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We introduce a calculus of singular pseudodifferential operators (SPOs) depend-
ing on wavelength ¢ and use them to solve three different types of singular quasili-
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variables and are singular not only because their symbols have finite regularity an
depend on L, but also because their derivatives fail to decay in the usual way in the
dual variables. There is a necessarily crude calculus with large parameter (e.g.,
residual operators are just bounded on L?), but the calculus admits the proof of
Garding inequalities and enables us to symmetrize and sometimes even diagonalize
the singular systems being considered by microlocalizing simultaneously in both
slow and fast variables. The paper culminates in a proof of the existence of oscilla-
tory multidimensional shocks on a fixed time interval independent of the wave-
length ¢ as ¢ > 0. The use of SPOs allows us to eliminate the small divisor assump-
tions made in earlier work and also to construct more general oscillatory solutions
in which elliptic boundary layers are present on one or both sides of the shock.
© 2002 Elsevier Science (USA)
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PART 1. SINGULAR PSEUDODIFFERENTIAL OPERATORS

1. Introduction

In this paper we introduce a class of singular pseudodifferential opera-
tors (SPOs) depending on wavelength (¢) and apply them to several types of
singular quasilinear hyperbolic systems. These systems include initial-value
and fixed-boundary problems as well as a free-boundary problem asso-
ciated with multidimensional shocks. Our focus here is on singular systems
arising from nonlinear geometric optics, but similar systems appear also,
for example, in the study of incompressible limits and of nonlinear wave
equations with small nonlinear terms or small data [ M3, S].

The SPOs act in both “slow” and “fast” variables and are singular not
only because their symbols have finite regularity and depend on !, but also
because their derivatives fail to decay in the usual way in the dual
variables. The paper culminates in a proof of the existence of oscillatory
multidimensional shocks on a fixed time interval independent of the wave-
length ¢ as ¢ > 0. Such a theorem was proved in our paper [W2] by a
method that depended on a (generically valid) small divisor assumption to
first construct high-order approximate solutions and then find exact solu-
tions nearby. Here the use of SPOs as symmetrizers allows us to dispense
with small divisor assumptions and construct the exact shock more directly
by solving an appropriate singular shock problem (9.15). A formal
construction of oscillatory shocks was given in [MA].

Earlier work on singular quasilinear hyperbolic systems in free space
such as [JMR1, JMR2, S] used symmetric hyperbolicity assumptions to
obtain L? estimates uniform in ¢ by a simple integration by parts in which
the ! terms cancel out. In symmetric hyperbolic boundary problems this
argument fails except for rather special (e.g., maximally dissipative)
boundary conditions. The use of SPO symmetrizers allows us to obtain L?
estimates in a variety of situations where symmetry is either not assumed
(e.g., Kreiss well-posed boundary problems, nonsymmetric initial value
problems in free space) or not sufficient (e.g., symmetric hyperbolic systems
with Kreiss boundary conditions, multidimensional shocks).

For quasilinear applications L’ estimates are just a start: one needs
estimates uniform in ¢ in norms that define algebras of bounded functions.
In singular boundary problems it is typically easy to estimate tangential
derivatives by differentiating the equations and applying L? estimates, but
it is impossible to estimate uniformly even a single normal derivative D,
(one would be enough). We show that in some circumstances (absence of
glancing boundary layers) microlocalization and diagonalization with SPOs
can be used to circumvent this problem.

SPO cutoffs are used to split the solution into two pieces. For one piece
it is possible to estimate a single normal derivative uniformly. The other
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piece (the hard one) satisfies a problem that can be diagonalized by SPOs.
For this piece one can prove C(xy, H) estimates. Recombining the pieces
we find a norm giving L® control in which it is possible to estimate the
solution without loss of derivatives ((1.36) and (1.37)). The norm is there-
fore suitable for Picard iteration.

A. Quasilinear boundary problems

On RY*'={x= (X, xy)= (%, X", xy) : Xy =0} consider the mxm
quasilinear boundary problem

N
L(Ues Dx) Us = Z Aj(vs) Dvaa = F(vs)

(11) ¢(Us)|xN=0 =&o +8G <x,9 #)

v, = U, in x,<0,

where X, is time, G(x', 8) e C*(R" x T', R*) with supp G = {x, >0}, and
the boundary frequency p'e RY\0. The matrices 4; € C*(R", R" ",
iF e C*(R", R"), ¢ € C*(R", R*), and D, =; 10, - Lookmg for v, as a per-
turbation v, = u, + &u, of a constant state u, such that F(uy) =0, ¢(uy) = g,
we obtain for u, the system (with slightly different 4,)

N
L(usﬂ Dx) U, = z Aj(sue) Dx]-ue = ue‘O/T(sus) = Fe(us)

2 Bewul,-=6(x 0

u,=0 in x, <0,

&

where B(v) is a C® u x m real matrix defined by
¢(u0 +8uz) = ¢(u0) +B(8us) &u,

and F,(0) =0.
We seek exact solutions of the form u,(x)=U,(x,x -p'/¢e), where
U, (x, 0) satisfies the singular system

N-1

Z A,(eU,) D, U+Z A(eU)ﬁ] ®U, = F,U,),

(13) B(eUe)(Us)lxN=0 = G(X H 0)’

U =0 in x,<0.
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We assume A,(0) is invertible, that is, x, =0 is a noncharacteristic
boundary. After multiplication by 45'(¢U,) and relabeling, (1.3) becomes

N-1 N-1 ﬂ
DXNUE+< Y. A;(eU,) D, U,+ D Aj(sUs)?’DgU£>
j=0 j=0

B'D,

&

(1.4) =D U, —< <8U6, D, + > U.=F,@U,),

B(eU,)(U,)lxy =0 = G(x', 0),

U,=0 in x,<0.

To obtain U,(x, 0) as a limit of iterates U satisfying

'D,
DUzt ot (w0, + 20 = Fw
1.5
(1-5) B(U?) U™, _o = G(x', 6)

Urt'=0 in x,<0
we need energy estimates uniform in ¢ for the linear problem

B'D,

&

ZL(eV,, D% ) U, EDxNUs—&f<8Vs,Dxf+ >U€=Fg(x, 0)

O per) Ul o =6(x, 0)

U, =0 in x,<0

in norms that define algebras of bounded functions.

The operator Z(eV,, D% ,) is singular not just because of the : depen-
dence, but also because &' + 'm /¢ can vanish for |, m| # 0. (Here (&', &y) €
RY*! are dual to (x, xy) and m € Z is dual to 6.) Thus, if D, —./(0, D,)
is, for example, strictly hyperbolic with respect to x,, the same is not true
of Z(&V,, D% ,), even for fixed e. Even if Kreiss symmetrizers can be con-
structed for the original system (1.2), one cannot construct symmetrizers
for (1.6) by mimicking in (x', xy, 0, &', m)-space the usual construction
in (x', xy, &')-space. Instead, in situations where Kreiss symmetrizers
R(v, &', y) can be constructed for the boundary problem (D,, —</(v, D,.),
B(v)) when v e R™ is near 0, we shall define an operator associated to the
“symbol” R(eV(x, 8), &' +mf’ /e, y) and show it can be used as a symme-
trizer for the singular problem (1.6).
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B. Singular Operators

Most of the singular operators we use are defined by singular symbols
built from standard symbols in the following way. Consider for k € R the
usual class of smooth symbols depending on a large parameter y = y, > 0,

1.7 S¥={p(v, X,7) e C*(R"xR"x [1, 0)) :
10505 p(v, X, )| < C, <X, y>* P for all (v, X, y)},

where <X, y» = (|X|*+y%)'/%. For M e N let

(1.8)
V(x,0)e COMRY*' xTh)
={V(x, xy,0) e C(R,, CM(RY x T', R™)) : supp V is compact}.

Given pe S*, V e C®™, and a boundary frequency B’ € R" we define the
singular symbol

m !
(19) ps(x’ 6’ é,a m, &, y) =p <8V(x’ 9)9 é,+Tﬂ’ y>
and let
(1.10) FEM = {p,: p, is given by (1.9) for some p € S,

VeC®" and ' € RV\0}.

Note that since |&'+mp’/¢| can be small when |&', m| is large, elements of
S ’/‘;,M fail to satisfy the usual decay estimates in |&’, m, y| even for ¢ fixed.

To each p,e & ’/;’,M we associate an operator whose action on U(x, ) €
C%*, for example, is defined by

(1.11)
'D,
ps(Dx’,H) U Eps(xa 09 Dx’9 Dg, &, 7) U =p <8V(X, 0), Dx’ +ﬂ 93 7) U

&

= [[eixeimp (eV(x, 0), é'+%, y> UNE, xy, m) dE' dm.

Here the dm integral is a sum over m € Z and

(1.12)
UrNE, xy,m)=U, (&, xy) where U(x,0)= ) U,(x)e™.

meZ
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It is clear that for p, € #5
(113) ps(Dx’,G): CS,OO _)C(R+’ Cw(RNx-ﬂ—l))'

Notation 1.1. We will often write spaces like the one on the right in
(1.13) as follows:

C(xy, C*(x', 0)) = C(R,, C*(RY x T")).

Letting OPF M ={p,(D.4): p,€ F5™}, we have the following L’
continuity result for OPF 3.

ProOPOSITION 1.1. If M > N+1and p, e S%™, then
Po(Dy g): LARYT X T — LARY x T.

Proof. A simple argument in [T1] works here as well. When
p(v, X,y)=pX,y), p,(D, ) is just a bounded Fourier multiplier in the
tangential (x', ) variables. Reduce the general case to this case by writing

(1.14)  p(eV(x,0), X,y)=p(0, X, y)+eVb(eV, X, p)
=p(0, X, y)+ec(x, 0, X, p),

(115) C(xa 99 Dx',ﬂa J)) = f eix'§'+imgsc/\(é/’ Xy, M, Dx’,05 y) dé, dm,

and using
(1.16) " (&', xy, m, X, P)| S CLE my~™,

where (&', m) = (1+|&'|>*+m?)/? and C is independent of (¢, X, 7).
The argument shows that the L? operator norm of p,(D,. ,) satisfies

(1.17) 1P,(Dy )| < Cy +6Cy(IV | co0),

where C, is independent of V. ]

Notation 1.2. (a) In Proposition 1.1 and henceforth, when we write
T, Z->%

for a family of linear operators mapping one function space into another,
we mean that the operator norm is uniformly bounded with respect to &, y
for0<e<1andy, <y<oo.

(b) We also regard as clements of OPY ’/;’,M operators defined by
symbols like p, = p(eV' (x, 0), eW (x, 8), X, y) depending on more than one
member of C** as long as p satisfies the obvious analogue of (1.7).



138 MARK WILLIAMS

(c) We ignore powers of 2z in all formulas involving Fourier trans-
forms.

In Sections 2-4 we present an “L’-calculus” for these operators which
includes adjoints and products and allows the proof of Garding inequali-
ties. In Section 5 we take the Kreiss symmetrizer R(v, X, y)e S° con-
structed in the classical way [CP] for a Kreiss well-posed boundary
problem (D, —.</(v, D,/), B(v)) and apply the calculus to show that

'D,
(118) Rs(Dx’,9)=R<‘c“I/a(xs 0)3 Dx'+ﬁ£ 0’7)>

symmetrizes the singular problem

<DxN —of <sm, D, +ﬁ/D9 ) B(gVe)>

&

as in (1.6).
For use in the remainder of the Introduction and later, we collect some
notation here.

Notation 1.3. (a) LetQ=RY"'xT,Q,=Qn{—-00<x,<T},bQ=

RYx T b2, =Qr 0 {xy=0},and set o, = RY*' n {—o0 < x, <T}.

(b) For keN={0,1,2,...} H*=H"bQ), the standard Sobolev
space with norm <V (x', 0)), Hy = e™H" and [V |px = V'), = (e 7™V ).

(©) L*H*= L(xy, H*) with [U(x, 0|2+ = |Ulo 1.

(d) CH*= C(xy, Hk) with  |U(x, 0)|cy = SUp,, >0 U, xy, )ut =
1Uluo, -

(¢) Similarly, HY=H“bQ;) with norm V)., and L’°H%=
L¥(xy, H%), CH% = C(xy, HY) have norms |U|y ;. 1, |Uls, 1. > Tespectively.

(f) L*HY=L*xy,H)) and CH}=C(xy,H}) have norms
|U(x, Do, &, y» Ul &, , TESPECtively.

(9) H;={UeCH5nL*H;"':U|,, _,€H;"'} with the norm

Ul r =10l r +1Ulo i1 7 ++/T Uiy 1

(h) L“W'*=L*(xy, W"2(bR)) with norm |U| =y~ =|Ul*. We
also write |U|L°°(.Q) = |Uls, <V>L°°(bg) =V Dy, <V>W1’°°(b!2) =Y, |U|L°°(QT) =
|U|«, etc.

(i) For k,/eN denote by h: (R,) >R, or i:(R,)—>R, an
increasing function of each of its arguments independent of ¢, y. C always
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denotes a constant independent of ¢, y. # and constants C may change from
line to line or even from term to term in the text. C(K) denotes a constant
that depends on K.

(j) For any function U, U’ =e™U.
(k) Forr >0 [r] is the smallest integer > r.
O My=2(N+2)+1.
(m) V*=0,+p0/¢, Dy =7V’ Dig=(Di g, Dy,

Using R,(D, ,) as in (1.18) we obtain a uniform Kreiss-type estimate for
the singular problem (1.6),

(1.19) 1UZlo,0+

UL <|Fi|o,o <G7>0>
<C + »
V7 R/

where C is independent of ¢ and y and depends on the C%*® norm of ;.

C. Higher Derivatives and L* Control

Next one can differentiate (1.6) tangentially (D, ,) and apply (1.19) to
obtain

(1.20) U, +

WU _ <|Fz|o,k+<Gy>k>
Vv NV

At this point the major obstacle posed by singular multidimensional
boundary problems presents itself: it is impossible to estimate even a single
normal (D, ) derivative uniformly in ¢. Uniform control of |D, U, r for
k> would imply control of |U,|.=g,,. The expression for D, U, in
terms of tangential derivatives obtained from (1.6) contains a factor of 1.
This difficulty does not arise for initial-value problems in free space, where
the natural norms are C(x,, H*(x", xy, #)) norms and it is never necessary
to estimate derivatives transverse to x, =0, or for boundary problems in
1D, where L* estimates follow by integrating along characteristics. One
might try for uniform estimates of U, using C(xy, H%(x', #)) norms, but in
fact this does not work. The examples of [W3] show that if the boundary
frequency f’ triggers glancing modes of order >3 (Definition 1.1) then
|U,|1=q,y does in general blow up for U, in (1.6) as ¢ — 0, and this leads to
examples where the maximal time of existence 7, — 0 as ¢ — 0 in quasilinear
problems (1.2) and (1.3).

DeriNiTION 1.1, Let £(¢&', &y) be the mxm matrix symbol of the
constant coefficient operator

(1.21) #(D,)=D,,— (0, D,)
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and set

(1.22) P&, Cy) =det Z(Z', Ey).

For ' e R¥\ 0 if p(B’, Ex(B)) =0, we call B = (B', Ex(B')) a characteristic
mode. A characteristic mode is hyperbolic, glancing of order k or elliptic if
the root &, (") is respectively simple real, real of order k > 2, or nonreal. A
hyperbolic mode is incoming (resp., outgoing) if 0&y/0&(B') >0 (resp.,
<0). The hyperbolic region of #(D,) is # ={p' e R¥\0: p(f',¢éy) =0
has m simple real roots A,(f’), j=1,...,m}. The nonglancing region is
g ={p eR"\0: p(p', &y) =0 has no real roots of order >2}. Finally,
we set 4 = (RV\0)\ %, the glancing region.

In [W1] we studied the constant coefficient semilinear case (replace
Aj(sl{s) by A4;(0) in (1.3)) under the assumption that any glancing r)flodes
associated to B’ were of order < 2. There we controlled |U,|,=¢q,, by intro-
ducing %, ,, spaces and directly estimating solutions constructed by
Fourier-Laplace transforms in the associated norms

(123) Ue eg;oo,s,y g ||UA(é:) _1% éﬂs XN m)le(xN) <é’a m, y>S|L2(§',m) <.

That method does not work in the quasilinear case, even for ' € ¥°, since
(1.6) has variable coefficients.

Remark 1.1. The blow-up examples of [W3] show that the restriction
to glancing modes of order <2 cannot be relaxed without losing uniform
|U, | 2@, estimates.

The strategy of this paper for handling the quasilinear case begins with
the observation that for noncharacteristic boundaries one can use Eq. (1.6)
to estimate D, derivatives in terms of F, and tangential D, derivatives

m

alone, microlocally in regions of (&', %, y)-space where

(1.24) g, y|>0 ‘ mp ‘, for some J>0.

This leads us to split the problem into two pieces using pseudodifferen-
tial cutoffs y, = y(D,., f'D, /e, y) such that y =1 on the region

<o)

mp’ mp’
supp 1 (é’,Tﬁ, y)c {If’, )< ‘Tﬂ‘}

for ' >0 to be chosen (1.31). The action of the Fourier multiplier
(D, B'D,/¢, ) is defined by an integral just like (1.11). For the relatively

(1.25)
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easy piece (1—y,)U, we use a 1-D Sobolev estimate and the above
observation to obtain

(1.26) (1—=2x,) Ulls,o < C|(1—=yx,) D, Ullo o
< C|Uilo,1 +1Fo,0s

for y > y,, where C, y, are independent of ¢.

