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WAVE OPERATOR BOUNDS FOR 1-DIMENSIONAL SCHRODINGER OPERATORS
WITH SINGULAR POTENTIALS AND APPLICATIONS

VINCENT DUCHENE, JEREMY L. MARZUOLA, AND MICHAEL I. WEINSTEIN

ABSTRACT. Boundedness of wave operators for Schrodinger operators in one space dimension for a class of
singular potentials, admitting finitely many Dirac delta distributions, is proved. Applications are presented
to, for example, dispersive estimates and commutator bounds.

1. INTRODUCTION

Wave operators provide a means for converting operator bounds for a “free” dynamics generated by a
constant coefficient Hamiltonian, Hy = —A to analogous operator bounds about “interacting” dynamics
associated with a variable coefficient Hamiltonian, H = —A 4+ V, on its continuous spectral subspace.
Indeed let Wi and W} denote wave operators associated with the free and interacting Hamiltonians Hy
and H (defined by (1)) and 22])). Then we have

(1.1) WeWi =P, WiWs=Id
(1.2) F(H)P, = Wy f(H)WZ, f(Ho) = Wi f(H)Ws, fBorelonR .

It follows that bounds on f(H)P. acting between W#1-P1(R?) and W*2:P2(R?) can be derived from bounds
on f(Hy) between these spaces if the wave operators W are bounded between W#1:P1(R?) and WF2:P2 (R4)
for kj; > 0 and p > 1. Here, WFP(RY), k > 1, p > 1 denotes the Sobolev space of functions having
derivatives up to order k in LP(RY).

Applications along the lines of the above discussion have appeared in [I7]. For example,

e Po(H) F || gy = [[Wee T WEF|| ygay < C T2 | fllpaay, p a7 =1, p>1.

Boundedness of wave operators in W#?(R%), under smoothness and decay assumptions on V(z) was
proved in [28] in dimensions d > 2. Weder [27] proved boundedness in dimension one; see also [3]. In [27]
it is assumed that V € L}Y(R), the space of all complex-valued measurable functions ¢ defined on R such
that

(13) I8l = [ lo@)(1+ falydo < oc.

For V falling into a class of generic potentials, the assumption is v > 3/2, otherwise it is assumed v > 5/2.

Schrédinger operators with singular potentials arise in models, which have recently been extensively
investigated. See, for example, [I7, 7, (T4, [10, [IT], 12], where Dirac delta function potentials are considered.
Boundedness of wave operators for singular potentials satisfying the hypotheses of Theorem [ is used
implicitly in references [14] and [7], but this boundedness appears not to have been addressed previously.
This gap in the literature is addressed by the current work. Another motivation for the present work is
the study of scattering for highly oscillatory structures in the homogenization limit [5], where bounds on
(m?+H) 'P.(H)(m?—0?), where H = —02+V (z) is a Schrodinger operator with a singular (distribution)
part to the potential V(x), are required; see section [7
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This article is devoted to an extension of the one-dimensional results [27] to the case of singular potentials.
In particular, our results apply to Hamiltonians of the form

H = -02 + V(x),

where V(z) satisfies:
Hypotheses (V)
(1.4) V(@) = Viing(z) + Vieg(a),

N-1
(1.5) Viing(z) = Z q 0z —y;), a5,y €R, y; <yj41, ¢ #0,

3=0
(16) Wiy, = [0+ 105 Woeg(o)] ds < x.

2

The paper is structured as follows. In section 2] we state our main result, Theorem [II concerning
boundedness of wave operators. In section Bl the strategy of proof is outlined. Section ] summarizes
facts about Jost solutions, distorted plane waves, reflection and transmission coefficients etc. Some related
technical results are contained in Appendix [Al In section [l we state a general result, Theorem [3] from
which Theorem [ follows. The proof of Theorem [Blis given in section [6l Finally, in section [1 we present
examples (multi- delta function potentials) and applications to dispersive estimates, commutator bounds
and well posedness.
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2. MAIN RESULTS

We first define and review properties of the wave operators. For basic results on wave operators see, for
example, [T1, 20, 22].

