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ABSTRACT

This is the supplementary information for the main article. It includes the mathematical equations for all the electromagnetic
fields in different reference frames.

1 Notation

We begin by recalling that the electromagnetic field tensor Fµν is an anti-symmetric matrix:

Fµν =


0 −Ex −Ey −Ez
Ex 0 −Bz By
Ey Bz 0 −Bx
Ez −By Bx 0

 (1)

Defining some dummy variables to make equations look cleaner:

λ1 =
√

β 2
x +β 2

y +β 2
z

λ2 = βxδβx +βyδβy +βzδβz

λ3 = β
2
y δβx−βxβyδβy +βz (βzδβx−βxδβz)

λ4 = β
2
x δβy−βxβyδβx +βz (βzδβy−βyδβz)

λ5 = β
2
x δβz−βxβzδβx +βy (βyδβz−βzδβy)

λ6 = βxδβy−βyδβx

λ7 = βyδβz−βzδβy

λ8 = βzδβx−βxδβz

η1 =
√

β 2
x +β 2

y

η2 =
√

β 2
y +β 2

z

η3 =
√

β 2
x +β 2

z

The detailed expressions of the electromagnetic fields (to the first order in δβ ) is given in the next two sections.



2 Longitudinal-Transverse `t-Frame

2.1 Direct Boosted Frame (~β +δ~β )

(F ′′)10 =
1
λ1

[
βxEx +βyEy +βzEz−λ3Exγ

2−λ4Eyγ
2−λ5Ezγ

2 +Bzλ6γ +Byλ8γ +Bxλ7γ +
γ(γ−1)η2

2 δβxEx

λ 2
1

+
γ(γ−1)η2

3 δβyEy

λ 2
1

+
γ(γ−1)η2

1 δβzEz

λ 2
1

−
γ(γ−1)βxβyδβyEx

λ 2
1

− γ(γ−1)βxβzδβzEx

λ 2
1

−
γ(γ−1)βxβyδβxEy

λ 2
1

−
γ(γ−1)βyβzδβzEy

λ 2
1

− γ(γ−1)βxβzδβxEz

λ 2
1

−
γ(γ−1)βyβzδβyEz

λ 2
1

]