Remark 1.2. y, is nonlocal, so it is more convenient to work on 2 than
Q; here.

To deal with the hard piece y,U, we assume
(1.27) B’ lies in the nonglancing region, %°, of £ (D,).

Suppose for example that §’ lies in the hyperbolic region # and that
V.(x, 0) in (1.6) satisfies

(1.28) V. (x, ‘9)|L°°(.Q) <C
uniformly in &. Set
(129) é; = (60 _lyﬂ é”)a Dx; = (on _W: Dx”)'

Then for & small the symbol .«Z(eV,(x, ), &), +mp'/e) in (1.6) has m simple
eigenvalues and associated eigenvectors

(1.30)

(0. 64" ) (0.4 ) =t

microlocally in the region

(1.31) y|<6" ﬂ‘
for ¢’ small enough.

This suggests trying to diagonalize (1.6) by conjugation with S,
S7(D,, — /) S, where S(¢V,(x, 0), D, +B'D,/e) € OPF 3™ has an mxm
matrix symbol whose columns are the r, eV, & +mp /s) Use of the
L*calculus shows that the conjugation introduces errors uniformly
bounded with respect to & in C(xy, L*(x',0)). We thereby reduce to
considering m scalar pseudodifferential equations of the form

'D,
(1.32) <DxN—/1j <SV Dy +ﬁ 6>>Wf;y=9’iw
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with appropriate boundary conditions, where % , depends on (F,, U,). An
integration by parts argument yields

P wop;
A3 W oo <€ 20 4G40 |

Y

Combined with (1.20), and (1.26),, this gives for y large
<UD
V7

12 leo,0 [Flo.1 <G
<c[<—’+<0y>0>+<—’+ >]
N I

Differentiating tangentially, applying Moser estimates to nonlinear
functions and commutators, and restricting to finite time intervals, we
obtain the main linear estimate (Corollary 7.2):

<Us>k+1,T
Sy
|Fs|oo,k,T+|F’s|0,k+1,T+<G>k+l,T>i|.

S A

where y and C are independent of .
This shows that we can estimate the iterates U7 in the H5 norm, ||U?|. 7,
without loss of derivatives for k > [ M, +%1:

(1.36) 102z =102 k7 + 1027 +4/T Ui 1

After proving uniform boundedness of the iterates in the H% norm, we
contract in H4™! for small enough T to obtain convergence to the exact
solution U,.

(1.34) U ,0 +1U% o1 +

(135 Ulw, k7 +1Ulo, k1,7 +

<erc.n)|

Remark 1.3. Itis an open question whether or not the maximal time of
existence 7, — 0 as ¢ > 0 when the boundary frequency f’ in the quasilinear
problem (1.4) lies in the glancing region ¢, but is such that p(f’, £y) =0
has real roots only of order < 2. There are competing effects that make the
behavior of the solution as ¢ — 0 hard to predict.

When ¢ is small, (1.4) is close to a constant coefficient semilinear
problem for which double real roots do not cause blow-up [W1]. (Recall
that real roots of order >3 do cause blow-up in such problems [W3].)
However, for ¢ > 0 fixed the operator #(eU,, D5, ;) has variable coefficients
and thus may, for example, have gliding rays [MS, H]. We have
constructed Friedlander-type, variable coefficient, semilinear examples in
which 7, > 0 as ¢ >0 when ' as above triggers gliding rays. Here the
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solution operator is a Fourier multiplier defined by a quotient of Airy
functions, and blow-up occurs for f’ corresponding to zeros of the denom-
inator. Unlike (1.4) though, these examples do not approach constant
coefficient problems as ¢ — 0.

We hope to resolve the question of double real roots in the quasilinear
case by constructing solutions to the linearized problem (1.6) using singular
Fourier integral operators with complex phases.

D. Initial-Value Problems

In Section 8 we extend results of [JMR1, JMR2, S] for quasilinear
symmetric hyperbolic systems in free space with oscillatory initial data to
nonsymmetric hyperbolic systems for which one can construct pseudodif-
ferential symmetrizers. This class includes nonsymmetric strictly hyperbolic
systems, for example. Again, the problem is to demonstrate a time of
existence independent of the wavelength ¢ as &¢— 0. Estimates in
C(x,, L*(x", xy, 6)) norms for the corresponding linearized singular initial-
value problem (6.1) are obtained using SPOs, which now act in the
variables (x", xy, 0) tangent to x, =0 (actually, in Sections 6 and 8 we
relabel coordinates so that x, denotes time). C(x,, H*(x", xy, §)) estimates
and L* control follow by differentiating the equations. Thus, obtaining L
control is much easier here than in the case of boundary problems, since
C(x,, LA(x", xy, 0)) norms are natural for the initial-value problem.

E. Multidimensional Shocks

In Section 9 we start with a planar shock solution (U?, x = 6x,) of an
mxm system of conservation laws (9.1) and then perturb it with high-
frequency () plane waves that reflect transversally off the shock. Assuming
the planar solutions are uniformly stable in the sense of Majda [M1], our
aim is to show that the perturbed solution (U* +ev?, xy = oxy +¢,(x'))
exists on a fixed time interval independent of the wavelength & as ¢ — 0.
Note that the amplitude of the perturbation is the critical amplitude of
weakly nonlinear geometric optics.

The problem can be formulated as a hyperbolic mixed problem with the
perturbed shock as a free boundary. After flattening the boundary by a
change of variables depending on the unknown ¢,(x'), one reduces to a
forward mixed problem similar to (1.2). The restriction to plane waves
reflecting transversally off the shock corresponds to a choice of boundary
frequency g’ in the nonglancing region of the hyperbolic operator obtained
by linearizing at the planar shock. In contrast to [ W2] here our choice of
f’ also allows the formation of an elliptic boundary layer on one or both
sides of the shock (for elliptic boundary layers see, e.g., [W3]). The
uniform stability assumption implies Kreiss well-posedness, so we are able
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to solve the problem using SPO symmetrizers and the strategy for quasili-
near boundary problems outlined above.

We remark here that the right norm for iteration is the shock analogue
of the H% norm, namely:

(137 U,> $ullli

n Ve n
= |Un|oo,k,T+|Un|0,k+l,T+ﬁ <Un9 ¢7a V8¢n >k . T+m
+1,

JT

2. SPO Calculus: Adjoints, Products, Mollifiers

In order to study adjoints and products of elements of OPyﬁzM (1.10), it
is helpful to define classes of amplitudes

(@ T*={a(v,w,X,y)eC(R"xR"xR"x[y,,00)):
0%, 0% a(v, w, X, )| < C, 4<X, y>* 1}

21D (b f]E’M:{as:a(sV(xﬂ),SW(J’,CO),f'+%,y>i
aeT",VeCS’M,WeCS’M,andyN=xN}

and associated operators
a,eOPT ’;',M

whose action on U(x, 0) is defined (formally, at first) by

Q) &) )= ] (5, 0), W (00, &+ )
xU(y, w)dy' dw d&' dm.

For example, if W and U € C*™ for M large enough, (2.2) makes sense
if the dy’ dw integral is done first. As always the dm integral is a sum over
mel”Z.

Notation 2.1. We will often write &’ +mf/e=X and ' +m'f' /e =7,
where (', m") are variables dual to (y, w).

In order to clarify the mapping properties of SPOs and define residual
operators we introduce the following scale of spaces.
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DrerFiniTION 2.1, Let 4, , (= 4, for short) = p, (D, 4), where

P =<X, ),
ande<1,y>1. ForreR we set

(a) %o,r — A—rL2(@I_X+1 X -U-l)
={U.,(x,0) : [U, ,lvr = AU, , |12y, £2e, 0 < 0}
(2.3) by #"={U,, (x,0)e " :D, U, eAH* "}
() HA"=ATLA(R¥xTYH
= {I/s,y(x,’ 0) : |I/s,y|.7f' = |ArI/e,y|L2(x',9) < OO}
Remark 2.1. (a) ForallteR,reR A" #% — #% ', and in fact
|AtUs,y|x’0"7t = |Us,y|3f0"-

(b)y #°°= L%xy, LX(x', 0)), but for r#0 s#*" has only a limited
resemblance to the standard Sobolev space L*(xy, H'(x',8)). Suppose
U, ,(x', xy,0) € #%" is continuous in x,. Then for xy fixed, U,, is H"
microlocally away from &' +mp'/e=0 in (&', m)-space, but the H”"

regularity is not uniform in &. Moreover, even if r>0, U,, is only
microlocally L* near &' +mp' /e =0.

PROPOSITION 2.1. If M > N+1and p, e 3™ for some k € R, then
Py(Dy g): HOT > A% forallr.

Proof. The result is clear for Fourier multipliers of order k. Reduce to
that case just as in Proposition 1.1. ]

Since 0% a(eV, eW, &'+, v) fails to decay in |£', m|, we can not hope for
residual operators that are smoothing in the usual sense. Instead we have

DeFINITION 2.2, Let k> 0. A linear operator r,, is called residual of
order k if

Foyo HO0—> A0

with operator norm < Cy~*, for C independent of ¢, y.
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Parallel to Proposition 1.1 we have
ProrosiTION 2.2. If M > N+1 and
a,=a <8V(x, 0), W (y, w), §’+mTﬁ,, y) eT M,
then
ag: A — "
Proof. 1. First assume a(v, w, X, y) = a(w, X, y), write

24) a(eV,eW, X, p)=a(eW,X,y)=a(0, X, p)+eWb(eW, X, )
=a(0, X, y)+ec(y, 0, X, p),

and so reduce to considering
2.5 ¢U)(x,0)= j '@ EHiO=Ime(y oy X, y) U(y, ®) dy' dow dE' dm,

where X =& +mf’/e. ¢ has compact support in y' and we T', so after
integrating dy'dew and using the Plancherel theorem, we find

(2.6)
|ES(U)|L2(X, 0)
=|[ &=, %y m—mn', X, ) U, ) iy’ d
L&, x, m)
Now
(2.7) (" (& =7, xy, m—m', X, p)| SCLE —n',m—m' )™M,

so Young’s inequality gives (2.6) < C |U|,2 since M > N + 1.
2. Reduce the general case to the case just treated by writing

2.8) a(eV,eW, X, y)=a(0,eW, X, y)+ec(x,0,eW, X, p)
and using
|CA(£,’ xN’ m, £W3 Xa J))l < C<é,’ m>7M

as in the proof of Proposition 1.1. ||
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ProposITION 2.3. Suppose M > N +2 and
a,=a(eV(x,0), W (y,w), X,y) e T 3"
for some k € [0, 1]. Then
2.9) d, = p,(De.0) 47,

where p,=a(eV(x,0), W (x,0), X,y)e S ’E’,M and r,, is residual of order
1 —k (Definition 2.2).

Proof. 1. Write

(2.10)  a(eV(x,0), W (y, w), X, y)
=a(eV(x,0),0, X, y)+eW(y, w) a,(eV, eW, X, p),

and thereby reduce to considering operators defined by symbols
¢, =¢c(x,0,y, 0, X,7)
(convenient abuse of notation here) for which
(2.11) there exists a compact set K = RY*! such that ¢, =0 for y € K°.

2. Choose ¢ € C* with proper support in RY™ x RY*! and ¢ =1 on
|x—y| < 1. Consider first

(212) Scls = 8¢(X, y) C(.X, Ga ya , X: V),

which has compact support in (x, y). With ¢;, the SPO defined by c,,, as
usual set

(213) plx(x9 0, él’ m, e, y) — efix’f’fiﬁmggls(eiX'f'+i9m)’
let
b('x’ 0’ Y, @, X’ y) = 8cls(x= 07 x+y7 H+a), X, y)

and note that
(2.14) =[x, 0,0, m, X+, y) d dn

(recall Notation 2.1). Since W € C** we have for |a| = 1

(2.15) 056" (x, 0, ', m', X, p)| < Cep', m' >~ <X, py*=l.
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Taking a first-order Taylor expansion of 5" in (2.14) gives

(2.16)
b(x, 0,0, m', X +Y, p)

=b(x, 0,7, m, X, p)+ Y j a(x 0,n',m', X +1tY,y) Y*dt
o =1 aX

1
=+ j b} dt.
0
Observe that
j b (x,0,%n',m', X, y)dny dm' =ec(x, 0, x,0, X, ).

3. We claim that j b{ dt in (2.16) corresponds to a residual operator
of order 1 —k. Indeed,

<o
&
80 (2.15) implies
2.17) by | < Cyly m' Yy~ M=D X 1Y, pyk!
<G,y MDA,

If 5 had no (x, #) dependence, the Fourier multiplier given by
j by dy' dm'

would be residual of order 1—k%, since M —1> N+1 in (2.17). Reduce to
that case, using the fact that , has compact support and is C¥ in (x, 6), by
arguing just as in Proposition 1.1.

4. It remains to consider

(218) &Cys = 8(1 _¢(~x5 y)) C(X, 0’ y, @, X9 y)
We claim
(2.19) é,, is residual of order j, for all j > 0.

Forje N, j> >k, write

T 1— .
Q20) &)= [ewneeonl D (Ao 6,5, 0,X,9)

=y

xU(y, w)dy' dw d&' dm.



SINGULAR PSEUDODIFFERENTIAL OPERATORS 149

Note that
(2.21) (As) | KC< X,p>*7
Suppose first that
1— .
@22 120G D) (Y e, 0, y, 0, X, )
|x/ _yI|2] 4

in (2.20) is replaced by a function d( y, w, X, y) satisfying
(2.23) |, yy, m', X, 9| S Cp' /=M 9%,

Then part 1 in the proof of Proposition 2.2 gives (2.19). Reduce to this
case by taking the Fourier transform in (x', ) of (2.22), using (2.11), and
superposing operators via the inverse Fourier transform as in the proof of
Proposition 1.1. |

Proposition 2.3 yields results on adjoints and products as corollaries.

Notation 2.2. p(D, 4)* denotes the adjoint of the operator p,(D, ),
while p;(D, ,) denotes the operator associated to the matrix symbol
PV, X, y).

PrOPOSITION 2.4 (Adjoints). Suppose M > N +2 and
P, =p(V(x,0),X,y) e M
for some k € [0, 1]. Then

(224) ps(Dx’,H)*zp;k(Dx’,H)-'_rs,ya
where r, , is residual of order 1 —k.

Proof. p(D, ¢)*=4d, where a,=p*(eV(y,w),X,y)e T ", so the
conclusion follows immediately from Proposition 2.3. ||

Observe that if @, is defined by the amplitude a(eV (x, ), W (y, w), X, y),
then a% is defined by a*(eV (y, w), W (x, 0), X, ).
COROLLARY 2.1. Let r,, denote the residual operator of order 1—k

appearing in (2.9) or (2.13). Then r}, is also residual of order 1 —k.

Proof. This follows immediately from Propositions 2.3 and 2.4 and the
preceding observation. ||
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ProposITION 2.5 (Products, I). Suppose M > N +2 and
po=p(V(x,0),X,y) e M, g, =q(eW(x,0), X,y)e S
for k,, k, € R such that 0 <k, +k, <1. Set
t,=p(eV(x,0), X,y) ¢*(eW(x, 0), X, y).
Then
(2.25) Ps(Dy) 4(Dy 0)* = 1,(Dy ) + 7,

where r, , is residual of order 1 — (k, + k).
Proof. q,(D, ¢)* = d,, where a, = ¢*(éW(y, w), X, ). Thus

Ps(Dy ) qs(Dx',o)* = l;sa
where
b, =p(eV (x,0), X, ) ¢"(W (y, ), X, ) € T =M,
and Proposition 2.3 gives (2.25). |
ProrosiTION 2.6 (Products, II). Suppose M > N +2 and
p=p(V(x,0),X,y) e M, g, =q(eW(x,0),X,y) e Sp™
fork, <0,0<k, +k, <1. Set
t,=p(eV(x,0), X, y) q(eW(x, 0), X, 7).
Then
(2.26) Ds(Dy ) q,(Dy g) = t,(Dy ) +7, ,,

where r, , is residual of order 1 — (k, + k).
Proof. Using Proposition 2.4 and its proof and Corollary 2.1, write

(227) qs(Dx’,H) = Qs(Dx’,G)** = q:(Dx’,H)*-i_re,y
= Qs +re,y9

where Q; =q(eW(y,w), X,y) and r,, is residual of order 1—k,. Set
T, = p(V (x, 0), X, y) (W (y, ), X, y) € 7 %™, and note that

(228) ps(Dx’,B) qs(Dx’,H) = f; +ps(Dx’,9) re,ya



SINGULAR PSEUDODIFFERENTIAL OPERATORS 151

where p (D, ,) . , is residual of order 1 —k; —k, since
ps(Dx’,H): %0,1:1 d %0’0'

Finally, apply Proposition 2.3 to get (2.26). ||

Remark 2.2. 1f k; >0 and 0 <k, +k, <1, the error term p (D, ,)r,,
in (2.28) is not obviously residual or even bounded on L?. We use a
different argument in the following proposition.

