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Abstract

We study symmetries of the quantized open twistor string. In addition to global

PSL(4|4) symmetry, we find non-local conserved currents. The associated non-local

charges lead to Ward identities which show that these charges annihilate the string

gluon tree amplitudes, and have the same form as symmetries of amplitudes in

N = 4 super conformal Yang Mills theory. We describe how states of the open

twistor string form a realization of the PSL(4|4) Yangian superalgebra.
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1 Introduction

Twistor string theory [1]-[3] is equivalent to a massless field theory and provides a string

structure to analyze four-dimensional massless scattering amplitudes with N = 4 super-

symmetry. At tree level, the spectrum can describe states of both super Yang Mills theory

and conformal supergravity. The world sheet theory has a target in super twistor space,

and has been argued to have a Yangian extension of its PSL(4|4) global symmetry [1].

In this paper we construct non-local conserved currents which lead to a Hopf algebra

coproduct, show the associated charges annihilate the string gluon tree amplitudes and

give a realization of the Yangian symmetry algebra for this world sheet action. We

leave the conformal graviton amplitudes for future analysis. Explicit constructions of the

amplitudes have revealed some of the string’s framework [4]-[12]. How the Yangian acts on

the various building blocks of the theory [13]-[17] should help further unravel the theory,

at least in the planar limit. The string also relates to other twistor methods [18]-[22].

The Yangian symmetry is expected because of the string’s close connection to Yang Mills

theory, for which an infinite-dimensional symmetry for the planar theory has been dis-

played [23]-[39], and its appearance as dual conformal invariance was found explicitly for

the amplitudes [40]-[49].

We review Yangians and their nature in field theory. A Yangian superalgebra is a su-

peralgebra, that is an algebra that has bosonic and fermionic elements, and it is graded

by the non-negative integers. The subalgebra of level zero is a Lie superalgebra and the

grade one piece is its adjoint representation. The higher level parts of the superalgebra are

generated by the algebra multiplication of elements of level one. They are subject to some

restrictions which arise from the comultiplication. The comultiplication is an important

additional structure that specifies how the elements of the Yangian superalgebra act on

products of states. For an ordinary Lie superalgebra this is trivial

Q0(AB) = Q0(A)B + (−1)|Q0||A|AQ0(B) . (1.1)

But the elements of level one of the Yangian have non-trivial comultiplication. They act

schematically as

Q1(AB) = Q1(A)B + (−1)|Q1||A|AQ1(B) +Q0(A)Q0(B) . (1.2)

Now one needs to require that this operation is compatible with the algebra product.
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This can be ensured by the Serre relations. The question is how symmetries with such

non-trivial action on products of states can arise in field theory. For a model specified

by a Lagrangian plus a path integral measure, with both invariant under some global

symmetry, usually we have corresponding conserved local Noether currents and charges.

But the action of charges on products of states is then of the form (1.1). The way to

realize a non-trivial action on products of fields is by introducing non-local conserved

charges. Non-locality is then reflected in the comultiplication (1.2).

The world-sheet theory of the open twistor string is a two-dimensional conformal field

theory, that is a local model. Introducing non-local fields thus seems strange. Nonetheless,

in [50], it was shown how Yangian symmetry arises via non-local currents in Lie group

Wess-Zumino-Witten models. We will follow their analysis in spirit, but we will use the

non-local currents only as an intermediate step. We can do that due to the special nature

of the global symmetry supergroup PSL(4|4) of the twistor string. Our strategy is as

follows. We start by introducing non-local currents as in [50], [51]. We show that the

associated charges satisfy the comultiplication of the level one elements of the psl(4|4)

Yangian. Then we derive Ward identities for these charges. They simplify considerably

due to the vanishing of the Killing form of psl(4|4). These Ward identities lead us to

define new operators acting on the fields of the twistor string. These operators form

a realization of the Yangian. In addition they form a symmetry because of the Ward

identities we found, and the new level one charges do not have the properties of the old

charges, namely construction from a non-local current.

In section 2 we review the twistor string, describe the ordinary PSL(4|4) Noether currents

and discuss their canonical quantization in the boundary conformal field theory. In section

3 we give the action of these ordinary currents and their charges on the fields and the tree

amplitudes. The non-local Noether currents are described in section 4, and their action

on the fields and the string tree amplitudes is shown in section 5. In section 6, we discuss

the Serre relations and the representation of the Yangian of PSL(4|4). In the appendices

we review superalgebras and give the PSL(4|4) structure constants and their properties,

including the vanishing of the adjoint quadratic Casimir (the Killing form).

2 PSL(4|4) Noether currents of the open twistor string

The open twistor string can be described by the action

S = SY Z + SG + Sghost , (2.1)

3



with SG given by a conformal field theory of central charge c = 28, Sghost is the standard

c = −26 ghost system of the bosonic string, and SY Z is the world sheet action for fields

with a target of twistor superspace,

SY Z =

∫
i
[
Y zIDzZI + Y z̄IDz̄ZI

]
g

1

2d2x (2.2)

where 1 ≤ I ≤ 8, Dα = ∂α− iAα, and g is the determinant of the world sheet metric with

Euclidean signature, z = x1 + ix2, z̄ = x1 − ix2. The world sheet can be described as the

upper half-plane, and thus has a boundary.

The equations of motion are

(∂z̄ − iAz̄)ZI = 0, (∂z − iAz)ZI = 0, Y zI
;z + iAzY

zI = 0, Y z̄I
;z̄ + iAz̄Y

z̄I = 0.

(2.3)

The constraints from varying the world sheet gauge fields are

Y z̄IZI = Y zIZI = 0,

and the boundary conditions in upper half-plane world sheet coordinates are

ZI = UZI , Y zI = U−1Y z̄I , (2.4)

where U = e2iα, for some function α, which varies and is real on the boundary, and is

continuous up to multiples of π. The reality conditions are Y z I = −Y z̄ I for bosonic

components (1 ≤ I ≤ 4), and Y z, I = Y z̄ I for fermionic components (5 ≤ I ≤ 8), and

Az = −Az̄ .

The twistor string has global PSL(4|4) symmetry. To write the Noether currents for

PSL(4|4), we consider the following symmetry transformations of the world sheet action

(2.1),

ZI → eρaT
aJ
I ZJ , ZI → eρaT

aJ
I ZJ ,

Y z̄I → Y z̄Je−ρaT
aI
J , Y zI → Y zJe−ρaT

aI
J , (2.5)

where the generators of the Grassman envelope of the superalgebra psl(4|4), ρaT
aJ
I , are real

and have zero trace and zero supertrace. The other fields in (2.1) are singlets of psl(4|4)

and ultimately singlets of the Yangian, so from now on we will discuss symmetries of
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(2.2). See appendix A for some background on the supergroup PSL(4|4) and superalgebra

psl(4|4). The infinitesimal transformations are

δZI = ρaT
aJ
I ZJ , δZI = ρaT

aJ
I ZJ , (2.6)

leaving the Lagrangian invariant. The Noether current is

Jz = g
1

2 jz, J z̄ = g
1

2 j z̄, with jz = iY zIρaT
aJ
I ZJ , j z̄ = iY z̄IρaT

aJ
I ZJ , (2.7)

where ∂αJ
α = 0 and jα satisfies jα;α = 0 with use of the equations of motion (2.3), and

also separately jz;z = 0 and j z̄;z̄ = 0. So we also have

d j = 0. (2.8)

In addition to (2.5), the identity matrix T J
I = δ J

I and the U(1) R-symmetry matrix

T J
I = (−1)deg I δ J

I also generate symmetries of the classical action. Here deg I = 0 when

I is a bosonic index, and deg I = 1 when I is a fermionic index. For simplicity we will

denote the degree by the index, (−1)deg I ≡ (−1)I . The transformation associated with

the identity matrix obeys the boundary condition (2.4) for any complex function ρ, and

generates the gl(1,C) gauge invariance which we use to choose Az = Az̄ = 0. The U(1)

R-symmetry corresponds to a current that has a conformal anomaly and is not conserved

in the quantum theory.