(F ′′)20 =−γBzη1 +
γBxβxβz

η1
+

γByβyβz

η1
−

γExβy

η1
+

γβxEy

η1
− γ3Bzβxη1δβx

λ 2
1

+
γ2δβxβyβzEz

η1
−

γ3Bzβyη1δβy

λ 2
1

+
γ
(
γ2−1

)
Bxβ 2

x βzδβx

η1λ 2
1

+
γ
(
γ2−1

)
Byβxδβxβyβz

η1λ 2
1

−
γBzβxδβxβ 2

z

η1λ 2
1

−
γBzβyδβyβ 2

z

η1λ 2
1

+
γBxβxη1δβz

λ 2
1

+
γ
(
γ2−1

)
Byβ 2

y δβyβz

η1λ 2
1

+
γ
(
γ2−1

)
Bxβxβyδβyβz

η1λ 2
1

−
γ
(
γ2−1

)
Bzβzη1δβz

λ 2
1

−
(γ−1)γ2βxδβxExβy

η1

+
γ3Bxβxβ 2

z δβz

η1λ 2
1

+
γ3Byβyβ 2

z δβz

η1λ 2
1

+
γByβyη1δβz

λ 2
1

−
γ3Exβ 2

y δβy

η1
−

γ2β 2
x Exδβy

η1
−

γ3Exβyβzδβz

η1
+

γ3β 2
x δβxEy

η1

+
(γ−1)γβ 2

x Exδβy

η1λ 2
1

−
(γ−1)γβxδβxExβy

η1λ 2
1

+
(γ−1)γ2βxβyδβyEy

η1
−

(γ−1)γδβxβ 2
y Ey

η1λ 2
1

+
γ2δβxβ 2

y Ey

η1

+
γ3βxEyβzδβz

η1
−

γ2βxδβyβzEz

η1
+

(γ−1)γβxδβyβzEz

η1λ 2
1

−
(γ−1)γδβxβyβzEz

η1λ 2
1

+
(γ−1)γβxβyδβyEy

η1λ 2
1

(F ′′)30 =
γByβxλ1

η1
−

γBxβyλ1

η1
− γβxExβz

η1λ1
−

γβyEyβz

η1λ1
+

γEzη1

λ1
+

γ3Byβ 2
x δβx

η1λ1
+

γByδβxβ 2
y

η1λ1
−

γBxβ 2
x δβy

η1λ1

−
γ3Bxβ 2

y δβy

η1λ1
− γBzβzλ6

η1λ1
+

γ
(
γ2−1

)
Byβxβyδβy

η1λ1
−

γ
(
γ2−1

)
Bxβxδβxβy

η1λ1
− (γ−1)γβ 2

x δβxExβz

η1λ 3
1

+
γ3Byβxβzδβz

η1λ1
−

γ3Bxβyβzδβz

η1λ1
− γ2βxExδβzη1

λ1
− (γ−1)γ2β 2

x δβxExβz

η1λ1
−

(γ−1)γ2βxExβyδβyβz

η1λ1

+
(γ−1)γβxExδβzη1

λ 3
1

−
(γ−1)γβxExβyδβyβz

η1λ 3
1

−
(γ−1)γ2βxδβxβyEyβz

η1λ1
−

(γ−1)γ2β 2
y δβyEyβz

η1λ1

−
γ3βxExβ 2

z δβz

η1λ1
−

γ2βyEyδβzη1

λ1
+

(γ−1)γβyEyλ5

η1λ 3
1

−
γ3βyEyβ 2

z δβz

η1λ1
+

(γ−1)γβzδβzEzη1

λ 3
1

+
γ3βyδβyEzη1

λ1
+

γ3βxδβxEzη1

λ1
+

γ2βxδβxβ 2
z Ez

η1λ1
−

(γ−1)γβyδβyβ 2
z Ez

η1λ 3
1

+
(γ−1)γ2βzδβzEzη

3
1

λ 3
1

+
γ2βyδβyβ 2

z Ez

η1λ1
+

(γ−1)γ2β 3
z δβzEzη1

λ 3
1

−
(γ−1)γβxδβxβ 2

z Ez

η1λ 3
1

(F ′′)32 =
1
λ1

[
Bxβx +Byβy +Bzβz− γExλ7− γEyλ8− γEzλ6−

(γ−1)Bzλ5

λ 2
1

−
(γ−1)Byλ4

λ 2
1

− (γ−1)Bxλ3

λ 2
1

]
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(F ′′)13 =−
γBxβy

η1
+

γByβx

η1
− γβxExβz

η1
−

γβyEyβz

η1
+ γEzη1−

γ3Bxβxδβxβy

η1
−

γ3Bxβ 2
y δβy

η1
−

γ3Bxβyβzδβz

η1

+
γ3Byβxβyδβy

η1
+

γ3Byβ 2
x δβx

η1
+

γ3Byβxβzδβz

η1
−

γ3βxExβ 2
z δβz

η1λ 2
1

+
(γ−1)Bxβxδβxβy

η1λ 2
1

−
(γ−1)Bxβ 2

x δβy

η1λ 2
1

+
(γ−1)Byδβxβ 2

y

η1λ 2
1

+
(γ−1)Bzδβxβyβz

η1λ 2
