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FENG SHI *, SIMI WANG *, M. GREGORY FOREST *, AND PETER J. MUCHA *

Abstract. There is a renewed surge in percolation-induced transport properties of diverse nano-
particle composites (cf. RSC Nanoscience & Nanotechnology Series, Paul O’Brien Editor-in-Chief).
We note in particular a broad interest in nano-composites exhibiting sharp electrical property gains
at and above percolation threshold, which motivated us to revisit the classical setting of percolation
in random resistor networks but from a multiscale perspective. For each realization of random
resistor networks above threshold, we use network graph representations and associated algorithms to
identify and restrict to the percolating component, thereby preconditioning the network both in size
and accuracy by filtering a priori zero current-carrying bonds. We then simulate many realizations
per bond density and analyze scaling behavior of the complete current distribution supported on the
percolating component. We first confirm the celebrated power-law distribution of small currents at
the percolation threshold, and second we confirm results on scaling of the maximum current in the
network that is associated with the backbone of the percolating cluster. These properties are then
placed in context with global features of the current distribution, and in particular the dominant
role of the large current tail that is most relevant for material science applications. We identify a
robust, exponential large current tail that: 1. persists above threshold; 2. expands broadly over and
dominates the current distribution at the expense of the vanishing power law scaling in the small
current tail; and 3. by taking second moments, reproduces the experimentally observed power law
scaling of bulk conductivity above threshold.
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1. Introduction. Motivated by open questions associated with nano-composite
materials engineering [3} [4 [7],[29] [39], we revisit the classical problem of bond percola-
tion [23] in a three-dimensional L x L x L cubic lattice. In particular, we are interested
in the relationship between macroscopic conductivity scaling behavior and the scaling
of the underlying current distributions on the percolating bonds. In current multi-
scale terminology, we seek to relate the statistical scaling properties of the bond-scale
currents with the macroscopic measurable scalar quantity, the bulk conductivity. Per-
colation theory in the idealized model of cubic lattices [13} [I8] 22, [33], [36] has been
very successful in explaining the most salient experimental phenomena, in particular
the power-law scaling of conductivity near percolation threshold [3] [4] 7, [Q].

For most composite materials, where a low-performing host matrix is endowed
with a high-performing particle phase, the geometry of particle-phase contacts is not
a cubic lattice, and the properties at the bond or contact sites are often non-uniform.
Yet for realistic composite materials, the classical lattice-bond percolation results have
provided excellent qualitative agreement with near-threshold, macroscopic behavior.
Two natural considerations (detailed below) arise with the engineering emphasis of
the past two decades on nano-particle composites [1, Bl 4} [5] 6] [7, 17, 29, [30, 39]. High
aspect ratio particles (rods or platelets) are dispersed in traditional polymers, which
percolate at low volume fractions. Even though the particle contacts are randomly
distributed in space, and the contacts vary with particle-particle angle and position of
contact, the bulk scaling behavior of conductivity at and near percolation threshold
is qualitatively captured by percolation theory of cubic lattice models.
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The two considerations noted above are the following. First, the nano-phase is
typically expensive and the aim is to use volume fractions above but close to perco-
lation threshold. This design constraint necessarily calls into question the stability
of the material performance to perturbations in the percolating particle phase. We
address this question in the current paper using network graph methods to identify
the percolating component of bonds, and then to analyze the statistical properties
of the currents passing through the percolating component. We then show that
the bulk measurable conductivity, and its scaling behavior, results from the bond-
scale properties and scaling behavior of the statistical current distributions, by taking
second-moments of the current distributions. The second consideration has to do with
randomizing the cubic lattice assumption to be consistent with the contacts between
high aspect ratio rods or platelets. This requires analysis of actual 3D rod dispersions
instead of cubic lattices, which we defer to another study [34]. The reader is also
referred to recent numerical studies of rod-like dispersions where the sensitivity of the
threshold volume fraction of rods to finite aspect ratio and polydispersity in aspect
ratio are explored [39].

Here we aim to contribute to the understanding of current distributions across
the bond percolation network which, although constrained on a cubic lattice, can shed
lights on current distributions and multiscale properties in continuum systems. In the
seminal work of de Arcangelis et al. [I0,[I1], a hierarchical lattice model is given for the
percolating backbone of the network, which yields a log-normal current distribution
in the network; this model was later generalized by Lin et al. [26]. These models
successfully capture the multifractal behavior of the current distribution at percolation
threshold (e.g., an infinite hierarchy of exponents in the moments). However, they fail
to predict the power law distribution of small currents (Straley [37] and Duering et al.
[14, 15]), and they do not address additional features of the current distribution that
are most relevant to materials applications (specifically, the large current distribution
properties as discussed in the following).

