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Abstract

The evolution of optical pulses in fiber optic communication systems
with strong, higher order dispersion management is modeled by a cubic
nonlinear Schrédinger equation with periodically varying linear dispersion
at second and third order. Through an averaging procedure, we derive
an approximate model for the slow evolution of such pulses, and show
that this system possesses a stable ground state solution. Furthermore,
we characterize the ground state numerically. The results explain the ex-
perimental observation of higher order DM solitons, providing theoretical
justification for modern communication systems design.

1 Introduction

1.1 Conventional dispersion management

The technique of dispersion management (DM), introduced in the early eight-
ies [16] and refined during the past decade [27], has emerged as the dominant
technology for high bandwidth data transmission through optical fibers. In a
dispersion managed fiber link, short sections of fiber with opposite linear dis-
persion characteristics are joined together in a periodically repeated structure,
forming a fiber whose linear dispersion is effectively canceled out over each pe-
riod of dispersion management. In such a system, the characteristic length of
local dispersion is much shorter than that of nonlinearity or average dispersion,
so that on the scale of a typical dispersion management segment, the effects of
nonlinearity and average dispersion can be made small relative to those of the
local dispersion. In this regime, destabilizing effects such as four-wave mixing
[2, 5, 22] and Gordon-Haus jitter [14, 36] are minimized.

In the case of dispersion management at second order, the propagation equa-
tion for the wave envelope can be written in the dimensionless form

i, + da(2)ugs + €lul?u =0 (1)



with the dispersion coefficient d2(z) decomposed into its varying and average
components

da(2) = da(2) + ez,

where fol dy(2")dz' = 0. Typically dy(2) is piecewise constant and periodic, and
the parameter e corresponds to the ratio of the characteristic length scales of
local dispersion to that of nonlinearity and average dispersion [1, 10].

The system performance of dispersion managed fiber links is truly remark-
able [8, 25]. Not only are stable pulse structures observed for as > 0, the
focusing (anomalous) regime for NLS [9], but also for the case when as < 0
[14, 28]. These DM solitons are characterized by nearly Gaussian central peaks
and rapidly decaying secondary peaks which comprise the tails [20, 28]. Also, in
contrast to the soliton solutions for the NLS equation, the DM solitons possess
a nontrivial quadratic phase component, namely chirp [10].

The energy of the DM soliton is higher than that of the corresponding NLS
soliton with the same full width at half maximum (FWHM) and average dis-
persion [29, 37]. This makes DM solitons more resistant to the effects of spon-
taneously emitted amplifier noise, giving dispersion managed systems a higher
signal to noise ratio than traditional soliton based systems [34]. Also, this en-
ergy enhancement can be exploited to reduce energy variation per channel in
wavelength division multiplexing (WDM) systems operating near zero average
dispersion [29].

The first analytical results for DM solitons were obtained in the late nineties,
when an averaged equation describing the slow evolution of solutions to (1) was
derived in [10] through path averaging and in [1] through multiple scales expan-
sion. A rigorous justification for this averaged equation was given in [38], where,
moreover, it was shown that for ay > 0, the Hamiltonian corresponding to the
averaged equation possesses a ground state solution in the class of functions
Ax = {u: [5|ul* = A [z |uw]* < co}. These results indicate the existence of
a stable, stationary solution to the averaged equation that propagates nearly
periodically for (1) on time scales up to O(2). The existence of a standing wave
solution for the averaged equation in this regime was also established in [12]
by means of a general theorem on bifurcation of solutions from the essential
spectrum. Furthermore, the existence of a ground state for the case as = 0 was
recently demonstrated [13].

1.2 Higher order dispersion management

Waves of the form exp(iD(w)z — iwt) traveling through an optical fiber satisfy
the dispersion relation

where D(w) is termed the propagation constant, n(w) is the index of refraction,
w is the frequency, and c is the speed of light in a vacuum [3]. Thus, in gen-
eral, the propagation constant is a complicated function of frequency. Explicit



forumlas for D(w) are generally unknown, and in the derivation of the evolution
equation for the electric field’s slowly varying amplitude, D(w) is approximated
by its Taylor polynomial in a neighborhood of the carrier frequency.
D(w) ~ do “+ dl(w — WO) —+ dg(w — W0>2 + ...

where d,, = %. In the derivation of the conventional dispersion manage-
ment model (1), one assumes that pulses are sufficiently narrow in the frequency
domain, |w—wy| << 1, so that D(w) is accurately approximated by its quadratic
Taylor polynomial, and the effects of changes in the values of ds in a neighbor-
hood of wy are neglected. However, for the propagation of pulses which are
broader in the frequency domain, the inclusion of the cubic term in the Tay-
lor approximation is necessary, with the resulting model taking into account
variations in ds.

This additional term in the Taylor series gives rise to a third order linear
dispersive term in the governing NLS-type equation for the electric field’s slowly
varying envelope [3]. In single channel systems, third order dispersion generally
causes an asymmetric broadening of pulses. Moreover, in WDM systems, which
utilize many optical channels separated in the frequency domain, third order
dispersion can prevent conventional dispersion compensation across neighbor-
ing channels.

A natural way to surmount these difficulties is to manage dispersion at both
second and third order. By utilizing this technique of higher order disper-
sion management (HODM), the asymmetric broadening that takes place
for ultrashort optical pulses in single channel systems with conventional DM is
almost exactly compensated for. Furthermore, in WDM systems, HODM makes
it possible to compensate for dispersion over many neighboring frequency chan-
nels simultaneously. In fact, advances in fiber manufacturing techniques [18]
have made it possible to incorporate this idea into new optical fibers, termed
dispersion slope compensating fibers, and recent experiments have yielded
impressive results [7, 11, 19, 23, 26].