1

−
(γ−1)Byβxβyδβy

η1λ 2
1

−
(γ−1)Bzβxδβyβz

η1λ 2
1

−
(
γ2−1

)
γβ 2

x δβxExβz

η1λ 2
1

−
(
γ2−1

)
γβxExβyδβyβz

η1λ 2
1

− γβxExδβzη1

λ 2
1

−
γ
(
γ2−1

)
β 2

y δβyEyβz

η1λ 2
1

−
γ
(
γ2−1

)
βxδβxβyEyβz

η1λ 2
1

−
γβyEyδβzη1

λ 2
1

−
γ3βyEyβ 2

z δβz

η1λ 2
1

+
γ3βyδβyEzη1

λ 2
1

+
γ3βxδβxEzη1

λ 2
1

+
γβxδβxβ 2

z Ez

η1λ 2
1

+
γ
(
γ2−1

)
βzδβzEzη1

λ 2
1

+
γβyδβyβ 2

z Ez

η1λ 2
1

(F ′′)12 =
γBzη1

λ1
− γBxβxβz

η1λ1
−

γByβyβz

η1λ1
+

γExβyλ1

η1
−

γβxEyλ1

η1
+

(γ−1)Bxβ 2
x δβxβz

η1λ 3
1

− γ3Bxβ 2
x δβxβz

η1λ1
−

γδβxβ 2
y Ey

η1λ1

−
γ3Byβxδβxβyβz

η1λ1
+

γ3Bzβxδβxη1

λ1
+

γ3Bzβyδβyη1

λ1
−

γ3Bxβxβyδβyβz

η1λ1
−

γ3Byβ 2
y δβyβz

η1λ1
−

γ3Bxβxβ 2
z δβz

η1λ1

+
(γ−1)Bzβxδβxβ 2

z

η1λ 3
1

+
(γ−1)Byβxδβxβyβz

η1λ 3
1

+
(γ−1)Bxβxβyδβyβz

η1λ 3
1

+
(γ−1)Byβ 2

y δβyβz

η1λ 3
1

+
(γ−1)Bzβyδβyβ 2

z

η1λ 3
1

− (γ−1)Bxβxδβzη1

λ 3
1

−
(γ−1)Byβyδβzη1

λ 3
1

− (γ−1)Bzβzδβzη1

λ 3
1

+
γ
(
γ2−1

)
βxδβxExβy

η1λ1
−
(
γ2−1

)
γβxβyδβyEy

η1λ1

−
γ3Byβyβ 2

z δβz

η1λ1
+

γ3Bzβzδβzη1

λ1
+

γ3Exβ 2
y δβy

η1λ1
+

γ3Exβyβzδβz

η1λ1
+

γβ 2
x Exδβy

η1λ1
−

γ3β 2
x δβxEy

η1λ1
−

γ3βxEyβzδβz

η1λ1

−
γδβxβyβzEz

η1λ1
+

γβxδβyβzEz

η1λ1

2.2 Successively Boosted Frame ~β and ∆~β

(F ′′′)10 =
βxEx

λ1
+

βyEy

λ1
+

βzEz

λ1
+

γ2Bzλ6

λ1
+

γ2Byλ8

λ1
+

γ2Bxλ7

λ1
+

γ2βxExβyδβy

λ1
+

γ2βxExβzδβz

λ1
− γ2δβxExη2

2
λ1

+
γ2βyEyβzδβz

λ1
−

γ2δβyEyη2
3

λ1
+

γ2βxδβxβyEy

λ1
+

γ2βyδβyβzEz

λ1
+

γ2βxδβxβzEz

λ1
− γ2δβzEzη

2
1

λ1

(F ′′′)20 =
2γByβyβz

η1
− γBzη1−

γExβy

η1
+

γβxEy

η1
− γ3Bzη1λ2

λ 2
1

+
γBzβzλ5

η1λ 2
1
−

γ3Exβyλ2

η1
+

γ3βxEyλ2

η1
+

2γByβyδβzη1

λ 2
1

+
2γ
(
γ2−1

)
Byβ 2

y δβyβz

η1λ 2
1

+
2γ
(
γ2−1

)
Byβxδβxβyβz

η1λ 2
1

+
2γ3Byβyβ 2

z δβz

η1λ 2
1

(F ′′′)30 =
γByβxλ1

η1
−

γBxβyλ1

η1
− γβxExβz

η1λ1
−

γβyEyβz

η1λ1
+

γEzη1

λ1
− γBxβxλ6

η1λ1
−

γByβyλ6

η1λ1
− γBzβzλ6

η1λ1
+

γ3Byβxλ2

η1λ1

−
γ3Bxβyλ2

η1λ1
− γ3βxExβzλ2

η1λ1
−

γ3βyEyβzλ2

η1λ1
+

γ3Ezη1λ2

λ1

(F ′′′)32 =
1
λ1

[
Bxβx +Byβy +Bzβz− γ

2Exλ7− γ
2Eyλ8− γ

2Ezλ6 + γ
2Bzβxδβxβz + γ

2Bxβxβyδβy + γ
2Bzβyδβyβz

−γ
2Bxδβxη

2
2 − γ

2Byδβyη
2
3 − γ

2Bzδβzη
2
1 + γ

2Byβyβzδβz + γ
2Bxβxβzδβz + γ

2Byβxδβxβy
]