Current distributions and their scaling behavior, if they can be quantified, have
fundamental importance in materials science. Low moments of the current distribu-
tion dictate physically measurable, macroscopic properties that have been the princi-
pal target of homogenization and percolation theory. Specifically, the second moment
of the current distribution yields the bulk conductance, while the fourth moment is
relevant to the flicker (1/f) noise of the system [10, B1]. Therefore, measurable macro-
scopic scaling behavior at or above percolation threshold (cf. [29]) is inherited from
the current distribution. Another illustration is in the study of breakdown of random
media [2 12, [16] 20]. This critical network property motivated studies on the size
and location of the largest current in the network [8] 211 25, 28]. Li and Duxbury
[25] showed that the logarithmic scaling of the largest current with respect to the
system size is consistent with an exponential tail of the current distribution. Chan
et al. [§] showed that large currents in a “funnel-shaped” region have an exponential
distribution. As we shall show in the following sections, averaged (bulk) network
properties and a one-point statistic such as the largest current in the network are not
only implied, but directly controlled by, the large current tail of the distribution.

With knowledge on the very small currents and the largest current, little is known
or has been reported on the bridge between the two ends of the current distribution.
Indeed, our study reveals the power law scaling at percolation threshold of the small
current tail of the current distribution is not responsible for the experimentally ob-
served power law scaling in bulk conductivity nearby yet above threshold. Here we
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analyze the entire current distribution, reproducing the power-law distributions of
small currents [14] 15, [37] while revealing the dominating extent of an exponential
large current tail. We then take moments to show the robustness of the exponential
large current tail above criticality, which is independent of the bond density given
a unit uniform electric field in the system. We use the term “robustness” to em-
phasize that the exponential tail is insensitive to bond density above (but relatively
close to) percolation threshold and that the gradients of the best-fit exponential rates
of the large current tail are smooth with respect to bond density variations. Lastly
we show how the exponential current tail controls and dictates the scaling behavior
of the largest current and the power-law scaling of the bulk conductivity. We point
the reader to Figure in particular for an illustration of robustness with respect
to bond density above the critical percolation threshold, not only in the exponential
rate of the large current tail, but also in the bulk conductance of the network and
in the percentage of significant current-carrying bonds. These connections between
multiscale electrical properties of the network motivate the methods developed and
applied herein.

2. Model and Method. A random resistor network is an L x L x L cubic
lattice in which each edge of the lattice takes conductance 1 with probability p (it
is traditional to call such a conducting edge a bond and p is the bond density), and
conductance 0 with probability 1 —p. We seek to understand the relationship between
the electrical and topological properties of the resulting bond percolation network. In
order to model an externally-driven bulk electrical response, we consider two perfectly
conducting L x L plates to be present at opposite ends of the cube, representing the
sink and source of current (in response to either an external voltage drop or current
source).

The bond percolation threshold p. for an infinite 3D cubic lattice is p, = 0.2488
[27]. For p < pe, all clusters are small and almost surely no percolating cluster
forms in an infinite network. At p. an infinite cluster emerges with finite non-zero
probability that spans the network, i.e., the network has a percolating cluster. There
is a significant literature devoted to the scaling behavior of the distribution of cluster
sizes. The typical representation is in terms of a power law with a exponential cutoff
361,

ns o< 77 exp(—|p — pe|'/7s),

where n, is the number of clusters with s bonds. Nonetheless, there is no known
connection between the cluster distribution scaling and the distribution of currents
supported on the cluster distribution. Indeed, the non-zero values of the current
distribution are associated with the geometric properties of only those clusters that
percolate, whereas all other clusters are lumped together in the zero current value.
Clearly, some connection exists between this cluster size scaling and the small and
large tails of the current distribution, yet this remains an open problem.