Introduce the self-adjoint operators Hy = —A and H = —A + V. Here, V is a real-valued potential,
satisfying assumptions given below; see Section[Bl Let P. = P.(H ) denote the continuous spectral projection
associated with H. The wave operators, W and their adjoints W are defined by

(2.1) Wy =s-— tlirn eltH o= itHo
—00

(2.2) Wi=s-— tlim eitHog=itH p
—00

The wave operators satisfy the properties (II) and (I2)). The notion of wave operators is intimately related
to the idea of distorted Fourier bases, which are discussed in detail in [1], [I3], [21I]. In one dimension, this
is directly related to the Jost solutions. These objects are studied in general in [2I] and generalized to even
a certain class of non-self-adjoint operators in [16].

Our main result, Theorem Bl combined with the calculations of Section [T} implies the following:
2
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Theorem 1. Consider the Schridinger operator with a potential, V(x), satisfying Hypotheses (V). Then
Wy and W} originally defined on WHP N L2, 1 < p < oo, have extensions to bounded operators on W1,
1 < p < co. Moreover, there are constants C), such that:

(2.3) W fllwrem) < Coll fllwremy: IWEfllwiem < Collfllwrem, f€W'P(R), 1 <p < oo.

Remark 2.1. In general, the wave operators are not bounded on L'. The constraint p > 1 is due to the
Hilbert transform, H not being bounded on L!; see [27].

3. STRATEGY OF PROOF

We use the approach for wave operators on R initiated by Weder in [27]. The heart of the matter concerns
the detailed low and high frequency behavior of Jost solutions, worked out by Deift and Trubowitz [4],
or a consequence of their methods. The idea is to split the wave operators into high and low frequency
components:

W:I: - W:i:,high + W:i:,low-

For the high frequency component we prove for ¢ € S,
Wi hight = Z Sa;¢, where Sa¢p= / Az, y)p(y)dy.
j —00
For each A = A, we use the criterion (Young’s inequality [6]) for LP, 1 < p < co boundedness:

C = sup / Az, )] dy + sup / Az, y)] dr < oo
zeR JR yeR JR

= [[Sadlly < Ca (19l

to prove
(31) ||Wi;high¢||wk,p < CP ”(b”Wk,P , 1<p<oo, k=>0.
For the low frequency components, we have
W:I:,low ~H + ZSAJ-;
J
where Sy, is as above and H denotes the Hilbert Transform

o0

(3.2) (Ho)(z) = %P.V. / wdy _ / e (Zi sgn(k)) d(k)dk

— 00

Here, F and F~! denote the Fourier Transform on R and its inverse, defined by

o 1 ) . )
(3.3) o(k) = Fo(k) = > / e~k p(x)dr, @(z) = F1o(x) = / M (k) dk.
T
Thus, for low frequencies, boundedness
(3'4) ”Wi,low¢||wk,p < G ||¢||Wkp , 1<p<oo, k>0

reduces to the boundness properties of the Hilbert transform [24]:
Theorem 2. H : Wk? — WkP for 1 <p < oo and k>0, with [Hbllwrwm < Kp |Ollwes)-

Estimates (B)) and ([B4) then imply the theorem. The proof of BIl) and (B4 is given in section
We now develop some background for implementing the strategy.
3
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4. BACKGROUND SPECTRAL THEORY OF H = —92 +V

4.1. Distorted plane waves, e (7;k). Consider the operator H = —92 + V (z), defined as a self-adjoint
operator on L?(R). Denote by P; and P, the discrete and continuous spectrum projections. P; and P. are
orthogonal projections with P, = Id — Py.

