xz-plane at i € A, which has generator

T, = Zig \/1 —2? —y? + 2§mZ 0 g (3.5.45)
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and acts on coordinates as
Tizj = —xjli=j, Tixj=zli=zj, Tiy; =0, T;§ =0, Tim; =0, i,j €A (3.5.46)

As for the SUSY GFF, this leads to a Ward identity for all sufficiently rapidly decaying forms F"
/ (T;F) = 0. (3.5.47)
(S3%)a

For s € R the finite rotation associated to ) _._, 7; is denoted 6, and acts as, for j € A,

iEA

0s2j = zjcoss —xjsins, O,x; =xjcoss+ zjsins, Oy =y;, 0§ =¢&;, 0sn;=n;.

(3.5.48)
The second symmetry of importance is the supersymmetry generator () defined by (3.5.11)).
Note that z; can be written as z; = /1 — ||, where @; = (3,34, &, 1) € R?2. It follows that z;

is supersymmetric, i.e., Qz; = 0. This implies the same localisation Ward identity applies for Sﬂz

as for R?12, i.e., for f: (0,1)* x [~1,1)*** — R that are smooth and compactly supported,

/(§2|2)A flz,aa’) = f(1,0), (3.5.49)

+
where 0 is the matrix indexed by A with all entries 0 and @@’ = (@; - @;); jeA-

Isomorphism theorems for the Siﬂ model. Let [E; , denote the expectation for a VDJP started from
initial conditions (i, £) € A x (0, 1],
Lemma 3.5.10. Let [-|g be the superexpectation of the Si‘Q model, and let E; 4 be the expectation of
the VDJP. Let f: A x (0,1]* — R be a smooth compactly supported function and let p € Q2*(S4).
Then:

— Sl £F Gy 2y = S T0) (w) £ (G 2], (3.5.50)

JEA JEA

In particular, the following integrated version holds for smooth and compactly supported f: A x
(0, 1] = R:

S lotute G2, = 3 |@ow) [ B0t L) ] (3.551)
jeA jEA 0 B
Proof. The proof is identical to that of Lemma [3.4.2 O

The SUSY analogue of Theorem [3.4.4|is the following.

Theorem 3.5.11. Let [-]g be the superexpectation of the Sip model, and let E; ¢ be the expectation
of the VDJP. Let g: (0,1]* — R be a smooth compactly supported function, and let a,b € A. Then

(wazs9(2)] = / Eo1(9(Le)1x,s) dt. (3.5.52)
0
Proof. The proof is essentially identical to that of Theorem [3.5.6 O
2|2

Theorem 3.5.12. Let [-]g be the superexpectation of the S7” model, and let IE; y be the expectation
of the VDJP. Let g: (0,1]* — R be a smooth compactly supported function, let a € A, and let
s€(—%,5). Then

[g(z)595U0 (ua)]ﬁ = Ea,l(g(LT(cos s))l‘r(coss)<() (3.5.53)

where 7(v) = inf{t| L} <~} and 0sup = (cos s,sin s,0,0,0) € Sip.

Proof. The proof is, mutatis mutandis, identical to that of Theorem (3.5.7 O
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3.6 Application to limiting local times: the Sabot-Tarrés limit

In [89]], Sabot and Tarres established the first connection between the vertex-reinforced jump
process and the SUSY hyperbolic sigma model. Their result relates the asymptotic local time
distribution of a time-changed VRJP to a certain horospherical marginal of the H?? model. In this
section we derive their result (as stated in [91, Appendix B]) from the Ray—Knight isomorphism
for the H?> model. The essence of the result is the following corollary of Theorem Recall
that we write (z, z,y,£,7) € R32.

Corollary 3.6.1. Let || be the superexpectation of the H?2 model, and let E; ¢ be the expectation of
the VRJP. For g: R — R smooth and compactly supported,

1
Jim o (9(,#%@))) = [9(z + @)du, (ua)]4 (3.6.1)

where 7(v) = inf{t|L!, > v} and uy = (1,0,0,0,0).
Proof. We write v = cosh s. Then by Theorem applied to g(L;(cosh )/ cosh s),

1 1
E, 7choss = s u a
(o Bremne) ) = [ s,

= [g9(z + z tanh 5)dy, (ua)] 5 (3.6.2)

by using (3.5.31) to compute 6,z = cosh sz + sinh sx. Since tanh s — 1 as s — oo, by dominated
convergence we obtain

) 1
lim IEa,l (g(coshsLT(coshs))> = [g<z + CC)5UO (ud)]ﬁ' O

S§—00

We now recover [89, Theorem 2] as stated in [92, Theorem B]. Write log(v) = (log(v;))iea-
Applying Corollary to a function g o log yields

lim B (g(10g(Lygy) — 1og7)) = [g(log(= + @), (ua)] (3.63)

where logy = (log)ica. To recover [89, Theorem 2] we rewrite the right-hand side of (3.6.3)).
To do this, recall, e.g., from [40, Section 2.2], that horospherical coordinates for the H2?> model
are given by the change of generators from (z,y, &, n) to (s, t,1, 1), where

1 — 1 —
x = sinht — 5(52 +2y)et, y=se!, z=cosht+ 5(82 + 2¢))el,

(3.6.4)
£E= wet, n= &et.
Let 1
Hl(t) = 5 Z ,Bz'j(COSh(tZ' — tj) — 1) (365)
1,jEA

The right-hand side of can be written explicitly in horospherical coordinates as
lg(log(z + 2))d(uqa)] 5 = ! / gt)e @ /det D(B,t) [ [ e dti, (3.6.6)
RIAI-1

vV 27T‘A|71 ia
where D(3,t) is the (|A| — 1) x (|A| — 1) matrix with entries
_B..ptittj ; :
Di;(B,t) = fije J’v _ Héj (3.6.7)
D ko Bin€i T 4 Buiett i =

indexed by 7, j € A\{a}. This is [89, Theorem 2] as stated in [92, Theorem B]. In obtaining this
formula we have used Theorem [3.A.12|to perform the change of generators and then integrated
out s, and ¢, which can be done explicitly as conditioned on the ¢-variables these are Gaussian
integrals, see [[40, Section 2.3].
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Remark 3.6.2. Qualitatively, the appearance of horospherical coordinates can be explained as
follows. The hyperbolic Ray—Knight isomorphism relates the time evolution of the VRJP by cosh s
to the Lorentz boost by s in the xz-plane. Since the asymptotics of Lorentz boosts in the zz-plane
are captured by the ¢ marginal in horospherical coordinates, the formulation of the asymptotic
local time distribution in terms of the ¢ marginal is quite geometrically natural.

The Sabot-Tarrées limit formula |89, Theorem 2] can also be derived from the hyperbolic BFS—
Dynkin isomorphism, see More precisely, this can be done by using Corollary [3.7.2]below. In
this derivation the role of horospherical coordinates can be seen even more explicitly.

For another explanation of the relation of horospherical coordinates to the VRJP, see [73].

3.7 Time changes and resolvent formulas

In this section we describe some useful variations and reformulations of our theorems. For the
sake of simplicity we only consider the VRJP, but analogous results also hold for the SRW and the
VDJP.

Time-changed and fixed-time formulas

In the literature on the VRJP time changes have played an important role; see, for example, [89].
For comparision with these references, this section briefly explains how isomorphism theorems
can be translated to these time-changes.

For a Markov process (X, Ly) on A x R, let V': [minjep L, 00) — [mingep V(L§), o) be an
increasing diffeomorphism and define a random function A: [0, 00) — [0, c0) by

A(s) = /0 V/(Ly)du =Y V(LL) - V(L). (3.7.1)
1EA

We define (X, L;), the time-change by V of (X;, L;), by

B t

Xt = XAfl(t), Li = V(Lirl(t)) = V(L%) +/O 1)2“:1' du . (372)

Note that A(0) = A~1(0) = 0, Xo = Xp and L = V(L}).
In this section we will write V(1) = (V(1));ea. The next corollary is an example of an
isomorphism theorem for a time-changed process.

Corollary 3.7.1. Let [|g be the superexpectation of the H?? model, and let (X, L,) be the time-
change by V' of the VRJP with expectation E; . Then

/0 T Eav (0K B dt = 3 rani V() 900, V(2)]s. (3.7.3)
€A

Proof. By (3.7.2)) and the change of variable s = A~1(¢),

o0 ~ - o0
/0 Bz, i, (9(Xe, Ly)) dt = /0 Exo,Lo (9(Xa-1(), V(La-1(1)))) dt
A1 (00)

- / Exy 1o (9(Xe, V(L) A'(s)) ds
A-1(0)
_ /0 Exy 1o (9(Xe, V(L))V' (LX) ds. 3.7.4)

The claim now follows from Theorem in the case that g(i, £) is of the form §; ; f(£). The result
for more general functions follows by summing (or by using the second part of Lemma(3.5.5). [J
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The next corollary shows that supersymmetric isomorphism theorems also give formulas for
the local time distribution at fixed times.

Corollary 3.7.2. Let [-]3 be the superexpectation of the H2? model, and let (X;, L;) be the time-
change by V' of the VRJP with expectation E; o. Let 6.: R — R be a smooth and compactly supported
approximation to &y. Then for g: R® — R smooth and rapidly decaying and any T > 0,

zariV'(2)g (V(z) - JTV>5 (Z (v(zz-) - V(1) - ;>>

. T .
IEa,\/(1)9<LT - N) = lim

“0ien ieA 8
Proof. The left-hand side can be written as
- T T
Eq v 1) (g(Lr — N)) = ZEa,V(l)(g(LT - N)lXT—z)
i€
-3 /0 At By (9B — 300 Lx,=4) 3:(t — T)
: o = T
= tim Y [T B (a(E — )0 (D (E - V(1) = 7))
(SN €A
: T T
= ig% . oz V' (2i)g <V(z) - N>65 (Z(V(zz) -V(Q1) - N)>
€A 1€EA B
(3.7.5)

The second equality used that ¢ — Ea,vu)(g(it — T/N)1x,—;) is continuous, the third equality
used that >, (Li — V(1)) = ¢ for any ¢ > 0, and the fourth equality is Corollary O

By making use of an appropriate time-change, Corollary is the starting point for an
alternative derivation of the Sabot-Tarres limit formula (3.6.6]), see Remark [3.6.2] Similar results
have also been used as the starting point for the study of large deviations of the local time of the
SRW [[17, Theorem 1].

Resolvent of the joint local time process

The supersymmetric isomorphism theorems for the VRJP in Section [3.5|concern fixed initial local
times for the joint process (X, L), i.e., Ly = 1. This initial condition arises from supersymmetric
localisation at (z,x,y,&,n) = (1,0,0,0,0) due to the sigma model constraint v - u = —1. A more
general and geometrically instructive formulation can be obtained by considering the joint process
(X, L;) with a general initial condition. This formulation involves the super-Minkowski space
from Section [3.5|as opposed to the space H?2I2.

Super-Minkowski model. Recall super-Minkowski space R from Section We define the
Berezin integral for an observable I € Q*}(R3%) by

1
F dedyd F 3.7.6

/(R32)A (2m)IAl / x dy dz 0y O F, (3.7.6)
where 0y, O¢ is defined by 0y, 9, -0y 0, dx = dz|p|...d21, dy = dyp|...dyr, and dz =
dz|y| . .. dz for some fixed ordering of the i € A from 1 to [A].

For u € R??, we write u - u < 0 if the degree 0 part of the form u - u is negative, where here
u - u denotes the super-Minkowski inner product (3.5.21)). For a spin configuration u € (R3/?)A
we write u - u < 0if u; - u; < 0 for all © € A and we then define

Ti=V —Uj - U, (3.7.7)
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and let » = (r;);ca. For such a spin configuration we consider the Hamiltonian

Hy(u) = ~(u, —Agu) + %(r, _Agr), (3.7.8)

N |

where the inner product for the w; is the one from and the r; are forms that are multiplied
in the ordinary way: (r,—Agr) = 3., ri(—Agr);. Let F € Q**(R3") be a smooth form com-
pactly supported on {u - u < 0,z > 0}, i.e., whose coefficient functions vanish when the degree
0 part of any form wu; - u; is non-negative or when z; < 0 for any i. We define an unnormalised
superexpectation by

[F]ﬁ = /( 312 F(u)eiHB(u)1u~u<01z>07 (3.7.9)
R-

with u-u < 0 as defined above. The assumption that F' has compact support ensures the integrand
is smooth. We call this the super-Minkowski model. Note that {u - u < 0,z > 0} is a version of the
causal future for super-Minkowski space; see Figure (3.1

Symmetries and localisation. Let

0 0
T:x& +za—x. (3.7.10)

Then T represents an infinitesimal Lorentz boost in the xz-plane since
Tr =z, Tz =z, (3.7.11)

and Ty = T¢ = Tn = 0. Note also that Tr = 0.

The Hamiltonian Hpg is invariant under 7', i.e., ) ., T;Hg(u) = 0. Here we have written T; for
the version of T applying to the i-th coordinate. Moreover the integral is invariant under
T. In addition, the model is supersymmetric with supersymmetry generator @Q as in (3.5.11)), and
the following localisation statement holds for all smooth f: (0, 00)** — R with compact support:

[f(z,r)]az/(o )Ade(z,z). (3.7.12)

This can be seen by integrating over z last when computing the superexpectation, and using
localisation for (z,y,n,¢), i.e., Corollary|3.A.10

Resolvent formula. The super-Minkowski model is related to the resolvent of the VRJP.

Theorem 3.7.3. Let [-|3 be the superexpectation of the super-Minkowski model, and let = = (7 (i, 7))
be a smooth compactly support probability measure on A x (0,00)™. For all smooth f: A x R» = R
with rapid decay,

/OOO Erf(Xt, Ly) dt = Z [ﬂ(i’ r) zixi (7, 2) (3.7.13)

i,jEA i B

where we have written E, to denote the expectation of a VRJP with initial condition (X, Lo) dis-
tributed according to .

Remark 3.7.4. In the notation of Remark[3.2.2] Theorem [3.7.3] can be compactly rewritten as

/Ooo Enf(X;,Ly)dt = |(z, ﬂ-ir))(a:, f(2)| . (3.7.14)
B

The proof of Theorem uses that Lemma remains true if -] is interpreted as the
expectation of the super-Minkowski model, and then follows the standard route as follows.
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Proof. Let p(u) = >, m(i,7)x;/r;, and let T; be the infinitesimal boost given by (3.5.28). Since
Tir; = 0 and Tix; = z; we have Tjp = w(j,7)z;/r;. Since Lemma holds for the super-
Minkowski model, we apply (3.5.34)) to obtain

S|P e p,2)| =30 | Fatin) [T B L] (3715)

r
i,jeA ¢ B jeat'd B

By localisation, i.e., (3.7.12), the right-hand side equals

J

3.8 Application to exponential decay of correlations in spin systems

oo

dz » 7(j,z) /OOOIE%z(f(Xt,Lt))dt:/ Er(f(Xe, Ly)) dt. O

A
+ JEA 0

In this section we prove theorems about the exponential decay of spin-spin correlations. Let d(i, j)
denote the graph distance between vertices 7 and j in the graph induced by the edge weights j;
this distance is finite since the induced graph is finite and connected by assumption.

We first consider the H?> model with constant and non-zero external field.

Theorem 3.8.1. Consider the H?> model with sup;¢ > jenBij < Buand hy = h > 0 for all i € A.
Let ¢(Bx, h) =log(1 + h/Bs). Then for all i,j € A,

1 .
[wia:j]ﬁ’h < Eefc(ﬁ*’h)d(l’]). (3.8.1)

Proof. Let 7; be the hitting time of j, i.e., 7; = inf{s > 0 | X, = j}. Then by choosing g an
exponential in Theorem [3.5.6] and using the killed representation of (3.3.31)),

o0
[zizjlg p = Eﬁl/o lx,=jds = El'y (I — D1p<00)
= Ezh,l ((L]oo -1 1’7']'<OO)]P)Z]_(T]' < o0) (3.8.2)

1
< EIP’?J(T]- < 00)

The inequality follows because the expected remaining lifetime of the conditioned walk after
hitting j is ~~! (by memorylessness of the killing), and that L7, — 1 = 0.

If 7; < oo then there are at least d(4, j) times at which a rate h exponential clock does not ring
before a rate j3, clock, as there are at least d(i, j) jumps to previously unvisited vertices on any
path from i to j. The probability of a rate h clock ringing only after some rate 3;; clock is at most
B«/(B« + h). Each of these events are independent by the memorylessness of the exponential, and
hence

PPy (15 < 00) < < T h) = e~ olBh)d(g) (3.8.3)
Combined with (3.8.2)) this proves the theorem. d

Remark 3.8.2. Theorem gives a positive rate log(1 + h/f3,) ~ ch of exponential decay for
some ¢ > 0 for any value of /5. For small g, i.e., high temperatures, it is known that the rate stays
uniformly bounded away from 0 as ~ | 0 [5,39]. The rate is expected to be bounded away from 0
for any /3 when the graph A tends to Z2. On the other hand, for A 1 Z? with d > 3 it is conjectured
that the rate behaves asymptotically as ~ cv/h as h | 0.

It would be interesting to obtain an analogue of Theorem for the H™ model by using
Theorem This would require an appropriate estimate on the z-field to control the initial
local times of the VRJP. We do not pursue this direction here.
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For the hemispherical spin models, the estimates on the z-field are trivial because |z;| < 1,
and we thus consider both the S’} model and the Sip model. For Sip we have only defined the
superexpectation of compactly supported observables. To define the superexpectation of non-
compactly supported observables requires a treatment of superintegrals with boundaries; since

we do not need this general treatment we instead define the two-point function [z;x;]; ,, for the

Si'z model by [z;x;] an = limy, o0 [z fr(2)] B where f,, is a sequence of smooth and bounded
approximations to 1,~¢. The proof of the following theorem shows that this limit exists.

Theorem 3.8.3. Consider the S} model with sup;cp D Bij < Bs, and let ¢(B,) = log(1 — e B,
Then for all i,j € A, N

(izj)p,n < e c(B)d(ig) (3.8.4)
The same result holds for the superexpectation [x;x ] sn of the Siu model.
Proof. We first consider Si‘z. Let f, be a sequence of smooth and bounded approximations to
1.>0. Letting [E; 1 be the expectation for a VDJP with initial local time 1, Theorem 3.5.11|implies

[:inj}ﬁ,h = 11_>H1 [:nimjfn(z)]ﬁh = 11_>IH Ei,l/ fn(L)lxt:je_ o hols, dt. (3.8.5)
n—00 ) n—00 0

To obtain upper bounds we may assume, without loss of generality, that h = 0. By definition, X;
dies once the local time at any vertex reaches 0. Since f,, is asymptotically bounded above by one,
it therefore suffices to bound the probability that X; reaches j.

By the definition of the VDJP, for each r € A the jump rate out of r is bounded above by g,.
Thus for each k € N there is probability at least e~ the walk X; dies after its kth jump and
before its (k + 1)st jump. The probability X; reaches j is at most the probability that X; does not
die before taking d(i, j) steps, and hence

(i), < (1— e Po)H0) = emelBe)dlid), (3.8.6)

This completes the proof for Sip. For S, we use (the normalised form of) Theorem in
place of Theorem [3.5.11 The argument above applies pointwise in the initial local time, so using
0 < z; < 1 we obtain the same conclusion. O

Remark 3.8.4. A result closely related to Theorem is given in [71}, Theorem 2].






Appendices

3.A Introduction to supersymmetric integration

This appendix gives a self-contained introduction to the mathematics of supersymmetry that
is relevant for this article. For complementary treatments, see in particular [13,21,79]. In
Appendix [3.B|we discuss some further aspects of supersymmetry that are relevant to this article,
but that are not needed to understand the main text.

Integration of differential forms

We begin by reviewing the important example of integration of differential forms on Euclidean
space R". Let x1,. ..,z be coordinates on R". A differential form on R" can be written as

F=Fy+-+Fy (3.A.1)

where Fy € C®°(R") is a 0-form, i.e., an ordinary function, and F, is a p-form, i.e., a nonzero sum
of terms of the form

fz’l,.u,ip(l'la .. ,l’N) dZEil A A dZL‘Z‘p, 1< ij <N, 1<75<p, (3.A.2)

where f;, ;€ C®(R"), the coordinates are viewed as functions z;: R¥ — R in C*(R"), and
the differentials dx; are the generators of a Grassmann algebra. This means that the dz; are formal
variables that are multiplied with the anti-commuting wedge product:

dxr; A dl‘j = —dxj A dz;. (3.A.3)

In particular, dx; A dz; = 0. Later, the A will often be omitted. By extending the wedge product
to differential forms by linearity, we obtain a unital associative algebra over C°°(R'V). This is the
exterior algebra of differential forms on R", which we denote Q(R™).

Example 3.A.1 (Change of variables). The differential notation and the use of the wedge product
is consistent with, and motivated by, the following change of variable formula. Let ®: RV — RV
be an orientation preserving diffeomorphism. Then by the change of variables formula from
calculus

/f X1y, xN)dry A - /\da:N—/f (P1(x),...,Pn(x))(det D®)dxy A --- Ndxy

= /f((I)l(ZB), ceey (I)N(il:)) d<I>1(:13) VANRREIVAY d@N(x) (3.A.4)

where D® is the Jacobian matrix of ® and the second equality has made use of the definition

Z axj (3.A.5)

which leads, by a calculation, to the identity

dPi(x) A+ NdPn(x) = (det DP) dxy A -+ Adxy. (3.A.6)

73
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Odd and even forms

A differential form is even if it is a sum of p-forms with all p even and it is odd if it is a sum of
p-forms with all p odd. We say a form is homogeneous if it is either even or odd. We can decompose
a general form F' as

= Feven + FOdd? Q<RN) = Qeven (RN) S Qodd (RN)a (3A7)

where Feye, is the sum of the degree p parts of F' with p even, and similarly for F,44. As the wedge
product of a p-form with a ¢-form is either 0 or a (p + ¢)-form, the exterior algebra equipped
with the wedge product is a Z,-graded algebra. Z,-graded algebras are also called superalgebras.
Formally, this means that if we define the parity of a homogeneous form as

Z F = Feyen
a(F) = V€% (3.A.8)
1€ Zs, F = Foaq
then a(F A G) = a(F) + a(G) mod 2. A calculation shows that for homogeneous F, G
FAG= (-1 G aF, (3.A.9)

and in particular, even elements commute with all other elements by linearity.

Berezin integral

In this section we introduce Grassmann algebras and the Berezin integral. Integration of differen-
tial forms as introduced in the previous sections constitute a special case.

Grassmann algebras. Let QM be a Grassmann algebra with generators &1, ..., &yy; as the subscripts
suggest we will always assume there is a fixed (but arbitrary) order on the generators. Thus QM
is the unital associative algebra generated by the (&), subject to the anticommutation relations

&G +HE6 =0, 1<i<j<M. (3.A.10)

Let QM (RY) be the algebra over C°°(R”) generated by the (¢;)},. Elements of this algebra can
be written as

Yoo h@ & &, (3.A.11)
1c{1,...M}
T={i1,vip}
where f; € C®(RY) for each I  {1,..., M}, and we have arranged the product of generators

according to the given fixed order: iy < iy < --- < ip.

Example 3.A.2. The differentials £, = dx; are an instance of a Grassmann algebra, and the algebra
of differential forms on RV can be identified with Q~ (RV).

We continue to use the term form for elements of QM (RV) when N # M. The notion of the
degree of a form and the Z,-grading that we defined for differential forms extends to this more
general context.

Integration. For i € {1,2,..., M} the left-derivative -2-: QM — QM is the unique linear map

08

determined by

0 0

—(&F)=F if§F #0, —1=0. A2

96, (& F) if & F # 0 96, 0 3 )
We sometimes write 0, = %. Note that 0, is an anti-derivation: if F' is a homogeneous form,
then

9e,(FG) = (3¢, F)G + (-1)*FF(8:, Q). (3.A.13)

The left-derivative extends naturally to an anti-derivation on Q™ (R") by defining

O, (f(®)&iy ... &) = f(2)0,(&iy - - - &ip)- (3.A.14)
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Example 3.A.3. The left-derivative gives a convenient formulation of the integral of a differential
form. Let F € QY (R") be a differential form and write ¢; = dz;. Then

/F:/ day - doy Oy ---8§1F:/ da d¢ F (3.A.15)
RN RN

where the left-hand side is the integral as a differential form in the sense of Section and the
last equality made use of the definition d¢ = 0, ... 0¢,. Note that the order used in defining O
matters.

The notation on the right-hand side of (3.A.15) is called the Berezin integral. This is a useful
notion because it is possible to change variables in x and £ separately, as will be discussed below
in Section [3.A] The Berezin integral generalises to N # M as follows.

Definition 3.A.4. For F' € QM (RY), the Berezin integral of F is

/FE/ dvy - doyde, -0 F = | dwdeF, (3.A.16)
RN RN

where the last equality is by the definitions dx = dxy...dxy and 0¢ = O¢,, ... 0. We say a
form I is integrable if it can be written as a finite sum of forms of the type f(x)&;, ...&;, with f
integrable on RY.

The expression dx ¢ on the right-hand side of (3.A.16) is an example of a superintegration
form. More generally a superintegration form is given by dx J¢ I’ for F an even integrable form,
and integration with respect to this superintegration form is defined by [ G = [px dx 0t FG.