With this background, the simulation procedure is now summarized. We solve for
the physical distribution of currents by large-scale simulation of the random resistor
network. Specifically, for each realized graph of the random resistor network model
in which nodes correspond to the lattice points and edges to the conducting bonds,
a breadth-first search algorithm [24] identifies the union of percolating clusters that
connect the two plates. The key ingredient is the plate-constrained 2-core — defined
here as the connected subgraph containing both boundary plates with degree at least
two in the interior of the subgraph. This plate-constrained 2-core captures all bonds
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that potentially carry non-zero current in the posed problem. This pre-processing step
provides two significant advantages. 1. Restriction to the plate-constrained 2-core
filters approximately 90% of the bonds near percolation threshold, therefore reducing
the linear system to 10% of its original size. 2. By a priori elimination of all bonds
not in the plate-constrained 2-core, we remove a vast fraction of exactly zero-current
bonds from the numerical simulation of the linear system, thereby improving numer-
ical precision overall, and in particular improved resolution of the small current tail.
Kirchhoff’s law [38] is then solved on the plate-constrained 2-cores with a standard
linear solver, giving the current on each bond. A statistical description of the network
properties is obtained by averaging over 1000 realizations for each bond density and
system size.

3. Results and Discussions.

3.1. Multiscale Current Distributions. Because it is extremely rare that a
bond in the percolating backbone carries exactly zero current, we separate bonds
according to zero current (within numerical precision) from all the rest, and analyze
the non-zero currents. Let f(i) denote the probability density function (PDF) of
the currents across the population of current-carrying bonds (that is, ignoring zero-
current bonds where present). Let h(z) be the corresponding PDF (again, restricted
to non-zero currents) of the logarithmic current X = In(7). The two distributions are
related by h(z) = f(e®)e”.

The logarithmic current distribution h(x) and current distribution f(¢) near (p =
0.25) and above (p = 0.29) the threshold are shown in Figure Bl for a unit voltage
source. (Below we consider the alternative formulation of a current source.) First,
the logarithmic transformation of current exposes the small current region; the left
panel in Figure 31 recapitulates [15] 14, 37] the small currents. Second, for relatively
large currents (i.e., to the right of the peak of the h(x) distribution), Figure Bl
(right) is clearly suggestive of exponential current distributions. This general shape
of the current distribution persists as bond density p increases above threshold for
a “distance” p — p. to be clarified below relative to persistence of the small current
scaling. The implications are two-fold: an exponential large current tail at percolation
that persists for p — p. at finite non-zero values; a small current tail that disintegrates
relatively rapidly above the critical bond density. We are cautious to rule out finite
size effects since the p = 0.25 correlation length [36] is larger than the system size
L = 100. Specifically, near threshold, the correlation length ¢ scales as £ o (p—p.)~%?
[36], a feature that we will incorporate in our study below.

While the small-current behavior is well understood and the maximum current
has been studied extensively, little is known or has been reported about the large
current tail of the distribution — even though the large currents dominate bulk prop-
erties (which we explicitly show below). This is not so surprising in retrospect. The
theoretical allure of the physics community has focused primarily on universality of
power law scaling at percolation threshold, which is revealed by the small current tail
as one approaches criticality from above. On the other hand, concerns of network
failure draw attention to the largest current in the network. The bridge between
these scaling behaviors (i.e., the large current tail), and the relative robustness of
both tails of the distribution above percolation, do not appear to be addressed in the
literature (with the caveat noted earlier of a cut-off function in analysis of the cluster
size distribution). We turn attention to these issues next.
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Fic. 3.1. Distribution h(z) of the logarithmic current (left) and distribution f(i) of the current
(right) near threshold (p = 0.25) and above threshold (p = 0.29) in 100 x 100 x 100 random resistor
networks. The logarithmic transformation of currents exposes small currents which have a power
law distribution (left panel) while the overall current distribution looks exponential (right panel).

3.2. Finite Size Scaling Analysis. We now focus on the large current tail,
revealing a robust exponential distribution above and close to percolation threshold,
yet persistent farther from threshold than the small current power law scaling. The
empirical densities of the current for a unit voltage source near percolation threshold
(p = 0.25) and above threshold (p = 0.29) for different system sizes are shown in
Figure3.2l1 Despite slightly larger noise at bond density p = 0.25, the straight lines at
both bond densities point to exponential tails of the current distributions, and the rate
of the exponential decay increases with the system size L. In order to meaningfully
capture an externally-imposed voltage drop in the thermodynamic limit (L — oo), and
to better understand the effect of system size on the current distribution, we carry
out a finite-size scaling analysis on the distributions. Let f1, (i) be the probability
density function (PDF) of the current at system size L for a unit voltage source; then
by properly rescaling fr, (i) with L, we aim to eliminate the effect of the system size:

(3.1) L™ fr(L™%) = f7(2),

where f°°(i) is a function independent of L, and w and v are critical exponents to
be determined. By tuning u and v, we confirm that the densities for different system
sizes collapse onto a single curve with u = 1 and v = 1 (see the insets of Figure 32)).
This is the expected result for a material with bulk conductance: the total resistance
of the cube per unit cross-sectional area increases ~ L. This results in v = 1, while
u = 1 yields the correct normalization factor so that the rescaled PDF integrates to
1. In other words, f°°(i) is the limiting current distribution for system size L and
external voltage source V* = L (i.e., a unit uniform electric field, up to edge effects).
Therefore in a finite system the current density for a unit voltage source scales as:

(3.2) fo(i) = L f=(Li).