Denote by Ry the outgoing “free” resolvent operator Ry(k) = (—02 — k?)~! with kernel
Ro(k)(w,y) = —(2ik) " exp(ik|z — y])
and finally introduce the distorted plane waves, ey (x; k):
Definition 4.1. u = e4(x;k) are the unique solutions to (H — k?)u = 0 satisfying
(4.1) es(z; k) = eF* 4 outgoing(x),
where a function U is said to be outgoing as |z| — oo if
(0 F itk)U= 0, 2 — +o0.
Thus, ey (x,;k) is given by the integral equation:

et (z;:k) = eF*® — Ry(k)Vethe,

The continuous spectral projection, P, is given by

(42) Put@) = [ [ (estoh) S0 + e (o) 0000 S0k
see, for example, [26].
We write
P.f = F{ Fy f, where it follows from (.2) that
(43) Fof = [ TR f) v Fif = [ Uak) ) dy and
R R
1 ey (x;
(1.0 wih) = o= f ol R

We also define ¥_(z, k) = ¥ (z, —k).

4.2. Jost solutions. To make direct use of the arguments in [27] and [4], we express the results of the
preceding subsection in terms of Jost solutions, commonly introduced for one-dimensional Schrodinger
operators.

Given the Schrodinger equation

2
dx?

we define the Jost solutions, f;(z, k), 7 = 1,2, Imk > 0, to be the unique solutions of (A7) satisfying the
conditions:

(4.5) u+ Vu=k*u, keC,

fi(z, k) — e*® 50, z— o0, and
(4.6) foz, k) — e 50, 2z — —ooc.
4



V. DUCHENE, J.L. MARZUOLA, AND M.I. WEINSTEIN WAVE OPERATOR BOUNDS

The Jost solutions are linearly independent solutions of (A for k& # 0. Therefore, there are unique
functions T'(k), R;(k), j = 1,2 such that for k € R\ 0

R (k) 1
Ry (k) 1

(4.8) fi(z, k) = ()f2( k) + 0] fa(x, —k)

(
For a potential, V', with compact support within (—r,r), R;(k) and T'(k) are defined via the solutions:

(4.7) fala, k) —k),

e*® 4 Ro(k)e ™ 1 < —r,
(19) ity ={ T
. _ T(k)e_ikwv T < -r,
(4.10) ug(x; k) = { e~ 4 Ry(k)e, x>
Generically,
(4.11) T(k)=ak+o(k), 1+R;k)=cajk+o(k), j=12, k—0.

T(k) is called the transmission coefficient associated with H. R (k) is the right to left reflection coefficient,
and Ry (k) the left to right reflection coefficient.

It follows from (1)), [@6) and @7 that

1 T(k) e* my(z,k) k>0,
Vam L T(=k) % ma(z, k) k<0,

where mq(z,k) —1 — 0 as x — oo and ma(z,k) =1 — 0 as ¢ — —oo. The detailed smoothness and
decay properties, in 2 and k, of m;(x; k) — 1 are required in estimates. These are given in Appendix [A]

(4.12) U (2,k) =

5. STATEMENT OF THE MAIN THEOREM

Our main result, from which Theorem [ follows, is:

Theorem 3. Let H = —92 + V(z) be self-adjoint on L*(R), where V = Vying(2) + Vyeg(x) for which the
transmission and reflection coefficients (see [A1)) satisfy the bounds:

C
(5.1) [R(K)|, |T(k) = 1], [0k R(K)|, [0kT (k)| < W

Assume further that there exists a > 0 sufficiently large such that

(5.2) |0Smy (z, k)| + |05 ma(z, k)] < C(a) for || <a, a=0,1,

(5.3) | mi(z; k) — 1| + | Opma(x; k) | + | Oema(zik) | < C fz‘x’ [Vieg(8)|(1 + |t]) dt

L+ k] e
Vie 14 |t]) dt
(5.4) | mo(z;k) =1 | + | Oxma(z; k) | 4+ | Ocma(z; k) | < Cf | i(—l—)||(k| 1) , < -a

Then Wy and Wi originally defined on WP N L2, 1 < p < oo, extend to bounded operators on WP,
1 < p < oo. Furthermore, there are constants C,, such that:
(5.5 IWeflwir < Coll fllwrw, IWEflwrr < Collfllwrn, feWHP AL 1<p< oo

