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1 Introduction

Twistor string theory [I]-[3] is equivalent to a massless field theory and provides a string
structure to analyze four-dimensional massless scattering amplitudes with N = 4 super-
symmetry. At tree level, the spectrum can describe states of both super Yang Mills theory
and conformal supergravity. The world sheet theory has a target in super twistor space,

and has been argued to have a Yangian extension of its PSL(4|4) global symmetry [I].

In this paper we construct non-local conserved currents which lead to a Hopf algebra
coproduct, show the associated charges annihilate the string gluon tree amplitudes and
give a realization of the Yangian symmetry algebra for this world sheet action. We
leave the conformal graviton amplitudes for future analysis. Explicit constructions of the
amplitudes have revealed some of the string’s framework [4]-[12]. How the Yangian acts on
the various building blocks of the theory [13]-[17] should help further unravel the theory,
at least in the planar limit. The string also relates to other twistor methods [18]-][22].

The Yangian symmetry is expected because of the string’s close connection to Yang Mills
theory, for which an infinite-dimensional symmetry for the planar theory has been dis-
played [23]-[39], and its appearance as dual conformal invariance was found explicitly for
the amplitudes [40]-[49).

We review Yangians and their nature in field theory. A Yangian superalgebra is a su-
peralgebra, that is an algebra that has bosonic and fermionic elements, and it is graded
by the non-negative integers. The subalgebra of level zero is a Lie superalgebra and the
grade one piece is its adjoint representation. The higher level parts of the superalgebra are
generated by the algebra multiplication of elements of level one. They are subject to some
restrictions which arise from the comultiplication. The comultiplication is an important
additional structure that specifies how the elements of the Yangian superalgebra act on

products of states. For an ordinary Lie superalgebra this is trivial
Qu(AB) = Qo(A) B+ (—1)!®IMAQ(B). (1.1)

But the elements of level one of the Yangian have non-trivial comultiplication. They act

schematically as

Qi(AB) = Qi(A) B+ (-1)'¢MAQi(B) + Qo(A) Quo(B). (1.2)

Now one needs to require that this operation is compatible with the algebra product.



This can be ensured by the Serre relations. The question is how symmetries with such
non-trivial action on products of states can arise in field theory. For a model specified
by a Lagrangian plus a path integral measure, with both invariant under some global
symmetry, usually we have corresponding conserved local Noether currents and charges.
But the action of charges on products of states is then of the form (LI)). The way to
realize a non-trivial action on products of fields is by introducing non-local conserved

charges. Non-locality is then reflected in the comultiplication (L2]).

The world-sheet theory of the open twistor string is a two-dimensional conformal field
theory, that is a local model. Introducing non-local fields thus seems strange. Nonetheless,
in [50], it was shown how Yangian symmetry arises via non-local currents in Lie group
Wess-Zumino-Witten models. We will follow their analysis in spirit, but we will use the
non-local currents only as an intermediate step. We can do that due to the special nature
of the global symmetry supergroup PSL(4|4) of the twistor string. Our strategy is as
follows. We start by introducing non-local currents as in [50], [51]. We show that the
associated charges satisfy the comultiplication of the level one elements of the psl(4]4)
Yangian. Then we derive Ward identities for these charges. They simplify considerably
due to the vanishing of the Killing form of psl(4]|4). These Ward identities lead us to
define new operators acting on the fields of the twistor string. These operators form
a realization of the Yangian. In addition they form a symmetry because of the Ward
identities we found, and the new level one charges do not have the properties of the old

charges, namely construction from a non-local current.

In section 2 we review the twistor string, describe the ordinary PSL(4|4) Noether currents
and discuss their canonical quantization in the boundary conformal field theory. In section
3 we give the action of these ordinary currents and their charges on the fields and the tree
amplitudes. The non-local Noether currents are described in section 4, and their action
on the fields and the string tree amplitudes is shown in section 5. In section 6, we discuss
the Serre relations and the representation of the Yangian of PSL(4|4). In the appendices
we review superalgebras and give the PSL(4[4) structure constants and their properties,

including the vanishing of the adjoint quadratic Casimir (the Killing form).

2 PSL(4]4) Noether currents of the open twistor string

The open twistor string can be described by the action

S = SYZ + SG + Sghost 5 (21)



with S given by a conformal field theory of central charge ¢ = 28, Sgpos is the standard
¢ = —26 ghost system of the bosonic string, and Sy is the world sheet action for fields

with a target of twistor superspace,
Syz = / i[Y*ID.Z, +Y*D.7] gid’x (2.2)

where 1 < I <8, D, = 0, —1A,, and g is the determinant of the world sheet metric with
Euclidean signature, z = xy + 2y, Z = 1 — 1x2. The world sheet can be described as the

upper half-plane, and thus has a boundary.

The equations of motion are

(0: —iA:)Zr =0, (0. —iA)Z =0,  VIHiAYT =0, VI +idV" =0

(2.3)
The constraints from varying the world sheet gauge fields are
Y7, =Y*Z, =0,
and the boundary conditions in upper half-plane world sheet coordinates are
Zr=U2;, Y =U"ly¥, (2.4)

where U = €%, for some function o, which varies and is real on the boundary, and is
continuous up to multiples of 7. The reality conditions are Y/ = —Y?*! for bosonic
components (1 < I < 4), and Y=! = Y*I for fermionic components (5 < I < 8), and
A_z =—A;.

