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1. Introduction

It has long been conjectured [1] that there might be integrable structures in four-dimensio-

nal quantum gauge theory, analogous to the known integrable structures in two-dimensional

sigma models and possibly extending what is known for self-dual gauge fields in four di-

mensions (see for example [2]–[5]). Any such result is bound to be related to the planar or

large-N limit of gauge theories [6], for a simple reason. There is no chance that quantum

SU(N) gauge theory would turn out to be integrable for any given N , because the phe-

nomena it describes (such as nuclear physics for N = 3 when quarks are included) are far

too complicated. But the phenomena are believed to simplify for N → ∞ (for example,

confining theories become free in this limit), making integrability conceivable.

A possible clue of this has appeared some time ago in studies of high energy scattering

in gauge theories [7, 8]. Lately, two different developments have pointed to integrable

structures in the large-N limit of four-dimensional N = 4 supersymmetric Yang-Mills

theory (SYM). One development, which was stimulated by the BMN model of the plane

wave limit of AdS5×S
5 [9], has involved the study of the dilatation operator in perturbation

theory. Initially in some special cases [10] and later in greater generality [11, 12] following

additional work [13, 14, 15], it has been argued that the one-loop anomalous dimension

operator can be interpreted as one of the commuting hamiltonians of an integrable spin

chain. This result depends on the one-loop anomalous dimensions of twist two operators,

which were also computed in [16, 17]. That the one-loop anomalous dimension operator in

non-supersymmetric gauge theory is integrable asymptotically for large angular momentum

at least for a very large class of operators had been discovered earlier in a parallel line of

development [18]–[21] .
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The other development, for which the bosonic theory gave a clue [22], is that the

classical Green-Schwarz superstring action for AdS5 × S5, constructed in [23], has turned

out [24] to possess a hierarchy of non-local symmetries, presumably implying that the

world-sheet theory is a two-dimensional integrable system, analogous to many other such

systems that are known. (See [26, 27] for construction of nonlocal conserved charges in

sigma models, and [28] for an extensive introduction to a variety of types of integrable

two-dimensional model.) Experience with other two-dimensional systems indicates that the

non-local nature of these symmetries gives them the potential to constrain the perturbative

string spectrum (i.e. the gauge theory spectrum at N =∞) without usefully constraining

the exact string amplitudes summed over genus (corresponding to an exact solution of

gauge theory at all N — too much to ask for, as noted above). One does, however, hope

that these symmetries are relevant to gauge theory in the large-N limit for all values of

g2N , not just at g2N = ∞ where the classical analysis in [24] applies. A step in this

direction has been obtained by showing [29] that analogous non-local symmetries hold in

the Berkovits description [30] of AdS5 × S
5.

The present paper aims at a modest step toward relating these two developments.

Starting with the non-local symmetries of [24], we will try to deduce why the one-loop

anomalous dimension operator is the hamiltonian of an integrable spin chain. We begin in

section 2 by guessing how the non-local symmetries should act on a chain of Yang-Mills

partons at g2N = 0. The symmetries generate a non-abelian algebra that has been called

the Yangian, and there is a natural (and standard) way for the Yangian to be realized in

a chain of partons or spins.

We conjecture that this is the g2N = 0 limit of how the Yangian operators act in Yang-

Mills theory. We then argue, also in section 2, that the one-loop anomalous dimension

operator must commute with the g2N = 0 limit of the Yangian. Then in the rest of

the paper, we verify the commutativity explicitly using formulas and properties developed

in [11, 12]. Generally, for 1+1-dimensional systems, the local operators that commute with

the Yangian are the integrable hamiltonians, so this commutativity means that the one-loop

dilatation operator is the hamiltonian of an integrable spin chain. See for example [33].

The argument showing that the one-loop anomalous dimension operator commutes

with the g2N = 0 limit of the Yangian is special to one loop. Beyond one loop, we do

not expect the dilatation operator to commute with the Yangian. The general structure is

that, like all the generators of the superconformal group PSU(2, 2|4), the exact dilatation

operator is one of the generators of the Yangian. Many of the generators of the Yangian,

including the dilatation operator, receive perturbative corrections beyond one loop. For

example, in higher orders, there are perturbative corrections to the dilatation operator

that do not conserve the number of partons (i.e. the length L of the spin chain), so in

general this system cannot be viewed as a conventional spin chain with the partons as

spins. Certainly, then, in general the Yangian generators receive corrections.

For some special sets of states, such as sets considered in [9, 10, 12], the quantum

numbers are such as to prevent creation and annihilation of partons, and it is plausible

(and has been proposed) that in such such sets of states, the exact dilatation operator

is the hamiltonian of an integrable spin chain. It may be that the higher generators QA

– 2 –
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of the Yangian have no corrections when restricted to such sectors; this might lead to an

interpretation of the exact dilatation operator as an integrable hamiltonian in such a sector.

