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2 A. BUDHIRAJA AND D. REINHOLD

1. Introduction. This work is concerned with catalytic branching pro-
cesses that model the dynamics of catalyst-reactant populations in which
the activity level of the reactant depends on the amount of catalyst present.
Branching processes in catalytic environments have been studied exten-
sively and are motivated, for instance, by biochemical reaction networks;
see [6, 8, 11, 15] and references therein. A typical setting consists of pop-
ulations of multiple types such that the rate of growth (depletion) of one
population type is directly affected by population sizes of other types. The
simplest such model consists of a continuous time countable state branch-
ing process describing the evolution of the catalyst population and a second
branching process for which the branching rate is proportional to the total
mass of the catalyst population, modeling the evolution of reactant parti-
cles. Such processes were introduced in [6] in the setting of super-Brownian
motions; see [15]. For classical catalyst-reactant branching processes, the
catalyst population dies out with positive probability and subsequent to the
catalyst extinction, the reactant population stays unchanged, and therefore
the population dynamics are modeled until the time the catalyst becomes
extinct. In this work, we consider a setting where the catalyst population is
maintained above a positive threshold through a specific form of controlled
immigration. Branching process models with immigration have also been
well studied in literature; see [2, 15] and references therein. However, typical
mechanisms that have been considered correspond to adding an indepen-
dent Poisson component; see, for example, [12]. Here, instead, we consider a
model where immigration takes place only when the population drops below
a certain threshold. Roughly speaking, we consider a sequence {X (n)}nGN
of continuous time branching processes, where X (™ starts with n particles.
When the population drops below n, it is instantaneously restored to the
level n.

There are many settings where controlled immigration models of the above
form arise naturally. One class of examples arises from predator-prey mod-
els in ecology, where one may be concerned with the restoration of popu-
lations that are close to extinction by reintroducing species when they fall
below a certain threshold. In our work, the motivation for the study of such
controlled immigration models comes from problems in chemical reaction
networks where one wants to keep the levels of certain types of molecules
above a threshold in order to maintain a desired level of production (or
inhibition) of other chemical species in the network. Such questions are of
interest in the study of control and regulation of chemical reaction networks.
A control action where one minimally adjusts the levels of one chemical type
to keep it above a fixed threshold is one of the simplest regulatory mecha-
nisms, and the goal of this research is to study system behavior under such
mechanisms with the long-term objective of designing optimal control poli-
cies. The specific goal of the current work is to derive simpler approximate
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and reduced models, through the theory of diffusion approximations and
stochastic averaging techniques, that are more tractable for simulation and
mathematical treatment than the original branching process models. In or-
der to keep the presentation simple, we consider the setting of one catalyst
and one reactant. However, similar limit theorems can be obtained for a
more general chemical reaction network in which the levels of some of the
chemical species are regulated in a suitable manner. Settings where some
of the chemical species act as inhibitors rather than catalysts are also of
interest and can be studied using similar techniques. These extensions will
be pursued elsewhere.

Our main goal is to establishes diffusion approximations for such reg-
ulated catalyst-reactant systems under suitable scalings. We consider two
different scaling regimes; in the first setting the catalyst and reactant evolve
on “comparable timescales,” while in the second setting the catalyst evolves
“much faster” than the reactant. In the former setting, the limit model
is described through a coupled system of reflected stochastic differential
equations with reflection in the space [1,00) x R. The precise result (The-
orem 2.1) is stated in Section 2. Such limit theorems are of interest for
various analytic and computational reasons. It is simpler to simulate (re-
flected) diffusions than branching processes, particularly for large network
settings. Analytic properties such as hitting time probabilities and steady
state behavior are more easily analyzed for the diffusion models than for
their branching process counterparts. In general, such diffusion limits give
parsimonious model representations and provide useful qualitative insight
to the underlying stochastic phenomena.

For the second scaling regime, where the catalyst evolution is much faster,
we establish a stochastic averaging limit theorem. A key ingredient here is an
ergodicity result, which says that under a suitable “criticality from below”
assumption on the catalyst dynamics, the limiting catalyst reflected diffu-
sion admits a unique stationary distribution, which takes an explicit form
(Proposition 3.1). Characterization of the invariant distribution is based on
a variant of Echeverria’s criterion for constrained Markov processes [14].
Next, by constructing suitable uniform Lyapunov functions, we show that
the stationary distribution of the scaled catalyst branching process converges
to that of the catalyst diffusion (Theorem 3.1). These results are then used
to establish a stochastic averaging principle that governs the dynamics of
the reactant population in the fast catalyst limit. Proofs proceed by devel-
oping suitable moment estimates that are uniform in time and the scaling
parameter and by using characterization results for probability laws of re-
flected diffusions through certain constrained martingale problems [13]. The
limit evolution of the reactant population is given through an autonomous
one-dimensional SDE with coefficients that depend on the stationary dis-
tribution of a reflected diffusion in [1,00). Such model reductions are im-
portant in that they not only help in better understanding the dynamics
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of the system but also help in reducing computational costs in simulations.
Indeed, since in the model considered here the invariant distribution is ex-
plicit, the coefficients in the one-dimensional averaged diffusion model are
easily computed, and consequently this model is significantly easier to an-
alyze and simulate than the original two-dimensional model. We refer the
reader to [11] and references therein for similar results in the setting of (non-
regulated) chemical reaction networks. It will be of interest to see if similar
model reductions can be obtained for general multi-dimensional regulated
chemical-reaction networks. Key mathematical challenges will be to identify
suitable conditions for ergodicity of multi-dimensional reflected diffusions in
polyhedral domains that arise from the regulated part of the network, and
to develop uniform (in time and the scaling parameter) moment estimates
for such multi-dimensional constrained diffusions.

We consider two different formulations of models with multiple time scales.
In Theorem 4.1 we consider the setting where both catalyst and reactant
processes are described through (reflected) diffusions and the time scale pa-
rameter appears in the coefficients of the catalyst evolution equation. An
important step here is to argue that the generator of the two-dimensional
catalyst-reactant reflected diffusion is suitably close to the generator of the
one-dimensional averaged diffusion, for large values of the scaling parame-
ter. Bounds on the exponential moments of the catalyst process, obtained
in Lemma 8.1, play a key role in this argument. The second formulation
is considered in Theorem 4.2. Here, both catalyst and reactant populations
evolve according to near critical countable state branching processes, and
the branching rate in the catalyst dynamics is of higher order than that for
the reactant process. In this setting one encounters the additional difficulty
of showing that the steady state distributions of the scaled catalyst branch-
ing process, for large values of the scaling parameter, are suitably close to
the stationary distribution of the limiting catalyst reflected diffusion. The
approach taken here is based on characterizing the limit points of a certain
sequence of random measures on the path space of the catalyst process and
the associated reflection process, as time and the scaling parameter together
approach infinity.

The model considered in this work does not incorporate any spatial dy-
namics of the two chemical species. As noted earlier in the Introduction, in
the unregulated setting, Dawson and Fleischmann [6] considered catalyst-
reactant systems, with chemical species moving continuously in a spatial
domain, given in terms of super-Brownian motions. It will be of interest
to develop analogous continuous spatial models for the regulated catalyst-
reactant systems of the form considered in the current work. This question
will be explored in a future work.

The paper is organized as follows. We begin in Section 2 by presenting
the basic limit theorem in the setting of “comparable time scales.” Section 3
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studies the time asymptotic behavior of the catalyst process under a suitable
criticality from below assumption. Section 4 presents our main results for the
multiple time scale setting. Section 5 collects some auxiliary estimates that
are needed in our proofs. Section 6 proves Theorem 2.1, and Section 7 is de-
voted to the proofs of Proposition 3.1 and Theorem 3.1. Finally, in Section 8
we present proofs of stochastic averaging principles stated in Section 4.

1.1. Notation. The following notation will be used throughout this work.
Denote by N the natural numbers, let Ny := NU{0}, denote the set of integers
by Z and let Ry :=[0,00) be the set of nonnegative real numbers. The state
spaces of the scaled catalyst, reactant, and auxiliary processes, X)) yn)
and Z™ | respectively, introduced below in (2.1), are Sg?) = {%\l eNp}n
[1,00), S := {1}l € No} and S5 := { L]l € Z}. Let W := S 8{" x s
and W := [1,00) x R, x R. Let C*(W) denote the space of k-times continu-
ously differentiable, real valued functions on W, and denote by C*(W) the
space of C¥(W) functions with compact support. Here, by a (k-times) dif-
ferentiable function f on a set D C R"™ we mean a function that can be
extended to a (k-times) differentiable function f on an open domain U > D
such that f restricted to D equals f. Given a metric space S, the space of
probability measures on S will be denoted by P(.S), the Borel o-field on S
by B(S), and the space of real valued, bounded, measurable functions on S
by BM(S). Let

D(Ry:S):={f:Ry — S|f is right continuous and has left limits}

and D1 (R4 :R):={f € D(Ry:R)|f(0) > 1}, where these D-spaces are en-
dowed with the usual Skorohod topology. Let C'(R; :R;) be the space of
continuous functions from R4 to R4 endowed with the local uniform topol-
ogy. We say a sequence {&, }nen of random variables with values in some
Polish space £ is tight if the corresponding probability laws are a tight se-
quence in P(E). For a function £ : Ry — R™, let the jump at time ¢ be defined
as A& =& — &, t>0, and A&y :=0. For a function f:Ry — R and ¢t >0,
let |flit :=supy<;|f(s)|. For two semimartingales £ and ¢, the quadratic
covariation (or bracket process) and predictable (or conditional) quadratic
covariation are denoted by {[, (]t }ter, and {(£, ()t }ier, , respectively; their
definition will be recalled in Section 5.

2. Diffusion limit under comparable timescales. Consider a sequence

of pairs of continuous time, countable state Markov branching processes
(X Y () where X and Y™ represent the number of catalyst and re-
actant particles, respectively. The dynamics are described as follows. Each

of the Xt(n) particles alive at time ¢ has an exponentially distributed life-

time with parameter )\gn) (mean lifetime 1/ )\gn)). When it dies, each such
particle gives rise to a number of offspring, according to the offspring dis-
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tribution ,ugn)('). Additionally, if the catalyst population drops below n, it
is instantaneously replenished back to the level n (controlled immigration).
The branching rate of the reactant process Y™ is of the order of the cur-
rent total mass of the catalyst population, that is, X (”)/n, and we denote
the offspring distribution of Y () by ugn)(-). A precise definition of the pair
(X v () will be given below. We are interested in the study of asymptotic
behavior of (X (”),Y(”)), under suitable scaling, as n — oc.

