View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Carolina Digital Repository
ULY 200

Scaling and modeling in the analysis of dispersive relaxation
of ionic materials
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Problems with scaling of conductive-system experimeltgl(») ando () data are considered

and resolved by dispersive-relaxation-model fitting and comparison. Scaling is attempted for both
synthetic and experimentaM”(w) data sets. A crucial element in all experimental
frequency-response data is the influence of the high-frequency-limiting dipolar-and-vibronic
dielectric constant ., , often designated.., and not related to ionic transport. It is shown that,
precludes scaling oM{.(w) for ionic materials when the mobile-charge concentration varies.
When the effects of ., are properly removed from the data, however, such scaling is viable. Only
the ¢’(w) and ¢"(w) parts of immittance response are uninfluencedeBy . Thus, scaling is
possible for experimentat’ (w) data sets under concentration variation if the shape parameter of a
well-fitting model remains constant and if any parts of the response not associated with bulk ionic
transport are eliminated. Comparison between the predictions of the original-modulus-formalism
(OMF) response model of 1972-1973 and a corrected version of it that takes proper account of
£p= , the corrected modulus formalisf@MF), demonstrates that the role playeddyy, (or ¢..) in

the OMF is incorrect. Detailed fitting of data for three different ionic glasses using a Kohlrausch—
Williams—Watts response model, the KWWor OMF and CMF analysis clearly demonstrates that
the OMF leads to inconsistent shape-paramegg) Estimates and the CMF does not. The CMF
KWW, model is shown to subsume, correct, and generalize the recent disparate scaling/fitting
approaches of Sidebottom, LreoRoling, and Ngai. ©2001 American Institute of Physics.

[DOI: 10.1063/1.1374480

I. INTRODUCTION AND BACKGROUND One group(e.g., Refs. 1-9; see further early references
in Ref. 8 has proposed that scaling of (w) data is most

Scaling is a method of treating data that allows one toappropriate, and when scaling is applicable it should involve
subsume a mass of small-signal frequency-response data Bye general form

means of a master curve whose shape is independent of an
independent variable, such as temperature or mobile-ion con-  ;/(4)/g=F(wrg), (1)
centration. The well-known time—temperature superposition

approach is an example of scaling. In the_ immittance Spe%hereUOE(r(O)Ellpo; F is a function describing the mas-
troscopy field, two almost orthogonally disparate types Ofier scaling curve; ands is a scaling relaxation time whose
scaling have been advocated and illustrated by differentpoice is the crucial element of the scaling, as discussed
groups. It is always exciting 'whgn such dlffer.er)t. points ofpalow. For experimental data, plots @f (w)/ o Vs. w s for
view are proposed because it raises the possibility that pegjitferent values of an independent variable should lead to a
haps the two seemingly different approaches deal with difgjngle curve if scaling applies and if the values of theand
ferent aspects of an only dimly seen larger whole, as in the._ gcajing parameters for each data set are appropriately cho-
parable of the blind men and the elephant. The present Worksy ot necessarily a straightforward task. On the other
is an effort fo bring the two viewpoints closer together, a”dhand, when the form df is known it can be used to generate
thus to delineate the underlying response structure: trunkgy ninetic data for specified values of its parameters. Then,
tail, and all, in a more complete fashion. . .~ scaling will apply as long as any shape parameters of the
There are four related complex levels at which a givenyage| are independent of an independent variable such as
set of data may be presented: the complex dielectric ConSta[Emperature.
level, &(w)=2"(w)~is"(w); the complex conductivity The second group has been concerned with scaling of
Ievgl,_cr_(w)=[|wsvs(w)]=cr (o) +ico ((_u); the complex M"(w) datd® by plOtting M ()/M !, VS @/ @y, Where
resistivity level, p(w) =1/o(w)=p'(0) +ip"(w); and the 17 ‘s the value ofM”(w) at its peak, occurring ab
complex electric modulus level, M(w) =iweyp(w) — —, | —1/7, . Incidentally, even when scaling of both
=M'(w)+IiM (w)=_1/s(a)). nge,sv is the permittivity of o' () andM"(w) proves possible, the value oy, is un-
vacuum ando=2mv is the radial frequency. equal to that ofrs except for Debye response. The relaxation

time 7y, has sometimes been identified as the most probable
dElectronic mail: macd@email.unc.edu conductivity relaxation timé? but one should remember that
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there are peaks gi"(w) and of the dielectric-loss curve as ism (CMF), and because it has been found to be a good
well, all generally unequal. choice for fitting a variety of experimental data.