Functions of forms. Suppose g € C>°(R¥). We will use a = (ay, ..., a;) to denote multiindices,
and we will also use the notation
0 0
(a) = o — al . Ak
g\Y(x) = 5o B g(z), z® = T

Definition 3.A.5. Let g € C°(R¥)and F',... F* ¢ QM (R") be even forms. Then g(F',..., F¥) ¢
QM (RY) is defined by the following formula, where the sum runs over all multiindices a:

g(F',...,F") =) ég@(ﬂ}, L ER(F = Fy)e. (3.A.17)
[e%

Note that the product defining (F' — Fy)“ is the wedge product, i.e., this is shorthand for
(F' — FHot A A (FF — FF)**, and (F! — F})™ is the a;-fold wedge product of this form with
itself. There is no ambiguity in the ordering since all forms are assumed even. The formal Taylor
expansion in (3.A.17) is finite because forms of degree greater than NV do not exist. As a simple
example of a function of a form, the reader may wish to verify that

e T8 = ¢ (] — £16). (3.A.18)

Gaussian integrals and localisation

Let A € RV*N be positive definite. The O(2)-invariant Gaussian measure on R*V associated to

the matrix A has density
N

—5 (@A)~ 5 (¥,49) (det A da; dy; 3.A.1
e 2 2 (de )E ot (3.A.19)
Let &1,...,¢N, 11, ...,nN be generators of the Grassmann algebra 92V, and define

N
On0Og = Oy ey -+ - Oy, Ogy (& An) = Z Aii&ing- (3.A.20)
=1
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A computation shows that

N
1
Oy Deel&AM — a,,agﬁ(z Aii&n;)N = det A. (3.A.21)
T =1

Remark 3.A.6. The form (&AM — ¢3(EAN =348 ¢ 02N is called a Grassmann Gaussian. The
corresponding Grassmann Gaussian expectation (F) = [F]/[1] where [F] = 9,0¢(e$4MF) € R
for F € Q?Y, and hence [1] = det A by (3.A:21)), behaves in many ways like a Gaussian integral.

Using (3.A.21)), the Gaussian density (3.A.19) can be written as

N
Hd@’i @i OnO¢; 1 (@, A0)~ § (y,Ay)+} (6, An)~} (n, A€) (3.A.22)

. 2T
1=1

The form given by (27)~" times the exponential in ([3.A.22)) is called the super-Gaussian form.
Thus the Gaussian density is the coefficient of the top degree part of the super-Gaussian form.

To lighten the notation, we will now write u; = (x;,y;, &, n;) and call u; a supervector. For
supervectors u; and u; define a form

ui Uy = 2Ty + yiy; — &ing + mi;- (3.A.23)

We unite the supervectors u; into w = (u;)¥.; and introduce the following shorthand notation for
the form that occurs in the exponent of (3.A.22):

(u, Au) Z Ajju; - uj. (3.A.24)
1,j=1

For a form F' we define the superintegral of F' by
1
F = dx dy Oy O¢ F 3.A.25
/(R2|2)N (2m)N /R2N Y In e L ( )

where dx = dxy ... dr, and similarly for dy. Then, since the coefficient of the top degree part of
(8.A.22)) is the density of a Gaussian,

/ e~ 2(wAw) _ (3.A.26)
(RQ\Q)N

The fact that this superintegral is one is a simple example of localisation for superintegrals of
supersymmetric forms. The rest of this section describes this phenomenon.
The supersymmetry generator @ : Q*V(R2Y) — Q2N (R2V) is defined as

N
0 0 0 0
Q= ;Qi, Qi = &aTci + ni@T/i - 8 + yza&' (3.A.27)

Thus @ formally exchanges the even and odd generators of Q% (R?V):

Qri =&, Qui=mn, Q& = -y, Qn =z (3.A.28)

Aform F € Q2N (R2V) is defined to be supersymmetric if QF = 0. Note that () is an anti-derivation,
and hence Q(FF») = 0 if F; and F, are both supersymmetric forms.

Example 3.A.7. The following forms are supersymmetric:

wi - uj = 2Ty + yiy; — &ing + mi;- (3.A.29)
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Much of the magic of supersymmetry is due to the fundamental localisation theorem:

Theorem 3.A.8. Suppose F' € Q2N (R?V) is supersymmetric and integrable. Then
/ F = Fy(0) (3.A.30)
(R2|2)N

where the right-hand side is the degree-0 part of F' evaluated at 0.

To keep this introduction to supersymmetry self-contained, we provide the beautiful and
instructive proof of this theorem in Appendix To prove an important corollary of the theorem
we need the following chain rule, proven in [79, p.59] or [7, Solution to Exercise 11.4.3].

Lemma 3.A.9. The supersymmetry generator () obeys the chain rule for even forms, in the sense that
if K = (K;)7_, is a finite collection of even forms, and if f: R’ — C is C™, then

J
QU (K)) = fi(K)QK;, (3.A.31)
7j=1

where f; denotes the partial derivative of f with respect to the jth coordinate.
Let uu” denote the collection (u; - u;);Y;_; of forms defined in (8.A.29).
Corollary 3.A.10. For any smooth function f: RV*N — R with sufficient decay,

/ fuu®) = £(0). (3.A.32)
(RQ\Z)N

Proof. Let F = f(uu”). Then Fy(0) = f(0) and QF = Y, fij(uu”)Q(u; - u;) = 0 by the
chain rule of Lemma [3.A.9] where f;; denotes the partial derivative of f with respect to the ij-th
coordinate. The claim follows from Theorem O

Change of generators

Recall the general expression ([3.A.11) for a form F € QM (RY). We will sometimes write F(zx, £)
or F(z1,...,znN,&1,...,&n) to denote a form written in this way.

Definition 3.A.11. A collection of even elements (7;)Y; and odd elements (ﬁj)jj‘il is a set of
generators for QM (RY) if every F € QM (R") can be written in the form (3.A.11)).

Note that Example provided an example of a change of generators

N 5d,
vo= Qo an), mo=dy= Y0 S (@ o) dy (3.A.33)
J

j=1

along with a corresponding change of variables formula.

It is both possible and useful to change between sets of generators in the sense of Defi-
nition [3.A.11| without the even and odd generators changing together. Moreover, there is an
extension of the usual change of variables formula that applies in this setting. This formula relies
on the notion of superdeterminant (or Berezinian) of a supermatrix M:

sdetM = det(A — BD'C)det D™ for M = (é g), (3.A.34)
where the entries of M are elements of a Grassmann algebra, the entries of the blocks A and
D are even, the entries of the blocks B and C are odd, and D is invertible. Invertibility means
invertibility in the (commutative) algebra of even elements of the Grassmann algebra. The next
result is [13, Theorem 2.1]. In the theorem rapid decay means each of the coefficient functions of
F have rapid decay.
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Theorem 3.A.12. Suppose y; = y;(x, &) and n; = n;(x, &) are a set of generators. Then for any F
with sufficiently rapid decay,

/dy On F(y,n)sdet(M) = /da: O¢ F(x,§), (3.A.35)

where M is of the form in (3.A.34) with entries A;; = %, Bij = g—g?, Cij = %, D;j = gg?.
J J J J

Implicit in Theorem [3.A.12is that a change of generators always results in an invertible D, so
the superdeterminant is well-defined.

Example 3.A.13. Let z, {1, & be generators for Q2(R). Then the set of forms {z + g(z)£162, &1, &2}
is also a set of generators, and

/ dz 9,06, F(z,€1,65) = / 0z e, 06, F(z + g(2)6162.60, &) (1 + ¢ (0)e1€2).  (3.A36)

It is instructive to verify the claims of the previous example by hand, and we briefly do so. To
see the claim that these forms are a set of generators, recall that by definition

F(ZL’ + g(x)£1£2a 517 52) = F(:Ev gla 52) + F,(l', 517 52)9(1")5162 (3.A.37)

Letting y = g(z)&1&2, a general form of {z + g(x)&1&2, &1, &2} is thus, for some functions a, b, ¢, d,

a(z+y) +0(z +y)&1 + ez +y)& +d(x +y)&1&e = a(x) +b(x)&1 + c(z)ée + (d(x) 4 d (x)g(x))1&2,

which clearly shows a general form in {x, {1, &2} can be expressed as a form in {x+g(x)&1£2, &1, &2}
To verify (3.A.36) integrate ([3.A.37). Integrating the term containing F’ by parts yields

/dx 0¢, 0g, F(x + g(2)€1€2,61,82) = /dm e, g, F(x,81,62)(1 — g'(2)€162). (3.A.38)

Since F(x+g(x)&1€2,£1,82)9 (2)61&2 = F(x,&1,&2)¢ ()€1 &9, follows. This can alternately
be verified by computing the superdeterminant of

1+d ()& & &
M = 0 1 0 . (3.A.39)
0 0 1

3.B Further aspects of symmetries and supersymmetry

This appendix discusses some additional aspects of supersymmetry. First, we briefly introduce
complex coordinates, which have often been used in the literature (see, e.g., [21]]). Second,
we prove Theorem The remaining sections discuss symmetries and Ward identities, and
in particular, highlight how Theorem [3.A.8| is an example of a Ward identity arising from an
infinitesimal supersymmetry.

Complex coordinates

In Appendix [3.A| we introduced Grassmann algebras over R and forms given by smooth functions
with values in R. Sometimes it is convenient to work with Grassmann algebras over C and
complex-valued functions, and many discussions of supersymmetry do so, see [21]] and references
therein. To facilitate comparisons with the literature we briefly introduce complex coordinates
and relate them to the presentation of Appendix [3.Al
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To introduce complex coordinates we set

1 1 1 - 1
—_ — 3 s 7 = — — 1 s = — ) 5 = —= — 1 . 3.B.1
z ﬂ(ﬂcﬂy) z ﬂ(ﬂc i), ¢ \/Z(Eﬂn) C= 5 &—m (3.B.1)
Correspondingly, define
0 1 [0 0 0 1 /0 0
= (i), = i B.2
0z; ﬂ(afci Zf):w)’ 0z; ﬁ(@xi Hayz‘)’ ©:5:2)
and define J¢, and O, to be the antiderivations on Q2N such that
0 0 - 0 - 0
%Cj = 87@»9 = dij, %Cj = 6—@@ =0. (3.B.3)

Up to an irrelevant factor of v/i ( a constant factor plays no role in determining if a form is
supersymmetric), the supersymmetry generator can be written in complex coordinates as

N
0 - 0 0 0
= i i =G+ G — 2 T i (3.B.4)

Hence it acts on the complex generators by

Qzi =G, QzZ=(, QG=-z, QG=2%. (3.B.5)
Writing u; = (z;,(;) fori = 1,..., N, the following forms are supersymmetric:
Ui - Uj = 2325 + CZE] (3.B.6)

Realisation by differential forms. Complex coordinates can be realised in terms of differential forms
as follows. Denote the coordinates of R? by z and y with differentials dz and dy, and set

1 1 1
z=—(x+1y), zZ=-—4—(a—1y), dz=-—=(dr+idy), dz=
ﬂ( Y) \/5( y) \/Z( y)

Proof of Theorem

The proof of Theorem 3.A.8|will use the complex coordinates introduced in Appendix[3.B} and will
also make use of the following terminology and facts. A form is called Q-closed (supersymmetric)
if QF = 0 and it is called Q-exact if F = QG for some form G € Q2" (R2V). The Q-closed forms
u; - uj from Example [3.A.7]are also Q-exact, as can be verified by checking

\;Z(da: —idy). (3.B.7)

Zizj + 2% + ng — EZC] = Q/\ij, )\ij = z,-fj + Zjé'. (3.B.8)

Proof of Theorem[3.A.8] Any integrable form F' can be written as K = Y- F*¢* with (i) ¢* a
monomial in {¢, (Z-}Z]-il and (ii) F'* an integrable function of {z;, Zi}i]\;l' To emphasise this, we
write K = K(z, 2, ¢, ¢). To simplify notation we write [ in place of |, (R22)N -

Step 1. Let S = ZZ]\L (2% + (;¢;). We prove the following version of Laplace’s Principle:

lim [ e *F = Fy(0). (3.B.9)

t—o00

Let t > 0. We make the change of generators z; = %z; and (; = %C{ . This transformation has

unit Berezinian. Let w = — Z@]\L 1 GiG;. After dropping the primes, we obtain
_ SN s _ -
/e 5 p /e Shissep(ly Ly Lo LE) (3.B.10)
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where %z = {%zi}iN:l, and similarly for the other generators. To evaluate the right-hand side,
we expand e* and and obtain

—tS 12121 n
/ oF = Z/ s W'F( 5z, 72 6 7 0). (3.B.11)

We write K = K° + G, where K is the degree zero part of K. The contribution of K° to (3.B.11)
involves only the n = N term and equals

_ 1 -
/ tS 0 _ / - mE ~i NFO(%z,%z), (3.B.12)
so by the continuity of Fy,

o1
lim [ e ¥ F, = Fy(0) / e~ Xita %ﬁoﬂ = Fy(0) / e s, (3.B.13)

t—o0

By ([3.A.26)) with A the identity matrix, this proves that

lim [ e "9 Fy = Fy(0). (3.B.14)

t—o00

To complete the proof of (3.B.9), it remains to show that lim;_,« [ e "G = 0. As above,

N
- SN Z‘2'1 n > ~
/e tSG:Z/e S G Gz g e, 3D, (3.B.15)
n=0 '

Since G has no degree-zero part, the term with n = N is zero. Terms with smaller values of n
require factors ¢;(; for some i from G, and these factors carry inverse powers of t. They therefore
vanish in the limit, and the proof of (3.B.9) is complete.

Step 2. The Laplace approximation is exact:
/e‘tSF is independent of ¢ > 0. (3.B.16)

To prove this, recall that S = Q). Also, Qe—° = 0 by the chain rule of Lemma|[3.A.9] and QF =0
by assumption. Therefore,

i/est = —/etSSF: —/ e S (QNF /Q (e75AF) =0, (3.B.17)

since the integral of any (Q-exact form is zero, because it can be written as a sum of derivatives
(whose integral vanishes due to the assumption of rapid decay) and a form of degree lower than
the top degree (whose integral vanishes by definition).

Step 3. Finally, we combine Laplace’s Principle (3.B.9) and the exactness of the Laplace approxi-
mation (3.B.16)), to obtain the desired result

/F = lim [ e *F = Fy(0). O
t—o0
Symmetries

This appendix briefly reviews symmetries in the context of smooth manifolds, to prepare the way
for a discussion of symmetries of superalgebras.
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Infinitesimal symmetries. For a smooth manifold M, infinitesimal symmetries are described by the
infinite-dimensional Lie algebra of smooth vector fields, Vect(A/). Vector fields act on functions
through the Lie derivative, which associates to every vector field X € Vect(M) a derivation
Tx: C®(M) — C*°(M). We recall that a derivation is a linear map that obeys the Leibniz rule
Tx(fg) = Tx(f)g + fT'x(g). Concretely, if M is n-dimensional and X is represented in local
coordinates as X = > _, g(u',... ,u”)aga, then Tx (f) = > n_, g(ul,... ,u”)a%.

In fact, every derivation on C'*°(M) arises from a vector field, and hence there is an isomor-
phism Vect(M) ~ Der(C*°(M)). Thus we can replace geometric objects (vector fields) with
algebraic objects (derivations). The perspective will be useful for superspaces, as their definition

is fundamentally algebraic rather than geometric.

Integral symmetries. Rather than examining the entire Lie algebra Der(C*°(M)), it is often useful
to consider subalgebras that respect additional structures on the manifold. We will be interested
in the following case where M carries a measure p. Let [,, f denote the integral of a function
f: M — R with respect to the measure x. We call [}, an integral on M.

Definition 3.B.1. Let [,  be an integral on a smooth manifold M. A derivation 7' € Der(C>(M))
is an infinitesimal symmetry of the integral if for all f € C'°°(M) with rapid decay

/ Tf =0. (3.B.18)
M

Infinitesimal symmetries lead to integration by parts formulas, otherwise known as Ward
identities: suppose T is a symmetry of [, , and that f, g € C°°(M) have rapid decay. Then

/ T(fg) =0, (3.B.19)
M

since fg has rapid decay. Since T acts as a derivation, we obtain the Ward identity

/ (Tf)g=— / f(Tg). (3.B.20)
M M

For spin systems, different infinitesimal symmetries are obtained depending on whether we
examine the Gibbs measure e~## du or the underlying measure du. Ward identities for one lead
to (anomalous) Ward identities for the other. For instance, letting [f]; = [yn fe~T% du denote
an unnormalised expectation, and letting 7" be an infinitesimal symmetry of du,

/ T(fe sy =0, ie, / (Tf — f(THg))e s =0 (3.B.21)
MA MA
and hence

[T'f]s = [f(THp)]g- (3.B.22)

Global symmetries. For spin system Gibbs measures [F]] 5= S F e H8du, an important role is
played by derivations 7' € Der(C>(M™)) which can be written in the form

T="T, (3.B.23)
€A

where each T; is a copy of a single site derivation
T = En: fa(ui)i (3.B.24)
= ou

with f, independent of i € A. We call these diagonal derivations. If a diagonal derivation is
an infinitesimal symmetry of the Gibbs measure, then we say that it is a global symmetry. The
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spin system Hamiltonians in this paper are of the form Hg(u) = 1), jen Bij(ui — u;)? with
(u; — u;)? = (u; — uj) - (u; — uj) for some inner product. Hence the global symmetries are
equivalently those diagonal derivations which satisfy

T(ui —uj)®> =0 (3.B.25)

for all i, 5 € A. These correspond to the infinitesimal isometries of the target space, and form a
representation of a finite dimensional Lie algebra.
For the GFF on R", the global symmetries are of the form

& ) & )
T=N"T, Ti=) RaﬁuiauﬁJr;SVauz, (3.B.26)

i€A a,8=1 i

where R is an n xn real skew-symmetric matrix and S is a real vector in R". The global symmetries
of R™ hence form a representation of the Euclidean Lie algebra so(n) x R™ under the Lie bracket
of derivations. Global symmetries of Minkowski space R™! are of the same form as (3.B.26)), but
R is now skew-symmetric with respect to the Minkowski inner product, i.e.,

RT'J+JR=0, J=diag(-1,1,...,1). (3.B.27)

This gives a representation of the Poincare Lie algbera so(n, 1) x R™!,
Global symmetries of the H" and S’} spin models are induced from Lorentz/orthogonal sym-
metries of R™! and R"*! respectively, i.e., global symmetries have the form

_ o 0
T=>"T, T,=) Rapu o5 (3.B.28)
1EA a,B 7

For the H" model these form a representation of the Lorentzian Lie algebra so(n, 1), and for the
S"t model these form a representation of the orthogonal Lie algebra so(n + 1). In coordinates,
these symmetries can be written as

d R R )
= a,B=1 Ou; y=1 i

where S, = Ry, and z = /1+ (u')2+ -+ (u?)? for H", while S, = R(,;1), and z =
V1= (ul)?—-- — (un)? for S" .

Symmetries of supersymmetric spaces

Infinitesimal symmetries of Berezin integrals and the global symmetries of supersymmetric spaces
have descriptions similar to those of the previous section. The primary difference is that all objects
are graded.

Superderivations and supersymmetries. Let A be a Z?-graded algebra (or superalgebra) such as
A = Q"(R™). Thus A = Ay @ A; where elements in Ay are even and elements in A; are odd.
Using this decomposition, a linear map 7': A — A can be written in blocks as

| Too To1] | fo
o 0] a0

A linear map is even if Ty; = T19 = 0, and odd if Ty = T11 = 0. As for functions, a homogeneous
linear map is one that is even or odd. We extend the parity function to homogeneous maps by

(3.B.31)

() 0 € Zo, T is even
(8% =
1€ Zo, T is odd
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and for homogeneous f we have a(Tf) = a(T) + a(f). A homogeneous superderivation is then
defined as a homogeneous linear map 7': A — A that obeys the super-Leibniz rule

T(fg) = (Tf)g+ (—1)*MW) f(Tg). (3.B.32)

Thus even and odd superderivations are derivations and antiderivations, respectively. A gen-
eral superderivation is a sum of an even and an odd superderivation. The collection of superderiva-
tions on A forms a Lie superalgebra SDer(A) with the supercommutator defined on homogeneous
superderivations by

[T, Ty] = Ty o Ty — (=1) M)Ay o T, (3.B.33)

and extended to all superderivations by linearity. If A = Q"(M) is a superalgebra of forms
on an m-dimensional manifold M, then every superderivation 7' € SDer(A) can be realised in
coordinates (z!,...,2™ &Y ... €M) as

o ) " )
T = Z Fop o+ ; Ga@ (3.B.34)

a=1

where F,, G, € A. If T is an even/odd superderivation then F,, are even/odd forms and G,, are
odd/even forms.

Berezin integral symmetries and global symmetries. We define a Berezin integral [,, on a superal-
gebra Q" (M) to be a linear map defined by integrating forms F' against an even Berezin integral
form dx O¢ p(x, §), i.e.,

/ F= / dz O p(a, €)F(z, €). (3.B.35)
M RmIn

Definition 3.B.2. Let [, be a Berezin integral on a superalgebra Q"(M). A superderivation
T € SDer(Q2"(M)) is an infinitesimal symmetry of [, if for all F € Q™ (M) with rapid decay

/ TF =0. (3.B.36)
M

This leads to Ward identities in the same manner as the non-supersymmetric case, the only dif-
ference coming from the super-Leibniz rule: for homogeneous superderivations 7' € SDer(Q2" (M)
and forms F, G € Q" (M) we have

/ TF = (—1)a(F)+1 / TG, (3.B.37)
M M

Global symmetries of supersymmetric spin systems are infinitesimal symmetries of the form

r=%"1, (3.B.38)
i€

i.e., they are diagonal infinitesimal symmetries. For the spin systems considered in this paper,
which are deﬁned.ir} terms of quadra}tic Hamiltonia.ns 1 D ijeA ﬁij(u.i - uj)Q,. global symmetries
are those that annihilate the appropriate super-Euclidean or super-Minkowski inner product

T(ui —uj)?> =0 (3.B.39)

for all i, j € A. Here we have written (u; — u;)? for the form (u; — u;) - (u; — u;). The following
subsections briefly discuss this condition for the R2/2, H22, and Si'Q models.
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R?12 model. The inner product associated to the SUSY GFF is
i - uj = ity + yiy; — &inj + 0ikj, (3.B.40)

giving the global symmetries as diagonal superderivations T € SDer(Q2*(R?})) satisfying

T(ui — uj)? = T((zi — 25)° + (4 — yj) — 2(& — &) (i —ny)) =0 (3.B.41)
foralli,j € A.
Concretely, letting u; = (u}, ..., u}) = (zi,y:, &, mi), these are derivations of the form
4
T=>T, T,= Z Ragu Z 5 (3.B.42)
TSN aﬂ 1 : ’L

where R is a real 4 x 4 matrix (independent of i € A) such that
RTJ+ JR =0, (3.B.43)

where R°T, the supertranspose of R, and J are given by

ST
RST:[A B} :[AT CT} 7

o Car pr : (3.B.44)

and S is a real vector. With the supercommutator of superderivations, these form a representa-
tion of the super-Euclidean Lie superalgebra osp(2|2) x R?? . In particular, the supersymmetry
generator

0 0 0
Q= Z Qi = Z fz + 77@ 187 + yzai (3.B.45)
i€A i€A Yi i i

and the infinitesimal global translation

T = ZT Zaxz (3.B.46)

1EA iEA

are global symmetries.

A short computation shows that the individual 7; and @); are symmetries of the flat Berezin—
Lebesgue measure dx dy 0¢ 0y, For instance, if F' is a compactly supported form with top degree
component Fyy(x,y)En,

| @mp= | dwayoco,mr) - [
(RQ\Q)A R2A R2A
where in the last step we have used the translation invariance of the usual Lebesgue measure. A
particular case of this is formula (3.5.9)).

Super-Minkowski space R32. The inner product associated to the super-Minkowski model is the
super-Minkowski inner product

(z,y)=0 (3.B.47)

wi - uj = —2zzj + xiwy + yiy; — &inj + miy, (3.B.48)
giving the global symmetries as diagonal superderivations 7' € SDer(Q?*(R3)) satisfying

T(u; —uj)> =T (—(2 — 2))° + (m —2))° + (i —y;)* —2(& — &)(mi —m;)) =0 (3.B.49)
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for all 4, j € A. Concretely, letting u; = (u, u), u?, ud,u?) = (2, %4, ys, &, 7:), these are derivations

7 (2 7 (2 (A
of the form
5

0
T=>T, Ti= Z Ropuf—— o +) Sy (3.B.50)
ieA o,B=0 =1 (
where R is a real 5 x 5 matrix such that
RTJ+JR=0 (3.B.51)
with J now the 5 x 5 matrix
-1 0 0|0 O
0O 1 0|0 O
J = 0O 0 1]0 O , (3.B.52)
0O 0 0|0 -1
0O 0 0|1 O

and S a real vector. These global symmetries form a representation of the super-Poincare Lie
superalgebra osp(2, 1/2) x R3? with the supercommutator of superderivations. In particular, the
supersymmetry generator

_ o 6o 0 0. 0
QZZQI—Z@MMZ% xzam+y18&) (3.B.53)

€A IS

and the global Lorentz boost

_ _ 9 9
T= ZT,- = Z(Zz 7o, + 82i>. (3.B.54)

i€ i€A
are global symmetries of the super-Minkowski spin model. As for the R?? model, the individual

T; and @); are symmetries of the Berezin-Lebesgue measure dx dy dz O¢ Oy,.

Sip and H??2 models. As for their standard counterparts, the global symmetries of the S2|2 and

H22 models are induced from the ambient super-Euclidean and super-Minkowski spaces. In both
cases, the global symmetries in ambient coordinates are

T=>"T, Ti= Z Ropul—— o7 (3.B.55)

iEA a,B3=0

which form a representation of osp(2, 1|2) for the H?? model, and a representation of osp(3|2) for
SﬂQ. In coordinates, the T} are written

4 4
0 0
Ti= 5 Rygud-2 +5° 8,2 (3.B.56)
2 T 25

with z; = \/1 + a2 +y? — 2¢n for H?P and z; = \/1 — a7 — y? + 2¢n for Sj_p and S, = R3, in both
cases. As before, the supersymmetry generator

9 9 )
Q=) Qi= Zéz g g T Uige (3.B.57)
N icA Yi ¢

is a global symmetry of both the H??> and Sm models, as is the global Lorentz boost/rotation

T= ZT Zzz P (3.B.58)

1EA €A

A short computation also shows that the individual 7; and @); are symmetries of the Berezin—-Haar
1
measure dx dy O¢ Oy Moz
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SUSY delta functions

We begin by defining Dirac delta functions to integrate against forms F in Q?(R?). We will assume
F is given by a smooth function of an even form. Let ug = (0,0,0,0) € R??, and let G € Q?(R?)
be a smooth compactly supported form with [p,, G = 1. For € > 0 define smooth forms

1 1 x ¢
©) () = Q(= Tu= (X ¥sn
Oy (u)_G(eu), U (6767575)' (3.B.59)
We then define
F(u)dy, = lim F(u)(sz(t?(u) (3.B.60)
R2I2 €0 Jr2l2

The change of generators that rescales each generator by ¢! has unit Berezinian, and hence

/ F)du =lim [ Fleu)sD(w) = Fo0) [ 60 (u) = Fo(0), (3.B.61)
R2I2 e—=0 Jp2)2 R2[2
where we recall Fj is the degree zero part of F. In the second equality we have used that the
degree p parts of F' for p > 1 carry factors of ¢, and hence vanish in the limit. The last equality
follows since [22 (51%) = [g22 G = 1.