To facilitate some weak convergence arguments, we will consider an auxil-
iary sequence of processes Z(™ that “shadow” X in the following manner.
The process Z(™ will be a Z valued pure jump process whose jump instances
and sizes are the same as that of X" away from the boundary {n}, whereas
when X is at the boundary, Z(™ has a negative jump of size 1 whenever
there is immigration of a catalyst particle into the system. This description
is made precise through the infinitesimal generator given in (2.2). The pro-
cess Z(™ will not appear in the statements of the results; nevertheless it
plays an important role in our proofs.

We now give a precise description of the various processes and the scaling
that is considered. Roughly speaking, time is accelerated by a factor of n,
and mass is scaled down by a factor of n. Define RCLL processes

(n) () (n)
(21) W = (X 7, 2) = (X"t Yoi” Zut ) teR,,

) )
n n n

and let W(()n) (g (n ),y(()n) (n)) e W where (nmén),ny(()n)) is the initial
number of catalyst and reactant particles and z(gn) = :1:6 ") Then {W }teR N
is characterized as the W valued Markov process with sample paths in
D(R, :W™), starting at W(()n) (g (n ),y(()n) (n )), and having infinitesimal
generator A given as

k=0

o xyz[ <x 5L s

where w = (2,5, 2z) € W™ and ¢ € BM(W). From the definition of the gen-
erator we see that, for each k£ >0, given VAVEH) = (z,y,2) € W) the process
jumps to (z,y+ %, z) with rate )\gn)anyugn)(k) and to (z+ %, Y, 2+ %)
with rate )\gn)anugn)(k), except when k=0 and x =1, in which case the

latter jump is to (z,y,z+ %) with rate )\( )nQ,ugn)(O). This property of the
generator at x = 1 accounts for the instantaneous replenishment of the (un-
scaled) catalyst population to level n, whenever the catalyst drops below n.
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For i =1,2, let
[ee] o
=S "kl (k) and ol =37k - 1) (k).
k=0 k=0

We make the following basic assumption on the parameters of the branching
rates and offspring distributions as well as on the initial configurations of
the catalyst and reactant populations:

CONDITION 2.1. (i) For i =1,2 and for n € N, a(n),)\gn) € (0,00) and
(n) pQ)

=1+ 1n ¢ € (—n,00).
(ii) For i =1,2, as n — oo, cgn)%ciER, Ozl(-n)—>06z‘€(0700) and )\z('n)_>
)\Z‘E(O,OO).

(iii) For 4 =1,2 and for every ¢ € (0, oo)

)2 (n) _
Jm D € =0
l:l>e\/n

(iv) As n — o0, (a:(()n),y(()n)) — (zo,y0) € [1,00) x Ry.

Condition 2.1 and the form of the generator in (2.2) ensure that the scaled
catalyst and reactant processes transition on comparable time scales, namely
O(n?). In order to state the limit theorem for (X, Y (™), we need some
notation and definitions associated with the one-dimensional Skorohod map

with reflection at 1. Let I': D1(R4 :R) — D(R4 :[1,00)) be defined as
(23) T@)) = W0 +1) = inf B AL} for g€ DR, ),

The function I', known as Skorohod map, can be characterized as follows; see,
for example, Appendix B in [3] and references therein: if ¢, ¢, n* € D(R :R)
are such that (i) ¥(0) > 1, (ii) ¢ = ¥ +n*, (iii) ¢ > 1, (iv) n* is nondecreasing,
f[o,oo) Lig(s)£1} dn*(s) =0, and n*(0) =0, then ¢ =I'(¢)) and n* = ¢ — ¥.
The process * can be regarded as the reflection term that is applied to the
original trajectory v to produce a trajectory ¢ that is constrained to [1, 00).
From the definition of the Skorohod map and using the triangle inequality,
we get the following Lipschitz property: for ¢,9 € D1 (R4 :R),

(2.4) s51£|r(¢)(s) ~T()(s)] < 28813\%&(8) —9(s)|-

The diffusion limit of (X, V(™)) will be the process (X,Y), starting at
(20,Y0), which is given through a system of stochastic integral equations as
in the following proposition.

PROPOSITION 2.1.  Let (Q,F,P,{F;}) be a filtered probability space on
which are given independent standard {F;} Brownian motions BX and BY .
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Let Xo,Yy be square integrable Fo measurable random wvariables with val-
ues in [1,00) and Ry, respectively. Then the following system of stochastic
integral equations has a unique strong solution:

(2.5) Xt:F<X0+/ cl/\leds+/ \/alAledB§>(t),
0 0
t t
(26)  Yi—Yo+ / e Mo X,Y, ds + / o X.Y.dBY |
0 0
t t
(2.7) nt:Xt—Xo—/ cl/\leds—/ Vaih X, dBX,
0 0

where ' is the Skorohod map defined in (2.3).

_ In the above proposition, by a strong solution of (2.5)—(2.7), we mean an
F-adapted continuous process (X,Y,n) with values in [1,00) x R4 x R, that
satisfies (2.5)—(2.7). The following is the main result of this section.

THEOREM 2.1. Suppose Condition 2.1 holds. The process (X(”),Y(”))
converges weakly in D(R :[1,00) xRy ) to the process (X,Y) given in Propo-
sition 2.1 with (Xo,Yy) = (zo, yo)-

Proposition 2.1 follows by standard arguments, so its proof is relegated
to the Appendix. Theorem 2.1 will be proved in Section 6.

3. Asymptotic behavior of the catalyst population. Stochastic averaging
results in this work rely on understanding the time asymptotic behavior
of the catalyst process. Such behavior, of course, is also of independent
interest. We begin with the following result on the stationary distribution of
X, where X is the reflected diffusion from Proposition 2.1, approximating
the catalyst dynamics (Theorem 2.1). The proof uses an extension of the
FEcheverria criterion for stationary distributions of diffusions to the setting of
constrained diffusions; see Section 7.1. We will make the following additional
assumption. Recall the constants cgn) € (—n,00) and ¢; € R introduced in
Condition 2.1.

ConNDITION 3.1. For all n € N| an) <0 and ¢; <0.

PRrROPOSITION 3.1. Suppose Condition 3.1 holds. The process X defined
through (2.5) has a unique stationary distribution, vy, which has density

9 C1 .
(3.1) p(z) =4 z 7P <2a_1””>’ fol,
0, ifx <1,

where 0 := ([°(1 exp(2¢tz)) dz)~t.
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The following result shows that the time asymptotic behavior of the cat-
alyst population is well approximated by that of its diffusion approximation
given through (2.5). We make the following additional assumption on the
moment generating function of the offspring distribution, which will allow
us to construct certain “uniform Lyapunov functions” that play a key role
in the analysis; see Theorem 7.2 and the function V() defined in (7.5).

CONDITION 3.2. For some § >0,

(3.2) sup Z egkugn) (k) < o0.
neN;

THEOREM 3.1. Suppose Conditions 2.1, 3.1 and 3.2 hold. Then, for each
n € N, the process X™) has a unique stationary distribution I/in), and the

family {I/in)}neN is tight. As n — 00, V%n) converges weakly to vy.

Proposition 3.1 and Theorem 3.1 will be proved in Section 7.

4. Diffusion limit of the reactant under fast catalyst dynamics. As noted
in Section 2, the catalyst and reactant populations whose scaled evolution is
described through (2.2) transition on comparable time scales. In situations
in which the catalyst evolves “much faster” than the reactant, one can hope
to find a simplified model that captures the dynamics of the reactant pop-
ulation in a more economical fashion. One would expect that the reactant
population can be approximated by a diffusion whose coefficients depend on
the catalyst only through the catalyst’s stationary distribution. Indeed, we
will show that the (scaled) reactant population can be approximated by the
solution of

t t
(4.1) Y;:YO—i—/ CQ)\ngYSds—l—/ \/ acAamx Ys dBs, Yo = vo,
0 0

where mx = [{° avy(dz) = —3‘7116 exp(2¢y/aq).

Such model reductions (see [11] and references therein for the setting
of chemical reaction networks) not only help in better understanding the
dynamics of the system but also help in reducing computational costs in
simulations. In this section we will consider such stochastic averaging re-
sults in two model settings. First, in Section 4.1, we consider the simpler
setting where the population mass evolutions are described through (re-
flected) stochastic integral equations and a scaling parameter in the co-
efficients of the model distinguishes the time scales of the two processes.
In Section 4.2 we will consider a setting which captures the underlying
physical dynamics more accurately in the sense that the mass processes
are described in terms of continuous time branching processes, rather than
diffusions.
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4.1. Stochastic averaging in a diffusion setting. In this section we con-
sider the setting where the catalyst and reactant populations evolve accord-
ing to (reflected) diffusions similar to X and Y from Proposition 2.1, but
where the evolution of the catalyst is accelerated by a factor of a,, such that
an T oo as n T oo (i.e., drift and diffusion coefficients are scaled by a,,). More
precisely, we consider a system of catalyst and reactant populations that are
given as solutions of the following system of stochastic integral equations:
for ¢t >0,

Xt(”) = F(Xén) +/ anc1)\1Xs(n) ds +/ anal)\le(n) stX) (t),
0 0
~ ~ t ~ ~ t ~ ~
Yt(”) = Yb(”) —|—/ A XYM ds —I—/ a o XY By,
0 0

where (Xén),f/()(n)) = (20,%0), ¢1,¢2 €R, a;, \; € (0,00), BX and BY are inde-
pendent standard Brownian motions, and I' is the Skorohod map described
above Proposition 2.1.

The following result says that if ¢; < 0, then the reactant population
process Y (") which is given through a coupled two-dimensional system, can
be well approximated by the one-dimensional diffusion Y in (4.1), whose
coefficients are given in terms of the stationary distribution of the catalyst
process.

THEOREM 4.1. Suppose Conditiop, 3.1 holds. The process Y () converges
weakly in C(Ry :Ry) to the process Y.

The proof of Theorem 4.1 is given in Section 8.

4.2. Stochastic averaging for scaled branching processes. We now con-
sider stochastic averaging for the setting where the catalyst and reactant
populations are described through branching processes. Consider catalyst
and reactant populations evolving according to the branching processes in-
troduced in Section 2, but where the catalyst evolution is sped up by a
factor of a, such that a, 1 oo monotonically as n 1 co. That is, we con-
sider a sequence of catalyst populations )N(t(n) =X L(l:%, t>0, where X are
the branching processes introduced in Section 2. The reactant population
evolves according to a branching process, }7("), whose branching rate, as
before, is of the order of the current total mass of the catalyst population,
X () /n. The infinitesimal generator G of the scaled process

nt nt

T = (20 AT) 20
n n
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is given as

G (x,y) = A"n aan[ ( <x+ %>y> - ¢(937y)} ui" (k)

(4.2)
+2n :cyZ[ <x y+ —1> —<b(:c,y)] s (),

where (z,y) € Sg?) X ng and ¢ € BM([1,00) x R}).