There is one crucial difference between scaling and/or
analyzingo'(w) or M"(w) data. This is because of all the Il. £,,, MODELS, AND SCALING
eight possible real and imaginary immittance parts of theA
response, only’ (w) ande”(w) do not directly involve the '
important quantitye.,=¢'(«), always=1. This essential Because the nature, definition, and use ofs crucial to
response element is discussed in detail in the next section. ABe difference between the 1972-1973 OMF, which has been
pointed out by Dyr& in 1988 and discussed further by the Widely employed to date for data analysis since its publica-
present authot®~2 a disadvantage of analyzing data at thetion, and the CMF corrected version of it, first proposed in
electric modulus leveinot to be confused with the electric 1996 and discussed thereaftéf>*>%4t is important to con-
modulus formalism discussed belpvs that it compounds sider the role ok.. in some detail. Consider, first, a noncon-
the effect ofe,. with that of M”(w). Here, and hereafter, ducting dielectric material. In the absence of dielectric dis-
M”(w) and similar quantities are taken to be associated wittpersion up to frequencies well beyond those common to
a response model, and so the experimental quantitis§hmittance spectroscopy, the bulk dielectric constant arising
M/.{@) andM”(w) are necessarily different. from nonionic dipolar and electronic polarization is fre-

Although M/ () is still widely used for the scaling and quency independent in the experimental region; call it
analysis of datd®-1824its appropriateness has recently beenép:: ->>>>*
called in questioh®?>%®again. Nevertheless, we show herein ~ Hopping theories and Monte Carlo simulation of con-
how bothM/.(®) and o{ ») may be used to obtain con- ductive systems generally do not includg.., yet they in-
sistent data analysis and scaling by taking proper account ¢flve a nonzero dielectric responsg;(w), which exhibits
... To do so, however, and to produce synthetic data foflispersion. Further, both the OMF and the CMF generally
comparison with, or fitting to, experimental results requiresuse the specific KWW model and lead to a&c;(w) re-
an appropriate conductive-system fitting model for thermallysponse, with variation fromec;(0)=ecio t0 &¢q()
activated relaxation response. We shall be dealing with twé=&c1... Similarly, the KWW, model yieldseco(0)=ecoo
types of conductive-system dispersive (GPDresponse, andeco(®)=eco. An important difference is, however,
ones that will be distinguished by means of a subsdkipt that for ordinary situationsc.. is identically zero, an@c;..
equal to 0 or 1. The Davidson—Cole small-signal frequencyis not zero within the usual experimental frequency

Some general relations and definitions

response model is a possible chaiééut we shall instead range?>?%2°
follow the original electric modulus-formalism{OMF) Becausesc;.. arises entirely from the presence of charge
approach=3 by starting with ak=0 CSD, stretched- carriers such as ions in the material, at sufficiently high fre-
exponential temporal response function, quencies it will necessarily approach zero because of charge-
carrier inertial effects. It seems likely that this final decrease
P (t)=exp — (t/75)"0]. (2)  towards zero of .. will occur at somewhat lower frequen-

Here, 7, is a characteristic relaxation time of the responsec'eS than the relaxation afp.. towards the square of the

and B, is a shape or stretching parameter associated Witwdex of refraction. For the frequency range whefg(w) is

Kohlrausch—Williams—Watts (KW\Y response for thek well a_pprommated k_)y a nonzero, frequ_ency-lr_ldepenQent
31,32 £c1» It may be considered to arise from dipolar-like motion

=0 choice? _ : . .
Unfortunately, no closed-form analytic expression forOf. each charge carrier n a IOC?"Zed potentlal-well_regmn
the conductive-system frequency response associated inM'thOUt. long-range hopplng. If, indeed, the KWWitting
the stretched exponential, here denoted as the I@WWmOdel IS more appropriate tha_n Fhe KWwhe, as suggested
model?22%5is available for arbitrang,. Although Fourier by considerable CMF data fitting results, then the above
' o D plausible physical explanation for nonzetrg., requires that

transformation of Eq(2) has been used to obtain the GS
response, such an approach is inconvenient for direct!1e KV.le be chosen rather t_han KW They both cannot
apply in the region where,, is constant.

complex-nonlinear-least-squard€NLS) fitting of wide- . .
b quard ) g For a real conducting-system material, one expects that

range experimental data. Luckily, the freevm computer ) i S
prograrﬁ3 contains highly accurate subroutines for calculat-fthere must be dielectric contributions from both the underly-