The twistor string has global PSL(4|4) symmetry. To write the Noether currents for

PSL(4|4), we consider the following symmetry transformations of the world sheet action

2.1,
aJ - aJ
Z[—>€paTI 2y, Z[—>€paTI Zy,
= > _ al _ al
VA s yHemredit o yH L Yy el (2.5)

where the generators of the Grassman envelope of the superalgebra psl(4]4), p, 7%/, are real
and have zero trace and zero supertrace. The other fields in (2.I]) are singlets of psl(4]4)

and ultimately singlets of the Yangian, so from now on we will discuss symmetries of



(22). See appendix [Alfor some background on the supergroup PSIL(4|4) and superalgebra

psl(4]4). The infinitesimal transformations are
5Z[ = paTIaJZJ, 571 = paTIaJ7J, (26)

leaving the Lagrangian invariant. The Noether current is

P — —

5%, J? = ¢35, with  §° =iY* p, T8 7, 3 =iYHp, 1075, (2.7)

=

JP =g

where 0,J% = 0 and j* satisfies j9, = 0 with use of the equations of motion (2.3)), and

also separately j%, = 0 and j%, = 0. So we also have

dj=0. (2.8)

In addition to (23], the identity matrix 7,7 = 6,/ and the U(1) R-symmetry matrix
T,) = (—1)9€81 § 7 also generate symmetries of the classical action. Here deg I = 0 when
I is a bosonic index, and deg ! = 1 when [ is a fermionic index. For simplicity we will
denote the degree by the index, (—l)degl = (—1)!. The transformation associated with
the identity matrix obeys the boundary condition (2.4 for any complex function p, and
generates the gl(1,C) gauge invariance which we use to choose A, = A; = 0. The U(1)
R-symmetry corresponds to a current that has a conformal anomaly and is not conserved

in the quantum theory.

We review the canonical quantization [52] of the conformal field theory (2.2). The com-

mutation relations are found from

o7

ZiEY(Q) = ZiY Q) 42

(2.9)

for |z| > |¢|, and where Y7 = g2Y*/ is holomorphic in the gauge where A, = A. = 0.

The Virasoro current relevant for the twistor fields is given by

Lyz(z) = =Y Y7(2)0Z;(2) (2.10)

and its operator product expansion with the chiral currents : YZ(2)Z;(z) : is

I degr .1 ) vl .
Oh (=1)98 +'Y(g)ZJ(C)'_'_a'Y(g)ZJ(C)'.

(c= 0P G0 G0 (2.11)

Lyz(2): YN()Z4(C) i~



Here ~ denotes equality up to the regular part. The anomalous term vanishes for the
supertraceless currents, that is to say the psl(4|4) currents and the gi(1, C) gauge current,

so they are true primary fields and are conserved in the quantum theory.

In order to define Noether charges, we consider the boundary theory explicitly. In a

boundary conformal field theory one specifies how fields are identified at the boundary,

such as in (2.4)),

—(-DYy! =U"ty, Z=UZ. (2.12)
Our theory possesses a current superalgebra symmetry in addition to Virasoro invariance
(see, e.g., [54]-[58].)

In such a situation one usually has boundary conditions of the form
J(z) = QJ(2) forz = z. (2.13)

Here €2 is a map on the space of fields specifing the boundary conditions. If this map
is an automorphsim of the Lie superalgebra, then these gluing conditions preserve the
current algebra symmetry. In this case, we can analytically continue the current J(z) on

the entire plane

J(2) z in upper half plane

J(z) = { (2.14)

QJ(2) z in lower half plane

Then the charge is defined by an integral that runs from boundary (a) to boundary (b)

of the open string, where

b b
Q:/dcrjozew/d:p“j”:/ dzjz—/ dzjzz%dzjz,

and we include a factor of ﬁ in §. See Figure 1.

In our case, = —(—1)!/*{ which is an automorphism of psl(4|4), and the conserved

Noether charges associated with the transformations (2.0) can be written as

QL = f d2JL(2) (2.15)



Figure 1: Continuity of currents.

where the contour encirles the origin, and the Nother currents for the psl(4|4) charges are

L (2)=Y(2)Z5(2) - %(—I)HE@? YE(2)Zp(2) — ééﬁ YE(2) Zp(2). (2.16)

They have zero trace and zero supertrace and, from (2.9), the current algebra satisfies

1
@I ~ (= O7 (5 Q) + 5 (1= (~1) oL 85 YR Zu(0))
1
2= 07 (D188 + (17 + () )
(2.17)
where the psl(4]4) structure constants fL%, |/~ have vanishing Killing form
f%KL IJ IJKLRS =0, (2.18)

and are given in appendix [B], together with some of their properties. The charges (2.15))



satisfy

1

@ Q= 1Y Qi g (1 (DML aY faavER)Zet)  (2)

Since the central generator § dzY ¥ (z)Zp(z) acts as zero on gauge invariant quantities like

the vertex operators, the twistor string has psl(4|4) global symmetry, and

[Q(I)Jv Q(I)(L} = IJKL MN Q(])MN (2-20)

on gauge invariant states. The mixed brackets in ([2.19) denote an (anti) commutator for

(odd) even generators,

[Q(IJJa Q(I](L} = Q(I)JQé(L - (‘1)(I+J)(K+L) Qé(LQ(I](L' (2.21)

See appendix [C] for a familiar basis.