We note that a key difference between the generators G above and A
in (2.2) is the extra factor of a, in the first term of (4.2), which says that,
for large n, the catalyst dynamics are much faster than that of the reactant.

We will show in Theorem 4.2 that the reactant population process ¥ (™)
can be well approximated by the one-dimensional diffusion Y in (4.1). Once
again, the result provides a model reduction that is potentially useful for
simulations and also for a general qualitative understanding of reactant dy-
namics near criticality.

THEOREM 4.2.  Suppose Conditions 2.1, 3.1 and 3.2 hold. Then, as n —
o0, Y converges weakly in D(R4:Ry) to the process Y.

We will prove the above theorem in Section 8.

5. Auxiliary results. In this section we collect several auxiliary results,
which will be used in the proofs of our main results. Recall that the quadratic
covariation (or bracket process) of two semimartingales & and ( is the process

{6, ¢J¢}eer, defined by

t t
€,CJe = G — /0 bodCs— /O G dts, 120,

where &y— :=0,(p— := 0. The predictable quadratic covariation of ¢ and ( is
the unique predictable process {(, ()¢ }ter, such that {[£,(]i — (£, ()i }eer, is
a local martingale. If £ = (, then [{] = [¢,£] and () = (€,&) are, respectively,
the quadratic and predictable quadratic variation processes of €.

For x = (x1,x9,23) € W, let ¢;(x) =24, i=1,2,3, and h:= ¢ — ¢3. Note
that for a locally bounded measurable function f on W

(5:1) M) = W) = fWE) - [ A W ds, ez,

is a local martingale with respect to the filtration U(Wgn) :s <t). For the
rest of the paper, we suppress the filtration, and simply refer to M) (f) as
a local martingale.
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Let

t
(5.2) A = A" (0) /O Ligon_py ds.

This process will play the role of the reflection term in the dynamics of the
catalyst, arising from the controlled immigration. The following tightness
result will be used in the weak convergence proofs.

PRrROPOSITION 5.1.  Suppose Conditions 2.1 and 3.1 hold. Then the fam-
ily {(X™, Y™ gy s tight in D(Ry :[1,00) x Ry x R.). If addition-
ally Condition 3.2 holds, then the family {(X S+),ﬁ£1) ( ))}nGN seR, 1S
tight in D(R4:[1,00) x Ry).

The proof of Proposition 5.1 will be based on the following results. Lem-
ma 5.1 below gives some useful representations for the catalyst and reactant
processes. Lemmas 5.2-5.5 and Corollary 5.1 provide moment bounds that
are useful for arguing tightness. Proofs of these results are given in Sec-
tion 5.1.

LEMMA 5.1. Suppose Condition 2.1(i) holds. The process (XY (™)
can be represented as

t
X = X0 oA [0 ds 00
0

(5.3) |
- r( ¢ 4 A / X ds 4+ M (¢1)) ()
0
and
(5.4) AR (P / XY ds + MM (¢,).

Moreover, fort >0,
t
<M(n)(¢1)> _)\(” X(n ds—)\gn)ug )(0) ligm_q,ds
g XsT=1)

(5.5)
<AMal / Xma

t
(5.6) (M (g3)), = AP / XY gs,
0

and
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Let
t
(5.7) N = X 4 A / XM ds+ " (4).
0
Then we have the following second moment estimate.

LEMMA 5.2.  Suppose Conditions 2.1(i) and (ii) hold. Then there is a
K € (0,00) such that for alln €N and T >0,

(58) B(sup(X{")" + (M (91))* + (K)? + (")) ) < exp(KT*)(ag”)?

and for each k € N,
(5.9) E(sup(V) )7) <exp(KT%2) ("),

)
t<T O Nt

where a,(gn) = inf{t > O:f(t(n) > k}.

In order to study properties of invariant measures of X () it will be

convenient to allow the initial random variable X(gn) to have an arbitrary

distribution on Sg?). When X(gn) has distribution p on Sg?), we will denote
the corresponding probability and expectation operator by P, and FE,, re-

)

spectively. If u =9, for some x € st , we will instead write P, and FE,,
respectively. When considering an initial condition z for X 2 will always

be in Sg?), although this will frequently be suppressed in the notation. The
symbols E and P (without any subscripts) will correspond to the initial
distribution as in Condition 2.1.

LEMMA 5.3.  Suppose Conditions 2.1(i) and (ii), 3.1 and 3.2 hold. Then
there exist 0, p € (0,00) such that for every M >0,

¢ (n)
(5.10) sup Ex( sup X ) =:d(5,p, M) < 0.
neNx<M 0<t<p

LEMMA 5.4.  Suppose Conditions 2.1(i) and (ii), 3.1 and 3.2 hold. Then
there exist 6,d € (0,00) such that for every x € Sg?), neN and t >0,

>(n) ~
(5.11) E (e5%07/2) < ded®.
The following is immediate from Lemmas 5.2 and 5.4.

COROLLARY 5.1.  Suppose Conditions 2.1(i) and (ii), 3.1 and 3.2 hold.
Let § be as in Lemma 5.4 and T € Ry. Then there exists a d(6,T) € (0,00)

such that for all x € Sg?) and n € N,

(5.12) sup Ex( sup (Xy))?)gd(a,T)eM.
seER4 s<u<s+T
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The next lemma follows by combining Lemma 5.4 with arguments as in
the proof of Lemma 5.2. The proof is omitted.

LEMMA 5.5.  Suppose Conditions 2.1(i) and (ii), 3.1 and 3.2 hold. Let
d be as in Lemma 5.4. Then for each T >0 there are Ly, Ly € (0,00) such
that for allmn €N and s € R4,

A~

B(sup(XL7, — X)) + (M(61) = M (1))’
t<T

(5.13) (N, = NI+ (0, = 0l)?)

In order to prove weak convergence results for the scaled catalyst and
reactant processes, we will need to argue that the limit processes are con-
tinuous, which will be a consequence of the following bounds on the jumps.
The somewhat stronger estimate on the jumps of the catalyst population in
(5.15), below, will be used in the stochastic averaging argument in the proof
of Theorem 4.2. Recall that for a process {{; }1er+ the jump at instant ¢ > 0
is defined as A& =& — &— and A&y :=0.

LEMMA 5.6.  Suppose Condition 2.1 holds. FizT,e > 0. Then, as n — oo,

(5.14) P( sup (JAX™ |+ |AT™)) 25) 0.
0<t<T
If additionally Conditions 3.1 and 3.2 hold, then, as n — oo,
(5.15) sup P( sup \A)A(S(i)t\ > z-:) — 0.
s€Ry  NO<t<T

5.1. Proofs of auziliary results. In this section we prove the results stated
in Section 5. We begin with the proofs of Lemmas 5.1-5.5. Using these
results, we will then prove Proposition 5.1. The proof of Lemma 5.6 is given
at the end.

PROOF OF LEMMA 5.1. Recall that W = (X y () Z() and that
for x = (z1,29,23) €W, ¢y(x) =x;, 1 =1,2,3, and h:= ¢1 — ¢3. From (5.1),

(5.16) 2 = gs(Wi™) = 25 + /A@%< ) ds + M (63).
Using (2.2), we get

o
(517) A gy (W) = A0S (k - ) =AM,

k=0
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Next, since Xén) = Zén), we have
XMz = pWi) = / AW RW) ds + M™ (k)
and, once more using (2.2),
ADRw) =N Ol ey, W= (2,9, 2).
Thus with 7 as in (5.2), we get

(5.18) XM = 720 = (W = 5™ 4 ™ (h).

Noting that M (¢1) = M™(h) + M (¢3) and using (5.16), (5.17) and
(5.18), we have

t
(5.19) XM =X 4 cmA / X0 ds+ M™ (¢y) + 7™,
0

Since /(™ is nondecreasing and fooo 1 dﬁgn) =0, we have from the

(X{M#1y
characterization given above (2.4) that

K= (K0 4 A [ X0 a4 ) @)
0

Next, for the reactant population, using similar calculations as for X0
we get

t
AR A / AT o (W) ds + M ()
0

o AN OPYY / KOV ds 1+ M (6).

Finally, routine calculations then show (see [10], Lemma 3.1.3) that (5.5)
and (5.6) hold. Details are omitted. [J

PrROOF OF LEMMA 5.2. Using (5.5) and Doob’s inequality, we have

(5.20) E(sup(Mt(n)(¢1)))<4)\(n () < / X >

t<T

Next, from (5.3), Xt(n) = I‘(N(n))(t). The Lipschitz continuity of the Skoro-
hod map implies

(5.21) sup|X(™ — 1| < 2sup\N —1].
t<T
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Letting | X (") |2 1= SUPycp \X \ we now get

X <21K0) 12 42 <8N 1P, £ 2 <IN, 418,
Combining this with (5.7) and (5.20), we obtain

B(X® |* 1) <18+ 16E(\N(”)\* T)

(5.22) <18 +48|E(X{M)?

+(T(AMAM2 4 gy / E(] }
Using Gronwall’s inequality, we get, since (X (n ))2 = (x ))2 >1,
B(X™M 1) < 66(af”)* exp(K{7).

where Kﬂz} = 48T(T(cgn)/\§n))2 + 4/\§n)a§n)). Since cgn)7)\§n) and o™ con-
verge as n — 0o, we have that for some K € (0,00) and all n € N

(5.23) E (sup(X§”) )2) < 66 exp(KT2)(x{™)>.
t<T

Using (5.23) in (5.20), (5.22) and (5.19), we have the estimate in (5.8) by
choosing K sufficiently large.