5



WAVE OPERATOR BOUNDS V. DUCHENE, J.L. MARZUOLA, AND M.I. WEINSTEIN

Remark 5.1. Deift and Trubowitz [4] establish the bounds (B.3) and (54]) for any potential V(z), for
which (1 + |z|) |V (z)| € L*(R) with a = 0. Their proof applies to a potential of the type in Hypothesis
(V), V = Viing + Vieg, where Vg has a finite set of Dirac masses within an interval (—A, A), and such
that (1 + |z]) |Vieg(x)] € L3H(R). In this case the bounds (5:3) and (54) hold with a = A, C' depending
on A and V replaced by Vieg4.

Remark 5.2. In fact, less restrictive bounds on V,., as developed in [3] would suffice. However, for
simplicity we will follow the work of [27] as it makes some computations more explicit.

6. PROOF OF MAIN THEOREM

We follow the strategy described in section
Let x(z > 1) € C*°(R) denote non-decreasing cut-off functions such that

0 z<i
29
(6.1) x(le)—{l r>1.

To localize in frequency space, introduce 1 (|k| < ko) € C§°(R) be a compactly supported cut-off
function, depending on a parameter, kg, to be chosen, such that
_ 1 |k| S kOa
(62) UETORS

We decompose any ¢ € L?(R) into its low and high frequency parts:

(6.3) d(x) = Prow(®) + Pnign(z), where using D = —i0,,
(6.4) brow(®) = V(D] < ko)d(z) = / e (K] < ko) (k) dk,
(6.5) brign(@) = (1 — $(D| < ko)) olx) = / e (11 (k] < ko) ) (k) d .

6.1. Bounds on W, ¢;,,. For 2 > 0, we can express Wi djon (), in terms of m(x, k) which satisfies the
bounds (B.3]), and for z < 0, we can express Wi o (), in terms of mo(x, k) which satisfies the bounds
BA4). Since the cases > 0 and < 0 are very similar, we only carry this calculation out in detail for
x > 0. We have, using the notation Pf(z) = f(—x),

Wibiow = FIF (D] < ko)o
(o' 0
- / e T(k) ma (2, K) (k] < ko) G(K) dk + / e T(—k) ma(ar, k) o (k] < ko) d(k) dk
0

— 00

_ /Oo R T(R) mo (2, k) & (K] < ko) d(k) dk

0

0
_|_/ e* [Ry(—k)e™ 2 my (x, —k) + my(z, k)] ¥ ([k] < ko) ¢(k) dk

ooioo 0
= /0 e my (z, k) [T(k) + Ri(k)P] ¢ (k| < ko) (k) dk+/ e my(x,k) o(k) dk, x>0,

— 00

where we have applied (£3]) and [@I12).
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We continue by using that [ [...] dk =3 [*_ (1 +sgn(k)) [...] dk, we have
60 Widww = 5 [ (1 sga() e (mo k) - DT 0 (K < ko) d(1)ak
b3 [ (s € i) - DIWOP (4] < b))k
% /_Z(l —sgn(k)) e (my (z, k) — 1) ¥ (|k| < ko) d(k)dk
+% /0;(1 +sgn(k)) e T (k) ¥ (|k| < ko) d(k)dk
b3 [ (sl S Ra9P b (4] < ko) Skt

43 [ =) € g (K < ko) BlRR, 7 >0

For z < 0 an analogous representation holds with mi(x, k) replaced by ma(x, k).

We now show that W 10, is @ bounded operator on W*P (R, ). Each term in the first three lines of
(69 is of the form:

(6.7) ¢ = Sj o (Ix+iH) o ¥D)o¢,
and each term in the last three lines is of the form
(6.8) o = (I£iH) o ¥(D) ¢,
where

U(D) = F~'U(k) F and

B(k) = T(k) (k] < ko) or Ry(k) P (k] < ko) or ([k| < ko),
(6.9) (5,9 @) = [ RiGe.s) B0) .
(6.10) R(x,y) = /eikz (m(x, k) — 1) e dk.