3/8



(F ′′′)13 =−
γBxβy

η1
+

γByβx

η1
− γβxExβz

η1
−

γβyEyβz

η1
+ γEzη1−

γ3Bxβyλ2

η1
+

γ3Byβxλ2

η1
− γ3βxExβzλ2

η1λ 2
1

−
γ3βyEyβzλ2

η1λ 2
1

− γβxExλ5

η1λ 2
1
−

γβyEyλ5

η1λ 2
1

+
γ3Ezη1λ2

λ 2
1

− γβzEzλ5

η1λ 2
1

(F ′′′)21 =
γBzη1

λ1
− γBxβxβz

η1λ1
−

γByβyβz

η1λ1
+

γExβyλ1

η1
−

γβxEyλ1

η1
− γ3Bxβxβzλ2

η1λ1
−

γ3Byβyβzλ2

η1λ1
+

γ3Bzη1λ2

λ1
+

γ3Exβyλ2

η1λ1

+
γβxExλ6

η1λ1
−

γ3βxEyλ2

η1λ1
+

γβyEyλ6

η1λ1
+

γβzEzλ6

η1λ1

3 Laboratory xy-Frame

3.1 Direct Boosted Frame (~β +δ~β )

(F ′′)10 = γBzβy− γByβz− γ
2
β

2
x Ex +

1
λ 2

1

[
γEx

(
γβ

2
x +β

2
y +β

2
z
)
− (γ−1)βxβyEy− (γ−1)βxβzEz− γ

3Byβzλ2 + γ
3Bzβyλ2

+γBzλ4 + γ
3
βxδβxExη

2
2 + γ

3Exβyδβyη
2
2 + γ

3Exβzδβzη
2
2 − γ

3
βxβyδβyβzEz− γ

3
βxβ

2
z δβzEz− γ

3
β

2
x δβxβyEy

−γByλ5− γ
3
βxβ

2
y δβyEy− γ

3
βxβyEyβzδβz− γ

3
β

2
x δβxβzEz +

2(γ−1)β 2
x Exβyδβy

λ 2
1

+
2(γ−1)β 2

x Exβzδβz

λ 2
1

−
(γ−1)δβxβyEy

(
−β 2

x +β 2
y +β 2

z
)

λ 2
1

+
2(γ−1)βxβyEyβzδβz

λ 2
1

−
(γ−1)βxδβyEy

(
β 2

x −β 2
y +β 2

z
)

λ 2
1

+
2(γ−1)βxβyδβyβzEz

λ 2
1

−
(γ−1)δβxβzEz

(
−β 2

x +β 2
y +β 2

z
)

λ 2
1

−
(γ−1)βxδβzEz

(
β 2

x +β 2
y −β 2

z
)

λ 2
1

− 2(γ−1)βxδβxExη2
2

λ 2
1

]

(F ′′)20 = γBxβz− γBzβx− γ
2
βxExβy− γ

2
β

2
y Ey− γ

2
βyβzEz +

1
λ 2

1

[
γ

2
β

2
y Ey + γEyη

2
3 + γ

3
βxδβxEyη

2
3 + γ

3
βyδβyEyη

2
3

+(γ−1)γβxExβy +(γ−1)γβyβzEz− γ
3Bzβ

2
x δβx +

(
γ

2−1
)

γBxβxδβxβz−
(
γ

2−1
)

γBzβxβyδβy− γBzδβxη
2
2

+γ
3Bxβ

2
z δβz−

(
γ

2−1
)

γBzβxβzδβz + γ
(
γ

2−1
)

Bxβyδβyβz + γBxδβzη
2
1 − γ

3
βxExβyβzδβz + γ

3Eyβzδβzη
2
3

−γ
3
β

2
x δβxExβy− γ

3
βxExβ

2
y δβy− γ

3
βxδβxβyβzEz− γ

3
β

2
y δβyβzEz− γ

3
βyβ

2
z δβzEz−

(γ−1)βyδβzEz
(
β 2

x +β 2
y −β 2

z
)

λ 2
1

−
(γ−1)δβxExβy

(
−β 2

x +β 2
y +β 2

z
)

λ 2
1

−
(γ−1)βxExδβy

(
β 2

x −β 2
y +β 2

z
)