We next establish (5.9). Using Doob’s inequality once more and applying
(5.6), we have

E(sup .
tST( ( )/\t

(62))°) S AB(M™(62) 0 ,r)

oM AT
<oV E ( / XMy ds> .
0

Thus, by (5.4),

E(\Y(")\imaim)
gs((yé”>)2+ [T(SA k)2 + 4V / B2 o)ds >

The estimate in (5.9) now follows by choosing K sufficiently large and ap-
plying Gronwall’s inequality. [

PRrROOF OF LEMMA 5.3. First we show, using Conditions 2.1(i) and (ii),
3.1 and 3.2, that there are dp,di,ds € (0,00) such that for all ¢ € [0,d]
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and n €N
o
(5.24) —bdy <> n2[e® D 1)1 (k) < ~od.
k=0
Note that
o

>l = 1 (k)
k=0

9] 00 - l
k=0 \Il=1

(0.0] " 1 o "
—nd (Z ™ (k) — 1> +50° Y (k- 128" (k)
k=0 k=0

(K1 (k=16
et (S (S .
k=0 \1=3

Now, as n — o0,

o
no (Z k,ugn)(k) - 1) = né(mgn) —-1)= (5c§n) — dcg € (—00,0)
k=0
and
L3Sk = 12 (k) = 202 o La%a
2" & ! 2" "1 Tt Tl

Noting that cgn) < 0, we can choose dy > 0 sufficiently small, and dy,ds €
(0,00) suitably, such that (5.24) holds.
For §y as above and 0 < g, let

- i (k)
Oé((;n) — ne5 Z(e(k—l)cS/n - 1) %n)
k=1 Hq (0)
and

t o
5 A -
B = n2A" /O X (e ® D ] R g .
k=0
Note that, by (5.24), for any t > u >0,
t
n > (n n),0 n
— S\ )/u X! )1{X§n)>1}d5§5t( )0 _ g8

(5.25)

t
<~ A / X1 ds.

(x{M>13
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Moreover,
(5.26) 0<a™ <l

The first inequality in the last display is immediate, the second inequality
can be seen as follows:

o (n)
o™ = ne’ S (el 1) (k)
k=1 251

1" (0)
By (5.24), the first term on the right-hand side of the last display is smaller
or equal to 0. Thus

(0)
= i (k) " (0)
:n€52(6(k_1)5/n—1) % ) _neé(e—é/n_l) 1
k=0

ag") < —ne’(e”¥/m — 1) < €.
We now argue that
t
Mt(n)’é _ eXp((SXt(n) _ IBtn),cS) _ a((sn) / exp(—,@gn)’é) dﬁsn)
0

ox

is a local martingale. Let f(z) =¢e°" and

L f(x)
r)=—F7"-—-1 .
Here £(™) is the generator of X (") that is, for = € Sg?),
() ), 2N k-1 (n)
(5.27) LW f@)=AN"n"x> |f(1V (z+ — ) )~ f@)| " (k).
k=0
Note that

() = m? A S ([ = 1] (1) 1oy

k=0
and thus

¢

S(n n),0
(5.28) /O g(XM)ds = p™m?.
Also,
t

(5.29) /0 A(n)f(Xs(n))l{Xgn)zl} ds = agn)ﬁgn)

Consider the Markov process V(" defined by

t
V;(n) = (X't(n),exp (—/ q(XS("))ds>>, t>0.
0
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Denote by £ the generator of V(™). Then the action of the generator on
the function f(z)g(y) with f(x) = 5"3 and g(y) =y is given by

LD (f(@)g(y)) = y(L™ f(x) = q(2) f (x)) =y f ()1 a1y
Using (5.28) we now have that

(fo) (V™) - / L (fg) (VM) ds

55— 1 =B ) g
=€ ! § - € ) f(XS )1{X(n):1} d87 t 2 Ou
0 S

is a local martingale. From (5.29) we now see that the last expression equals

Mt(n)’é, t > 0, which is thus a local martingale.
We next show that for every M >0, § <dg and ¢t >0,

(1)
(5.30) ds(8,t, M) := sup sup E,(e’Xt ) < oc.
<M neN

Note that

o (n n n t n t n n
€6Xt( ) — < sX M _pg(m)2 a((s”)/ e—ﬂg )8 dﬁgn) +Oé((5n)/ e—ﬂg )8 dﬁgn)>eﬁt( e
0 0

(5.31) 5 L s "
= <Mt(n)’ —i—agn)/ e P dﬁgn)>e t
0

Applying 1t6’s formula and using (5.24), (5.28) and (5.31), we see that
(1)
EI(GCSXt )

"p / J3 9K du = [ 9K du ()

> (n) (n),6 (n) s (n) 5 (n) I (X(n))du
+E; (XS I M0 + ag dn,” |elo 1w ds
0 0

() o (n) b )y X
—1—045 E.n; —|—E$</ q(X")e’ s ds)
0

The estimate in (5. 30) now follows by combining the above inequality with
Lemma 5.2 and (5.26).
Fix M >0, <M and 6 < %0. Then, since 5t(n)’6 <0 for all t > 0, we have

for p >0,

>(n)\ 2 (n) _ p(n),0 >(n) (n),8
Ex( sup Xt ) < EI< sup X =B ) < 4Ex(625XF’ —2Bp ),
0<t<p 0<t<p
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o (n n),o
where the last inequality follows on noting that e‘;Xt( ' is a submartin-

gale and applying Doob’s inequality. Now from (5.25) and (5.30),
¢ (n) (n), (1) (n),
B, (X% 28 5) < (B, (X% ))1/2(E$(674/5p 5))1/2
< (d3(45,p,M))1/2E$ (exp (45d2)\§n)p sup )A(t(n)))
0<t<p
Choose p < (8d2sup,en )\gn))*l. Then, by combining the above estimates,
we can find a dy4(6, p, M) < oo such that for all z < M, ne€N and § < %0

B (e, ) < 6.0 M) B (exp 45075 sy 517)

< dy(8,p, M)E, <e><p<é sup Xt(")>>

0<t<p

< dy(6,p, M) {EI <Os§1§£p eaXt(")ﬂ 1/2.

Dividing both sides by [E.(supy<;<), e5Xt(n))]1/ 2 yields
)\ 11/2
[Ex( sup e )] < dy(6,p, M)
0<t<p

for any x < M and n € N. The result follows. [

PROOF OF LEMMA 5.4. For ¢ € (0,1),n € N, define

b((;n)’l(x) = )\gn)nZJ: Z(ea(kfl)/n - 1)/15”)(]‘5)7
k=0

b () = A n 3 (00— 1) (k)
k=1

and
b () o= b (2) L1y + b5 (2) Loy
From (5.24), we have, for some « € (0,00),
sup bgn)’l(a:) < —ddyz inf A < _Ska < 0k
neN neN
for all § < dgp [with 0y as above (5.24)] and = > 1. Observing that with
fx)=e'", L0 i) bgn) (), where £ is the generator of X (™ defined in

fl@)
(5.27), we have that

(532) Ut(n) — 65Xt(n)ff0i bg”)()%ﬁn))ds7 t>0,
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is a local martingale. Fix 6 and p as in the statement of Lemma 5.3. Without
loss of generality, we can assume that § < d§y. Note that on the set

fw: X (w) > 1 for all s € [(j - 1p,jp)},

we have

sX™ — x(m

. . Jp .
ir (J—l)p] < 5[X(n) - X ] /( bc(sn) (X§n)) ds — dkp

ir (=1l 1)
(5.33)

(v
J
Fix t >0, and let N € N be such that (N — 1)p <t < Np. Then, similarly,
on the set

=v; ' — dkp.

{w: X" (w) > 1 for all s € [(N —1)p,t)},
5[)25”) — )A(((X,)il)p] < ’U](\?) (t), where

t
o () == 0[X{M - X0 ] - / (X ds.
(G=Dp

Now, for a fixed w, let m = m(w) be such that [(m — 1)p,mp) is the last
interval in which X visits 1 before time Np. We set m =0 if 1 is not
visited before time N p. We distinguish between the cases 0 <m < N, m =N
and m = 0, where the latter corresponds to the case where 1 is not visited
before time Np.

Case 1: 0 <m < N.

In this case

N-1

5)@(”) < 5)2,(7332 + Z (vj(-n) —0kp) + U](\T;) (t).
J=m+1l
For 7 e N, let
A =inf{t > (j - Dl X =1} Ajp
and
(5.34) Gﬁn) = sup [X(n) X ]

o<t<p (1" Adp e

Then 5X,ng < 59,(5 ) + 6. Combining the above estimates, we have

N-1
(5.35) 05X <660 w5+ N (0 —dmp) +ol (8).
j=m+1
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Thus, in this case

N-1
¢ (1) (1) (n) (n) (n)
0Xp 7 <Xy + o@l%\f{ Z (v; 7 = 0kp) + 66, } +uy’(t),

j=l+1

where by convention Z;V:_l}rl(v](n) —0kp)=0for =N —1,N and 9(()”) :=0.
Case 2: m =0.
In this case, 1 is not visited before time Np and thus

0X M <X+ 3 (W — srp) + 0P (1)

N—1
<5X{" + max { 3 @ —bkp) + 59}”)} +oM ().
= j=l+1
Case 3: m=N.

Suppose first that there is an s € [(IV — 1)p, t] such that XS(”) =1. It then
follows that

sxX™ <500 + 6.

Now suppose that there is no such s € [(N — 1)p,t]. Define m’ € {1,2,...,

N — 1} to be such that [(m’ —1)p,mp) is the last interval in which X

visits 1 before (N —1)p. Once again we set m’ = 0 if there is no such interval.
If m' =0, we get exactly as in case 2 that

N-1
(DA(t(n) < 5X(§n) + max { Z (U(n) — 0kp) + 591(n)} + UJ(\T;) (t)-

J

0<I<N
J=l+1
If 1<m/ <N —1, then
N—-1
oX{M <80 15+ ST (W —srp) + 0P (1)
j=m/+1
(n) = (n) (n)
>(n n n n
<0X; +or<nz%v{ 'zl;rl(vj — 0kp) + 60, } + oy’ (1).
J:

Combining the three cases, we have

N—-1

> (n) (1) (n) (n) (n) (n)

X, Smax{éXO —1—1%2}\)[({%“(7)]» —6kp) + 60, }—H)N (t),04 60y }
J:
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Thus, for any My > 0,
P (6% > My)
N-1 N-1
<N p, (v}@ &)+ S (0" —drp) + 80" + 5+ 6X > MO)
1=0 j=l4+1

+ Po(56\ + 6 > M)
S 65(1+$)—M0

1=0
Recalling U™ from (5.32) and using its martingale property, we get

N—-1
50" + 3 ol o) (t)] ) 0PN —1—1)]
J=l+1

(n)
+ Ea:(e&)N )) .