R

By hypotheses on T'(k) and R(k), ¥(k) is a multiplier on W*?(R) for 1 < p < oo [24]. Therefore,
the boundedness of the operators in ([6.7) and (68) on W*? for 1 < p < oo, and therefore the bound on
W4 diow, follows from

Lemma 6.1. S; is bounded on WYP(R,) and Sy is bounded on WHP(R_) for 1 < p < co.

Proof of Lemma [61: We focus on the bound for S; on W*P(R,). The bound for Sy is bounded on
WkP(R_) is similar.
Using the representation formula (AJ]) we have

Rj(z,y) = /Reik(“y)/ e By(z,2) dk dz = B (z,%)

0
and thus the operator S; simplifies to

($1®) (z) = /;OB1 (w,y;x><1>(y)dy - /OOOB1 (:cg> O(C—xz)d¢, ©>0.
7
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Since we must estimate S; on WP we also compute
p

/OOO o (x’ g) (=00 (¢ — ) dC + /OOO 92 B (I, g) (¢ —x) d¢

/ B (y;> o0 dy + | To.B, (%) o) dy, 0.

To prove boundedness of S and 957 on L? of the operator we use that the operator

Oy (519) ()

Snd(z) — /R R(z,y) ®(y) dy,

is bounded on LP with estimate

(611) ”SR(I) HLP < Cr ”(I)”va I<p<o

if

(6.12) Cr = sup / |R(z,y)| dy + sup /|R(x,y)| dr < oo .
z>0 JR y>0 JR

Note that by (A2) and (A4) we have

©13) B £ [ Wil and (0B S Wiegla)l + [ [Vieg(s)lds.
x+z x+z
Therefore,
sup/1y>z B4 (I,y—x>‘ dy + sup/1y>z B4 (x,u>‘ dx
>0 - 2 ¥>0 - 2
< 20w [ / Vyeg(s)lds dy
x>0
-3-
§2/ 142ty / (14 8) 3 Vg (s)Ids
0 2 2ty
< const X ”VregHLl3 R)-
34
A similar bound applies to the kernel 1,>,0, 51 ( —) Thus, we have

151®]wrrm,) = 151®] ey ) + |02 (S19) [ Lr(r,) < C|‘Wegl|L1§+(R) I®llwirm,) -
2

Applying similar arguments with S; replaced by Sz for z < 0 yields boundedness of Sy on WP, from
which we conclude

(6.14) IWidrowllwir@ < C [Vieglley @) lollwrr)
2

This completes the low frequency analysis.
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6.2. High Frequencies. We have, using ([@.1) and the notation Pf(x) = f(—x),
Widnign = FIF(1—=9(D|<ko))o

/0 (k) i (e )1~ (1R] < ko))d(k)dk

+ [ TR e, k(1= (K < F))dk)ak

— 00

/0 (k) (e )L — 0 (1R < ko))d(k)dk

+ /_ e* Ry (—=k)e 2" my (z, — k) 4+ ma (2, k)] (1 — ¢ (|k] < ko)) (k)dE
= /Ooo ™ my (@, k)[T (k) + Ri(k)P](1 = ¢ (|k] < ko))d(k)dk +/ e my (z, k)b (k) dk.

— 00
For x > 0 we rewrite this expression as

1 oo
Widnigh = =

S [ e (1 sgn() (k) — DT = (K] < ko)d(k)dk

—
8

8

™ (1 + sgn(k))(m (2, k) — 1)Ri(k)P(1 — ¢ (|| < ko))o(k)dk

_|_
|
83

™ (1= sgn(k))(ma(z, k) = 1)(1 — ¢ (|k] < ko))d(k)dk

_|_

+
N = N—= N N =
3

|
8

M (1 + sgu(k)T (k) (1 = (|k| < ko))o(k)dk

o [ (s )P~ (K] < k)RR
LT e (1 sgn(k))(1— (k] < ko))d(R)dR, @ > 0.