Of the appendices in this paper, only appendix C develops material that is actually used

in the main text.

2. Non-local generators

We begin by recalling how non-local symmetries arise in two-dimensional sigma models [26].

One considers a model with a group G of symmetries; the Lie algebra of G has generators

TA obeying [TA, TB ] = fCABTC . The action of G is generated by a current jµA that is

conserved, ∂µj
µA = 0. Nonlocal charges arise if in addition the Lie algebra valued current

jµ =
∑

A j
A
µ TA can be interpreted as a flat connection,

∂µjν − ∂νjµ + [jµ, jν ] = 0 . (2.1)

(Indices of jµ are raised and lowered using the Lorentz metric in two dimensions.) The

conservation of jµ leads in the usual fashion to the existence of conserved charges that

generate the action of G:

JA =

∫ ∞

−∞

dx j0A(x, t) . (2.2)

In addition, a short computation using (2.1) reveals that

QA = fABC

∫ ∞

−∞

dx

∫ ∞

x
dy j0B(x, t) j0C(y, t)− 2

∫ ∞

−∞

dx jA1 (x, t) (2.3)

is also conserved. (For the moment we take the spatial direction to be noncompact, al-

though in string theory it is more relevant to compactify on a circle with periodic bound-

ary conditions. When one does compactify, QA cannot be defined, as the restriction to

x < y does not make sense.) Under repeated commutators, the QA generates an infinite-

dimensional symmetry algebra that has been called the Yangian. The Yangian has a basis

J A
n where J A

0 = JA, J A
1 = QA, and J A

n is an n-local operator that arises in the (n− 1)-

form commutator of Q’s. Since we will work in this paper mainly with the generators JA

and QA, we have given them those special names.

The detailed algebraic structure of the Yangian is rather complicated and will not

be needed in the present paper. We pause, however, to briefly explain how the Yangian

is related to the much simpler partial Kac-Moody algebra that can also be defined in

such systems [2, 31, 32]. (This is also explained briefly in [33]–[36].) The Yangian gener-

ates by Poisson brackets some transformations of the fields Φ that we write schematically

δΦ =
∑

n,A εn,AJ
A
n (Φ), where εn,A are infinitesimal parameters. These transformations

are symmetries of the classical equations of motion, since the Yangian generators commute

with the hamiltonian. The partial Kac-Moody algebra is generated by infinitesimal trans-

formations δΦ =
∑

n,A ε̃n,Aδ
A
n (Φ), where ε̃n,A are another set of parameters and the objects

δAn are certain infinitesimal symmetries of the equations. Usually, one considers transforma-

tions with field-independent coefficients ε or ε̃. However, the equivalence relation generated

by the symmetries is obtained by letting ε and ε̃ be arbitrary, so it does not matter if they

– 3 –
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are field-dependent. In the problem at hand, the Yangian and partial Kac-Moody sym-

metries are different, but become equivalent if one lets ε (or ε̃) be field-dependent. This

is shown explicitly in appendix A. Thus the Yangian and partial Kac-Moody algebras are

different but generate the same equivalence relation. The relation between them is some-

what similar to the relation between commutative and non-commutative Yang-Mills gauge

transformations as given by the Seiberg-Witten map [37].

There are also discrete spin systems, that is systems in which the dynamical variables

live on a one-dimensional lattice rather than on the real line, that have the same Yangian

symmetry. The lattice definition of JA is clear. We assume that the spins at each site i

have G symmetry, and let JAi be the symmetry operators at the i
th site. The total charge

generator for the whole system is then

JA =
∑

i

JAi . (2.4)

What about QA? At least the bilocal part of (2.3) has an obvious discretization:

QA = fABC
∑

i<j

JBi J
C
j . (2.5)

This turns out to be the right formula, in many of the most commonly studied lattice

integrable systems. Note that one has made no attempt to discretize the second term

in (2.3). This proves to be unnecessary.1 The bare generators (2.4) and (2.5) satisfy:

[JA, JB ] = fABCJ
C

[JA, QB ] = fABCQ
C . (2.6)

An analog of (2.5) in gauge theory at g2N = 0 is described in appendix B.