3 How the PSL(4|4) symmetry acts

3.1 Action of PSL(4|4) Currents and Charges on Fields

The ordinary charges generate infinitesimal transformation on the fields Y (2) and Zx(z)
and act on products of more general conformal fields via standard Lie algebra comultipli-

cation, as follows.

The operator product of the current J! ;(2) with fields Zx(() is

T2) ZilQ)~ (2= O (=15 Zala) + (1785 2i(6) + 303 2(0))

= (2= Q)" t5[¢] Zx(©), (3.1)

for |z| > |¢| where we have defined the differential operations

I 0 1, [LEE B 1, p 9
+Y (OW — 30 (=D <O8YE(§) - 20 (%YT@. (3.2)



Since J! ;(z) and Zx(¢) are respectively local, we find using the standard contour argu-

ment,

@5 Zx(C)} = §_dz(:= O BIAZeO — =z =020

<
F0

— ¢ dt}l012x(0) = 1101 Zx(0) (3.3)

where the contours I'y, I'g encircle the origin clockwise with |z| > |(], |z| < |(]| respectively,

and I'c encircles ¢ but not the origin. Also

Qb YOy = BIYFQ) = S5YI(Q) — S-SV — L) (3.4)

B3),[B4) correspond to infinitesimal field transformations that leave the twistor string
world sheet action invariant, and are generated by the super commutator of the Noether
charge with the field.

Similarly, for any field V(¢) = V(Z(¢),Y(¢)) that is a function of Zx(¢) and or Y*((),

such as the vertex operators, the operator product with the ordinary current is
Jos()V(C) ~ (= Q) [ V(C) (3.5)
From (32), it follows that
[50¢), 2IC) Y = e NI,
where the structure constants f1%, , N are given (B.I)). The charge acts
Qo5 V(Q} =5[] V(). (3.6)
and on a product of fields as
Q0 7, Vi(C)Va(G)}
= [Q.5 Vi(Z(C))} Va(Z(¢2)) + (1)U WVi(Z(G)) [Qp s, Ve(Z(G2))}

= t5[CIVA(¢) Val(Ce) + (=1)IHN0BDVL(¢1) 1[GV (Ga). (3.7)



This can be written as the standard Lie superalgebra comultiplication,
AQy, = Qs @1+ (=) e Qq,, (3.8)

which instructs one how to build the action of the charge on two fields from knowledge
of the action of the charge on a single field, etc. The operator F' is the fermion number
operator. Clearly the standard comultiplication follows from the fact that the action of

the charge on a single site is given by a commutator as in (3.6]).

3.2 Action of Ordinary Charges on the Tree Amplitudes

It follows directly that the psl(4|4) symmetry charges annihilate the tree amplitudes, as

we now show. The charges, which can be expressed in term of the modes as
Qhy = DoV = O Y T~ g SV (89)
annihilate the vacuum,
Q(I]J‘O>7 <0‘(Q(I)J)T = j3<O|QéJ =0, (3.10)
since the modes Y!, ZI satisfy the vacuum conditions [52]
Y0y =0, n>0, Zloy =0, n>1, (3.11)
where Z(z) =3 Z,27", and Y(z) = > Y,2~""!, and the hermiticity conditions are
(Za)' = Zs0s (V) ==(-D)'YL,. (3.12)

This is in contrast to the U(1)g charge which does not annihilate the vacuum.

The tree amplitudes in twistor string theory are given by

Az =[OV Vatz) - Vaea)|0) T der s (3.13)
r=1

where dv,; is the invariant measure on the Mcobius group, dvs is the invariant measure

on the group of scale transformations, d is the instanton number which is equal to one

10



less than the number of negative helicities, gy = Z§:1 gt the sum of the zero modes of
XT relevant for bosonizing Y/ (z), Z;(2); and the homogeneous conformal fields V;(z;) are

the vertex operators of the gluon or graviton supermultiplets [3, 52} 59].

Under a charge @)y, the vertex operators transform as

V(z) = V'(2) = "9V (2)e "9 ~ V(2) + p[Qo, V(2)] + D(p?). (3.14)

The psl(4|4) charges Qg commute with ed®,
[Qo, ™) = 0, (3.15)
since the modes satisfy

! el = edoy ! Z! et = ezl for 1 <1 <8. (3.16)

n

Therefore the tree amplitudes are invariant under the symmetry transformations,

Alree = /(O|edq°V1'(zl)V2'(22) VI (2,)]0) H dzr/ddevs
r=1
- /<0|edq060Q0v1(zl)v2(zz) V=)0 TT dzr/dedvs
r=1

_ / (O™ Vi (1)Vaz2) .. Vi) |0) [ /s (3.17)

from (3.9), B.14), (B15). Thus working to first order in p, we see that the charges @

annihilate the tree amplitudes,
/(O|edq°Q0V1(z1)V2(zg) o Va(20)|0) H dzr/dfdefyS =0. (3.18)
r=1

Furthermore we can evaluate the action of the charges on the amplitude as follows.

For simplicity, we consider the gluon tree amplitudes. The vertices for the negative and

11



positive helicity gluons are

VA(z) = / Ak T [ 6(kN(2) — )™ e JA(2) 1 (2)42 (2)4° (2)8 (=),

a=1

Alz) = /d—: H5(k)\“(z) — 1)t (e JA(2), (3.19)

These are functions of Z;(z), whose components are labeled as Z7 = (A%, u®, ¢!, 92, 43 *).