ProposiTioN 2.7 (Products, IIT). Suppose M, = N+2, M, =2(N+2)+1,
=0V (x,0),X,y)e ™, and q, = q(eW (x,0), X, y) € S5 for 0<
k<1, k,=0. Set

t,=1(eV(x,0), eW(x,0), X, ) =p(eV, X, y) q(eW, X, 7).
Then
(229) AEps(Dx’,G) qs(Dx’,H) =ts(Dx’,9)+rs,ya

where r, , is residual of order 1 —k;.

Proof. 1. As usual there is nothing to prove if g(eW, X, y) = q(X, ),
so reduce to considering

px(Dx', 6’) gcs(Dx’, 0)5
where ¢, = c(x, 0, X, y) has compact support in x and is given by

(2.30) q(eW, X, ) =q(0, X, p)+eWb(eW, X, y)
=4q(0, X, p)+ec(x, 0, X, p).
2. Write

231) AU(x,0)= j e ritmg (x, 0, X, ) UNE, xy, m) dE' dm,

where, with X = .f’+"‘7ﬂ', Y = ;7'+#

(2.32)
d,(x,0,X,7)

= f e =N HO—m (e (x, 0), X +Y, ) ec(y, w, X, y) dy' dw dy' dm'.

Expand p(el/, X +7, y) about X to obtain
dE = p(SV(x’ 0) X’ J)) Sc(x9 0’ X’ y) +R€9
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where

L 74y /)
— ix'n' +i6m
(233) R(x,0,X,p)=> JJO e X" (V(x,0), X+1tY,yp)

o =1

xY%c"(n', xy, m', X, ) dt dn’ dm'.

3. It remains to show that R, defines a residual operator of order
1 —k,. The modulus of the integrand in (2.33) is

(2.34) <CX+1Y, y>“‘lw's-<n’, m'y Mz

< C<I7,, m/>—(M2—1) Vkl_l-

Write
(2.35) TP (& X+1Y.9) = 2L (0, X +1Y. y) + h(x, 0, X +1Y 7)
. aX“s ) 5y _0X°‘ > ,V & x; ) 5y9

where 2 has compact support and regularity of order M, in (x, #). Corre-
sponding to (2.35)

(2.36) R, =R, (x,0,X,7)+R, ,(x,0,X,7y).
As in (2.34) we have
(2.37) IR (', xy, m', X, p)| S 'y !y =70yl

so R, | (D, ) is residual of order 1 —k,. We claim that R, ,(x, 0, X, y) has
compact support and regularity of order N+2 in (x, 8). This follows by
differentiating under the integral sign since

|h(x, 0, X +1Y, p) Yoec" (', xy, m', X, p)| S C<p', m =270yl
with M, > N+2 and (M,—1)—(N+2) > N+2. This implies
(238) |Rs/,\2(’7,’ xN: mla Xa V)| < C<’7,s m,>7(N+2) yklil’

so R, , ,(D, ) is also residual of order 1 —k;. |I

Remark 2.3. This argument fails when k, > 0. Suppose, for example,
that 0 <k, <1—k;. When |Y|<p |X]| for some p <1, the contribution
(X +1tY,yY-~! from 0%p/0X ™ in (2.33) controls the growth <X, y>* of ¢".
In spite of the good decay in (', m'), we do not see how to control ¢*
uniformly in ¢ when |Y| = p | X|.
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Mollifiers.

PROPOSITION 2.8. For 0 >0 let
A; =144,

where A=t(D, ,) for t,=<X,y). Suppose U(x,0)e #*°, M >N+2.
Then

(@ A;'UeA#"'and A;'U - U in #°°as §— 0.

(b) For p,(D,,)eOPF ™, [A;', p(D, )] is bounded on #*°
uniformly with respect to ¢, y, 5.

Proof. 1. (a)isimmediate, since

(U570 (&, xy, m) = (143X, p)) " UNE, xy, m).

2. We have p,(D, ) 45" = q,(D,_4), where

=p(eV, X, p)(1+3{X, y>) 7.
Proposition 2.6 implies
A5'p(D, ) = q,(Dy o) +71.,,

where r, , is residual of order 0 uniformly with respect to ¢ since

{(1+0<X, 7, ) os0

is a bounded subset of S°. This gives (b). ||

Extended calculus. 1t is now easy to extend the SPO calculus to a
larger class of symbols that includes pseudodifferential cutoffs y, =

(D, B'D, /¢, v) like those described in the Introduction (1.25). Define
extended classes of symbols and amplitudes

(2.39)
(@ eS*={p(v,X,Z,y)e CR"xR"xR*x[1, 0)):
|ava(X,Z)P(U5 X, Z5 )’)| < CO( ﬂ<X9 V>k_|ﬂ| WhCnCVer |Z| > |X|}a

(b) e%ﬂ“{ps (SV(x o.e+" 0" >

for some peeS*, Ve C®™, and f' e [REN\O},
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(@) eT*={a(v,w,X,Z,7)eC*(R"xR"xR* x[1,00)):
|a?v, w)aé}X,Z)a(v’ w, X’ Za y)l S Coc,ﬂ<X9 V>k_|ﬂ|

whenever |Z| > | X},
(2.40) ' '
(b) eT kM = {as =a <eV(x, 0), W (y, ), f’+’%, e, %, y) :

acelT*  VeC'™ WeCh™, andyNsz}.

Given p,ees%M, a,ceT %™ we define corresponding operators
kﬂ B
p(D, ,) € OPeF %M G € OPeT %™ by the same formulas as before, (1.11
: ) I
and (2.2), respectively.

Remark 2.4. (a) The analogues of Propositions (1.1), and (2.2)-(2.7)
all remain true for the extended operators. The proofs involve only minor
changes. For example, with X =& +mf' /e, Y =n'+m'f' /e, Z = (&', mpB' [¢)
and Z' = (', m'p' /¢), (2.15) and (2.17) become respectively

(241) |a?X, Z)bA(xs 05 ’7,3 m,9 X, Zs )’)| < C8<’7/9 m,>7M <Xs y>k719
(2.42) b1 | < C<',m' )MV KX +2Y, py I S Cly!ym =MDy
where

bl =Y 04 ,b"(x, 0,0, m', X+tY,Z+tZ' y)(Y,Z')~

=1
(b) Suppose x(Z,y) e C*(R¥ x[1, 0)) and
1052(Z, )| < Cp<Z, p> 7.
Then
(2.43) 2(Z,y) eeS°.
If p(v, X, Z, y) € eS*, then
(2.44) p(v, X, Z,y) x(Z,y) € eS*.

(c) Let Z=(Z,, Z,) e R*". To arrange (1.25) we will choose y € eS°
such that

(2.45) supp x(Z, ) = {1Z,,y| < ' |Z,]}.
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3. Garding Inequalities

Notation 3.1. In Sections 3-5 we let (,) (resp. {,») and | |, (resp. { >¢)
denote L?* inner products and L? norms on RY*! (resp. R"). We shall use
the same notation for L? inner products and norms on Q = RY*' x T! and
bQ =RYx T'. In Section 7 we will revert to Notation 1.3.

PROPOSITION 3.1. Suppose M >N+2, p,=p(eV,X,y)e L3, and
Rep(eV,X,y)=C>0. Fix 6 >0. Then there exists y, >0 such that for
=79, Ue#"°
(3.1 Re (p,(D,,4) U, U) = (C—9)|U[5.

Proof. Let

g, =q(eV, X, 7) =Re p(eV, X, ) —(C—0)
and

by(eV, X, 9) = (q(eV, X, 7)) e S,

a positive self-adjoint matrix. By Proposition 2.4
(32) b(Dy 4)* =b,(Dy, )+,
where r, , is residual of order 1. Proposition 2.6 and (3.2) imply
(3-3) b(Dy 4)* b(Dy,4) =q,(Dy g) +7,
where again r, , is residual of order 1. Equation (3.3) yields
34 (45(Dy,0) U, U) = (b,(Dy,9) U, (D ) U)+(r,,,U, U).

This implies (3.1) for y, large enough, since

Re ps(Dx’,G) - (C_é) = % [ps(Dx’,H) +ps(Dx’,H)*] - (C_é)
= qs(Dx’H) +re,y9

where r, , is residual of order 1. |

COROLLARY 3.1. Suppose M >N+2, p,=p(eV,X,y) eSS, k=0,
and

Re p(eV, X, y) = CLX, »DF, C>0.
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Fix § > 0. Then there exists y, > 0 such that for y > y,, U € #"*
(3.5 Re (p,(Dy 4) U, U) = (C—0) [U[5p0..
Proof. Let

k k
(B6) g, =q(eV, X, p) =X,y p(eV, X, )X, p)2e S M.

Proposition 2.6 with k; = —%, k, = £ implies
k k
(37) Aizps(Dx’,G) Aii: qs(Dx’,6)+rs,y9
where r, , is residual of order 1. Setting ¥ = A*?U and applying Proposi-

tion 3.1 gives

0 0
(3.9 Re(q,(D, ) V,V) = (C_§> [V |%0.0 = <C—§> |U 3002
for y, large enough. This implies (3.5) for y, possibly larger since

C C
(39) (er, V) < ; |V|§f0,0 = ; |U|§f0,k/2, I

4. Modifications

A. (y=1) In contrast to Section 3, it was never necessary to take y
large in the proofs of Section 2. Consequently, we obtain a singular cal-
culus without large parameter by setting y = 1 in the proofs of that section.
Thus, (X) = (|X]*+1)'/2, and all residual operators r, are residual of order
0, i.e., bounded on L? uniformly with respect to &. Garding inequalities can
be proved by letting ¢ instead of % play the role of a small parameter (see
Proposition 4.6).

B. (Homogeneous symbols) In the application to initial value
problems we will need to work with operators defined by symbols homo-
geneous in X and depending on 6 € T~.

For j=1,...,L let p;eR" and set p'= (B}, ..., f1.). For meZ" let
mp' =37 mp;.

DEerFINITION 4.1. For k>0 let
(@ Si={p(, X)eC*(R"x(R"\0)) : p is homogeneous of degree k
in X}.
©) S5 ={p.=pV(x,0),X): peSi, X =&+, V e CoM(RY™
x TH}.
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() T§={a(v,w,X)eCR"xR"x(R"\0)): a is homogeneous of
degree k in X'}.

@ TEN={a,=a(eV(x,0),W(y,w),X):aeT}, X=¢+m
VeC¥™ and yy =xy}.

To symbols p, € ¥’} and amplitudes a, € 7/} we associate operators

ps(D, ) and 4, deﬁned by the obvious analogues of (1.11) and (2.2). In
these formulas the symbols are homogeneous in all of |X| #0; i.e., we do
not modify the symbols to be =0 for |X| small. Such a modification
introduces an error that is generally no better than bounded on L? which is
too large if, for example, k = 0.

Versions of Propositions 1.1 and 2.2 for OP.% A M and OPT ‘,’;AZ follow
by the same proofs if one assumes the regularity index M >N+ L. In
Section 6 we will need the following calculus results for OPV" ’» and
OPT ’;,» 1. When using the homogeneous calculus, we define

4.1 r, is residual <r,: #%° — #*°.

ProrosiTiON 4.1. Suppose M > N+ L+ 1anda, = a(eV (x, 0), eW(y, w),
X) e TN for some k€ [0,1]. Then

ds = ps(Dx’,B)J’_rs’

where p, = a(eV(x, 0), W (x, ), X) eyk n and r, is residual. (The state-
ment is trivial when k= 0.)

ProposITION 4.2. Suppose M >N+L+1 and p,=p(eV(x,0),X)e
S5 for some k € [0, 1]. Then

ps(Dx’,H)* = p:(Dx’,H) +ra:
where r, is residual.

PROPOSITION 4.3. Suppose M >N+L+1 and p,=p(eV(x,0),X)e
S, q,=q(eW(x,0), X) e @) wherek, 20, k, >0, k, +k, < 1. Set

t, = p(eV(x, 0), X) ¢*(eW (x, 0), X).
Then
ps(Dx’,H) Qs(Dx’,G)* = ts(Dx’,H) +rsa

where r, is residual.
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PropoSITION 4.4. Suppose M > N+ L+1 and
= p(eV(x, 9), X)e,S/’ﬂ s q, = q(eW(x, 0), X)ey’ﬁh,
where 0 < k, < 1. Set
t,=pV(x,0), X) q(eW(x,0), X).
Then

ps(Dx’,H) qs(Dx’,G) = ts(Dx’,9)+rea

where r, is residual.

PROPOSITION 4.5. Suppose M| 2 N+L+1, M, Z22(N+L+1)+1, p,=
PV (x, 0), X) € L, q, = q(eW (x, 0), X) € Fy2. Set

t,=p(eV(x,0), X) q(eW(x, 0), X).
Then

ps(Dx’,H) QS(DX’,G) = ts(Dx’,H)+rea
where r, is residual.

Proof. Proof of Propositions 4.1-4.5. We will point out just the
changes needed in the corresponding proofs of Section 2.

1. (Proposition 4.1) Write a, = a,, + a,,, where

a,=0 for |X|<j,  ay=a, for |X|>1

d,, is residual, so the result follows from Proposition 2.3 in the y=1
calculus (modification A with § € T%) applied to a,,.

2. (Propositions 4.2-4.4) No changes in the proofs.

3. (Proposition 4.5) In (2.34) <X +1tY,y>*~! is now replaced by
| X + tY|"1‘1, but this is not a problem since k; = 1. |]

C. (0eT* y=1) The propositions of sections 2 and 3 remain true
for the original large parameter calculus when 6 e T, provided the
regularity index M is increased as in Propositions 4.1-4.5.

D. (Tangential calculus) In the definition of the operators p (D, 4)
and d,, the x, variable is just a continuous parameter. All the results of
Sections 2, 3, and above hold for the operators on RY x T obtained by
fixing x,.
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The following simple Garding inequality for tangential, homogeneous
SPOs is needed in Section 6.

ProPOSITION 4.6. Suppose M > N+L, R, = R(eV(x,0), X) € .9’%,,1‘,{, and
Re R(eV,X)=C>0. Let R, ,, (D, o) be the tangential operator obtained by
Jfixing a particular xy. For some K > 0 assume |V'|co.n < K. Then there exists
&, (K) such that for 0 < e < &/(K), Ue #°,

C
Re<Rs,xN(Dx’,6) U9 U> > 5 <U>§'

Proof. Write
R(eV,X)=R(0, X)+eVb(eV, X) =r, +ery,.

Clearly, Re {ry,(D,. ) V, V) = C{V )i, so the L* boundedness of r,, implies
the result. ||

E. (Paradifferential calculus) There may be a paradifferential version
of the SPO calculus that would allow a large reduction in the amount of
(x, 8) regularity assumed for the symbols p(elV(x, ), X,y). We have
decided not to pursue that possibility here.

PART 2. SYMMETRIZERS FOR SINGULAR SYSTEMS

5. L? Estimates for Boundary Problems

In this section we obtain L? estimates uniform in ¢ for singular boundary
problems

6.1 ZL(eV,, D) U,
B'D,

&

=DXNUS—M<8V;,DXV+ >U£=Fs(x, 0) in xy>0

B(eV,) U, =G, (x', 0) on xy=0,

where
N-1 N
A (v, &)= z A4;(v) &; for A4;e C*(R",R™)
j=0

and B(v) is a real u x m matrix C® in v.
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Consider first the nonsingular analogue

Lw,D)u=D, u—oA(v,D,)u=f
(5.2
B(v)u=g on xy=0,

where v(x) € C? (for now) with values in By = {ve R”: |[v]| < R} for some
fixed R. Set w = u? = e "y,

M(D’ Dx;) = "Q/(Ua on _W’ Dx”)5 "Q/(Ua é;) = &{(U’ 60 _l% é”)
and rewrite (5.2)

Dwa_d(Ua Dx’) w :fy
(5.3) !
B(v)w=g’on xy =0.

Kreiss Symmetrizers

We now briefly recall the method of Kreiss symmetrizers [K] for
proving energy estimates. More detailed expositions may be found in [CP,
Met2].

DrrFINITION 5.1. A symmetrizer for (5.3) is a family R,(xy), xy =0,
y>1 of bounded self-adjoint operators on L*(R") which define bounded
self-adjoint operators on LA(RY™") via

(R,w)(., xy) = R, (xy) w(., xy).

In addition there exist constants C, ¢, y, such that for all w e H'(RY*") and
Y2

(@) |RyW|o < C|wly

(®) [0y, R,Iwlo < C Iwlo

(¢) Im(R,(v,Dy)w,w)=cy w3

(@) <(Rw, wd+CLB(v) wyg = c{w)s.

(5.4)

PROPOSITION 5.1. Suppose R, is a symmetrizer for (5.3). Then_there
exist Cy, y, depending only on C, ¢, y, in (5.4) such that for all we H'(RY*")
andy =7y,

1 1 1

59 It <, (G 10n =) o+ ﬂ<B(v)w>o>.
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Proof. Integrate 0, (R,w, w) in xy from 0 to co to obtain

(5.6) (Rw, w)+Im(R,o (v, Dxfy) w, w)

=2 Im((DxN _‘M(U’ Dx; )) w, Ryw)_ ([axNa R;/] w, W)
The estimate (5.5) is now a simple consequence of (5.6) and the properties
4. 1

A symmetrizer can be constructed as a pseudodifferential operator when
the boundary problem (5.3) is Kreiss well-posed. Set

By={veR":|v|<R} and z=(v,&,y) e By x RV x (0, 0).