The evolution of optical pulses in a fiber with dispersion management at
second and third order is governed by the following dimensionless nonlinear
Schrodinger type equation [24)

i, + do(2)ugs + idz(2)uss + €nrlul*u = 0,

with

and



Here the o;, j = 2,3 are order one measures of average dispersion at second
and third order, respectively, €,; is a small parameter representing the ratio
of characteristic lengths of the local dispersions to the nonlinearity, and the
€; are small parameters representing the ratio of characteristic lengths of the
local dispersions to the average dispersions. The dispersion coefficients d;(z),
j = 2,3, are piecewise constant and, due to the manufacture process, periodic
with the same period, here normalized to be 1. In the operating regimes we
consider, the parameters satisfy €3 << €,; ~ €2, s0 we set € = ¢,,; = €2, neglect
the effects of average third order dispersion by setting a3 = 0, and consider the
equation

i, + do(2)uge + ids(2)ugy + elul*u =0
dg(z) = ~2(2’) + eas (2)
dg(z) = d~3(2’)

We develop an averaging theory for (2), and show that for the case ag > 0,
the corresponding averaged equation possesses a ground state solution which
propagates nearly periodically for the full equation. Furthermore, we solve the
Euler-Lagrange equation numerically, revealing the structure of this new DM
soliton. We also report that analysis for the case as = 0 will appear elsewhere.

2 Averaging

Solutions of (2) evolve on two distinct spatial scales, which suggests performing
an averaging procedure. We note that the analysis in this section does not
require the condition ag = 0, but is necessary later when proving the existence
of ground states .

2.1 Averaged equation

We first perform the transformation u(z,t) = L(z){v(z,t)}, where L£{-} is the
unitary semigroup for the linear evolution equation

U, + JQ(Z)Utt + icig(z)uttt =0. (3)

The operator is easily computed via Fourier transform
L(2){v(0,t)} = %/Rﬂ(z, k)0(0, k) exp(ikt)dk (4)
where
0(z, k) = exp /Oz —i[k2dy (1) — K3ds(7)]dr.

We observe that £(z) is an isometry on H*(R) for all s € R. Moreover, due to
the periodicity of d2(z) and ds(z), both 0(z, k) and L(z) are periodic in z. For



ease of notation, we henceforth suppress the variable dependencies of v.

Using
ou  O(L(2){v v 0?(L(2){v - B (L(){v
2 _ D _ g1 {20} 1 iy P LN _ gy I
we obtain by direct substitution into (2), the evolution equation for v
z% +e <a2% + C(z){v}) =0, (5)
where
C(a){v} = L=){|L(){v}*L(2){v}}. (6)
Formally the averaged equation is
i%—ke <a2%+<0>{v}) =0 (7)
where
C){v} = / IL) W PLE ) {v}ydz'. (8)
In Fourier space, (7) takes the form
z% + e(—k2asd + (C){v}) =0 (9)

with
< {’U} —/ 5 k kl —|—I€2 —kg)@(z k kl,kg,kg)vl( )’UQ( ) ( )dkldkgdkgdz (10)
]RB

Here 9;(z) = 9(z, k;) and

O(2 k, ki, ka, k3) = exp /0 i{—do(T)[K? — k2 + k2 — kY] + d3(7) [k — K3 + k3 — k%] }dr.
Performing the integration over z’ in (10) gives

(€10} = [ |8k = by + o = Ka)@ulk b o ) ()2 (bbb (1)

where

1
@l(k,khkz,/%):/ O(2, k, k1, ko, k3)dz'. (12)
0



is a bounded function on R*. The averaged equation (7) corresponds to the
variational equation

u, = JV(H)

where J = —i is a skew-symmetric operator, V is the Fréchet derivative, and
(H) is the Hamiltonian

1 1
(H)(v) = az/ oy 2t — —/ / £() (o} Adtd’ (13)
R 2Jo Jr
We note that (H)(v) is a bounded functional on H(R), as

I1£{vHIzs < MH@ AL{vHIZe = MI|L{vH e - IE{0} 72 = M|vel] 2 - |[v][Z2

L2
where we have used the Gagliardo-Nirenberg inequality [4] and the fact that
L(z) is an isometry on any space H*(R).

We comment briefly on the regularity of the averaged operator (C). We will
first show that (C){-} is bounded on H*(R) for s > 1. Now

HCY v} = ‘/ 5(k — oy + Ky — k3)Oy(k, kv, ko, kg )0 (k1 )0 (ko )0 (ks ) dley dkea des
RS
<1101l (r) /3 Sk — ky + ko — k3)|0(k1 )0 (ka)0(ks)|dky dkodks
R
< (101l oo (re) / |0(k)|[0(ka)[[0(k — K1 + ko) dkrdks
R2

If we denote Z{v} = Jgz 10(k1)[[0(k2)||0(k — k1 + k2)|dk1dks, then by the above
estimate, it suffices to show that

IZ{v}|

Now for any « and w € H*(R), we have that

mo®) < |[v] %S(R)
lwwl|zr=@) < [|ullms @) |[w] e ®), (14)
or equivalently in Fourier domain,
[t * |2 ®) < [|2]]22 @)l D] 2 (R) (15)
where * is the convolution operator and
lullzz @) = [1(1 + |k]?)2 ]| p2(r).-

If we denote

Flk+ k) = / (k) [6(k — kit + ko[ bt = [8] # [3]
R



then (14) and (15) applied to @ = @ = |9] € L2 yields

101 o)1= ry < NODZe 2y = Il Fr= )

where “denotes the inverse Fourier transform. Now
T} = / (k)| Bk + ko)dlles = [0] % B,
R

so we apply the above argument to 4 = ||, w = F to conclude that

Z{o} e ) < [0l )

A standard extension of this argument shows that (C){-} is locally Lipschitz on
H*(R) for s > 1.