As an example, consider the action of the momentum operator on the vertices,

', Vi (2)] = 1%, [2] VE(2) = =Xa(2) VE(2) = ikn"Aa(2) VE(2)

= im 7 V{(2). (3.20)

Then from (B.I8),

/(O|edq°padV1(zl)V2(z2) o Va(2,)|0) H dzr/dfdefyS
r=1

n

= /<O\edq°V1(z1) . Z[ GVilz)] Vi(2,)]0) H dzr/dfdefyS

r=1 r=1

= (Z 7rm7‘r7{l> /<0|€dqovl<zl)v2(z2) o Vi(20)|0) Hdzr/d’YMd’Ys

=0, (3.21)

which is momentum conservation.

If we Fourier transform the gluon vertex operators from 7 back to w? which is a twistor
space coordinate, and introduce the superspace coordinate # to include all fields in the
gluon supermultiplet, they become the wavefunction for the world sheet fields ZZ(z) to

be at a point Z"7 = (7%, w® 0M) in super twistor space,

/Haw ) — 7)d(kpt () —w) T (ke —QM)d:JA() (3.22)

M=1

12



See for example [52]. Then the action of the charges on W4 is
Q0 W) = t[] W) = ¢, WH(2) (3.23)

where ¢/ IJ is now expressed in terms of points in twistor space rather than world sheet

fields,

4 0 : (3.24)

¢! —
J J EaZ/E

_(_1)IJ+IZ/ a +%5§(_1)I+EZ/ 8

11
Toz; Bozr, 8

So if we consider the superspace tree amplitude, that is the tree constructed with vertices
(322), then the psl(4]|4) charges act as

/ (01e™Qh ;Wi(=1)Wa(z2) ... Wa(20)10) T ] e [ dndas

r=1

_ /<0|edq°W1(21) IR S W) W) |0) T e [ s

r=1
= Zt’f,J/<0|edq°W1(zl)W2(22) o Wal(20)]0) Hdzr/ddeyg,
r=1 r=1

=0, (3.25)

which is zero because the charge annihilates the vacuum as in (3.I8). A similar formula

for the gauge field theory appears in [47]. Indeed the transformation on generators ¢’ 7>

0 0
I1J+1 rpt 11
(1) ZTJﬁz;I —~ 7 577 (3.26)

(with trace and supertrace removed) leaves the psl(4|4) commutation relations invariant,
and is the transformation of a matrix M1 M — —(M)supertranspose which is an outer

automorphism of the superalgebra psl(4/4).

13



Note that the tree amplitude M, (72, w®, M) is the Fourier transform of M, (7%, T4, 1),

M, (7%, W, 0M) = /(O|edq°WA1(zl)WA2(22) WA (2,)]0) H dzr/ddeys
r=1

n 2 4
= /HH H dﬁerﬂaefi“’%mengmMMn(ﬂaﬁa,77M), <3.27>

r=1a=1M=1

where M, (7% Ts,nar) is of Grassmann degree 4(d + 1) and is expressed in terms of
some of the conjugate twistor space points W; = (w,, T, nv), e.g., for MHV trees

n Aj..An

MY (2 oy mar) = 64 (30— i T0a) 0% (307 o) gyt
4 Non-local Noether currents and charges

In this section we compute non-local currents whose associated charges will also annihilate
the scattering amplitudes. We show how these charges have the same comultiplication
rules as the level one generators of the Yangian superalgebra of psl(4]|4). In order to
realize the coproduct of the Yangian, which is a Hopf algebra, it will be necessary to
define currents in terms of a field that is not local with respect to the conformal fields
[50], [51]. We introduce the non-local field x’;(z),

() = /P CdwL(w) (4.1)

which not only is defined as an integral over a local field, but also is not local with respect
to local fields, e.g.

(=D ZR(€) X'(2) = X' (2) Zr(C) + 2mi[Qg 5, Zr(0)}, (4.2)

where the left hand side of (4.2) is defined for || > |z|,|¢| > |P|, the right hand side is
defined for |z| > |(],|P| > |¢| for an arbitrary point P, and the equality = is meant in

the sense of analytic continuation, see Figure 2.

The operator product of x!;(z) with Zz(¢) is

G 20~ [ -0 i 200 = m EZD tliazie). 6y

P (P —¢)

14



Figure 2: The integral that defines x'; is along C,, for the right-hand side of (&2) and
along Cy,, for the left-hand side.

We define the non-local currents JM,(2) by

IM(2) = LY /P dwll () (=) = PLE L) IS ). (4a)

It is not necessary to normal order because the singular terms vanish due to the properties

of the structure constants. The JM,(z) are not local with respect to the fields,

(=) ZR(¢) I (2) 2 (2) Zr(C)+

+ N (DR 270 [QF 5, Zr(O)} TL(2). (4.5)

15



The operator product with fields Zz(() is

JlMN(Z) Zr(Q) ~ (2 — C)_l fﬂjviL IJ : XIJ(O tIL([C] ZRr(C) :

(=0 w1 J I+ (K+L) . 7K I .
+1In (P—0) NK I <_1)( JEHD) Jor(2) t4[C1Zr(C) :. (4.6)

The action of the non-local charge on the field Zg((), is

v (Zr(Q)) :fé 2Ty (2) Zr(C) = 2 il 7 o X5 t LK) ZR(C) (4.7)

where the cut for the logarithim extends from ( passing through the point P, and the

contour C; starts just above P, circles around ¢ and stops just below P. See Figure 3.

Figure 3: The contour C; starts just above P, circles around ¢ and stops just below P.