λ 2
1

+
2(γ−1)βxδβxβ 2

y Ey

λ 2
1

−
2(γ−1)βyδβyEyη2

3

λ 2
1

+
2(γ−1)β 2

y Eyβzδβz

λ 2
1

+
2(γ−1)βxδβxβyβzEz

λ 2
1

−
(γ−1)δβyβzEz

(
β 2

x −β 2
y +β 2

z
)

λ 2
1

+
2(γ−1)βxExβyβzδβz

λ 2
1

]

(F ′′)30 = γByβx− γBxβy− γ
2
β

2
z Ez +

1
λ 2

1

[
γ

3Byβ
2
x δβx− (γ−1)βxExβz− (γ−1)βyEyβz + γEz

(
β

2
x +β

2
y + γβ

2
z
)

+γ
3Byβxβyδβy− γ

3Bxβ
2
y δβy−

(
γ

2−1
)

γBxβxδβxβy + γByδβxη
2
2 − γByβxβyδβy + γ

3Byβxβzδβz

−γ
3Bxβyβzδβz + γBxβyβzδβz− γBxδβyη

2
3 − γByβxβzδβz− γ

3
β

2
x δβxExβz− γ

3
βxExβyδβyβz− γ

3
βyEyβ

2
z δβz

−γ
3
βxExβ

2
z δβz− γ

3
βxδβxβyEyβz− γ

3
β

2
y δβyEyβz + γ

3
βxδβxEzη

2
1 + γ

3
βyδβyEzη

2
1 + γ

3
βzδβzEzη

2
1

−
(γ−1)δβxExβz

(
−β 2

x +β 2
y +β 2

z
)

λ 2
1

+
2(γ−1)βxExβyδβyβz

λ 2
1

−
(γ−1)βxExδβz

(
β 2

x +β 2
y −β 2

z
)

λ 2
1

+
2(γ−1)βxδβxβyEyβz

λ 2
1

−
(γ−1)δβyEyβz

(
β 2

x −β 2
y +β 2

z
)

λ 2
1

−
(γ−1)βyEyδβz

(
β 2

x +β 2
y −β 2

z
)

λ 2
1

+
2(γ−1)βxδβxβ 2

z Ez

λ 2
1

+
2(γ−1)βyδβyβ 2

z Ez

λ 2
1

−2(γ−1)βzδβzEzη
2
1

λ 2
1

]
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(F ′′)32 = γEyβz− γβyEz +
1

λ 2
1

[
Bxβ

2
x + γBxη

2
2 − (γ−1)Byβxβy− (γ−1)Bzβxβz− γ

3Byβ
2
x δβxβy− γ

3Bzβ
2
x δβxβz

+γ
3Bxβxδβxη

2
2 + γ

3Bxβyδβyη
2
2 − γ

3Byβxβ
2
y δβy− γ

3Bzβxβyδβyβz + γ
3Bxβzδβzη

2
2 − γ

3Bzβxβ
2
z δβz

−γ
3Byβxβyβzδβz− γδβyEzη

2
3 + γ

3Eyβ
2
z δβz +

(
γ

2−1
)

γβyδβyEyβz + γ
(
γ

2−1
)

βxδβxEyβz + γEyδβzη
2
1

−γ
3
β

2
y δβyEz−

(
γ

2−1
)

γβxδβxβyEz−
(
γ

2−1
)

γβyβzδβzEz−
2(γ−1)Bxβxδβxη2

2

λ 2
1

+
2(γ−1)Bxβ 2

x βzδβz

λ 2
1

+
2(γ−1)Byβxβyβzδβz

λ 2
1

+
2(γ−1)Bxβ 2

x βyδβy

λ 2
1

−
(γ−1)Bzδβxβz

(
−β 2

x +β 2
y +β 2

z
)

λ 2
1

+
2(γ−1)Bzβxβyδβyβz

λ 2
1

−
(γ−1)Byβxδβy

(
β 2

x −β 2
y +β 2

z
)

λ 2
1

−
(γ−1)Byδβxβy

(
−β 2

x +β 2
y +β 2

z
)

λ 2
1

−
(γ−1)Bzβxδβz

(
β 2

x +β 2
y −β 2

z
)

λ 2
1

]