ing the KWW, response and for CNLS fitting with it. ing bulk _material,sDw, ?T‘d f_rom mobile-charge effects,
A main feature of the macroscopic OMF approach is itss.C(w)’ with these qu_a.nt|t|es mde-pendent of each other to
transformation of ak=0 response function, such as the "t order. Then, omitting subscripts,eo=zco+ £p-» and
KWW, to another one that involves a related, but different 2>~ £c= " &= - It follows that Az 4a= £odar &wdatr Which
distribution of relaxation times function. Such transformation>nould be compared lieo=zcgo OF 10 Az1=ec10—&c1-
changes a CSpmodel to a CSP one. In the present situa- depending on whether one is fitting with a GSDr CSDy
tion, the frequency-response model derived from the KyWW model.
model is termed the KW\, and although it involves a new B. Some specific-model relations
B=pB1 shape parameter, it does not lead to stretched-"
exponential behavid>?® This model is the main one con- The crucial difference between the OMF and the CMF is
sidered herein, both because it is used in the OMF and in ththat the former sets,() identically equal tees=¢p.. in
corrected version of the OMF, the corrected-modulus formalits original version and ta.,, in later work, while for the
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CMF g¢(%) =&c1.. . Further, proponents of the OMF gen- indicate that the relevant C$Rlistribution involves &= 1
erally do not identifye., as containing both contributions, shape parameter, such 8s, as shown for the right-most
and they implicitly seem to treat it as if it weeg,... Since  parts of thek=1 equations. Because EqS) and(6) involve
the OMF is thus taken to account fep.. effects directly, no  the same model, 7),0=(7,)1.=17,. The above results
separate freep., parameter is used in OMF fitting to data. show thate c1..=&coo=Agq ONly when (ry) o= (7o) 1, r€-
But, in both the CMF and the KWW/ such a parameter is quiring conditions not found from experimental data fits. It is
necessarily included in fitting. It follows that OMF fits yield noteworthy that if8, varies from 0.3 to 0.7, perhaps because
an estimate ot..=ec;..+&p.. but deal with it as if it were  of temperature changes, then the fagqr/T"(1/8,) in Eq.
ep-. In contrast, CMF fits yield separate estimatessgf.  (6) varies from about 0.11 to 0.79 and reaches unityder
and ecy.., and as shown previougk?>?°and in Sec. IV, =1.

such fits of experimental data are both much better than For CSO KWW, situations, it follows from Eqs(5)
OMF fits and, unlike them, yield consistent parameter estiand (6) that

mates. B 1

It is unnecessary to discuss additional physical reasons Azy=(75/evpo)[(X)1 (X" )1 1=ec1-F(B), (7
why the CMF should replace the OMF since this matter hasyhere

already been considered in det&i£>?%3%put in any event, ) 5 )

the choice between them should ultimately depend upom(B1)=L((x701/(X)or) — 11=[{BI'(2/B1)/T'(1/B1)7} — 1].
their fitting performance, as particularly illustrated in Sec. (8)
IV. It is, however, worth mentioning that the general form of Note thatf(0.3)/f(0.7)=26.4. Let us now introduce a stan-
macroscopic CSPCMF response agrees exactly with that of dard expression fosy, namely,

a continuous-time-random-walk  microscopic  hopping _ 2

model® while the OMF response does 8t° Such agree- o=[YN(qd)BkT]/ 7y, ©
ment with a microscopic theory that does not involve long-wherey is the fraction of charge carriers of chargéhat are
range Coulomb interactions illuminates the physics underlymobile, N is the maximum mobile-charge number density,
ing the CMF response and, in view of the excellent fittingis the rms single-hop distance for a hopping entity, agds
ability of the KWW, CMF model, widens the range of ap- a hopping time. It has been shoffri®*that for CSQ be-
propriateness of both the microscopic and macroscopic treabavior 7,=(7)o;, leading to the following important result:

ments. . . - ec1=00o(Tor/ev=0ol (1B1) B1ey

We next summarize some important limiting-frequency
relations that are intrinsic properties of dispersive relaxation =[yN(qd)?/6kTey]. (10
responsé?*>?>?®when, as usual, it can be represented, at- CsD situations, on setting= (o= r.I'(1/80)/ Bo.

least mathematically, by a normalizable distribution of relax-
ation times(DRT). Each relation shows, first, the general
CSD, form and then the specific result for the KWVer ecoo=Aeo=[(T)o/(Tolec1»=(T)oo0 eV 11
CMF KWz}évzlamodel. The general forms involve moments of g, the CMF, the tau ratio in Eq11) is about 0.45 when
the DRT;** such as(r)=r,(x), wherex=7/7, and(x) g —0.4 andB,=1— B,. Sidebottorf has presented a result
depends only on the shape of the distribution. In order tg, Ae, derived by an approximate approach that is similar

distinguish between the appropriate relations g the (5 that of the right-most part of EGL0) except that the factor
characteristic relaxation time of the distribution for the vari- of 6 in Eq. (10) is replaced by 3 and he does not include an

ous cases, we employ the notatiofry),, , wherek=0 or 1 equation forAe, comparable to Eq(11).
and =0 or «. Then using the relations(x 1),
=(X)orand(x);=(x?)o1/(X)01,2%%3 one obtains

one obtains, ifpg1=poo,

C. Approximate and exact-scaling relations
(To)oo/ ev==2coopo/(X)o=Aeopo/(X)o . .
Interest in scaling has been recently renewed by the

=Ae0poBo/l'(1/B0), (3 work of Rolinget al.,* Sidebotton?, Sidebottom, Roling, and
7 Funke? Schrgder and Dry& and Dyre and Schred@iSome