To derive (A1) we have used ch dzf(z)In ((;:?) =— Iﬁ dw f(w), for any f(w) analytic

on and inside the contour C, [50].

The expression (4.7)) is the infinitesimal transformation on the field Zz(() generated by
the non-local charge [51]. Tt is not merely [QM,, Zr(¢)} due to the lack of locality in

16



@2),
QM (Zr(Q) = [V, Zr(O)} + A (D)D) 2 [QF 5, Zr(O)} Q. (48)

This mismatch of the commutator and the infinitesimal field tranformation follows from

QY Zn(C) = f dz T4 () Za(©),
Ci:|z|>|<],| P[> [C|
(<L) Z,0) QM = 74 dz (—1)FON 70 (¢) M (2)
Ca:|C|>]zl,I¢I>| P

:% dz JMN(2) Zr(Q) + f N (1) 2mi [QF 5, ZR(Q)} QF L, (4.9)
Ca:[¢]> (2], I¢|> | P
so that

[ v Zr(Q)} = dZJ1MN(Z) Zr(C)
Ce=C1—Cs

— M (DRI 2w [QF 5, ZR(O)} QF L (4.10)

which is ([d.8).
Therefore the operator product of the non-local current with any field V(Z(()) that is a

function of Zg((), such as the gluon vertex operator, is
TN V(Z(Q)) ~ (= O~ fivi 7 XSOt VIZ(Q)) -

i S P (I ) HZOWEQ) -

(P—0)
(4.11)
The action of the first level Yangian charge on the field V(Z(C)), is
QM (V(2())) = 75 420y (2) V(2(0))
2 PLE S O VIZQ) (1.12)

17



For simplicity, we consider a bosonic vertex operator V(Z(()), where

V(Z() X'y(2) = x5 (2) V(Z(Q)) + 2mi[Qy 5, V(Z(Q)], (4.13)
V(Z(¢)) Ty (2) 2= TN (2) VIZ(O) + fyi 1 27 1Qp 5, VO] Jow(2), (4.14)
Q' (V(Z(0)) = (@ V(Z(O) + i 17 27 [R5 5, V(Z(0))] Q- (4.15)

Since the infinitesimal transformation (A7) is not a simple (anti)commutator (48], the
action of the non-local charge on a product of fields will not be as simple as for the

ordinary generators (B.8]), and leads to the Hopf superalgebra coproduct.
Comultiplication

The action of the non-local charge on two fields is
A (MZIZG)) = § ROV REG). @)
€162

where the contour C, ¢, starts at P above both cuts (cut from ¢; to P, and cut from ¢,

to P), encircles both (;, (s and stops below both cuts at P, see Figure 4. For simplicity,

x G ><C2

Figure 4: The contour C¢, ¢, starts at P above both cuts (cut from (i to P, and cut from
(o to P), encircles both (1, (s and stops below both cuts at P.

18



we take both fields Vi and Vj to be bosonic. We have for |z, |P| > |¢1], |G|
TN () VI(Z(G)) Va(Z(G)) = [Nk 1 X0 0(2) T (2) Vi(Z(G) Va(Z(G)), (417)
and for |Gy, [Ca| > |z, | P
Vi(Z(61) Va(Z(¢) Tin(2) = Fvk 1 xo0(2) Jon(2) Vi(Z(G) Va(Z(G)),
= [INK 7 2mi[Qg 5, V(Z(G)] VIZ(G)) Jor(2)
— [Nk P VIZ(Q) 27 [Q 5, Va(Z(G))] Ty (2), (4.18)

using (4.I3) twice. Then

@ V(ZG) BZ@)) = § dz B 2D V2()

CC1,CQ

— P 2w Q) A Z(G))] Vel Z(G) QU
= Pk VZ(G) 2mi @ Va2 (@) QU (4.19)
So from (EI6),
QM (V(Z(6) Va(2(62))) = Q1 (Z(6) Va(Z(2)
+ P 2w Q)5 VAl 2(G)) QF Va(Z(@)
— P 1 27 Q5 VA Z(C))] [Vl Z(G)
+ P VAZ(6)) 2 Q8 5, Va(Z(@)) Q1

= Qi (Vi(2(6))) Va(Z(@)) + Vi(Z(c) Qi (ValZ ()

= Pk 2w QL (M) @b (Z(@)), (420)
which can be written as the Hopf algebra comultiplication,

AQYy =@y @1+ (‘1)(M+N)F ®Qy —2mi N QL ® Q. (4.21)
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We can reexpress the action of the non-local charge on the product of two fields as
QM (V(Z(Q) V(Z(@) = [@% V(Z(Q) V(Z(G)

+2mif* 1R, V(Z(G) VI(Z(6))] QF L, (4.22)

and will use this form to demonstrate how these non-local charges annihilate the tree

amplitudes.

5 More symmetry in the open twistor string

We consider the action of the non-local charges on the tree amplitudes. We show that the
non-local charges annihilate the super gluon amplitudes of the open twistor string, and
hence give rise to interesting Ward identities which we compare with A = 4 Yang Mills
field theory.