IKCHu — v} s r) < M||u—v|| s (m)

where M depends on |[u||gsr) and [|v]| g )

2.2 Well posedness

The averaged equation (7) is similar in form to the focusing NLS equation, and
local well posedness is a straightforward application of semigroup theory.

Theorem 2.2.1 If vg € H*(R), s > %, then there exists Zmaz > 0 and a
unique solution v(z,t) € C([0, zmaz), H*(R)) for (7) with initial data v, with
the property that either zZmaz = 00 0T Zmar < 00 and

lim, . .. ||lv(2)||gs = oo.

Proof :

The linear part can be solved via Fourier transform, generating a Cy group
of unitary operators S(z) on H*(R) for z € R. Since (C){-} is locally Lipschitz
from H*(R) — H*(R), local existence follows [33].

To prove a global existence theorem, a priori estimates on solutions of (7)
of the form |[v(2)|| g+ ) < C(z) for any z € R are needed. This is possible for
initial data in H*(R), s > 1, using conservation of the L? norm, conservation of
the Hamiltonian, and regularity of the operator (C).

Theorem 2.2.2 If vg € H*(R), s > 1, then there exists a unique solution
v(z,t) € C([0,00), H*(R)) for (7) with initial data vo.

Proof :



Multiplying (9) by 0, its conjugate by ©, subtracting, and integrating over
R yields

0. /|v| dk_—QJm/{a Yoldk,

where

/ (Y {v}dk = / b [ (k= k1 + ko — k3)Oy(Ag, As)idydadsdky dkodksdk =
R R R3

/ 5(k — k1 + ky — k3)Oy(Ag, Ag)din dydsdhy dkadksdk
R3

with

Ay =k} — k3 + k3 —k?
Az =k} — k3 + k3 — K5

Since ©;(Az,A3) = O;(—Az, —Aj3), making the change of variables k — ks,
k1 — ko we see that

/ 5 k — ]Cl + kg - k3)®l(A2, A3)’17}’f) ( )’17}2(2’)’{)3(2’)dkldk2dk3dk =
R3

/ 5(k — kl + kz - kg)@l(AQ, Ag)’l_A)’LA}l (Z)’l_A)Q(Z)ﬁg(z)dkldedkgdk7
R3

8Z/|v|2:6z/|ﬁ|2dk:0
R R

and the L? norm is conserved.
By conservation of the Hamiltonian,

2 1 1
dt——/ /|£(z’){vo}|4dtdz’:
2 0 R

so that

(%0

(H)(vo) = Oéz/R 5t

ov? 1t
(H)(v) :ag/ —| dt — —/ /|£(z’){v}|4dtdz/.
Thus

ovl* _(H)w) , 1 [ NV
/RE ar = 5L +—/ /|E(z){v}| dtdz

H)(v Ov

< M) A ||
2 L2(R)



by the Sobolev inequality. From standard estimates [35],

J

At this point we note that the boundedness of ||v(2)|| g implies the boundedness
of ||v(2)||Lr for p > 2.

We complete the proof by demonstrating that |[v(z)||gs®) < M(z). We
start with the integral formulation of (7)

ov

2
dt < M’
ot -

v(z,t) = S(2){vo} - /0 S(z = 2N{CHu()} 2! (16)

so that for s > 1,

o le) < ISl + [ 1156 = HCHE Hlir ey
~lollrey + | KOO ey 2"

< llollr-ey + [ o ey 82

< llollr-ey + [ 0N 10" -y 02

< |lvol

e + M / lo(=') |2+ gy d="
0

Gronwall’s inequality gives that ||v(2)||gs®) is bounded on [0, z), and this, in
combination with the local well posedness result, gives global existence [30].

2.3 Averaging theorem

For this section it is most convenient to rescale z — f in the transformed and

averaged equations (5) and (7) so that

e 0*ve AN
i Teege +O () vy =0 (17)
and
v 0%

The validity of the averaging procedure is addressed in the following theorem.



Theorem 2.3.1 Let v(z,t) € C°([0,2%], H*(R)) be a solution of (18) on the
time interval [0, 2*] for any z* > 0 and s > % Then for e sufficiently small,
there exists v¢(z,t) a solution of (17) with initial data v(0,t) such that

||’UE —_ v||L°°([O,%],H373(R)) < CE.

Remark : We note that since u = L{v¢}, the standard averaging result

Il = L0} poo o, 22, 11-2r)) < €
follows immediately by isometry.
Proof :
The proof is similar in spirit to classical averaging results in finite dimensions

[32], and follows closely the method of [38]. We first split C'(Z){v} into its
average and varying components

C (2){wy = (O} + R (2) {0}
where
R (g) (v} = /R3 5(k — oy + ks — k3) A (f k, k1, ko, k3) (2, k1)0(2, ko)0(2, ks )dky dkadks

and
A (z,k7/€1,k2,k3) -0 (g,k7k1,k2,k3> — Ok, k1, ko, E3).