— -1
o0 - o0 X 1] . . . . . .
(7)o /ey = co=polX" o early history of scaling is discussed in Ref. 8. A virtue of the

(7o) 10/8v==€c10P0/(X)1 scaling approach is that it may be applied directly to the
B ) relevant data and no model fitting is required in the ideal
=ec1oPo(X) o1/ (X)o1 case. But, as Eq1) indicates,s' (w) scaling requires esti-
=eciopol (LB)IT(21B1), (5  mates ofoy and 75 values. For most conductive-system ex-

perimental results, non-negligible electrode effects and noise

(7o) 1l 6v=Ec12po(X )1 appear in low-frequency’ (w) ande’(w) data and may be

_ _ large enough to reduce the accuracyogfand e, estimates
=eci=po/ (o= ecrepofr /TR (©) (e directly from the data. Religglae estir’r?atiors@f a
In the above equationsl’() is the Euler gamma quantity often needed in calculating, is especially difficult
function” and Eq.(4) is only included for completeness without model fitting when there is little or no evidence of a
since(x )y=o and soecq..=0, except when the distribu- plateau ine’(w) as the frequency is decreased, as is often
tion is cut off in the smallr region? The 01 subscripts the case. Finally, scaling requires that shape parameters such
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as By be temperature independent over the range of interest~—~ 0
In contrast, fitting of composite models that include both
bulk and electrode response functions, as in Sec. IV below
and in Refs. 22, 23, 25, 26, often allows one to obtain good =
estimates of all parameters, including possibly temperature
dependent shape ones. If the shape parameters are found ™
remain constant, then one obtains a temperature-independe =

master fitting model in lieu of a master response curve.

If one believes that a C§Pmodel is appropriate for the
data, it is only necessary to set equal to the €,)qo Of EQ.
(3). As mentioned in the preceding section, Sideboftam
dependently proposed a semiempirical version of this resul
one without the facto{x), and withAeq taken as twice the
ec1. Of EQ. (10). For scaling of response involving
temperature-independent shape paramet®}g,will remain

J. Ross Macdonald

©

=

O

2z By
— S

t —

2 8
log(w/ wwp)

constant, so its abgence in. Sidebottom’s approach is Of_ NAG. 1. Scaling attempts using synthetic KW\Wulk M”(w) data, with and
consequence. But, it is an important part of the expressiomithout the separate inclusion ef,.. effects. The value of the shape param-

for 75 when shape varies and model fitting is carried out.
For the CMF KWW situation, one can set the quantity
(70)10=(70) 1= 7o €qual torg, thus involving eitherecqq
Or ec1. . Again, if time-temperature superposition applies,
the dimensionless moments of the DRT present in Esjs.
and (6) will be constant and may be ignored for scaling.
Further, we can, under such conditions, setg
=egyAe,/og, similar to the Sidebottom result whéexe; is
given by Eq.(7), with f(3,) ignored or taken constant, and
with Agq set equal ta\ e o= €ggar €xdat- WE, thus, see that

eter B, is 0.4 for all results except that defined by open-triangle symbols
where it is 0.6. For all the results, the characteristic relaxation tigneas
setto 1.5 10 ° s, andwy, is defined as the angular frequency at Mg,
peak of theM”(w) curve. Here, and subsequently=10"5%/¢, Q cm.

such results for the KWWmodel with3; = 0.4 for the top
four situations listed in the legend and 0.6 for the bottom
one. The r, parameter value was held constant at 1.5
X 10 ° s, and only the, value was varied in calculating the
present virtually exact responses. Those results depicted with

for scaling the Sidebottom approach is appropriate wheth€fnes involve the usual CMF situation in which a separate

the underlying data are best represented by a {a8del or

a CSD one. But, when one wishes to use E#fj0) to esti-

mate values of the rms hopping distant;&2%3° one must
recognize that\ey, Aeq, andecq., are different quantities
and, therefore, either Eq7) or (11) must be employed. Of
course, CMF fitting leads to an estimatesgf;.. that can be
directly used with Eq(10).

Ngai and Rendél and Lem, Lunkenheimer, and NgHi
have used an OMF model for data analysis and scalin
which involves an equation equivalent to E@) except with
ec1- replaced byep.,, but callede. . Thus, such an ap-
proach equates.. 45 With ep., , taken essentially temperature

ep. parameter is included in the total response model in
addition toe 1., , Which arises entirely from mobile charges.
The three responses shown by points alone were calculated
without the inclusion ofep.., and so they represent pure
bulk KWW, conductive-system behavior.