The non-local charges formally annihilate the vacuum using (3.17]),

QIvI0),  (O[(QYN)" = £(0lQYy, @iy, e™] =0. (5.1)

In analogy with the ordinary PSL(4|4) case, we consider the action of the non-local charge
on the tree amplitude using (£22]),

/ (0]ed0 QM (W1<z1)wz<z2) o Wn(zn)> 10) ﬁdzr / drypsds

= [0 1@l v Wie)Walea) .. Wl )0) [[ e fdraars

r=1
4 [0l 2mi Q) Wil Waez) - W) @4y |0) T farasas
r=1

—0, (5.2)

where we have suppressed the group index. To display the action of the non-local charge
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on the amplitudes, we compute (5.2)) directly, defining
Wienimn) = O (Wi(Z(20)) .. WalZ(20))) 0). (53)

We use (A.20) to express (5.2,

/ (0]t QM (Wl(zl)Wg(ZQ) N .Wn(zn)> 10) ﬁdzr / dryasdrs

= /<0‘€qu i Wi(z) ... Q1 J<Wj(zj)) - Wa(20)10) ﬁdzr/d’VMd’VS

= [l 2mi PSS Wil W) @ (Wil) W) .

1<i<j<n

X Wj—l(zj—l) Q(I)(L (WJ(ZJ)) Wj+1(zj+1 C Wn(zn)|0> H er/d’)/Md’)/S
r=1

-2t 5ttty [ (nGER G W L s

1<i<j<n

+ (2mi) M E i, ;KL /W 21y vy Zn) Hdzr/dedmg
r=1

1<z<j<n
(5.4)

where we have replaced the ¢! ;[z;] which appear in evaluating the operator products, by
t'1, defined in ([3:24)), since the vertex operators W (z) are delta functions given in (3.:22)).
To show the independence of P, we write (5.4]) as

oM L J i K (Zi_zj)_ (P =)
2f°NE 1 Z tlthL/<ln(Zj_zi) hl(P—zg)) (21, - Hdzr/d’VMd’Vs

1<i<j<n

427 fME ¢ ;KL /W 21,---,Zn)Hdzr/d7Md75>
r=1

1<z<]<n

(5.5)
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where the P-dependent part is evaluated as

P—=z
NKLIJ Z tzJ _]L uV[/(?«“la---a?«“)

1<i<j<n (P o ZZ)

n

Zln — zy) AJJVKLIJ(thJtzL tZIJ t;’KL) Wi(z1,...,2n)

j=0+1

+In(P — 2z, %KLIJZt Wz, .., 2) (5.6)

We use that the ordinary symmetry annihilates the integrand of the amplitude (B.25),
and

M <t’1 e+t ) =0 fori#j, (5.7)
and for each 1,
N (t;‘IJ t;KL> = _f N RSt =0, (5.8)

since the Killing form (B.2]) vanishes. Then (5.6]) becomes

=In(P — 2z) fM% &7 8 A, Wz, 2)
n—1
+Zln(P— %KLIJ(Zt tf Zt ) (21, 2n)
=2
+1In(P -z, %KLIJthJ Wizt )
—0, (5.9)

(zi— Z])

Therefore the P dependent part of (5.5]) vanishes, and using In =)

= In(—1) = mi+2mwip
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for any integer p, we find (5.4) leads to

/ (0]t Q! J(Wl(zl) o Wn(zn)) 10) ﬁdzr / drypsds

= —amip 7 Y / (Ole™ Wi(Z(21) .. WalZ(20) [0) [] dz [ dvasdys
r=1

1<i<j<n
=0, (5.10)

for arbitrary integer p, so along with the ordinary symmetries ([8.25), we have

N Z t;IJ t;KL / (e Wi(Z(21)) ... Wa(Z(2a) |0) Hdzr/d’YMd’YS =0,

1<i<j<n r=1

(5.11)

which reflects the non-local symmetry of the tree amplitudes of the twistor string. We
note that up to central terms that separately annihilate the amplitudes, a similar formula

appears in [47]-[49] as the first level Yangian generators acting on gauge theory amplitudes.

6 PSL(4]|4) Yangian superalgebra symmetry

In this section, we show how the open twistor string carries a realization of the Yangian of
psl(4]|4). This realization will be independent of P, and is inspired from the observation
that the Ward identities for the non-local charges are independent of P, (5.1T]).

Let us start by computing the OPE of our non-local currents (£.4]) with the Virasoro field

.10,

Hence, the non-local current is a Virasoro primary only in the limit P — oo. Note that

(6.1)

taking this limit does not commute with the integrals we take. But we take it as a hint

for a P-indendent representation of the Yangian.

We keep the action of the level zero charges as before and choose the level one generators
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to act trivially on a single field

Q'v(V(2) = 0, (6.2)

while the action of @Y, on products of fields is defined by the Yangian comultiplication
(@27)), so that on a product of two fields,

QM (V) () = =2mi P Q8 (V(z)) @ Q6L (Vi) (63)
The crucial observation is that this representation of the Yangian also provides a symmetry
of the super gluon amplitudes of the open twistor string, as can be seen by (G.1T]).

We prove that the tree level representation in terms of twistor string fields for the PSL(4[4)

charges (2.153), (210), (B.8), and the level one charges, (6.2)), (6.3), (£21]), is consistent

with the Serre relation, because it satisfies a useful criterion [24] as we now show.

Serre relation and the useful criterion

The Serre relation for the Yangian of psi(4]|4) can be written as

]Klf I?S’K L[Q{Ja Q{(L} + (_1)(I+J)(M+N+R+S) f@ IJKL[Q{V[Na QfL}+

+ (_1)(R+S)(”J+M+N) LM K@Y, QLY =

— h(—1)CHDEAL+HGHIU+VI+GHH

I D M F L (RG V (CE H [AP K AU
X [e PQfNEK s Hu JD Fa {QOQ Qor Qov]a (6.4)
where { . } is the graded totally symmetrized product and h is a constant that depends

on the normalization.