DrerinTION 5.2 [K, Met2]. The problem (5.2) is Kreiss well-posed for
v € By if there exists an m x m matrix-valued function

R(2) € C*(Bgr x RY x (0, 00)),

homogeneous of degree zero in (&', y), and satisfying:

(@) R(z) =R*(z);
(b) there exist C > 0, ¢ > 0 such that for all z

5.7 R(z)+C B*(v) B(v) = ¢;

(c) there exist finite sets of C® matrices on By x R" x (0, c0), T;(2),
H,(z), and E;(z) such that

yH(z) 0

8 () ImR(z)ﬂ(v,é;>=2T1(z)[ 0 E()

] T} (2);

(i) 7;, H, are homogeneous of degree zero in (&', y), E; is homoge-
neous of degree one;

(i) H,(2) = H[(2), E(2) = E](2);
(iv) there exist C, ¢ > 0 such that

(59 YT TI()=e, H(=c,  E(2)=c(]+)

The dimension of H; and E; can vary with /.

Remark 5.1. (a) Kreiss [K] proved that strictly hyperbolic systems
with boundary conditions satisfying the uniform Lopatinski condition are
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well-posed in the sense of Definition 5.2. A Kreiss symmetrizer for (5.3) is
given by

RY =% [R(U’ Dx" y) +R(U, Dx” y)*]a

where R(v, D, y) is the (standard) pseudodifferential operator associated
to R(v, &', y). Using paradifferential operators Metivier [ Metl, Met2] and
Mokrane [Mo] extended the construction to the case where v(x) is only
Lipschitz.

(b) Many physical examples of hyperbolic systems are not strictly
hyperbolic, for example, the linearized Euler equations of gas dynamics. In
the Kreiss construction strict hyperbolicity is only used to show that
(v, &) has a suitable block structure (the main difficulty being near
glancing boundary frequencies &' € 4). Majda [M1] showed that this block
structure condition is satisfied by several nonstrictly hyperbolic systems, in
particular the linearized shock front equations of gas dynamics. Recently,
Metivier [Met3] has shown that, more generally, all symmetrizable
hyperbolic systems with constant multiplicity satisfy the block structure
assumption. Boundary problems for such systems which satisfy the uniform
Lopatinski condition are therefore Kreiss well-posed.

(c) Sometimes one has to allow the boundary operator in (5.3) to be
a pseudodifferential operator B(v, D,.,y) associated to a C* symbol
B(v, &', y) homogeneous of degree zero in (&', y). Such boundary conditions
arise, for example, in the study of shocks (9.51) and also when one reduces
an mth order scalar problem with differential boundary conditions to an
m x m first-order system. The formulation of Kreiss well-posedness for such
problems is unchanged except for the replacement of B(v) by B(z) in (5.7).
Again, block structure and the uniform Lopatinski condition together
imply Kreiss well-posedness and the existence of Kreiss symmetrizers.

Singular Symmetrizers

Notation 5.1. ForO0<e<1,y=>1V,eC®”, Q=RY*"' x T let

@ o=t (T Gomin 4" e s and

'D,
‘Q/S(Dx’,ﬁ) = ‘52{ <81781 (on —l}’, Dx”)‘i‘ﬂ‘g 0>.

(b) ForkeR

HOE = POk = (U (x, 0): | AK(e U] 20 < 00}
(4, #"* as in Definition 2.1).
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(c) HyrF=em™pt*
(A AH5b2)={V(x',0): |A(e7™V)| 240 < 0}
(e) |U|;f$'° = |U|0,y and <V>9f§ = <V>0,y'

The main result of this section is that if R(v, D, y) symmetrizes (5.2),
then R(D, ¢)=R(eV,, D, + f'Dy/¢, y) symmetrizes the singular problem

.1).

DEerFINITION 5.3. A symmetrizer for the singular problem (5.1) is a
family %, , € OPS 3™, e € (0, &1, y > 1, such that

%
*%s,v_*%w

is residual of order 1. In addition there exist constants C, c, y, independent
of & such that for all W(x, 8) € #%' and y >y,

(@ |#. W <CW|

®) [0y, Z.,1W|, <C W],

© Im(R,, A4, (Dyg) W,W)=cy Wl

(d) RelR, W, Wy+C{(B(V,) W)% > c{W)3.

(5.10)

THEOREM 5.1. Suppose (5.2) is Kreiss well-posed for ve B, and let
R(z) =R(v, &, y) be as in Definition 5.2. Fix K> 0 and ¢, > 0. Suppose
V.(x,0) e C>™ for My =2(N+2)+1 and satisfies for 0 <e < g,

@) [V, (x, 0)|L°°(Q) <R
(5.11) (b) Wileom <K
© 60 Velio@)y < A(Veleo)s
for some increasing function h: R, — R,. Set
R, =R(eV,(x,0), X,y) e SFM.
Then
(5.12) R., = R(D, y), ce(0,¢], y=1

is a symmetrizer for the singular problem (5.1).

Proof. 1. We use the SPO calculus to check properties (5.10.a)-
(5.10d). The argument parallels the classical one, but extra care is needed
because our residual operators are not smoothing. See Remark 5.2.

Property (5.10a) follows directly from Proposition 1.1.
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2. Note that

aI/e (x’ 0) ts(Dx' 6)5 Where
Oxy ’

[0

Rs(Dx’,G)] =é

R
i =R @(x,0), X, 7)
ov

so (5.11c¢) and Proposition 1.1 give (5.10b).

3. Let E(EK, Xa y)’ I{l(gr/:s’ X: 3") € yoﬁ”M and E[(EI/B, Xa 7) € yk’M be
given by the functions 7;, H,, E, in (5.8). For W(x, 0) € # " set

(5.13) Y, =T)(Dy )" W =(¥,, 1),
where the components of ¥; correspond to the blocks in (5.8).

With

H eV, X, 0
E(aV;,X,y)=T1(8K,X,y)[y eV X, 1) ]

0 El(gI/s, Xa V)
Proposition 2.6 gives

(5.14) F,(Dxrg)=T,(Dxr9)[VHI(D""") 0 ]+r5,
: : 0 EMm.plT

where r, , is residual of order 0. Setting
(5.15) GV, X,y)=Im R(eV, X, y) L (V, X, p)
and using Proposition 2.5 to compute F;(D,. 4) T;(D, 4)*, we obtain

YH (D, 4) 0

(5.16) G(Dxl,g)=;Tz(Dxce)[ 0 E(Dy,4)

] E(Dx',ﬁ)*+rs,y9

where r, , is residual of order 0.
Equation (5.9) and Corollary 3.1 (Garding inequality) imply for y large
enough

Re(yH,(Dyp) Y, ¥,) = ey 1Y, |5

(5.17)
Re(El(Dx’,H) le’ ),lz) > c Ilel‘;O‘l/z > Cy I},lzl(z)’

and hence, summing over /,

(5.18) Re G(Dyg) W, W) =cy ), Yl
1

for y large.
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Proposition 2.5 shows that for r, , residual of order 1
(519) z T;(Dx’,ﬁ) Tl'(Dx’,G)*=qs(Dx’,6)+re,ya
1
where g, =Y, T,(eV,, X, ) T} (eV,, X, ). Thus, by (5.9) and Corollary 3.1

(5.20) WiE<CY |2 forylarge.
1

Now Proposition 2.6 (for R/(D, 4) #(D, 4)) and Proposition 2.5 (for
A, (Dy, )" R,(Dy,5)*) imply

(521) Im Rs(Dx',B) '-Q{.V(Dx’,ﬂ) = Re Gs(Dx',B) +rs,y’

where r, , is residual of order 0. Property (5.10c) now follows from (5.18),
(5.20), and (5.21).

4. (5.7) and Corollary 3.1 imply for y large
(522) Re<Rs(Dx’,9) Wa W> +C<B(8K) W9 B(SI/E) W> = C'<W>§,

which is (5.10d) in Definition 5.3. This concludes the proof of Theorem 5.1.
Note that the constants C, ¢, y, in (5.10) depend only on K in (5.11) and
the constants in Definition 5.3. ||

Remark 5.2. 1If p(D, ,) € OPS ;™ and r,, is residual of order 1, the
product p(D, 4)r,, is not necessarily bounded on L>. We avoid this
problem in the above proof by defining

‘%e,y = Rs(Dx’,G) iHStead Of% [RS(DX',B) +Rs(Dx’,0)*]

and also by using Proposition 2.5 instead of a combination of Propositions
2.4 and 2.7.

COROLLARY 5.1. Under the hypotheses of Theorem 5.1 there exist
constants C,(K), y,(K), such that for all W(x,0) e #"' and y =y,

(5.23)
1 1 1
Wy +—= W < C, <_ |(D,, —A(Dy 4)) Wlo+—=B(eV,) W), )
Jr 7 ' J7

Proof. Propositions 2.7 (for (D, 4)*R(D,,) and 2.5 (for
VQ{.Y(DX’,G)* Rs(Dx’,H)*) ShOW that

(5.24)
Im Rs(Dx’,O) "QIS(DX’,H) = Rs(Dx’,H) bQ{s(l)x’,ﬁ)_JZ{J(I))C’,B)* Rs(Dx’,H) +rs,y9
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where r, , is residual of order 0. Thus, integrating 0, (R,(D, o) W, W) in
xy from 0 to oo yields

(5.25)
<Rs(Dx’,€) W’ W>+Im(Rs(Dx’,0) %(Dx’,ﬁ) W’ W)
= 2’ Im((DxN _‘Q/s(Dx’,ﬁ)) W9 RS(DX’,O) W)_([axNﬂ RS(DX’,O)] W’ W)
+O(W[5).

With (5.10) this easily implies (5.23). |

Applying Corollary 5.1 to W = eU,, we now rephrase (5.23) in terms
of the original singular system (5.1).

COROLLARY 5.2. Under the hypotheses of Theorem 5.1 there exist con-
stants C,(K), y,(K) independent of ¢ such that for all U,(x,0) e ,}f;l(.Q)
andy>=7y,0<e<g

(5.26)

1 1 1
|Us|0,y+ <Ue>0,y <C1 <_|$(81/ss ch,H) Uelo,y+ <B(£I/£) Us>0,y>'
Ve v Jr

Existence and Uniqueness

Corresponding to the (nonsingular) boundary problem (5.2) there is a
dual boundary problem and a notion of backward uniform Lopatinski con-
dition for the dual problem obtained by changing x, to —x, in the original
condition [CP, Chap. 7]. It is known that when the original problem satis-
fies the uniform Lopatinski condition and is either strictly hyperbolic [ CP]
or symmetrizable hyperbolic with constant multiplicity [ Met2, Met3], then
the dual problem satisfies the backward uniform Lopatinski condition and
is thus Kreiss well-posed.

When the dual problem is Kreiss well-posed for v e Bg, Corollary 5.1
implies that the corresponding singular dual problem satisfies an estimate
like (5.23) for V, as in (5.11). Standard arguments [CP] using functional
analysis (for existence), the mollifiers of Proposition 2.8 (to show L’
solutions satisfy the estimate (5.23) and are thus unique), and the fact that

sup |Vl ,+; <o0o=V=0 in x,<0
j

(for the support property) yield the following theorem for the system (5.1).
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THEOREM 5.2. Suppose (5.2) and the corresponding dual problem are
both Kreiss well-posed for ve Bg. Fix K>0 and & >0. Assume
Vi(x,0)eC*™ for M>2(N+1)+1 and satisfies (5.11) for 0 <e<e,.
There is a constant y,(K) such that for 0<e<g, y=y, F.(x,0)e
HYU(RQ), G(x',0) € H)(bRQ), there is a unique solution U,(x, 0) € #Y°(Q)
to the singular problem
(5.27) ZL(eV,, D, 4) U, =F,(x,0) in xy>0

B(eV,) U, =G(x', 0) on xy=0,

and U, satisfies the estimate (5.26). Moreover, if F,, G, vanish in x, <0, the
same is true of U,.

6. L? Estimates for Initial Value Problems

We continue to work on RY*!' = {(x/, xy): xy >0}, but in this section xy
denotes time. For j=1,..., L let p;eR", and set p'= (B!, ..., f7). For
6 eT" we set Dy =(D,, ..., D,,) and consider the singular initial value
problem

B'Dy

&

g(EI/e’ch,H) UEEDXNU&:_M<8V;’DX'+ >U£=F;(xs H)

6.1)
U, =G, 0) on xy=0

with &7, F, as in (1.4). Quasilinear initial value problems

‘ A;(v,) D, v, = F(v,) in xy>0

N
j=0

(6.2) , ,
xX'By X'BL

. e

v, =Uy+eG <x’, > on xy=0

lead to problems like (6.1) in the same way that (1.1) led to (1.6); namely,
one looks for

(6.3) 0, =ty +U, (x, )]s

DreriniTiON 6.1 [CP]. D, — (v, D) is symmetrizable for ve By if
there exist R(v, &') € C®(Bg x (R¥\0)) homogeneous of degree 0 in &’ and
¢ > 0 such that for all (v, &)

(@ R )=R*),
(d) R(v, &) (v, &) is hermitian,
(© R@w)=c
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Remark 6.1. (a) First-order systems strictly hyperbolic with respect to
X, are symmetrizable [CP].
(b)y If D, —o(v,D,) is symmetrizable by R(v,¢'), then D, —
o/ (v, D,)* is symmetrizable by R™'(v, &').

Note that R(v, X) e S) (Definition 4.1). Our goal is to show that for
R(v,¢') as in Definition 6.1, if R, = R(eV,(x,8), X) then R(D. )€
OP¥ %",{ symmetrizes the singular problem (6.1).

Notation 6.1. (a) Let Op={(x,0)e R"*'xT":xy€[0,7]} and set
Cr¥ ={V(x,0)eC([0,T], C*(R"x T* R™)): supp V is compact}.

y (b)L {,> (resp. { »,) denotes the L?* inner product (resp. norm) on
RY»x T

(¢) Forte[0,T], L(1)=L(eV,(xX,1,0), D, +E2).
(d) Set F(2) =(Z(&V,, D3 ) U,)(2).

THEOREM 6.1. Let D, —4 (v, D,) be symmetrizable for ve By. Fix
K >0 and & >0. Suppose V,(x,0) e C23" for My=2(N+L+1)+1 and
satisfies for 0 < e < g,

(a) |8V9|Lw(07) <R
(6.4) ®) Vileom <K

© |£axNI/s|L°°((9T) < h(|Vs|c2;})a
for some increasing function h: R, — R,. Then there exist C(K), C,(e, K),
&,(K) < &, such that for xy € [0, T] and U, € C°([0, T], #") n C'([0, T], #°)
(A" as in Definition 2.1), we have for 0 < & < &,(K) the estimate
(6.5)

(U000 < i, K) e“0CU,(0)0 +C(K) [ eCW0¢F (1), dt.
0

Here

(6.6) Ci(&, K) = C, +¢C5(K),
where C, is independent of K.

Proof. 1. Letting Z,(t)=R, (D, ), where R, =R(eV,(x',t,0),X)
for R(v, £') as in Definition 6.1, as usual we have
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6.7)
0
E <,@€(t) Us(t), Ue(t)>

= i{(Z.(t) ()= ()" (D) U, (), U,()> +i{ A (1) F (1), U,(1))
+{2.() U, (1), i7 (1)) +<[0,, 2,()] U,(1), U, (1))
(6.8) =i(ZA.(1) () — A ()" R, (1)) U, (1), U, () >+ H(2).

Here

|H()] < C(K)YKUL())5+L{F (1)),

since #,(t) and [0,, #,(¢)] are bounded on #° (see part 2 of the proof of
Theorem 5.1).

In view of Definition 6.1(a), (b), use of Proposition 4.4 in the homoge-
neous calculus (for £,(¢) </ (t)), Proposition 4.5 (for £ (t)* #,(t)), and
Proposition 4.3 (for oZ,(2)* #,(z)*) implies that the first term in (6.8) is
dominated by C(K)<U,(¢)>2. Thus, integrating (6.7) and taking real parts
gives

(6.9) RedZ,(xy) U,(xn), Uy(xy)>

<Cile KUY +CK) [ (W05 +<F(0)3) dr,

for C,(e, K) as in (6.6) (recall (1.17)). The Garding inequality for homoge-
neous SPOs of Proposition 4.6 and Gronwall’s inequality now provide a
choice of & (K) such that (6.5) holds. [

Standard arguments [CP] using functional analysis (for existence of L?
solutions) and the mollifiers of Proposition 2.4 (to show that L? solutions
satisfy the estimate (6.5) and are thus unique) yield:

THEOREM 6.2. Let F,(x, 0) € L*(Op), G,(x', 0) € L(RY x T*). Under the
hypotheses of Theorem 6.1, there exist C(K), ¢ /(K)<g, such that for
0 < & < &(K) the singular problem

g(glfaanc,ﬁ) Us=F£ ln(OT
U, =G, on xy=0

has a unique solution U, e C%([0,T], #°), and U, satisfies the estimate
(6.5).
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PART 3. QUASILINEAR PROBLEMS WITH OSCILLATORY DATA

7. Fixed Boundaries

In this section we revert to the use of Notation 1.3.