N—-1
P(6X{" > My) < e Moed140) (Ex<e‘”5? )+ 37 e SmoN =) Ex(eéef")))

(5.36) =

1
— Moy (1+$)5
<e e d(5,p71)<1+1_€5,€p>,
where the last inequality follows from Lemma 5.3 and the observation that

(n) ¢ (n)
(5.37) sup E, (%) <sup E1< sup X ) <d(d,p,1) < o0,
neN neN 0<t<p

where Hl(n) is as in (5.34). Finally, from (5.36), we get that for all ¢ >0 and
neN

E$(€5X§n)/2) :/ P$(5Xt(n) > 21n(y)) dy
0

(5.38) <1+ 1F2)0 d(6,p,1) <1 + ﬁ) /100 e 2 gy,
< de’,
where d =1+ €°d(,p,1)(1 + .—5-). The result follows. []
PrROOF OF PROPOSITION 5.1. We will first consider the second part

of the proposition. We begin by showing that {]\Afs(i) - Ns(n)}sm is tight.
For that, in view of (5.13), it suffices to show that the following condition
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(Aldous—Kurtz criterion) holds: for each M > 0,e >0 and v > 0 there are
0o > 0 and ng such that for all stopping times {7, }nen with 7, < M, we have

(5.39) sup  sup P(|N S+Tn+9 - NS(+Tn| >q) <e.
sER4 ,n>np 0<dp
Let M, e, € (0, oo) be given. Note that
PN, 0= Mol 2 )
+Tn+0
< P< AP / TR0 gy > 7)
S+7Tn 2

~y
# (1M, solon) — D, 00] = 3 ).
By (5.12) we have, for ¢y sufficiently small,
(n) y ()

s+1n+0 .
sup  sup P( N / XM du,

u
se€R,neNO< S+Tn

It remains to prove that, for some dy > 0,
Y
500 s sup (I, (00 - M (012 ] ) <
seR,neNO<dy
Using the martingale property of M ™ (¢1),
(\ o) = M (00)] 2 3

E(ME L o(¢1) = M. (61)2)
= (7/2)?
E((M™) (612 — E(ME, (61)?)
B (7/2)?
E(M™(¢1))stmnt0 — E(M™ (¢1)) s,
(7/2)? ’

N ™

l\’JIQ

and, using (5.5),

s+1n+0 .
EQLO (1)), 10— EQLO(G1),, < E (Aﬁ"’aﬁ”’ [ du> .

S+7Tn
Now, using (5.12) once more, we can choose dg > 0 such that (5.40) holds.
This proves tightness of {N s(i) - Ns(n)}s,n and, using the continuity property
of the Skorohod map (from D; (R, :R) to D(R+ [1,00))), that of {X{) —

Xﬁ”)}s,n and {ﬁgi), “(n }s.n- Tightness of {X ¥ }3 » now follows by using
the uniform estimate in Lemma 5.4.
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Now we consider the first part of the proposition. Tightness of (X (), {(n)y

follows as before. We now consider V(™ Fix ¢ > 0. Using (5.9), we get, for
K € (0,00),

PGWQ*U>K><P@woﬁ1)>Kamay>1)+m(><ﬂ

t<T t<T %
E(super (V) )?)
< % N P(sup(f(t(n)) > k)
K? t<T
_ ep(KT ) ") | Blsupier (X))
< = + 5
K k
Using (5.8), we can choose k such that
B(supr (X)) _ e
5.41 = < -
64 A
Now choose K such that
qup CRET ) ") e
neN K? 2

The last two displays imply sup,,cy P(supt<T(Y(n)) >K) < E and since € >

0 is arbitrary, the tightness of the random variables {Y }n€N> for each

t > 0, follows. To establish the tightness of the processes {Y N en, it now
suffices to show that for each M > 0, >0 and ~y > 0 there are §y > 0 and
no such that for all stopping times {7, }nen with 7, < M, we have

(5.42) sup sup P([V,\"), = VM| > ) <e.

n>no 0<dp

Fix M,e,7v € (0,00). Then, for any 6 € (0,1),

PV, — V| > )

<p(ly™

e~ Y Z9) + Plo” < M 1),

Taking T'= M + 1 and k as in (5.41), we have P(a,(gn) <M+1)<e/2 for all

n € N. For the first term on the right-hand side of the last display, we get,
using (5.4) and that sup, . ) Xt(n) <k,
— k

(5.43) <P<
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(tn+0) A\

eI =M )2 )

The first term on the right-hand side can be bounded as follows:

(tat+0)Aa(”
o f e el =5)
(n)

(n)
(n)y(n)\ 2 Tht0) Ao 2
<<2kc2 A >E<</( i ys(n)ds>>
a v TnAUIEn)

n/\cr,c
(n)y(n)\ 2

< e(u> exp(K (M + 1)2k2)(5")?,
Y

where K is the constant from (5.9). Thus, for ¢y sufficiently small, we get

(Tn+0)rct™
an))\gn) / ' v ds

n /\cr](cn)

sup sup P(
neN0<do

~
> 4.
2kz> <e/

The second term on the right-hand side of (5.43) can be bounded as follows:

(n) _ g 2l
P<|M N }(Cn)(¢2) MrnAcr,(C")(qbQ)‘ > 2>

(Tn+0)Ao

E(<M(n)(¢2)>(7—n+g)/\0_](€”) — (MM (¢5))
(v/2)?

(Tn+9)/\0'(n) . .
< %Aén’aén’E< / © xmym ds>
v -
4

)

Tn/\O,

IN

n/\a(")

IN

/\gn)agn)k:HE( sup y )( )>

2 0<s<M+1 SAay"

v

Using (5.9) once more, we have that, for ¢y sufficiently small, the second
term in (5.43) is bounded by §. Combining the above estimates, we now see

that (5.42) holds, and thus tightness of {}A/(”)}%N follows. [

PrROOF OF LEMMA 5.6. Consider (5.15). Let NS("T) be the number of

deaths of particles of the (unscaled) process X" in the time interval [s, s +
T]. Fix €,6 > 0. Then

P( sup \AXgi)t\ > E)
0<t<T

§P< sup \AXS+t|>z-: sup XS(+)t<nL) —i—P( sup Xs(i)t>nL).
0<t<T 0<t<T
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By Corollary 5.1, we can choose L € (0,00) such that

P( sup Xii)t > nL) < 0
0<t<T 3

for s € R} and n € N. Next, consider

P( sup |A)A(£1)t\ >¢e; sup Xéi)t < nL)
0<t<T 0<t<T

< P(sup\AXs(i)A > e NS(nT) < nC’L) + P(sungi)t <nlL; Ns(nT) > nC’L).
t<T ’ t<T ’

Note that on the set {supg<;<7 X ii)t <nL} the branching rates of X are
bounded during the time interval [s,s + T, uniformly in s and n, and thus
we can choose a C' € (0,00) such that for s€ Ry and n € N

P sup X0, <nLiN®) > ncL) <2,
0<t<T ’ 3

Finally, let, for n € N, {§§n)}i€N be i.i.d. random variables distributed as

ugn). Then, since the variance of the offspring distribution converges, we

have for ng sufficiently large and all n > ny,
& -1

P<Oiltl£T‘AXs+t| > e NS’T <nCL) <P 1§I£%%L7n >e

nCL—1

< > P =1] > ne)
=1

nCL—1 n
B¢ — 1)

= (ne)?

- 0
; 3

=1
Combining the above estimates, (5.15) follows. The limit in (5.14) can be
established similarly, using Lemma 5.2 instead of Corollary 5.1; the proof is

therefore omitted. [

6. Proof of Theorem 2.1. The following martingale characterization re-
sult will be useful in the proof of Theorem 2.1. The proof is standard and is
omitted; see [18], [13], [14] and Theorem 5.3 of [4].

For ¢ € C°([1,00) x Ry), let

Lo(a,) = ez Lla,y) + Laihz s (a,y)
r,Y) =< 11:83: LY 2a1 19583:2 T,y

0 1 9?
+ 2 Aoy 8—y¢($> y) + 5062)\2332/ 8—y2¢(x’ Y).
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Let Q:= D(R, :[1,00) x R?) and F be the corresponding Borel o-field
(with respect to the Skorohod topology). Denote by {F;}icr, the canon-
ical filtration on (Q,F), that is, F; = o(ms|s < t), where m,(0) = @5 = &(s)
for @ € Q. Finally, let 7(9, 4 =1,2,3, be the coordinate processes, that is,
(rV(@),7® (@), 7 (@)) = 7(@).

THEOREM 6.1. Let P be a probability measure on (Q,F) under which
the following hold a.s.:

(3) _

3) s a nondecreasmg, continuous process, and w5 =0;

)

i) (7r(]L ) is an ([1,00) x Ry) valued continuous process;
111) Jo~ La,00( 7T§ ))dwgg) =0;

) for all p € C([1,00) x Ry)

7rt ) T, /Eqb Tg "5 T / ¢) (2) g3)

is an {F¢} martingale;
(v) ]30(77((]1),77((]2))_1 = Po(Xy,Yy) !, where X,Y and P are as in Propo-
sition 2.1.

Then Po (r(), 7()~1=Po(X,Y)!

PROOF OF THEOREM 2.1. Recall that for ¢ € C°([1,00) x Ry ), we have

~

t
(6.1) 9K, 7, = (XM VM) + /0 AW G(X T ds 1+ M™ (4),

where Mt(n)(qb) is a martingale, and A™ is as defined in (2.2). Also note
that A(™ can be rewritten as

A G (z, ) = L (@, y) + D™ (y)nA u™ (0)1 oy,

where

£ (1) —A(”an[ e+ 5220 ot

+ )\gn)anyZ [qﬁ (x, y+ %) — ¢(x, y)} 1y (k)
k=0

and

DO g(y) ::n<¢(1,y> - ¢<1 - %y))
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Thus, using (5.2), (6.1) can be rewritten as

S F) =X T + [ £0o(K0. 50 s

/zﬂ" SOV di™ + MM (¢).

Recall the path space (Q .7-') introduced above Theorem 6.1. Denote by
P™ the measure induced by (X Y™ 7)) on (Q, F) and by E™ the
corresponding expectation.

From Proposition 5.1, P is tight. Let P be a limit point of {]5(”)} along
some subsequence {n;}. In order to complete the proof, it suffices to show
that under P properties (i)—(v) in Theorem 6.1 hold almost surely. Prop-
erty (i) is immediate from the fact that 7™ is nondecreasing and continuous
with initial value 0 for each n. Also, property (v) is immediate from the fact
that ()A((()n),?o(n)) =(1,1), a.s., for each n. Next, consider property (ii). The
continuity of 7™ and 73 follows by (5.14); see [9], Proposition V1.3.26,
page 315.