It is sufficient to check the Serre relation acting on one field, since then the coproduct
(4.21]) assures the relation for all higher sites. Clearly the left-hand side of (6.4]) vanishes
for one field from (6.2).

We show in appendix [D] that the right-hand side of the Serre relation acting on one field

also vanishes, using the fact that our representation for the gl(4|4) charge @é 7 on a single
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field,

@5 V(ZO) = [ 23 YI()2:) 2 V(Z(6))

= (= V" (2005175 ) + Y Q5755 VIZO) =T VZO),
(6.5)
satisfies a useful criterion [24]:
(=1 Q' Q5 (V(2(0) = Q35 (V(Z(0)). (6.:6)

Here we consider V(Z(z) as a homogeneous function ZE(z)ﬁ(z)V(Z(z)) = 0 which
describes conformal fields V'(z) such as the vertex operators W (z). This will simplify our

discussion, although is not necessary since the central terms we drop would cancel in what

follows. To derive (6.0)),

(_I)EQVS/IE QOEJ (V(Z(O) - (_I)E%JE %?J V(Z(C)

ME+M+E 9 0
= ()M () g (2 5 VI2()
M+EJ+M.J 9 9 M+MJ 9
= ()M 20 2,6) G e VZO) = (DO g V()
= Q04 (V(2(0)). (6.7)
From (6.2) and (21]) we also have that
[Qé]vQ{(L - IJKLRS {%57 (6.8)

acting on gauge invariant states. Therefore with the proof of (64) in appendix E, the
Yangian symmetry algebra now follows from the defining relations (2.20)), (6.8]) and (6.4)).
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A Some super analysis

We provide some properties of Lie superalgebras and Lie supergroups we use in our

analysis. A good reference for Lie supergroups is [60], in this appendix we use the notation
of [54].

A.1  The Lie superalgebra psl(N|N)

M, M.
The Lie superalgebra sl(N|N) can be represented by matrices (T);; = ( Ml M2 ),
3 My

with Str (T) = TrM; - Tr My, = 0. This superalgebra possesses a one-dimensional
ideal generated by the identity matrix. The quotient of sl(N|N) by this ideal is the Lie
superalgebra psl(N|N). It is convenient to work with the Lie superalgebra sl(N|N), we

simply have to remember that we divided out the central element.

We define the psl(4|4) structure constants by
[T, T} = [T = [*geaT", (A1)

where the brackets denote either commutators or anticommutators. There is an invariant,
nondegenerate metric g, that is used to raise and lower indices, g® = 1StrT%T® and
Gap = 1Str TPT®. The structure constants fu. are totally antisymmetric with an additional

minus sign under the interchange of two odd nearest neighbor indices.

It can be useful to rewrite the single index superalgebra generators J* with a double index

as (EAB)[J = 5A[53J, where

(Eap, Ecp) = 6cpEap — dapEcs,

|Eap,Ecp} = dcpEap — (—1) (deg Eap) (deg ECD)5ADECB,
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where deg F4p is 0 for bosonic generators, and 1 for fermionic generators.

A.2  Lie supergroups

The Lie supergroup is a Lie group over a Grassmann ring and it is obtained by exponen-
tiating the Grassmannn envelope of the Lie superalgebra. An element of the Grassmann
envelope has the following form

p = pT" (A.2)

where the p, are Grassmann-even when 7' is bosonic and Grassmann-odd when T is
fermionic. Hermitian conjugation is complex conjugation of the transpose in the bosonic
case. For matrices generating a Lie superalgebra, it is super complex conjugation of the

supertranspose,
pi = ﬁa<Ta>St7
where the bar is ordinary complex conjugation for bosons, and satisﬁe

c = ¢,

0=—0, 616, =060,

for any Grassmann elements 6, 6; and any complex number c. The supertranspose of T is

defined
st
M, M, [ M Mg
My My )\ Mt M
so that (T'S)% = S*'T*.

B Structure constants and their properties

The psl(4[4) structure constants are given by

1

Vi = 05080y = (=) a1 a5 + (-1 = (=1)F)(=1)"9507 0

1 1
J 1 K ¢(NcK I I+J I ¢K N
- (DT = (DD NSEs, — (1= (D™ ) apef ey, (BY)
ILifting complex conjugation to the ring of Grassmann numbers is not unique. Our choice ensures
that the adjoint operation for Lie supergroups is involutive.
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These have vanishing Killing form
fAJJVKL IJ fIJKLRS =0, (B.2)
and are traceless and supertraceless in all indices,

5}] fIJKLMN =0, (—1)J5}] fIJKLMN =0, fIJKLMN 55‘\;{ =0, IJKL MN (_1)M5JA\§I =0,

(B.3)
as well as totally anti supersymmetric in any pair of indices, for eg.

IK N _ _(_ \U+))(E+L) fK I N
Jom =—(=1) L JM -

They satisfy the Jacobi identity

IK SgRW V. (KW S ¢RIV (_1)(I+J)(R+S) g WIS pRE . v (_1)(W+X)(I+J+K+L) —0.