It might seem natural that the current distribution will not change with system
size L if the electric field in the system is kept constant as L increases. However, the
simple scaling form in equation ([B.2)) is not trivial. It implies that the multifractal
property of the current distribution [II] comes from small currents, since the large
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Fi1c. 3.2. (Color online) Empirical probability density function of the current in an L X L x L
cubic lattice at bond density 0.25 (left) and at bond density 0.29 (right) for various system sizes L.
The percolation threshold is at bond density 0.2488. A constant unit voltage is tmposed across the
system. The plot is derived from the histograms of all the currents over 1000 realizations. The inset
shows the same distributions rescaled by the system L with critical exponents uw =1 and v = 1.
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Fic. 3.3. Scaling of the first 6 sample moments with respect to the system size L. The bond
density is fized at p = 0.25 and the system size L varies from 50 to 200. The fitted equations of the
moments My are shown in the figure (cf. Equation (Z.3)). Curves are normalized by their values
at L = 200.

current tail has a simple scaling form with respect to the system size. Specifically, the
k" moment M, of the large currents described by this finite-size scaling is a simple
scaling function of L:

(3.3) My, = /Ooika(i)di = /Ooika"o(Li) di oc L7F.
0

0

To confirm this simple scaling form of the moments, we compute the first several
sample moments at bond density 0.25 for varying system sizes and plot them in Figure
B3l The sample moments are calculated as Mj, = + >y i, where N is the number of
bonds with nonzero current and the sum of bond currents 4, is taken over all current-
carrying bonds, b. The scaling forms of the moments are not exactly the same as
Equation (3.3]) due to the multifractal property of small currents and numerical error;
however for large moments the exponential tail of the current distribution becomes
dominant and thus the scaling relationship approaches Equation (3.3).
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Fig. 3.4. (Color Online) Limiting current distributions f>(i) = L~ fr(L™') at different
system sizes and bond densities. Colors represent the ratio L/(p —pc) %2 where p. = 0.2488 is the
percolation threshold for an infinite system and thus the color serves as an indicator of the system
size relative to the correlation length. The overlap of current distributions at different parameters
demonstrates a robust exponential distribution for large currents.

3.3. Robustness of the Exponential Current Tail above Criticality. Given
the simple scaling form of the large current distribution with respect to system size,
we now turn to the robustness of the exponential tail of the current distribution above
criticality and its scaling with bond density p. We superimpose the limiting current
distributions f°°(i) = L~! fr,(L~1i) for a wide range of system sizes L and bond den-
sities p in Figure[3.4] with colors representing the ratio L/(p — p.) =% as an indicator
of the extent to which our result is affected by the finite size effect. Large values of this
ratio indicate that our system size is larger than the correlation length and hence have
limited finite size effect. Despite the noise at low system-size-to-correlation-length ra-
tios, Figure demonstrates apparent convergence to a Tobust class of exponential
distributions for the large current tails both near and above threshold. The rate of
the exponential tail does not depend on the bond density and the simple scaling form
of the tail of the distribution with respect to the system size remains the same. We
note that this robust feature of current distributions only holds sufficiently close to
threshold. For instance, at saturation (p=1) the current distribution approaches a
delta function which is the current distribution at p = 1 where every bond on the
straight-line paths perpendicular to the two plates carries the same current while all
other bonds carry zero current.

To quantitatively confirm the independence of the exponential tail on the bond
density p given a unit voltage source, we now consider a unit current source flowing
between the two plates. Current distributions for a unit voltage source differ from
those for a unit current source by a factor of the bulk conductance C, because of the
linearity of the system. Formally, denoting the density of the current distribution for
the unit current source by gr,(4), the density f, () of the current distribution for a unit
voltage source can be written as: fr,(i) = g.(i/C)/C. Then assuming gz, (i) ~ e~ )
for large currents yields