We review the canonical quantization [52] of the conformal field theory (2.2). The com-

mutation relations are found from

ZI(z)Y
J(ζ) =: ZI(z)Y

J(ζ) : +
δJI
z − ζ

, (2.9)

for |z| > |ζ |, and where Y J ≡ g
1

2Y z̄J is holomorphic in the gauge where Az = Az̄ = 0.

The Virasoro current relevant for the twistor fields is given by

LY Z(z) = −
∑

J

Y J(z)∂ZJ (z) (2.10)

and its operator product expansion with the chiral currents : Y I(z)ZJ(z) : is

LY Z(z) : Y
I(ζ)ZJ(ζ) :∼ −

δIJ (−1)deg I

(z − ζ)3
+

: Y I(ζ)ZJ(ζ) :

(z − ζ)2
+
∂ : Y I(ζ)ZJ(ζ) :

(z − ζ)
. (2.11)
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Here ∼ denotes equality up to the regular part. The anomalous term vanishes for the

supertraceless currents, that is to say the psl(4|4) currents and the gl(1,C) gauge current,

so they are true primary fields and are conserved in the quantum theory.

In order to define Noether charges, we consider the boundary theory explicitly. In a

boundary conformal field theory one specifies how fields are identified at the boundary,

such as in (2.4),

−(−1)I Ȳ I = U−1Y, Z̄ = UZ. (2.12)

Our theory possesses a current superalgebra symmetry in addition to Virasoro invariance

(see, e.g., [54]-[58].)

In such a situation one usually has boundary conditions of the form

J(z) = ΩJ̄(z̄) for z = z̄ . (2.13)

Here Ω is a map on the space of fields specifing the boundary conditions. If this map

is an automorphsim of the Lie superalgebra, then these gluing conditions preserve the

current algebra symmetry. In this case, we can analytically continue the current J(z) on

the entire plane

J(z) =
{ J(z) z in upper half plane

ΩJ̄(z) z in lower half plane
(2.14)

Then the charge is defined by an integral that runs from boundary (a) to boundary (b)

of the open string, where

Q =

∫
dσj0 = ǫµν

∫
dxµjν =

∫ b

a

dzj z̄ −

∫ b

a

dz̄jz =

∮
dzj z̄ ,

and we include a factor of 1
2πi

in
∮
. See Figure 1.

In our case, Ω = −(−1)IJ+I which is an automorphism of psl(4|4), and the conserved

Noether charges associated with the transformations (2.6) can be written as

QI
0J =

∮
dzJI

0J (z) (2.15)
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PSfrag replacements

J(z)

ΩJ̄(z̄)

ab

z-plane

Figure 1: Continuity of currents.

where the contour encirles the origin, and the Nother currents for the psl(4|4) charges are

JI
0 J(z) ≡ Y I(z)ZJ(z)−

1

8
(−1)I+EδIJ Y

E(z)ZE(z)−
1

8
δIJ Y

E(z)ZE(z). (2.16)

They have zero trace and zero supertrace and, from (2.9), the current algebra satisfies

JI
0 J(z) J

K
0 L(ζ) ∼ (z − ζ)−1

(
f I K N

J LM JM
0 N(ζ) +

1

8

(
1− (−1)I+J

)
δIL δ

K
J Y E(ζ)ZE(ζ)

)

+ (z − ζ)−2

(
−(−1)IδILδ

K
J +

1

8
((−1)I + (−1)K)δIJδ

K
L

)
,

(2.17)

where the psl(4|4) structure constants f I K N
J LM have vanishing Killing form

fM L J
NK I f I K S

J LR = 0, (2.18)

and are given in appendix B, together with some of their properties. The charges (2.15)
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satisfy

[QI
0 J , Q

K
0 L} = f I K N

J L M QM
0 N +

1

8

(
1− (−1)I+J

)
δIL δ

K
J

∮
dzY E(z)ZE(z) (2.19)

Since the central generator
∮
dzY E(z)ZE(z) acts as zero on gauge invariant quantities like

the vertex operators, the twistor string has psl(4|4) global symmetry, and

[QI
0 J , Q

K
0 L} = f I K N

J L M QM
0 N (2.20)

on gauge invariant states. The mixed brackets in (2.19) denote an (anti) commutator for

(odd) even generators,

[QI
0 J , Q

K
0 L} ≡ QI

0 J Q
K
0 L − (−1)(I+J)(K+L)QK

0 LQ
K
0 L. (2.21)

See appendix C for a familiar basis.

3 How the PSL(4|4) symmetry acts

3.1 Action of PSL(4|4) Currents and Charges on Fields

The ordinary charges generate infinitesimal transformation on the fields Y K(z) and ZK(z)

and act on products of more general conformal fields via standard Lie algebra comultipli-

cation, as follows.

The operator product of the current JI
0 J(z) with fields ZK(ζ) is

JI
0 J(z) ZK(ζ) ∼ (z − ζ)−1

(
−(−1)IJ+KδIKZJ(z) +

1

8
(−1)IδIJZK(ζ) +

1

8
δIJZK(ζ)

)

≡ (z − ζ)−1 t IJ [ζ ] ZK(ζ), (3.1)

for |z| > |ζ | where we have defined the differential operations

t IJ [ζ ] ≡ −(−1)IJ+I ZJ(ζ)
∂

∂ZI(ζ)
+

1

8
δIJ(−1)I+EZE(ζ)

∂

∂ZE(ζ)
+

1

8
δIJZE(ζ)

∂

∂ZE(ζ)

+ Y I(ζ)
∂

∂Y J(ζ)
−

1

8
δIJ(−1)I+EY E(ζ)

∂

∂Y E(ζ)
−

1

8
δIJY

E(ζ)
∂

∂Y E(ζ)
. (3.2)
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Since JI
0 J(z) and ZK(ζ) are respectively local, we find using the standard contour argu-

ment,

[QI
0 J , ZK(ζ)} =

∮

Γ>
0

dz (z − ζ)−1tIJ [ζ ]ZK(ζ)−

∮

Γ<
0

dz (z − ζ)−1tIJ [ζ ]ZK(ζ)

=

∮

Γζ

dz tIJ [ζ ]ZK(ζ) = tIJ [ζ ]ZK(ζ), (3.3)

where the contours Γ>
0 ,Γ

<
0 encircle the origin clockwise with |z| > |ζ |, |z| < |ζ | respectively,

and Γζ encircles ζ but not the origin. Also

[QI
0 J , Y

K(ζ)} = tIJ [ζ ]Y
K(ζ) = δKJ Y

I(ζ)−
1

8
(−1)I+KδIJY

K(ζ)−
1

8
δIJY

K(ζ). (3.4)

(3.3),(3.4) correspond to infinitesimal field transformations that leave the twistor string

world sheet action invariant, and are generated by the super commutator of the Noether

charge with the field.