J LR Js XU L Xr Jsu X Jr Js L
(B.4)
The inverted structure constants are
PN 7= (=08 (0307 05 — (=)D 57 6y)
50— (S DMON S+ S(-1) — (~1)7)ok ok}
n %((_M _ (—1)M> M SL 67 (B.5)
We ‘raise’ and ‘lower’ the index pairs on the structure constants by
98 D= (D"%p05, ()" = (-1)%87 8¢, (B.6)
f]‘?vKL IJ = f% PQ IJ (g_l)PQKL = f% PQ IJ (‘DQCS% 51LD,
FUE T = P g = P (C1)aT e, (®.7)
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C Real form psl(4/4)

The Noether charge generators of the real form psl(4|4) can be written as

pé=Qi, = - f 0z Yo(2) Z(2),
R, 74 02 Y°(2) Za(2),

my = @y = — § dz S(M(:)2°() + YO(2)2(2)

_ 7{ dz (Y(2) Zy(2) — 100V (2) Zel 2))
it = Qi = —fdz %(Yb<z)za<z) L YH(2)Z(2)
- jq{ dz (Y(2)Z;(2) — 168Y4(2) Z:(2))
d— QW — - 74 4z S V() 2u() — Y*(3)Za(2),

= Qip = = § dz (VA(2)Zn(2) — 263 Y () Zol2),
0 = Q= VA2,

Ta=@ha=— § 4=V ()24(2),

4= Qs == § =V (Za(2),

5= Q= j{dz YA(2)Za(2), (C.1)

where [ = a,a,A, s0o 1 < a,a < 2and 1 < A < 4. All the generators in (CIl) are

antihermitian, except for ¢, and 54, which are hermitian.
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The commutation relations for the generators (C.I]) satisfy the real form psi(4[4),

[y, Je] = oSy — 30y Je, [m%, J] = =050 + 30, J°,

(M, Jo) = 6¢J; — 563 Je, [, I = =05 T + 1} °,

[r’, Jo] = 6aJp — 168Jc, [r%, JO = —0$J4 + 165.J¢,
[smy) = 500 K@) = =0 = [ Gi] = 3s‘e,

4.9 = —0ba?y, = 3 py) = 0ia?, k%, a4, 7] = 655%,

{&% qﬁ} = 5,]3432717&7 {gf}u SbB} = 5f31kbaa

(k% 0] = —Gymy + 5ymb, — 5i0pd = [k, pyg] = 0fm", + S5’ + 305 d

{s"4.q,"} = 65mS, + 6prld + 16365 (d - C),
(3.0} = 0aml, — br'y + 10p60(d +C),
d, J] = dimJ, [C,J] =0, (C.2)

where the central generator C = 1 ¢ dzY'(2)Z;(z) acts as zero on gauge invariant states.

We raise and lower the bosonic indices as Z¢ = e®*Z,, Z, = e;Z°, and Z% = edi’Zb,
Zy = €;7° with €' =1 = —€*'| €9 = —1 = —¢y; for both the dotted and undotted

indices.
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D Vanishing of the right-hand side of the Serre relation (6.4) on one field
We evaluate the right hand side of the Serre relation first for gl(4[4),

(_1)(C+D)(K+L)+(G+H)(U+V)+G+H fIJCDPQ f%EFKL IEGHUV %EFGH {Q(J]DQ Qé(L QOUV]

_ ( _ (_1>MJ+RN+S(M+J+R+N)+S+E 5§ { éng Q“OEJ @“ORN _ @% @(I;%E @g)N]
()RS L GR QF Qs — QF, QY Q8]
(NS G L QL O QF, — Qb Ol OF |
— (—)emserseE s O Qs Q1Y) — Qs Q' OF |
— (1) RRNENIEE 53 [ QR Qf y Qb s — Qlt Qb Ofs|
R

(D.1)

which vanishes for our single site representation from (6.6]). This holds as well for gl(n|n).
Here the gl(4]|4) structure constants are those of psl(4|4) but without the traces and

supertraces removed,

P = 658763 — (=)D 5 5

Pt £ = (DR (skol'ol - (OISR (D2
(D.I) implies that that the psl(4|4) expression

C+D)(K+L)+(G+H)(U+V)+G+H 1 D M F L RG V CE H P K U
(_1>(+ JIEHLHEHIU V)G fJC PQfNEK S HU D FG {QOQQOLQOV]

(D.3)

also vanishes on one site, for if we view (D) as a tensor M then up to terms

containing the central generator ), QS,, (O3) is just the tensor MME with the trace
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and supertrace removed in each pair of indices IJ, M N, RS.

This follows from the properties of the psl(n|n) structure constants given in appendix B,

(& G G I D G C
(—1)( DTGV Gt 1,0 2 1 F R fRG Y 15 {QF g QF OBy ]

I D Y ~ ~K
= (-1)(C+D)(K+L)+(G+H)(U+V)+G+H I e PQ fj‘]{fEFKL @GHUV %EFG’H {QéDQ Qé(L Q(l)]v}

~ (f 4 hy+hs)(f +ha+hs)(f + b1+ hs) FQQQ,
(D.4)

where we have given separate labels to the supertrace and trace terms in (B.I]) and (B.5)
for the three pair of indices as hq, ho, hs, f = f+ h1 4+ ho + hg, and the expression in the
final term of (O4), (f + hy)(f + h)(f + h1) fQQQ is the tensor MIME with the trace
and supertrace removed in each pair of indices IJ, M N, RS.

Thus we have shown that the right hand side of the Serre relation (6.4 vanishes for charges
acting on a single field, which together with (6.2 and the coproduct (4.21)) implies that

the Serre relation holds for any product of gauge invariant fields.
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