Comparison of the solid and dashed lines indicates that
no scaling is possible whep, alone is varied. Note that
although theB;= 0.6 response designated by open-triangular
Points is quite similar to the comparaby = 0.4 dashed
line over the range from the peak value of the ordinate down
to about a value of 0.1, it properly approaches its limiting
high-frequency log—log slope of 8,= — 0.6, quite different

independent as well as independent of mobile-charge conqm the Iimiting — 0.4 slope of the dashed line. But, the

centration, instead of witls,,=¢&¢1..+&p., Which can de-
pend on both. The present CMF approach invol¥€8;),
£c1, andep,, dependence. Thus, it combines the Sidebot
tom approachi,which involves onlyAgxec,.. dependence,
with that of f(8,), as in the OMF Ngai—Leowork, together
with a separate account efy.,, as required by the CMF.
Unlike the Sidebottom result, which involves ori{ybut no
shape dependence, and the Ngai4iLemalysis, which in-

similarity between the dash-line result and that involving
open-triangle symbols in the region down to about 0.1 of the
peak ofM” implies that those OMF methods which rely on
obtaining an estimate ¢#; from the width of an experimen-
tal response curve at half height®®*2are unlikely to lead to
adequate estimaté$2® This is because they compare an ex-
perimental curve that always includes,.. effects with
OMF-model results that do not properly include such effects,

volves shape dependence but no mobile-charge depender]agt the situation illustrated here.

throughN, the present resuft§®®involve both dependencies.
As shown in Ref. 26 and below in Sec. IV, the CMF ap-

Since the solid and open-circle responses shown in Fig.
1 agree perfectly, it is clear that exact”Mcaling occurs

proach thus leads to better and more consistent fits and pgen either synthetic data, as here, involvessgo contri-

rameter estimates than does the OMF.

IIl. M"(ew) SCALING SIMULATIONS

Here, we illustrate scaling behavior for the KW\Vsnd

bution or when an accurate estimate f.. is subtracted
from experimental data, usually requiring a CNLS fit of the
original data in order to obtain such an estimate and then
using a program like EvM to subtract its effects. Because
such manipulation of experimental results is unfortunately

KWW, response models discussed above. Figure 1 showsre, if such data were better fitted by the CMF rather than by
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model with the samep, choice and an exponent value
of 0.6.

Figure 2 also includes two different KW)esponses.
The line with triangular points lies close to the KWWine
with open-square points, and its limiting high-frequency
slope,B,:—1=—By=—0.6, is necessarily the same as those
of the KWW, responses shown. Although it is thus not sur-
prising that the final slopes are the same, it is remarkable that
the open-square and open-triangular point lines agree so well

~— over the full-frequency range shown. Although they involve
Qf 8 the samer,=1.5x10° s value, their dc resistivities differ
@) ° \ by a factor of 5.
T34 e pe=5AK0 LN The second KWW response is shown for clarity with
: ggg;g 202273%8 A only a few points, te X X symbols, and it also agrees well
. AAAAA pg=5A,K1,ﬁ,=O.4 r, B with the open-square KWWVline. These results were ob-
XXX KT fit of A,KO data *'4, tained by fitting the originalM"(w) data with the
—Zi( R B s e e e LA N e KWW,-and<p.. model with all fit parameters free to vary.

— 4 — 2 O 2 4— 6 8 The result led to a value of the relative standard deviation of
HO (Q)/CJ ) fit, Sg, of about 0.0372, a fairly poor fit value, and to the
g Mp following parameter estimates:ep,.=4.34, 7,=2.05

6. 2. Sealing attemots. Us hetic K gnated KD bulk X107 %s, po=1.013A,andB,;=0.384. We see that although
. 2. Scaling attempts using synthetic KWWdesignate u PR
M’ () data with Bo—0.6 and KWW, (designated KJdata with 3, 0.4 the dc resistivity is close to that of the KWjMdata, ther,

for the curve with open-triangular symbols and 0.384 for the fitted one with€Stimate is much smaller and th® one is only slightly
X X symbols. In addition, a curve for a Davidson—Cole response modelsmaller than 0.4. It is quite surprising that two KW\Wata

with its exponent equal to 0.6 is included and designated as DCO. sets with some quite different parameters can be scaled to
yield nearly the same scaled response on a log—log plot.
Incidentally, fitting of the %\,K1 exact KWW-andep.,
data set to the KWW model led toS=0.032 andpf,

the OMF (see comparative examples be)owcaling of the 0.587

unmodified data would fail in those situations whegeand .
In summary, the present results indicate that no modulus

po do not vary proportionately and/or wheg® does not S k ;
remain constant. Such proportionate behavior is closelfC@ling is possible unless the shape parameter, Bens
found for temperature variation for usual thermally activated‘€Mperature independent and bafandp, vary proportion-

response, but not for isothermal data for the same materig€ly with temperature or mobile-ion concentrati’on. Al-
but with different mobile-ion concentrations. though Ghosh and Sufahave shown that theitr’(w)