Similarly, for any field V (ζ) ≡ V (Z(ζ), Y (ζ)) that is a function of ZK(ζ) and or Y K(ζ),

such as the vertex operators, the operator product with the ordinary current is

JI
0J(z)V (ζ) ∼ (z − ζ)−1 tIJ [ζ ] V (ζ) , (3.5)

From (3.2), it follows that

[ tIJ [ζ ], t
K
L[ζ ] } = f I K N

J LM tMN [ζ ],

where the structure constants f I K N
J LM are given (B.1). The charge acts

[QI
0 J , V (ζ)} = tIJ [ζ ] V (ζ) , (3.6)

and on a product of fields as

[QI
0 J , V1(ζ1)V2(ζ2)}

= [QI
0 J , V1(Z(ζ1))} V2(Z(ζ2)) + (−1)(I+J)deg(V1)V1(Z(ζ1)) [QI

0 J , V2(Z(ζ2))}

= tIJ [ζ1]V1(ζ1) V2(ζ2) + (−1)(I+J)deg(V1)V1(ζ1) t
I
J [ζ2]V2(ζ2). (3.7)
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This can be written as the standard Lie superalgebra comultiplication,

∆QI
0 J = QI

0 J ⊗ 1 + (−1)(I+J)F ⊗QI
0 J , (3.8)

which instructs one how to build the action of the charge on two fields from knowledge

of the action of the charge on a single field, etc. The operator F is the fermion number

operator. Clearly the standard comultiplication follows from the fact that the action of

the charge on a single site is given by a commutator as in (3.6).

3.2 Action of 0rdinary Charges on the Tree Amplitudes

It follows directly that the psl(4|4) symmetry charges annihilate the tree amplitudes, as

we now show. The charges, which can be expressed in term of the modes as

QI
0 J =

∑

n

Y I
−nZJ n −

1

8
(−1)I+EδIJ

∑

n

Y E
−nZE n −

1

8
δIJ

∑

n

Y E
−nZE n, (3.9)

annihilate the vacuum,

QI
0 J |0〉, 〈0|(QI

0 J)
† = ±〈0|QI

0 J = 0, (3.10)

since the modes Y I
n , Z

I
n satisfy the vacuum conditions [52]

Y I
n |0〉 = 0, n ≥ 0, ZI

n|0〉 = 0, n ≥ 1, (3.11)

where Z(z) =
∑
Znz

−n, and Y (z) =
∑

n Ynz
−n−1, and the hermiticity conditions are

(ZJ n)
† = ZJ −n, (Y I

n )
† = −(−1)IY I

−n. (3.12)

This is in contrast to the U(1)R charge which does not annihilate the vacuum.

The tree amplitudes in twistor string theory are given by

Atree
n =

∫
〈0|edq0V1(z1)V2(z2) . . . Vn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS (3.13)

where dγM is the invariant measure on the Möbius group, dγS is the invariant measure

on the group of scale transformations, d is the instanton number which is equal to one
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less than the number of negative helicities, q0 =
∑8

I=1 q
I
0 the sum of the zero modes of

XI relevant for bosonizing Y I(z), ZJ(z); and the homogeneous conformal fields Vi(zi) are

the vertex operators of the gluon or graviton supermultiplets [3, 52, 59].

Under a charge Q0, the vertex operators transform as

V (z) → V ′(z) = eρQ0V (z)e−ρQ0 ≃ V (z) + ρ[Q0, V (z)] + Ø(ρ2). (3.14)

The psl(4|4) charges Q0 commute with edq0 ,

[Q0, e
dq0] = 0, (3.15)

since the modes satisfy

Y I
n−de

dq0 = edq0Y I
n , ZI

n+de
dq0 = edq0ZI

n for 1 ≤ I ≤ 8. (3.16)

Therefore the tree amplitudes are invariant under the symmetry transformations,

Atree
n =

∫
〈0|edq0V ′

1(z1)V
′
2(z2) . . . V

′
n(zn)|0〉

n∏

r=1

dzr

/
dγMdγS

=

∫
〈0|edq0eρQ0V1(z1)V2(z2) . . . Vn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS

=

∫
〈0|edq0V1(z1)V2(z2) . . . Vn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS (3.17)

from (3.9), (3.14), (3.15). Thus working to first order in ρ, we see that the charges Q0

annihilate the tree amplitudes,

∫
〈0|edq0Q0V1(z1)V2(z2) . . . Vn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS = 0. (3.18)

Furthermore we can evaluate the action of the charges on the amplitude as follows.

For simplicity, we consider the gluon tree amplitudes. The vertices for the negative and
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positive helicity gluons are

V A
− (z) =

∫
dkk3

2∏

a=1

δ(kλa(z)− πa)eikµ
ȧ(z)π̄ȧJA(z)ψ1(z)ψ2(z)ψ3(z)ψ4(z),

V A
+ (z) =

∫
dk

k

2∏

a=1

δ(kλa(z)− πa)eikµ
ȧ(z)π̄ȧJA(z). (3.19)

These are functions of ZJ(z), whose components are labeled as ZI = (λa, µȧ, ψ1, ψ2, ψ3, ψ4).

As an example, consider the action of the momentum operator on the vertices,

[p ȧ
a , V

A
± (z)] = tȧa[z] V

A
± (z) = −λa(z)

∂

∂µȧ(z)
V A
± (z) = ikπ̄ȧλa(z) V

A
± (z)

= iπaπ̄
ȧ V A

± (z). (3.20)

Then from (3.18),

∫
〈0|edq0p ȧ

a V1(z1)V2(z2) . . . Vn(zn)|0〉
n∏

r=1

dzr

/
dγMdγS

=

∫
〈0|edq0V1(z1) . . .

n∑

r=1

[p ȧ
a , Vr(zr)] . . . . . . Vn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS

= i

(
n∑

r=1

πraπ̄
ȧ
r

) ∫
〈0|edq0V1(z1)V2(z2) . . . Vn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS

= 0, (3.21)

which is momentum conservation.

If we Fourier transform the gluon vertex operators from π̄ȧ back to ωȧ which is a twistor

space coordinate, and introduce the superspace coordinate θM to include all fields in the

gluon supermultiplet, they become the wavefunction for the world sheet fields ZI(z) to

be at a point Z ′I = (πa, ωȧ, θM) in super twistor space,

WA(z) =

∫ 2∏

a=1

δ(kλa(z)− πa)δ(kµȧ(z)− ωȧ)

4∏

M=1

(kψM(z)− θM)
dk

k
JA(z). (3.22)
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See for example [52]. Then the action of the charges on WA is

[QI
0 J ,W

A(z)] = tIJ [z] W
A(z) = t′

I
J W

A(z) (3.23)

where t′IJ is now expressed in terms of points in twistor space rather than world sheet

fields,

t′
I
J ≡ −(−1)IJ+I Z ′

J

∂

∂Z ′
I

+
1

8
δIJ(−1)I+EZ ′

E

∂

∂Z ′
E

+
1

8
δIJZ

′
E

∂

∂Z ′
E

. (3.24)

So if we consider the superspace tree amplitude, that is the tree constructed with vertices

(3.22), then the psl(4|4) charges act as

∫
〈0|edq0QI

0 JW1(z1)W2(z2) . . .Wn(zn)|0〉
n∏

r=1

dzr

/
dγMdγS

=

∫
〈0|edq0W1(z1) . . .

n∑

r=1

[QI
0 J ,Wr(zr)] . . . . . .Wn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS

=
n∑

r=1

t′
I
rJ

∫
〈0|edq0W1(z1)W2(z2) . . .Wn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS,

= 0, (3.25)

which is zero because the charge annihilates the vacuum as in (3.18). A similar formula

for the gauge field theory appears in [47]. Indeed the transformation on generators t′IrJ ,

−(−1)IJ+IZ ′
rJ

∂

∂Z ′
rI

→ Z ′I
r

∂

∂Z ′J
r

(3.26)

(with trace and supertrace removed) leaves the psl(4|4) commutation relations invariant,

and is the transformation of a matrix M I
J , M → −(M)supertranspose which is an outer

automorphism of the superalgebra psl(4|4).