[\]

8

An analogous expression, with mq (z, k) replaced by ma(z, k), is used for < 0. We proceed now to show
that each term is bounded on W1P(Ry), p > 1.

Each summand in this decomposition of W ¢p,gp is of the form:
(6.15) 6> SjopD) 6, or ¢ p(D)o.

where p(D) = F~1p(k)F. Here, S;, j = 1,2, defined in ([63) and (@I0), is bounded on WP(R,) for
1 < p < oo, as proved in the previous section. Moreover, p(k) is a multiplier on WHP(R) for 1 < p < oo
due to hypotheses on R(k),T'(k) — 1,0rR(k) and 0yT(k), and the fact that 1 — ¢ (|k| < ko) is smooth,
asymptotically constant as k — oo and vanishing in a neighborhood of 0. It follows that

(6.16) Wt nignllwro @y < CliVeeglloy ) léllwre,).

An estimate analogous to (6.10)), similarly proved using a representation of W ¢pign(x) for 2 <0, in terms
of S5, also holds. Thus,

(6.17) W5 bnignllwe ) < C||VT89||L1%+(R) ollwre @) -
The decomposition (63) and the bounds ([G.I4)) and (6I7) imply the result. This completes the proof

of the main result, Theorem
9
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7. EXAMPLES AND APPLICATIONS

7.1. V(z) = a sum of Dirac delta masses. In this section we verify hypotheses (1)), (£3), (54) for
the case of a potential, which is the sum of Dirac delta functions, thereby establishing the applicability of
our main results to this case.

We follow the analysis from [I0] and [26], see also [8], [9] for specific examples. Seek solutions of the
form

(7.1) ( Hzz— %1# ) ex(z,k) =0,

where Hg 5 = Zj-v:_ol ¢;0(x—y;) when ¢ = (qo, - ,qn-1), ¥ = (Yo, - ,yn—1), and where ey (z, k) represent
the distorted Fourier basis functions as defined ([@.I]). Thus,

e’k 1 Boe™ ™ for x < 1o,
A’ 4 Bre kT for yy < x < y1,
(7.2) er(x, k) = )

ANeikm for x > yn_1,

where we have taken Ag = 1 and By = 0. With this choice of notation, we have, referring to (@9) and
(@I0), Ay = T the transmission coefficient and By = R; the reflection coefficient for the “incoming” plane
wave €”*® from —oo. Then, we have the following system of equations implied by continuity and jump
conditions at the points {y;} for j =0,...,N —1:

eikyo 4 Boefikyo — Aleikzo + Blefikyo
ik [Aleikyo _ Ble—ikyo — otkyo + Boe—ikyo] = 2q [Aleikyo 4 Ble_ikyo}
AN_leikqu +BN_1€_ikyN’1 — ANeikyN—l
ik [Avekyn-1 _ A ikyo L B —itkyo] — 9 Anetkyn-—1
1 NE N-1€ N-1€ = gN-1 |ANE .

Note, the above system guarantees unitarity, or that

(7.3) |Bo|* + |AN|? = 1.

We can define similarly

Doe™ ™= for x < 1o,
C1e’** 4 Die ™ for yg < x < y1,
(7.4) e_(x,k) = .
Cyetkr 4 e for o > yn_1,
~k% from co and the scattering matrix is determined by the transmission
~ike from oo.

where now the incoming wave is e
coefficients Dy = T and the reflection coefficient Cy = Ry for the “incoming” plane wave e

7.1.1. Bounds on m1, mo: In addition, for general singular potentials with compact support, we have

— &
etk —e}((mk)) for x < yn_1,

ml(xv k) :eiiszl(xv k) = {

1, for x > yn_1,

e

ik e}((ﬂ;,)k) for z > yo,

mo(z, k)= e“”fg(x, k)= {

1, for z < yo.
10
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Hence, there exists constants CL(yy_1) and C2(yo) such that

(7.5) |0my (x, k)| < CL(yn—1) for yn—1 > x >0,

(7.6) |0 ma(x, k)| < CZ(yo) for yo < z < 0.