(F ′′)13 =−γExβz + γβxEz +
1

λ 2
1

[
Byβ

2
y + γByη

2
3 − (γ−1)Bzβyβz− (γ−1)Bxβxβy− γ

3Bxβ
2
x δβxβy− γ

3Bzβ
2
y δβyβz

−γ
3Bxβxβ

2
y δβy− γ

3Bxβxβyβzδβz + γ
3
βxβzδβzEz + γ

3
β

2
x δβxEz + γδβxEzη

2
2 − γβxβyδβyEz− γβxβzδβzEz

−γ
3Exβ

2
z δβz−

(
γ

2−1
)

γβxδβxExβz−
(
γ

2−1
)

γExβyδβyβz− γExδβzη
2
1 + γ

3
βxβyδβyEz− γ

3Bzβyβ
2
z δβz

+γ
3Byβxδβxη

2
3 + γ

3Byβzδβzη
2
3 + γ

3Byβyδβyη
2
3 − γ

3Bzβxδβxβyβz +
2(γ−1)Byβxδβxβ 2

y

λ 2
1

−
2(γ−1)Byβyδβyη2

3

λ 2
1

+
2(γ−1)Byβ 2

y βzδβz

λ 2
1

+
2(γ−1)Bzβxδβxβyβz

λ 2
1

−
(γ−1)Bzδβyβz

(
β 2

x −β 2
y +β 2

z
)

λ 2
1

−
(γ−1)Bzβyδβz

(
β 2

x +β 2
y −β 2

z
)

λ 2
1

+
2(γ−1)Bxβxβyβzδβz

λ 2
1

−
(γ−1)Bxδβxβy

(
−β 2

x +β 2
y +β 2

z
)

λ 2
1

−
(γ−1)Bxβxδβy

(
β 2

x −β 2
y +β 2

z
)

λ 2
1

]

(F ′′)21 = γExβy− γβxEy +
1

λ 2
1

[
Bzβ

2
z + γBzη

2
1 − (γ−1)Bxβxβz− (γ−1)Byβyβz + γ

3Bzβxδβxη
2
1 − γ

3Bxβ
2
x δβxβz

−γ
3
β

2
x δβxEy− γ

3
βxβyδβyEy− γ

3
βxEyβzδβz + γβxβyδβyEy + γβxEyβzδβz− γδβxEyη

2
2 + γExδβyη

2
3

+
(
γ

2−1
)

γExβyβzδβz + γ
(
γ

2−1
)

βxδβxExβy− γ
3Byβxδβxβyβz + γ

3Bzβyδβyη
2
1 − γ

3Byβ
2
y δβyβz

−γ
3Bxβxβyδβyβz + γ

3Bzβzδβzη
2
1 − γ

3Bxβxβ
2
z δβz− γ

3Byβyβ
2
z δβz + γ

3Exβ
2
y δβy +

2(γ−1)Bzβyδβyβ 2
z

λ 2
1

+
2(γ−1)Byβxδβxβyβz

λ 2
1

+
2(γ−1)Bzβxδβxβ 2

z

λ 2
1

−
(γ−1)Byδβyβz

(
β 2

x −β 2
y +β 2

z
)

λ 2
1

− 2(γ−1)Bzβzδβzη
2
1

λ 2
1

−
(γ−1)Bxβxδβz

(
β 2

x +β 2
y −β 2

z
)

λ 2
1

−
(γ−1)Bxδβxβz

(
−β 2

x +β 2
y +β 2

z
)

λ 2
1

+
2(γ−1)Bxβxβyδβyβz

λ 2
1

−
(γ−1)Byβyδβz

(
β 2

x +β 2
y −β 2

z
)

λ 2
1

]

3.2 Successively Boosted Frame ~β and ∆~β

(F ′′′)10 = γBzβy− γByβz− γ
2
β

2
x Ex− γ

2
βxβzEz− γ

2
βxβyEy +

1
λ 2

1

[
γ

2
β

2
x Ex + γExη

2
2 + γ

2
βxβyEy− γβxβyEy− γ

2
βxEzλ5

+γ
2
βxβzEz− γβxβzEz + γ

2Byβxδβxβz− γ
2Bzβxδβxβy + γByβyδβyβz− γBzβyβzδβz− (γ−1)γBxβxδβyβz

−γ
3Byβzλ2 + γBzδβy

(
γβ

2
x +β

2
z
)
− γByδβz

(
γβ

2
x +β

2
y
)
− γ

2
βxExλ3− γ

3
βxβyEyλ2 +(γ−1)γBxβxβyδβz

−γ
2
βxEyλ4− γ

3
βxβzEzλ2 + γ

3Exη
2
2 λ2 + γ

3Bzβyλ2
]
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(F ′′′)20 = γBxβz− γBzβx− γ
2
βxExβy− γ