One generator of PSU(2, 2|4), called the dilatation generator D, is of special impor-

tance. In the radial quantization of four-dimensional superconformal Yang Mills theory on

R × S3, D is the hamiltonian.2 Using conformal invariance to identify R × S3 with R4,

the states of the quantum theory on R × S3 are in one-to-one correspondence with local

operators O(x), where the correspondence is |O〉 ∼ limx→0O(x)|0〉. In the large-N limit

of the gauge theory, we focus on single-trace local operators. Such an operator is the trace

of a product of letters where a letter is as follows. A letter is one of the elementary fields

φI = φIA(x)T A, ψaα = ψaAα (x)T
A, Fµν = FAµν(x)T

A, or the (symmetrized) nth derivative

of one of those, for some n > 0. (The indices 1 ≤ I ≤ 6, 1 ≤ a ≤ 4 label the vector

and spinor SU(4) R-symmetry representations.) A single-trace operator O(x) is said to

be of length L if it is the trace of a product of L letters. In the correspondence between

operators and states, the letters form a basis for the one-particle states of the free N = 4

vector multiplet on R× S3.

1In many simple models, it is also impossible for elementary reasons. One would expect a discretization

of
∫

dx jA1 to be of the form
∑

i j
A
i where jAi acts on the ith site and transforms in the adjoint representation.

Frequently, there is no such operator except JAi . But taking jAi to be a multiple of JAi would simply add

to QA a multiple of JA; this is a change of basis that does not affect the structure of the algebra.
2D is conjugate in PSU(2, 2|4) to 1

2
(P0 +K0), where Pµ, Kµ are the translations and special conformal

transformations. For radial quantization on a hyperboloid, see [25] .
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We really want to consider a gauge-invariant state that is a single trace O(x) =

Tr Φ1(x)Φ2(x) . . .ΦL(x) of a possibly very large number of fields Φi, each of which is

one of the letters considered above. As in many papers cited in the introduction, we think

of the choice of a given O as representing in free field theory a state of a chain of L “spins”

(which we also call “partons”). Our “spins,” therefore, are simply one-particle states in

the N = 4 vector multiplet quantized on S3. In identifying the possible operators O with

the states of a spin chain, one ignores the cyclic symmetry of the trace. One studies all

possible states of the spin chain, even though in the application to gauge theory one only

wants the (gauge invariant) cyclically symmetric states.

Our basic assumption in this paper is that in N = 4 super Yang-Mills theory at

g2N = 0, with JAi understood as the PSU(2, 2|4) generators of the i
th parton, (2.5) is the

correct formula for the Yangian generators QA. Our assumption, in other words, is that

the bilocal symmetry deduced from [24] goes over to (2.5) for g2N → 0. Of course, in

any case (2.4) is the appropriate free field formula for the JA, so we do not need to state

any hypothesis for these generators. And no further assumption is needed for the higher

charges in the Yangian; they are generated by repeated commutators of the QA. So our

hypothesis about QA completely determines the form of the Yangian in the free-field limit.

Now we consider what happens when g2N is not quite zero. Some generators of the

Yangian do not receive quantum corrections. For example, the spatial translation symme-

tries and the Lorentz generators are uncorrected, because the theory can be regularized in

a way that preserves them. But the dilatation operator D – the generator of scale trans-

formations — certainly is corrected. The corrections to the eigenvalues of D are called

anomalous dimensions.

We assume, in view of [24], that the N = 4 Yang-Mills theory in the planar limit

does have Yangian symmetry for all g2N . If so, the corrections modify the form of the

generators, but preserve the commutation relations. One of the commutation relations says

that QA transforms in the adjoint representation of the global group PSU(2, 2|4) generated

by JA: [JA, QB ] = fABCQC . We will write JA and QA for the charges at g2N = 0, and

δJA and δQA for the corrections to them of order g2N . We write J̃A and Q̃A for the exact

generators (which depend on g2N), so J̃A = JA+(g2N)δJA+O((g2N)2), and likewise for

Q̃A. To preserve the commutation relations, we have

[δJA, QB ] + [JA, δQB ] = fABCδQC . (2.7)

We are now going to make an argument for the Yangian that parallels one used in [11]

for the PSU(2, 2|4) generators. We consider the special case of this relation in which A

is chosen so that JA is the dilatation operator D. We also pick a basis QB of the Q’s to

diagonalize the action of D, so the PSU(2, 2|4) algebra reads in part [D,QB ] = λBQB ,

where λB is the bare conformal dimension of QB. Then (2.7) gives us

[δD,QB ] + [D, δQB ] = λBδQB . (2.8)

However, in perturbation theory, operators only mix with other operators of the same

classical dimension. So just as [D,QB ] = λBQB , we have [D, δQB ] = λBδQB . Combining

– 5 –
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this with (2.7), we have therefore

[δD,QB ] = 0 . (2.9)

Precisely the same argument was used in [11] to show that [δD, JA] = 0; this was a step

in determining δD. Combining this with (2.9), we see that δD must commute with the

g2N = 0 limit of the whole Yangian.