The function A is bounded in its spatial variables, uniformly in z and e. Now
consider

Bulebknkake) = [ A (ko) dr = |7 AG Kbk k)
0 0

where 7/ = T. Since the integrand is 1 - periodic with zero mean, we may write

e/e Ak by, ko, ey dr! :e/ Ak, Ky, ko, kg)dr!
0 0

where 2" = 2 —[2] € [0,1), with [-] denoting the greatest integer function. Thus

"

1Bl <€ [ Illzmquey < e Allmas < Me
0

where M is independent of z.
We define the local average v = v + v, where

01(2,k) =i | 6k — ki + ko — k3)Be(z,k, k1, ko, k3)0(2, k1)0(2, k2)0 (2, k3)dki dkadks.
R3

10



By direct estimation

|’01 (Z, k)| =z 6(1{5 - kl + kz - k3)86(27 k, kl, kz, kg)@(z, k1)6(27 kg)@(27 k3)d/€1d/€2d/€3

R3

< |Bel| Lo (r3)

/3 5(/€ — kl + kz - kg)l@(27 k1)||’6(27 k2)||@(z, k3)|dk1dk2dk3 .
R

Repeating the arguments for regularity of (C') in Section 2.1, we have that for
every o > %,

[v1(2) [ e < Mel|o(2) |30
Moreover, by the energy estimate in the well posedness Theorem 2.2.2, the
bound is uniform in z for s > 1,

sup [[o1(2) || < Me sup [[v(2)]%e < Me.
0<z<z* 0<z<z*

We directly compute

Ot . N
N _ R R
Zaz ’

where

R =i | 6(k—kit+ko—ks)Be(2,k, ki, ko, k3)0,{0(2, k1)0(2, k2)0(2, k3) ydk dkadks.
R3

Using equation (7), we estimate
IR || grs—s < Me.

The local average v satisfies

00 0% Z\ . y
Z&ﬁ‘@zw‘f‘C(E){U}—R,
where
R = (2) - (3) + R + a2l
€ € 2otz

By continuity of C'(2){-}

1€ (2) {8} =€ (2) 0l < Me
for all s > %, and so
IR || rs—s < Me.
Finally we consider

fe=v"—7

11



which satisfies

Ofe & fe

IS a4 C (g) G+ f)-C (g) (3} = —R".

Again by continuity of C(£){-}

() s -e ()

| < Mlfles.
Hs—3

Writing (19) in Fourier space, multiplying the equation by (1 + |k|?)*~3f,, its
conjugate by (1 + |k|?)*~3 f., subtracting and integrating over k, one obtains

0
5|\fe|\§{s—s < Mel|fellFpes + M fell ro-s-

Since || fel|3.—s < M, we can write the estimate

0
o [fellres < MPe+ M2||fell3re-s.

Now using the fact that || fc(0)||%._s = 0 and applying Gronwall’s inequality we
have .
Il fe(2) |l me—s < eM = M?e < e M32e

where K is a time-independent constant for z ~ O(1), so

€

sup || fellpra—s < Me.
0<z< 2"

Overall, we have

sup [~ vllge-a < sup [0 —llges + sup 7~ vl o
0<z< 2" 0<z< 2 0<2< 2

= sup |[[fellm—s + sup [vr(2)]|ge-s < Me
0<z<Z~ 0<z<2t

3 Existence of a ground state

Here we show that for the case ag > 0 and a3 = 0, the averaged Hamiltonian
possesses a minimizer in the class of admissible functions Ay = {v : [, |v]* =
A, Jg lvue|* < oo} We adapt an argument first established for the NLS equa-
tion [6] and later adapted for the case of second order dispersion management
[38]. We first present properties of the Hamiltonian that are essential to the
minimization argument.

12



3.1 Properties of (H)
3.1.1 infa, (H){v} <0

Proof :
We first assume that the 1 - periodic dispersion maps d;(z), i = 2, 3, are piece-
wise constant and of the following form, which is standard in optical communi-
cations

s« f Di ifze0,0)orze(l-0,1)
dl(z)_{—[)i if 2 €[0,1—0) .

For these dispersion profiles we define the map strength parameters s; by s; =
0D;. The Hamiltonian can be written

(H) {0} = a / oy 2t~

1
1/ / / ei(k17k2+k37k4)tefiA2 foz dg(z’)+iA3 foz dg(z’)dz’
2 0 R JR*

x0(k1)0(ka)0 (k3 )0 (ky)dky dkodksdkadtdz
where Ag = k3 — k3 + k3 — k3 and Az = k} — k3 + k3 — k3. Performing the

integration in z yields

(H){v} = a / oy Pt

_1// ei(kl—kz-i-ks—/m)t(981n(82A2+S3A3))
2 R JR4 52A2+83A3

s (k1 )0 (k)0 (ks )0 (ke ) ey dlea dis dkadt

Let v be an arbitrary element of .4, and consider the rescaled function
1
vy (t) =720 (yt),

which is also an element of A). A scaling property of the Fourier transform
gives that

-1k
Oy (k) =~ 0(=
v (k) (”y)
and the chain rule yields
vy (t) _ 3 ov(t')
ot ot!

13



where ¢ = 4t. Substituting v, into the Hamiltonian, we have

FO) = (H) (o} =aa [ 320
L// ik —ka ks —ka)t (9Sin(82A2+83A3))
72 Jr Jra 599 + 53A3
o (k1> (kz) b (k3) (k“) dkey dkydksdkydt
v v v v
o) |
= ")/2a2\/l;'—at/
// i(hL k2 ks kayy (GSin(SQ’y~2AQ+53”y~3A3))
R4 S22 0Ag + s3v3As

v<k1) <k2> (k3> (k4)dk1dk2dk3dk4dt
¥ ¥ ¥ ¥

dt—

dt’' —

where
- kN (k\? (k) (K’
(3-8 ) -
v Y Y v
and
" B\ (k) (kY (R’
- (3) —(—2> (5) - (%)
v Y v v
Making the change of variable k:' , we have