Note that even whenm, and p, involve the same activa- fluoride—glass data can be scaled for both temperature and
tion energy, they will only vary proportionately under tem- composition variation, the same data expressed at the modu-

perature variation for the KW\ response provided that lus level cannot_ be scaled by_the p_resent approach_ for differ-
ec1. /(X)o1 is temperature independent, as shown by (BJ. ent c_hqrge-camer concentrations, in accordance with present
Thus, wheng, is temperature independent, necessary foPredictions.
scaling to workec1.. must also be. There is some evidence
however, thatec;., may vary as I,2* resulting in Tog
being proportional to ,, rather thanr, andp, being fully
proportional. For usual activation energy magnitudes, ther- The OMF continues to be almost exclusively used for
mally activated exponential variation with dominates that modulus-formalism (MF) fitting of data on conducting
of a preexponential factor itself, so when this failure of glassege.g., see Refs. 20 and 44, and references theiiain
exact proportionality occurs, scaling may still appear ad-spite of publications since 1996 pointing out its defects and
equate for data with ordinary-size experimental errors andliscussing a corrected versiéft>226:354the CMF. There-
for limited temperature variation. fore, further reasons to retire the OMF in favor of the CMF
Figure 2 is similar to Fig. 1 but primarily involves the are evidently needed. Since appropriateness in fitting experi-
KWW, response with3,=0.6 andr, again fixed. Ifep., mental data is an ultimate and necessary requirement for ac-
were subtracted from these KW\Wesults, there would no ceptance of a theory, fitting comparisons between the two
longer be a peak iM"(w) sinceecq..=0, SOM”(w) would  models, not previously carried out in detail for experimental
increase indefinitely with increasing frequency. Comparisordata, are clearly desirable. The present comparisons use
of the three KWW lines shows again that scaling does notweighted complex-nonlinear-least-squares fitting of the accu-
work when 7, and pq variation is not proportional, so even rate KWW, model and involve direatevm estimation of3;
when B, is temperature independent attempted scaling ofor situations wherep.,, may influence the result and those
data with different ionic concentrations will fail. The C§D where it does not.
Davidson—Cole-model DCO response is included here to The results in Fig. 3 were obtained on fittiMf' (w) and
show that it yields very similar results to those of the KWW o'(w) data for the LAS—glass, LD-Al,O05-2Si0,, first

"IV. ORIGINAL AND CORRECTED ELECTRIC-
MODULUS-FORMALISM DATA-FITTING RESULTS
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FIG. 3. OMF and CMF KWW fits of M"(w) Li,O-Al,O;-2Si0, data and  FIG. 4. Fits like those of Fig. 3 except that here the composite fitting model
their 8, estimates for comparison with th@, estimate from a fit of the  included both the KWW response and that of a constant-phase element in
o' (w) response of the same data. Here, and elsewhgrel Hz. series with it.

analyzed in the original 1972-1973 modulus-formalismfits, with S-values of 0.027, 0.05, and 0.028, but the OMF fit
publicationg®*and later as welt® We see that although the is obviously still much poorer than the others.
CMF fits the data better than the OMF, neither one fits the  As before, the present results show that the CMF and
higher-frequency points well. Thus, the actual f& values  MF fits are consistent while the OMF and MF ones are not.
are poor, being about 0.15, 0.24, and 0.12 for the CMFAIlthough theB; and(7), estimates differ from those of Fig.
OMF, and MF fits, respectively. Further, and most important3, the Fig. 4 fits much better represent the bulk K\WY&-
the CMF B, estimate, which involves fittindM”(w) data  sponse. Incidentally, the CMF fit here yielded an estimate of
with the KWW, model and a separate freg.. parameter, (7);=2.7x10 2 s for the CMF bulk response alone, quite
agrees with that obtained from a fit of tl€ (w) data, one different from the Moynihan OMF values cited above. Since
where the presence or absencesgi, is entirely immaterial comparison of the results shown in Figs. 3 and 4 indicates
since it appears only io”(w). Thus, the CMF and MF fits that the effects of the SCPE are significant here only at high
yield consistent estimates while the OMF and MF ones ddrequencies, it is of interest to compare the results of KWW
not. Incidentally, the earlier OMF fits led to@ estimate of CMF and OMF fits of the original data after the deletion of
0.473%% but the fit procedure used was much less accuratéhe seven highest-frequency points and with the SCPE term
than that instantiated itevM. Further, the present fits use all not included in the fitting model. One then obtajfis esti-
the original 33 data points while earlier ones used only amates of 0.33 and 0.454, consistent with the composite-
subset of 27 of those points. model fits as expected, although the KWMSCPE fits are
The OMF analyses of the present data are inconsistent imore appropriate and better.
another way as well, one different from the differences in  Incidentally, the value of the high-frequency-limiting
identification and meaning af;, () between the OMF and power-law exponent associated with the Fig. 4 CMF KWW
CMF approaches already discussed. Earlier OMF estimatagsponse, (1 3,), is about 0.67 while thesc estimate here
of (7) values were about 45610 % s (Ref. 30 and 8.2 was about 0.64. Figure 5 presents log—log curves of the real
X 10™* s But, ignoring their numerical difference, they and imaginary parts of the CMM () and o(w) fit results
both set{r)=(7)o, amounting to the use of a KWyVex- compared to the actual data pointsolid circles. Also
pression for a KWW OMF situation. The actual mean re- shown are the associatggh estimates for individual real-
laxation time for the latter and present situation(i®;  and imaginary-pariv(w) CMF and OMF fits. Again, the
=(7)01/{T)01,?>* which can be expressed for the KWW CMF results are consistent and the OMF ones are not.
model as7,I"(2/8,)/T'(1/8,), quite different from the pure Figure 6 shows fit results for a different glass,,Na
(7)o formula. For the3,;=0.44 OMF fit of Fig. 3, carried out -3Si0,.%® Here, better account of deviations from the pure
with unity weighting to emphasize the upper part of theKWW, response was accomplished by adding a ZC response
M”(w) response, the, estimate was close to that cited in element in series with the KWyWesponsé>*’ Specific ZC
Ref. 46, but(7), was about 4410 3 s. response at the complex resistivity level may be expressed as
Figure 4 involves fitting the data of Fig. 3 with the pyc(w)=pzco/[1+pzcoG(iw)?2¢], a form which ap-
KWW, conductive-system-response model as before, byproaches the SCPE asq becomes sufficiently large. For
with a constant-phase eleme@PE) added in series at the the present fits, since th® /p,co ratio was about 3400, the
complex resistivity level. This element, here designated by C element only significantly affected the high-frequency
SCPE, is included to account for electrode effects and mapart of the combined response, a region where it approxi-
be expressed gssq w)=1[eyAs{iw)sc], where 6<ygc  mated CPE behavior. The estimated value of the ZC power-
=<1 and the constamgc is an ordinary dielectric constant law exponenty,c, was about 0.74 for the CMF fits and 0.93
when ysc=14" Its addition leads to very much improved for the OMF one.
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FIG. 7. Results of fitting 0.1N#®-0.9GeQ data with a composite model
involving a KWW, response model and a constant-phase element in parallel
electrically with it, and with the effects of that element subtracted from the
data.