To see (iii), consider, for ¢ > 0, continuous bounded test functions fs:
[1,00) — R4 such that

1, ifa>1+26
(6.2) ﬁuﬁ_{a if 2 <1406

Note that, for each n € N, fo X(n)) dA(n) =0 and thus, for each § >0,

0= lim E(™* (/ fs(m d7r(3 A 1) </ fs(m d7r(3 A 1)
k—o0

Consequently, for each § > 0, fooo 1[1+25700)(7r§ ))dwg ) = 0, almost surely

w.r.t. P. The property in (iii) now follows on sending § — 0.
Finally, we consider part (iv). It suffices to show that for every 0 < s <
t < oo

E(w(-) (cfﬁ(m(l)mt@)) (), 7 ®)

ot [ B o

where 1 : Q—>Ris an arbitrary bounded, continuous, Js measurable map.
Now fix such s,¢ and ¢. Then by weak convergence of P("#) to P and using
the moment bound in Lemma 5.2,

lim B (w(-) <¢(7r§”,7r§2>> — oD, 7?)

k—o0
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/ch du—/ 24 Ww)dw@))

- (wo(cbm ) 7®) = g(xV), =)

/w ) du — % 52>>dwg3>)>.

To complete the proof, it suffices to show that the limit on the left-hand
side above is 0. In view of the martingale property in (6.1), to show this, it
suffices to prove that for ¢ € C2°([1,00) x Ry),

t
©3)  Jim B| [ (€P0(X.F0) — Lo(XF))ds| =0
and
: Y om sy _ 98 0 s gam)
(6.4) T}ggoE/o D)~ 9201, 700 ) anfr)| =0,

The latter is immediate upon using the smoothness of ¢ and the moment es-
timate for (™) in (5.8). For (6.3), we rewrite £ ¢ using a Taylor expansion
as follows:

LM (2, y)
Z[ ;1 0 ey + %(%) f—cm )

2¢>x y}ué (k)

+RM (a, )

2
N L () + 500N ()

9] 1 0?

+ cgn)/\gn)xy 8—y¢)(az, y)+ §agn))\§n)xy a—y2¢(x, y) + R™(z,y),
where the term R(™(z,7) is a remainder term, which, using part (iii) of
Condition 2.1, is seen to satisfy supj, 1<z |R™ (z,9)| — 0 as n — oo, for
any L € (0,00). Furthermore, using the compact support property of ¢, it

follows that lim,, o Efot |R(™) ()A(S(n),ffs(n))\ ds = 0. Next note that

2
= ()\gn)cgn) —Aic1)x

0 ONQ 0
%qb(:v,y) ()\ Alal)qub(xvy)
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2

0 1 0
Ty a—yﬁb(ﬂ%y) + 5()‘%”)04%”) — Aaa2)Ty a—yg¢($,y)

and therefore, in view of Condition 2.1,

sup |LMWo(z,y) — R™ (z,y) — Lo(z,y)| =0 asn — oc.
2l Jyl<L

+ ()\gn) an) — )\202)

Once more using the compact support property of ¢, it follows that

t
lim B [ 1£06(X0,F0) — RO, F0) — Lo(X, ¥ ds =0,
0

n—oo

Combining the above estimates, we have (6.3), and the result follows. [
7. Proofs of results from Section 3.

7.1. Proof of Proposition 3.1. Uniqueness of the invariant measure of X
is an immediate consequence of the nondegeneracy of the diffusion coefficient
(note that asox > asAe > 0). For existence, we will apply an extension of
the well-known Echeverria criterion for invariant measures of Markov pro-
cesses [14] and Theorem 5.7 of [4]. This criterion, in the current context, says
that in order to establish that a probability measure 7 is an invariant mea-
sure for X, it suffices to verify that for some C' >0 and all ¢ € C2°([1,00))

(7.1) / L16(2)71(dz) + Carhi /(1) =0,
[1,00)

where

(7.2) Li¢(z) = crhzd (z) + soa \z¢” ().

We now show that (7.1) holds with 73 =v; and C = @. For ¢ €
C2°([1,00)) and p as in (3.1),

/100 <c1A1x</5/(a:) + %al)\lggd’(gj))p(az) dr

o0 oo
= 1 A\ 0% 1 (1) —/ 201/\190—16261’”/a1¢(az) dx
1 1 a1
1 o o
+ Zag BT g gy — / al)\19c—le2cl$/a1 ¢ (z) dx

2 1 1 a1

1 1
= —5041)\1062cl/a1 qb/(l) = —]¥Q1A1¢/(1)'

Thus (7.1) follows.

7.2. Proof of Theorem 3.1. Throughout this section we assume that Con-
ditions 2.1, 3.1 and 3.2 hold. This will not be explicitly noted in the state-
ments of the results.
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Existence of a stationary distribution Z/YL) of the S ={i|i e {n

n+1,...}} valued Markov process X (™ follows from the tightness of {X }t>0,
which is a consequence of Lemma 5.4. The uniqueness of the stationary dis-
tribution follows from the irreducibility of X ().

In order to establish the tightness of the sequence {an)}nel\h we will use
the following uniform in n moment stability estimate for X ().

THEOREM 7.1. There is a tg € Ry such that for all t >ty and p >0,

(7.3) lim sup ipEx((XW)P) = 0.

T—r00 neN X tx

PrOOF. Fix an L > 1, and let 7(") := inf{t:f(t(n) < L}. Observe that if
€ [(N—1)p,Np) for some N € N, then, following arguments as in the proof
of Lemma 5.4, for x > L,
N—-1
P.(r™M >t <P, (Z (UJ(-”) —0kp) > 0(L — a:)) < O@=L=drp(N=1))
j=1
Thus we have that
sup Pp(r(") > t) < y1e%e 7,
neN
where v; € (0,00), i =1,2. The above estimate along with Lemma 5.4 im-
plies, for n € N,

5 (n) >(n) >(n)
B /2 = Ex(l{r(n>§t}€6Xt /2) + Ex(l{r(n)>t}€6Xt /2)

~ ¢ (n)
< de™ + (1 eﬁweﬂ?f)”(&(e“t )

where d is as in Lemma 5.4 and d; €
of n. Fix p> 0. Then, for some ds € (

SON 6Xm)/2 Sz ,—yatx/2
EI(X ) §su dEe <Supd1d2(1+6 e )

(0,00) is some constant, independent
0,00), we have

tx

sup <
neN aP neN aP neN aP
Choose ty large enough such that l;to > . Then for t > t;
E X(”) P
lim sup M =0.
T—00 N xP

The result follows. O

As a consequence of Theorem 7.1, we have the following result. For § €
(0,00), define the return time to a compact set C' C [1,00) by T, (n) (0) :=

inf{t > 5| X™ e C}.
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THEOREM 7.2. There are ¢,0 € (0,00) and a compact set C' C [1,00)

such that
RO
sup E, (/ In(X, )dt> < éx, x>1.
n 0

PROOF. Note that ln(X't(n)) > 0 since Xt(n) > 1. Applying Theorem 7.1
with p =3, we have that there is an L € (1,00) such that with C :={z €
Ry|x < L}, for all x € C°,

1 23,
2"

tox

(7.4) sup B (X)) <

where tj is as in Theorem 7.1. Let = toL and
7 =7 (§) = inf{t > §| X < L}.
Consider a sequence of stopping times defined as follows:

U(()n) =0, 07(7’;‘) = 07(:21—1—750()2(?2) VL), m e N.

Let m(()n) =min{m > 1|X(?7)z) < L}, and
om

()
(7.5) V() = E, ( / In(X™) dt> .
0
Then

(n)
A () A +1
V(”)(x)<E$</ In(X ) ZE (/(n) In( §”>)dt1{k<mén)}).
0

Let .7-'(” {X(n |0 < s <t}. We claim that there is a ¢y € (0,00) such that
for alln keN, x>1

(n)
Okt - (n) (n) >(n) \3
(76) Ex <L£n) hl(Xt )dt‘fval(cn)> 1{k<mén)} < CO(XUI(;L)) 1{k<mén)}

Due to the strong Markov property, to prove the claim it suffices to show
that for some ¢y € (0,00) and for all n € N,z > 1
(n)

E, </ 1 ln(Xt(n))dt> < o>
0

Note that for z > 1, agn) =to(xV L) < éyx, where ¢y = toL. Using this bound
along with Lemma 5.2, we get, for some ¢ € (0, 00),

Ex< sup ln(X( ))) §ln<Ex( sup Xt(n)>> Sln(xQeK(éox)Q) < épz”.

t<oi™ t<ol™

>

The claim follows.
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From the estimate (7.6), we now have

m(n)fl
0
(7.7) sup 1740 (x) <e Sl7llp E, ( Z (X((T?L) )3> -
n k=0

Note that {X (?,)L)}kGNO is a Markov chain with transition probability kernel
Tk

PO (@, A) =P (@A), wel,00), A€ B([1,00)),

where Pt(n) is the transition probability kernel for X (). Using (7.4) and
Lemma 5.4, we get that for any L € (1,00) there exists a b € (0,00) such
that for all z € [1,00)

o . (e e} (n)
sup / y* Pz, dy) = sup / Y Py () (% dY)

n Ji 1

= 3pm)
= Sup/l ygptoa: (l‘, dy)1{$>L}

+ sup /1 y3Pti’2($7dy)1{ng}

1 ~
S .’Eg — 51‘3 + b]'[O,L} (.’E)

The above inequality along with Theorem 14.2.2 of [16] yields

mén)_l mén)_l
sup B, ( Z (X(?,)L))?)) <2 (333 +sup £ ( Z bljo,1) (X(?TZ) )))
n o n O

k=0 k k=0
= 2(a® + b1y, 1) (x)) < éa?,

where the equality in the last display follows from the fact that X (?2) > L
Ok
for 1 <k< mén). The result follows now on combining the last estimate

with (7.7). O

The following theorem is proved exactly as Proposition 5.4 of [5]. The
proof is omitted.

THEOREM 7.3. Let f:[1,00) — Ry be a measurable function. Define for
d € (0,00) and a compact set C' C [1,00)

CROI.
Ve (z) = E$</ F(X] )dt), z € [1,00).
0
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If sup,,en V(™ is everywhere finite and uniformly bounded on C, then there
exists a R € (0,00) such that for alln € N;t >0,z € [1,00)

1E V(X / Eq( ) ds < V(”)(ﬂc)—H%.

We now return to the proof of Theorem 3.1 and establish the tightness
of {1/{71)}“61\;. We will apply Theorem 7.3 with f(x):=In(z), and §,C as
(n)

in Theorem 7.2. Since v’ is an invariant measure for X (") we have for
nonnegative, real valued, measurable functions ¢ on [1,00)

(7.9) /1 OOEI@(XW) ") (d) = /1 w@(x)y@(dx).