F(v) = Cvz—

L[ [ e (2o e )y
2 Jr Jra 5272 AL + 5375 AL

w0 (k)5 (k)6 (k4D (kL ) dk, didik i, dt’
= Cv* — vG(v;7, s2, 53, 0)

14



where A} = (k1)? — (k5)% + (k3)? — (k)% Ay = (k7)® — (k5)® + (k5)® — (K))?,
and G is a functional of v also depending on ~, s2, s3 and 0. At this stage, we
can see that as s; — 0 and § — 1, we recover the exact scaling of the integrable
NLS Hamiltonian evaluated at v.. To show that this Hamiltonian can be made
negative, we first note that by continuity of the kernel

K(v,0,55,A%) = (

6 sin(soy? Al + 5373A§)>
S92 AL + s3y3AS

in v, F(0) = 0. Moreover, differentiating the functional F in v yields
F/(’Y) = 207 - FYG/(/Uv Y, 82,53, 9) - G(’U’ v, 82,53, 9)

To compute G’, we differentiate under the integral sign and apply the chain
rule. This gives G'(v;0, s2, s3,6) = 0, so that

1 : ’ ’ ’ ’ ’
F'(0) = —G(v;0, 82,83,0) = —= / / etk —ky+ky—ky)t
2 R JR4
X B(k} VB (kL) (k) B (K, I, dibdk di i’
1 N4 4!
=—= [ |v(@#)]*dt' <0.
2 Jr

Thus for « small enough, the Hamiltonian is negative.

3.1.2 (H){v} is subadditive :

If I =inf,ca, <H>{U}7 then Iy, yx, < In, + 1,
Claim : For 0 > 1, Iy) < 01y

Proof of claim :
In = inf (H){v}
= inf (H){Vow)
since
lwllZ2 = A = ||VOw[[72 = X,
But

(H)(Vow) zag/R|(\/§w)t|2dt—%/O /R|£(z){\/§w}|4dtdz

6> !
:9@2/ |wt|2dt——/ /|£(z){w}\4dtdz
R 2 Jo Jr

15



1 1
9(042/|wt|2dt——/ //|w|4dtdz)
R 2Jo JrJr

Ipy = w1é1£>\<H>{\/§’w} < 9w1é1£k<H>{w} = 01,.

for 6 > 1. So

Proof of subadditivity:
If we set Ay = a)\s with a < 1, we have

Dine = larg+rs < (a4 1), = alg-13,) + Iy, < Iy, + Dy,

3.1.3 Localization of minimizing sequences

In the minimization proof, we used the fact that for a minimizing sequence
v (t) € H*(R), there exists a subsequence vy, (t) which remains localized. That
is, for any € > 0 there exists an R > 0 such that

+R
/ lom ()Pt > A — €
-R
where wy, (t) = vk, (t — tm) and X = [; |wm (t)|?dt. To prove this result, we

apply a version of Lions’ concentration-compactness lemma [17, 38].

Lemma 3.1.1 If u,, € H'(R) is a bounded sequence with ||um||rz = A, then
there exists a subsequence U, for which one of the following properties hold

1. (localization) There exists a sequence tj such that for any € > 0 there

exists R > 0 and
tr+R
/ |umk|2dx >\ —e.
tr—R

2. (vanishing) For any R > 0

y+R
lim sup/ [, |2dz — 0.
k—oo yER y—R

3. (splitting) There exists 0 < v < X such that for any € > 0, there exist kg
and two sequences vy, wy with compact support so that for k > kg

okl + [[wk [z < 4 sup [[um, || m (19)
keN
[ty — (v +wi)|22 < 2 (20)
Nvkllze =y <€ [Jokllzz = (A=) <€ (21)
I S (S
0z || 2 12

and dist(supp(vg ), supp(wy)) > 2¢~1

16



Thus, for the minimization problem there exists a localized subsequence of
the minimizing sequence if vanishing and splitting can be ruled out.

We first rule out vanishing. Let vy be a minimizing sequence for (H){v} and
assume that a subsequence v,,, vanishes. Since vy is a minimizing sequence, for
some k we have

1
a2/|%|2dt_1/ /|£(z’){vk}|4dtdz’<0
r Ot 2Jo Jr

so that

/01 /R |L(z"){ve }|*dtdz" > 0.

Thus for some z*, we have
/ 1£(=") {og} | dt > 0.
R

Applying a lemma of Cazenave [6] for arbitrary H'(R) functions

y+1

lu[*dt < C||u||?: sup/ u|?dt
R yeR y—1

gives that

y+1
sup/ |£(2*){v}|2dt > 0. (23)

yeER Jy—1

VHHIL(2*) o} Pdt to supyer [ |vk]?dt with the fol-

lowing localization lemma, which is similar to the lemma of [38].

Now we relate sup,cg

Lemma 3.1.2 Consider the following linear dispersive equation
U, + JQ (z)utt + i(ig (Z)Uttt =0 (24)

with u € H'(R), ||ul|r2@) =1, and d;(z) piecewise constant. Let uy,(t,z) be a
sequence of solutions of (24) and define

y+1
) =sup [ Jun(t, )P
yeR Jy—1

If un(t,0) is vanishing initial data (lim,_ . €,(0) = 0) with the constraint
l[unll2@)y = 1, then the sequence of the solutions un(t,z) is also vanishing
(limy, o0 €n(2) = 0).
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Proof:

Let x.,(t) be a smooth approximation to the characteristic function on the
interval [—m,m], with the property that [Oxm| < £, xm(t) = 1 if |t| < 1,
and x(t) = 0 if [t| > m. Multiplying (24) by @xm(t), its conjugate by wuxm(t),
subtracting and integrating over t yields

d
—/Xm|u|2dt: —2d2(z)Im/ xmﬁuttdt—2d3(z)Re/xmﬂutttdt
dz Jg R R
Now
Im/ Xm Uy dt = —Im/(xmﬂt + X, W) udt = —Im/ X Uy dt
R R R
and