Suppose 6;: (x,y,£,n) — (0sz, 05y, 0&, 0sn) is invertible with inverse 6_,, and that 6,u( only
has non-zero even components. In this setting we define dg_,,, (u) by 6y, (6—su). If the transforma-
tion 6, has unit Berezinian, then we obtain

/R?? F(u)6g,u,(u) = /R2|2 F )6y, (0—su) = / F(05u)0y,(u) = Fo(Osuo). (3.B.62)

R2[2

It is often convenient to choose G as a supersymmetric form. For R??, this can be achieved
by choosing any smooth compactly supported function g: R — R with ¢(0) = 1, and setting
G = g(|u?).

The definition of delta functions on Q*V(R?") is analogous, but now based on a smooth
compact form G € Q2N (R?V).

For H?? and Sip, we define delta functions by making using of the definition on R22. Namely,
for H?? in the coordinates @& = (x,y,£,n) with z(@) = /1 + 22 + y2 — 2€n, we set

505 (w) = 2(@)af) (@) (3.B.63)
where uy = (1,0,0,0,0) € H??, 51(1? (@) is a delta function for R as constructed above, and
iip = (0,0,0,0) € R, Then

lim [ FSEP = lim [ F(2(a),,y.6,0)68) (3) = Fo(1,0,0), (3.B.64)

e—=0 Jp2i2 e—0 Jp2/2

i.e., the zero-degree part of F evaluated at the point (z,z,3) = (1,0,0) € H2. The construction
for Si‘g is analogous.

3.C Sabot-Tarres limit and the BFS—Dynkin Isomorphism Theorem

Here we show how to derive the Sabot-Tarreés limit from the hyperbolic BES-Dynkin isomorphism
theorem. As will be evidenced by the length of the proof, using the BFS-Dynkin isomorphism as
a starting point is somewhat unnatural compared to the proof beginning with Ray—-Knight, but it
nevertheless interesting to see how the initially complicated expression magically simplifies in the
limit.

In this section, we will use the mean 0 version of the Sabot-Tarrés limit.
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Theorem 3.C.1 (Sabot-Tarres [|89, Theorem 2]). Let (X, L;) be a time-changed VRJP with V ({) =
log(1 + £). Then for any smooth compactly supported function g : R\l — R

VIA]
lim Emo( <LTT)> = ’w 1/ elog(t)e M)\ /det D(B,t)e "t dt (3.C.1)
T—00 |Al V2 S t=0

where

= %Zﬁij(cosh(ti —t;)—1)
ij

is the horospherical t marginal of the H2? Hamiltonian and D(B,t) is any diagonal minor of the
t-Laplacian Ag, with entries

_ .. otitt; ; ;
A { Biget 17 (3.C.2)

(Agit)ij = . T
T\ Bt i =
indexed by i,j € A.

Before we present the proof in detail, we would like to give some intuition as to how the
horospherical-t marginal arises in the limit. The starting point of our proof is Corollary of
the hyperbolic BFS-Dynkin isomorphism; taking the 7" — oo limit of (3.7.2) gives

. T
i (o= 1)) = o 137 [ (logz—|A|Zlog%>5f<¥1°g%”)

(3.C.3)
provided the limits exist. It is in fact convenient to exchange the order of the limits on the
right-hand side. This is justified by the following elementary lemma.

Lemma 3.C.2. Let Gor = [i~ Eao(9(Le — 157))0:(t — T)dt, supp(d:) C [0,¢], and g € S(RIA.
Then

lim lim G.r = lim lim G.r (3.C.49)

T—00e—0 e—=0T—o00

provided the limit on the right-hand side exists.

Proof. In order to exchange the limits, it suffices to show that i) limy_,., G. 1 exists pointwise for
all € # 0 and ii) lim._,9 G, 7 converges uniformly. By assumption, i) holds. To show ii), we Taylor
expand g as

N T 99 T N P
g(Lt—‘AO—g(LT !A!>+< o1, (07 = ) (e w))(t T) + ot — T), (3.C.5)

to give

T dg T 1 Tte
G.r = Equ09 (LT — W) +Ea,o< : %(LT |A‘)<1XT i — \A)) /T (t —T)o-(t — T)dt

THe
+ / o(t — T)o.(t — T)dt.
T

(3.C.6)

e Hdu
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Then, Gor = g(LT — %), and hence

|Ger — Gor| < sup|Ger — Gor
T

dg T 1
E, L (Lp — ) xpmi — —

< sup |Vygle + o(e)
T

T+e T+e
/ u—Tm@_nﬁ+/ ot — TYo.(t — T)dt
T T

= Oy(e) = 0
(3.C.7)

gives the desired uniform convergence. O

b

To evaluate (3.C.3)), the physical picture on the right hand side is that the spin ‘centre of mass
is pinned by the delta function; sending 7" — oo pulls the spins off to infinity. This suggests that
we should adopt a moving reference frame, boosting all coordinates in the xz-plane by a hyperbolic
angle 0. This is best done in horospherical coordinates

1 - 1 _
z = sinht — 5(32 —2p)et, y=se!, z=cosht+ 5(32 — 2¢np)el,

B (3.C.8)
E=ye, =1l
Then, setting
1+e (e b + 52 — 241
L C L Yirhi) (3.C.9)
and boosting by o = %, we have
Oyq = et“+al/a_
0,2 — 2 (3.C.10)
Zb Vb
O,logz; =t; +0+ logyj,
giving the integral in horospherical coordinates as
lim lim Z et“"ﬂg t+logrvt — 1 Z(t +log v;")
oc—00e—0 ; V;r ’A| : i i
! (3.C.11)
X 0z (Z (t; + log V;L)) e~ HiO)=Ha(t:s90) o~t gy Do
where the Hamiltonian H = H; + Hs is now
1
Hl(t) = 5 Zﬂij(cosh(ti — tj) - 1),
’ (3.C.12)

Hy(t,s,,9) = %Zﬂijeti+tj ((si = 53)* = 2(i = y) (i — ¥5)),
ij

and q = (s,1,) are the quadratic coordinates.
As currently stated, we cannot take the limit ¢ — oo due to the e« term. Let us ignore this
for now, and consider what happens to the other terms. We would then have

mnﬁ:%, (3.C.13)

ag—r00
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and, after shifting ¢; — ¢; + log 2, would obtain

‘ 1 | —|A] o —H3(t+log 2,5, 1))

(3.C.14)
The dependence on the quadratic coordinates is now only through H,; integrating this out would
give a square root determinant factor, albeit, one which includes the zero eigenvalue of the ¢-
Laplacian. A more careful analysis used in the proof below will involve rescaling the corresponding
eigenmode (i.e., the quadratic variable means), and will show that this zero eigenvalue exactly
cancels the infinite prefactor; this leaves a matrix minor term, and hence, the Sabot-Tarres limit
distribution.
There is one additional subtlety glossed over in the above discussion, namely, that dominant

terms in the integral are contributed not just when = ~ e%, but also when z ~ —e%. Thus, if
we simply boost in the positive x direction, a significant fraction of mass still escapes in the other
direction. The problem is avoided by using the x — —x symmetry to restrict ourselves to the
positive side, rewriting as

. T o 1
i (o0 = 7)) = iy Jm ti, 322 f oo (1°gz "2 )
X 0¢ (Z log z; — T) e Hap,

(3.C.15)

where y./(z,) = £(1 + tanh £) is a smooth step function with y./(z) + x.(—z) = 1, and we
have used Lemma to exchange the order of the outer two limits. This expression will be the
starting point of our proof.

Proof. We proceed along the same lines as above, but now starting from the reformulation of
Corollary given in (3.C.15). Once again, we transform to horospherical coordinates and
boost by o = \%I’ now giving the right hand side as (dropping sums and limits for now)

1 —
2 / Yer (e u ety ljr (t +logvt — W Z t; + log Vf) e (Z t; + log Vf) e~ O-Ha(tsv ) o=ty
i i

Y
(3.C.16)
Here, du is the is the Berezin-Lebesgue measure, normalised with a factor of \/#27 for each bosonic

coordinate:

dt; d
dy = H i 2% le (3.C.17)
For readability, we will suppress these extra factors below.
As discussed, in order to take the limit o — oo, we need to separate out and then rescale the

zero eigenmode of the ¢-Laplacian. This is achieved by shifting to ‘mean 0’ coordinates in the
quadratic variables ¢ = (s, 1, 1). We now change variables as

1 1 _
5;:5i_723i7 ¢§:¢i—*z¢i, ;=i — Z%, (3.C.18)
[A] 2 [A] 2 Al
but further rescale the means as

e ? e ? - e’ -
S0 = TAT s = AT > i o= A > i (3.C.19)
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This transforms the Berezin measure as

—0o—2> it
e~ Z:itid,u o

TTdt dgo dg (3.C.20)

and hence gives the integral as (dropping primes)

ta+ v . ~+
A’/Xs 75 )ela I/a ~+ (t ’A’th—i—logy ’A‘Z:logz/i>

(3.C.21)
X 0 (Z t; + log ﬁf) e~ Hi(O)—Ha(t,599) o=t gy dqo dq |

where

b L (7272 o (sie™% + s0)” — 2(ie™” + o) (e + Yo)) (3.C.22)
[ 2 :

We now Grassmann-Taylor expand the indicator function and take the limit &’ — 0 to give
lim xer(e'™77;) = lim xer (e T7b () + X (e T7b (v ))e T s(vy)
e’'—=0 e'—0
= x(e" b (vy)) + 8(e"T7b(1 ))e" s(vy) (3.C.23)
= x(b(v;)) +d(b(ry))s(vy ),

where in the third line we have made use of the indicator and delta function scaling properties,
and

B (e72a=20 4 (5,77 + 50)?)
bla) = 2 o (3.C.24)
s(v, ) = (Yae™ +v0)(Yae™ 7 + 10)

are the body and soul of 7, . This gives the integral as

. 2 - - ta - A ;
iy 37 3 [ () + 80605 s(e)e af;g<t—,A|th+logv* leogv)

e—0
b

X0 (Z t; + log ﬂf) e Hi(O)—Ha(t,s99) o ~t gy dqgo dq |

i

(3.C.25)
We are now free to take the limit o — co. Setting
- _
lim gt = 150 — 2ovo) _ e (3.C.26)
T—00 2

we obtain the ¢ — oo limit as

> 2 [ ot + ot st e ( |A|Zt>55<Zti+10%)E_H1<t>_H2<t,s,¢,¢>e_tdtdqo
b 7

(3.C.27)
Noting that the s ,10| ,2| variables only enter through H,, we can write

2 G 2 1
5 a7 xtb))+ b st ) 20 g(t S Zt)
X e (Z t; + log 7]3) e H1(®) [/6H2(t78,w,1l7) qu] e~tdt dgo,

(3.C.28)
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and integrate them out directly as Gaussian integral

/ et B) go = [det (A/ﬁ,th)' (3.C.29)

As all terms in the sum are the same, we are thus left with

;i_{% 2/(X(b(770_)) +3(b(ng ))s(mg ) e’ (737_ <t TAl Z tz) Oe (Z: t; + log 773) e ), det (Amh)e—tdt di

(3.C.30)
We now shift to mean 0 coordinates for the ¢ field,
t’:t-—iZt (3.C.31)
rescaling and shifting the mean as
to=Y (ti+logny). (3.C.32)
This transforms the Berezin measure as
e~ Zitidt — (n)Me todty dt (3.C.33)
the efe factor as t
0 ’
el s () el ete, (3.C.34)
the t-Laplacian as
. 2t
(Age)ij > (ng) %€ ™ (Agp)ij, (3.C.35)
and hence the determinant factor as
- (A =D)e ~
det(Agy| | ) = ()~ IMDew Jaet (Bg ) (3.C.36)

by multilinearity. These additional terms cancel out, giving the integral as (dropping primes)

N N
tim 2 [ (00075 + 6005 s g 01 to)e™ 0 e (B Yt e,

(3.C.37)
splitting into three terms as

—\2
im 2 [ (x(b(n ) + b s <no>><f7°0+) [attortn [ egttre 0, fach (s, are.

e—0
(3.C.38)
As there are implicit factors of W in the measure for all bosonic coordmates (which we now
explicitly write), the integral of the second term is [ d.(to) f/“i = \/ﬂ’ and a short calculation

shows

(ng)*

dqo

+
Mo
1 — 83— 2¢090)? dso - (3.C.39)
) ) 1+ 52 + 2000 Vam Do dvo

2 [ (b)) + 8050y sty )

-5 (5
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and so the product of the first and second terms is identically 1. The remaining term is the

Sabot—Tarres limit distribution

~ dt
elog(t)e M1, [det Agyl S
/ < J—) \/%lf\lf1

Applying the matrix tree theorem

det (B4, ) = VIAIVDE.D,

with D(3,t) any diagonal matrix minor of Ag,, (3.C.40) can also be written as

Al
WM i / e 1 O/D(B, t)dt |

which is the claim.

(3.C.40)

(3.C.41)

(3.C.42)

O



Chapter 4

Random spanning forests and
hyperbolic symmetry

4.1 The arboreal gas and uniform forest model

Definition and main results

Let G = (A, E) be a finite (undirected) graph. A forest is a subgraph F' = (A, E’) that does not
contain any cycles. We write F for the set of all forests. For 5 > 0 the arboreal gas (or weighted
uniform forest model) is the measure on forests F' defined by

P3[F] = ZiﬁlFl, Zg = Z BIFl (4.1.1)
B FeF

where |F'| denotes the number of edges in F'. It is an elementary observation that the arboreal
gas with parameter [ is precisely Bernoulli bond percolation with parameter pg = 5/(1 + )
conditioned to be acyclic:

F _
Pl g gin

PPe[F' | acyclic] = =
" Sppp (1—pp)EIrl g A

=Py[F). (4.1.2)

The arboreal gas model is also the limit, as ¢ — 0 with p = (¢, of the ¢-state random cluster model,
see [|84]. The particular case 5 = 1 is the uniform forest model mentioned in, e.g., [52}/53},59,84].
We emphasize that the uniform forest model is not the weak limit of a uniformly chosen spanning
tree; emphasis is needed since the latter model is called the ‘uniform spanning forest’ (USF) in the
probability literature. We will shortly see that the arboreal gas has a richer phenomenology than
the USF. In fact, in finite volume, the uniform spanning tree is the 5 — oo limit of the arboreal
gas.

Given that the arboreal gas arises from bond percolation, it is natural to ask about the percola-
tive properties of the arboreal gas. It is straightforward to rule out the occurrence of percolation
for small values of /3 via the following proposition, see Appendix 4.Al

Proposition 4.1.1. On any finite graph, the arboreal gas with parameter [ is stochastically domi-
nated by Bernoulli bond percolation with parameter pg.

In particular, all subgraphs of Z, all trees have uniformly bounded expectation if ps < p.(d)
where p,(d) is the critical parameter for Bernoulli bond percolation on Z¢.

In the infinite-volume limit, the arboreal gas is a singular conditioning of bond percolation,
and hence the existence of a percolation transition as 3 varies is non-obvious. However, on the
complete graph it is known that there is a phase transition, see [[11},65},70]]. To illustrate some of
our methods we will give a new proof of the existence of a transition.

93
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Proposition 4.1.2. Let Ey , denote the expectation of the arboreal gas on the complete graph Ky
with = a/N, and let Ty be the tree containing a fixed vertex 0. Then

< a<l

l—«a

Eno|To| = (1+0(1))4 eN'/3 a=1 (4.1.3)
(=1)2N a>1.

where ¢ = 3%/3T'(4/3)/T'(2/3) and T denotes the Euler Gamma function.

Thus there is a transition for the arboreal gas exactly as for the Erd6s—Rényi random graph
with edge probability o/N. To compare the arboreal gas directly with the Erdés—Rényi graph,
recall that Proposition shows the arboreal gas is stochastically dominated by the Erdés—
Rényi graph with edge probability ps = 8 — 53%/(1 + ). The fact that the Erd6s-Rényi graph
asymptotically has all components trees in the subcritical regime o < 1 makes the behaviour of
the arboreal gas when o < 1 unsurprising. On the other hand, the conditioning plays a role when
a > 1, as can be seen at the level of the expected tree size. For the supercritical Erd6s—Rényi graph
the expected size is 4(a — 1)2N as o | 1 — this follows from the fact that the largest component
for the Erd6s—Rényi graph with o > 1 has size y/N where y solves e™*¥ =1 — y, see, e.g., [4]. For
further discussion, see Section 4.1

On Z2, the singular conditioning that defines the arboreal gas has a profound effect. In the
next theorem statement and henceforth, for finite subgraphs A of Z? we write P s for the arboreal
gas on A.

Theorem 4.1.3. For all § > 0 there is a universal constant cg > 0 such that the connection
probabilities satisfy
Pagl0 < j] < |j|7% forjeAcCZ? (4.1.4)

for all A C Z?, where ‘i <+ j’ denotes the event that the vertices i and j are in the same tree.

This theorem, together with classical techniques from percolation theory, imply the following
corollary for the infinite volume limit, see Appendix

Corollary 4.1.4. Suppose Pg is a translation-invariant weak limit of Py, 5 for an increasing exhaus-
tion of finite volumes A,, T Z*. Then all trees are finite Pz-almost surely.

Thus on Z? the behaviour of the arboreal gas is completely different from that of Bernoulli
percolation. The absence of a phase transition can be non-rigorously predicted from the repre-
sentation of the arboreal gas as the ¢ — 0 limit (with p = (¢ fixed) of the random cluster model
with ¢ > 0 [33]]. We briefly describe how this prediction can be made. The critical point of the
random cluster model for ¢ > 1 on Z? is known to be p.(¢) = \/g/(1+./q) [12]. Conjecturally, this
formula holds for ¢ > 0. Thus p.(¢q) ~ \/q as ¢ | 0, and by assuming continuity in ¢ one obtains
B. = oo for the arboreal gas. This heuristic applies also to the triangular and hexagonal lattices.
Our proof is in fact quite robust, and applies to much more general recurrent two-dimensional
graphs. We have focused on Z? for the sake of concreteness.

This absence of percolation is not believed to persist in dimensions d > 3: we expect that there
is a percolative transition on Z? with d > 3. In the next section we will discuss the conjectural
behaviour of the arboreal gas on Z for all d > 2. Before this, we outline how we obtain the above
results. Our starting point is an alternate formulation of the arboreal gas. Namely, in [25}26}28]]
it was noticed that the arboreal gas can be represented in terms of a model of fermions, and
that this fermionic model can be extended to a sigma model with values in the superhemisphere.
We also use this fermionic representation, but our results rely in an essential way on the new
observation that this model is most naturally connected to a sigma model taking values in a
hyperbolic superspace. Similar sigma models have recently received a great deal of attention due
to their relationship with random band matrices and reinforced random walks [9}40,/88,89]. We
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will discuss the connection between our techniques and these papers after introducing the sigma
models relevant to the present paper. A key step in our proof is the following integral formula for
connection probabilities in the arboreal gas (see Corollary[4.2.14|for a version with general edge
weights):

1 1 tj ,— > i Blcosh(ti—t;)—=1) [ -2 ¢; . 3/2 dti
]P)A,ﬁ[o — ,7] = ZB /RA eie J J (e det( Aﬁ(t))) 50(dt0) Lol 5
(4.1.5)

where Ag,) is the graph Laplacian with edge weights Se’i*", understood as acting on A \ 0. This
formula is a consequence of the hyperbolic sigma model representation of the arboreal gas.

Surprisingly, if the exponent 3/2 in is replaced by 1/2, then the integrand on the
right-hand side is the mixing measure of the vertex-reinforced jump process found by Sabot
and Tarrés [[89]. The Sabot-Tarres formula (along with a closely related version for the edge-
reinforced random walk) is known as the magic formula [61]]. It seems even more magical
to us that the same formula, with only a change of exponent, describes the arboreal gas. We
will explain in Section that there are in fact three ingredients to this magic: a ‘non-linear’
version of the matrix-tree theorem, supersymmetric localisation, and horospherical coordinates
for (super-)hyperbolic space.

We remark that the whole family of sigma models taking values in hyperbolic superspaces
has interesting behaviour, but for the present paper we restrict our attention to those related to
the arboreal gas. A more general discussion of such models can be found in [29]] by the second
author.

Context and conjectured behaviour

Recall that % <> j’ denotes the event that the vertices ¢ and j are in the same tree. We also write
IP[ij] for the probability an edge ij is in the forest.

The following conjecture asserts that the arboreal gas has a phase transition in dimensions
d > 3, just as in mean-field theory (Proposition [4.1.2). Numerical evidence for this transition can
be found in [33]].

Conjecture 4.1.5. For d > 3 there exists 3. > 0 such that

lim lim E\ (4.1.6)

n—00 A{74 | By

ToN B, =0 (8<B)
>0 (8>0)

where Ty is the tree containing 0 and B,, is the ball of radius n centred at 0. Moreover, when (3 < [3.
there is a universal constant cg > 0 such that

Ppli <+ 7] < Ceesli=il, (i, € Z%). (4.1.7)
When (8 > j3. there is a universal constant c/’g > 0 such that

. o /
AlTr;d Pagli ¢ j] > cg- (4.1.8)
As indicated in the previous section, it is straightforward to prove the first equality of
when g is sufficiently small. The existence of a transition, i.e., a percolating phase for j large, is
open. However, a promising approach to proving the existence of a percolation transition when
d > 3 and 8 > 1 is to adapt the methods of [40]; we are currently pursuing this direction.
Obviously, the existence of a sharp transition, i.e., a precise (. separating the two behaviours
in is also open. The next conjecture distinguishes the supercritical behaviour of the
arboreal gas from that of percolation for which the (centered) connection probabilities have
exponential decay.
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Conjecture 4.1.6. For d > 3, when 8 > (3.

lim Ppgli < ] —cp~ i —§]7@ 2 as|i—j| — o, 4.1.9
A Papli ] =~ 1i =l i = jl = o0 (4.1.9)

where (:23 is the optimal constant for which (4.1.8) holds.

Assuming the existence of a phase transition, one can also ask about the critical behaviour of
the arboreal gas. One intriguing aspect of this question is that the upper critical dimension is not
clear, even heuristically. There is some evidence that the critical dimension of the arboreal gas
should be d = 6, as for percolation, and opposed to d = 4 for the Heisenberg model. For further
details, and for other related conjectures, see [|28, Section 12].

Theorem shows that the behaviour of the arboreal gas in two dimensions is different
from that of percolation. This difference would be considerably strengthened by the following
conjecture, which first appeared in [[25].

Conjecture 4.1.7. For A C Z?, for any (3 > 0 there exists a universal constant cz > 0 such that

lim Py gli < 5] ~ e~ c8li=il, i, j € 72). 4.1.10
Jimm, Apli < jl~e (4, ) ( )

As B — oo, the constant cg is exponentially small in (:
cg e P, (4.1.11)
In particular, Eg|Ty| ~ e < oo (with a different ¢) where Ty is the tree containing 0.

This conjecture is much stronger than the main result of the present paper, Theorem [4.1.3]
which establishes only that all trees are finite almost surely, a significantly weaker property than
having finite expectation.

Conjecture |4.1.7|is a version of the mass gap conjecture for ultraviolet asymptotically free field
theories. The conjecture is based on the field theory representation discussed in Section[4.2] and
supporting heuristics can be found in, e.g., [25]. Other models with the same conjectural feature
include the two-dimensional Heisenberg model [85]], the two-dimensional vertex-reinforced jump
process [[40] (and other H"2m models with 2m — n < 0, see [29]), the two-dimensional Anderson
model [2], and most prominently four-dimensional Yang—Mills Theories [56,85]].

Let us briefly indicate discuss why Conjecture [4.1.7| seems challenging. Note that in finite
volume the (properly normalized) arboreal gas converges weakly to the uniform spanning tree as
1/8 =0, see Appendix For the uniform spanning tree it is a triviality that cg = 0, and this is
consistent with the conjecture cg =~ ¢=? as 3 — co. On the other hand c5 ~ e =% suggests a subtle
effect, not approachable via perturbative methods such as using 1/5 > 0 as a small parameter for
a low-temperature expansion as can be done for, e.g., the Ising model. Indeed, since t — e~¢/*
has an essential singularity at ¢ = 0, its behaviour as ¢ = 1/ — 0 cannot be detected at any finite
order in t = 1/3. The same difficulty applies to the other models mentioned above for which
analogous behaviour is conjectured.

The last conjecture we mention is the negative correlation conjecture stated in [53}/59,84]
and recently in [14},54]. This conjecture is also expected to hold true for general (positive) edge
weights, see Section |4.2

Conjecture 4.1.8. For any finite graph and any > 0 negative correlation holds: for distinct edges
17 and kl,
Pglij, kl] < Pglij)Pglkl]. (4.1.12)

More generally, for all distinct edges i17j1, - . - ,injn and m < n,

Psli1gis .-y indn) < Pglingt, - - - imim|Palimt1dms1s - - - indin)- (4.1.13)
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The weaker inequality Ps[ij, kl] < 2Pg[ij]Pg[kl] was recently proved in [14]]. It is intriguing
that the Lorentzian signature plays an important role in both [|14] and the present work, but
we are not aware of a direct relation. An important consequence of the full conjecture (with
factor 1) is the existence of translation invariant arboreal gas measures on Z%; we prove this in

Appendix

Proposition 4.1.9. Assume Conjecture4.1.8|is true. Suppose A,, is an increasing family of subgraphs
such that A, T Z¢, and let Pg,, be the arboreal gas on the finite graph A,. Then the weak limit
lim,, Pg ,, exists and is translation invariant.