7.1. Main Results

THEOREM 7.1. (a) Consider the quasilinear boundary problem (1.1),
where G(x', 0) € H**'(bQ), k > [ My +~3] satisfies

(7.1 supp G < {xy =0} n{|x'| <D}  forsome D>0

and B’ € 9° (Definition 1.1). Fix R>0 and, with o/ (v, &), B(v), F, as in
(1.4), suppose

(7.2) (Dyy — (v, Dy), B(v))

and the corresponding dual problem are Kreiss well-posed for v € By (Defini-
tion 4.10). Suppose o < o0 is an upper bound for the propagation speed of
(7.2) when ve Bg. There exist an &(k)>0, a T,>0 independent of
e€ (0, &, (k)], and a unique U,(x,0) e CH ’}k satisfying the singular problem

B'D,
€

DxNUs_'Q{<8Usan’+ >U£ =F;(Us)7

(7.3) B(eU,)(U,)\, 0 = G(X', ),

U=0 in x,<0,

and such that

&

v, = uy+&U, <x,xﬁ >

is the unique C' solution of (1.1) on wx,.

(b) (Finite propagation speed) a is an upper bound for the propagation
speed of (1.3). Thus, if y= (o, 7)€RY*" and G vanishes inside the
backward cone

I, = {(xm X,0)eQ:|x—y| <al|xg—yol, X < yo},

then U, vanishes in I, (recall F,(0)=0). For the systems described in
Remark 5.1 there exists an upper bound o < oo for the propagation speed.
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7.2. L’H, and CH) Estimates
When the data in Theorem 5.2 have higher tangential regularity, so does U,.

ProrosiTioN 7.1. (a) Fix R> 0 and g, > 0. Suppose

(D, — (v, "), B(v))

and the corresponding dual problem are Kreiss well-posed for v € B,. Suppose
V.(x,0) € C*M and satisfies for 0 < e < g,
(@ |eVu(x, 0)l« <R
(14) )
(®) (€0, Vels < A(Velcor)
(with h as in Notation 1.3). Then there is a constant y,(|V,|com) such that

for 0<e<eg, y=y, F(x,0)eL’H,, G,(x',0)eH, there is a unique
solution U,(x, §) € L’H, to the singular problem

(a) g(SI/e’ch,H) Us
'D
(7.5) =DXNU8—M<3V8,DX,+%> U=F inQ

(b) B(eV,) U, =G(x',0) on bQ2,

and U, satisfies

1
(76) |U£|O, 1,y +_ <Ue>l,y
Jr
1 1
< (W Jcom) [— Flo s, +—= <G, ]
ba ﬂ
)

If F,, G, vanish in x, <0, the same is true of U,.

(c) (Finite propagation speed) Suppose o is an upper bound for the
propagation speed of (D, — </ (v, D), B(v)) when v € Bz. Then o is an upper

bound for the propagation speed of (7.5). Thus, if y = (y,, 7) € RY*" and F,,
G vanish inside the backward cone

Fy = {(anxa H)GQ: |x_.)7|<(x|x0_y0|7 Xo <yO}a

then U, vanishes in T,
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Proof. (a) Write

'D,
&i(ng,Dx,+ﬁ8 3>
'D, 'D,
:,52{(0, Dx,+ﬁ8 6>+3V;&¢1 <sV;,Dx,+ﬁ8 €>.

A standard mollifier argument [CP, Chap. 7] based on the L? estimate
(5.26) shows U, e L’H ;, the key point here being that the mollifiers
commute exactly with the singular part </(0, D, +@).

To establish (7.6) differentiate (7.5) with 9¢,. 5, where || < 1, apply the L*
estimate (5.26), and observe that

ﬁ,DH o
(77) H:M<£I/s9 Dx’+ > Y (x',0) USO

&

. <AV lco ) [Uelo, 1, 55
.7

78) R CAN IS LAY (AR A
v,
<Pl 2

For (7.7) we have used [#/(0, D, + f'D,/¢), 07, 41=0.
(b) This follows from Theorem 5.2.
() Letv,(x)=V,(x, f'x'/¢e) and u,(x) = U,(x, f'x'/¢), and note that

DxNus _ﬂ(svw Dx’) U, = Fe <X, ﬂ_x>
&

(7.9 y
B(ev,)u, =G (x’, ﬁ%)

Thus, the propagation speed of U, is bounded above by a as well. ||

PROPOSITION 7.2. Fix0<6 < ' < 1. Choose y(Z,7) = x(Z,, Z,, y) € eS"
(2.39) such that
0<y<xl1
(7.10) x=1 on |Z,y|<d|Z,)|
supp x < {121, 7| < 9" |2y},
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and let y (D, ;) € OPeS 0}9’,“’ be the associated operator. Let V,, U,, F, be as
in Proposition 7.1. Then for ¢, y as in Proposition 7.1

(a) |(1 _Xs(Dx’,B)) Uzloo,O < CleN(l _Xs(Dx’,H)) UZlO,O

(7.11)
(®) Dy, (1= x(Dy,4)) Uilo,o < BV 1) U lo, 1,5 + 1 F o0,

Proof. (a) isal—D Sobolev estimate.
(b) With o/,(D, o) = A (eV,, (D, —iy, D) +22) e OPS M0 we have

(7.12)
|DxN(1 _Xs(Dx’,G)) UglO,O
< |~°is(Dx',9)(1 —Xs) Uz|o,0 +(1=x,) Fz|o,0 +I[1—x,» ] UZ|0,0-

[1—x,, (0, D, +@)] =0, so the commutator term is dominated by
(7.13) h(Ve1+) 1U o, 1
Note the calculus is not needed here since .7, is differential and y, is a

bounded Fourier multiplier.
The first term on the right in (7.12) is < (7.13) as well since

mf’
e

(7.14) <(Q—4%6U+~——>ll—x<éZT§ny>|<Cxév—W,€?

by (7.10). 1|

We estimate |x,(D, 4) Ul|,,, in the following key proposition.

PROPOSITION 7.3 (CH) estimate). Fix R>0, & >0, and R'<R as in
(7.23). Suppose

(DxN _&/(Ua Dx’)’ B(U))

and the corresponding dual problem are Kreiss well-posed for v € By. Assume
B’ € %° and suppose V, € C>™° satisfies for 0 <& < ¢,

(@ [eV(x, Ol <K
(7.15) (b) Wileom <K

(C) |£axNV£|* < h(|Ve|cfl )s
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for My =2(N+2)+ 1. Suppose U, satisfies

ZL(eV,, D3, y) U, = F,(x,0) in Q

(7.16)
B(eV,)U,=G(x', 0) on bQ,
where F,e L’H), nCH), Ge H,, and supp F, = {0 < xy < E}.
If 6' > 0 in (7.10) is small enough, there exists a constant y,(K) such that
fory =y, 0<e<eg,

A7) Ul < O B)| 20 (G 4 W+ <02 |
Jr
Pl Fllos <G,
718 Ul <C<K,E)[< 4Gy >+< i >]
0 \/y 0 ) ﬂ

The first step in the proof of Proposition 7.3 is a block structure lemma.
Let L,(+f"),i=1,..., #(x ') be the distinct roots of

p(£p', &y) = det(Ey — (0, £)) =0,

indexed so that 1,(—pf’) = —4,(8’). Denoting the (algebraic) multiplicity of
4;(£ B') by m,(£p"), we have m;(B') = m,(—f').

Since f' € ¥° we can write the index set {1, 2, ..., # (% ')} as a disjoint
union of subsets O(+ '), ('), (£ ), /(£ ") corresponding to the
roots A4;,(£ ") for which the associated modes (+ f’, 4,(+f')) are respec-
tively outgoing, such that Im A,(+ ') is positive, incoming or such that
Im A;(£ f’) is negative (Definition 1.1). When (', ,(f")) is outgoing (resp.
incoming), (—pf', —A;,(B")) is also outgoing (resp. incoming). Moreover,
p(p', £y) has real coefficients, so we may take O(f') = O(—p'), ..., /' (B') =
N (=P).

Set

mo= Y m@). mo= Y m@)

ieP(f) ie /()

and note m, =m_. For i e O(f") u F(p’) we have, of course, m;(f’) =1.
Set

mgy = card O(f") and m, = card ().

Lemma 7.1 [K, CP]. Let

Z={z=(,X,p) e Bg xR"x[0, ) : (X, y) # 0}
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and o4 (z) = (v, &y —iy, E"). There exists an invertible m x m matrix S(z),
homogeneous of degree zero in (X, y) and C® for z in a conic neighborhood I
of {(0, B, 0), (0, — ', 0)} in X, such that

(7.19) 5-Y(z) (z) S(z) = A(z),

where A(z) has the block diagonal form with blocks of dimension m,, m_,
my, m_:

A4(2)
A,(2)
(7.20) A(z) = ()

A_(2)

Ay (2) (resp. A,(2)) is a diagonal matrix whose entries are simple eigenvalues

A;(z) (abuse of notation here) of </ (z) satisfying for some C >0andzeI':
Im 1;(z) = yH,(z) = Cy, ieO(p
(7.21) (2) =yH(z) 2 Cy (8)
(resp., Im 4,(z) = —yH,(z) < —Cy, i € J(f")),

where H,(z) is homogeneous of degree zero. Moreover,
Im 4,(z) 2 CLX, p)

(7.22) ’
ImA_(z) < —CLX, p)

forzel.
For z=(0, £ ',0) the entries of A,(z) (resp. A,(z)) are A, (Ef"),
ieO(p') (resp. F(P')). The eigenvalues of A.(z) (resp. A_(z)) are

L(Ep), i€ P(B') (resp. N (f)).
We may take

(1.23) =By xT)
for some R' <R, I'y =« R x [0, c0).

Remark 7.1. (a) (Lopatinski determinant) Denote the columns of
S(z), ordered from left to right, by r;(z), where i belongs consecutively to
o), 2(B'), #('), and A(B'). Write

(7.24) S(2)=[8"(2) S (2)],

where S*(z) (resp. S7(z)) is the matrix whose columns are r,(z),
ieO(p)Yu P(B) (resp.ie F(B') v A (B)), and set

(7.25) B*(z) = B(v) S*(2)
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for ze I'. A necessary condition for the Kreiss well-posedness assumed in
Proposition 7.3 is that B*(z) is a x4 X u matrix such that

(7.26) det B¥(z) >C >0

forzeI' ([K]).

(b) (Extension to X) We need to extend Z(z)|-, S(z), and A(z) so
that (7.19)—(7.22), (7.26) hold for all ze X. For this, first extend A(z) to
A(z) e S' (1.7) of the form (7.20) satisfying (7.21), (7.22), and extend the
r;(z) to m independent columns defining

S(z)=[S*(z) S (2)]€S°
such that B*(z) = B(v) S*(z) satisfies (7.26). Then set
(7.27) A(z)=8(z) A(z) S~ (z) e S".

Henceforth, we will drop the tildes on A, S, B*, but not on .2/(z) (in
order to avoid confusion with .&/(z) which is already defined on X).

(©) With I' = By xI'y as in (7.23) observe that if ' >0 in (7.10) is
small enough, then

(7.28) ,
(X.7) ey for X = 2,42, when (21, 207 = (.72, ) e supp 1.

Notation 7.1. (a) In the next proof we will sometimes suppress the
subscript ¢ and also write simply y, S, &, etc., instead of y, (D, ,),
S,(Dy. ), (D, ) for SPOs in OPeS 3™ (2.39).

(b) Residual operators r,, of order 0 (resp. 1) will be denoted r,
(resp. r;) and may change from line to line.

Proof of Proposition71.3. 1. (Microlocalize) Rewrite (7.16) as

DxNUz_‘%(Dx’,H) Uz:) = Fz

(7.29)
B(eV,) U? =G

Choose ¢’ in (7.10) such that (7.28) holds and apply x,(D, ) € OPeS §* to
(7.29) to get
@ Dy yU'—AyU’ = yF'+[x, 41U’

(7.30)
(b) B(eV) yU?= yG"+[B(eV), x1 U".
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Product theorems in the extended SPO calculus give
[z, /10" =r,U”
(7.31) ’
[B(eV), x]U'=r,U".

2. (Solve SW = yU’ exactly) To find W e L () apply S,' (D, 4) €
OPF 3™ to obtain

(7.32) (L+r) W = 4U",

where r, is an operator like that defined by R, in (2.33) with L? operator
norm

C(X)
I ST-

The dependence of C on K is clear from the proof of Proposition 2.7.
Choose y >4C(K) and invert 1+r, with a Neumann series to obtain
W e LX(Q).
This step allows us to avoid unacceptable error terms like D, r,U” in
Step 3.
3. (Diagonalize) Apply S~! to (7.30) to get
S7'D, SW —S~'\ASW = ryF"+r,U’
(7.33)
B(eV) SW = yG"+r,U".

To avoid terms like D, r,W we set # =S~'SW and use [S™', D, ] =r, to
rewrite (7.33):

D, W —S~\ASW = ryF"+r,U"
(7.34)
B(eV) SW = yG"+r,U".
Here we have used the calculus to conclude
235 S\ ASW — S~ AS(S™'SW) = r,U"
‘ B(eV) SW — B(eV)(S™'SW) = r,U".
Recall I' = By x I'y and for 0 < e <¢,
(7.36) &Vl =@y < R'.

A(z)=A(z) for zeT, so we deduce from (7.36), (7.28), and product
theorems that

(7.37) S ASW —S ASW =r,U’.
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Finally, (7.27), (7.37), and the calculus allow us to rewrite (7.34) in block
diagonal form
@ D W —AW =r F'+r,U’

(7.38)
(b) B(eV)SW =r,G'+r,U?,

where A4 = A,(D,. ,) is the element of OPF ™ associated to A(z).

4. (Invert boundary condition) Write #" = (#"*, #°~), correspond-
ing to the decomposition

S(2)=[8"(2) S (2)],

and let S*, B* denote the elements of OP¥ ™ defined by the symbols
S*(z), B%(2) ((7.24), (7.25)). Thus, (7.38b) becomes

(7.39) B*W**+B W =r,G'+r,U’,
and using (7.26) and the calculus gives
(7.40) Wt =ryW  +r,G'+rU’ on bQ.

5. (Ullno <% This 1-D Sobolev estimate follows from (7.6) with
k =1 by rewriting D, U’ using Eq. (7.29). In fact, the usual approximation
argument gives

(7.41) U¥Nxy)Do = 0as xy - +o0, for each fixed e.

We need to improve this to the uniform estimate (7.18).

6. (Estimate |#7|,, ) Write W' * = (W, #,), W~ =(W,, #_), corre-
sponding to the blocks of (7.20), and set

(1.42) A(z) = [ 4,

4_(2) }

First obtain energy estimates for the system with boundary conditions
“at +00”

(7.43) Dy =AW =1 F'+rU'=F",

where r, is an (m,+m_) x m matrix operator. For each x, take the L?
inner product <, > of both sides of (7.43) with # ~(x,), and integrate from
xy to +o0. Take the imaginary part of both sides and use (7.41), (7.21),
(7.22), and SPO Garding inequalities (Corollary 3.1) to obtain
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(744) W Cew)>o+7 17 oo
< [Im(F 7, #77)

E
SCE) [Pl [ <)o ity +CE) U713

FyZ ,W'—Z
| |oo,0+V| |0’0+C(K) |Uy|3’0‘

<C(K, E) 5

Next consider
(745) (a) (DxN_A+) fj//'+=r0F}'+r0U}'=g;+ on Q2
' (b) Wt =rgW +r,G’+r, U’  onbQ.

Proceed as above, but now integrate from 0 to x, to obtain

(7.46) W TxN)Do+y I Mo

F)2 W
| |oo,o+V| |0,°+C(K) U750+ <{H#(0))5.

<C(K,E) 2

Add (7.44) and (7.46), rewrite # *(0) using (7.45b), and use (7.44) to
estimate {#"~(0)), to conclude for y large

(747) W (xn)do+7 1 o0

<C(K,E)[| ylw°+IUV|oo+<GV>o “ y;?»o]

7. (Estimate [y, U?|, ,) The estimate (7.17) now follows from (7.47)
and (7.32).

8. (Estimate |U}|, ,) The estimate (7.18) follows directly from (7.17),
the estimates for (1—y,) U? in (7.11), and (7.6). |}

As an immediate consequence of Propositions 7.1 and 7.3 we have

COROLLARY 7.1. Under the hypotheses of Proposition 1.3 (in particular,
recall |V,|com0 < K for 0 <e <), we have for 0 <& < g, y = 7,(K)
<U>1, ¥
J7

<C(K, E) |:<|F‘EL%+<G>O,Y>+<|Fsl;’l’y+<?/>;’y>:|-

In preparation for the main linear estimate we now recall some standard
tools with slight modifications.

(748) |Us|oo, 0,y + |Ua|0, 1,9 +
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7.3. Seeley Extensions and Nonlinear Estimates

Lemma 7.2 (Seeley extensions, [CP]). For any T>0, ke N, given
U(x, 0) e CHX (resp. L*HY.), there is an extension U € CH* (resp. L*H*)
such that

@ U=U on 2,

() 01k <hK) Ulgr  (resp. |Ulox < h(k) |Ulo i, 7)-
h(k) depends just on the C* norm of the cutoff function used to define the
extension. It is independent of T even though U depends on T.