13



Note that the tree amplitude Mn(π
a, ωȧ, θM) is the Fourier transform of Mn(π

a, πȧ, ηM),

Mn(π
a, ωȧ, θM) ≡

∫
〈0|edq0WA1(z1)W

A2(z2) . . .W
An(zn)|0〉

n∏

r=1

dzr

/
dγMdγS

=

∫ n∏

r=1

2∏

ȧ=1

4∏

M=1

dηrMdπrȧe
−iωȧ

rπrȧeθ
M
r ηrMMn(π

a, πȧ, ηM), (3.27)

where Mn(π
a, πȧ, ηM) is of Grassmann degree 4(d + 1) and is expressed in terms of

some of the conjugate twistor space points W ′
I = (ω̄a, πȧ, ηM), e.g., for MHV trees

MMHV
n (πa, πȧ, ηM) = δ4(

∑n
r=1 π

a
rπrȧ)δ

8(
∑n

r=1 π
a
rηrM) fA1...An

〈12〉...〈n1〉
.

4 Non-local Noether currents and charges

In this section we compute non-local currents whose associated charges will also annihilate

the scattering amplitudes. We show how these charges have the same comultiplication

rules as the level one generators of the Yangian superalgebra of psl(4|4). In order to

realize the coproduct of the Yangian, which is a Hopf algebra, it will be necessary to

define currents in terms of a field that is not local with respect to the conformal fields

[50], [51]. We introduce the non-local field χI
J(z),

χI
J(z) ≡

∫ z

P

dwJI
0 J(w), (4.1)

which not only is defined as an integral over a local field, but also is not local with respect

to local fields, e.g.

(−1)R(I+J) ZR(ζ) χ
I
J(z)

∼= χI
J(z) ZR(ζ) + 2πi [QI

0 J , ZR(ζ)}, (4.2)

where the left hand side of (4.2) is defined for |ζ | > |z|, |ζ | > |P |, the right hand side is

defined for |z| > |ζ |, |P | > |ζ | for an arbitrary point P , and the equality ∼= is meant in

the sense of analytic continuation, see Figure 2.

The operator product of χI
J(z) with ZR(ζ) is

χI
J(z) ZR(ζ) ∼

∫ z

P

dw(w − ζ)−1 t IJ [ζ ]ZR(ζ) = ln
(z − ζ)

(P − ζ)
t IJ [ζ ]ZR(ζ). (4.3)
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w-plane

z

z

ξ

Cw2

Cw1

Figure 2: The integral that defines χI
J is along Cw1

for the right-hand side of (4.2) and
along Cw2

for the left-hand side.

We define the non-local currents JM
1 N(z) by

JM
1 N (z) = fM L J

NK I

∫ z

P

dwJI
0 J(w) J

K
0 L(z) = fM L J

NK I χI
J(z) J

K
0 L(z). (4.4)

It is not necessary to normal order because the singular terms vanish due to the properties

of the structure constants. The JM
1N (z) are not local with respect to the fields,

(−1)R(M+N) ZR(ζ) J
M
1 N(z)

∼=JM
1 N(z) ZR(ζ)+

+ fM L J
NK I (−1)R(K+L) 2πi [QI

0 J , ZR(ζ)} J
K
0 L(z). (4.5)
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The operator product with fields ZR(ζ) is

JM
1 N(z) ZR(ζ) ∼ (z − ζ)−1 fM L J

NK I : χI
J(ζ) t

K
L [ζ ]ZR(ζ) :

+ ln
(z − ζ)

(P − ζ)
fM L J

NK I (−1)(I+J)(K+L) : JK
0 L(z) t IJ [ζ ]ZR(ζ) : . (4.6)

The action of the non-local charge on the field ZR(ζ), is

QM
1 N (ZR(ζ)) =

∮

Cζ

dzJM
1 N(z) ZR(ζ) = 2 fM L J

NK I : χI
J(ζ) t

K
L [ζ ]ZR(ζ) :, (4.7)

where the cut for the logarithim extends from ζ passing through the point P , and the

contour Cζ starts just above P , circles around ζ and stops just below P . See Figure 3.

PSfrag replacements

PP

Cζ

z-plane

ζ

Figure 3: The contour Cζ starts just above P , circles around ζ and stops just below P .

To derive (4.7) we have used
∮
Cζ
dzf(z) ln (z−ζ)

(P−ζ)
= −

∫ ζ

P
dwf(w), for any f(w) analytic

on and inside the contour Cζ [50].

The expression (4.7) is the infinitesimal transformation on the field ZR(ζ) generated by

the non-local charge [51]. It is not merely [QM
1 N , ZR(ζ)} due to the lack of locality in

16



(4.2),

QM
1 N (ZR(ζ)) = [QM

1 N , ZR(ζ)}+ fM L J
NK I (−1)R(K+L) 2πi [Q̃I

0 J , ZR(ζ)} Q
K
0 L. (4.8)

This mismatch of the commutator and the infinitesimal field tranformation follows from

QM
1 N ZR(ζ) =

∮

C1:|z|>|ζ|,|P |>|ζ|

dz JM
1N (z) ZR(ζ),

(−1)R(M+N) ZR(ζ) Q
M
1 N =

∮

C2:|ζ|>|z|,|ζ|>|P |

dz (−1)R(M+N ZR(ζ) J
M
1 N(z)

=

∮

C2:|ζ|>|z|,|ζ|>|P |

dz JM
1 N(z)ZR(ζ) + fM L J

NK I (−1)R(K+L) 2πi [QI
0 J , ZR(ζ)} Q

K
0 L, (4.9)

so that

[QM
1 N , ZR(ζ)} =

∮

Cζ≡C1−C2

dzJM
1 N(z) ZR(ζ)

− fM L J
NK I (−1)R(K+L) 2πi [QI

0 J , ZR(ζ)} Q
K
0 L, (4.10)

which is (4.8).

Therefore the operator product of the non-local current with any field V (Z(ζ)) that is a

function of ZR(ζ), such as the gluon vertex operator, is

JM
1 N(z) V (Z(ζ)) ∼ (z − ζ)−1 fM L J

NK I : χI
J(ζ) t

K
L [ζ ]V (Z(ζ)) :

+ ln
(z − ζ)

(P − ζ)
fM L J

NK I (−1)(I+J)(K+L) : JK
0 L(z) t IJ [Z(ζ)]V (Z(ζ)) : .