The structure of perturbation theory implies in addition that the operator δD is a sum

of operators local along the chain; this fact has been exploited in [9] and many subsequent

papers. (In fact, δD, as described explicitly in [11], is a sum of operators that act on nearest

neighbor pairs.) The operators of this type that commute with the Yangian — where here

we mean the Yangian representation most commonly studied in lattice integrable models,

which for us is the one generated at g2N = 0 by JA and QA — are called the hamiltonians

of the integrable spin chain. Thus, from our assumption about the free-field limit of the

Yangian, we have been able, starting with the nonlocal symmetries found in [24], to deduce

the basic conclusion of [12], found earlier in a special case in [10], that δD is a hamiltonian

of an integrable spin chain.

In the remainder of this paper, we will verify this picture by proving directly, using

formulas from [11, 12], that it is true that δD commutes with the Yangian. Since its

commutativity with JA was already used in [11] to compute δD, we only need to verify

that [δD,QA] = 0.

From what we have said, it is clear that the appearance of a hamiltonian that commutes

with the Yangian depends on expanding to first order near g2N = 0. In the exact theory,

at a nonzero value of g2N , one would simply say that the exact dilatation operator D,

which of course depends on g2N , is one of the generators of the Yangian. It is not the

case in the exact theory that one has a Yangian algebra and also a dilatation operator that

commutes with it.

In string theory, or Yang-Mills theory, one really wants to compactify the string (or the

spin chain) on a circle with periodic boundary conditions, since the string is closed. This

makes it impossible to define the Yangian, because the restriction of the integration region

in (2.3) to x < y does not make sense. The global PSU(2, 2|4) generators JA still make

sense, of course, and so do some globally defined operators — traces of holonomies, which

one might think of as Casimir operators of the Yangian. These Casimir operators, which

commute with PSU(2, 2|4), perhaps can be used as an aid in computing the spectrum of

N = 4 super Yang-Mills theory in the planar limit. Some of these Casimir operators are

odd under charge conjugation (which is the symmetry that reverses the order of the spin

chain), so the fact that they commute with PSU(2, 2|4) would lead to degeneracies among

states of opposite charge conjugation properties, as found and exploited in [14].

3. Commutation of QA with the planar one-loop hamiltonian

Now we will prove that (2.9)

[δD,QA] = 0 (3.1)

is true, using the properties of δD for the super Yang Mills theory. In this section, to

simplify notation, and in view of its interpretation as the hamiltonian of an integrable
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spin chain, we refer to δD as H. Actually, we will show that the commutator [H,QA] is

the lattice version of a total derivative, in the following sense. The general form of H for

a chain of length L is that it is a sum of operators each of which only acts on nearest

neighbors,

H =

L−1
∑

i=1

Hi,i+1 . (3.2)

A lattice version of a total derivative is an expression such as

qA =
L−1
∑

i=1

(

JAi − J
A
i+1

)

= JA1 − J
A
L , (3.3)

which is a sum of difference operators along the chain and only acts at the ends of the

chain.

We will show, using the specific form of H determined in [11], that

[H,QA] = qA , (3.4)

where qA is such a total derivative. For an infinite chain (which would correspond more

closely to the 1 + 1-dimensional field theory studied in [24]) and assuming no spontaneous

symmetry breaking so that surface terms at infinity can be dropped, the total derivative

term in (3.4) vanishes, and in that sense [H,QA] = 0 for an infinite chain. For a finite chain

with periodic boundary conditions, the situation is similar though more subtle. (3.4) to-

gether with the fact that [H,JA] = 0 implies that the commutator of H with any generator

of the Yangian is the integral of a lattice total derivative. Therefore, for a finite chain with

periodic boundary conditions, where a total derivative will sum to zero, the commutator of

H with a Casimir operator of the Yangian (which is well-defined with periodic boundary

conditions) vanishes.

Let VF be the space of one-particle states in free N = 4 super Yang-Mills theory on

R×S3. (Thus the set of letters as defined above is a vector space basis for VF .) In the spin

chain that is relevant to planar Yang-Mills theory at g2N = 0, VF is the space of states of

a single spin. H12 acts on a two-spin system, which as a representation of PSU(2, 2|4) is

simply VF⊗VF . The decomposition of VF⊗VF in irreducible representations of PSU(2, 2|4)

is surprisingly simple and plays an important role in [11]. The decomposition, which we

heuristically explain in appendix C, is

VF ⊗ VF =
∞
⊕

j=0

Vj , (3.5)

where, apart from some exceptions at small j, Vj can be characterized as a representa-

tion whose superconformal primary (or highest weight vector) is an R-singlet of angular

momentum j − 2. (
⊕∞

j=0 Vj merely designates a direct sum of modules Vj, and not any

sum on lattice sites.) We also will need to know how the PSU(2, 2|4) quadratic Casimir

operator J2 =
∑

A J
AJA (described more precisely in appendix C) acts on VF ⊗VF . With

– 7 –
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JA1 and J
A
2 denoting the PSU(2, 2|4) generators of the first and second spins, respectively,

the quadratic Casimir operator of the two-spin system is

J2
12 =

∑

A

(JA1 + J
A
2 )(J

A
1 + J

A
2 ) . (3.6)