Notation 7.2. (a) For ke N let 0¥ denote the collection of tangential
operators ¢, o With |a| =k (a is a multi-index). Sometimes 0* is used to
denote a particular member of this collection. Set 0% = ¢.

(b) For ke {l,2,3,...} denote by ¢ the set of products of the
form (0*¢; )--- (8¢, ) where 1 <r<k,a;+ ---o, =k, o, > 1. Set 3¢ = 1.

LemMma 7.3 (Moser estimates). For ke N let o, + -+ +a, <k, o, € N.
Suppose v; € H5. 0 L*(b2;), u;,ue CHY A L*(2;), w;, we L*H% n L*(2;),
and F(-) is C* with F(0) = 0. There exists C independent of T such that

@ @0 (@, |0T<cz |v|kT<n |v|*>

Jj#i

(b) (@"wy)---(0 W|00T<CZ |W|0kT<n |W|*>

i=1 j#Ei

© 1@1) @ tgr <C Y. |u|w(n |u|*>

i=1 Jj#i

(d |F(W)|0,k,T < h(lwls) |W|0,k,T
©)  |F@lo, k7 < hluls) [l i, 7

LemMa 7.4 (Commutator estimates). Assume A(-), B(-)eC®, u,,
u, e LW nCH%, w,,w, e LW'* n L*’H%"', and v, e W' n HEFY,
v, € L°(bQ;) N HE. Then

@ [4(u) 0", 0" 1l 07
< (| [*) [ loo, i, 7 + A %) )™ ot oo, 1, 7
() [[4(w;) 0", 0] Walo, 1,7
S (w1 1) Walo, exr, 7+ AW ) W™ Wi lo g1, 7

© <[B(v), ak] [ZRIWES h(<U1>*)<Uz>k,T +h(<01>*)<1’2>* v, >k+1,T'
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Proof of Lemmas 7.3 and 7.4 1. (Lemma 7.3) (a) is a classical conse-
quence of the Gagliardo—Nirenberg and Holder inequalities. (b)—(e) are
trivial consequences of (a).

2. (Lemma 7.4) (a) The commutator is a sum of terms of the form
(7.49) d(uy) 09u,0'u,

where ¢(-)e C* and j+I=k+1,/>1, j= 1. Rewrite (7.49) with obvious
notation as

(7.50) $(u) 09°(0uy) 0" (0uy),

where j'+1I' = k—1, and apply Lemma 7.3(c).
Lemma 7.3(b) (resp. (a)) and the same kind of argument yield part (b)
(resp. (c)) of Lemma 7.4. ||

7.4. The Main Linear Estimate
Notation 7.3. C2}' ={V(x,0) e C(xy: C*(bQ;, R™): supp V' is compact}.

THEOREM 7.2. Fix T>0, R>0, ¢,>0, ke N, and R' <R as in (7.23).
Suppose (D, —./(v, D), B(v)) and the corresponding dual problem are
Kreiss well-posed for ve By. Assume B’ € %° and suppose V, € C>3° n H¥,
satisfies for 0 <e < g,

(@) [eV,(x, D)l <R,  |e05 Vels <A(Vi]co1)
(®) Vlcom <K.
Suppose U, satisfies
ZL(eV,, D3 y) U, =F,(x,0) in Qr
(7.51) B(eV,) U, =G(x', 0) on bQr,
U,=0 in x,<0,

where F, and G, vanish in x, <0, F, e L’HX"' nCH%, Ge H ', and supp
F,c{0<xy <E}. Then there exists a constant y,(K, V,low .7, Vilox11.7)
such that for y=y,, 0 <e < g

<Us >k+1,T
S
|Fs|oo,k,T + IF'slo,k+1,T + <G>k+1,T>
Jr Y Jr

WVeloo, 7 |I/e|0,k+1,T>

+(maw |Ue|*< ;
< V7 y
* <Vg>k+1,T>
I A AT
7))

(752) |Us|oo,k,T+|U£|0,k+l,T+

<erc.n)|
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Proof. 1. (HY estimate) Use Seeley extensions of (F,, G) (resp. V) to
extend the data (resp. coefficients) of (7.51) from Q; to Q. Observe that for
keN,T>0

W o, i, r < h(K) € (W7,

(7.53) .
Wlo, i, r < h(k) €™ [W7q -

Modifying F,, G, and V, in x, > T does not change U, in Q;, so from the
estimate (7.48),(7.53), and Lemma 7.2(b) we obtain for 0<e<g,,

7 = 7o(K),

<U£>1,T

Nz
Floar Flosz , (O]

N AR

Here we have used <G, , <<{G),,/7.
2. To obtain (7.52) we apply (7.54) to the system

(754) IUeloo,O,T+|Ue|0, 1,T+

<e"C(K, E) [ <

g(SI/e’ ch,ﬁ) akUs = asz+[$’ ak] Ue

(7.55)
B(eV,) 0U, = 0*G+[B, 9] U,,

noting that 0¥ commutes exactly with the singular part of %:

(7.56) [&z <0, Dx,+ﬁ'D">, ak] =0.

&

Thus, Lemma 7.4(a),(c) imply

7.57) @ (2L, 0T UL 0.0 <AV Ul i 7 + AV UL Vel i 7
T ) B O TUDr SRV YU,k AWV )KU D VoD 1

The first term on the right in each of (a) and (b) can be absorbed by the left
side of (7.52) by taking y large.
I[Z, 0*] U, o, 1.7 is handled the same way using Lemma 7.4(b). |

COROLLARY 7.2. Make the same hypotheses as in Theorem 7.2, but take
k>[14+Y]. There exists a constant F,(K) such that for 0<e<e,,
T<, andy=+
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U
(7.58) |U£|oo,k,T+|U£|0’k+1’T+%
Y
< C(K, E) |:<|Fs|oo,k,T+|Fg|0,k+1,T+<G>k+l,T>i|.
V7 y N

Proof. |U|*<C U,y 7 so the term involving |U,|* on the right in
(7.52) can be absorbed by taking Z; small.
Since U, = 0 on x, < 0 we have

(7.59) U, S CUDI11 7 < CTCU, Yy 7.
Writing
e T Vdiorr

NN

and using (7.59), we can absorb the term involving <U,», by taking
small enough. ||

7.5. Iteration: H% Boundedness

The proof of Theorem 7.1 is based on the iteration scheme (1.5) and will
be contained in the next two propositions. H% spaces were defined in
Notation 1.3.

PrOPOSITION 7.4 (Uniform Hj estimates). Fix >0, k> [M,+%],
and consider the iteration scheme (1.5) under the hypotheses of Theorem 7.1.
There is an ¢, > 0 and a T;, = T,(0) > 0 independent of ¢ € (0, &, | such that

(7.60) Uilk7, <6  forallnandall ee(0,¢].

Proof. 1. (Preliminaries) We will suppress ¢ and write the iterates as
U, (instead of U?). Take U, = 0.

Fix T; € (0, 1]. We will choose 7, < T;. Proposition 7.1 (b),(c) imply that
for all n

(7.61) supp Un|gT0 < {x, =0} n {|x| <A(D, Tp)},

where 4 depends on the propagation speed a.
For any / € N, T' > 0 Sobolev estimates imply

(7.62) [Ualcot, (D) Ul [14251] -
2. (Choice of &) Recall I" = By x I"} (7.23). Choose

RI

(763) & < W
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3. (Induction step) Let Z,(K) be as in Corollary 7.2. Fix n and
assume for 7'(k) < min{T;, Jo(h,(M,) )}, n' <n

(7.64) U, 7y <O for 0<e<e,.

The choice of ¢ allows us to use Corollary 7.2 to estimate ||U, [, rq)-
Note that the equation and (7.64) imply

|86xN Unl* S h(|Un|CS}(k))
Set
(7.65) W ler =WVl k7 + Vo, ks1, 7
and take T' = T(k), y = 75 in (7.58) to obtain

(7.66)  NU,1ille 700 < €C( (M) 6) /T (k) (WE(UDNe 70 + <Grv1, 70

Lemma 7.3 (d),(e) give for some 4,:

(7.67) 1E: (U, 7y < Ba(h1(0) 6) (U7, 70y -
Thus,
(7.68) 1Un+1lle. 7y < /T(k) eC(hy (M) 6)[0h,(h(0) 0) +<GDys1, 1 1-

Reduce T'(k) if necessary so the right side of (7.68) is < J. This gives 7. |]

7.6. Contraction

ProrosITION 7.5. Fix d, k, T, as in Proposition 7.4 and ¢, as in (7.63).
There exist T, € (0, T;.], &(0) <&, and U, € I]-[I’{rk such that

”UZ_Us”k—l,'ﬂ'k_)O as n—

uniformly for ¢ € (0, &(9)].

Proof. As before write U, =U,, and set W, =U,,, —U,. The problem
satisfied by W, has the form

B'D, >

W,

n

= '0/7(89 Un—la Una 8Dx’Un9 DGUn) I/I/n—l

D, W,—f <8U,,, D+~

7.69
( ) B(SUn) I/I/n = g(ga Un—15 Un) SW;—I

w,=0 in x,<0,

where &, 4 are C* functions of ¢ € [0, &, ] and their other arguments.
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From Lemma 7.3 we obtain

@) NPV, ilwkr,r SEU,_1, Uy, 0'U, 1) Wil ko,
+h([U,_, U,y 0'U, 1) W, 11s U, -1, Uy, 0'U, | k1.1

®) 1FW,_ilor <HU,_1, U,, 0'U, 1) Wil s
+h(U,_, U,, 0'U, 1) W, 11 (U, -1, U,y 0'U o i 1

© KGW,_ s <elh(KU,_1, U)W, Dk r
+h(U, -1, U)W, 100% KU, Ui ]

(7.70)

Take T < T, in (7.70) and use (7.60), (7.62) to obtain for some #;:
(7.71) h(|U, 1, U,, 0'U,x) < 15(9).

Apply Corollary 7.2 to (7.69), letting y = 7 in (7.58) and using (7.62) (for
[W,_1l« and C(K)) and (7.70), to find for some #4,(d):

(7.72) Wl /T 7a(0) W1, r +6h4(0) /T Wy D 1

Finally, choose T'= T,(d) and &(d) < ¢, small enough so that

(1.73) JTh@®) < ehy(9) <t
This gives
(7.74) Wolle-1, 7, <3 W= ille=1, 7, for O0<e<e. |

This also completes the proof of Theorem 7.1.

8. Initial Value Problems

We revert to the notation of Section 6. In particular, x, now denotes
time. Recall

(8.1)
@ Opr={(x,0)eR""'xT :xy,e[0,T]}

(b) CXY={V(x,0)eC([0,T], C¥(R"x T* R™)):supp V is compact}
(©) My=2(N+L+1)+1
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Notation 8.1. (a) For ke N H*= H*(R¥ x T%), the standard Sobolev
space with norm (U(x', 8)),.
(b) CpH*={V(-,xy,-)eC([0,T]: HY} with

|V|CTHk = sup IV( s X, )lHk = |V|oo, kT

xx €[0,T]
(© wr={xeR"*':xye[0,T]}.

The goal of this section is to extend a result of [JMR1, JMR2, S] for
symmetric hyperbolic quasilinear initial value problems of the form (6.2) to
the case of systems that are just symmetrizable in the weaker sense of
Definition 6.1.

Consider the singular problem

(82) g(sUes Di',é’) Us
B'Dy

&

=DXNU€—&i<8US,Dx/+ >Ue =F,(U,) on O
U, =G(x',0) on xy=0

with o/ (v, &), F, as in (1.4).

TuEOREM 8.1. Fix k> [ My +"+*] and assume
(8.3) G(x',0)e H*,  supp G < {|x'|< D}.
Fix R> 0, K =<{G),, and suppose
8.4) D, —s4(v,D,)
is symmetrizable for ve By (Definition 6.1). Suppose a < oo is an upper
bound for the propagation speed of (8.4) when v e Bg. There exist &(K),

T(K), and a unique U,(x, 0) € CT(K)H" satisfying (8.2) for 0 <e < &(K) on
Ory and such that

8.5) v, =uy+eU, <x, xf >

is the unique C' solution of (6.2) on wr,.

The main step in the proof of Theorem 8.1 is a C,H* estimate for the
linearized problem (6.1).
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ProposITION 8.1. Fix R>0, k> [M,+Y%], T>0, and ¢ >0. Let
D, — (v, D,) be symmetrizable for v e Bg. Suppose V,(x,0)e CH ¥ has
compact support and satisfies for 0 < ¢ < g,

@ |eV,li=ey <R
(b) |Ve|cf"§‘0 <K, Vil ior < K
(c) |8axNI/e|L°°((DT) < h(lelcg;;),

and let ¢,(K,) <ég, be as in Theorem 6.1. Assume F,e C;H* and G e H*.
Then the solution U, of the singular problem 6.1 belongs to CrH* and there
exist constants C, (g, K,), C(K,) such that for x; € [0,T], 0 <e<¢&(K;)

(8.6)
ulwn)be < €1l ) €90y + O [ e 0 Gy e |

Here
(8.7) Ci(e, K;) = C, +eC5(K),

where C, is independent of V.

Proof of Proposition 8.1. Apply the estimate (6.9) to 0{, 4U,, |a| <Kk,
and note (as in [JMR1]) that since 9¢, 5 commutes with the singular part
(0, D, + B'D, /&), we have

(8.8 ILL &V, D3.0), 0te, 0] Usloo,0,0 < C(K2) U, L, 1,7+

An application of Gronwall’s inequality yields (8.6). ||

Proof of Theorem 8.1. Fix T >0. The proof is a standard iteration
based on the scheme

LU, D5 ) Uyt =F,(U;)  on0
(8.9) o !
Urt' =G(x', 0) on xy=0,
where U? = G. Finite propagation speed for the linearized problem (which
follows as in Proposition 7.1) implies
(8.10) supp U}|o, = {(x,0) € Or : |x'| <h(D)} for all n.

To prove uniform boundedness, fix n, let C, be as in (8.7), and assume,
for &,(K), T(K) < T (determined below)

GBI Uiz <(C+1D(K+1)  for 0<e<e(K).
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Since k> [M,+%#%], (8.11) implies Ul < h(K) =K. Let &(K;)
be as in Proposition 8.1. Choose &,(K) < ¢ (K3) such that for 0 < & < &,(K)

@) |eU7| <R and

(8.12) Cra) _
(®) [eC(IUZ|> M0 )] < (C; asin (8.7)).

> T(K)

Thus, estimate (8.6) applies with U, = U”*!, V, = U" and yields

(8.13) U i) (Cy+1) e ONK + C(K) xye ™
<(G+HI)(K+]),

where T'(K) is chosen so the last inequality holds for x € [0, T(K)]. This
completes the induction step.

The existence of U, € Cy,H* such that U} — U, in CryH* ' as n — o,
uniformly for 0 < ¢ < ¢,(K), now follows in the usual way. This implies U,
is the unique solution of (8.2) on Ory,. |

9. Multidimensional Shocks

In this section we return to the use of Notations 1.3 and 5.1.

9.1. The Initial Boundary Value Problem for Oscillatory Shocks

Consider the system of conservation laws

©.1) _ZO 0, f;(w)=0

on R¥*!, where the f;: R” —» R™ are C* functions. Set x = (x’, x) and let
S be a noncharacteristic surface for (9.1) defined by x, = y(x"), where V is
C!. Suppose u is a C! function up to S on each side of S whose restriction
u* (respectively, u™) to xy > (x') (respectively, xy < y(x")) satisfies (9.1).
Then u is a multidimensional shock if, in addition, the u* satisfy the jump
condition

©2) T 0, L @]-Lfx@]=0  ons.

Functions u as above satisfying (9.1) on each side of S are weak solutions
of (9.1) in RY*' if and only if (9.2) holds. Equations (9.1) and (9.2) consti-
tute a hyperbolic free boundary problem for the unknowns (u*, ). This
problem was solved by Majda [M1, M2] with several improvements by
Metivier [ Metl, Met2] under an appropriate stability hypothesis.
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Following the classical idea we reduce to a problem with fixed boundary
by making the change of variables ¥’ = x, Xy = +(xy —/(x')), and putting
#% (%) = u*(x). Setting

A;(v)=f’(), j=0,..,N
Ay(v, dy) = Ay(v) — 20 ¥, 4;(0)

and dropping the tildes, we obtain the equations

N-1

9.3) Y Ayu) 0, ut + Ay(ut, dp) 0 ut =0  on xy>0
j=0

(CX) G(u*, dy) = 20 Yl fi@]-[fy(@w]=0 on xy=0.

Consider a planar shock solution (U%*,ox,) of (9.3) and (9.4). This
means that (U*, ) are constants satisfying

0.5 olU]-[fv(U)]=0.

Our main assumptions are:

(M.A) (@) (U%#,0x,) is uniformly stable [M1].

(b) The system (9.3) is symmetric hyperbolic and satisfies Majda’s
block structure condition for (u*, dij) in some neighborhood O = R*"*¥ of
(U*,d(ox,)) (see Remark 5.1).

Symmetric hyperbolic means there are smooth matrix-valued functions
& *(u*) such that & *(u*) 4,(u*) is symmetric for all j and & *(u*) 4y(u™*)
is positive definite.