Remark 4.1.10. The conjectured inequality (4.1.12) can be recast as a reversed second Griffiths
inequality. More precisely, (4.1.12) can be rewritten in terms of the HO? spin model introduced
below in Section 4.2 as

(g - ug) (ug - w))g — (ui - uj)g (ug - u)g < 0. 4.1.149)

This equivalence follows immediately from the results in Section

Related literature

The arboreal gas has received attention under various names. An important reference for our work
is [|25]], along with subsequent works by subsets of these authors and collaborators [[10,(11,26-28,
55]. These authors considered the connection of the arboreal gas with the antiferromagnetic S°?
model.

Our results are in part based on a re-interpretation of the S formulation in terms of the
hyperbolic H2 model. At the level of infinitesimal symmetries these models are equivalent. The
power behind the hyperbolic language is that it allows for a further reformulation in terms of
the H2!* model, which is analytically useful. The H?2* representation arises from a dimensional
reduction formula, which in turn is a consequence of supersymmetric localization [3,20,83]]. Much
of Section is devoted to explaining this. The upshot is that this representation allows us to
make use of techniques originally developed for the non-linear H2?2 sigma model [39,40,104-106]
and the vertex-reinforced jump process [5,/89]. In particular, our proof of Theorem |4.1.3| makes
use of an adaptation of a Mermin-Wagner argument for the H2?> model [9,62,/88]; the particular
argument we adapt is due to Sabot [88]]. For more on the connections between these models,
see [9,/89].

Conjecture 4.1.8| seems to have first appeared in print in [58]. Subsequent related works,
including proofs for some special subclasses of graphs, include [14,/53,(95,/100].

As mentioned before, considerably stronger results are known for the arboreal gas on the com-
plete graph. The first result in this direction concerned forests with a fixed number of edges [65],
and later a fixed number of trees was considered [|11]. Later in [[70] the arboreal gas itself was
considered, in the guise of the Erd6s—Rényi graph conditioned to be acyclic. In [|65] it was un-
derstood that the scaling window is of size N~!/2, and results on the behaviour of the ordered
component sizes when o« = 1 + AN~!/3 were obtained. In particular, the large components in
the scaling window are of size N2/3. A very complete description of the component sizes in the
critical window was obtained in [[70].

We remark on an interesting aspect of the arboreal gas that was first observed in [|65] and
is consistent with Conjecture Namely, in the supercritical regime, the component sizes of
the k largest non-giant components are of order N%/3 [65, Theorem 5.2]. This is in contrast to
the Erdés-Rényi graph, where the non-giant components are of logarithmic size. The critical size
of the non-giant components is reminiscent of self-organised criticality, see [86] for example. A
clearer understanding of the mechanism behind this behaviour for the arboreal gas would be
interesting.
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Outline

In the next section we introduce the H%? and H2* sigma models, relate them to the arboreal
gas, and derive several useful facts. In Sectionwe use the HO? representation and Hubbard-
Stratonovich type transformations to prove Theorem by a stationary phase argument. In
Section [4.4] we prove the quantitative part of Theorem i.e., (4.1.4). The deduction that
all trees are finite almost surely follows from adaptions of well-known arguments and is given in
Appendix [4.A] For the convenience of readers, we briefly discuss the fermionic representation of
rooted spanning forests and spanning trees in Appendix

4.2 Hyperbolic sigma model representation

In [25]], it was noticed that the arboreal gas has a formulation in terms of fermionic variables,
which in turn can be related to a supersymmetric spin model with values in the superhemisphere
and negative (i.e., antiferromagnetic) spin couplings. In Section [4.2] we reinterpret this fermionic
model as the H°?> model (defined there) with positive (i.e., ferromagnetic) spin couplings. This
reinterpretation has important consequences: in Section we relate the H°? model to the H?2*
model (defined there) by a form of dimensional reduction applied to the target space. Technically
this amounts to exploiting supersymmetric localisation associated to an additional set of fields.
The H2* model allows the introduction of horospherical coordinates, which leads to an analytically
useful probabilistic representation of the model as a gradient model with a non-local and non-
convex potential. This gradient model is very similar to gradient models that arise in the study of
linearly-reinforced random walks. In fact, up to the power of a determinant, this representation
is in terms of a measure that is identical to the magic formula describing the mixing measure of
the vertex-reinforced jump process, see (4.1.5)).

H°2 model and arboreal gas

Let A be a finite set, let 8 = (5;;); jea be real-valued symmetric edge weights, and let b = (h;);ca
be real-valued vertex weights. Throughout we will use this bold notation to denote tuples indexed
by vertices or edges. For f: A — R, we define the Laplacian associated with the edge weights by

Asf(i) =" Bii(f(5) — F(0)). (4.2.1)
JEA

The non-zero edge weights induce a graph G = (A, E), i.e., ij € E if and only if 3;; # 0.
Let Q2 be a (real) Grassmann algebra (or exterior algebra) with generators (&;,7;)ica, i.€., all
of the &; and 7; anticommute with each other. For i, j € A, define the even elements

zi=\/1-26m=1—&my; 4.2.2)

wi - uy = =&y — &ni — zizg = —1 =&y — Emi + &mi + &ny — Emi&yny- (4.2.3)

Note that u; - u; = —1 which we formally interpret as meaning that u; = (&, 7, z) € H°? by analogy
with the hyperboloid model for hyperbolic space. However, we emphasize that ‘c H°?’ does not

have any literal sense. Similarly we write u = (u;);ep € (H?)A. The fermionic derivative 9, is
defined in the natural way, i.e., as the odd derivation on that acts on Q%A by

0e,(&F)=F, 0,F=0 (4.2.4)

for any form F' that does not contain &;. An analogous definition applies to d,,. The hyperbolic
fermionic integral is defined in terms of the fermionic derivative by

1 1
Fly = F= O, — | F = —F R 2.
[Flo /(HOIQ)A Zl;[\ (ama& Zz‘) Oyn Oz -~ Ony Og, (21 N ) S (4.2.5)
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if A ={1,...,N}. It is well-known that while the fermionic integral is formally equivalent to a
fermionic derivative, it behaves in many ways like an ordinary integral. The factors of 1/z make
the hyperbolic fermionic integral invariant under a fermionic version of the Lorentz group; see

(4.2.18).

The H°? sigma model action is the even form Hp j(u) in Q2" given by

1

Hap(u) = §(u, —Agu)+(h,z—1) = % Z,Bij(ui —uy)? + Z hi(zi —1) (4.2.6)
¥ -

where (a,b) = Y, a; - b;, with a; - b; interpreted as the H? inner product defined by (4:2.3)). The
corresponding unnormalised expectation [-]g 5, and normalised expectation (-)g ;, are defined by

[Flgn = [Fe Hor], (F)gn = (4.2.7)

(g’
the latter definition holding when [1]3;, # 0. In the exponential of the even form Hpg, is
defined by the formal power series expansion, which truncates at finite order since A is finite. For
an introduction to Grassmann algebras and integration as used in this paper, see [8, Appendix A].

Note that the unnormalised expectation [-| j, is well-defined for all real values of the 3;; and
h;, including negative values, and in particular h = 0, 3 = 0, or both, are permitted. We will use
the abbreviations [|3 = [-],0 and (-)s = (-),0-

The following theorem shows that the partition function [1]5, of the H? model is exactly
the partition function of the arboreal gas Zz defined in when h = 0, and that it is a
generalization the partition function when h # 0 which we will subsequently denote by Z3 ;,. This
connection between spanning forests and the antiferromagnetic S°2 model, which is equivalent
to our ferromagnetic H°? model, was previously observed in [25]. As mentioned earlier, our
hyperbolic interpretation will have important consequences in what follows.

Theorem 4.2.1. For any real-valued weights 3 and h,

Wen =Y I 8 JTO+D_ M) (4.2.8)

FeFijeF  TeF €T
where the inner product runs over the trees T' that make up the forest F.

For the reader’s convenience and to keep our exposition self contained, we provide a concise
proof of Theorem [4.2.1| below. The interested reader may consult the original paper [25]], where
they can also find generalizations to hyperforests. The h = 0 case of Theorem [4.2.1| also implies
the following useful representations of probabilities for the arboreal gas.

Corollary 4.2.2. Let h = 0 and assume the edge weights 3 are non-negative. Then for all edges ab,
IP’g[ab} = ﬂab<ua “Up + 1)5, (4.2.9)

and more generally, for all sets of edges S,

PalS] = (I Bij(ui - uj +1))s. (4.2.10)
ijeS

Moreover, for all vertices a,b € A,
Pgla < b = —(za2b) 8 = —(Ua - up)g = (§a)p = 1 — (Maambsp) 85 (4.2.11)

and also
(za)5 = 0. (4.2.12)

We will prove Theorem and Corollary in Section but first we establish some
integration identities associated with the symmetries of HOI2.
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Ward Identities for H°I2
Define the operators
L= ZLi = Z 20, L= Z L, = Z 2O, » S = Z S; = Z(m@&. +&i0y,). (4.2.13)
ieA ieA ieA ieA ieA ieA

Using (4.2.2), one computes that these act on coordinates as

L&y, = 2, Lng =0, Lzg = —nq, (4.2.14)
L& =0,  Lga=2z, Lz=4&, (4.2.15)
Sga = Na, ST]a = é‘av Sza =0. (4216)

The operator S is an even derivation on 22", meaning that it obeys the usual Leibniz rule S(FG) =
S(F)G+ FS(G) for any forms F, G. On the other hand, the operators L and L are odd derivations
on Q%A also called supersymmetries. This means that if I is an even or odd form, then L(FG) =
(LF)G + F(TG), with ‘+ for F even and ‘-~ for F odd. We remark that L and L can be regarded
as analogues of the infinitesimal Lorentz boost symmetries of H", while S is an infinitesimal
symplectic symmetry. In particular, the inner product is invariant with respect to these
symmetries, in the sense that

L(ug - up) = L(ug - up) = S(uq - up) = 0. 4.2.17)

For L, this follows from L(ug - up) = L(—&umb — EpMa — 2a2b) = —Zab — 26Ma + Na2b + Mp2a = 0
since the z; are even. Analogous computations apply to L and S.

A complete description of the infinitesimal symmetries of H? is given by the orthosymplectic
Lie superalgebra osp(1|2), which is spanned by the three operators described above, together with
a further two symplectic symmetries; see [25, Section 7] for details.

Lemma 4.2.3. For any a € A, the operators L,, L, and S are symmetries of the non-interacting
expectation [-]y in the sense that, for any form F,

[LaF]o = [LaFlo = [SaF]o = 0. (4.2.18)

Moreover, for any 3 = (3;;) and h = 0, also L = ), _, L; and L= Diea L; are symmetries of the
interacting expectation [-]g: )
[LF|g = [LF]g =0, (4.2.19)

ien Si 1s a symmetry of [-]g 5, for any B8 and h.
Proof. First assume that 3 = 0. Then by (4.2.13)),

and similarly S =)

1 1
[LoFlo = / Hania%(LaF) = / gama% Oy 02, 0c, F =0 (4.2.20)

since (9, )? acts as 0 since any form can have at most one factor of &,. The same argument applies
to T, and a similar argument applies to S.

We now show that this implies L and L are also symmetries of [-]5. Indeed, for any form F that
is even (respectively odd), the fact that L is an odd derivation and the fact that -]y is invariant
implies the integration by parts formula

1
[LF|s = £[F(LHg)ls, ~ Hg=Hgo=7 > Bij(ui — uj)*. (4.2.21)
1,jEA
For any 3 the right-hand side vanishes since LHg = 0 by (4.2.17). A similar argument applies for

L. Since every form F can be written as a sum of an even and an odd form, (4.2.19) follows.
The argument for S being a symmetry of [-]5 , is similar. O
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To illustrate the use of these operators, we give a proof of the identities on the right-hand side

of and a proof of (4.2.12). Define
Aab = 2p&as Aab = Zblas (4.2.22)
and note LAy, = Eamy + 2za2p and Lgy = &y + 2q2. Hence
(Uq - up)g = (Za2p — LAgp — l_LS\ab>5 = (Za2) 8, (4.2.23)

where the final equality is by linearity and Lemma In particular, (22)3 = —1. Reasoning
similarly, we obtain

(2a)p = (L&) =0, (4.2.24)
(zazb) g = (LAab) g — (§atb) g = —(§a?b) 85 (4.2.25)

which proves (4.2.12)), and implies ({,7,)5 = 1. Since z42p = (1 — &ana) (1 — &) = 1 — Eana —
Eomy + Eanapny this also gives

—(zazp)pg = 1 — (€anao) - (4.2.26)

Finally, we note that the symplectic symmetry and S(£,&) = £amp — Ep1e imply

(Eamo) g, = (E6Ma) B,h- (4.2.27)

Proofs of Theorem and Corollary

Our first lemma relies on the identities of the previous section.

Lemma 4.2.4. For any forest F,

I i ws+1)] =1 (4.2.28)

jeF 0

Proof. By factorization for fermionic integrals, it suffices to prove (4.2.28) when F is in fact a
tree, which we call 7. We recall the definition of the non-interacting expectation of a form G,

1
[G)o = H ama&;iG = H Oy O, (1 + &mi)G. (4.2.29)

Hence, if 7' contains no edges then we have [1]o = 1. We complete the proof by induction, with
the inductive assumption that the claim holds for all trees on & or fewer vertices. To advance the
induction, let 7" be a tree on k + 1 > 2 vertices and choose a leaf edge {a, b} of T. We will advance
the induction by considering the sum of the integrals that result from expanding (u, - up + 1)
in (4.2.28)).

Note that by Lemma [4.2.3] if G; is even (resp. odd), then

[(LGl)G]o = :F[Gl(LG)]o (4.2.30)

and similarly for L. Recalling the definition (4.2.22) of \,, and )., and furthermore suppose that
LG = LG =0, then

[(ta - up)Glo = [(zazb — LAab — LAap)Glo = [zaz6Glo = %[((Lga)zb + (Lna)z)Glo

1
= 5[(—§a77b + 146p) Glo, (4.2.31)
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where we have used the assumption that LG = LG = 0 in the second and final equalities.
Applying this identity with G = [ ;7 4,3 (i - u; + 1), the right-hand side is 0 since the product
does not contain the missing generator at a to give a non-vanishing expectation. The inductive
assumption and factorization for fermionic integrals implies [G]y = 1, and thus

[ (- s+ Do = [(ta - up + 1)Glo = [Glo = 1, (4.2.32)
ijeT

advancing the induction. O

Lemma 4.2.5. For any i, j € A we have (u;-u;+1)? = 0, and for any graph C that contains a cycle,

I] (ui-uj+1)=0. (4.2.33)
ijeC
Proof. It suffices to consider when C' is a cycle or doubled edge. Orienting C, the oriented edges
of C'are (1,2),...,(k —1,k), (k, 1) for some k > 2. Then, with the convention k + 1 =1,

k
H wi-wipr +1) = [ [(=&misr +miir + &mi + Gamirn — &miyimivn)
i=1 i=1

k

= H(—gini+1 + ni&ip1 + &ni + Siv1Mit1)s (4.2.34)
i=1

the second equality by nilpotency of the generators and k£ > 2. To complete the proof of the
claim we consider which terms are non-zero in the expansion of this product. First consider the
term that arises when choosing £17; in the first term in the product: then for the second term any
choice other than &7, results in zero. Continuing in this manner, the only non-zero contribution is
Hle &mn;. Similar arguments apply to the other three choices possible in the first product, leading
to

k k k k k
[T(=€misr +miivn + &mi + Govrmir) = [ [ &m + [ [ &vamien + T[(=&miv) + [ [ i

=1 =1 =1 =1 =1
k
=1+ D+ ED* T+ ()M [ éme (42.35)
=1

which is zero for all k. The signs arise from re-ordering the generators. We have used that C' is a
cycle for the third and fourth terms. O

Proof of Theorem4.2.1|lwhen h = 0. By Lemma [4.2.5]
ezdsw) = N TT Byui-uy +1) = S [T Biglwi - uy + 1), (4.2.36)
S ijes F ijeF

where the sum runs over sets S of edges and that over F is over forests. By taking the unnormalised
expectation [-Jo we conclude from Lemma that

Zpo = [6%("’%“)]0 = Z H Bij- (4.2.37)
F ijeF ]

To establish the theorem for h # 0 requires one further preliminary, which uses the idea of
pinning the spin ug at a chosen vertex 0 € A. Informally, this means that v, always evaluates to
(&,m,2) = (0,0,1). Formally, this means the following. To compute the pinned expectation of a
function F' of the forms (u; - u;); jea, we replace A by Ag = A\ {0}, set

h; = Boj, (4.2.38)
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in Hg, and replace all instances of ug - u; by —z; in both F and e~##. The pinned expectation of F
is the hyperbolic fermionic integral of this form with respect to the generators (&;,7;)ica,-
We denote this expectation by

[~]%, (.)%. (4.2.39)

This procedure gives a way to identify any function of the forms (u; - u;); jea with a function of
the forms (u; - u;)i jea, and (z;)ien,. To minimize the notation, we will implicitly identify ug - u;
with —z; when taking pinned expectations of functions F' of the (u; - u;).

The following proposition relates the pinned and unpinned models.

Proposition 4.2.6. For any polynomial F in (u; - u;); jen,
[F]§ = [(1 = 20)Fls, (F)§ = ((1 - 20)F). (4.2.40)

Proof. It suffices to prove the first equation of (4.2.40)), as this implies [1]% = [1—2z|p = [1] since
20l = 0 by @EZ2).

Since 1 — zy = &yno, for any form F' that contains a factor of ¢, or 79, we have (1 — z9)F = 0.
Thus the expectation [(1 — 29)F]z amounts to the expectation with respect to [-]o of Fe~ s with
all terms containing factors £, and 7y removed. The claim thus follows from by computing the
right-hand side using the observations that (i) removing all terms with factors of £, and 7y from
U - Us yields —2Zi, and (11) 8,7085050770,20_1 =1. ]

There is a correspondence between pinning and external fields. If one first chooses A and then
pins at 0 € A, the result is that there is an external field h; for all j € A\ 0. One can also view
this the other way around, by beginning with A and an external field h; for all j € A, and then
realizing this as due to pinning at an ‘external’ vertex § ¢ A. This idea shows that Theorem 4.2.1
with h # 0 follows from the case h = 0; for the reader who is not familiar with arguments of this
type, we provide the details below.

Proof of Theoremd.2.1|when h # 0. The partition function of the arboreal gas with h # 0 can be
interpreted as that of the arboreal gas with h = 0 on a graph G augmented by an additional
vertex § and with weights 3 given by Bz-j = fj; forall 4, j € G and Bis = Bsi = h;. Each I’ € F (@)
is a union of F' € F(G) with a collection of edges {i,d},cr for some R C V(G). Since F’ is a
forest, |T'N R| < 1 for each tree T' in F'. Moreover, for any F' € F(G) and any R C V(G) satisfying

[V(T)NR| <1foreach Tin F, F U {i,0},er € F(G). Thus

ZBG,O = > I s5= > 1l ITa+>_m) =25, (4.2.41)

FEF(Gs) ijeF" FeF(G)ijeF’  TeF =

To conclude, note that [(1 — z5)F]; = [F]; for any function F* with TF = 0; this follows from
(2o F| = [(T¢a)F] = —[£a(T'F)] = 0. The conclusion now follows from Proposition (where §
takes the role of 0 in that proposition), which shows [(1 — z5)F]5 = [F]g . O

Proof of Corollary Since Pslab] = ﬁab#‘ab log Z, we have

MW#?é&M%—wﬂm (4.2.42)

and expanding the right-hand side yields (4.2.9). Alternatively, multiplying (4.2.36) by 3;;(1+u; -
u;), using Lemma |4.2.5| and then applying Lemma yields the result. Similar considerations

yield (4.2.10), and also show that

Pg[i o ]] = <1 + u; - uj>5. (4.2.43)

Therefore Pgli <+ j] = —(u; - u;)s. Together with the identities (4.2.23)-(4.2.26), this proves
(4.2.11). We already established (4.2.12)) in Section 4.2 O
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H24 model and dimensional reduction

In this section we define the H2* model, and show that for a class of ‘supersymmetric observables’
expectations with respect to the H?* model can be reduced to expectations with respect to the
HO2 model. To study the arboreal gas we will use this reduction in reverse: first we express
arboreal gas quantities as H? expectations, and in turn as H2/* expectations. The utility of this
rewriting will be explained in the next section, but in short, H?* expectations can be rewritten as
ordinary integrals, and this carries analytic advantages.

The H?2* model is a special case of the following more general H"/?" model. These models
originate with Zirnbauer’s H2? model [40,106], but makes sense for all n, m € N. For fixed n and
m with n +m > 0, the H"?™ model is defined as follows.

Let ¢!, ..., ¢" be n real variables, and let ¢!, 0!, ..., €™, »™ be 2m generators of a Grassmann
algebra (i.e., they anticommute pairwise and are nilpotent of order 2). Note that we are using
superscripts to distinguish variables. Forms, sometimes called superfunctions, are elements of
Q%™ (R™), where Q%™ (R™) is the Grassmann algebra generated by (¢, n*)™_| over C>(R"™). See [8,
Appendix A] for details. We define a distinguished even element z of Q2™ (R") by

n

2= |14 (8924 (-2l (4.2.44)
/=1

(=1

and let u = (¢, £, 7,2). Given a finite set A, we write u = (u;);cn, Where u; = (¢4, &;, i, 2;) with
¢; € R"and & = (¢},...,&M) and n; = (n},...,n"), each & (resp. 7)) a generator of Q*™A(R™).
We define the ‘inner product’

Z i + Z — &) — ziz;. (4.2.45)

Note that these definitions imply u; - u; = —1. If m = 0, the constraint u; - u; = —1 defines the
hyperboloid model for hyperbolic space H", as in this case u; - u; reduces to the Minkowski inner
product on R**1. For this reason we write u; € H"?™ and w € (H"?™)* and think of H">™ as
a hyperbolic supermanifold. As we do not need to enter into the details of this mathematical
object, we shall not discuss it further (see [[106] for further details). We remark, however, that the
expression » ;" | (— 5’3 + nffé) is the natural fermionic analogue of the Euclidean inner product
Dy ¢>§¢§ and motlvates the supermanifold terminology.

The general class of models of interest are defined analogously to the H°? model by the action

1

Hgp(u) = g(u, —Agu) + (h,z —1), (4.2.46)

where we now require 3 > 0 and h > 0, i.e., 8 = (Bi;)ijear and b = (h;);en satisfy 8;; > 0 and
h; > 0forall i, j € A. We have again used the notation (a, b) = ) ;. a; - b; but where - now refers
to (4.2.45). For a form F € Q?>™A(H"), the corresponding unnormalised expectation is

[F]E" = / Fe Han (4.2.47)
(Hn\Qm)

where the superintegral of a form G is

d¢’1 d; ... do} 1

icA 7"
where the z; are defined by (4.2.44).
Henceforth we will only consider the H%? and H?* models, and hence we will write z; = ¢}

and y; = ¢? for notational convenience. We will also assume 3 > 0 and h > 0 to ensure both
models are well-defined.
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Dimensional reduction. The following proposition shows that, due to an internal supersymmetry,
all observables F that are functions of u; - u; have the same expectations under the H°? and the
H21* expectation. Here u;-u; is defined as in for HOI?, respectively as in for H214. In
this section and henceforth we work under the convention that z; = wu; - u; with us = (0,...,0,1),
and that (u; - u;); ; refers to the collection of forms indexed by i, j € A = A U {5}. In other words,
functions of (u; - u;); ; are also permitted to depend on (z;);.

Proposition 4.2.7. For any F': RMA 5 R smooth with enough decay that the integrals exist,

P ((ui )iy = [F((ui )i )y, - (4.2.49)

In view of this proposition we will subsequently drop the superscript H"/*™ for expectations
of observables F' that are functions of (u; - u;); ;. That is, we will simply write [F], ;, for

[Flan = [FI5% = [F]5n . (4.2.50)

We will similarly write (F)g), = <F>g(22 = (F)Hglf,f whenever [1]?24 positive and finite.

The proof of Proposition 4.2.7| uses the following fundamental localisation theorem. To state
the theorem, consider forms in Q> (R?") and denote the even generators of this algebra by (z;, ;)
and the odd generators by (&;,7;). Then we define

N
0 0 0 0
Q=) 0 Q=tg tug, ug, tugg (250
Theorem 4.2.8. Suppose I € Q2N (R2YN) is integrable and satisfies QF = 0. Then
/ drdyo,% b _ g (o) (4.2.52)
R2N 27

where the right-hand side is the degree-0 part of F' evaluated at 0.
A proof of this theorem can be found, for example, in [8, Appendix B].
Proof of Proposition To distinguish H°?> and H?* variables, we write the latter as ., i.e.,
wi -y = =&y — 1 — ziz) (4.2.53)
wjp -l = mi + gy — iy — §np — &7 — &} — 22 (4.2.54)

We begin by considering the case N = 1, i.e., a graph with a single vertex. Since e #5.»(%) is a
function of (u; - u;); j, we will absorb the factor of e~##.»(*) into the observable F to ease the
notation. The H?* integral can be written as

dx dy 1 dx dy 1
/H24F - /IR2 27T an1851 8772852;}7: 8n18§1 /1%2 27‘(‘ 8772852951 (4255)
where
2 =14 22 +y2 — 261yl — 2622 (4.2.56)

and [go dx dy 0,20, %F is the form in (¢!,7!) obtained by integrating the coefficient functions
term-by-term. Applying the localisation theorem (Theorem [4.2.8)) to the variables (z,y, £2,7?)

gives, after noting 2’ localises to z = /1 — 2¢1nt,

dx dy 1 1
Therefore
/ F((ug - u)ig) = / F((u; - uj)ij) (4.2.58)
214 HOI2

which is the claim. The argument for the case of general N is exactly analogous. O
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Horospherical coordinates

Proposition showed that ‘supersymmetric observables’ have the same expectations in the
HO? and the H2* model. This is useful because the richer structure of the H2/* model allows the
introduction of horospherical coordinates, whose importance was recognised in [40}99]]. We will
shortly define horospherical coordinates, but before doing this we state the result that we will
deduce using them.