Astonishingly, just as if the group were SU(2) instead of PSU(2, 2|4), this operator has

eigenvalue j(j + 1) when acting on Vj :

J2
12Vj = j(j + 1)Vj , j = 0, 1, 2, . . . . (3.7)

This fact is used in [11] and below; we give a brief explanation of it in appendix C.

According to [11], H is a sum of two-body operators as in (3.2), where the basic

two-body operator is

H12 =

∞
∑

j=0

2h(j)P12,j . (3.8)

Here P12,j is the operator that projects the two-body Hilbert space VF ⊗ VF onto Vj ,

and h(j) are the harmonic numbers h(j) =
∑j

n=1
1
n for j ∈ Z+ (one defines h(0) = 0).

According to our hypothesis (2.5), the bilocal Yangian generator QA is also a (non-local)

sum of two-body operators, QA =
∑

i<j Q
A
ij , where the basic two-body operator is

QA
ij =

∑

B,C

fABCJ
B
i J

C
j . (3.9)

We observe the identity

QA
ij =

1

4
[ J2

ij , q
A
ij ] , (3.10)

where J2
ij is the quadratic Casimir operator of the two-particle system, and qAij is the

difference operator

qAij = JAi − J
A
j . (3.11)

We will first prove (3.4) for a system of two spins. For this purpose, we use (3.10) to

write

[H12, Q
A
12] =

1

4
[H12, [J

2
12, q

A
12]] . (3.12)

Then acting on a two-particle state |λ(j)〉 that is contained in Vj (and so has eigenvalues

of H12 and J
2
12 given above), we have

[H12, Q
A
12]|λ(j)〉 =

1

4
(H12J

2
12 − j(j + 1)H12 − 2h(j)J

2
12 + 2h(j)j(j + 1)) q

A
12|λ(j)〉 . (3.13)

We will show in section 3.1 that the action of qA12 on a state in Vj can be written as a linear

combination of states in Vj−1 and Vj+1, i.e. for any |λ(j)〉 ∈ Vj, we have

qA12|λ(j)〉 = |χ
A(j − 1)〉+ |ρA(j + 1)〉 , (3.14)

where |χA(j − 1)〉 ∈ Vj−1 and |ρ
A(j + 1)〉 ∈ Vj+1. Given this fact, from (3.13) we have

[H12, Q
A
12]|λ(j)〉 = j(h(j) − h(j − 1))|χA(j − 1)〉+, (j + 1)(h(j + 1)− h(j))|ρA(j + 1)〉

= qA12|λ(j)〉 . (3.15)

We used the fact that h(j) − h(j − 1) = 1/j.
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Now let us consider a chain of more than two spins. H is a sum of nearest neighbor

terms Hi,i+1, while Q
A is a bilocal sum of two-body operators QA

j,k with j < k. We have

0 =



Hi,i+1 ,
∑

j<k,(j,k)6=(i,i+1)

QA
jk



 . (3.16)

In fact, terms in the sum in which neither j nor k equals i or i+1 are trivially zero. On the

other hand, terms with (say) k > i+1 and j = i, i+1 add up to fABC [Hi,i+1, (J
B
i +J

B
i+1)J

C
k ],

which vanishes because JBi + J
B
i+1 is the PSU(2, 2|4) generator of the two-spin system and

so commutes with Hi,i+1, as does J
C
k for k > i+ 1.

So the commutator [H,QA] collapses to

[H,QA] =

L−1
∑

i=1

[Hi,i+1, Q
A
i,i+1] =

L−1
∑

i=1

qAi,i+1 = qA , (3.17)

where qAi,i+1 = JAi −J
A
i+1 is the difference operator of the two-spin system, and q

A = JA1 −J
A
L .

We have established our claim that [H,QA] is the lattice version of a total derivative.

3.1 Decomposition of qAVj

In this subsection, we consider a system of two spins, with qA = qA12 = JA1 − J
A
2 . We wish

to show that qAVj is contained in Vj+1 ⊕ Vj−1. We do this by proving two facts:

1. qAVj is contained in the direct sum of Vk with k − j odd.

2. qAVj is contained in the direct sum of Vk with |k − j| ≤ 1.