The last material to be consideredxs Na,O- (1—X,)
FIG. 5. Fit results(open symbols and data(solid circles for CNLS GeO,, with x., the mole fraction, equal to 0.1 for the Fig. 7
composite-model fitting of LAS—glass data as in Figs. 3 and 4. results. These ddiaare noisy, particularly in the low- and
high-frequency regions, so fits of only the middle-region data
are presented. The lower line shows the results of a CMF fit
The Fig. 6 data are appreciably more accurate than thef that data using the KW\model inparallel with a CPE,
LAS—glass ones, so the$alues were found to be about 10 the PCPE. Although with good dat&vm allows one to
or 20 times smaller than those for Fig. 4, as shown in Fig. 6distinguish between using a CPE or ZC in series with the
Differences from earlier fits of these d&t&° arise princi- bulk model or such an element in parallel, here both ap-
pally from the omission here of one outlying point. The CMF proaches yielded about the same fit quality and their results
fit results for the composite model, open squares, are conwere nearly indistinguishable in a plot like that of Fig. 7.
pared in the Fig. 6 with those for which the ZC-fit contribu- Therefore, for variety the results of using the PCPE are
tion to the data was subtracted from the original data and thilustrated here. This element may be expressed at the com-
resulting data fitted again with just the CMF KWWhodel.  plex dielectric constant level aspdw)=Apdiw) 7,
Note that there is no significant difference between the operwhereApc is a constant andQ ypc=<1. This distributed el-
square and open-circle points urtll”(w) has decreased to ement, therefore, leads to a high-frequency-limiting power-
half height. Finally, the CMF3, estimates are again consis- law exponent at the complex conductivity level of (1
tent and the OMF ones are not. Note that a complex CMF ypo). Since the estimated value of;c was about 0.02
o(w) fit yielded aB; estimate of 0.4033, very close to the here, the associated log—log slope was about 0.98, an appar-
mean of thes'(w) and o’(w) individual fit estimates of ent instance of “nearly constant losé->°But, the alternate
0.415 and 0.393, respectively. fit including a series rather than a parallel additional element
led to y,c=0.79, clearly not an instance of nearly constant
loss. Therefore, in cases like the present, one should be wary
of asserting that nearly constant loss is an identifiable part of

- 0.035 i - eeeee M data the overall response.
E ] booon gm’y o S%C The top line in Fig. 7 shows an OMF fit of the data with
00000 KWW 1 the effect of the parallel CPE subtracted. Unlike the subtrac-
0.02 s tion of a series element in the composite-fit models of Figs.
4—6, subtraction of an added parallel element results in a
significant increase in the peak value Mf'(w), as shown
0.01 here. Here again, thg, estimates presented in Fig. 7 are
T CMF M fit S;=0.11% £,=0.408 ! consistgqt for CMF fits and inconsi;tent for OMF ones.
] ahFAF (I\T/I ffl\tt SSFZ%.?g; %12%&81% ~¢ M (w) fitting of the data qfter subtraction of the PCPE ele-
0.00 , L : ] ment, led to a CMFB; estimate of about 0.3650.002 and
3 5 an OMF one of about 0.4250.001. The § value for the
latter fit, 0.042, was, however, more than twice as large as
lo g ( U/Vﬂ) that of the former one.