Fix k€ N and let V") (z) := V™ (z) A k. Let
1. (n 1 W
0 @)= V" (@) - LBV E)).

y (7.9), we have that [° ‘I/,(gn)( vy () (dz) = 0. Let

) () o= TV (@) — TE(VO(X)).

t

By the monotone convergence theorem \IJ,(Cn) (z) = ¥ (z) as k — oo. We

next show that \IJ,(:) () is bounded from below for all z € [1,00): if V") (z) <
k, then

1

1 2o
v (@) = -V (@) - 2B, (v (X))

t
L r(n) 1 (n) (% () -
> 2V () - B (VW (X)) > -

where the last inequality follows from Theorem 7.3. If V(") (z) > k,

n 1 1 n (1
U (@) = 2k - LB (VO (X)) 2 0.

Thus \I/](gn) (x) > —k for all z > 1. By Fatou’s lemma, we have

/OO\IA )(2)v (”)(dx)<1iminf/qu,§”)( ™ (da) = 0.
1

k—o0 1

By Theorem 7.3 we have (" )>1 fo )ds — k. Combining this
with the last display, we have

0>/1 v (z)y // By DA™ (dx) ds — .
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Using the invariance property of an) once more, we see that the first term on

the right-hand side above equals [ f (a:)yfn)(dx), and  therefore
[r (a:)u£n)(d:v) < k. This completes the proof of tightness.

The tightness of {an)}neN implies that every subsequence of {an)} has a
convergent subsequence. Call such a limit v]. Theorem 2.1 and the stationar-
ity of an) imply that v} is a stationary distribution of X. Since the station-

ary distribution of X is unique, we have v{ = 1, which completes the proof.
8. Proofs of Theorems 4.1 and 4.2.

8.1. Proof of Theorem 4.1. In order to prove the result, we will verify
that the assumptions of Theorem II.1 (more precisely, those in the remark
following Theorem I1.1) in [17], pages 78 and 79, hold. For this, it suffices to
show that for all k €N, ® € BM(RF), p € C°(R;) and 0 <ty <ty <+ <
tr+1 < T < o0, there exists a sequence h,, with lim,_,. by, =0 and

sup | E[@(V,",.. V") (V) ) = o(V™) = ha Lo (V™))
t€ltyr1,T]

(8.1)
= O(hn)a
where £ is given as
(8:2) Lo(y) = cadamxyd'(y) + zaodomxyd”(y), ¢ € CE(Ry).
Letting X7 := X t(;la)n, t > 0, we see, using scaling properties of the Sko-
rohod map and straight forward martingale characterization results, that
X° has the same probability law as the process X that was introduced in

Proposition 2.1 with initial value Xy = xy. The following uniform moment
bound will be used in the proof of Theorem 4.1.

LEMMA 8.1. There exists a oy € (0,00), such that whenever X is as in
Proposition 2.1 with initial value Xy = x, for some x € [1,00), we have

60Xt)

sup F,(e =:d(dp,x) < 0.

0<t<o0

PrOOF. We begin by establishing exponential moment estimates for the
increase of X over time intervals of length lp when the process is away
from the boundary 1, where p >0 and [ > 1. Fix p € (0,00). Let a:=c1 )\,
b:=aiA; and § € (0,—F A 1). Note that in view of Condition 3.1, a < 0.

Define o, := inf{t € [0, 00)| fg Xsds>r} and py, :=IpAo,. Then

Pl,r Pl,r
E, <exp <5a / X, ds+6vVb / VX, ngf))
0 0
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Pl,r
= x(exp<(5a+(52b)/ Xsds
0

Pl,r Pl,r
+5x/§/ VX, dBX — 5%/ X, ds>>
0 0

<\ /E$€2pl7r(6a+52b)
Pl 2 2 Pl,r
X \/Ex exp (25\/5/ VX,dBX — %/ X, ds>,
0 0

where the inequality follows on noting that p; , < Op "" Xeds and § € (0,—%).
Using the super martingale property of the stochastic exponential, we have
that the second term on the right-hand side of the last display is bounded
by 1. Thus, sending r — oo, we have, with —0 := da + 62b < 0,

lp lp
(8.3) E, (exp ((5a/ Xyds + 5\/5/ vV X5 dBSX>> < olp(6a+62b) _ —6lp.
0 0

Next, for x € [1,00), we have by application of Itd’s formula that for ¢ < p
and § <4,

(8.4) By (e5X1) < 7 4 5ed Epn, < €07 + 2Cy(p, 0),

where C1(p,d) € (0,00) and the last inequality follows by an application of
Gronwall’s lemma and the Lipschitz property of the Skorohod map; see (2.4).

Using the above estimates, we will now establish certain uniform estimates
on the tail probabilities of Xj,, which will lead to exponential moment
estimates at these time points. Fix L > 1, and let

mji=inf{t> (i —1)p|Xy <L} Ajp and ej:=X;, - X, j>1,
eo=0. Fix k € N, and let

M::max{sz...,k\ inf ngL},
(j—1)p<s<jp

if there is an s € [0, kp] such that X; < L, and set M equal to 0 otherwise.
Let

Jp Jp
v; ::/ aXSds—i—/ VbXsdBX,  j>1.
(G=Dp (G=Dp

7j—1

Then Xy, = Xy, + Z;?:MH v;. Letting ¢; :=e; + Z;?:Hl v;, we have, us-
ing (8.3),

k
Py(Xg,>K) <P, (XMp + Y > K>
j=M+1
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SPx<maX ¢ >K—L)
0<i<k

IN

k
P(Gi>K—-1L)< Z E$(65Ci/2)e—5(K—L)/2
=0
(Exe5ei)1/2(Ex€5Z§:i+l v )1/2675([(,[/)/2

(E$eéei)1/267(k7i)0p/2676(K7L)/2‘

IN

M- 1 1M~

Il
o

7

Next note that, from (8.4),
Ee < Ex(eé[xipixn]lndp) +1=Ey(e ¥ Lr<ipbix,, (%)) +1
< Eule i 1y, cip(e2%7 + X,,C1(p,8))] + 1= Ca(p,d) + 1.

Hence,

k
Py(Xip > K) < (Ca(p,8) + 1) /20 K=LI2 N =102

1=0
_S(K—L)/2
1/2€
< (Calp0) + )P
The last estimate yields, analogously to (5.38),
(8.5) sup B, (e?Xke/4) < 07/ for all z € [1,00)

keNp

for some C € (0,00). Finally, letting g := %, we have from (8.4) for ¢ €
((k - 1)/),]{3/)], k=1,

1
< Ces® <1 + —Cl(p,5)>.
do

The result follows. O

REMARK 8.1. Note that Lemma 8.1 and the scaling property noted
above that lemma say that for all z € [1,00)

¢ (1)
sup sup F, (%) < oo.

neN 0<t<oo
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We now prove Theorem 4.1 by showing (8.1). Let, for ¢ € C(R),
(8:6)  Lad(y) :=codazyd (y) + gazdoaye”(y),  (z,y) €[1,00) x Ry.
Then

B, VM) e ) - e("))

] o [t o
(8.7) :E[‘P(ﬁgn),...,Yti ))/ L omo(V")ds
t S

) ] t+h, ] o
+ B[ T [0 = g6 s

For the second term, we have, using Remark 8.1 and the fact that the
function ® is bounded and ¢ as well as its derivatives are continuous with
bounded support, that
sup E'@(Ytﬁ”), oY) / (£ 49 (V) = L g o (V™)) ds
t€ltig1,T) t s s

= sup E‘@(Y;(ln), .. .,Y;in))
t€[tpr1,T]

i () % - (n) /()
(8.8) x /t [c2A2X§“><n<”>¢’<n(”>>—n (V™))

1 Y > ~, ~ ~
+ X (70) = 05, s

= o(hy).

Recalling the definition of X° above Lemma 8.1, the first expected value on
the right-hand side in (8.7) equals

. . 1 tan+hnan .
hoE [@(Yff’, LYy / Lxed(Vi™) ds} .
t

hnay an
Thus
BV, V)6 ) — o) = haLo(¥))]

M - (n - (n 1 tan+hnan - (n . .
= Blotr e 5 (e [T o) as - 2o )]

T o(h)

/N 7 N

[ (1 (1 (1 >~ (1 1 > (1
= B|@(V", . Vi o (02027, (V) 4 S a0a¥, " (7] )>>
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1 tan+hnan
X ( / Xgds — mxﬂ
hnan Jia,
+ o(hy).

To complete the proof, it thus remains to show that for some sequence {h,, }
with lim, oo by =0

1 tan+hnan 1 tan+hnan
/ ngs—mx':E‘ / Xsds—mx'
t t

hpany hnan an

(8.9) E

Qan

converges to 0 uniformly in ¢ € [txy1,T]. From the ergodicity of X and the
moment estimate in Lemma 8.1, it follows that

1 tan

— Xsds—mx‘—>0 as n — oQ.
(07%% 0

(8.10) E

The above result, along with Lemma 8.2, below, implies that there is a se-
quence {hy} such that lim,,_,~ h, =0, and the expression in (8.9) converges
to 0 uniformly in ¢ € [t;41,7]. This completes the proof.

The proof of the following lemma is adapted from Lemma I1.9, page 137,
in [17].

LEMMA 8.2, Let 0 <ty <T < oo and a, — oo monotonically as n —
oo. If for all t € [tg+1,T]
1 tan

— Xsds—mx'—>0 as n — 00,
tan 0

E

then there is a sequence {hy} such that hy, — 0 as n — oo, and

1 tan+hnan
sup E‘h / Xsds—mx‘—>0 as m — oo.
t€[tk+1,T] nln Jta,

PROOF. Let a(7) :=sup,-, E|1 [’ X;ds — mx]|. Note that a(r) con-
verges monotonically to 0 as 7 — oco. For t € [t;11,T] we have

1 tan+hnan
E‘ / Xgds — mx‘
t

hnanp an

=F

t h 1 tan+hnan t 1 tan
On + finGn / Xods — dn = Xods —mx
hnay  tap + hpay Jo

hpay tay, Jo
ta, + hnpan, 3T
< ———— t < —oat
Pt Fnay, O tan) < altiran)
for all n such that h,, <T'. Note that the right-hand side of the last display is
independent of ¢ € [t;41,7]. Choosing hy, = \/a(tg4+1ay,), the lemma follows.
O

an

a(tay, + hpayp) +
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8.2. Proof of Theorem 4.2. As in the proof of Theorem 4.1, it suffices to
show that for all k € N, ® € BM(RY), ¢ € C°(Ry) and 0 <ty <to <+ <
tr+1 <T < o0, there exists a sequence h,, with lim,,_, hy, =0 and

sup  [E[@V" V) 6 ) = (V™) = haLs (V)] = o(hn),
t€tyy1,7]

where £ is given as in (8.2).
Let for ¢ € C*°(R4) and (z,y) € [1,00) x R4

£00(y) = A2 yki{ (v+522) o0

and recall £, from (8.6). Then

E@T, . V) 6 ) = ¢V M)

5 . t+hn .
(8.11) :E[@(}QS”),...,EQEC"))/ " <b(Yt("))d8}
t

xm
)y [Ty ) 4y
—i—E[@(Yt1 R )/t [L:Xgn)(b(}/s(n)) —[,Xgn)gi)(Yt )] ds].
Using Lemma 5.4, we get, as in (8.8), that the second term in the last display
is o(hy,) uniformly in t € [t;41,T]. Thus

E@™, V)6 )~ o) — hLo(V))]

(N (N t+hn n vat] (N
=E[@<Y£ LRI % >>< / (L0, (V") = £y (Y >>>d5)]
(8.12)

. - (n 1 t+hn . . - (n
+E[<I>(}Q(1”),...,Yti ))hn<h—/ LoV ds — LoV ))>]
n Jt s

+ o(hy).