Clearly the two facts together imply what we want.

Fact (1) follows directly by considering the operator σ that exchanges the two spins,

that is the two copies of VF in VF ⊗VF . (If the two spins are both fermionic, one exchanges

them with a minus sign.) The operator qA is odd under σ. As explained in appendix C, σ

has eigenvalue (−1)j on Vj. Fact (1) is a direct consequence of these two assertions.

To prove fact (2), we first note that to prove that qAVj ⊂ ⊕k∈TVk, where T is any set

of allowed values of k (such as the set |j − k| ≤ 1) it suffices to show that if |ψ(j)〉 is a

primary state in Vj, then

qA|ψ(j)〉 ∈ ⊕k∈TVk . (3.18)

Indeed any state in Vj is a linear combination of states L1L2 . . . Ls|ψ(j)〉 where the L’s

are “raising” operators in PSU(2, 2|4) (and are, in fact, either momenta Pµ or global

supersymmetries Qa
α). To study q

AL1L2 . . . Ls|ψ(j)〉, we try to commute q
A to the right so

that we can use (3.18). In the process we meet commutators [qA, Li], but these are linear

combinations of the qB’s, so, assuming (3.18) has been proved for all choices of A, it can still

be used. The net effect is that (3.18) implies that qAL1L2 . . . Ls|ψ(j)〉 is always contained

in ⊕k∈TVk; in other words, with T being the set |k − j| ≤ 1, (3.18) implies fact (2).

Since the qA transform the same way as JA, they have the same dimensions. The

dimensions of the qA therefore range from 1 to −1. The value 1 is achieved only for the

components of qA that transform like the momentum operators P µ.
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Let us first prove that qA|ψ(j)〉 ⊂ ⊕k≤j+1Vk. For j ≥ 2, this follows simply by

dimension-counting. In this range, the primary |ψ(j)〉 has dimension j; it is of course the

state of lowest dimension in Vj . The operator q
A has at most dimension 1, so qA|ψ(j)〉 has

dimension at most j+1 (and this value is only achieved if A is such that qA transforms as one

of the momentum operators). Hence qA|ψ(j)〉 ∈ ⊕k≤j+1Vk. To reach the same conclusion

for j = 0, 1 takes just a little more care. For these values of j, |ψ(j)〉 has dimension 2.

So qA|ψ(j)〉 has dimension at most 3, and must be contained in ⊕k≤3Vk. Given this, fact

(1) above implies further that qA|ψ(1)〉 ∈ V0 ⊕ V2, which is what we wanted to prove for

j = 1. For j = 0, fact (1) implies that qA|ψ(0)〉 ∈ V1 ⊕ V3; we wish to prove that in fact

qA|ψ(0)〉 ∈ V1. This follows from the SU(4)R symmetry. The only state in V3 of dimension

no greater than three is the primary state |ψ(3)〉, which is SU(4)R-invariant; but no linear

combination of the states qA|ψ(0)〉 has this property.

Finally, we must prove the opposite inequality qA|ψ(j)〉 ∈ ⊕k≥j−1Vj. This is equivalent

to saying that 〈χ|qA|ψ(j)〉 = 0 if |χ〉 ∈ Vk with k < j − 1. We will use the fact that

〈χ|qA|ψ(j)〉 is the complex conjugate of 〈ψ(j)|(qA)†|χ〉. (The adjoint is taken in radial

quantization, so for example the adjoint of the momentum Pµ is the special conformal

generator Kµ.) But (q
A)† is a linear combination of the qA’s, so we can use the result of

the previous paragraph to assert that for |χ〉 ∈ Vk, |(q
A)†|χ〉 is a sum of states in Vm with

m ≤ k + 1; so this state is orthogonal to |ψ(j)〉 if j > k + 1 or in other words if k < j − 1.

This completes the proof of fact (2).
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A. Field-dependent transformations — the Kac-Moody loop algebra and

the yangian

Here we supply some details of the relation between the partial Kac-Moody algebra that can

be defined in various two-dimensional integrable models and the Yangian. For definiteness,

we consider the case of the principal chiral model, which is a two-dimensional model in

which the field g takes values in a Lie group G. In these models, along with the Yangian,

it is possible to find [2] non-local transformations that obey the algebra of a partial Kac-

Moody algebra, by which we mean simply the algebra [TAn, TBm] = fCABTC m+n, m,n ≥

0. We write δAn for the symmetry transformations corresponding to the TAn. δ
A
0 is the

standard global symmetry generator, and coincides with the transformation generated by
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the generator JA of the Yangian. Just as the Yangian is generated by JA and the first

non-trivial generator QA, and partial Kac-Moody algebra is generated by δA0 and δ
A
1 .