We study oscillatory perturbations of (UZ, gx,). To describe these,
observe first that Egs. (9.3) and (9.4) admit the following linearization

LE*(u*, dy,0)vE=f* in xy>0

9.6)
B*(u*,dy)(v*,dp)=g on xy=0,
where
N—-1
0.7y  L*u*,dy,0,) v =) A(u*)0,v*+Ay(u*,dp)0,, v,
j=0
N-1

(9.8)  B(u*, dp)(v*,dp) = 20 ¢, [f;()]—[An(u, dip) v].

Note that if we let w = (u*, u™, dy), then B(u®, d) = d  G(u*, dy).
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The linearized interior operators at (U ¥, gx,) take the form
N-1
9.9 L20,) =), 4(U*)0,+(4y({U*)~0)0,,
j=0

with corresponding symbols

9.10) P, Ey) =det (L, &y

For each choice of sign define the hyperbolic #, and nonglancing regions
% < RV\0 as in Definition 1.1 (#, = ¥<), and choose a boundary
frequency

©.11) B ed. nge.

Thus, for each choice of sign the characteristic modes (B, 17 (f")),
j=1,...,m, associated to B’ are some combination of hyperbolic and
elliptic modes. Let

(9.12) PEx)=pX+AF () xy, j=1,...m

be the associated real or complex characteristic phases.
The perturbed shock (ut,dy,) is the solution to an initial boundary
value problem on RY*' = {(x, X", xy) : xy > 0}

(@ L*(ut,dy,,0)ur=0 in xy>0

(b) Gut,dy,)=0 on xy=0
(9.13) N

© ul=Ut+ewt(x"xy, Olp-ex  on x%=0

@ ¥.=0 on x=0,
where wi(x", xy, 0) satisfies appropriate corner and phase compatibility
conditions.

In [W2] we chose B’ € #, n #_ and perturbed the planar shock with
oscillatory plane waves whose associated characteristics reflected strictly
transversally off the shock. Here our choice of ' (9.11) allows the forma-
tion of an elliptic boundary layer on one or both sides of the shock as well.
9.2. The Singular Shock Problem and Choice of Initial Data

One can look for solutions to (9.13) of the form
uE(x) = UE(x, O)lyrx

(9.14)
Yo (x) =¥.(x, Dlp_rx,
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where (%F,¥,) satisfies a singular shock problem obtained by manipula-
tions such as (1.1)—(1.4) (here V* =0, + f'0,/ ¢):

LEUE, VY, D) US

=D U —A*(UF VYV, D) U =0
9.15) GUE,V¥,)=0 on xy=0

UE=U*r+ewt(x", xy,0) on x,=0

¥,=0 on x,=0.

Here
~ N-1 /}.Dg
9.16) — A= =[+A(UE, V)] I[Z Af(%fi)<Dxf'+]T>]‘

Fix ky>[M,+%] and D>0. Choose initial data wr(x", xy,0) e
C*(RY x T') supported in |x”, xy| < D, vanishing to high order (for con-
venience) at x, = 0, extended to be zero in x, <0, and such that the pair
(oxy, Ut +ew}) satisfies both corner compatibility conditions to order k,
and phase compatibility conditions (see [ W2, Sect. 5 and Appendix A] for
details on satisfying corner and phase compatibility, including the con-
struction of initial data that do not vanish at x, = 0).

Let WX (x,60)e C™ satisfy for some T, >0 and ¢e (0, 1] the singular
initial value problems on Oy, = {(x,0) e RV*'x T': x, e [ - T, T, ]}:

LEU+eW F, Vi(ox,), D5 ) (Ut +eWF)=0 on Oy,

@17 Wi=w(", xy,0) on x,=0,

where, with O, . = {(x, 0): x, e [ - T;,, T, 1},

(9.18) {WF, €0, ,WF)ee(0,1]}is bounded in
C(R,,: H**'(Oy, ,,)) x C(R,,: H*(Oy, ).

By finite propagation speed, which holds for (9.17) by the argument of
Proposition 7.1,

(9.19) supp W £le,, < {1x| <h(D)}.

Remark 9.1. (a) Corner (x, =0, xy =0) compatibility to order %k, is
designed to ensure that for W satisfying (9.17) we have

(9.20) 7.9(x',0)=0 atx,=0for0<j<k,  where
©21)  GU*+eW,Vi(ox,)) = e%,(x', 0) € C*.
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(b) The initial value problems (9.17) are not of the type treated in
Section 8, since 6 is a placeholder for a phase f'x'/e that involves time
(x,); hence, phase compatibility conditions are needed here.

One way to construct w}(x", xy, 8) and W/ (x,0), for example, is to
choose an incoming phase ¢; in (9.12) and solve the symmetric hyperbolic
initial value problem for v (x)

L*(U*+evf, d(ox,), 0,) v =0 in O,

9.22) +
vf=v?t <x”, Xn, ¢?’> on x,=0,

where v*(x", xy, ) e C* is periodic in { and satisfies corner and phase
compatibility conditions to high enough order. Geometric optics (e.g.,
[JR, G]) yields for some T, > 0 and ¢ € (0, 1] an exact solution

vy (x)=V](x, C)|g:¢j*/e

on [ —T;, T;] x RY such that

(9.23) {(V], e, V) ee(0,1]} is bounded in
C(R,,: Hk°+1((9T0’ W) XC(R, Hko((OTO’ )
Now set
w (X", xy, 0) =v* <x”, Xy 9+—/17(ﬁ8) xN) and
(9.24)

Wix,0)=V; <x, 0+—Af(/? xN).

(c) Without phase compatibility conditions the solution to (9.22)
would generally depend on additional phases not in_the set (9.12), which
would therefore correspond to boundary frequencies § # f'.

9.3. L? Estimates for the Forward Singular Shock Problem
Define #(3%, V¢y) by
925  GO*, V)—Gut, Vi(ox,))
=B9%, V' OO* — i, Vi(x—oxp))
B0,

&

= % (]} Ut s0= s ) 2, +22) r-ox)

= [} Ty G+ 59— 1), Ve + 5 = 03))S— )] ds
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(recall (9.8)). Observe the notation suppresses the dependence of # on

(155 V¥(0x,)).

In order to reduce (9.15) to a forward problem on 2, we choose a C*®
cutoff y(x,) such that y=1 on [ —T7;/2,7;/2], supp x <[ —T,, T;], and
set

(9.26) WE=yWt,  [Gf=U*4+eW?

9:27) eF = { —LEEF, Vi(oxo), D) @), X% =0
. & 0’ . .

(9.28) e, =

~ {G(ﬁsi’ VE(O'XO))9 XO > O
0, X, < 0.

Equation (9.17) and the compatibility conditions imply

(@) {(WF,e0, W) ee(0,1]}is bounded in
CH"*'x CH* with supp W F < {|x| <h(D)}.
b) {(F%,%):e€(0, 1]} is bounded in CH**+! x H*+!

with suppx,x’(’g':ei’ ge) < {x0 = O} N {l'x’ X’l <h(l))}

(9.29)

Dropping the tildes we set uf =U*+eWF and look for a solution
(#t,%,) to (9.15) of the form

F = p U

(9.30)
Y. =0x,+¢&p,,

where (U7, ¢,) satisfies the forward singular shock problem

(@) LH(uf+eUZE, Vi(oxy+ep,), D%,)eUs
=[L (", V¥(0x), D5, )
(9.31) —LE(uf +eUF, Vi(oxg+ep,), D) uf +e7 £,
(b) B(uE+eUZX,Vi(ox,+ed,)) (UL, Vi(ed,)) = —¢%, on xy=0,
) Ur=0,¢,=0 in x,<0.
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We solve (9.31) using the following iteration scheme:
LE(uf +eUy*, Vi(axo+edy), Di o) U *

1
= E [gi(:uei’ Ve(axo), Di,ﬂ)

9.32
O3 _ pr(ur 4eUn =, Vi(axy+8d7), DL )] uE +FE,

Bu +eUp ™, Vi(oxo+e¢,))U*, Vg ) =4, on xy=0,

Uttt =0,¢""'=0 in x,<0.

Notation 9.1. Let > =C*™ xC>M xCY, where C¥ ={B(x',0)¢€
CM(R"xT': R"): supp f is compact}. %7 is defined similarly for T > 0.

THEOREM 9.1 (L* estimate). Assume (M.A.) and set

©.33) (@ LU, VY,D.)UL=Ff(x,0) in xy>0
' (b) BAUEVP)NULVH)=G,(x,0) on xy=0.

Fix K >0, &, >0, and let

(9.34) V;(x,0) = W,, e '[(%,, V¥,)— (U, V(3x,))]),

where W, = (Z;), U= (gt), etc. There exist positive constants R, C, C(K),
y(K) such that if ¥; € €>™° and satisfies for 0 < e < g,

(@) [e7k <R

©.35) ®) [Vl <K
© ledey 7ol <A(Yle20),

then |A (UE, V¥ )@ <C and for all (UE,¢,)e H )" (Q)x A, (b2)
(Notation 5.1), 0 <e <¢g,, y = y(K) we have
1 1 .
- <Us>0,y +— <V ¢e>0,y
S Jr
|Fa|0,0,y+<G£>0,y>.

<C(K)< ) /r

Here we have set |U,|y o, = U o0, +1U; lo.0.,. etc.

Remark 9.2. y<{¢,>o, <<{V°d.)o ,, s0 one may also include \/y b0,
on the left side of (9.36).

(9.36) U.o,0,, +
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Proof of Theorem 9.1. The proof has much in common with that
of Theorem 5.1 and Corollary 5.2, so we will concentrate mainly on the
differences.

1. (Choose R,C) Let 0> (U, d(ox,))=U"*,U",d(ox,)) be as in
(M.A.). The first requirement on R is that for (u, ) € R*"*"

|(u, 1) — (U, d(ox,))| < R = (u,n7) € 0.
Write
9.37) BAUE,VYYUE,V,)

.N—l ﬂDH
=1 Z bj(ius, Vg(ax())a %8’ Vsq’s) DXJ' + ]8 ¢e
j=0

J

+M(:u£a Ve(axo), %e’ Veyls) Ue’

where the b; € R" and m x 2m matrix M (acting on U, = (g; )) are defined in
(9.25).
Let L* be as in (9.7) and set

N-1

(9.38) B(a,, a,)(v, ) =1 Z bi(a, a) ijq5+M(a1, a,) v.

Since (U %, ox,) is uniformly stable, provided R is chosen small enough, the
constant coefficient system

9-39) (L*(ay), B(ay, @,))

obtained by freezing coefficients at a; = (., V(ox,)), a, = (%,, V?¥,) is
uniformly stable. This implies uniform invertibility of 4,(%Z*, V*¥,) and
the existence of C.

2. (Eliminate ¢,) With 7;(x, 6) as in (9.34) let &, = (£, —iy, £") and
define singular symbols

b, =b(e7;(x, 0), X, )
N-1 mﬁ
040 =i % b Vo), 4, V) (8,4 e 7y,
iz
m, =m(e?,(x,0)) = M(u,, V¥i(ox,), #,, V¥,) € yoﬂ’,MO,
and the m x m orthogonal projector on b, given by
n, =n(e¥;(x, 0), X,y) e LG

(h, b(e7;, X, 7))

41 v, X, 7)) h=h-
9.41) n(e?,(x,0),X,y)h |b(e?;, X, p)|?

b(e¥;, X, p).
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In (9.41) we use the fact that for &), R as above, the b; are independent and
there exists a C > 0 such that

1
942 CLX, p) S 1b(e¥e, X, )l S 5 <X, 9D

We can now use the SPO calculus to eliminate ¢, by arguments parallel
to [M1, Met2].

Conjugate (9.33) by e 77 and rewrite (9.33b):
(943) ibs(Dx’,H) ¢Z +ms(Dx’,9) UZ = Gz on Xy = 0

n,b, = 0 so the calculus gives (with >y = | | 404q))

044)  (m(Duy) by(Dyg) 150 < CLR)PLYs < C(K) P22 '”

Set By, , = By(¢7;, X, y) = n,m, € %™ and deduce

(945) By ,(Du.s) Ul—1,(Dy.y) my(Dy ) UL < % U,

Thus, (9.43)—(9.45) imply

(9.46) (B, ,(D. B)UV>O<C(K)<G?>O+(—)(|¢ et 4 <UD0).

Next, introduce the row vector b¥ and note the scalar p, = b¥b, € & %’,M"
is elliptic by (9.42). The SPO Garding inequality (Corollary 3.1) and the
calculus imply for y = y(K)

947) 195 < C(K) Re(p,(Dy, o) ¢7, $1) < C(K)<b,(Dy ) 9705
< C(K)(KGL5+<UDD).

Although the calculus does not apply directly to b,(D, 4)* b,(D, 4), we can
write

<bs(Dx’,0) ¢za bs(Dx’,H) ¢z> = <A71bs(Dx’,0)* bs(Dx’,H) Ail(Aqsg): A¢Z‘>
and use Proposition 2.4 and Theorem 2.6 to see that

(948)  A7'p(D, ) A —A7'b(D, 4)* b,(D, 4) A" is residual of order 1.
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Now

167161 ~ <(V°6.)7Do

so in view of (9.46) and (9.47) to prove the estimate (9.36) it will suffice to
show for y = y(K),

1 F? B, (D, ,)U!
(949) |Ug|0,0+—<Uﬁ>0 SC(K) <| £|0,0+< M,s( x,@) e>0>‘
Jr 7 Jr
3. (Estimate U?) With ¥,(x, 6) as in (9.34) let v = (v;, v,, v;) € RV
be a placeholder for ¢7;: v, is a placeholder for ¢W,, v, for %,—U, v, for
Vi, —0x,). As before set &, = (&, —iy, £") and let

(9.50)
(v, 49)
_(Jzi+(U++v§r,Ve(ax0)+v3,f'y) 0 )
0 (U™ +v,, Vi(axy)+v3, &)

BM(Us é,’ V) = ﬂ(U, é,’ Y) ms(v).

(o is 2m x 2m, B,, is m x 2m.)
The uniform stability of (U *, ox,) and our choice of R imply the system

(951) (DxN_‘J(D’ Dx;)7 BM(D’ Dx’7 7))

is Kreiss well-posed (see Definition 5.2 and Remark 5.1(c)) for v in
By = {v: |v]| < R}.

We are now in precisely the situation of Section 5. System (9.51) has a
Kreiss symmetrizer R(v, &, y). Set R, = R(e7,(x,0), & +mpB' /e, ). Then
the SPO R, (D, ,) is a symmetrizer for the singular problem corresponding
to (9.51). The estimate (9.36) now follows from Corollary 5.1. ||

THEOREM 9.2 (Linear existence and uniqueness). Assume (M.A.), fix
K >0, &, > 0, and suppose ¥, (9.34) satisfies (9.35) for R as in Theorem 9.1.
There is a constant y,(K) such that for 0 <e<eg, y=y,(K), F(x,0)e
%3’0(9), G (x',0)e %2(&9) there is a unique solution (U}, ¢,) € %2’0([2) X

H ;(bQ) to the singular problem
LU N, D H)UE =F*F in xy>0
(9.52) ' N
g(%s‘t’ VETE)(Uai—a V8¢s) = Gs on xN = 0’

and (U%, §,) satisfies the estimate (9.36). If FE, G, vanish in x, <0, the
same is true of (UE, ¢,).



198 MARK WILLIAMS

Proof. Let L* be as in (9.7), B(a;,a,) as in (9.38), and set
H.(x) = p,(x, p'x'/¢). Corresponding to the (nonsingular) shock problem

L*(u*,dy,d)vt=f* in xy>0
B(ﬂea d(axo)a u, d‘#)(”a d¢) =& on Xy = 0

there is a dual shock problem (see [ Met2]) which satisfies the backward
uniform stability condition. The associated singular problem dual to (9.33)
thus satisfies an estimate like (9.36), so the same arguments that gave
Theorem 5.2 apply here. |

(9.53)

We proceed directly to the shock analogue of Corollary 7.1. Let
(9.54) V. (x,0)=W,, e '[U,~-U,V(¥,—ax,)])
as before, let o7 be as in (9.50), and set
BV )U,, Vp,)=BAUE, VY )UE, V).

To emphasize the parallels with Section 7, we note % is a zeroth order
operator acting on (U,, V°9,), and rewrite the system (9.52) as

g(sy/ea ch,B) Ue EDxNUe_"Qi(Ey/e’ ch’,é)) Us = Fs

(9.55) ~
#(V)(U,, V'9,) =G,.

ProposITION 9.1 (L’H,—CH, estimate). Assume (M.A.) and p' €
Y. NG . FixkeN, g >0, and suppose for R as in Theorem 9.1 and R' < R
as in (9.64) that ¥, € €>™, F,, G, satisfy for 0 < e < ¢,

(@ |7« <R
(9.56) ®) |7leom0 < K, |60, Vole < A(|V ]601)
(c) F,eL’H),nCH),G,eH,,supp F, = {0 <xy <E}.

Then there exists a constant y,(K) such that for y=7v, 0<e<g, the
solution (U,, ¢,) to the singular problem (9.55) satisfies

<Usa Vs¢s >1, »

V7

<C(K, E) [(W%HGE%J%CFEI;, 1,y+<G\s/>y1,y>]

and exhibits finite propagation speed.