For the statement of the proposition, we require the following definitions. Let —Ag;) () be the
matrix with (i, j)th element ;e % for i # j and ith diagonal element — >~ ., fB;je" " — he"
Let

Hﬁ h t 3 Zﬂ” COSh ) ;eti+tj <3i — Sj)2 _ 1)
+ Zh cosh(t;) + e 's; — 1) — 2log det(—Apg) n)) + 3Zt (4.2.59)

3
Hg p(t Z Bij(cosh(t; —t5) = 1) + 3 _ hifeosh(ti) — 1) = S logdet(~Aguy n) +33 1

(4.2.60)

where we abuse notation by using the symbol Hg, both for the function Hg(t,s) and Hgp(t).
Below we will assume that 3 is irreducible, by which we mean that 3 induces a connected graph.

Proposition 4.2.9. Assume 3 > 0 and h > 0 with 3 irreducible and h; > 0 for at least one i € A.
For all smooth functions F: R** — R, respectively F': R® — R, such that the integrals on the left-
and right-hand sides converge absolutely,

2[4 ) ) _F dt; ds;
[F((xi'FZi)i?(yi)i)]H@-HJl :/RQA F((e")s, (e"si)i)e Hﬂvh(t’s)H%S (4.2.61)
2]4
F (i + 200 = /R () ) H \/% (4.2.62)

. . 214, . .
In particular, the normalising constant [1]? , 1S the partition function Zg ), of the arboreal gas.

Abusing notation further, we will denote either of the expectations on the right-hand sides
of and by [-],n, and we will write (-)g for the normalised versions. Before
giving the proof of the proposition, which is essentially standard, we collect some resulting
identities that will be used later.

Corollary 4.2.10. For all 3 and h as in Proposition

(€Y an = (")pn = (z)pn, (e)pgn=1 (4.2.63)

and
(sisje" ™) g n = (Emy) gy (4.2.64)

where the left-hand sides are evaluated as on the right-hand side of (4.2.61)), and the right-hand
sides are given by the H°? expectation (#.2.7).

Proof. To lighten notation, we write (-) = (-)3,. For the H?* expectation ([@.2.47), we have
(z12F') = 0 whenever ¢ > 0 is an odd integer by the symmetry  — —z (recall that x = ¢1). Also
note that

(x) = (yi) = (&in}) = (&nP), (4.2.65)
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where we emphasize that the superscript of #? denotes the square and the superscript of ¢ denotes
the second component. These identies follow from the x «+ y and £!n! + ¢2n? symmetries of the
H2* model and (x? + y? — 2¢!n}) = 0 by supersymmetric localisation, i.e., Theorem Since

(27) = 1—2(&m) in HO2, (4.2.66)
(z) = 1+ (2] + o7 — 28I} —267¢7) = 1—2(¢Fn?) in 2, (4.2.67)

and since the left-hand sides are equal by Proposition we further see that the H?2/* expecta-
tion equals the H°P expectation (¢;n;). Similarly, (222;) = (y22;) = (Eln}z) = (E2n?2).
By using the preceding equalities and by expanding ((—1 + 2?)2;) = ((u; - u; + 2?)2;) in both H°I?
and H2/4, one obtains

—2(x?z) = —(z) + (28) = —2(&my), (4.2.68)

where the first expectation is with respect to H2* and the others are with respect to H°2. Using
these identities and (4.2.61]), we then find

(€Y = (a + 2) = (21) (4.2.69)
() = (@i + 20)%) = (&F) + (2F) = (&mi) + (L — 2&mi) = (1 - €mi> = (i) (4.2.70)
<€3ti> = <($z + Zz) > <3$ Zl> + <Zz3> = 3<£277 > <1 - 3€an> = L (4271)

The identity (4.2.64) follows analogously:

(sisje" ™) = (yiy;) = %(émj +&mi) = (&my) (4.2.72)

where we used the generalisation of (4.2.65) for the mixed expectation (z;x;) and that ({;n;) =
(&), see @2:27). -

To describe the proof of Proposition we now define horospherical coordinates for H2|4.
These are a change of generators from the variables (x,y,£7,n") with v = 1,2 to (¢,s,¢7,97),
where

z =sinht — et(%s2 + Pt 4 %?), y=-els, nt = et € = el (4.2.73)

We note that v; is simply notation to indicate a generator distinct from 4, i.e., the bar does not
denote complex conjugation, which would not make sense. In these coordinates the action is
quadratic in s, ¢!, 9!, 12,42, This leads to a proof of Proposition by explicitly integrating
out these variables when ¢ is fixed via the following standard lemma, whose proof we omit.

Lemma 4.2.11. For any N x N matrix A,

(H ama&> (&AM = det A, (4.2.74)

and, for a positive definite N x N matrix A,
_l(s,45) dS ~1/2
e 2 —— = (det A . 4.2.75
L. — = (det 4) (4.2.75)

Proof of Proposition The first step is to compute the Berezinian for the horospherical change
of coordinates. This can be done as in [9, Appendix A]. There is an ¢’ for the s-variables and an
e~! for each fermionic variable, leading to a Berezinian ze ™%, i.e.,

[F]HEI;]‘,LL = /(H dszdtzawgaqb%aw?aw?)Fe_gﬁyh(svt ) (4-2.76)
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where Hg (s, t, 1, V) is H 3, expressed in horospherical coordinates.

The second step is to apply Lemma [4.2.11] repeatedly. To prove (4.2.62), we apply it twice,
once for (¢!, 4') and once for (1/2,1/?). The lemma applies since F does not depend on ¢!, 1!, 92, )2
by assumption. To prove ([4.2.62)), we apply it three times, once for (1!, 1!), once for (42, ?), and
once for s. Each integral contributes a power of det(—Agx) 5(+)), namely —1/2 for the Gaussian
and +1 for each fermionic Gaussian. This explains the coefficient 2 in and the coefficient
3/2=2—1/2in @2.62).

The final claim follows as the conditions that 3 induces a connected graph and some h; > 0

implies [1]?24 is finite. The claim thus follows from Theorems(4.2.7|and (4.2.1| O

Pinned measure for the H2/* model

This section introduces a pinned version of the H2* model and relates it to the pinned HCI?
model that was introduced in Section For the H?* pinning means v, always evaluates
to (z,y,&4, 0t €2, 1%, 2) = (0,0,0,0,0,0,1). As before, we implement this by replacing A by
Ao = A\ {0} and setting

h; = Boj, 4.2.77)
and replacing u - u; by —z;. We denote the corresponding expectations by
[ () (4.2.78)

We can relate the pinned and unpinned measures exactly as for the HC? model.
Proposition 4.2.12. For any polynomial F in (u; - u;); jen,
[FIp =[(1—20)Fls,  (F)=((1—2)F)s. (4.2.79)
Moreover, [1]% = [1]s and hence for any pairs of vertices iy, jy,
(J [ - + 100G = (] [y, - g + 1)) (4.2.80)
k k

Proof. The first equality in (4.2.79) follows by reducing the H?2* expectation to a H/? expectation
by Proposition (recall the convention that zy = ug - ug), then applying Proposition for
the HO/? expectation, and finally applying Proposition again (in reverse). The second equality
in (4.2.79) then follows by normalising using that [1]% = [1 — 2z0]3 = [1]g (as in Proposition .
The equalities (4.2.80) follow from [1]% = [1]4 by differentiating with respect to the 3;, ;, . O

The next corollary expresses the pinned model in horospherical coordinates. For i, j € A, set
Bij(t) = Bige" ™, (4.2.81)

and let Dg(t) be the determinant of —Agy restricted to Ag = A\ {0}, i.e., the determinant of
submatrix of —Ag) indexed by Ag. When 3 induces a connected graph, this determinant is
non-zero, and by the matrix-tree theorem it can be written as

Dg(t) =Y _T] Biet (4.2.82)
T ij
where the sum is over all spanning trees on A. For ¢t € R, then define
- 1 3 .
HY(t) = 3 > Bij(cosh(t; —t;) — 1) — 5 log Ds(t) -3 >t (4.2.83)
¥ -

By combining Proposition [4.2.12|with Proposition [4.2.9} we have the following representation
of the pinned measure in horospherical coordinates:
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Corollary 4.2.13. For any smooth function F: R® — R with sufficient decay,

[F((z + 2);)]} = / F((e")s)e™ T8O 5y (dto) ]}) \‘/% (4.2.84)
Proof. We recall the definition of the left-hand side, i.e., that the expectation []% is defined in
@.2.77)-(4.2.78) as the expectation on Aq given by [-]% = [']3 ; with Bl-j = f;; and h; = By; for
i,j € Ag. The equality now follows from (4.2.62)), together with the observation that Ag|a, is

In view of (4.2.84) and since [1}% = Zg by Proposition [4.2.12) we again abuse notation
somewhat and write the normalised expectation of a function of ¢ = (¢;);ca as

(F)g = Zlﬁ » F((t:)i)e 7305y (dto) 11 \;l%' (4.2.85)

i#0
Corollary 4.2.14. The connection probabilities can be written as in terms of the pinned H?/* measure:

P30 ¢ i] = (")} (4.2.86)

Moreover, for any vertex i,
<63ti>% = 1. (4287)

Proof. (4.2.86)) follows by applying first (4.2.11)), then (4.2.80), then using the fact that ug - u; =
—z; under <->2, then using that (z;)3 = 0 by symmetry, and finally applying (4.2.84):

P5[0 — Z] = —<u() . ui>5 = <22>% = <Zz + $l>% = <eti>%. (4.2.88)
The argument that (¢*)} = 1 is identical to (4.2.71) with () replaced by (-)}. O

4.3 Phase transition on the complete graph

The following theorem shows that on the complete graph the arboreal gas undergoes a transition
very similar to the percolation transition, i.e., the Erd6s—Rényi graph. As mentioned in the
introduction, this result has been obtained previously [11,/65,70]. We have included a proof only
to illustrate the utility of the H°? representation. The study of spanning forests of the complete
graph goes back to (at least) Rényi [87]] who obtained a formula which can be seen to imply that
their asymptotic number grows like \/en™ 2, see [80].

Throughout this section we consider G = K, the complete graph on N vertices with vertex
set {0,1,2,..., N — 1}, and we choose 3;; = o/ N with a > 0 fixed for all edges ij. For notational
simplicity we write Zg and Pg, i.e., we leave the dependence on N implicit.

Theorem 4.3.1. In the high temperature phase o < 1,

Zg ~ eNFD2 T 0 Psl0 ¢ 1] ~ { < }1. (4.3.1)
l—a|N
In the low temperature phase « > 1,
alV+3/2¢(a®+N)/(2a) a—112
Zg ~ P 1] ~ . 3.2
In the critical case oo = 1,
31/6F(2)6(N+1)/2 32/3I‘(é) 1
Zg ~ 3 P[0 > 1] ~ 3 : 4.3.3
B N1/6 /27_‘_ ? B[ ] F(%) N2/3 ( )
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Integral representation

The first step in the proof of the theorem is the following integral representation that follows from
a transformation of the fermionic field theory representation from Section We introduce the
effective potential

2

V() = —P(iaZ), P(w)= ;UE + 1w+ log(1 — w) (4.3.4)
and set
« w 2 2c
F =1- F =—| — F - . 3.
Ww=l-1— Ffulw (1—w> < (w) N(—w)(l—w)) (4.3.5)
Proposition 4.3.2. For all o > 0 and all positive integers N,
7. — N2 [N [ NV pias
z3=e€ — [ dze F(iaZ) (4.3.6)
2T R
7 _ (Nt+Day2, [N - _NVE) g (ion
301 =e o dze Fo1(iaz), (4.3.7)
R

where Zg[0 <> 1] = P[0 < 1] Z.

Proof. We start from the representations of the partition functions in terms of the H?2 model, i.e.,
Theorem and Corollary 4.2.2] which we simplify using the assumption that the graph is the
complete graph. Let (Agf); = & Z;V:’Ol( fi — f;) be the mean-field Laplacian and h = (h;);. Then

%(u, —Apu) = —(§,—Agn) — %(z, —Apz)

= a (A ’ aN
=—(&,—-Agn) + ZZ; &ini + IN (Z; Zi) T (4.3.8)
N-1
(h,z—1)=— Z hi&in. (4.3.9)
i=0

In the sequel we will omit the range of sums and products when there is no risk of ambiguity.

To decouple the two terms that are not diagonal sums we use the following Hubbard-Stratonovich-
type transforms in terms of auxiliary variables ¢, 7 (fermionic) and % (real). Let 1 be the vector
suchthat1l;, =1forall0 <i< N — 1.

1 g ~ 1 £ g -
et(E—2sm) — maﬁaéea(fl—ﬁ,nl—n) — maﬁﬁé eNagn Hea(&ni—&m—&n) (4.3.10)

e o (Tim)® = \/ﬁ/ dz e aNoF ias Y, (4.3.11)
2w R

The second formula is the formula for the Fourier transform of a Gaussian measure. The first
formula can be seen by making use of the following identity. Write Af = % >, fi for the average
of f, so that

a(€l— &1 —n) = a([{ — AgJ1 — [€ — (A€)1], [ — An]1 — [n — (An)1])
= o[ — AgJL, [7 — An]1) + a(€ — (A§)1,n — (An)1)
= No(€ — A&)(7} — An) + (& —Apm). (4.3.12)

Using this identity the first equality in (4.3.10) is readily obtained by computing the fermionic
derivatives, while the second equality follows by expanding the exponent. In the second line of
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(4.3.12) we used the orthogonality of constant functions with the mean 0 function £ — (A&)1.
Finally, on the last line of (4.3.12), we used that [; — An|1 is a constant to write the ¢2 inner
product as a product multiplied by a factor NV, and the factor « in the second term was absorbed
into Ag.

Substituting (4.3.10)—(4.3.11) into (4.2.8) gives

1
Zo = T[ 00 L Heomsmr-esy
7

eNa/? B L NaE24 Nabr
= dz0:0: e 2Naz"+ an+o/2
V2rNa Jr
N ~
H [ama& (eXP (a(fim —&ni — &n) +iaz(l —&mi) — a§mi + (1 + hi)fi?h))]
i=1
(4.3.13)
Simplifying the term inside the exponential gives
eNa/Q )
A — d30-0- ¢ 2 LNaz +Na§n+Nazz+a/2
oh V2rNa Jr ¢
N ~
[T |00 (exp (1 + i = ia2) (gm) — ol +€m)) ) |. (43.14)

=1

Since (£77)2 = 0 and (€n; + &) = 0, the exponential can be replaced by its third-order Taylor
expansion, giving

(N+1 /2
- _ —Nagz —f iz i3\ A28
Zgp = NoTr /dz@ O e [ -2l |l| [(1 + h; —iaZ) — « fn}.

e(N+1)a/2 o2

== W dz@ a C_NQ[QZ _577 ] H(l + hz - 7/052) H[l

i

Wﬁn] (4.3.15)

Using again nilpotency of &7 this may be rewritten as

N+1)a/2
Zgp = e 20507 ¢ Nola?*~i2] [+ hi —iaz)
' vV2rNa Jr ¢ ;

OZ2 ~
(4.3.16)

Evaluating the fermionic derivatives gives the identity

Zg

Jh =

N+1 )a/20 N N
o / 5 ¢~ Nal32*—iz H (1+h; —iaz [1 - % Z(l +h; — z'a%)—ll. (4.3.17)
=1

%

To show (4.3.6)—(4.3.7) we now take h = 0. By definition the last bracket in (4.3.17) is then
F(iaZ) and the remaining integrand defines e~ V(3), proving (4.3.6). For (@.3.7) we use that
2 = €%~ 1 and hence that [2021]3 = Z3,—1,—1,. Therefore (4.3.17) implies

eWN+Da/2q N NV —iaz \? 20 1 1
_— —NVE) F(iaZ) + — — . (4.3.18
2021 = V2rNa / e (1 - ZO[Z) [ (iaZ) + N [1 —iaZ —iai” “ )
By definition, the integrand equals — Fy; (iaeZ), so together with the relation Z3[0 <+ 1] = —[2021]3,

which holds by (4.2.11)), the claim (4.3.7) follows. O
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Asymptotic analysis

To apply the method of stationary phase to evaluate the asymptotics of the integrals, we need the
stationary points of V, and asymptotic expansions for V' and F'. The first two derivatives of P are
w 1 1 1

The stationary points are those w = iz such that P'(w) = 0. This equation can be rewritten as
w? —w(l—a)=0, (4.3.20)

which has solutions w = 0 and w = 1 — «. We call a root wy stable if P”(wy) > 0 and unstable if
P"(wp) < 0. For a < 1 the root 0 is stable whereas 1 — « is unstable; for o > 1 the root 1 — « is
stable whereas 0 is unstable; for & = 0 the two roots collide at 0 and P”(0) = 0.

For the asymptotic analysis, we start with the nondegenerate case « # 1. First observe that we
can view the right-hand sides of (4.3.6)—-(4.3.7) as contour integrals and can, due to analyticity
of the integrand and the decay of e~ a*/2 when Re 7 is large, shift this contour to the horizontal
line R + iw for any w € R. We will then apply Laplace’s method in the version given by the next
theorem, which is a simplified formulation of [82, Theorem 7, p.127].

Theorem 4.3.3. Let I be a horizontal line in C. Suppose that V,G: U — R are analytic in a
neighbourhood U of the contour I, that ty € I is such that V' has a simple root at to, and that
Re(V (t) — V(o)) is positive and bounded away from O for t away from ty. Then

/e—NV(t)G(t) dt ~ 26— NV(to) Zr(s 4 1/2)ﬁ, (4.3.21)
I s=0

where the notation ~ means that the right-hand side is an asymptotic expansion for the left-hand

side, and the coefficients are given by (with all functions evaluated at ty):

. G b — (2 AT ed 512 B W 1
0 4(2‘/,,)1/2 ) 1 \V 6112 2v! (2V”)3/2 ’

and with b, as given in [82] for s > 2. (Also recall that T'(1/2) = /7 and that T'(s + 1) = sT'(s).)

(4.3.22)

For o # 1, denote by wy the unique stable root. As discussed in the previous paragraph, we
can shift the contour to the line R — %%, and the previous theorem implies that

\/@ / e NVAG(2)dz
27T R

1 1 2P///FI P///2 P/I// 1
_ vp [F B <2F,, B . {5 B ]F> 0 <N>] . (4.3.23)
«

P 6 P//2 2P

with all functions on the right-hand side are evaluated at wy. From this the proof of Theorem4.3.1
for o # 1 is an elementary (albeit somewhat tedious) computation of the derivatives of P and F
and Fj; at wy.

Proof of Theorem4.3.1] o < 1. The stable root is wy = 0. By (4.3.23)) and elementary computa-
tions for the derivatives of P and F' and Fp;, we find

N .
\/2—: / e NVYE F(iaz)ds ~ VI —a (4.3.24)
R

B 2
Yo / e NV By (iaz)dE ~ —— (4.3.25)
27 R 11—«

Recalling the definitions (4.3.6)-(4.3.7), this implies the claims. O
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Proof of Theorem4.3.1] o > 1. The stable root is wg = 1 — a. Again (4.3.23) and elementary
computations for the derivatives of P and F' and Fy; lead to

[Na -NV(z a’/?
5 / F(iaz)dz ~ eV N(a — 1)5/2 (4.3.26)

Na —NV(z) N T5 , NP 1
— Fi ~ 3.2
\V 2 /Re 01(iaz)dz ~ e N(a —1)12al/%" (4.3.27)
and P = P(wy) = P(1 — a). Again the claims follow from (4.3.6)-(4.3.7)). O

At the critical point « = 1, the two roots collide at 0 and P”(0) = 0. We analyse the integral
as follows.

Proof of Theorem a = 1. We begin by using the conjugate flip symmetry to write
N3 / dze NVEP(iz) = ON'5 Re/ dz e NVE FG3), (4.3.28)

Using analyticity of the integrand, we then deform the contour from [0, 00) to [0,¢”/60c); the
contribution of the boundary arc vanishes due to the decay of e~ aZ*/2 on this arc. We now split
the contour into two intervals I; = [0, ¢/ N=3/10) and I, = [¢""/6 N—3/10 ¢i"/6c), and denote
the integrals over these regions as .J; and .J; respectively.

Over the first interval I;, we introduce the new real variable s = N se~in/ 6z, in terms of which

1

z N30 im o1 i (s
Ji = 2N Re/ dze NV F(iz) = 2Re/ dse NVEOTN T3N3 F(eT N 35). (4.3.29)
0

I

We then approximate the arguments as

17T 1 ].
NV(eS N 3s) = 35 +O(N 3s%) = 55" HO(N” %) (4.3.30)
297

NieSF(eF N 3s)=e 65+ O(N 352 =e 65+ O(N ), (4.3.31)

where the last error bounds hold uniformly for s € [0, N/%°]. This gives

N30 X e ¢] .
J1 = 2Re/ dse 6 se3% + O(N_S%) = 2Re/ dse € se3% + o(l) = 3%F(%) +o(1).
0 0

(4.3.32)
The second term J; is asymptotically negligible. To see this, we bound |F'(iZ)| < 1, introduce

the real variable s = e~ 6 2, and split the resulting domain as [N—3/10,2) U [2, 00) = I}, U I}:

Jy = 2N'3 Re/ dze NVAF(iz) < 2N3 Re/

dse~NV(E9) + 9N3 Re / ds e NV(Es),
I i

’ (4.3.33)
Over I}, we use that |I}| < 2 and bound the integral in terms of the supremum of the integrand:

2N Re/ ds e*NV(%S)e%F(e%S) <2N3 Re/ dse NVIE9) < 4N3 sup e~ RE[NV(%S)},
4 4 sell
A (4.3.34)
and as Re NV (2 s) is decreasing, this supremum is attained on the boundary s = N~3/10. Taylor

expanding as before gives us

AN sup e ~ReNV(Fs) _ g5 ReNV(EN™ ) = e*(%“(l))Nﬁlj (4.3.35)
sell
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Over I}, we use that Re[NV (1s)] > N f for all s > 2 to bound the second term as

im Ns2

IN3 Re / ds e NV(E9) < 9N3 / dse= i < e~ (1Fo(I)N (4.3.36)
I I

Putting together the estimates for J; and .J5, we therefore find
N3 / dze NVOP(iz) = Jy + Jo = 35T(2) + 0(1) (4.3.37)
R

and hence the first asymptotic relation in (4.3.3)) follows from (4.3.6), i.e.,
BL(R)e T

Zg 5
N6/ 21

(4.3.38)

Using the same procedure, we can compute Pg[0 <> 1]. We again split the (conveniently
scaled) integral into two terms as

1

z Ns0 in -1 (s i
Né/dzeNV(Z>F01(z’2) :2Re/ dse NVET NSNS Fy (75 N3 5)
R 0

o0 i -1 [ 17
+2Re/ . dse NV(esN B’75)Z\feFFm(eQTN*%S) =J1+J2. (4.3.39)
N30

As before J; is asymptotically negligible. For J;, we approximate the Fj; term as
Ne%Fol(e%N_%s) —e%sd+ O(N_%s4) — e84 O(N_B%), (4.3.40)

uniformly for s € [0, N/3°], to obtain the asymptotic relation

1
N30 ir 1 im in o0 im
Ji = 2Re/ dse NVEO N3 NG By (e N735) ~ 2Re/ dse’s % 5% = 36T ().
0 0
(4.3.41)
From (4.3.7), we therefore find

5 (N+1)

36T ($e 2
Z5[0 <+ 1] ~ (?# (4.3.42)

Ni6+/27m

which after dividing by Z3 shows the second asymptotic relation in (4.3.3). O]

4.4 No percolation in two dimensions

In this section, we consider the arboreal gas on (finite approximations of) Z? with constant nearest
neighbour weights, i.e., with 3;; = 8 > 0 for all edges ij and vertex weights h; = h for all vertices
i. As such we write 3 instead of 3 in this section. Constant weights are merely a convenient
choice; everything in this section also applies to translation-invariant finite range weights, for
example. In contrast with the case of the complete graph, we show that on Z? the tree containing
a fixed vertex always has finite density. Our arguments are closely based on estimates developed
for the vertex-reinforced jump process [9,/62,/88]. The main new idea is to use these bounds in
combination with dimensional reduction from Section
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Two-point function decay in two dimensions

The proof of Theorem makes use of the representation from Section and closely fol-
lows [88]]; an alternative proof could likely be obtained by adapting instead [62].

To lighten the notation, for a finite subgraph A C Z? we write P5 in place of P, 5. By (4.2.86),
the connection probability can be written in the horospherical coordinates of the H?* model as

P50 <> 5] = (%)} (4.4.1)

where <>% denotes the expectation with pinning at vertex 0. Explicitly, by (4.2.85), the measure
(-)% on the right-hand side can be written as the a = 3/2 case of

JE—
Qpaldt) = - Zﬁw (cosh(t; —t;) — 1) | D(B, 1) 1}) Nors (4.4.2)
where
D(B,t) = Ds(t) [ e, (4.4.3)

i
and where Dj(t) was given explicitly in (4.2.82) and Zs, is a normalising constant. We have
made the parameter a explicit as our argument adapts that of [88]], which concerned the case

a = 1/2. When a = 1/2 supersymmetry implies that Zg,/, = 1 and Eq, 1/2( k) = 1 for all
B = (Bi;) and all k € A. These identities require the following replacement when a # 1/2:

Zg q s increasing in all of the f;;, EQﬁ,a(eQ‘”k) =1 forall (8;)andallk € A. (4.4.4)

When a = 3/2 the first of these facts follow from the forest representation for the partition

function, see Proposition [4.2.9] and the second is of Corollary[4.2.13] Proof that (4.4.4)
holds for general half- mteger a > 0 appears in [29] and we conjecture that these assumptions
are true for any a > 0.

With given, it is straightforward to adapt [88, Lemma 1] to obtain the following lemma.
In the next lemma we assume 0,4 € A, but we make no further assumptions beyond that 3 induces
a connected graph.