Re/ Xm Uty dt = _Re/(Xmﬁt + X @) upedt = —Re/
R R

XmUtuirdt — Re / X Wty dt
R

R

1 d|ut|2 " — /= 3 2.7 " —
= - Xm + Re | (xia+ xi,u)udt = — | |ug|*xh,dt + Re | Xl tugdt

Overall,

d 3
—/xm|u|2dt:2d2(2)1m/x;nﬂutdt—ng,(z)(—/|ut|2xindt—|—Re/X;;autdt)
dz Jr R 2 Jr R

and integrating from 0 to z gives

# 3
/xm|u(z)|2dt:/Xm|u(0)|2dt+/ (ng(z’)lm/x;nﬂutdt—Fng,(z’)(—/|ut|2xindt+Re/X%autdt))dz’
R R 0 R 2 Jr R

< /vanIU(O)Ith + Con(lull s [ Lo [ [z 1 dj || 2o+ )

where ), — 0 as m — oo.
Let u,(t, z) denote a sequence of solutions of (24) with vanishing initial data
ie.

y+1
en(0) = Sup/ lun(t, 0)[2 — 0
yeR Jy—1

If €,(2) < €,(0) then we are done, so let €,(z) > €,(0). Choosing xm, (* — tn)
such that it is centered with respect to u,(z,t), we have

/ X, [tn(t, z)|2dt > en(2).
R

18



and also

/ X, |Un (t, 0)|2dt < 2mpen(0).
R

and taking the limit m,, — oo with m,, ~ ,/ ﬁ gives the result.

Returning to (23) and applying the contrapositive of the localization lemma, we
have

y+1
sup/ log [2dt > 0,
yeR Jy—1

contradicting the assumption that a subsequence v,,, vanishes.
To rule out splitting, it is enough to show that

(H){om, } > (H){wi} + (H){ur} + o(e)

where «a(e) is independent of k and goes to 0 as e — 0, as this causes (H){vm, }
to violate subadditivity. We directly evaluate (H){v.,, }

O(up +wi +h
e e K

1 !
—5/ / |£{uk + wg + hk}|4dtd2
0 R
where
A2 < e

and we have suppressed the notation £(z).
Expanding the terms, this can be rewritten

(H){vm, } = (H){w} + (H){wy}
+2a2Re/(6tm6twk + O¢tuyO¢hy, + Oy Oshy, + |(9thk|2)dt
R

! 2 2 1 4
—Re [ [ (et wd PIEE + 51£00)

+2L{uk + wi P (L{ur + wi ) (L{h}) + (L{ur + wi})* (L{h1})?
+2L{uy + wk}|£{hk}|2,ﬁ—hk) dtdz
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1
o3 | [ CIEPIE R + 21 P )
(L D)2 (L{mR1)? + 2L {wn } 2L {un Ly }) didz.
We proceed exactly as in [38]. The terms

2as Re / (Oytir Oywy + Oyt Oshi, + Oy Oshi, + |O¢hi)®)dt
R

can be estimated from below by —C1e, with C7 depending only on A and as.
The terms

Re/o /R(2|E{Uk+wk}|2|£{hk}|2+%|C{hk}|4

+2[L{uk + wi P (L{ur + wi ) (L{h}) + (L{ur + wi})* (L{h1})?
+2L{up, + wi HL{hi }PLhy,) dtdz

are all estimated by Holder’s inequality and the Sobolev inequality

1
/0 / |£(2) (o Adtdz < M) s e llve (0|2,

yielding a lower bound of the form —Cs(€). The remaining terms

/0 / (21 {un} PIL{wn} 2 + 21 {un 2L (e} ()
+(£{uk})2(£{m})2 + 2|£{wk}|2£{uk}ﬁ{ﬁk})dtdz

are estimated using the boundedness of H!(R) solutions of linear Schrodinger
equations in L*>°(R), and the following lemma, which is a straightforward con-
sequence of the localization lemma :

In the notation of the Concentration-Compactness Lemma the following esti-
mates hold

/ |L{w }|?dt < Ce
[t—ti|<tc

/ |L{up}|?dt < Ce,
[t—ty|>te

where ¢, = 44t

Overall, we have
(H){vm, } > (H){wi} + (H){ur} + o(e)

where a(e) is independent of k and goes to 0 as ¢ — 0. Thus splitting causes
(H) to violate subadditivity, a contradiction.
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3.2 Minimization theorem

Theorem 3.2.1 Let as > 0 and ag = 0. Then there exists a solution to the
following constrained minimization problem :
Minimize

(o} = o [ o= | 1 JAECIGIRE

over the set of admissible functions

Ay ={ve Hl(R),/RW ~ )

Moreover, every minimizing sequence has a subsequence which converges strongly

in H'(R).

Remark : We note that the constraint [, |[v]*> = X is quite natural, as the L?
norm of the initial data is preserved by solutions of the Euler-Lagrange
equation (7). Posing the problem in this way is also critical to proof of the
stability of the ground state which is given in a later section.

Proof :
We follow the arguments of [6, 38]. The idea is to first show strong convergence
in L?(R) by using Lions’ concentration-compactness principle. This involves
using structural properties of the Hamiltonian to rule out possible loss of com-
pactness. Strong convergence in L?(R), along with an appropriate Sobolev
inequality, implies convergence of the quartic term in the Hamiltonian. These
results, in combination with lower semicontinuity of the H*(R) norm, give the
existence of a minimizer. We show a posteriori that all minimizing sequences
have a subsequence which converges strongly in H!(R).