FIG. 6. Results of fitting NgO- 3SiO, data with a composite model includ- . In summary, a.” the fItS.Shown in Figs. 37 for three
ing a ZC element and without that element. HSejs the relative standard  different glasses yield consistent CMF results and strongly

deviation of a fit. inconsistent OMF ones. These data-fit comparisons un-
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FIG. 9. ¢'(w) scaling results for the same material as in Figs. 7 and 8 and
for synthetic data sets. Hereg, the scaling relaxation time, is set equal to
appropriater, fit estimates, such as that from the data fit whose results are
equivocally indicate that the CMF is a proper and usuallyshown in Fig. 7, or ta r,, wherer, is the value used in calculating syn-
appropriate fitting model and that the OMF is always incon-thetic data. For such data in this figure,=(10"°/\)B Q cm and 7,

sistent. Therefore, it should no longer be used =1.5x107°C s, wherer =1 for the left-most synthetic curve and 5.43 for
) ! ) the right one.

values ofx.. Here, vy, is the frequency at the peak of thé"(w) curve.
Curves designated by “extr.” are extrapolated using model parameters es:
timated from the data fitting. The numbers listed for the results involving
points are estimated, values obtained from separately fitting these results,
ones which involve data with the effects &f., subtracted.

V. SOME SCALING RESULTS FOR EXPERIMENTAL
DATA WITH DIFFERENT MOBILE-ION

CONCENTRATIONS some temperature differences, all showed {Batwvas very

nearly independent of both concentration and temperature in
Here, we illustrate two kinds of scaling for the,  the ranges consideréf.
Na,O(1—x.) GeO, glass withx,=0.1, as in Fig. 7, and also Power-law fitting of the present.,=0.1 ¢'(w) data
X.=0.003. Figure 8 shows scaldd”(w) results for the above log{'/op)~2.6 yielded a surprising exponent estimate
original data for these two concentrations, and, in additionpf about 1.3 for a limited frequency range. Current unpub-
extrapolations of these data sets derived from the CMHished work of the author shows that a CPE response element
KWW, parts of the fits of the data. It is clear that these datan series with the bulk response may lead to added response
sets do not scale properly, just as one would expect from thbeyond that of the bulk with a power-law exponent of (2
discussion and illustrations of Sec. Ill. But, if one generates— y5c) over a considerable range, a response that then ap-
synthetic data from the fits which led to the extrapolatedproaches the basic SCPE exponentygé. Thus, the above
dashed lines but omitsp,, effects completely, one obtains large slope may possibly be explained as an electrode effect
the two sets of points shown. Since they lie on the same linayith y5~0.7.
scaling works perfectly, showing that it is the presence of  The two scaled synthetic data sets included in Fig. 9 are
ubiquitousep,, effects in such data sets that lead to theirrelated to those of Fig. 1. Here, the parameter values used in
failure to scale properl§? generating the CMF KWW data wereB,=0.4, £p.,,=5,

We turn now to scaling at the’ () level and show py=B-A, and7,=1.5x10 °C s, where the values & and
results for both the above data sets and synthetic ones. Ti®&employed are listed in Fig. 9. Furthers=r 7., wherer
two experimental-data lines in Fig. 9 used values ofdge =1 for the left-most line and="5.43 for the right one. Here,
and 7 scaling parameters derived from best CMF fits of thethis value is the ratio betweet:,o andecq.. for the present
midrange data, as in the results of Fig. 7. Thus, one shouldata. Thus, the left line involves scaling witl;,. and the
not expect good scaling except for these portions of the dataight one withecq. It is evident that scaling works for both
Except for some evident irregularities, particularly in the of these choices for and it would, in fact, work for any
lower-concentration data, we do indeed observe adequat#her value ofr.

scaling in these regions. Note that thg values used here
satisfy Eq.(6), and so involveecy,, rather than theAe
=r,00/ey expression used by Sidebottband Dyré& 8 for

Roling has pointed out that accurate scaling may not
hold for a limited region near the knee of thé(w) response
where it is not much larger tham,.* He illustrated such
scaling of these same data sets. Their expression is adequatehavior forx.=0.1-0.3 values ok, Na,O-(1—x;) B,O;

for scaling when a shape parameter sucpas temperature  glass which differed only by a factor of 3. Here, the two
independent, as discussed in Sec. Il C. Midrange CMMalues for the Sidebottom d&tthat we are using differ by a
KWW, fits for four differentx,. values of the present mate- factor of about 33. Figure 10, which involves only a small
rial, which include those values considered here and involveange ofo’/og, illustrates the effect for the original data.
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