Lemma 4.4.1 (Sabot [88, Lemma 1] for a = 1/2). Leta > 0, s € (0,1), and v > 0. Assume (4.4.4)
holds. Then for any v € R® with vj =1, v9 =0, and

(1—s)? foralli~ k, (4.4.5)

DO | —

Vv — vg| <
one has, with ¢ = 1/(1 — s),

]EQB,a (62“3157') < 6—26576%’7242 Zi,k(ﬁik+2a)(vﬁvk)2' (4.4.6)

Proof. As mentioned, our proof is an adaptation of [88, Lemma 1], and hence we indicate the
main steps but will be somewhat brief. In this reference a = 1/2, Q3 is denoted @, 3;; is denoted
Wij, and t is denoted by u. Let QV denote the distribution of ¢ — yv. Since the partition function
does not change under translatlon of the underlying measure, by following [88, Prop. 1] we
obtain,

4Qs.a (t) = exp 1 Z Bik(cosh(t; — tg) — cosh(t; — tx, + y(vi — vk)) D(B,t)° (4.4.7)

dQ}, 24 D(B + v, 1)
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With e? replaced by e?% but otherwise exactly as in the argument leading to [88, (2)], by using
that s~! and ¢ are Hélder conjugate and using the second part of (4.4.4),

a\ /a
dQ dQ s
2ast _ B.a 2ast B,a 2at
Eqs. (€)= Eqy , (ng e k> <Egqy, ((de a) ) (EQg,a(e k)>

a\ 1/q
dQB,a —2asy
N (C) = —

The expectation on the right-hand side is estimated as in [88], with the only change that \/D(g,t)
is replaced by D(f,t)* in all expressions, and that the change of measure from Qg, to Q fa
involves the normalisation constants, i.e., a factor Z 5 /Zg o Setting v' = (¢ — 1), we obtain

q q—1
E, - dQB,a -k dQﬁ,a dQﬁ,a
\laar, ) ) = \\aar,)  aey,

<E ., g S B cosh(t; — ti + (v — v)) (24372 (vi — v1,)?)
i,k

B.a 7
= e2 X Bind®y? wimvi)? @EQ ((D (6, ) a> (4.4.9)
Zga P \\D(B, 1)
where
Biv = Bie(1 = 26°v*(v; — vy,)?) € [%&k, Bik]- (4.4.10)
The ratio of determinants is bounded using the matrix-tree theorem as done on [88} p.7], and we
use that Z; , < Zgq, by (4.4.4). The result is (4.4.6). O

Proof of Theorem4.1.3] We may choose s = 1/(2a) = 1/3 € (0,1) in Lemma We then
combine (4.4.1)) and (4.4.6) and choose v as a difference of Green functions (exactly as in [88,
Section 2.2]) to find that,

P3l0 ¢ j] = Eq, (") = Eq, , (e**9) < |j|* (4.4.11)

as needed. O

Mermin—-Wagner theorem

We now show that the vanishing of the density of the cluster containing a fixed vertex on the torus
also follows from a version of the classical Mermin-Wagner theorem. We first derive an expression
for a quantity closely related to the mean tree size. For constant 5, Theorem implies that

zalgn = D [ Bis [T+ D (h—1as)), (4.4.12)

FEFijeF  TEF keT
which leads to
h|T;|
Nop=Fgp—tl 4.4.13
(zidon =By AT ( )

where T; is the (random) tree containing the vertex 1.
Let A be a d-dimensional discrete torus, and let A(p) by the Fourier multiplier of the corre-
sponding discrete Laplacian:

A(p) = 250]‘(1 —cos(p-j)), pE N (4.4.14)
JEA

where - is the Euclidean inner product on R¢ and A* is the Fourier dual of the discrete torus A.
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Theorem 4.4.2. Let d > 1, and let A be a d-dimensional discrete torus of side length L. Then

1 1 1
>1+ —— _ (4.4.15)
<Zg>/37h (27TL)d pEZA* )\(p) +h

Proof. The proof is analogous to [9, Theorem 1.5]. We write the H°/? expectations (¢;1;) 5 and
(2i) g5 in horospherical coordinates using Corollary (4.2.10;

(Emipn = (sis;€" g n,  (2i)pn = (€)pn = () g (4.4.16)

Set 9

—ilpd) (4.4.17)
\/lT Z Os;
Since the expectation of functions depending only on (s, t¢) in horospherical coordinates is an
expectation with respect to a probability measure, denoted (-) from hereon, the Cauchy-Schwarz
inequality implies

D =

1 L
VIA] ; !

(S()DH)

~ (4.4.18)
(IDH?)

{1S@)*) =

Since the density in horospherical coordinates is et (s:) the probability measure (-) obeys the

integration by parts (FDH) = (DF) identity for any function F' = F (s, t) that does not grow too
fast. Therefore by translation invariance, with y; = s;eli,

(1S(p)?) = Z PO (i) =0 Z PO (yoy; ) = > P (yoy;),  (4.4.19)

J

z 1) 8y]
(S(p)DH) = (DS(p)) !AIZ P02, IAIZ (4.4.20)

By Cauchy-Schwarz, translation invariance, and (4.4.16) we also have
(elitty < (e20) = (2g). (4.4.21)

Using (5.4.13) and the integration by parts identity it follows that

(DHP) = (DDH) wzﬂﬂ () (1= cos(p- (7~ 1)) + ‘ZZ@“K@(})(A(th)-
(4.4.22)

In summary, we have proved
(SODH) _ (z0)
(|DH|?) Alp) +h

DD gomsy = e yoys) = (IS@)F) > (4.4.23)

J J
Summing over p € A* in the Fourier dual of A (with the sum correctly normalized), the left-hand
side becomes (£ynp). Using (z9) = 1 — (§yno) this then gives the claim:

1 1

1
— 1> . 4.4.24
@) (%L)dp; Ap) +h “429

From the Mermin-Wagner theorem we obtain that on a finite torus of side length L the density
of the tree containing 0 tends to 0 as L. — co. We write < for inequalities that hold up to universal
constants.

Corollary 4.4.3. Let A be the 2-dimensional discrete torus of side length L. Then

|T0| <1

. 4.4.25
A| Viog L ( )
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Proof. For any h < 1/|A| we have h|Ty| < 1. By Theorem 4.4.2} for d = 2 thus

o] 1 2 h|To| 2 1

——Egrh|Tp| < = < — 4.26
BRIAL T AR ITol IAJR P BTy \A\h<z0>5’h ~ hL?log L (4.4.26)

where we used that, for all 1 > 0, the Green’s function of the discrete torus satisfies
>log(h ' A L). (4.4.27)

5 2. 2
(2wL) oy )\( +h

Directly following the conclusion of the present proof, we shall show that if X is a random variable
with | X| < 1, and if h < 1/|A],

|EgnX —EgoX]| = O(h|A]). (4.4.28)
Applying this estimate with X = |Ty|/|A|, for h < 1/|A| we have

|To|
|Al

70|

Egp— —Ego—r| = O(hL?). (4.4.29)

With h = L~2(log L)~'/2, combining both estimates gives

|To| 1

L i<
Al S hiZlogr MR

Eg o2t (4.4.30)

1
Viog L' 0

Lemma 4.4.4. Let A be any finite graph with |A| vertices. Let X be a random variable with | X| < 1
Then for h < 1/|A],

EspnX — Eg0X]| = O(h|A)). (4.4.31)

Proof. By definition,
Epo(X [Irep(1 +A[T1))
Epo(Ilrer (1 + AITY))

With A'/(1+¢) — A= (A — A) — A'(e/(1+¢)) = (A" — A) + (A'/(1 + £))e we get

EppX = (4.4.32)

EsnX —EgoX =Ego(X(JJ(1+RIT]) = 1)) = Esn(X)Eso(J[(1 + HT]) —1).  (4.4.33)
T T

Since | X| < 1 it suffices to bound

[Ta+nry-—1=>Y" I ri7| (4.4.34)

TeF F'CFTeF’

where the sum runs over subforests F’ of F, i.e., unions of the disjoint trees in F'. Since >, |T;| <
A,

ST wT<d. > Hhm Z(th) <) _(BA])* = O(hlA])  (4.4.35)

F'CFTeF’ n>=1141,...,0in i=1 n>1

whenever h|A| < 1. O



Appendices

4.A Percolation properties

In this appendix we indicate how to deduce Theorem from our results in Section We
also give proofs of the other unproven claims from Section While we are unaware of any
references for these results, it is likely that they have been independently discovered in the past.
In particular, we thank G. Grimmett for pointing out Proposition 4.1.1

Stochastic domination

The proof of Proposition 4.1.1|is an application of Holley’s inequality, and we begin by recalling
the set-up and result. For a finite set X and probability measures j;: 2% — [0, 00), u1 convexly
dominates yus if for all A, B C 2%

11 (AU B)uz(ANB) > pa(A)pz(B). (4.A.1)

Holley’s inequality, as stated in [32]], says that x; convexly dominating pu- is a sufficient condition
for u to stochastically dominate .

Proof of Proposition[4.1.1} To prove the proposition, we verify the condition (4.A.I) when y; is
pp bond percolation and . is the arboreal gas with parameter 3. This is straightforward: if B is
not a forest the inequality is trivial because the right-hand side is 0, whereas if B is a forest then
both sides are actually equal. O

Remark 4.A.1. Proposition implies a monotone coupling between the arboreal gas with
parameter 3 and pg-bond percolation exists. An explicit construction of such a coupling would be
interesting.

The arboreal gas in infinite volume

Let A C Z% be a finite set of vertices such that the subgraph G, = (A, E(A)) induced by A is
connected. Write Py 5 for the arboreal graph measure on G,. In this section we prove Proposi-
tion|4.1.9] i.e., we show how Conjecture implies the existence of the infinite-volume limit
limy 74 Py g, where A, 1 Z? means that A,, is increasing and for any finite set A C Z<, there is an
ny4 such that A C A, for n > ny4.

Proof of Proposition[4.1.9] We consider the case of general non-negative weights 5 = (5;;). We
first claim it suffices to prove that for any finite graph G = (V, E), any set £ of edges and any
e ¢ E, that

Pg s [E U {e}] < PG’B[E]P([;ﬂ[e}. (4.A.2)
Note that this implies IP’Gﬂ[E] is (weakly) monotone decreasing in 3;; for all edges ij ¢ E. The
sufficiency of this claim is a standard argument, but we provide it for completeness.

Observe that monotonicity and probabilities being bounded below by zero implies that for any
finite collection of edges £ in Z%, lim,,_,o Pg,, s[F] exists. This is because the transition from G,
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to G,,11 can be viewed as a limit when 61-(;7) (weakly) increases to 52(;+1) — the increase is in fact
no change for ij € F(G,,) and is positive for ij ¢ E(G,,). Moreover, the limit is independent of the
sequence G, as can be seen by interlacing any two sequence Ggf ) that increase to Z. By inclusion-
exclusion the probability of any cylinder event depending on edges F can be expressed in terms of
the occurrence of finite subsets of edges in E, and hence every cylinder event has a well-defined
limiting probability. Since all cylinder probabilities converge, there is a well-defined probability
measure P on {0, 1}¥ (Z%) that is the weak limit of the Pg,, 3. Moreovet, Pg is translation invariant
by the interlacing argument used above.

What remains is to prove (4.A.2). This is obvious if E is the empty set of edges, so we may
assume FE is non-empty. We use an argument of Feder-Mihail [48]]. In the proof of [48|, Lemma 3.2]
it is shown that follows if one knows, for all finite graphs G = (V, E), that

() Pggle, f] < Pg ple]Pg g[f] for all distinct e, f € E, and

(i) For any EC Eande ¢ E, thereis an f € F such that Pg [E | ¢, f] > Pg s[E | ¢, f], where
f means f is not present.

The first of these conditions is precisely Conjecture The second is obvious: choose f € E,
for which the right-hand side is zero. O

Proof of Corollal‘v

In this section we show how to deduce Corollary from the quantitative estimate of Theo-
rem [4.1.3; we thank Tom Hutchcroft for suggesting this proof. The proof crucially exploits planar
duality and the resulting connected subgraph model that is dual to the arboreal gas. The precise
definitions are as follows.

Given a set w € {0, 1}E(Z2), we write w* for the dual set of edges, i.e., if ¢* is the edge dual
to e, then w = 1 — w,. In what follows we will identify Z? with its dual; with this identification
w — w* is an involution on the set of edge configurations {0, 1}(Z*),

Suppose 3 is an arboreal gas measure, either on a finite graph, or a weak limit of measures
on finite graphs. We define the connected subgraph measure P by P5(A*) = Ps(A) for all edge
configurations A. The name arises as for finite-volume measures P} is supported on connected
subgraphs of Z? since P is supported on forests with finite components, see, e.g., [53, Theo-
rem 2.1]. It is important to note, however, that this is not necessarily true for infinite-volume
measures: in this case it may be that P; has disconnected graphs in its support.

Remark 4.A.2. The connected subgraph measure as defined above is a special case of a more
general construction that occurs in the context of ¢ — 0 limits of the ¢-state random cluster model,
see [53].

Given an event A C {0,1}2(Z*), we write A, = {w U {e} |w € A} and A° = {w\ {e} | w € A}
for the events in which we add or remove the edge e, respectively.

Lemma 4.A.3. For any arboreal gas measure P, the dual measure [P is insertion tolerant, i.e., for
A c {0,1}E®) and any edge e,

PYA] >0  ifP5A] > 0. (4.A.3)

Proof. This is equivalent to proving that the arboreal gas is deletion tolerant, i.e., that P3[A°] > 0
if Pg[A] > 0. We will need a standard notion of boundary conditions [41, Section 1.2.1]. In
brief, for a finite-volume A, a boundary condition w is a partition of the boundary vertices of A.
Configurations are valid for a given boundary condition if they are forests after identifying each
set of the partition together. For any finite-volume A, any boundary condition w, and any forest
F,

R, [F] = min(1/5, PR 5[F],
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and hence the same inequality holds true for all events. Following a standard argument (e.g., [52,
Theorem 4.17 (b)]) implies this inequality transfers to the infinite volume limit. O

Recall that a ray is a semi-infinite self-avoiding walk. Two rays ~; and 7, are equivalent if
there is no finite set of vertices X that separates infinitely many vertices of ; from infinitely many
vertices of v». This is an equivalence relation, and equivalence classes are called ends.

Proposition 4.A.4. For any translation invariant connected subgraph measure P’; on 72, the number
of components is Ps-a.s. one. Further, the number of ends of the random subgraph with law P is
almost surely in {1, 2}.

Proof. Since translations act transitively on Z2, [68, Theorem 7.9] implies that there is at most
one infinite component under P;. To complete the proof of the first conclusion, note that for any
fixed K € N, for all sufficiently large volumes the finite-volume connected subgraph measures
give probability zero to the existence of a cluster of size at most K.

The second claim is well known, see, e.g., [68, Exercise 7.24]. O

Lemma 4.A.5. For any infinite-volume translation invariant arboreal gas measure Pg there are at
most two infinite trees.

Proof. Note first that translation invariance of P53 implies translation invariance of P%. Next, we
note that almost surely all infinite trees in the arboreal gas are one-ended: if not, there is a positive
probability of the arboreal gas containing a bi-infinite path. The dual of this bi-infinite path is an
edge cut of Z?, contradicting the almost sure connectedness of the dual of the arboreal gas from
Proposition [4.A.4

If the arboreal gas contains three infinite trees with positive probability, then there exist three
disjoint semi-infinite paths ~; with initial vertex x;, i = 1,2, 3. Fix a ball B containing the z;, and
note that the dual of the edges in B U U?Zl ~; divides Z? into three connected components. Since
the dual to the arboreal gas is connected, it contains an infinite path in each of these components,
which implies it has at least three ends. By Proposition this is a contradiction. O

Proof of Corollary[4.1.4} Let T, denote the tree containing the origin. By translation invariance
and ergodic decomposition, Pg[Tj is infinite] is the density of the vertices in infinite trees. More-
over, by an adaptation of [23] Theorem 1], each individual infinite tree has a well-defined density.
We now argue by contradiction. Suppose that P[0 is in an infinite tree] = p > 0. By Lemmal[4.A.5]
this implies the existence of an infinite tree with a positive density, and hence of a p’ > 0 such that

Ps[T) has positive density] = p'. (4.A.4)

This is a contradiction, as Theorem [4.1.3|implies that the expected density of T} is zero in any
infinite-volume limit. O

4.B Rooted spanning forests and the uniform spanning tree

For the reader’s convenience, we include a short summary of the well-known representation of
rooted spanning forests and uniform spanning trees in the terms of the fermionic Gaussian free
field (fGFF). We follow the notation of Section The fGFF is the unnormalised expectation on
02 defined by

[Flsa ' = <H %%) exp[(ﬁ, Apn) + (b, En)]F- (4B.1)
ieA
where £n = (&n;);. The normalised version is again denoted by (-)iFFF if [1]{Ff" > 0; see

Section It is straightforward that the fGFF is the properly normalised 3 — oo limit of the H/?
model as stated in the following fact; we omit the details.
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Fact. For all weights 3 and h,

[F (e, m)SEF = lim —— [F(v/ag,va an)] . 5.an (4.B.2)

a—oo qlAl
where the unnormalised expectation on the right-hand side is that of the H°? model.

As a consequence of this fact and Theorem [4.2.1] the partition function of the fGFF can be
expressed in terms of weighted rooted spanning forests. Let F..t denote the set of all spanning
forests together with a choice of root vertex in each tree of the forest.

Corollary 4.B.1. For all weights 3 and h,

fGFF Z H H Bij | . (4.B.3)

FEFroot (Tr)EF \ijeT

Corollary[4.B.1]also has an elementary proof: it can be seen as a consequence of the matrix-tree
theorem.

The case of the uniform spanning tree (UST) is obtained by pinning the fGFF at a single
arbitrary vertex which we denote 0. This corresponds to taking h; = 1,—0, or equivalently to
adding a factor &7y inside the expectation. In analogy to Section [4.2) we denote the pinned
expectation by an additional superscript 0, i.e.,

[F]fBGFF 0 = [gono FYFET. (4.B.4)

The following corollary is then immediate from the previous one.

Corollary 4.B.2. For all sets of edges .S,

fGFF,0

IP)IBJST H Bij (& — ;) . (4.B.5)

ijes 8

For the UST, it is well-known that negative association holds, i.e., that the occurrence of
disjoint edges ij, kI are negatively correlated. Various proofs exist, see e.g. [48},53]. We include a
new proof that mimics the proof of the Ginibre inequality [51]].

Proposition 4.B.3. For the uniform spanning tree, negative association holds: for all distinct ij and
kl,
P51 ig, ki) < BT ig)BE> T ). (4.B.6)

Proof. Consider the doubled Grassman algebra Q*" with generators &;,n;, &/, 7! where i € A’
Abusing notation, we write (-) for the product of the two fGFF expectations, i.e.,

(F(&mGE 1)) = (F(&n) TUG(E, )0, (4.B.7)
Set xi; = (& — &) (n; — n;) and define X;j analogously. Then
. . 1
P> [ig, kl) — P> [igIPE™ (ki) = 5 Bis B (i — Xig) Ockt = X)) (4.B.8)
Mimicking Ginibre [51], we change generators in Q** according to

1 T N O P N B
gi — ﬁ(gz + 57,)7 i = \/5(772 + 771)7 é.z = \/i(fl 5@)1 T’z — ﬂ(nl 771) (4B9)
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The action defining the product of two fGFFs is invariant under this change of generator and the
integrand of the RHS of (4.B.8) transforms as

(i = Xi) (xwt = X) = — (& — &) (& — &) (0] )(772 — )
— (i — n3) (e — m) (& — €5) (& — &)
— (& = &) e — ) (& — &) (i — )
— (& — &) i —ny) (& =& )(7712 — 1) (4.B.10)

Taking the expectation, only the last two terms contribute since only monomials with the same
number of factors of ¢ as 7 have non-vanishing expectation, e.g., (£;£;)/FF = 0. These last two
terms give the same expectation:

PEST (g, k) —PRS T [if]PEST (kD] = — B4 B ((&—&5) (me—m)) T 0((&— &) (mi—n;)) FF 0. (4.B.11)

By (4.2.27) the two terms in the product on the right-hand side are equal, and hence the right-
hand side is non-positive. O

Remark 4.B.4. The right-hand side in (4.B.11) gives an alternate expression for the deficit A?j Kl
that occurs in [|48, Theorem 2.1].






Chapter 5

Dynkin isomorphism and
Mermin-Wagner theorems for
hyperbolic sigma models and
recurrence of the two-dimensional
vertex-reinforced jump process

5.1 Introduction and results

Introduction

Our results have motivation from two different perspectives, that of sigma models with hyperbolic
symmetry and their relevance for the Anderson transition, and that of a model of reinforced
random walks known as the vertex-reinforced jump process (VRJP).

The VRJP was originally introduced by Werner and has attracted a great deal of attention
recently [|30,/37,(38,89,/92]]. The VRJP on a vertex set A is a continuous-time random walk that
jumps from a vertex i to a neighbouring vertex j at time ¢t with rate 3;;(1 + L{ ), where LZ is the
local time of j at time ¢ and j3;; > 0 are the initial rates. One should view A as the vertex set of
an undirected graph with edge set £ = {(ij) | 5;; > 0}. The dependence of the jump rates on the
local time leads the VRJP to be attracted to itself.

One of our new results is the following theorem.

Theorem 5.1.1. Consider a vertex-reinforced jump process (X;) on the vertex set Z¢ with initial
rates 3 that are finite-range and translation invariant. If d = 1,2 then (X}) is recurrent in the sense
that the expected time (X,) spends at the origin is infinite.

As the VRJP is not a Markov process, different notions of recurrence are not a priori equiv-
alent. For example, another natural notion of recurrence would be to ask if the VRJP visits the
origin infinitely often almost surely. For non-Markovian processes neither of these definitions of
recurrence implies the other: there may be infinitely many visits to the origin with the increments
of the local time being summable. To the best of our knowledge, neither implication is known for
the VRJP.

For sufficiently small initial rates recurrence results for the VRJP have previously been estab-
lished [5}/39,89]]. These results are for recurrence in the sense of visiting the origin infinitely often
almost surely. See [5] for a discussion and precise statements. It has also been shown that the
linearly edge-reinforced random walk (ERRW) with constant initial weights is recurrent in two
dimensions [|75,92]], but the recurrence of the VRJP for all initial rates was an open problem until
the present work. The relation between the ERRW and VRJP is discussed below.
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Theorem [5.1.1] is in fact a consequence of our proof of a Mermin—-Wagner theorem for hy-
perbolic sigma models and a new and very direct relation between VRJPs and hyperbolic sigma
models that parallels the well-known relationship between simple random walks and Gaussian
free fields (the BFS-Dynkin isomorphism theorem).

Before giving precise definitions of our models and stating our results, we briefly indicate the
motivations behind hyperbolic sigma models, and their relations with reinforced random walks.
We also explain some consequences of our results for hyperbolic sigma models. Readers primarily
interested in the VRJP may wish to skip ahead to Section [5.1

Hyperbolic sigma models were introduced as effective models to understand the Anderson
transition [[40,97-99,/105]. In Efetov’s supersymmetric method [45]] the expected absolute value
squared of the resolvent of random band matrices, i.e., E|(H — z) (i, j)|* where z € C and H is
a random band matrix, can be expressed as a correlation function of a supersymmetric spin model.
The spins of this model are invariant under the hyperbolic symmetry OSp(2,1]2). Extended
states correspond to spontaneous breaking of this non-compact symmetry. The supersymmetric
hyperbolic sigma model, or H?? model, was introduced by Zirnbauer [[105] and first studied
by Disertori, Spencer and Zirnbauer [40]. It is an approximation of the random band matrix
model above where radial fluctuations are neglected. This is similar to how the O(n) model is an
approximation of models of R"-valued spins with rotational symmetry such as ||*-theories. More
detailed motivation for hyperbolic spin models is given in [[97,/99].

The H2? model is believed to capture the physics of the Anderson transition. As is expected
for the Anderson model, it was proved in [40] that the O.Sp(2, 1|2) symmetry of the H?? model is
spontaneously broken in d > 3 for sufficiently small disorder — consistent with the existence of
extended states. Furthermore, it was proved [39] that for sufficiently large disorder this is not the
case — consistent with Anderson localisation. In dimension d < 2, it is conjectured that extended
states do not exist for any disorder strength. Equation below is the corresponding
statement for the H2/2 model, and we have thus completed the expected qualitative picture for the
phase diagram of the H2? model; see Remark for a discussion of the conjectured optimal
bounds. Equation (5.1.16) can be considered as a version of the Mermin-Wagner theorem. For
recent and extremely precise results in dimension one, see [96].

Based on the similarity of certain explicit formulas, it was suggested that there is a connection
between the H?? model and linearly edge-reinforced random walks [40]. This connection was
first confirmed in [89] by relating marginals of the H?2? model to the limiting local time profile
of a time change of the VRJP. It was also shown there that the linearly edge reinforced walk is
obtained from the VRJP when averaging over random initial rates. Further marginals of the H?22
model were explored in [37]]. For a discussion of the history of the VRJP, see [|89].

Our hyperbolic analogue of the BES-Dynkin isomorphism theorem, Theorem below, is a
different relation between the H2? model and the VRJP than was found in [89]], and it provides a
more direct relation between the correlation structures of the models. Moreover, our statement
also applies without supersymmetry, i.e., when the spins take values in H". We will explain further
extensions of Theorem in the case of H", e.g., to multipoint correlations, in a forthcoming
publication.

Model definitions

We now define the VRJP and the hyperbolic sigma models. The walk and the sigma models are
both defined in terms of a set A of vertices and non-negative edge weights 5 = ()i jen, Where
by edge weights we mean that 3;; = ;. For our Mermin-Wagner theorem we will make use of
two assumptions on 3. We call 3 finite-range if for each i € A we have $3;; = 0 for all but finitely
many j. If A = Z% we call § translation invariant if 3;; = Br)r() for all translations T of ze,

Vertex-reinforced jump process. Let A be a finite or countable set. The VRJP is a history-dependent
continuous-time random walk (X;) on A that takes jumps from vertex i to vertex j with rate
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Bi; (1 + L7), where
4 t
L= / 1x,—;ds. (5.1.1)
0

L{ is called the local time of the walk at vertex j up to time t. We will write L; = (L%);cx for the
collection of local times. It will also be useful to consider the joint process (X, L;), which is a
Markov process with generator £ acting on sufficiently nice functions g: A x R® — R by

= Bi(1+£))(9(, 0) — 9(i, 0)) + ;29(2}5), i€, LeRM (5.1.2)

We denote by E? i the expectation of the process (X, L;) with initial condition Xy =i and Ly = /.
The VRJP is the margmal of X, in the special case Ly = 0; by a slight abuse of terminology we
call (X, L;) the VRJP as well.