We first argue that I > —oco. To prove the lower bound, we use the Sobolev
inequality [4]

1£0|[2s < ClILve|z2|Lol[F2 = Cllvel 2llvlFe = CX2[[oe| 2.
Integrating the inequality over 2z’ gives
1 —+o0o
/ / L(2)ol*dtdz < CX2|[uy| .
0 —o0

Thus

> —00,

C)\B/2>2 02)\3

(E0) 2 et = O Plllze = (1ol - S5 -

for all v € H'(R). Taking the infimum over v € A, gives the desired result.
Let v be a minimizing sequence for (H)(v). By the previous inequality,
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[|vg||g1 must be bounded. By Alaoglu’s theorem, there exists a weakly con-
verging subsequence in H'(R), vx, . We will prove strong convergence of vy,
to a minimizer in H'(R), and first establish strong convergence in L?(R).
From previous analysis, we conclude that the minimizing sequence remains
localized as m — oo. That is, for any € > 0 there exists an R > 0 such that

+R
[Rhwﬂmﬁ>A—e (25)

where w, (t) = vk, (t — tm). Now w,, — w* for some w* € H'(R). For any
R > 0, the embedding H!(R) — L?([—R, R]) is compact and we have

R +R
/ |w*[2dt = lim / Wy, | ?dt.
_R m—oo [ p

Together with (25), this implies

+oo
/ |w*|2dt > X — ¢ for any € > 0,

— 00

and therefore

+oo
/ lw*|2dt = .

— 00

This norm convergence, along with weak convergence in L?(R), gives strong
convergence in L?(R).

Since wy, converges weakly to w* and the Sobolev norm || || g1 (g) is weakly
lower semi-continuous, we have

w1y < lm inf [Jwn|[ 1 gy,
which together with w,,, — w* € L*(R), implies that
||| L2 () < lim inf [0y wm || L2 &) (26)

Now for any u*, u,, € H*(R) the Sobolev inequality gives

+oo +oo +oo 3/2
/ [t — u*|4dt < C’/ |Orten, — atu*|2dt </ [t — u*|2dt>

—00 —00 —00

400 3/2
<C (/ [thr, — u*|2dt>
It follows that if u,, — u* in L?(R),

+oo
/ [, — u*|*dt — 0.

— 00
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Applying the same argument to £(z)w,, and L£(z)w*, we establish that
L(2)wy — L(z)w*in L*(R).
and so
£z w [ = lim [|L(z)wmn|a ). (27)
Combing (26) and (27),

(HY(w*) < liminf(H)(wy,),

m—00

which can only happen if

(H)(w") = lim (H)(wm), (28)

m—00

so the weak limit w* is a minimizer. Furthermore, by (28)
10cw™||L2(ry = lim |[|Oywm]|L2(r).
m— 00

Together with weak convergence, this implies strong convergence of d;w,, in
L?(R), so w,, — w* strongly in H*(R)

4 Properties of the ground state

4.1 Regularity

The minimizer for the constrained minimization problem is also a weak solution
to the Euler-Lagrange equation

—wv + aguy + (C){v} =0 (29)

If we rewrite (29) in the form
1

vt = —(wv — (C{v}) = f(v),
s

where f(v) € HY(R) by continuity of (C){v}, we may use standard elliptic
regularity theory [15] to conclude that v € H*(R). Again, by continuity of

(CH{v},
wu — apvy = (C){v} € H3(R),

forcing v € H5(R). We repeat this procedure indefinitely, obtaining v € H*(R)
for every s > 1, or v € C*°(R). We note however that the H*(R) norm of v
may depend on «s.
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4.2 Stability

It is clear that the minimizer is not unique, as any translation v(- 4+ 79), 70 € R,
or rotation e”v, § € R, of the minimizer is also a solution of the constrained
minimization problem. Also, it is not known that translations and rotations
give all possible minimizers. From now on we consider the class of ground
state solutions Sy = {v, € Ay, (H)(vy) = In}. Using the strong convergence
of minimizing sequences and conservation laws for (7), one can show that the
minimizer is stable in the following orbital sense.

Theorem 4.2.1 Let Sy be the set of ground states Sx = {vg € Az, (H)(vy) =
I,}. For any € > 0, there exists a 6 > 0 such that if infs, ||[v — vg||g: < 6,
then the solutions of (7) corresponding to initial data v and vy, denoted v(z)
and vy(z), satisfy

sup, infs, ||v(2) — vg(2)||m <e.

Proof:

We argue by contradiction. Let v;(0) be a sequence of initial conditions such
that infs, ||vg(0) — vg||gr — 0, and assume that vg(z) and vy(z) satisfy

sup, infs, ||vk(2) — vg(2)||gr > € for some € > 0. For definiteness, let z,, to be
the first time that infs, ||vg(2) —vy(2)||z1 = €. By conservation of the L? norm
and of the Hamiltonian, we have

/|v;C (2)2dt = /|v;C 0)|?dt
H){vr(zn)} = (H){vk(0)}.

By the assumption on vy (O) and continuity of (H), we have

/|v;C (2)2dt = /|’Uk 0)]%dt — A

(H){vk(zn)} = (H){vx(0)} — (H){vg}.

A v (2n) -, let wy be a sequence of H!