In this model, the infinitesimal transformation generated via Poisson brackets by QA,

the first non-trivial generator of the Yangian, can be written in terms of the Kac-Moody

generators as

{QA, g(x, t)} = −δA1 g(x, t) +
1

2
fABCJ

B δC0 (g(x, t)) . (A.1)

Thus, they do not coincide, but they differ by a term involving the Kac-Moody generator δA0
times JB (by which we mean simply the function of g and its derivatives which is the Yan-

gian generator JB). Thus, QA does not generate the same symmetry as δA1 . However, they

differ by a field-dependent multiple of δA0 . Since the symmetry transformation generated

by δA0 is also a generator of the partial Kac-Moody algebra (or of the Yangian), it follows

that if we want to know if two fields g(x, t) can be related to each other by a symmetry,

it does not matter if the symmetry group we use is generated by the Kac-Moody algebra

or the Yangian. Any transformation generated by JA and QA, with some coefficients, can

be generated by δA0 and δ
A
1 , with some other coefficients. (The transformation from one

set of coefficients to the other depends on g(x, t) because JB , which appears in (A.1), has

such a dependence, so this transformation does not preserve the Kac-Moody or Yangian

commutation relations.)

B. Noether currents

In order to make contact with conventional Noether current symmetry analysis, we give

the expression for the non-local charge (2.5) in terms of the elementary fields of the super

Yang Mills lagrangian

L =
1

g2
YM

Tr

(

1

2
FµνF

µν +Dµφ
IDµφI −

1

2
[φI , φJ ][φI , φJ ] + fermions

)

. (B.1)

For simplicity, we will only consider A ∈ so(2, 4).

In the classical theory, the symmetry currents for the conformal group are given in

terms of the improved energy-momentum tensor by

jAµ(x) = κAν θ
µν(x) , (B.2)

where κAµ are the conformal Killing vectors, and

θµν = 2TrF µρF ν
ρ+2TrD

µφIDνφI−gµνL−
1

3
Tr(DµDν−gµνDρD

ρ)φIφI+fermions . (B.3)

The currents (B.2) are conserved at any g2N using the classical interacting equations of

motion.

If we set g2N = 0, we note that the untraced matrix

(θµν) ji = F µρF ν
ρ + F

νρF µ
ρ + ∂

µφI∂νφI + ∂νφI∂µφI − gµν
(

1

2
FρσF

ρσ + ∂µφ
I∂µφI

)

−

−
1

3
(∂µ∂ν − gµν∂ρ∂

ρ)φIφI + fermions , (B.4)
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is also conserved, as is κAν (θ
µν) ji . Here i, j are the matrix labels of the gauge group

generators (TA) ji . It follows that we can construct non-local conserved charges by

QAB...
0 =

∫

M
κAν (θ

0ν) ji

∫

M
κBρ (θ

0ρ) kj . . . , (B.5)

whereM is an initial value surface in spacetime. In free field theory, this acts on a chain of

partons rather as (2.5) does, but we have no idea how to extend the definition to g2N 6= 0.

C. Primary states in the two-particle system

To determine the one-loop dilatation operator in [11], it is necessary to know the decom-

position of the two-particle system in free N = 4 super Yang-Mills theory in irreducible

representations of PSU(2, 2|4). This decomposition is surprisingly simple. The irreducible

representations are conveniently denoted as Vj , j = 0, 1, 2, . . ., where the quantum numbers

of a superconformal primary |ψ(j)〉 ∈ Vj can be conveniently described as follows.

First of all, the representations V0 and V1 are exceptional, as they are degenerate

representations of PSU(2, 2|4). So we describe them separately first. We let φI , I = 1, . . . , 6

be the elementary scalars of N = 4 super Yang-Mills theory. They transform in the vector

representation of the R symmetry group SU(4) ∼= SO(6). Superconformal primaries in V0

and V1 are the following bilinears in φ:

V0 : |ψ(0)〉 ∼ φIφJ + φJφI −
1

3
δIJφKφK

V1 : |ψ(1)〉 ∼ φIφJ − φJφI . (C.1)

In case the formula for |ψ(1)〉 looks strange, note that we need not worry about bose

statistics here, because the fields carry U(N) gauge indices that are being suppressed.

Thus, the primaries in V0 and V1 have dimension two and non-trivial R-symmetry quantum

numbers. By contrast, the primaries |ψ(j)〉 in Vj , j ≥ 2, are singlets of the R symmetry,

and have dimension j. They can be obtained by combining two partons in an SU(4) singlet

state with relative angular momentum j − 2:

Vj : |ψ(j)〉 ∼
6
∑

I=1

j−2
∑

k=0

c
(j−2)
k ∂kφI∂j−2−kφI + · · · . (C.2)

Here (see for example eq. 6 in [38]) c
(j−2)
k = (−1)k/k!2(j−k−2)!2. These precise coefficients

ensure that Vj is a conformal primary. To make a superconformal primary, one must add

additional terms, also of angular momentum j − 2, that are bilinear in fermions or gauge

fields instead of scalars. We have indicated these terms by the ellipses in (C.2).