. Ap) .
3.4 fo(@) ~exp{——=—=1}.
(34) () ~ expl-Z)
Therefore, the rate of the exponential tail of fr (i) being independent of the bond
density (over an observed range) indicates a linear relationship between the rate A(p)
of decay of the exponential tail of ¢g7,(i) and the bulk conductance C(p), and vice
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Fic. 3.5. Scaling behaviors against bond densityp—]uﬁff for the bulk conductance C(p), the rate
A(p) of the exponential tail of the current distribution, and the number N(p) of bonds with current
larger than 10~3. The system size is fived at L = 100 and the bond density p varies from 0.25 to
0.29. Curves are normalized by their values at p = 0.29. In the parent figure pﬁff = 0.24 as defined
in [35] and piﬁ = 0.2488 in the inset. The inset demonstrates the sensitivity of the scaling exponent
on the value of pc used (with fitted exponents 1.9194+.012, 1.969+.077 and 1.917+.013 respectively),
but further supports the similar behavior of A(p) and C(p).

versa.

It would seem surprising for these two properties to scale linearly with one an-
other. To quantify this relationship, exponential distributions are fitted to the current
distributions for a unit current source at various bond densities and their rates A(p)
are plotted against the bond densities p in Figure 3.5l along with the scaling behavior
of the bulk conductance C(p). It is well known in percolation theory that the bulk
conductance has a power-law scaling with respect to p [9]; therefore A(p) also scales
with p as a power law. These power law scalings are confirmed in Figure Using
the percolation threshold p. = 0.2488 of an infinite 3D cubic lattice [9], we find the
conductivity exponent to be 1.919 + 0.012 (see the inset of Figure B.1]), agreeing with
the literature values [9]. Moreover, since our system is finite we also consider the
scaling behaviors with respect to p — pST(L) where pS(L) is defined as the effective
percolation threshold for a finite system in Stauffer et al. [35]. Figure demon-
strates that the quantitative details of these power-law scalings are sensitive to the
choice of p¢f(L), yet the point of emphasis here is that for either choice taken, there
is a persistent linear relationship between the rate of exponential decay A(p) and the
bulk conductance C(p). These results indicate that A(p) and C(p) have similar scaling
behaviors with respect to bond density near and above the percolation threshold.

Both the underlying exponential distribution and the power-law scalings break
down far above threshold, e.g., for p > 0.35 as shown in the Appendix.

3.4. Scaling Behaviors of the Largest Current. Given the explicit expo-
nential form of the tail of the current distribution, we calculate the statistics of the
largest current in the system and show that they scale logarithmically with respect
to system size L, agreeing with the literature [8 21 25| 28]. Let M,, be the largest
current in the network with n bonds and Fjy, (i) be the cumulative distribution of
M,,. Then assuming weak dependence between bonds and an exponential tail of the
current distribution fr, (i) ~ exp(—i), we can write Fis(i) asymptotically as

(3.5) Fy, (i) ~ (1 —e )"
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for large current i. Therefore the mean of M, is
(M) ~ / i-n(l—e )" teTidi
0
= Zl/uwlnn+’y.
p=1

Substituting in n = pL3, we recover the logarithmic scaling of the mean largest current
(My) ~In L. Similarly, solving Fy; (i) = 0 we find that the mode of M, is also Inn,
and the characteristic largest value [19], which is the (n — 1)*® n-quantile of the
current distribution, is calculated to be Inn as well. We note that the scaling of the
largest value of a distribution does not generally imply the shape of the distribution,
since it is not hard to construct different distributions with the same largest current
scaling behavior. However, the current distribution in this model results from a
normal physical system and hence it is expected to have a regular tail. Li et al.
[25] showed that the logarithmic scaling of characteristic largest value would imply
an exponential tail of the current distribution. In the present work, we have not
only identified an exponential tail but, more strongly, have demonstrated that this
exponential behavior dominates the current distribution and the resulting macroscopic
properties. Moreover, we have identified the dependence of that exponential on bond
densities in a range above the percolation threshold.

3.5. Large Current Tail and Scaling of the Bulk Conductance. Bulk con-
ductance of the random resistor network has been studied extensively in percolation
theory [9], 18] 33], 36]. We have confirmed the power law scaling of the conductance
and its exponent above (Figure B5l). We now connect the above scaling results for
the current distribution to the reported power-law scaling of the macroscopic conduc-
tance. (In particular, we will show that the power law scaling in the small current tail
of the current distribution at percolation threshold is not responsible for the power
law scaling in bulk conductance.) Recall that the second moment of the current
distribution is related to the conductance of the network. We now show that the
scaling behavior of bulk conductance is inherited from the large current tail of the
distribution. Specifically, conservation of energy in the system gives,

V2

(3.6) ==

Z%Tba

b

where V and R are the external voltage and the bulk resistance of the system respec-
tively, 7 is the value of the current on a bond, 7, = 1 is the resistance of a bond,
and the sum is taken over all bonds with nonzero current. For a unit external voltage
source, Equation (3.6]) can be rewritten as C = R™! = Y, i?, where C' is the bulk
conductance of the network. Dividing by the number of current-carrying bonds N,
we recover the conductance from the continuous current distribution:

(3.7) % = %:Vib = /Ooo i2fr(i) di.