As a result, we see that an arbitrary collection of § functions satisfies assumptions (52) , (E3]) and (54)
as required for the proof of Theorem

We conclude this subsection with explicit computations of the transmission and reflection coefficients
for single and double ¢ well potentials:

7.1.2. Single § potential (H, = —¢d(x)): Setting up the appropriate equations, we have
__ 4
ik—q’

ik
7.8 T=t, =
( ) q zk_qv

(77) R1 = ’I”q

where 1, t, are the reflection and transmission coefficients for H, respectively. We must show the bounds
from (B) hold, however such bounds follow clearly for (Z8)), (7).

7.1.3. Double ¢ potential (H, ; = —q(d(x + L)+ 6(x — L))): Setting up the appropriate equations, we
have

79 R — ~ (qlik — Q)e*™ 4+ q(ik + q)e PN
(7.9) 1=TgL = 2e2kL — (jk 4 q)2e—2ikL € ’
10 T+ B k? —2ikL
(7.10) “lal =\ PR (ik 4 q)2e—2iL ) © ’

where 74,1, 4,1 are the reflection and transmission coefficients for H, ;. respectively.
Again, we must verify bounds (5.1J), hence we must prove for instance
tqL(k) < C(L+ k)7,
provided gL # 1/2. Indeed, we have
2k(k? — 2ikq + ¢*(e*™*t — 1)) — 2ik%(2Lg%e** L — (ik + q))

toL(k) = _
a.L(k) (k2 — 2ikq + q2(eYFL —1))2 ’

which satisfies
g, (F)| ~ O(k|™")

as k — oo and
1

to (k)| ~ O(~—5—r

)

as k — 0. A similar computation holds for 7 1.

Remark 7.1. Such bounds can be verified for a more general § function potential using the expressions

- [ Vi(t)dt

T(k) = S O,
o0 ei2ikt
R = T(k)f_oom V(t)dt+0(k72>,

which can be derived from the expressions for mq, mo as in [4].
11
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7.2. Commutator / Resolvent type bounds. In [5], where homogenization of high contrast oscillatory
structures with defects is studied, bounds on (Hy + 1)7'(Hz 7+ 1) are required to estimate a Lipmann
Schwinger equation. We have, by our main theorem that

(Hy+1)"'(Hzy+ 1)P. = (Ho+ 1)"'"W,(Ho + 1)W : L* — L*.

7.3. Dispersive and Strichartz estimates in H' for §-NLS. We may represent

qu  eing—o [ T (eawk) xR 4+ e—(e k) e (e R)) F(y)dhdy.

From here, we may use direct computations to arrive at Strichartz estimates and apply Weder’s results on
wave operators since the potentials are all in L' with compact support.

Using the properties of wave operators, we have
(7.12) e PefllLe = |[Wae™ W fl| 1o

and using standard dispersive estimates for the linear Schrodinger operator (see for instance [25] for a
concise overview) arrive at

; —(i_1
(7.13) e P fllze < Cpt™ 273 Iy

Define a Strichartz pair (¢, r) to be admissible if

1
r

N | =

2
(7.14) e

with 2 <7 < co. Then, we arrive at the celebrated Strichartz estimates
(7.15) e P || Lawrr S Nluollwr.2

and

/S Hf(xvt)HLfWQ}i

(7.16) ‘
LaWwtr

t
/ eiH(tEfs)F)cf

0

using duality techniques and once again the boundedness of the wave operators.