By choosing for example w, = ——F-—
Y g (Jz lv(zn)[2dt)2

functions such that

l|wr — vk (z0)|[z1 — 0

and [, |we(2)]2dt = \. By continuity of (H), wy, is a minimizing sequence and
must have a subsequence w,,, which converges to a ground state. But

v (2n) = vg ()| < [lor(zn) = Wy [l + [[wm, = vg(2)[[ a1,

and taking the infimum over Sy gives
e = inf[[or(zn) = vy ()|l < [[or(zn) = winel[mr + 10 ([, —vg(2)][ 1 — 0,
A A

a contradiction. Thus the class of ground states must be orbitally stable.
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5 Numerical studies

5.1 Solution of the eigenvalue problem
In Fourier space, the Euler-Lagrange equation (29) becomes
—wb — agk®s + (C){v} = 0. (30)
We propose the following explicit iteration scheme
—wn g1 — @okOpy1 + (CY{v,} =0,
so that

(C){vn}

Vpy] = ———.
nt Wy, + ank?

If we multiply (30) by ©(k) and integrate over k, we can derive a formula for
Wn+1-

Jo Ont1 (O {vng1 bk — ao [ k2| 0n41[2dk
Je |0ny1]2dk '

This idea also suggests a definition for a relaxation factor to hasten convergence
[21, 31],

Wn+4+1 =

wnJrl f]R |1A)n+1|2d1€
fR {A}n-i-l (CHvns1}dk — o fR k2[ 0 11]2dk

The factor s, can be used to compensate the nonlinearity, and as the scheme
converges, s, — 1. We also note that convergence depends strongly on the initial
guess, which is typically taken to be Gaussian. Incorporating the relaxation
factor, the overall scheme becomes

Sn4+1 =

» (C){vn}

ﬁn-i—l = (Sn) o + anQ’
n

A Ja Ot 1 (CH{vn i1 }dk — ag [ k2 [bns1 [k
" Jo lon a2k ’

Wn+1 I]R |7A}n+1|2d]€
Jo 01 (O w1 bk — o [y k2|0n41[2dk
where we use p = 1.5.

To confine our search for minimizers to a fixed level set of L?(R), we nor-
malize the result of each iteration so that its energy is that of the initial guess,

[[onl[72(R) = [Jvo|[Z2 (R) = A.

Sn+1 =

In practice the algorithm is
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1. Choose an initial profile 9y, typically Gaussian.
Compute wy with 0g.

Compute sg with 9y and wg.

Compute 07 using the scheme.

Rescale 91 so that |[01]|22(R) = ||0o]|72(R).

Compute wi and s7.

N vk e

Repeat 3, 4 and 5 until desired accuracy reached.

5.2 Solution of evolution equations

Both the full evolution equation (2) and averaged equation (7) can easily be
solved with a version of the well known Fourier split-step scheme, which applies
to a wide class of NLS-type equations. Given an evolution equation of the form

iu, + L{u} + N{u} =0,

where £ is a self-adjoint operator on a Hilbert space and A is a continuous
nonlinear operator, the solution may be written formally as

u(z,t) = u(0,t)e! Jo CEHLuHN () {ubds (31)

We consider the evolution for a small propagation step Az so that we may
approximate (31) using a formal Taylor expansion

W(Az, ) = (0, £)¢ S EEH+A () {uh)ds

~ u(0, t)ei o7 L@} i [ N () {udds i [i2/7 £() {u}ds,

with a local error on the order of (Az)3. Performing the approximation for
O(x) time steps gives a global error on the order of (Az)%. Formally, ¢’ Jo £(s){uds
is the semigroup for the linear evolution

iuy, + L{u} =0
and can be computed explicitly in Fourier domain. Also,
o J5 N(s){u}ds
is the solution operator for the evolution equation
iuy + N{u} =0,

and can be computed either by a standard ODE method such as fourth-order
Runge-Kutta or, in special cases, by using conservation laws for the equation.

The overall scheme becomes
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1. Choose an initial profile u(0,¢) and compute its Fourier transform with
the FFT.

2. In Fourier space, evolve the linear dispersive operator for Az/2.
3. Evolve the nonlinear operator for Az.

4. Evolve the linear dispersive operator for Az/2.

5. Repeat 3 and 4 until the final propagation step.

6. Evolve the linear dispersive operator for Az/2 and compute the inverse
Fourier transform with the IFFT.

5.3 Existence of nearly periodic solutions

Combining the averaging and minimization results, we see that there exist sta-
tionary solutions for (7) that evolve nearly periodically for (2). The ground
state vy(t) for the variational problem corresponds to a standing wave solution
for (7), v(z,t) = exp(iwz)vy(t). The averaging theorem gives that

Hu—ﬁ(z) {v(z,t)}H <e

Le=([0,Z°),H*=3(R)) —

so that u(z,t) is nearly periodic on the scale of validity for the averaging theo-
rem. Moreover, by well-posedness of the averaged equation, the same result is
true for initial data chosen close to the class of ground states infs, |[v—vq||g <
€.

We define a higher order dispersion managed soliton to be an element
from the class of ground states S and demonstrate the existence of such solu-
tions numerically. Figure 1 shows the shape of the ground state solution for the
parameters

: ! !
br=ar={ 20, SIERI I
and as = 1.0, € = 0.1. The solution is computed on the time domain [-30,30]
with 2048 Fourier modes. The logarithm of the amplitude |v(¢)| is plotted vs.
time on the interval [-20,20]. One observes a nearly Gaussian central peak,
along with many secondary peaks which decay rapidly. This is similar to the
structure of the ground states observed for dispersion management at second
order [1, 28].

From the averaging theorem, one would expect the ground state to evolve
nearly periodic for z ~ O(10). Figure 2 depicts the evolution of the maximum
amplitude of the ground state for the corresponding full equation. The individ-
ual oscillations are due to the linear compensation of dispersion, and we observe
that the evolution of the amplitude is, in fact, nearly periodic on z scales much
longer than those predicted by the averaging theorem.
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