(4.11)

The action of the first level Yangian charge on the field V (Z(ζ)), is

QM
1 N (V (Z(ζ))) =

∮

Cζ

dzJM
1 N (z) V (Z(ζ))

= 2 f̃M L J
NK I : χI

J(ζ) t
K
L [ζ ]V (Z(ζ)) : (4.12)
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For simplicity, we consider a bosonic vertex operator V (Z(ζ)), where

V (Z(ζ)) χI
J(z)

∼= χI
J(z) V (Z(ζ)) + 2πi [QI

0 J , V (Z(ζ))], (4.13)

V (Z(ζ)) JM
1 N(z)

∼= JM
1 N(z) V (Z(ζ)) + fM L J

NK I 2πi [QI
0 J , V ((ζ))] J

K
0 L(z), (4.14)

QM
1 N (V (Z(ζ))) = [QM

1 N , V (Z(ζ))] + fM L J
NK I 2πi [Q̃I

0 J , V (Z(ζ))] QK
0 L. (4.15)

Since the infinitesimal transformation (4.7) is not a simple (anti)commutator (4.8), the

action of the non-local charge on a product of fields will not be as simple as for the

ordinary generators (3.8), and leads to the Hopf superalgebra coproduct.

Comultiplication

The action of the non-local charge on two fields is

QM
1 N

(
V1(Z(ζ1)) V2(Z(ζ2))

)
=

∮

Cζ1,ζ2

dz JM
1 N(z) V1(Z(ζ1)) V2(Z(ζ2)), (4.16)

where the contour Cζ1,ζ2 starts at P above both cuts (cut from ζ1 to P , and cut from ζ2

to P ), encircles both ζ1, ζ2 and stops below both cuts at P , see Figure 4. For simplicity,

PSfrag replacements

P

ζ1 ζ2

Figure 4: The contour Cζ1,ζ2 starts at P above both cuts (cut from ζ1 to P , and cut from
ζ2 to P ), encircles both ζ1, ζ2 and stops below both cuts at P .
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we take both fields V1 and V2 to be bosonic. We have for |z|, |P | > |ζ1|, |ζ2|

JM
1 N(z) V1(Z(ζ1)) V2(Z(ζ2)) = fM L J

NK I χI
0 J(z) J

K
0 L(z) V1(Z(ζ1)) V2(Z(ζ2)) , (4.17)

and for |ζ1|, |ζ2| > |z|, |P |

V1(Z(ζ1)) V2(Z(ζ2)) J
M
1 N(z) = fM L J

NK I χI
0 J(z) J

K
0 L(z) V1(Z(ζ1)) V2(Z(ζ2)),

− fM L J
NK I 2πi [QI

0 J , V (Z(ζ1))] V (Z(ζ2)) J
K
0 L(z)

− fM L J
NK I V1(Z(ζ1)) 2πi [Q

I
0 J , V2(Z(ζ2))] J

K
0 L(z), (4.18)

using (4.13) twice. Then

[QM
1 N , V1(Z(ζ1)) V2(Z(ζ2))] =

∮

Cζ1,ζ2

dz JM
1 N(z) V1(Z(ζ1)) V2(Z(ζ2))

− fM L J
NK I 2πi [QI

0 J , V1(Z(ζ1))] V2(Z(ζ2)) Q
K
0 L

− fM L J
NK I V1(Z(ζ1)) 2πi [Q

I
0 J , V2(Z(ζ2))] Q

K
0 L, (4.19)

So from (4.16),

QM
1 N

(
V1(Z(ζ1)) V2(Z(ζ2))

)
= [QM

1 N , V1(Z(ζ1)) V2(Z(ζ2))]

+ fM L J
NK I 2πi [QI

0 J , V1(Z(ζ1))] Q
K
0 L V2(Z(ζ2))

− fM L J
NK I 2πi [QI

0 J , V1(Z(ζ1))] [Q
K
0 L, V2(Z(ζ2))]

+ fM L J
NK I V1(Z(ζ1)) 2πi [Q

I
0 J , V2(Z(ζ2))] Q

K
0 L

= QM
1 N

(
V1(Z(ζ1))

)
V2(Z(ζ2)) + V1(Z(ζ1)) Q

M
1 N

(
V2(Z(ζ2))

)

− fM L J
NK I 2πi QI

0 J

(
V1(Z(ζ1))

)
QK

0 L

(
V2(Z(ζ2))

)
, (4.20)

which can be written as the Hopf algebra comultiplication,

∆QM
1 N = QM

1 N ⊗ 1 + (−1)(M+N)F ⊗QM
1 N − 2πi fM L J

NK I QI
0 J ⊗QK

0 L. (4.21)
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We can reexpress the action of the non-local charge on the product of two fields as

QM
1 N

(
V (Z(ζ1)) V (Z(ζ2))

)
= [QM

1 N , V (Z(ζ1)) V (Z(ζ2))]

+ 2πifM L J
NK I [QI

0 J , V (Z(ζ1)) V (Z(ζ2))] Q
K
0 L, (4.22)

and will use this form to demonstrate how these non-local charges annihilate the tree

amplitudes.

5 More symmetry in the open twistor string

We consider the action of the non-local charges on the tree amplitudes. We show that the

non-local charges annihilate the super gluon amplitudes of the open twistor string, and

hence give rise to interesting Ward identities which we compare with N = 4 Yang Mills

field theory.

The non-local charges formally annihilate the vacuum using (3.11),

QM
1 N |0〉, 〈0|(QM

1N)
† = ±〈0|QM

1 N , [QM
1N , e

dq0] = 0. (5.1)

In analogy with the ordinary PSL(4|4) case, we consider the action of the non-local charge

on the tree amplitude using (4.22),

∫
〈0|edq0QM

1 N

(
W1(z1)W2(z2) . . .Wn(zn)

)
|0〉

n∏

r=1

dzr

/
dγMdγS

=

∫
〈0|edq0[QI

M N ,W1(z1)W2(z2) . . .Wn(zn)]|0〉
n∏

r=1

dzr

/
dγMdγS

+

∫
〈0|edq0fM L J

N K I 2πi [QI
0 J ,W1(z1)W2(z2) . . .Wn(zn)] Q

K
0 L|0〉

n∏

r=1

dzr

/
dγMdγS

= 0, (5.2)

where we have suppressed the group index. To display the action of the non-local charge
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on the amplitudes, we compute (5.2) directly, defining

W (z1, . . . , zn) ≡ 〈0|edq0
(
W1(Z(z1)) . . .Wn(Z(zn))

)
|0〉. (5.3)

We use (4.20) to express (5.2),

∫
〈0|edq0QM

1 N

(
W1(z1)W2(z2) . . .Wn(zn)

)
|0〉

n∏

r=1

dzr

/
dγMdγS

=

∫
〈0|edq0

n∑

j=1

W1(z1) . . .Q
I
1 J

(
Wj(zj)

)
. . .Wn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS

−

∫
〈0|edq0 2πi fM L J

NK I

∑

1≤i<j≤n

W1(z1) . . .Wi−1(zi−1) Q
I
0 J

(
Wi(zi)

)
Wi+1(zi+1) . . .