(957) |U£|oo, 0,y + |U£|0, 1,y +
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2771 oot : : —px
Proof. 1. (L°H, estimate) Conjugate (9.55) with e ™™ to get

B'D,

&

D U —of <8"//8(x, 0), D +
(9.58) 7

BV )UL (V9)) =G, on xy=0.

>U1’=F§ in xy>0

The proof of Proposition 7.1 shows there is a constant y,(K) such that
for 0 <e<egy, y =9,

<UL (V')
Jr

For example, in place of (7.8) we have for |a| <1

959 1UZlo,1 +

<y [ o O )

T

~ Y (V? 71
O60)  <IBEA), ey WL (VI <Y ST V80 (y b

2. (Propagation speed) The argument in Proposition 7.1 shows the
propagation speed for (9.58) is bounded above by the (finite) propagation
speed of the corresponding nonsingular problem.

3. (CH ‘y’ estimate, I) Apply 7,(D, ,) to the boundary equation in the
form (9.43) and use the SPO calculus to obtain the reduced system for U?

(D — ) U, =F}

(9.61)
BM,s(Dx’,H) Ué}; = Hs,y on xN = O:

where H, ,=r,G]+r U} +r,p! (as before r; is residual of order j). We
microlocalize and diagonalize (9.61) just as we did for (7.29).

As in Lemma 7.1 let v= (v, v,,0;) € R** be a placeholder for
e7,(x, 0), and define

(9.62) Z={z=(v,X,y) e By x RV X [0, 0) : (X, y) #0}.

Since we will use + (resp. —) to label outgoing (resp. incoming) hyperbolic

and elliptic modes, it is desirable now to rewrite the 2m x 2m matrix </ as

0.63 M()—[“JR 2|
. D= o |

For each choice of R, L define O%%(p"), 224, £2LB), /*HB),
ARE(2), " (z) as before. For z in a conic neighborhood I" of {(0, #, 0),
(09 _ﬁ,s 0)}9

(9.64) I=ByxIycX
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we have
(9.65) S~Y(2) 4(2) S(z) = A(2),

where S(z), A(z) are 2m x 2m block diagonal matrices with m x m blocks
SRE AL respectively. For each choice of R, L we have the analogues of
(7.20), (7.21), and (7.22).

As in Remark 7.1(a) write

(9.66) S ) =[8"*(2) S* (2],

where S®* (resp. S®7) is the matrix whose columns are r;(z),
ie O/B) U PR(B) (resp.ie FR(B) u &/ R(B')), and similarly write

SHz)=[8""(2) S"~(2)].

Let m®™* (resp. m™™*) be the number of columns of S®* (resp. S“™).
Uniform stability implies

(9.67) mit4mit=m—1.

By (z) =n(z) m(z) and m(z) (9.40) (9.41) are m x 2m matrices we can
write as

(9.68) By =[By Byl, m=[mt m"],
where BY" = nm®*. Uniform stability implies the m x (m— 1) matrix
(9.69) Bi(z)=[BYS®* BLSL+]

has rank m—1 for ze I'. More precisely, there is a smooth, bounded
(m—1) x m left inverse (B},) ! such that

(9.70) (Bi) ' (z) By(z) =1, , for zel.

Now extend Z(z)|, By (2)|, S(z), A(z) to elements of S!, S°, S°, S,
respectively (Notation 1.7), so that (9.65), (9.70), and the analogues of
(7.20)—(7.22) hold for all z € X.

4. (CH 2 estimate, IT) With I" = By X I'}y as in (9.64) choose ¢’ > 0 in
(7.10) small enough so that

9.71)
(ZlazZ, y):<é,’%a y>esupr:>(Xa y)er;?' for X:ZI+ZZ
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Now proceed as in the proof of Proposition 7.3 using Notation 7.1.

Solve SW = yU?, set # = S~'SW, and use the calculus to rewrite (9.61)
(@ D, W —AW =r F'+r,U’

9.72) v o
(b) By ((Dyg) SW =rH, ,+1U" =r,G"+rU"+r,¢".

Write W = (W R+, w2, 9w+, # ") corresponding to the decomposi-
tion of S®* (9.66). For B, (z) as in (9.69), (9.72b) becomes

,W'R+ WR_
(9.73) By <“///L+>= Fo (‘//L‘ >+r0GV+r1UV+r0¢V on xy =0.

(9.70) and the calculus now give

,W'R+ ,W-R—
9.74) (WH):rO <WL_)+r0GV+r1UV+r0¢V.

Instead of (7.47) the arguments of Section 7 yield
(9.75) <W(XN)>3+V |W|(2),0

<C(K, E) [%+|UV|3,O+<(F>§ U E} )>0

+@
which implies the shock analogue of (7.17):

Fil. U
'j”+momﬂmm+<>°
Y

9.76)  11U%o < aKEﬂ +@94.

The proof of (7.11) gives
O.77) I(1=3,) Ulle,0 < A7 l620) [UZlo, 1 +1F 7o, o-

Together with (9.76) and (9.59), this implies the estimate of (9.57) for
U lw0- 1

Notation 9.2. (a) For ke N let Df = {(Z(x, 0), n(x', 0)) € H5 x H}. :
(Z, i) is valued in R*" x R"}, and set

(Z, Mot = KZ Mlr =127 +/T <Misr -

(b) For ¥ =(Z,n)eD% we will sometimes write |# lo.x+1,7 OF
||, x.r- The meanings of |¥|, ., and |Z|y .. r are clear, but
[7(x’, 0o, 41,7 is not. For T e (0, 1], the solution (U,, ¢,) to (9.55) satisfies

(9.78) supp U, o, < {0 < xy <h(E)}
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by finite propagation speed. Choose p(xy) € CZ(R,), p=1 on [0, h(E)]
and define

9.79) |’7|0,k+1,T = |p(xy) n(x', 0)|O,k+1,T < C(E)<77>k+1,T-

THEOREM 9.3 (Main linear estimate). Assume (M.A.) and p'e
Y. n% . FixkeN, >0, Te(0,1], and suppose for R as in Theorem 9.1
and R' < Ras in (9.64) (I' = By xI'}y ) that ¥, F,, G, satisfy for 0 <e < ¢,

(@ [e7l <R, ed,, Vol < A(17l401)

() 7l <K, ¥;eDj

(©) F,eL*Hy*"'nCHY, G,e Hy*' supp F, < {0 < xy < E}.
(d) F,, G, vanishin x, <0.

(9.80)

Then there exists a constant y,(K) such that for y = y,, 0 < ¢ < g,, the unique
solution (U,, ¢,) to (9.55) vanishing in x, < 0 satisfies

<U8’ y¢8’ V£¢£> &
O8D)  Uleir +1Unlo sz + 7 Ly Ve
Y

|Fe|oo,k,T+|Fs|0,k+l,T+<Gs>k+1,T>

Jr Y Jr

A v,
+(rimy o (! e thinr)
Y

i
LRI, Vs —) ]
V7

<e"C(K, E) [ <

Proof. Write ¥, =(Z(x, 0),n(x',0)) and note that #(x',0) may be
replaced by p(xy) # in the first equation of (9.55), where p(x,) was chosen
in Notation 9.2(b). An argument identical to the proof of Theorem 7.2 now
gives (9.81), where

1Yo, k.7 = 1Ll k.7 + <MDk 7
1720, k41,7 = (Z, p(xx) Do, k1,7 < | Zlo v 1,7+ CE) D ki1, 7

The term ,/y (V°¢, >, , may be included in (9.81) since in (9.57)

<V£¢e>1, y > &
= <V ¢£ >0, y* I
5

(9.82)

COROLLARY 9.1. Make the same hypotheses as in Theorem 9.3, but take
k>[2+YF]. There exists a constant F,(K) such that for 0<e<e,,
T<YJ, andy=+
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<Uaa y¢ea V8¢s>k+l T
—+ y <V8¢s>k,T
7 Jr

|Fe|oo,k,T+|Fs|0,k+1,T+<Ge>k+1,T>.

Vi v V7

083)  |Ulw, i +1Ulo, k41,7 +

<C(K, E) <

Proof. We have
(9-84) UI* < CU,|w,14%21,7 SCT U, |t 7
since k > [2+2#1]. Using (9.82) we obtain

Viloer | [Peloserr

V7 y
Mekr JT Mrr ok c<E)f Mesrr
S TS v JTy

(9.85)

Since

KV er = |Zlw kv +1Zlo g1, 7 +ﬁ KZksr,r +<Mks1,1)s

(9.84) and (9.85) imply we can absorb the term involving |U°|* in (9.81) by
taking J;, small enough.
Since

(U, V¢, ) < CTU,, V21 1 and
(©-86) <7/>k+1 T f (<Z>k+1 T+<77>k+1 T)

/r NNz

we can also absorb the term involving <U,, V’¢,>, by taking Z; small
enough. ||

9.4. Main Results

THEOREM 9.4 (Oscillatory multidimensional shocks). Assume (M.A.).
Fix k> [My+%}], set ky=k+1, and let W* be as chosen in Section 9.2
(see (9.29)). Consider the singular initial boundary value problem (9.15) for
(UE,7P,), where wE (X", xy,0)=WZ(0,x",xy,0) and ' € 9" "%, and
the associated (nonsingular) problem (9.13) for (ut (x), . (x")). There exist
an &(k)>0, a T,>0 independent of ee(0,e(k)], and a wunique
(X%,¥,)e CHY x HY'' satisfying (9.15) and such that

uf(x)=%f(x,i>, bu(x) = sv( x)
& &
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is the unique C' solution of (9.13) on w+,. More detailed information on the
regularity of (UE,W,) is given in Proposition 9.3.

The proof of Theorem 9.4 is contained in the next two propositions.
Suppressing some epsilons and writing iterates (U™ *, ¢”) as (U,, ¢,), we
set

987 V=W, W+U,V9,), V=W, W,0),

and rewrite the forward problem for (U,,, ¢,.;) (9.32) in the notation
(9.55):

L(¢¥,, D% ) U,y =D, U, — A (e¥;, D% ) U,
= [,,Qi(&"f/n., Di’,ﬁ)_&i(gni/l;lf’ Di’,ﬁ)] VI/S +'g7s

=H+Z, in xy>0

(9.88) 3
Q(E,Vn)(Un+17 V€¢n+l) = _% on Xy = 0
Un+1 =Oa ¢n+1 =0 in x0<0

U, =0, ¢, =0.

Here {(W,, 0, ,W,):e€(0,1]} is bounded in CH**'xCH" with supp
W, = {|x| <h(D)}, and {(Z, %,): €€ (0, 1]} is bounded in CH**'x H%*!
with supp,. (%, %,) = {x, =0} N {|x, x| <A(D)}.

DEerFINITION 9.1. For 7T >0 let

Ak = { V(x, 0), {(x', 0)): (V, ¢) is valued in R*" x R and

\A T
WV, Cler = Wl ++/T <§ vec>k+1 T+%< oo}.

We have
-89 U, dullle.
Vé‘
+ < ¢n >k, T .

b o
~Ohlascr +Oidosonr 4T (U 22,5,
et T

PrOPOSITION 9.2 (Iteration: Uniform A% estimates). Fix k > [ M, +%],
ky=k+1, 6>0 and consider the iteration scheme (9.88) under the hypo-
theses of Theorem 9.4. There is an &, > 0 and a T;, = T(0) > 0 independent of
&€ (0, gy ] such that

(9.90) NU,, ¢ulll.z, <6  forallnandall e (0, &].
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Proof. 1. (Preliminaries) We will choose 7; < 1. By finite propagation
speed

(991) suppx,x’(Un’ ¢n) < {xO > 0} N {IX, x’| S h(D)}
For any / € N, T > 0 Sobolev estimates imply
9.92) |7/n|<f8;’T <h(OH(W, U, |, p+¥ty e+ Ve, >[1+$],T)-

We also have for T € (0, 1], e € (0, 1], and some Cy, >0

K lkr = NV, WU v +/T <V, i

(9.93) <Cp +U, w7 100 a1, /T Uy Vo i 7
<Cy +11U,, dullli -

(9.94) o7 < Co Ul 7+ <V, D 7

(9.95) loksrr < Co +1Ulo sr,7 +ADIVG, D 1

(see (9.82)).

2. (Choice of &) Assuming (9.90) we have on Q,
75l < &hy (0)(Cy +9).

With R’ < R as in Theorem 9.3 choose

. R
(996) &y Smln{l,m}.

3. (Induction step) Let Z,(K) be as in Corollary 9.1. Fix n and
assume for Cy, as in (9.93)(9.94), »' < n, and

(9.97) T (k) <min{1, Z5(h,(M,)(Cy +9))}
that
(9.98) U, s ol ey < O for 0<e<g,.

Equations (9.96)-(9.98) allow us to use Corollary 9.1 to estimate

| ||Un+15 ¢n+1 ” |k, T(k)*
For &, 4. as in (9.88) there exist constants Cy(k), Cy(k) such that for

T<1,e€(0,1]
|g';|oo,k,T+|g7£|O,k+l,T < Cf

(9.99)
<ge>k+1, T S C@'
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S, may be written with obvious notation

0100 H=F (k) ehi) (2220w,

N-1
= z Cj(g/V‘n’ 8/1/I;V)(07 Un’ V£¢n)(8Dx'I/I/s +ﬂ,DHVI/£)
j=0

To estimate |#|o 17> let K <k+1 and observe that 0¥, is a sum of
terms of the form (in Notation 7.2)

(9101) ¢(£9 gaffna 8'1//1:17) a<j>(/1/'n: ,Y/W) al(o’ Uns Ve(ﬁn) am(Dx’VI/a DHW)a

where ¢ € C* and j+I/+m=Kk". Now for T <T(k) (9.92), (9.95), and the
induction assumption imply

(9.102) 5
(72, Vi)l <SGy +h1(0) 6, (Y5 P )lo.ksr.r < G +H(D) \/_f

0
—~— (recall (9.79))

T

|Dx’Ws D9W|* < CWa |Dx’W: DHW|0,k+1,T < |W|0, ko+1,T < h(D) CW

U, Viule <Cy, U, Vo@ulo ks, 7 < (D)

Applying the Moser estimate of Lemma 7.3(b) gives for T < T'(k) as in
9.97)

hZ(CW9 5’ D)
JT

(9.103) EANNIRES

In just the same way one finds
(9-104) |#, o, .7 < B3 (Cyy, 9).

Finally, take T =T(k), y = ﬁ in (9.83) and use (9.99), (9.103), (9.104) to
obtain
(9.105)

WUt 15 Gusallle 700
h(Cy, d, D)
BVACH

<eh(Cy, D) (h(Cys ) +Cr) J/T(R) +<

+Cy JT(K)].

Reduce T'(k) if necessary to make the right side of (9.105) <. This gives
I 1

+Cg>T(k)
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ProposITION 9.3 (Contraction). Fix 6, k> [M,+Y], T, <1, & as in
Proposition 9.2. There exist T, €(0,T,], & (k,8) <&, and (U, ¢,) € A¥
such that

s, 62)— (U, @)lllk-1,7, >0 as n—>o0

uniformly for ¢ € (0, &, ].

Proof. Let (4,,9,)=U,.,—U,,d,.,—¢,) and consider the problem
satisfied by (4, J,,):
P(e¥;, D%) Ay = (A (e¥;, DYy o)~ A1, Do )T, +W,)
=Z, in xy>0
(9-106)  B(e7,)(4,, V°6,) = (B(eV,_1) — BV ))U,, V°4,)
=9, on xy=0

(4,8)=0 in x,<0.
To apply Corollary 9.1 we need to estimate
|Zo oo, k1,75 |Zlo, k. 7> and G e
For k' <k, 0%, and 0¥, are sums of terms of the form

@ (e e?,, e4,0) 0V, ¥, 1)

x0'(0, 4,_y, V*0,_,) 0"(D, (U, +W,), Dy(U, +W,))
(b)  ¢s(e, 75, 89,_1) 0(V,, Vis1)

x0'(0, 4,y V*0, 1) 0"(U,, V'p,),

(9.107)

respectively, where ¢, ¢, € C* and j+I/+m=Kk'.
As in (9.102) note that for T < T;,

|An—19 Vean—l |* < hl (O) | "An—l’ 5}1—1 ” |k—l,T

A )
|An—15 Vsan—llo,k,T < h(D) |” n—ls\/n;ﬂl" |k—1,T
(9.108)

|An—1’ Veén—lloo,k—l,T < |||An—15 57[—1" |k—1,T
| ”An—la 511—1 " |k—1,T

T

<An—15 Vs671—1 >k,T < h(D)
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From (9.102), (9.108), and Lemma 7.3 we deduce

(9.109)

|”o7;h|oo,k71,T < h4(CWa 5) | ”Anfla 5n71” |k71,T

| ”Anfl s 5n71 " |k71,T
JT

| ”Anfl s 5n71 " |k71,T

JT

Folo.x.r <hs(Cy, 6, D)

G i < ehs(Cy, 9)

Apply Corollary 9.1 to (9.106), letting y = 7 in (9.83), to obtain for &,, hs,
hg as in (9.109)

(9.110)

s Sullle—r.7 < eh(Cpr )by /T +hs /T +hse) 141 Spsll ey, -

For T, <7, and & (J) < & small enough, (9.110) implies

4, Sulller v, <z 114015 Opillle—r, v

This also completes the proof of Theorem 9.4.
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