2
β

2
y Ey− γ

2
βyβzEz +

1
λ 2

1

[
γ

3Bxβyδβyβz(γ−1)γβxExβy +(γ−1)γβyβzEz

+γ
3Bxβxδβxβz− γ

3Bzβ
2
x δβx + γ

2Bzβxβyδβy +(γ−1)γByδβxβyβz− γBxβxδβxβz + γ
2
βxδβxβ

2
y Ey− γ

3
β

2
y δβyβzEz

+γEy
(
β

2
x + γβ

2
y +β

2
z
)
− γ

3Bzβxβyδβy− γ
2Bxβyδβyβz + γBxδβz

(
β

2
x + γβ

2
y
)
+ γBzβxβzδβz− (γ−1)γByβxβyδβz

−γ
3Bzβxβzδβz + γ

3Bxβ
2
z δβz− γ

3
β

2
x δβxExβy− γ

3
βxExβ

2
y δβy + γ

2
βxExβ

2
y δβy− γ

2
δβxExβyη

2
2 + γ

2
βxExβyβzδβz

−γ
3
βxExβyβzδβz + γ

3
βxδβxEyη

2
3 − γ

2
βyδβyEyη

2
3 + γ

3
βyδβyEyη

2
3 + γ

2
β

2
y Eyβzδβz + γ

3Eyβzδβzη
2
3 − γ

2
βyδβzEzη

2
1

−γ
3
βxδβxβyβzEz− γ

3
βyβ

2
z δβzEz + γ

2
β

2
y δβyβzEz + γ

2
βxδβxβyβzEz− γBzδβx

(
γβ

2
y +β

2
z
)]

(F ′′′)30 = γByβx− γBxβy− γ
2
βxExβz− γ

2
βyEyβz− γ

2
β

2
z Ez +

1
λ 2

1

[
γ

3Byβ
2
x δβx(γ−1)γβxExβz +(γ−1)γβyEyβz

+γEz
(
β

2
x +β

2
y + γβ

2
z
)
− γ

3Bxβxδβxβy + γByδβx
(
β

2
y + γβ

2
z
)
+ γBxβxδβxβy− (γ−1)γBzδβxβyβz− γByβxβyδβy

+γ
3Byβxβyδβy− γ

2Byβxβzδβz +(γ−1)γBzβxδβyβz− γBxδβy
(
β

2
x + γβ

2
z
)
− γ

3Bxβyβzδβz + γ
3Byβxβzδβz

+γ
2Bxβyβzδβz− γ

3
β

2
x δβxExβz− γ

3
βxExβyδβyβz + γ

2
βxExβyδβyβz− γ

2
δβxExβzη

2
2 + γ

2
βxExβ

2
z δβz

−γ
3
βxExβ

2
z δβz− γ

3
βxδβxβyEyβz−2γ

3
β

2
y δβyEyβz−2γ

2
δβyEyβzη

2
3 + γ

2
βxδβxβyEyβz + γ

2
βyEyβ

2
z δβz

−γ
3
βyEyβ

2
z δβz + γ

3
βyδβyEzη

2
1 + γ

3
βzδβzEzη

2
1 + γ

3
βxδβxEzη

2
1 + γ

2
βxδβxβ

2
z Ez− γ

2
βzδβzEzη

2
1 − γ

3Bxβ
2
y δβy

+γ
2
βyδβyβ

2
z Ez
]

(F ′′′)32 = γEyβz− γβyEz + γ
3
βyδβyEyβz− γ

3
β

2
y Eyδβz + γ

3
δβyβ

2
z Ez− γ

3
βyβzδβzEz +

1
λ 2

1

[
−γ

2Byβxλ4 + γ
3Bxη

2
2 λ2

−(γ−1)Bzβxβz +Bx
(
β

2
x + γ

(
β

2
y +β

2
z
))

+(γ−1)γβxExδβyβz− (γ−1)γβxExβyδβz− γ
2Bzβxλ5− γ

3Bzβxβzλ2

+γ
2Eyδβz

(
β

2
x + γ

(
β

2
y +β

2
z
))
− γ

2
δβyEz

(
β

2
x + γ

(
β

2
y +β

2
z
))