Hyperbolic sigma models. Let R™! denote (n + 1)-dimensional Minkowski space. Its elements
are vectors u = (z,y',...,y" 1, 2), and it is equipped with the indefinite inner product u - u =
22+ (yH)2+ -+ (¥ 12 — 22 Note that although z plays the same role as the 3¢, we distinguish
it in our notation for later convenience. Recall that n-dimensional hyperbolic space H" can be
realized as
H" = {u e R |u-u=—1,2>0}. (5.1.3)
Suppose A is finite and h > 0. To each vertex i € A we associate a spin u; € H". The energy
of a spin configuration u = (u;);cp € (H™)A

H(u) = Hg p,(u Zﬂw —ui - u; — 1) +hz (5.1.4)

where the sum is over edges (ij); since the summands are symmetric in ¢ and j this notation will
not cause any confusion. The H" sigma model is the measure with density proportional to e~ (%)
with respect to the |A|-fold product of the measure ;. on H” induced by the Minkowski metric, see
and for explicit expressions, and we let (-)g» denote the expectation associated to

this model:
f(Hn)A F(u) e 1 198 (du)

Joma e H0) p=A (du)

The energy (5.1.4) favours spin alignment because - v < —1 for u,v € H" with equality if and
only if u = v.

(5.1.5)

(F(u))mm =

Supersymmetric hyperbolic sigma model. In this section we will introduce a probability measure
which enables the computation of a special class of observables of the full supersymmetric H?2/?
model. These restricted observables will suffice for a description of a special, but interesting, case
of our results. Our most general results use the full supersymmetric formalism.

As will be explained further in Section at each vertex i € A there is a superspin u; =
(i, Yiy 2iy iy i) € H22 where &, and 7, are Grassmann variables. For the moment all that is needed
is that the expectation of a function F'(y) of the y = (y;);ca coordinates can be written as

(F(Y))mziz = / F(e's)e 160 dt ds, (5.1.6)
(R2)A
where dt ds =[], dt; ds;, e's = (e'is;)ien,
1
H( t) = th s,t) Zﬁw (cosh -)—1+2(si—3j)26ti+tj>

1 .
+ hz (cosh(ti) -1+ 25?6“) + Z(tl +log(27)) — log det Dg 1 (t), (5.1.7)
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and the matrix Dg (t) on R" is defined by the quadratic form

(v, Dg p(t)v) = Z Bijelithi (v; — v)? + hz eliv?, veRM (5.1.8)
(i5) é

H 2[that it

The determinant det Dg 4 (¢) does not depend on the s variables and it is positive since Dg ;(t) is
H(s,t) Eli

positive definite. Thus e~ dt ds is a positive measure, and we will show in Section
is in fact a probability measure, i.e., (1) = 1.

Results
We now state our main results and show how Theorem [5.1.1]is a consequence.

Hyperbolic BFS-Dynkin Isomorphism. The following theorem is a hyperbolic analogue of the
Dynkin isomorphism theorem, which relates the local times of a simple random walk to the square
of a Gaussian free field. As the Dynkin isomorphism theorem was proved by Brydges—Frohlich—
Spencer in [|16, Theorem 2.2], and later expressed in a better form by Dynkin [43]], we prefer
to call it the BFS-Dynkin isomorphism. The general idea of relating Gaussian fields to simple
random walks is due to Symanzik [[101]]. For recent discussions of these ideas see [64}102].
Supersymmetric versions of these results for simple random walks go back to Luttinger and Le
Jan [|63,67]].

Note that while we have not yet defined the meaning of (g)22 for a general function g, we
have given a meaning in the case that g is identically one by (5.1.6)). It is this case of ¢ identically
one that will be most relevant for the VRJP.

Theorem 5.1.2. Suppose A is finite and (3 is a collection of non-negative edge weights. Let h > 0, let
g: A x R™ = R be any bounded smooth function, and let a,b € A. Consider the H" model, n > 2,
let y = (yi)ien = (Y] )ien forsomer =1,...,n —1, and z = (2;)ica. Then

Z(yaybg(b,z —1))gn = (za/o IEiz_l(g(Xt,Lt)) e M dt)gn. (5.1.9)
b

For the H2? model, we have

S {vangv. 2~ Dy = | BL(9(XisLa)) et (5.1.10)
b 0

Remark 5.1.3. Theorem also holds for the H' model, but as the proof requires slightly
different considerations we have not included it here.

Taking the function g to be identically one in (5.1.10) implies that

o0
_ B —ht
= a — . 1.
<yayb>H2\2 / E ,0(1Xt b) e dt (5.1.11D)
0

The right-hand side can be interpreted as the two-point function of the VRJP with a uniform
killing rate h.

Remark 5.1.4. Theorem can be extended in a straightforward way to the case in which
h = (h;);ea is non-constant, provided h; > 0 and at least one value is strictly positive.
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Hyperbolic Mermin-Wagner Theorem. In this section we assume that A = A is the discrete
d-dimensional torus Z¢/(LZ)? of side length L € N, and that 3 is translation invariant and
finite-range. We will write (-) = ()5 in place of (-)p» and (-)p2/2. Denote

Ap) = Zﬁgj(l —cos(p- 7)), p e A", (5.1.12)
JEA

where here - is the Euclidean inner product on R? and A* is the Fourier dual of the discrete torus
A. Denote the two-point function and its Fourier transform by

Gon(j) = GEn() = wWoyi)pn:  Ganp) =Ghulp) =D Ganl (5.1.13)
JEA

The following theorem is an analogue of the Mermin-Wagner Theorem for the O(n) model, in the
form presented in [50].

Theorem 5.1.5. Let A = Z¢/(LZ)%, L € N. For the H" model, n > 2, with magnetic field h > 0,

A 1
> . . .
Gt )2 G T GO G119
Similarly, for the H2? model with h > 0,
A 1
Gan(p) =2 : (5.1.15)

(1+Gpn(0)A(p) + R

Remark 5.1.6. By (5.1.11) the two-point function G, equals that of the VRJP in the case of the
H22 model, and hence the two-point function of the VRJP satisfies (5.1.15) as well.

Remark 5.1.7. For d > 3, the bound (5.1.15) shows that f can be replaced by f in [40, Theo-
rem 3] using the upper bound proved there for G 1,(0).

Corollary 5.1.8. Under the assumptions of Theorem ford=1,2,

lim 1 . 5.1.16
13 i, () = o0 G110

Proof. Since (27 L)™¢ P e'(PJ) = 1;_g, summing the bounds (5.1.14) and (5.1.15) over p € A*
and interchanging sums implies (with n = 0 for H2/?)

1
Gaal0)> (5 2 TF G DGR+ i G117

The assumption of 3 being finite-range and non-negative implies A(p) < C(B)|p|>. If d < 2 it
follows that

Jim. %L S Z - Too ashlo, (5.1.18)
pEA*
and, as Gig, > 0, this implies (5.1.16). O

Remark 5.1.9. In fact, the proof shows G5 ,(0) > ¢3/+/log h with ¢g > 0 when h > 0 is small. For
the H22 model, we conjecture that the optimal bound is G5 ,(0) < cg/h for h small, with cg > 0
exponentially small as 5 becomes large. This is consistent with Anderson localisation. On the
other hand, for the H" model with n > 2, localisation is not expected, i.e., G ,(0) < 1/h.
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Consequences for the vertex-reinforced jump process. In contrast to Corollary it has been
proven [40,99] that when d > 3 and f;; = BLii—jj=15

lﬁﬁ)l Lh_{réo Gpr(0) < 0o (5.1.19)
for all 3 > 0 in the case of H? and for all sufficiently large 3 > 0 for H?2. In the H?? case
corresponds to transience of the VRJP (in the sense of bounded expected local time, see
Corollary[5.1.10 below) and to the uniform boundedness (in the spectral parameter z € C.) of
the expected square of the absolute value of the resolvent for random band matrices in the sigma
model approximation [97] (recall Section [5.I). It also implies that the hyperbolic symmetry is
spontaneously broken.

Due to the non-amenability of hyperbolic group actions, the question of spontaneous symme-
try breaking for hyperbolic sigma models is, in general, subtle. The usual formulations of the
Mermin-Wagner theorem for models with compact symmetries cannot hold in the non-amenable
case [94]], and, in fact, spontaneous symmetry breaking appears to occur in all dimensions [42,81].
Nonetheless, and show that the two-point function — the observable of interest
for the VRJP and the random matrix problem — does undergo a transition analogous to that
occurring in systems with compact symmetries.

Proof of Theorem We must prove that for any translation invariant finite-range 3
o
/ EfE (1x,20) dt = oo, (5.1.20)
0

where the expectation refers to that of the VRJP on Z? and d = 1,2. This is true since, for any
finite-range /3, one has

> ,8 Zd . e 6 Zd _ht
Eyo (1x,—0) dt = lim Eoo (1x,—0)e " dt
0 ’ Rl Jo ,

o0
— lim li EPAL (1, o) e M dt = 0. 5.1.21
im fim - Eo (1x,=0) € 00 ( )

The first equality is by monotone convergence, and the final equality is obtained by combining
for the H2? model and (5.1.11).

For the second equality it suffices, by using the tail of the exponential e/, to verify that the
integrand converges for ¢t < T for any bounded 7. Since the jump rate 1+ L! is bounded by 1+ T,
the walk is exponentially unlikely to take more than O(T?) jumps to new vertices up to time 7.
VRJPs on A, and Z? can be coupled to be the same until they exit a ball of radius less than %L, an
event which requires at least L /R jumps to occur, where R is the radius of the finite-range step
distribution. This completes the proof. O

The analogue of Theorem for the ERRW with constant initial weights was established
in [|75,92]], but not for the VRJP. Mermin-Wagner type theorems have also been proven for the
ERRW in one and two dimensions [74,(75]]. The techniques used deal directly with ERRWs, and
hence are rather different from those employed in this paper.

Our relation between the two-point functions of the H?? model and the VRJP also yields a
transience result.

Corollary 5.1.10. The vertex-reinforced jump process (X;) on Z% d > 3, with initial rates 3;; =
B1};—jj=1 and 3 sufficiently large is transient, in the sense that the expected time (X;) spends at the
origin is finite.

Proof. The argument mirrors the proof of Theorem [5.1.1} using (5.1.19) in place of (5.1.16). [

Transience in the sense of visiting the origin finitely often almost surely when j is sufficiently
large was established in [89, Corollary 4]; this result also makes use of [40]]. As with recurrence,
see the discussion following the statement of Theorem there is in general no relation
between the two notions of transience.
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5.2 Supersymmetry and horospherical coordinates

In this section we define horospherical coordinates for H" and then define the supersymmetric
H22 model precisely. We also collect Ward identities and relations between derivatives that will
be used in the proofs of Theorems|5.1.2/and[5.1.5|

Horospherical coordinates

As observed in [99,105]], the hyperbolic spaces H" are naturally parametrised by horospherical
coordinates that are useful for the analysis of the corresponding sigma models. For H", these are
global coordinates t € R, § € R""!, in terms of which

1 ~ ; 1
x = sinht — §|§|2€t, y'=e's' (i=1,...,n—1), z=cosht+ §|§|26t. (5.2.1)

Both z, z are scalars while j = (y!,...,y" ) and 5 = (s',...,s""!) € R* ! are n — 1 dimensional

vectors and |52 = 37" (s")2. By this change of variables one has (see Appendix ,
/ F(u) p®Mdu) = / F(u(3,t) [[ e dt; ds;. (5.2.2)
(H)A (Rm)A i
By a short calculation,
1 1
—U; - Uj = COSh(tZ‘ - tj) + 5‘51 - §j 2€ti+tj, Zi = cosh tl‘ + §|§Z‘|2€ti. (523)

Thus in horospherical coordinates,

~ 1 ~ ~ . .
H(G,1) = ; 8, <cosh(ti )14 Sl Sj‘zewj)
ij

1
+h Z (cosh(tz-) -1+ 2|§i|2€ti>, (5.2.4)

where by a slight abuse of notation we have re-used the symbol H. Moreover, the following

relations, in which we set s; = s7 and y; = y! for some fixed r = 1,...,n — 1, hold:
0z; Oy; Aw: - s
Go e ggy Tt ((93]) = yj(wi + ) = ij + 2). (5.2.5)
Furthermore,
9? . .
@ZJ =€ =357z
j
o2 —eit = —(z; + 2)(w + 21), i=7 (5.2.6)
83881(_1 — UJ . ul) = +€tj+tl — +(m] _|_ Zj)(xl + Zl)7 Z — l,
Z 0, else.
Supersymmetry

Let A be a finite set. We will define an algebra 2, of forms (which generalise random variables)
that constitute the observables on the super-space (R??)?. The super-space itself only has meaning
through this algebra of observables. We also define an integral associated to this algebra. We
then introduce the supersymmetry generator and the localisation lemma. For a more detailed
introduction to the mathematics of supersymmetry, see, e.g., [[15,21},40].
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Supersymmetric integration. For each vertex ¢ € A, let z;,y; be real variables and &;,n; be two
Grassmann variables. Thus by definition all of the z; and y; commute with each other and with
all of the &; and 7; and all of the &; and 7; anticommute. The way in which the anticommutation
relations are realized is unimportant, but concretely, we can define an algebra of 4/ x 4/Al matrices
& and 1), realising the required anticommutation relations for the Grassmann variables. To fix
signs in forthcoming expressions, fix an arbitrary order iy, ..., i of the vertices in A.

We define the algebra 2, to be the algebra of smooth functions on (R?)* with values in the
algebra of 44! x 4IAl matrices that have the form

F = Z F[J(:L’,y)(nf)LJ, (527)
I1,JCA

where the coefficients F ; are smooth functions on (R?)A, and (n¢) 1,7 is given by the ordered prod-
uct [ Jie sy mii Hie]\] &i Hje]\] n;j. This ordering has been chosen so that (n&)a,a is 71&1 ... naéa.
We call elements of 2, forms because the forms of differential geometry are instances [21,/63]].
The integral (sometimes called a superintegral) of a form F' € Q, is defined by

/ F= / Faa(z,y) H %, (5.2.8)
(]R2|2)A (RQ)A e T

where R22 refers to the number of commuting and anticommuting variables.

The degree of a coefficient Fy ; is |I| 4+ |J|. Thus the integral of a form F' is a constant
multiple of the usual Lebesgue integral of the top degree part of F'. A form F € Q, is even if the
degree of all non-vanishing coefficients F7 ; is even in (5.2.7). Even forms commute. For even
forms F!,..., F? and a smooth function g € C*°(RP), the form g(F!,...,FP) € Q, is defined
by formally Taylor expanding g about the degree-0 part (F} ,(z,y),. .., F5 ,(x,y)). This is well-
defined as there is no ambiguity in the ordering if the F" are all even, and the anticommutation
relations satisfied by the & and 7; imply the expansion is finite.

Localisation. Temporarily set x = z;,y = y;, £ = &, and n = n;. Define an operator J,: Q5 — Qx
by linearity, 0,(nF) = F, and 0,F = 0 if F' does not contain a factor . Define 0, in the same
manner. Define @); by its action on forms F' by

QiF = 0, F + n0yF + 20, F — yO¢ F. (5.2.9)
The supersymmetry generator Q acts on a form F' € Qp by QF =), Q:F.

Definition 5.2.1. F' € Q, is supersymmetric if QF = 0.

The supersymmetry generator acts as an anti-derivation on the algebra of forms, see, e.g., [21,
Section 6]. This implies that the forms

Tji = Tij = Txy + yay; +&nj — &, 4,7 €A, (5.2.10)
are supersymmetric. Moreover, any smooth function of the 7;; is supersymmetric as () obeys a
chain rule, see [21, Equation (6.5)]. The following localisation lemma is fundamental. For a proof,

see [40, Lemma 16].

Lemma 5.2.2 (Localisation lemma). Let F' € Q4 be a smooth form with sufficient decay that is
supersymmetric, i.e., satisfies QF = 0. Then

/(R”)A F = F; 4(0,0). (5.2.11)
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The H2'2 model

We can now define the H?? sigma model and justify our earlier claim that its y marginal is the
probability measure (5.1.6). Given (x;, v;, &, 7;) as above define an even variable z; by

i
14z +y?

where the equality is by the definition of a function of a form. We will write w; = (z;, ys, 2i, &, 7:)-
Define the “inner product”

ZiE\/1+:c22+yz-2—|—2§mi:\/1+x12+yi2+ (5.2.12)

Wi Uy = xwy + Yy — zizg + &ng — niéj, (5.2.13)

generalising the Minkowski inner product above (5.1.3); we have written “inner product” as this
is only terminology, since (5.2.13) is not a quadratic form in the classical sense. Then by a short
calculation

which we interpret as meaning that v; is in the supermanifold H22. Since z; = /1 + 7; and
u; - uj = T;j — %%, the forms u; - u; and z; are supersymmetric for all ¢, j € A.
The H2? integral of a form F' € Q, is defined by

/(H”)A = F H 2 (5.2.15)

R2|2
and the H2/2 model is defined by the following action (which is now a form in ,)
H=Hgp =Y Bij(—ui-uj—1) +hz L —1) € Qy. (5.2.16)
(i5)

Lastly, we define the super-expectation of an observable F' € Q2 in the H2?2 model by

<F>H2\2 = / Fe_H. (5217)
(H2|2)A

Lemma implies that (1) = 1, as promised in Section [5.1}

Supersymmetric horospherical coordinates

The H2? model can also be reparametrised in a supersymmetric version of horospherical coor-
dinates [40, Sec. 2.2]. For the convenience of the reader, the explicit change of variables is
computed in Appendix In this parametrisation, ¢ and s are two real variables and 1 and )
are two Grassmann variables. As in the previous section, we denote the algebra of such forms by
Q4. The tilde refers to horospherical coordinates. We write

1, - 1., -
v =sinht — (55" +Py), y=c's, z=cosht+e' (5" +9v),
E=eP, n=ey.

There is a generalisation of the change of variables formula from standard integration to super-
integration. We only require the following special case given in [40, Sec. 2.2] and Appendix [5.Al
Forms F € Q, are in correspondence with forms F' € 2, obtained by substituting the relations
(5.2.18) into (5.2.7) using the definition of functions of forms. Moreover, expanding

(5.2.18)

F= Z ﬁLJ(t, S)(?ﬁ’l/_J)LJ (5.2.19)

1,JCA
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the superintegral over F' can expressed as

- dt; ds;
/ F= Faalt,s) [Tt 22 (5.2.20)
(H2I2)A (R2)A ; 27

If a function F(y) depends only on the y coordinates then F' has degree 0, and a computation
(see [[40, Sec. 2.2] and Appendix[5.A) shows that

dt; ds;
FWre= [, FO = [ FEE D T

= / F(ets)e_ﬁ(t’s)Hdti dsi, (5.2.21)
(R2)A ;

with the function H given by (5.1.6)).
Analogously to (5.2.3) a calculation gives the expressions

1 L - e

—Ui U = COSh(tZ‘ — tj) + 5(81 — Sj)2€t1+t7 + (1/11 — 1/1])(1#% — wj)et’+t] (5.2.22)
1 _

z; = cosh t; + (§s$ + b )eli. (5.2.23)

We again check that
02 yi O(u; - uy)

P I o = vilzitz) —wileg + ) (5.2.24)
and
82
9529 = € =z +z,
J
92 —elith = — (x5 + z) (21 + 21), i =7, (5.2.25)
85-631(_1 —uj-w) = et = (x5 + 2p) (@ + 2), i=1,
Z 0, else.

Ward identities

In this section we establish some useful Ward identities. These Ward identities are a reflection
of the underlying symmetries of the target spaces H" and H??, see [40, Appendix B]. Note that

these identities are most easily seen in the ambient coordinates (x,y",...,y" !, 2).

H"™. For the H" model we have the identities
(xjg9(2))mn = 0. (5.2.26)

for any smooth function g. This identity follows simply from the invariance of the measure under

x — —x (see (5.1.4)-(5.1.5)). Moreover, by rotational symmetry, we have (g(y"))u» = (g(x))pn
forr=1,...,n—1.

H22. For the H2? model we have identities analogous to (5.2.26):
(:ng(z)>Hz|z =0 (5.2.27)

for any smooth function g. This identity again follows from the symmetry = — —z (see (5.2.16)—
(5.2.17)). We also have (g(x))g212 = (9(y))me22 by rotational symmetry. The following identities
arise from ([5.2.27)):

<etj+tl>H2\2 = <($j + zj)(xl + Zl)>H2|2 = (xjxl + ijl>H2\2

| (5.2.28)
(€ e = (2 + 2j)poro
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and hence by supersymmetry and rotational invariance

<€tj+tl>H2\2 =1+ <yjyl>H2\27

. (5.2.29)
(€'7) o = 1.

Indeed, the evaluations (z;z; )22 = (2i)p22 = 1 are by Lemma|5.2.2] which implies more generally
that for any smooth function g with rapid decay;,

/ e tog(2) = g(1). (5.2.30)
(H2/2)A

5.3 Proof of Theorem 5.1.2

In this section, for the H" model, we will let y, denote the component 3! of v, € H" and s, the
corresponding component s! in horospherical coordinates. By symmetry (recall Section , the
results of this section are valid if we replace y} by any of the first n — 1 components of u,.

We will prove that for the H” model, n > 2,

S -
b (Hn)A

. (5.3.1)
/ e_HB,hza/ Ef’zfl(g(Xt,Lt)) e M d.
(Hn)A 0
In (5.3.1), and in the rest of this section, we omit the measure M®A(du) for integrals over (H”)A
from the notation. For the HZ2? model we prove that

3 / e Hoyoypg(b 2 — 1) = / EZ o(g(X¢, Ly)) e ™ dt. (5.3.2)
) (H212)A 0

Theorem in the case of H?? is precisely (5.3.2)), and Theoremin the case of H" follows
by normalising (5.3.1)). The identities (5.3.1)) and (5.3.2)) are a result of the following integration
by parts formulas. Recall that £? denotes the generator of the joint position and local time
process (X, L;) of the VRJP.

Lemma 5.3.1. Let A be finite, let a € A, and let g: A x R® — R be a smooth function with rapid
decay. For the H"™ model, n > 2,

- Z/ e 180y, LPg(b, 2 — 1) = / e H502.9(a, 2 —1). (5.3.3)
p o/ (H)A (Hm)A

For the H22 model,
-2 /(H2l2)A e o0yayy g (b, 2 — 1) = g(a,0). (5.3.4)
b

Proof. The proofs are essentially the same for H" and H2?, so we carry them out in parallel.
We write £ for £°, H for Hg, and the integral [ for f(Hn)A and, respectively, f(HQ‘Q) A- By

(5.2.5) (resp. (5.2.24)) we have yba%)g(b, z—1)= %g(b, z — 1) where a%, denotes the derivative
with respect to the b-th component of the second argument. Therefore

E ey, Lg(b,z—1)
: / YaYolg
/ Hya<§ Boeypze(g(c,z —1) —g(b,z — 1)) + g e g(b,z—l)). (5.3.5)

S
be p b
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Recall (5.2.2)) (resp. (5.2.20)) and integrate the second term in the equation above by parts. This
produces two terms; by the rapid decay of g there are no boundary terms. For the first term

produced by the integration by parts, using (5.2.5) (resp. (5.2.24))) again,

i, (COHN L
Zb:/e ya< 8Sb>g(b, 1)
:Z/e <Z/8bc Lk uC) (b,z—1)
b
= Z/eHyaﬁbcybzc(g(c, z—1)—g(b,z—1)). (5.3.6)
b,c

This term cancels the first term on the right-hand side of (5.3.5). For the second term produced
by the integration by parts, we use that [ z,e Hg(b, 2) = 0 by (5.2.26) (resp. (5.2.27)):

/e_H gyag(b, z—1)= 5ab/€_H(fL‘a + 2a)9(b, 2 — 1)

Sb

= 5ab/eHzag(a,z -1). (5.3.7)

In the supersymmetric case, the localisation lemma in the special case ((5.2.30) further implies
that the last right-hand side can be evaluated as

5ab/eHzag(a, z—1) =6d49(a,0). (5.3.8)
Altogether, we have shown (5.3.3) (resp. (5.3.4)). d

Proof of Theorem It suffices to show (5.3.1)) and (5.3.2)) with h = 0, by replacing g(b,z — 1)
by g(b, z — 1)e=™*=1)_ Therefore from now on assume h = 0. To get from (5.3.4), we
apply with g(i, ¢) replaced by g;(i,¢) = E; ¢(9(X¢, L¢)). By the definition of the generator
we have Lg,(i,0) = 2.g.(i,¢), so gives

Ea,0(9(Xt, Lt)) (Z/ Tyaypgr (b 2—1)> (5.3.9)

Note that the process (X, L;) is transient even if the marginal (X;) is recurrent because >, L} —
oo as t — oo. Therefore, integrating both sides over ¢ and using that g;(x, /) — 0 as t — oo, which
follows from the transience of (X;, L;) and the rapid decay of g = go, we get

/ Eo0(g(Xt, L)) dt = / e Myayng(b,z —1). (5.3.10)
b

0

The proof of (5.3.1)) from (5 is entirely analogous. O

5.4 Proof of Theorem 5.1.5

The proof of the hyperbolic Mermin-Wagner follows that of the usual Mermin—-Wagner theorem
closely [77,78]; see also the presentation in [50]. We begin with the non-supersymmetric case.
Due to the non-compact target space, differences occur in the bound of the term (|[DH|?) and in
the role of the coordinate in the direction of the magnetic field. As in the previous section we
write H for Hgj,. We will write A to denote the complex conjugate of A.
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Proof of (5.1.14). As in the previous section we write y; for yjl We also write (-) for (-)yn, and
we use horospherical coordinates throughout the proof. Throughout the proof H will denote the
energy of a spin configuration in horospherical coordinates, recall (5.2.4).

Let

1 o 1 0
Sp)=—= Py, D=_—_N ¢ ird _—_ (5.4.1)
W= Z ! VA Z 9s;
By the Cauchy-Schwarz inequality,
DH)|?
(S(p)DH) 5.4.2)

In the following, we compute the terms on the left- and right-hand sides of the above inequality.
Note that we have the integration by parts identity (FDH) = (DF) for any smooth F: (H")* — R
that does not grow too fast; the vanishing of boundary terms can be seen by looking at the
expression for H (i.e., by (5.2.4)).