×Wj−1(zj−1)Q
K
0 L

(
Wj(zj)

)
Wj+1(zj+1 . . .Wn(zn)|0〉

n∏

r=1

dzr

/
dγMdγS

= −2fM L J
NK I

∑

1≤i<j≤n

t′Ii J t
′K
j L

∫ (
ln

(zi − zj)

(P − zj)
− ln

(zj − zi)

(P − zi)

)
W (z1, . . . , zn)

n∏

r=1

dzr

/
dγMdγS

+ (2πi) fM L J
NK I

∑

1≤i<j≤n

t′Ii J t
′K
j L

∫
W (z1, . . . , zn)

n∏

r=1

dzr

/
dγMdγS

(5.4)

where we have replaced the tIiJ [zi] which appear in evaluating the operator products, by

t′IiJ defined in (3.24), since the vertex operators W (z) are delta functions given in (3.22).

To show the independence of P , we write (5.4) as

− 2fM L J
NK I

∑

1≤i<j≤n

t′Ii J t
′K
j L

∫ (
ln

(zi − zj)

(zj − zi)
− ln

(P − zj)

(P − zi)

)
W (z1, . . . , zn)

n∏

r=1

dzr

/
dγMdγS

+ 2πi fM L J
NK I

∑

1≤i<j≤n

t′Ii J t
′K
j L

∫
W (z1, . . . , zn)

n∏

r=1

dzr

/
dγMdγS,

(5.5)
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where the P -dependent part is evaluated as

fM L J
NK I

∑

1≤i<j≤n

t′Ii J t
′K
j L ln

(P − zj)

(P − zi)
W (z1, . . . , zn)

= − ln(P − z1) f
M L J
NK I t′I1 J

n∑

j=2

t′Kj LW (z1, . . . , zn)

+
n−1∑

ℓ=2

ln(P − zℓ) f
M L J
NK I

( ℓ−1∑

i=1

t′Ii J t
′K
ℓ L − t′Iℓ J

n∑

j=ℓ+1

t′Kj L

)
W (z1, . . . , zn)

+ ln(P − zn) f
M L J
NK I

n−1∑

i=1

t′Ii J t
′K
n LW (z1, . . . , zn). (5.6)

We use that the ordinary symmetry annihilates the integrand of the amplitude (3.25),

and

fM L J
NK I

(
t′Ii J t

′K
j L + t′Ij J t

′K
i L

)
= 0 for i 6= j, (5.7)

and for each i,

fM L J
NK I

(
t′Ii J t

′K
i L

)
=

1

2
fM L J

NK I f I K S
J LR t′Ri S = 0, (5.8)

since the Killing form (B.2) vanishes. Then (5.6) becomes

= ln(P − z1) f
M L J
NK I t′I1 Jt

′K
1 LW (z1, . . . , zn)

+

n−1∑

ℓ=2

ln(P − zℓ) f
M L J
NK I

( ℓ−1∑

i=1

t′Ii J t
′K
ℓ L + t′Iℓ J t

′K
ℓ L + t′Iℓ J

ℓ−1∑

j=1

t′Kj L

)
W (z1, . . . , zn)

+ ln(P − zn) f
M L J
NK I

n−1∑

i=1

t′Ii J t
′K
n LW (z1, . . . , zn)

= 0, (5.9)

Therefore the P dependent part of (5.5) vanishes, and using ln
(zi−zj)

(zj−zi)
= ln(−1) = πi+2πip
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for any integer p, we find (5.4) leads to

∫
〈0|edq0QI

1 J

(
W1(z1) . . .Wn(zn)

)
|0〉

n∏

r=1

dzr

/
dγMdγS

= −4πip fM L J
NK I

∑

1≤i<j≤n

t′Ii J t
′K
j L

∫
〈0|edq0 W1(Z(z1)) . . . Wn(Z(zn) |0〉

n∏

r=1

dzr

/
dγMdγS

= 0, (5.10)

for arbitrary integer p, so along with the ordinary symmetries (3.25), we have

fM L J
NK I

∑

1≤i<j≤n

t′Ii J t
′K
j L

∫
〈0|edq0 W1(Z(z1)) . . .Wn(Z(zn) |0〉

n∏

r=1

dzr

/
dγMdγS = 0,

(5.11)

which reflects the non-local symmetry of the tree amplitudes of the twistor string. We

note that up to central terms that separately annihilate the amplitudes, a similar formula

appears in [47]-[49] as the first level Yangian generators acting on gauge theory amplitudes.

6 PSL(4|4) Yangian superalgebra symmetry

In this section, we show how the open twistor string carries a realization of the Yangian of

psl(4|4). This realization will be independent of P , and is inspired from the observation

that the Ward identities for the non-local charges are independent of P , (5.11).

Let us start by computing the OPE of our non-local currents (4.4) with the Virasoro field

(2.10),

LY Z(z)J
M
1 N(ζ) =

JM
1 N(ζ)

(z − ζ)2
+
∂JM

1 N(ζ)

(z − ζ)
+ fM L J

NK I

JI
0 J(P ) J

K
0 L(w)

(z − P )
. (6.1)

Hence, the non-local current is a Virasoro primary only in the limit P → ∞. Note that

taking this limit does not commute with the integrals we take. But we take it as a hint

for a P-indendent representation of the Yangian.

We keep the action of the level zero charges as before and choose the level one generators
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to act trivially on a single field

QM
1 N

(
V (z)

)
= 0 , (6.2)

while the action of QM
1 N on products of fields is defined by the Yangian comultiplication

(4.21), so that on a product of two fields,

QM
1 N

(
V (z1)V (z2)

)
= −2πi fM L J

NK I QI
0 J

(
V (z1)

)
⊗QK

0 L

(
V (z2)

)
. (6.3)

The crucial observation is that this representation of the Yangian also provides a symmetry

of the super gluon amplitudes of the open twistor string, as can be seen by (5.11).

We prove that the tree level representation in terms of twistor string fields for the PSL(4|4)

charges (2.15), (2.16), (3.8), and the level one charges, (6.2), (6.3), (4.21), is consistent

with the Serre relation, because it satisfies a useful criterion [24] as we now show.

Serre relation and the useful criterion

The Serre relation for the Yangian of psl(4|4) can be written as

fM R L
N SK [QI

1 J , Q
K
1 L}+ (−1)(I+J)(M+N+R+S) fR I L

S J K [QM
1 N , Q

K
1 L}+

+ (−1)(R+S)(I+J+M+N) f I M L
J N K [QR

1 S, Q
K
1 L} =

= h(−1)(C+D)(K+L)+(G+H)(U+V )+G+H ×

× f
I D Q
JC P f M F L

NE K fR G V
S H U fC E H

D F G

{
QP

0 Q Q
K
0 L Q

U
0 V

]
, (6.4)

where
{
. . .
]
is the graded totally symmetrized product and h is a constant that depends

on the normalization.

It is sufficient to check the Serre relation acting on one field, since then the coproduct

(4.21) assures the relation for all higher sites. Clearly the left-hand side of (6.4) vanishes

for one field from (6.2).