As a side note, using positive commutators and well crafted local smoothing spaces, from [I§] we have
the Strichartz estimate
t
/ eiH(t_S)Pcf

) S @ Ol opa-

(7.17) ‘
L>L2

Now, by boundedness of wave operators on W1 ? spaces for singular potentials as proved in Theorem [3, we
have the following useful relation

t
/ eiH(t—s) Pcf

SN @ )l oy,
0

(7.18) ‘
L>~H!

where (p, §) is a dual Strichartz pair without first going through the dispersive estimates.
12
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7.4. Local Well-Posedness in H' for §-NLS. Consider the nonlinear Schrédinger / Gross-Pitaevskii,
with a potential consisting of a finite set of Dirac delta functions:

i0vu + Hg gu — |u|* u =0,
w(x,0) = ug(z) € HY,

for 0 < o < oco. We seek a solution in the following sense:
u=Aful,

where
t

(7.19) Alu](t) = e Haityy — / e Hag(t=9) )y 27y (s)ds.
0

We claim that local well-posedness can be established via the contraction mapping principle in the space
C°([0,T); H*(R)) for T sufficiently small. To prove the necessary boundedness and contraction estimates,

it is natural to apply the operator (I + H@g)%PC, which commutes with the group e~*7#5¢ to (ZI9). Then,
estimates follow in a straightforward way, using that H!(R) is an algebra, provided the space

(7.20) H'R) = {f: (I + Hzp) P.f € I*(R) }

is equivalent to the classical Sobelev space H'. This follows from the relations
(I+H):P,=W( —02):W*, W*I+H):*W =(I—0%)?

and our results on the boundedness of wave operators associated with Hg 7 on H'.

7.5. Long time dynamics for NLS with a double § well potential. In [I7], the long time dynamics
of solutions to the nonlinear Schrodinger / Gross-Pitaevskii equation

(7.21) iD= (A +V(@)u + gK [[u’] u

where V' is a symmetric, double well potential, are studied. In particular, under appropriate spectral
assumptions on the operator H = —92 + V(x), in a neighborhood of a symmetry breaking bifurcation
point, there are different classes of oscillating solutions (ZZI)) which shadow periodic orbits of a finite
dimensional reduction on very long, but finite, time scales. These solutions correspond to states with
mass concentrations oscillating between the two wells of a symmetric potential well. The proof requires
dispersive / Strichartz type estimates. The results of this paper imply that the results of [I7] extend to
[21)) for the case of singular potentials, such as

V(z) = —q[d(x — L) + 6(x + L)].

APPENDIX A. BOUNDS ON mj(x; k), j=1,2

Denote by my(x, k) = e~ f, (x, k) and ma(x, k) = € fy(2, k). Then, we have

mi(x, k) = 1+ / Di(y — )V (y)mi(y, k)dy,

mo(z,k) = 1+ /_ Dy(x —y)V(y)ma(y, k)dy,
) = ’ 2k qy.
Duw) = [ ey

13
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We remark the derivation for mq(z, k), > 0. Similar remarks apply to ma(x, k) on 2 < 0. By results in
M, for Ve L1§+(R) the function mq (z, k) — 1 is in the Hardy space, and therefore there exists By € L*(R..)
2

such that

(A1) ma(z, k) =1+ /OOO By (z,y)e* ™ dy.
Moreover,
(A.2) By (z,y)| < C en® /OO V)t 7, y >0,
z+y
(A3) ) = -l
Similarly,
(A.4) |0:B1(z,y)| < C ™ < V(z+y) + /Oo |V (t)|dt > ,reR, y>0,
x+y

(A.5) n) = [ -Vl

The proof of [4] extends to the case where V(x) = Viing(x) + Vieg(x), where V € L1%+(R) and Viing ()

consists of a finite sum of delta functions. Indeed, for V(z) = d(x) we have

Bl(xvy) = Z Kn(xvy)
n=0

for
0o Y 00
Kofe,n) = [ VOt K= [ [ V@K (6 )t 0 =01,
T4y 0 T+y—z

Hence,

Koz/ st =< L x+y=0

rty 0, z4+y>0.

As a result,

0, z+y—2>0

Y
Ki(z,y) = / 3K(0,2), s +y—2=0
0 K(0,2), v+y—2<0

= 0

since K(0,z) = 0 for any z > 0. Similar computations can be done for larger collections of § functions.
Hence, for V = §, we have

Bi(z,y) = Ko(x,y)

for which the bounds ([(A2]), (A.4) hold obviously in the sense of distributions.
14
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(3]
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