+(γ−1)γ2
βxδβxEyβz− (γ−1)Byβxβy− γ

3Byβxβyλ2

−γ
2Bxβxλ3− (γ−1)γ2

βxδβxβyEz
]

(F ′′′)13 = γβxEz− γExβz− γ
3
βxδβxExβz + γ

3
β

2
x Exδβz + γ

3
βxβzδβzEz +

1
λ 2

1

[
γ

3Byη
2
3 λ2− γ

2Bxβyλ3− γ
3Bxβxβyλ2

+γδβxβ
2
z Ez− (γ−1)Bxβxβy− (γ−1)Bzβyβz− γ

2Byβyλ4− γ
2
δβxβyEyβz− γ

2Bzβyλ5− γβxβyEyδβz

−γ
3Bzβyβzλ2− γ

2Exβ
2
y δβz− (γ−1)γ2Exβyδβyβz− γ

3Exδβzη
2
3 + γ

2
βxβyEyδβz + γ

3
β

2
x δβxEz + γ

2
δβxβ

2
y Ez

+γδβxβyEyβz +(γ−1)γ2
βxβyδβyEz +By

(
γβ

2
x +β

2
y + γβ

2
z
)]

(F ′′′)21 = γ
3
βxδβxExβy− γ

3
β

2
x Exδβy + γExβy + γ

3
δβxβ

2
y Ey− γβxEy− γ

3
βxβyδβyEy + γ

3
δβxβyβzEz− γ

3
βxδβyβzEz

+
1

λ 2
1

[
γ

3Bzη
2
1 λ2− (γ−1)Bxβxβz− (γ−1)Byβyβz +Bz

(
γβ

2
x + γβ

2
y +β

2
z
)
− γ

3Bxβxβzλ2− γ
3Byβyβzλ2

+γ
3Exδβyη

2
1 − γ

3
δβxEyη

2
1 − γ

2Bxβzλ3− γ
2Byβzλ4− γ

2Bzβzλ5 +(γ−1)γ2Exβyβzδβz− (γ−1)γ2
βxEyβzδβz

+(γ−1)γ2
βzEzλ6 + γ

2Exδβyβ
2
z − γ

2
δβxEyβ

2
z
]

4 Comparison with the References

As mentioned in the Introduction, this work is inspired by Ungar et al.9–11, 13–16 so it is natural to compare our approach with
Ungar to see if we share the same overall features. To check that we will work for a 2-dimensional case for simplicity by letting
βy = βz = δβz = 0 in the first part of Eq. (38) of the main article which will give6:

A(∆~β ) =


1 −γ2δβx −γδβy 0

−γ2δβx 1 0 0
−γδβy 0 1 0

0 0 0 1

 (2)
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From A(∆~β ), the relativistic velocity composition can be easily extracted:

∆~β = γ
2
δβxx̂+ γδβyŷ (3)

Now for the three different inertial frames discussed in the Introduction Σ, Σ′ and Σ′′, we have

Relative velocity of Σ′ with respect to Σ : ~β
Relative velocity of Σ′′ with respect to Σ′ : ∆~β

We can now use the relativistic velocity composition rule mentioned in Eq. (8) of the main article to calculate the relative
velocity of Σ′′ with respect to Σ9–11, 13–16 by defining:

~u = ~β = β x̂

~v = ∆~β = γ
2
δβxx̂+ γδβyŷ

γu = γ

γv ≈ 1

After plugging in the values and simplifying, we get:

(~u⊕~v)x =
β + γ2δβx

1+ γ2βδβx

(~u⊕~v)y =
δβy

1+ γ2βδβx

γ~u⊕~v ≈ γ(1+ γ
2
βδβx) (4)

Constructing the boost matrix from the above equation:

A(~β +δ~β ) =


γ + γ3βδβx −(γβ + γ3δβx) −γδβy 0
−(γβ + γ3δβx) γ + γ3βδβx (γ−1) δβy

β
0

−γδβy (γ−1) δβy
β

1 0
0 0 0 1

 (5)

We can compare this boost matrix with Eq. (40) of the main article and notice that they are completely identical. Therefore our
approach gives the identical final result as discussed in9–11, 13–16.
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