We show in appendix D that the right-hand side of the Serre relation acting on one field

also vanishes, using the fact that our representation for the gl(4|4) charge Q̃I
0 J on a single
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field,

[Q̃I
0 J , V (Z(ζ))] = [

∮
dz : Y I(z)ZJ(z) :, V (Z(ζ))]

=
(
− (−1)IJ+I

(
ZJ(ζ)

∂

∂ZI(ζ)

)
+ Y I(ζ)

∂

∂Y J(ζ)

)
V (Z(ζ)) ≡ t̃IJ [ζ ] V (Z(ζ)),

(6.5)

satisfies a useful criterion [24]:

(−1)EQ̃M
0 E Q̃

E
0 J

(
V (Z(ζ)

)
= Q̃M

0 J

(
V (Z(ζ)

)
. (6.6)

Here we consider V (Z(z) as a homogeneous function ZE(z)
∂

∂ZE(z)
V (Z(z)) = 0 which

describes conformal fields V (z) such as the vertex operators W (z). This will simplify our

discussion, although is not necessary since the central terms we drop would cancel in what

follows. To derive (6.6),

(−1)EQ̃M
0 E Q̃

E
0 J

(
V (Z(ζ)

)
= (−1)E t̃M0 E t̃

E
0 J V (Z(ζ)

= (−1)ME+M+EJZE(ζ)
∂

∂ZM(ζ)

(
ZJ(ζ)

∂

∂ZE(ζ)
V (Z(ζ))

)

= (−1)M+EJ+MJZE(ζ)ZJ(ζ)
∂

∂ZE(ζ)

∂

∂ZM (ζ)
V (Z(ζ) = −(−1)M+MJZJ(ζ)

∂

∂ZM (ζ)
V (Z(ζ)

= Q̃M
0 J

(
V (Z(ζ)

)
. (6.7)

From (6.2) and (4.21) we also have that

[QI
0 J , Q

K
1 L} = f I K S

J LR QR
1 S, (6.8)

acting on gauge invariant states. Therefore with the proof of (6.4) in appendix E, the

Yangian symmetry algebra now follows from the defining relations (2.20), (6.8) and (6.4).
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A Some super analysis

We provide some properties of Lie superalgebras and Lie supergroups we use in our

analysis. A good reference for Lie supergroups is [60], in this appendix we use the notation

of [54].

A.1 The Lie superalgebra psl(N|N)

The Lie superalgebra sl(N|N) can be represented by matrices (T )IJ =

(
M1 M2

M3 M4

)
,

with Str (T) ≡ TrM1 - Tr M4 = 0. This superalgebra possesses a one-dimensional

ideal generated by the identity matrix. The quotient of sl(N|N) by this ideal is the Lie

superalgebra psl(N|N). It is convenient to work with the Lie superalgebra sl(N|N), we

simply have to remember that we divided out the central element.

We define the psl(4|4) structure constants by

[T a, T b} = fab
c T

c = fabcgcdT
d , (A.1)

where the brackets denote either commutators or anticommutators. There is an invariant,

nondegenerate metric gab that is used to raise and lower indices, gab = 1

2
Str T aT b and

gab = 1

2
Str T bT a. The structure constants fabc are totally antisymmetric with an additional

minus sign under the interchange of two odd nearest neighbor indices.

It can be useful to rewrite the single index superalgebra generators Ja with a double index

as (EAB)IJ = δAIδBJ , where

[EAB, ECD] = δCBEAD − δADECB,

[EAB, ECD} = δCBEAD − (−1) (deg EAB) (deg ECD)δADECB,
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where deg EAB is 0 for bosonic generators, and 1 for fermionic generators.

A.2 Lie supergroups

The Lie supergroup is a Lie group over a Grassmann ring and it is obtained by exponen-

tiating the Grassmannn envelope of the Lie superalgebra. An element of the Grassmann

envelope has the following form

ρ = ρaT
a (A.2)

where the ρa are Grassmann-even when T a is bosonic and Grassmann-odd when T a is

fermionic. Hermitian conjugation is complex conjugation of the transpose in the bosonic

case. For matrices generating a Lie superalgebra, it is super complex conjugation of the

supertranspose,

ρ‡ = ρ̄a(T
a
)st,

where the bar is ordinary complex conjugation for bosons, and satisfies1

cθ = c̄θ̄, ¯̄θ = −θ, θ1θ2 = θ̄1θ̄2,

for any Grassmann elements θ, θi and any complex number c. The supertranspose of T is

defined

(
M1 M2

M3 M4

)st

=

(
M t −M t

3

M t
2 M t

4

)

so that (TS)st = SstT st.

B Structure constants and their properties

The psl(4|4) structure constants are given by

f I K N
J LM = δKJ δ

N
L δ

I
M − (−1)(I+J)(K+L) δNJ δ

I
Lδ

K
M +

1

8
((−1)L − (−1)K)(−1)IδIJδ

N
L δ

K
M

−
1

8
((−1)J − (−1)I)(−1)K δNJ δ

K
L δ

I
M −

1

8

(
1− (−1)I+J

)
δIL δ

K
J δNM . (B.1)

1Lifting complex conjugation to the ring of Grassmann numbers is not unique. Our choice ensures
that the adjoint operation for Lie supergroups is involutive.
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These have vanishing Killing form

fM L J
NK I f I K S

J LR = 0, (B.2)

and are traceless and supertraceless in all indices,

δJI f I K N
J L M = 0, (−1)JδJI f I K N

J L M = 0, f I K N
J L M δMN = 0, f I K N

J L M (−1)MδMN = 0,

(B.3)

as well as totally anti supersymmetric in any pair of indices, for eg.

f I K N
J L M = −(−1)(I+J)(K+L)fK I N

L J M .

They satisfy the Jacobi identity

f I K S
J LR fR W V

S X U + fK W S
L X R fR I V

S J U (−1)(I+J)(R+S) + fW I S
X J R fR K V

S LU (−1)(W+X)(I+J+K+L) = 0.

(B.4)

The inverted structure constants are

fM L J
NK I = (−1)K

(
δLNδ

M
I δ

J
K − (−1)(M+N)(M+I)δMK δ

L
I δ

J
N

)

+
1

8
(1− (−1)I+J)(−1)MδMN δ

L
I δ

J
K +

1

8
((−1)I − (−1)J)δJNδ

L
Kδ

M
I

+
1

8

(
(−1)N − (−1)M

)
δMK δ

L
Nδ

J
I . (B.5)

We ‘raise’ and ‘lower’ the index pairs on the structure constants by

gA C
B D = (−1)AδAD δ

C
B , (g−1) B D

A C = (−1)BδDA δ
B
C , (B.6)

fM L J
NK I = fM P J

N Q I (g−1) Q L
P K = fM P J

N Q I (−1)QδQK δ
L
P ,

fM P J
N Q I = fM L J

NK I gK P
L Q = fM L J

NK I (−1)KδPL δ
K
Q . (B.7)
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C Real form psl(4|4)

The Noether charge generators of the real form psl(4|4) can be written as

p ȧ
a = Qȧ

0 a = −

∮
dz Y ȧ(z)Za(z),

kaȧ = Qa
0 ȧ = −

∮
dz Y a(z)Zȧ(z),

ma
b = Qa

0 b = −

∮
dz

1

2
(Yb(z)Z

a(z) + Y a(z)Zb(z))

= −

∮
dz (Y a(z)Zb(z)− 1

2
δabY

c(z)Zc(z))

m̃ȧ

ḃ
= Qȧ

0 ḃ
= −

∮
dz

1

2
(Yḃ(z)Z

ȧ(z) + Y ȧ(z)Zḃ(z))

= −

∮
dz
(
Y ȧ(z)Zḃ(z)−

1

2
δȧ
ḃ
Y ċ(z)Zċ(z)