By the assumed translation invariance of 3,

1 .
<|S( |A‘ Z i (7= l) yjyl> ‘A’ Zezp'(J_l)<y0yj—l> (543)
7l
= Ze PI) (yoy;),
Jy;
ip-(5— l ]
(S(p)DH) = = A Z asl =18 Z (z; + 2) (5.4.4)
= (20),
0’H
ip-(5-1)
(IDH|?) = (DDH) =1 Z <8sjasl>' (5.4.5)

In (5.4.4) we have used (xj> = 0; recall Section[5.2] By (;z;) = 0 Cauchy-Schwarz, translation
invariance, that (x3) = (y3) (recall the symmetries from Sect1on , and the constraint ug - ug =
—1, observe that

() 4 2) (@1 + 20)) = (wjm + zj21) < (25) + (25) = 1+ (n+ 1) () (5.4.6)

Thus, using and <$j> = 0 once more, (5.4.5) can be rewritten and bounded above by
(IDHP) ,A, Zﬁﬂ 2+ %)@+ )1 = P 00) Z 7+ 23)
< W Zﬁﬂu + (n+ D)L~ cos(p- (j — 1)) + h{z). (5.4.7)
5l

In summary, we have shown (recall (5.1.12))
(IDH*) < (1+ (n+ 1){y3))Ap) + h(z0). (5.4.8)

Using (5.4.3) and substituting the above bounds into (5.4.2) gives
i S(p)DH)[? (20)*
Z(ZU)( N> ‘<
e Yoyj) = >
Z 0% (IDH|?) (14 (n +1)(y5))A(p) + (z0)
S 1
T (14 (1)) +h

The last inequality follows from ~ > 0 and 1 < (zp), which holds by the definition of H". O

(5.4.9)
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Proof of (5.1.15)). We use that the expectation of a function F(y) can be written using horospher-
ical coordinates in terms of the probability measure (5.1.6). Throughout this proof, we denote the
expectation with respect to this probability measure by (-). By the Cauchy-Schwarz inequality,
and since S(p) is a function of the y,

(S(r) DA

~ (5.4.10)
(IDH[?)

(S @)z = (IS)?) =

The probability measure (-) obeys the integration by parts (FDH) = (DF) identity for any
function F' = F(s,t) that does not grow too fast. Therefore by translation invariance we find that,
as in the case of H",

(& ,Ze”’ 77D (y ) WZe’W Dyoy;-1) (5.4.11)
=Ze“’” You;),
~ i ay
(S(p)DH) = |Z TS = !AIZ (5.4.12)

where the last identity uses (5.2.29). By (5.2.29), Cauchy-Schwarz, and translation invariance
we have
(Y =1+ (yju) < 1+ (yd). (5.4.13)

Using (5.4.13) and the integration by parts identity it follows that
(IDH?) = (DDH) =T Zﬁjl ti+y (1 — cos(p - (j — 1)) AT Z

< mzﬁﬂu + (R))(L—cos(p- ( — 1)) +
75l

= (1 + (Yg))A(p) + h. (5.4.14)
In summary, we have proved

(S(p)DH)P _ 1

(DHP?) ~ 0+ @)Ap) +h (5.4.15)

> o) = (1S@)I) >

as claimed. 0



Appendices

5.A Horospherical coordinates

Hn

Under the change of variables
1 » » 1
r =sinht — §|§|26t, y' =e's', z=cosht+ §|§|Qet, (5.A.1)

the measure transforms as

det J

—  dtAds' A Ads"TE 5.A.2
cosht + 3|3|2e ( )

1
—de ANdy' A AdyvTE
z

where the Jacobian matrix in block form is

A1x1 Biyxn—1

T =ikt Dutxno (5.A.3)
with
1
4= ?)j = coshi = 5‘5‘2€t’ Bj = gz; = —sje’, (5.A.4)
Ci == %yt = Siet, DZ] = ng] — 6ijet- (SAS)

Noting that D = ¢'I, the determinant is easily computed using the Schur complement formula,

det J = (det D) det (A — BD™'C)
n—1
1
_ (n—1)t 22|t BNt ot
— e(n—1) <cosht — §|5 le* — Z(—Sle Je “(sie ))
= ("Dt (cosht + %\§\Qet), (5.A.6)

giving the transformed measure as

det J

—————dtAds' A Ads" T =T A A dst A A ds T (5.A.7)
cosht + 5|5|%et

HQ\Q

The calculation for H?? is similar to the previous case, but the Jacobian is replaced by the
Berezinian. The notation in (5.2.8) corresponds to the following notation in [40] resp. [13]:

/ F:/d:n/\dyoﬁgﬁnF:/Fdndgdmdy. (5.A.8)
R2I2

139
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Applying [13} Theorem 2.1] to the change of variables

1 - 1 -
x =sinht — 5(82+21/11/J)6t, y = se', z=cosht+ 5(32 + 2nh)el,

_ (5.A.9)
n=ye', &=1e,
the Berezin measure transforms as
1 det M
= dy de d dy e dydydids, (5.A.10)
z cosht + 5(s2 + 2¢p)et
where M is the Berezinian supermatrix
9z dy 9n ¢
Lo |EEEE
M:{C D]: &8 & 4, (5.A.11)
op o oY D
op o oY oY

and sdetM = (det D)~!det (A — BD~'C) is its Berezinian (superdeterminant). The four blocks
are then

1 ) .

. [cosht _ 2_(.2’;+ 20))e! Sj]’ B_ [¢5t wg’t], (5.A.12)
T 4 t

¢= [—w@/(jet 8}’ b= [% ‘3} EA1)

The first term in the Berezinian is simply (det D)~ = =2, whilst the second is

- ht— (52 +200)et set] | [20pe 0
det (A~ BD 1O>=det<[cos Pl ravdle Sftbmpe o])

=t <cosht + %(82 + 2151&)6'5), (5.A.14)

giving the transformed Berezin measure as

sdet M
cosht + 3(s2 4 2¢n)e

—dy dydtds = e~' dy dy dt ds, (5.A.15)

which corresponds to (5.2.20).



Bibliography

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]
[15]

Y. Abe and M. Biskup. Exceptional points of two-dimensional random walks at multiples
of the cover time. Preprint, arXiv:1903.04045.

E. Abrahams, P.W. Anderson, D.C. Licciardello, and T.V. Ramakrishnan. Scaling theory of
localization: Absence of quantum diffusion in two dimensions. Phys. Rev. Lett., 42:673-676,
Mar 1979.

S. Albeverio, F.C.D. Vecchi, and M. Gubinelli. Elliptic stochastic quantization. Preprint,
arXiv:1812.04422.

N. Alon and J.H. Spencer. The probabilistic method. Wiley Series in Discrete Mathematics
and Optimization. John Wiley & Sons, Inc., Hoboken, NJ, fourth edition, 2016.

O. Angel, N. Crawford, and G. Kozma. Localization for linearly edge reinforced random
walks. Duke Mathematical Journal, 163(5):889-921, 2014.

R. Bauerschmidt, D.C. Brydges, and G. Slade. Logarithmic correction for the susceptibility
of the 4-dimensional weakly self-avoiding walk: a renormalisation group analysis. Commun.
Math. Phys., 337(2):817-877, 2015.

R. Bauerschmidt, D.C. Brydges, and G. Slade. Introduction to a renormalisation group
method, volume 2242 of Lecture Notes in Math. Springer, 2019. 283 pages.

R. Bauerschmidt, T. Helmuth, and A. Swan. The geometry of random walk isomorphism
theorems. Ann. Inst. Henri Poincaré Probab. Stat. to appear.

R. Bauerschmidt, T. Helmuth, and A. Swan. Dynkin isomorphism and Mermin-Wagner
theorems for hyperbolic sigma models and recurrence of the two-dimensional vertex-
reinforced jump process. Ann. Probab., 47(5):3375-3396, 2019.

A. Bedini, S. Caracciolo, and A. Sportiello. Hyperforests on the complete hypergraph by
Grassmann integral representation. J. Phys. A, 41(20):205003, 28, 2008.

A. Bedini, S. Caracciolo, and A. Sportiello. Phase transition in the spanning-hyperforest
model on complete hypergraphs. Nuclear Phys. B, 822(3):493-516, 2009.

V. Beffara and H. Duminil-Copin. The self-dual point of the two-dimensional random-
cluster model is critical for ¢ > 1. Probab. Theory Related Fields, 153(3-4):511-542, 2012.

F.A. Berezin. Introduction to superanalysis, volume 9 of Mathematical Physics and Applied
Mathematics. D. Reidel Publishing Co., Dordrecht, 1987. Edited and with a foreword by A.
A. Kirillov, With an appendix by V. I. Ogievetsky, Translated from the Russian by J. Niederle
and R. Kotecky.

P. Brandén and J. Huh. Lorentzian polynomials. Preprint, arXiv:1902.03719.

D. Brydges, S.N. Evans, and J.Z. Imbrie. Self-avoiding walk on a hierarchical lattice in four
dimensions. Ann. Probab., 20(1):82-124, 1992.

141



142

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

BIBLIOGRAPHY

D. Brydges, J. Frohlich, and T. Spencer. The random walk representation of classical spin
systems and correlation inequalities. Commun. Math. Phys., 83(1):123-150, 1982.

D. Brydges, R. van der Hofstad, and W. Konig. Joint density for the local times of
continuous-time Markov chains. Ann. Probab., 35(4):1307-1332, 2007.

D.C. Brydges, J. Frohlich, and A.D. Sokal. The random-walk representation of classical spin
systems and correlation inequalities. II. The skeleton inequalities. Commun. Math. Phys.,
91(1):117-139, 1983.

D.C. Brydges, T. Helmuth, and M. Holmes. The continuous time lace expansion. In
preparation.

D.C. Brydges and J.Z. Imbrie. Branched polymers and dimensional reduction. Ann. of Math.
(2), 158(3):1019-1039, 2003.

D.C. Brydges, J.Z. Imbrie, and G. Slade. Functional integral representations for self-
avoiding walk. Probab. Surv., 6:34-61, 2009.

D.C. Brydges and I. Mufioz Maya. An application of Berezin integration to large deviations.
J. Theoret. Probab., 4(2):371-389, 1991.

R.M. Burton and M. Keane. Density and uniqueness in percolation. Commun. Math. Phys.,
121(3):501-505, 1989.

J.W. Cannon, W.J. Floyd, R. Kenyon, and W.R. Parry. Hyperbolic geometry. In Flavors of
Geometry, volume 31 of Math. Sci. Res. Inst. Publ., pages 59-115. Cambridge Univ. Press,
Cambridge, 1997.

S. Caracciolo, J.L. Jacobsen, H. Saleur, A.D. Sokal, and A. Sportiello. Fermionic field theory
for trees and forests. Phys. Rev. Lett., aracc(8):080601, 4, 2004.

S. Caracciolo, A.D. Sokal, and A. Sportiello. Grassmann integral representation for spanning
hyperforests. J. Phys. A, 40(46):13799-13835, 2007.

S. Caracciolo, A.D. Sokal, and A. Sportiello. Noncommutative determinants, Cauchy-
Binet formulae, and Capelli-type identities. I. Generalizations of the Capelli and Turnbull
identities. Electron. J. Combin., 16(1):Research Paper 103, 43, 2009.

S. Caracciolo, A.D. Sokal, and A. Sportiello. Spanning forests and OSP(N|2M )-invariant
o-models. J. Phys. A, 50(11):114001, 52, 2017.

N. Crawford. Supersymmetric hyperbolic o-models and decay of correlations in two dimen-
sions. Preprint, arXiv:1912.05817.

B. Davis and S. Volkov. Continuous time vertex-reinforced jump processes. Probab. Theory
Related Fields, 123(2):281-300, 2002.

B. Davis and S. Volkov. Vertex-reinforced jump processes on trees and finite graphs. Probab.
Theory Related Fields, 128(1):42-62, 2004.

W.T.F. den Hollander and M. Keane. Inequalities of FKG type. Phys. A, 138(1-2):167-182,
1986.

Y. Deng, T.M. Garoni, and A.D. Sokal. Ferromagnetic phase transition for the spanning-
forest model (¢ — 0 limit of the potts model) in three or more dimensions. Phys. Rev. Lett.,
98:030602, Jan 2007.



BIBLIOGRAPHY 143

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

J. Ding, J.R. Lee, and Y. Peres. Cover times, blanket times, and majorizing measures. Ann.
of Math. (2), 175(3):1409-1471, 2012.

M. Disertori. Density of states for GUE through supersymmetric approach. Rev. Math. Phys.,
16(9):1191-1225, 2004.

M. Disertori, M. Lohmann, and A. Sodin. The density of states of 1D random band matrices
via a supersymmetric transfer operator. Journal of Spectral Theory, 2019.

M. Disertori, F. Merkl, and S.W.W. Rolles. A supersymmetric approach to martingales
related to the vertex-reinforced jump process. ALEA Lat. Am. J. Probab. Math. Stat.,
14(1):529-555, 2017.

M. Disertori, C. Sabot, and P. Tarres. Transience of edge-reinforced random walk. Commun.
Math. Phys., 339(1):121-148, 2015.

M. Disertori and T. Spencer. Anderson localization for a supersymmetric sigma model.
Commun. Math. Phys., 300(3):659-671, 2010.

M. Disertori, T. Spencer, and M.R. Zirnbauer. Quasi-diffusion in a 3D supersymmetric
hyperbolic sigma model. Commun. Math. Phys., 300(2):435-486, 2010.

H. Duminil-Copin. Lectures on the Ising and Potts models on the hypercubic lattice. In
Random graphs, phase transitions, and the Gaussian free field, volume 304 of Springer Proc.
Math. Stat., pages 35-161. Springer, Cham, 2020.

A. Duncan, M. Niedermaier, and E. Seiler. Vacuum orbit and spontaneous symmetry
breaking in hyperbolic sigma-models. Nuclear Phys. B, 720(3):235-288, 2005.

E.B. Dynkin. Markov processes as a tool in field theory. J. Funct. Anal., 50(2):167-187,
1983.

E.B. Dynkin. Gaussian and non-Gaussian random fields associated with Markov processes.
J. Funct. Anal., 55(3):344-376, 1984.

K.B. Efetov. Supersymmetry and theory of disordered metals. Adv. in Phys., 32(1):53-127,
1983.

N. Eisenbaum. Une version sans conditionnement du théoréme d’isomorphisms de Dynkin.
In Séminaire de Probabilités, XXIX, volume 1613 of Lecture Notes in Math., pages 266-289.
Springer, Berlin, 1995.

N. Eisenbaum, H. Kaspi, M.B. Marcus, J. Rosen, and Z. Shi. A Ray-Knight theorem for
symmetric Markov processes. Ann. Probab., 28(4):1781-1796, 2000.

T. Feder and M. Mihail. Balanced matroids. In Proceedings of the Twenty Fourth Annual
ACM Symposium on the Theory of Computing, pages 26-38, 1992.

J. Frohlich. On the triviality of Ap? d theories and the approach to the critical point in
d(i)4 dimensions. Nuclear Phys. B, 200(2):281-296, 1982.

J. Frohlich and T. Spencer. On the statistical mechanics of classical Coulomb and dipole
gases. J. Statist. Phys., 24(4):617-701, 1981.

J. Ginibre. General formulation of Griffiths’ inequalities. Commun. Math. Phys., 16:310-
328, 1970.



144

[52]

[53]

[54]

[55]

[56]

[57]

[58]
[59]

[60]
[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

BIBLIOGRAPHY

G. Grimmett. The random-cluster model, volume 333 of Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
2006.

G.R. Grimmett and S.N. Winkler. Negative association in uniform forests and connected
graphs. Random Structures Algorithms, 24(4):444-460, 2004.

J. Huh, B. Schroter, and B. Wang. Correlation bounds for fields and matroids. Preprint,
arXiv:1806.02675.

J.L. Jacobsen and H. Saleur. The arboreal gas and the supersphere sigma model. Nuclear
Phys. B, 716(3):439-461, 2005.

A. Jaffe and E. Witten. Quantum Yang-Mills theory. In The millennium prize problems,
pages 129-152. Clay Math. Inst., Cambridge, MA, 2006.

A. Jego. Thick points of random walk and the gaussian free field. Preprint,
arXiv:1809.04369.

J. Kahn. A normal law for matchings. Combinatorica, 20(3):339-391, 2000.

J. Kahn and M. Neiman. Negative correlation and log-concavity. Random Structures Algo-
rithms, 37(3):367-388, 2010.

A. Kassel and T. Lévy. Covariant symanzik identities. Preprint, arXiv:1607.05201.

G. Kozma. Reinforced random walk. In European Congress of Mathematics, pages 429-443.
Eur. Math. Soc., Ziirich, 2013.

G. Kozma and R. Peled. Power-law decay of weights and recurrence of the two-dimensional
VRJP. Preprint, arXiv:1911.08579.

Y. Le Jan. Temps local et superchamp. In Séminaire de Probabilités, XXI, volume 1247 of
Lecture Notes in Math., pages 176-190. Springer, Berlin, 1987.

Y. Le Jan. Markov paths, loops and fields, volume 2026 of Lecture Notes in Mathematics.
Springer, Heidelberg, 2011. Lectures from the 38th Probability Summer School held
in Saint-Flour, 2008, Ecole d’Eté de Probabilités de Saint-Flour. [Saint-Flour Probability
Summer School].

T. Luczak and B. Pittel. Components of random forests. Combin. Probab. Comput., 1(1):35-
52, 1992.

J.M. Luttinger. A new method for the asymptotic evaluation of a class of path integrals. J.
Math. Phys., 23(6):1011-1016, 1982.

J.M. Luttinger. The asymptotic evaluation of a class of path integrals. II. J. Math. Phys.,
24(8):2070-2073, 1983.

R. Lyons and Y. Peres. Probability on trees and networks, volume 42 of Cambridge Series in
Statistical and Probabilistic Mathematics. Cambridge University Press, New York, 2016.

M.B. Marcus and J. Rosen. Markov processes, Gaussian processes, and local times, volume
100 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge,
2006.

J.B. Martin and D. Yeo. Critical random forests. ALEA Lat. Am. J. Probab. Math. Stat.,
15(2):913-960, 2018.



BIBLIOGRAPHY 145

[71]

[72]

[73]

[74]

[75]

[76]

[771]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]
[87]

[88]
[89]

O.A. McBryan and T. Spencer. On the decay of correlations in SO(n)-symmetric ferromag-
nets. Commun. Math. Phys., 53(3):299-302, 1977.

A.J. McKane. Reformulation of n — 0 models using anticommuting scalar fields. Phys. Lett.
A, 76(1):22-24, 1980.

F. Merkl, S.W. Rolles, and P. Tarrés. Convergence of vertex-reinforced jump processes to
an extension of the supersymmetric hyperbolic nonlinear sigma model. Probability Theory
and Related Fields, pages 1-39, 2016.

F. Merkl and S.W.W. Rolles. Edge-reinforced random walk on one-dimensional periodic
graphs. Probab. Theory Related Fields, 145(3-4):323-349, 2009.

F. Merkl and S.W.W. Rolles. Recurrence of edge-reinforced random walk on a two-
dimensional graph. Ann. Probab., 37(5):1679-1714, 2009.

F. Merkl, S.\W.W. Rolles, and P. Tarrés. Random interlacements for vertex-reinforced jump
processes. Preprint, arXiv:1903.07910.

N.D. Mermin. Absence of ordering in certain classical systems. Journal of Mathematical
Physics, 8(5):1061-1064, 1967.

N.D. Mermin and H. Wagner. Absence of ferromagnetism or antiferromagnetism in one- or
two-dimensional isotropic heisenberg models. Phys. Rev. Lett., 17:1133-1136, Nov 1966.

A.D. Mirlin. Statistics of energy levels and eigenfunctions in disordered and chaotic systems:
supersymmetry approach. In New directions in quantum chaos (Villa Monastero, 1999),
volume 143 of Proc. Internat. School Phys. Enrico Fermi, pages 223-298. I0S, Amsterdam,
2000.

J.W. Moon. Counting labelled trees, volume 1969 of From lectures delivered to the Twelfth Bi-
ennial Seminar of the Canadian Mathematical Congress (Vancouver. Canadian Mathematical
Congress, Montreal, Que., 1970.

M. Niedermaier and E. Seiler. Non-amenability and spontaneous symmetry breaking—the
hyperbolic spin-chain. Ann. Henri Poincaré, 6(6):1025-1090, 2005.

F.W.J. Olver. Asymptotics and special functions. Academic Press, 1974. Computer Science
and Applied Mathematics.

G. Parisi and N. Sourlas. Random magnetic fields, supersymmetry, and negative dimensions.
Phys. Rev. Lett., 43:744-745, Sep 1979.

R. Pemantle. Towards a theory of negative dependence. volume 41, pages 1371-1390.
2000. Probabilistic techniques in equilibrium and nonequilibrium statistical physics.

A.M. Polyakov. Interaction of goldstone particles in two dimensions. Applications to ferro-
magnets and massive Yang-Mills fields. Physics Letters B, 59:79-81, October 1975.

B. Rath. Mean field frozen percolation. J. Stat. Phys., 137(3):459-499, 2009.

A. Rényi. Some remarks on the theory of trees. Magyar Tud. Akad. Mat. Kutaté Int. Kogl.,
4:73-85, 1959.

C. Sabot. Polynomial localization of the 2D-Vertex Reinforced Jump Process.

C. Sabot and P. Tarrés. Edge-reinforced random walk, vertex-reinforced jump process and
the supersymmetric hyperbolic sigma model. J. Eur. Math. Soc., 17(9):2353-2378, 2015.



146

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]
[101]

[102]

[103]

[104]

[105]

[106]

BIBLIOGRAPHY

C. Sabot and P. Tarres. Inverting Ray-Knight identity. Probab. Theory Related Fields, 165(3-
4):559-580, 2016.

C. Sabot, P. Tarrés, and X. Zeng. The vertex reinforced jump process and a random
Schrodinger operator on finite graphs. Ann. Probab., 45(6A):3967-3986, 2017.

C. Sabot and X. Zeng. A random Schrodinger operator associated with the Vertex Rein-
forced Jump Process on infinite graphs. J. Amer. Math. Soc., 32(2):311-349, 2019.

L. Schifer and F. Wegner. Disordered system with n orbitals per site: Lagrange formulation,
hyperbolic symmetry, and Goldstone modes. Z. Phys. B, 38(2):113-126, 1980.

E. Seiler. The strange world of non-amenable symmetries. In Mathematical quantum field
theory and renormalization theory, volume 30 of COE Lect. Note, pages 66—77. Kyushu Univ.
Fac. Math., Fukuoka, 2011.

C. Semple and D. Welsh. Negative correlation in graphs and matroids. Combin. Probab.
Comput., 17(3):423-435, 2008.

M. Shcherbina and T. Shcherbina. Universality for 1d random band matrices: sigma-model
approximation. J. Stat. Phys., 172(2):627-664, 2018.

T. Spencer. SUSY statistical mechanics and random band matrices. In Quantum many
body systems, volume 2051 of Lecture Notes in Math., pages 125-177. Springer, Heidelberg,
2012.

T. Spencer. Duality, statistical mechanics, and random matrices. In Current developments
in mathematics 2012, pages 229-260. Int. Press, Somerville, MA, 2013.

T. Spencer and M.R. Zirnbauer. Spontaneous symmetry breaking of a hyperbolic sigma
model in three dimensions. Commun. Math. Phys., 252(1-3):167-187, 2004.

D. Stark. The edge correlation of random forests. Ann. Comb., 15(3):529-539, 2011.

K. Symanzik. Euclidean quantum field theory. In R. Jost, editor, Local Quantum Field
Theory, New York, 1969. Academic Press.

A.-S. Sznitman. Topics in occupation times and Gaussian free fields. Zurich Lectures in
Advanced Mathematics. European Mathematical Society (EMS), Ziirich, 2012.

F. Wegner. Disordered electronic system as a model of interacting matrices. Phys. Rep.,
67(1):15-24, 1980. Common trends in particle and condensed matter physics (Proc. Winter
Adv. Study Inst., Les Houches, 1980).

M.R. Zirnbauer. Localization transition on the Bethe lattice. Phys. Rev. B (3), 34(9):6394—
6408, 1986.

M.R. Zirnbauer. Fourier analysis on a hyperbolic supermanifold with constant curvature.
Commun. Math. Phys., 141(3):503-522, 1991.

M.R. Zirnbauer. Riemannian symmetric superspaces and their origin in random-matrix
theory. J. Math. Phys., 37(10):4986-5018, 1996.



	SUPERANALYSIS
	Superalgebra and Supergeometry
	Supervector Spaces
	Superalgebras
	Superfunction algebras
	Further remarks on superspaces
	Supermodules and Supermatrices
	Superspins

	Supercalculus and Supersymmetries
	Derivatives and Derivations
	Berezin Integration
	Supersymmetries and Lie Superalgebras
	Supersymmetric Localisation


	SUPERPROBABILITY
	The geometry of random walk isomorphism theorems
	Introduction
	Isomorphism theorems for flat geometry
	Isomorphism theorems for hyperbolic geometry
	Isomorphism theorems for spherical geometry
	Isomorphism theorems for supersymmetric spin models
	Application to limiting local times: the Sabot–Tarrès limit
	Time changes and resolvent formulas
	Application to exponential decay of correlations in spin systems

	Appendices
	Introduction to supersymmetric integration
	Further aspects of symmetries and supersymmetry
	Sabot–Tarrès limit and the BFS–Dynkin Isomorphism Theorem

	Random spanning forests and hyperbolic symmetry
	The arboreal gas and uniform forest model
	Hyperbolic sigma model representation
	Phase transition on the complete graph
	No percolation in two dimensions

	Appendices
	Percolation properties
	Rooted spanning forests and the uniform spanning tree

	Recurrence of the two-dimensional VRJP
	Introduction and results
	Supersymmetry and horospherical coordinates
	Proof of Theorem 5.1.2
	Proof of Theorem 5.1.5

	Appendices
	Horospherical coordinates

	Bibliography