We can give as follows a heuristic explanation of why this is the classification of the

Vj . An operator O acting on the vacuum in free field theory creates a two particle state.

Consider the case that particle A is traveling in the +z direction and particle B in the −z

direction. There are a total of 16 × 16 = 256 helicity states of this type, with 16 for each

particle. Of the 16 global supercharges (we only consider supercharges that commute with
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translations as we have diagonalized the momentum) of the N = 4 theory, half annihilate

particles moving in the +z direction and a complementary half annihilate particles moving

in the −z direction. So altogether each supercharge acts nontrivially in the two particle

system and it takes 216/2 = 256 states to represent the 16 supercharges. So in short the

global supercharges act irreducibly on these 256 states, and to classify N = 4 multiplets,

the relevant variable is the angular momentum, which is the variable j − 2 in (C.2). How-

ever, this argument breaks down for small j when the supersymmetries fail to act in a

nondegenerate fashion, and this is how the exceptional representations V0 and V1 appear.

In section 3.1, an important role is played by the behavior of Vj under the operator

σ that exchanges the two spins. From the above description of the Vj , it is clear that

σVj = (−1)
jVj . For j = 0, 1, this reflects the fact that the primary in V0 is symmetric in

I, J while that in V1 is antisymmetric. For j ≥ 2, it reflects the fact that a state of two

scalars with relative angular momentum j−2 transforms as (−1)j−2 under exchange of the

two particles; more explicitly, one can note that c
(j−2)
k = (−1)jc

(j−2)
j−2−k.

As exploited in [11], the quadratic Casimir operator J 2 of PSU(2, 2|4) has the amazing

property

J2Vj = j(j + 1)Vj , (C.3)

rather as if the group were SU(2) instead of PSU(2, 2|4), and despite the exceptional nature

of V0 and V1. Since we need this relation in section 3, we sketch a proof. The quadratic

Casimir for PSU(2, 2|4) is given explicitly by

J2 =
1

2
D2 +

1

2
LγδL

δ
γ +

1

2
L̇γ̇
δ̇
L̇δ̇γ̇ −

1

2
Rc
dR

d
c −

1

2
[Qc

γ , S
γ
c ]−

1

2
[Q̇c

γ , Ṡ
γ
c ]−

1

2
{Pγδ̇ ,K

γδ̇} . (C.4)

Here 1 ≤ α, α̇ ≤ 2, 1 ≤ a ≤ 4. When acting on the superconformal primaries |ψ(j)〉, the

Casimir J2 can be rewritten as

J2|ψ(j)〉 =

(

1

2
D2 +

1

2
LγδL

δ
γ +

1

2
L̇γ̇
δ̇
L̇δ̇γ̇ −

1

2
Rc
dR

d
c

+
1

2
{Sγc , Q

c
γ}+

1

2
{Ṡγc , Q̇γ̇c} −

1

2
[Kγδ̇, Pγδ̇ ]

)

|ψ(j)〉 . (C.5)

We have used the fact that the primary is annihilated by S and K. (C.5) can be easily

evaluated using the commutation relations as

J2|ψ(j)〉 =

(

1

2
D2 + s1(s1 + 1) + s2(s2 + 1)−

1

2
Rc
dR

d
c + 2D

)

|ψ(j)〉 . (C.6)

Here s1 and s2 are the spin quantum numbers of an operator; a general operator transforms

under the four-dimensional rotation group SO(4) ∼= SU(2)× SU(2) with spins (s1, s2). For

j ≥ 2, |ψ(j)〉is annihilated by the Rc
d as it is an SU(4)R singlet, and has dimension j and

s1 = s2 = (j − 2)/2. So we get

J2|ψ(j)〉 =

(

1

2
j2 +

(

j

2
− 1

)

j

2
2 + 2j

)

|ψ(j)〉 = j(j + 1)|ψ(j)〉 . (C.7)

For the cases j = 0 and j = 1, the conformal dimension is two, and the spins s1 and s2 are

zero. The SU(4)R contribution is −
1
2R

c
dR

d
c = −6 for the traceless symmetric tensor (the

j = 0 case) giving J2|ψ(0)〉 = 0, and − 1
2R

c
dR

d
c = −4 for the adjoint representation (the

j = 1 case) giving J2|ψ(1)〉 = 2.
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