)
,

d = Q
(d)
0 = −

∮
dz

1

2
(Y a(z)Za(z)− Y ȧ(z)Zȧ(z)),

rAB = QA
0 B = −

∮
dz (Y A(z)ZB(z)− 1

4
δAB Y

C(z)ZC(z)),

q A
a = QA

0 a =

∮
dz Y A(z)Za(z),

q̃ȧA = Qȧ
0 A = −

∮
dz Y ȧ(z)ZA(z),

saA = Qa
0 A = −

∮
dz Y a(z)ZA(z),

s̃Aȧ = QA
0 ȧ =

∮
dz Y A(z)Zȧ(z), (C.1)

where I = a, ȧ, A, so 1 ≤ a, ȧ ≤ 2 and 1 ≤ A ≤ 4. All the generators in (C.1) are

antihermitian, except for q A
a and s̃Aȧ, which are hermitian.
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The commutation relations for the generators (C.1) satisfy the real form psl(4|4),

[ma
b, Jc] = δacJb −

1

2
δabJc, [ma

b, J
c] = −δcbJ

a + 1

2
δabJ

c,

[m̃ȧ

ḃ
, Jċ] = δȧċJḃ −

1

2
δȧ
ḃ
Jċ, [m̃ȧ

ḃ
, J ċ] = −δċ

ḃ
J ȧ + 1

2
δȧ
ḃ
J ċ,

[rAB, JC ] = δACJB − 1

4
δABJC , [rAB, J

C ] = −δCBJ
A + 1

4
δABJ

C ,

[saA, p
ḃ
b ] = δab q̃

ḃ
A, [kaȧ, q̃

ḃ
C ] = −δḃȧs

a
C ⇒ [kaȧ, q̃ḃC ] = δȧ

ḃ
saC ,

[s̃Aȧ, p
ḃ
b ] = −δḃȧq

A
b ⇒ [s̃Aȧ, pbḃ] = δȧ

ḃ
qAb, [kaȧ, q

B
b ] = δab s̃

B
ȧ,

{q̃ȧA, q
B
b} = δBAp

ȧ
b , {s̃Aȧ, s

b
B} = δABk

b
ȧ,

[kaȧ, p
ḃ

ḃ
] = −δḃȧm

a
b + δabm

ḃ
ȧ − δḃȧδ

a
b d ⇒ [kaȧ, pbḃ] = δȧ

ḃ
ma

b + δab m̃
ȧ

ḃ
+ δḃȧδ

a
b d,

{saA, q
B

b } = δBAm
a
b + δab r

B
A + 1

2
δab δ

B
A(d− C),

{s̃Aȧ, q̃
ḃ
B} = δABm̃

ḃ
ȧ − δḃȧr

A
B + 1

2
δABδ

ḃ
ȧ(d+ C),

[d, J ] = dimJ, [C, J ] = 0, (C.2)

where the central generator C ≡ 1

2

∮
dzY I(z)ZI(z) acts as zero on gauge invariant states.

We raise and lower the bosonic indices as Za = ǫabZb, Za = ǫabZ
b, and Z ȧ = ǫȧḃZḃ,

Zȧ = ǫȧḃZ
ḃ, with ǫ12 = 1 = −ǫ21, ǫ12 = −1 = −ǫ21 for both the dotted and undotted

indices.
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D Vanishing of the right-hand side of the Serre relation (6.4) on one field

We evaluate the right hand side of the Serre relation first for gl(4|4),

(−1)(C+D)(K+L)+(G+H)(U+V )+G+H f̃
I D Q
JC P f̃ M F L

NE K f̃R G V
S H U f̃C E H

D F G

{
Q̃P

0 Q Q̃K
0 L Q̃

U
0 V

]

=

(
− (−1)MJ+RN+S(M+J+R+N)+S+E δIS

{
Q̃M

0 E Q̃
E
0 J Q̃

R
0 N − Q̃M

0 J Q̃
R
0 E Q̃

E
0 N

]

+ (−1)(M+J)(N+R)+N+E δIN

{
Q̃R

0 E Q̃
E
0 J Q̃

M
0 S − Q̃R

0 J Q̃
M
0 E Q̃

E
0 S

]

+ (−1)(J+S)(R+N)+S+E δMS

{
Q̃I

0 E Q̃
E
0 N Q̃

R
0 J − Q̃I

0 N Q̃
R
0 E Q̃

E
0 J

]

− (−1)JM+MS+JS+E δRN

{
Q̃I

0 E Q̃
E
0 S Q̃

M
0 J − Q̃I

0 S Q̃
M
0 E Q̃

E
0 J

]

− (−1)IR+RN+NI+E δMJ

{
Q̃R

0 E Q̃
E
0 N Q̃

I
0 S − Q̃R

0 N Q̃
I
0 E Q̃

E
0 S

]

+ (−1)IS+SN+NJ+JM+MI+E δRJ

{
Q̃M

0 E Q̃
E
0 S Q̃

I
0 N − Q̃M

0 S Q̃
I
0 E Q̃

E
0 N

])
,

(D.1)

which vanishes for our single site representation from (6.6). This holds as well for gl(n|n).

Here the gl(4|4) structure constants are those of psl(4|4) but without the traces and

supertraces removed,

f̃ I K N
J LM = δKJ δ

N
L δ

I
M − (−1)(I+J)(K+L) δNJ δ

I
Lδ

K
M ,

f̃M L J
NK I = (−1)K

(
δLNδ

M
I δ

J
K − (−1)(M+N)(M+I)δMK δ

L
I δ

J
N

)
. (D.2)

(D.1) implies that that the psl(4|4) expression

(−1)(C+D)(K+L)+(G+H)(U+V )+G+H f
I D Q
JC P f M F L

NE K fR G V
S H U fC E H

D F G

{
QP

0 Q QK
0 L Q

U
0 V

]

(D.3)

also vanishes on one site, for if we view (D.1) as a tensor MIMR
JNS , then up to terms

containing the central generator
∑

C Q̃
C
0C , (D.3) is just the tensor MIMR

JNS with the trace
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and supertrace removed in each pair of indices IJ,MN,RS.

This follows from the properties of the psl(n|n) structure constants given in appendix B,

(−1)(C+D)(K+L)+(G+H)(U+V )+G+H f
I D Q
JC P f M F L

NE K fR G V
S H U fC E H

D F G

{
QP

0 Q Q
K
0 L Q

U
0 V

]

= (−1)(C+D)(K+L)+(G+H)(U+V )+G+H f
I D Q
JC P f M F L

NE K fR G V
S H U f̃C E H

D F G

{
Q̃P

0 Q Q̃
K
0 L Q̃

U
0 V

]

∼ (f̃ + h1 + h3)(f̃ + h1 + h3)(f̃ + h1 + h3) f̃ Q̃ Q̃ Q̃,

(D.4)

where we have given separate labels to the supertrace and trace terms in (B.1) and (B.5)

for the three pair of indices as h1, h2, h3, f = f̃ + h1 + h2 + h3, and the expression in the

final term of (D.4), (f̃ + h1)(f̃ + h1)(f̃ + h1) f̃ Q̃ Q̃ Q̃ is the tensor MIMR
JNS with the trace

and supertrace removed in each pair of indices IJ,MN,RS.

Thus we have shown that the right hand side of the Serre relation (6.4) vanishes for charges

acting on a single field, which together with (6.2) and the coproduct (4.21) implies that

the Serre relation holds for any product of gauge invariant fields.
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