Calculations similar to those in the proof of Theorem 2.1 show that the
first term on the right-hand side in the last display is o(h,,) uniformly in
t € [tx+1,T] [see proof of (6.3)], while the second term can be written as

- 1 o
B|a. oo Y (sl V) 4 JaaraV M ()

1 t+hn .
X (—/ Xﬁ”)ds—mx>}.
hn J

To show that the latter term is o(h,,) uniformly in ¢ € [t;41,7T], it suffices to
show the following result.
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THEOREM 8.1. Asn— o0

L[ ) )
n
E 4o (hn /t X" qs — mX> ‘ 0,

where .7:"5”) = U{(Xs(n),ys(n)) :s <t} and Ef(n)(‘) = E(‘}—t(n))
t

sup F
t€[tyy1,7T)

In order to prove this theorem, we need the following three results. Let
S:=D(Ry:[1,00) x R}), P(S) be the space of probability measures on S,
and, given a sequence {t,} C [tg+1,7], pn be a sequence of P(S) valued
random variables defined as follows. For A € B(S5),

1 antn+anhn A(n) A(TL) A(n) v(n)
(8.13) pn(A) = / Pl XNy —05") € AlF, ] ds

Ay, hn aAntn

Let Sp:=C(R4+:[1,00) x Ry).

LEMMA 8.3.  The family of P(S) valued random variables {jin}nen is
tight, and any weak limit point is a P(Sy) valued random variable.

Let 7= (7™M, 7)) with 7(!) and 7 being the canonical coordinate pro-
cesses on 9.

LEMMA 8.4. Let p be a weak limit point of {u,} given on some probabil-
ity space (Qo, Fo, Py). Then for Py a.e. w € Qg, u(w) satisfies the following:

(a) p(w)(xW(t+) e F) = p(w)(x e F), forallt >0; F € B(C(R,:[1,00)));

(b) 7@ is nondecreasmg and 7'('(()2) = O a.s. p(w);

)
© [ 1oy (@) drl? =0 as. pw )
(d) underu( ) for all p € C°([1,00)

o(rV) / L(n (D) ds — ¢/ (1)n
is a {G¢ }-martingale, where Ly is as in (7.2) and Gy := o—{(wS),ng)) 15 <t}.

We postpone the proofs of Lemmas 8.3 and 8.4 until after the proof of
Theorem 8.1. The following is immediate from the above two lemmas, Propo-
sition 3.1 and the martingale characterization of the probability law of the
process in (2.5); see Theorem 6.1.

COROLLARY 8.1.  Let (X,n) be as in Proposition 2.1 with Xog ~ vy and 1y
given as in Proposition 3.1. Let pg be the probability measure on Sy induced
by (X,n). Then u, converges weakly to pyg.
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PrROOF OF THEOREM 8.1. It suffices to show that for an arbitrary se-
quence {t,} C [tg+1,7] we have, as n — oo,

1 tn+hn v( )
e (37 -m)

1 antn+anhn A( )
:E‘E}_(n)<@/a Xs dS—mx>‘—>O.

in ntn

1 antpn+anhn . ( ) (1)
B —— XM ds ) = Ay,
]:t(n) <anhn /(Intn ’ 8> /ﬂ-o lun

it suffices to show that

(8.14) E‘/T('(()l) dpin, —/77(()1) dpg

For any ¢ > 0, let 9. be the following continuous function:

. c
wc(x):{l, 1fx§§,

Since

—0 as n — 00.

0, if r>¢,

and 1) is linearly interpolated on [§, c[. By Corollary 8.1 y,, converges weakly
to po, and therefore, for every ¢ > 0

/ wc 7TO d/ﬁn_/ﬂ(()l)l/)c(ﬂ(()l))dﬂo —0

Moreover, using the estimate in Lemma 5.4,

sup(( ) f 70 = vt

1 antn+anhn R
<Sup< / E(Xﬁ”)ngn)>c/2)ds> —0 as ¢ — 00
u >

neN \ nlln

as n — o0.

nin

<E(X01\Xo|>c/2)_>0 as ¢ — oQ.

‘/ (1 = e(ms)) duo

The last three displays imply the convergence in (8.14), and thus the result
follows. [J

Proor or LEMMA 8.3. To show the tightness of {u,}, it suffices to
show that {v,} is tight, where for A € B(S)

1 antn+anhn n (n R
n(A) = Bpin(4) = — / PIX™ 70— 500) € A]ds.
n'tn a

nin
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However, the tightness of v, is immediate in view of the tightness of

{0 =10} e s,
which was proved in Proposition 5.1.
Let p be a weak limit point of p,, and J:S — R be defined by

J(m) = /000 e “[J(m,u) A du,
where

T(mw)i= sup (A@")] +|Ax”).

Then J is continuous and bounded on S, and in order to show that pu is
supported on Sy, it suffices to show that p(J(m) =0) = 1; see [7], page 147.
In turn, for the latter equality to hold, it suffices to show that for all € > 0,
Eup(J(m) >e) — 0, as n — 0o. Now

Bpy(J(7) >¢€)
1 antn+anhn o) - (n)
— / P(/ e ¥ (sup[\AXsH\
anhy, antn 0 t<u

+ \A(ﬁﬁi)t — ﬁﬁ”’)\] A 1) du > E) ds.

Finally, noting that ﬁgﬁ_), — ﬁﬁ”’ is continuous and using Lemma 5.6, we now

have that the right-hand side of the latter equation converges to 0 as n — oo.
The result follows. [

PROOF OF LEMMA 8.4. For a measure v € P(S), let E” denote the
expectation operator. For (a), we show that

EM)(f(m()) — B (f(x 1)) = 0
(8.15)
a.s. for all bounded continuous f on S.

Note that
B (f(i)) = B (f (D))

1 antn+anhn . (TZ) . (n)
/ (E]:—t(:)f(Xs+t+-) - E]j—t(:)f(Xer-)) ds

anhn Antn
2t
< | fllsup — O as n — 00.
aphny,

This proves (8.15) since we can choose h,, such that a,h, — co, and thus
(a) follows.

Property (b) is immediate from the fact that ﬁgi), — ﬁff‘) is nondecreasing
and continuous with initial value 0 for each n.



CATALYTIC BP WITH CONTROLLED IMMIGRATION 45
To prove (c), it suffices to show that for a.e. w and for every T,d > 0

T
([ it 1) -

where f5 is defined in (6.2). In turn, for the above equality to hold, it suffices

to show that
(E“(/ F5(xD) dn? /\1)) =0.

The latter equality is immediate on noting that for every 7', > 0

(E“" (/ fs(m /\1>>
antntanhn
a hn/t (/ Fo(Rh) .~ nﬁ’”)(u)Al) ds=0

and thus

o[ )] ol ) -

Finally, consider (d). It suffices to show that for every 0 <r <t < oo,

5 t
£ (0(n0. 1) (o) - o(e) ~ [ Lr0(nl?

- -]

where ¥ :S — R is an arbitrary bounded, continuous, G; measurable map.

Now fix such r,¢ and 1. Assume without loss of generality that u, con-
verges to . Combining this weak convergence with Lemma 5.5, we see that
the left-hand side of the last display is the limit of

B (zb(ﬂ(l)ﬂf( ) (¢< ) / L1(m

E

=0,

E

1 antntanhn (n) o(n) _ o(n)
= anhn / E'Ej:tn <Q/)(XS+ ’ns+ s )

nln

. [¢<X§i’t> X))
/ L16(X{D,) du

— S, - ﬁmD s
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To complete the proof, it suffices to show that the limit of the expression in
the last display is 0. Note that for ¢ € C°([1,00)),

p(X) - / LX) ds - Do 1)l

is a martingale, where D( )qb(l) =n[p(1) — ¢(1 — 1)] and

£ () = A2 i[ ( )—qb(x)] W ().

k=0
Thus, it suffices to prove that
1 antntanhn
lim / E
a.

n—o0 y, Iy,

ds=0

/ (LX) — £6(X,)) du

nin

and

N T B ) on)
lim D1V 6(1) — &' (WIE(|M5yy — flsyr]) ds =0.

n—00 My, antn

The proofs for the last two equalities are completed as those for (6.3) and
(6.4) upon using the uniform estimates in Corollary 5.1 and Lemma 5.5. [

APPENDIX

PROOF OF PROPOSITION 2.1. We will consider here only the case where
(X0, Y0) = (x,y) for some (x,y) € [1,00) x [0,00). The general case can be
treated similarly. The unique solvability of (2.5) is an immediate consequence
of the Lipschitz property of the Skorohod map, Lipschitz coefficients (note
that f(z) = v/x is a Lipschitz function on [1,00)) and a standard Picard
iteration scheme; see, for example, Proposition 1 in [1].

We next argue the unique solvability of (2.6). For n € N, let 0™ :=inf{t >

0| Xy >n}, X(n =X, and f(y) :y\/%. Consider the equation

VAR (R / X () gs
0

t
+arks [ VX 7)Y
0

From the Lipschitz property of f( and \/W it follows that, for each
n, the above equation has a unique pathwise solution. Let 7™ := inf{t >
0|}7t(n) =1} and 9 .= 7" A o) Note that Y™ solves (2.6) on [0,6()].
Also, by unique solvability of (A.1), we have for all n € N, Y(*+D (. A () =

(A1)
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Y™ (. A 0(M). Finally, letting 8(°) := lim,_,,, 0, the unique solution of
(2.6) is given by the following:

}_/t(n) (w), if 0 <t <0 (w) for some n €N,

Yi(w) =
) 0, if 1> 0%(w). 0
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