Equation (B77) connects the scaling behavior of the bulk conductance to that of the
current distribution. Since the second moment of the current distribution fr () is
dominated by the exponential tail of f1,(¢) which is shown to be independent of the
bond density p, the number N (p) of bonds carrying large currents (whose magnitudes
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are assumed to be larger than 1073) and the bulk conductance C(p) have the same
scaling form with respect to the bond density p, as demonstrated in Figure The
balance of Equation [37) conditioned on large currents reveals an intrinsic consistency
between the power-law scaling of the conductance and the exponential large current tail
of the current distribution.

4. Conclusion. We have identified a robust exponential large current tail of the
global current distribution in percolating, 3D random resistor networks for the bound-
ary value problem of conductance between two infinite parallel plates. This feature
persists above percolation threshold at bond densities for which the celebrated small
current power law scaling has already disintegrated. In the supercritical regime above
percolation threshold, it is precisely this range of currents that is most relevant for
describing and diagnosing the macroscopic electrical response for materials applica-
tions. Our numerical simulations leverage a network graph representation, whereby a
breadth-first search preconditioner removes a large fraction (~ 90%) of the a priori
zero current carrying bonds. This approach both reduces the linear system to allow
larger system sizes at fixed computational cost, and gives significantly better accuracy
for capturing scaling behavior of the small current tail.

We surmise there is a geometric scaling behavior in the percolating bond com-
ponent that underlies this exponential large current tail, yet this remains an open
question. This structure-property relationship is ripe for understanding a variety of
material performance properties. One possibility is the dynamics of failure due to
random small perturbations in the network. It is interesting to probe the extent to
which the electrical property analysis is a proxy for characterization of the geome-
try of the percolating bond network. The percolating backbone is where the large
current is supported, and one can further analyze the geometry of the bonds sup-
porting successive values in the large current tail. This geometry, once understood,
presumably can be used to explore more general structure-property relationships. For
example, does the geometry of the percolating backbone imply mechanical properties?
It is well-known in the engineering literature that “mechanical percolation” occurs at
much higher volume fractions than “electrical percolation”. We currently are pursuing
the possible connection between geometry of the percolating component(s) and other
transport properties of a random resistor network, such as mechanical properties and
stability of bulk conductances to random perturbations among the bonds. Finally,
the existence of the large current tail in this classical random resistor network model
appears not to have been addressed previously in the literature, even though it is a
dominant feature for theoretical and practical considerations. The exponential cut-off
that has been explored in the cluster size distribution [32] may very well be related
since it corresponds to the geometry of the percolating component, as suggested by
our colleague Michael Rubinstein.

Partial research support has been provided by NSF DMR-1122483, DMS-1100281
and DMS-0645369, AFOSR FA9550-12-1-0178 and ARO 12-60317-MS.

Appendix. Scaling behaviors far from threshold. The bond percolation
threshold p. for an infinite 3D cubic lattice is p. = 0.2488 [27]. Near and above
threshold we have identified power-law scaling behaviors of various macroscopic elec-
trical properties such as the bulk conductance and the number of bonds with nonzero
current, and a robust and universal exponential distribution describing large currents.
We note that both the power-law scalings and the underlying exponential distributions
become invalid further from the threshold as the system saturates.

Figure [A1] plots the bulk conductance for bond densities up to .5. The bulk
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Fic. A.1. Scaling of the bulk conductance with respect to the bond density p in an 100 x 100 x 100
cubic lattice.
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Fic. A.2. (Color online) Limiting current distributions at bond density ranging from p = .3 — 4.

conductance gradually deviates from the power-law scaling near threshold after p =
.3. Figure shows the current distributions at large bond densities with colors
representing the bond density p, where p ranges from .3 to .4. The current distribution
at p = .3 still agrees with the universal exponential distribution while as p increases
it approaches a delta function which is the current distribution at p = 1 where every
bond on the paths perpendicular to the two plates carries the same current while all
other bonds carry zero current.
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