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1. INTRODUCTION

1.1. Let g be a simple finite dimensional complex Lie algebra; let ( , ) be an invariant scalar
product on g normalized in such a way that (6,60) = 2, 6 being the highest root. Fix a positive
integer k. Let Ly, ..., L, beirreducible representations of g with highest weights Ay,... ;A4 1.
Suppose that (A;,0) < k for all 1.

Consider a complex affine n-dimensional affine space A" with fixed coordinates z = (zy, ... , z,).
Consider the space X,, = A" —U;, ;A;; where A;; = {(z1,... ,2,)|2; = z;} are diagonals. Accord-
ing to Conformal field theory, one can define a remarkable finite dimensional holomorhic vector
bundle C(Ay, ..., A, 1) over X, equipped with a flat connection (with logarithmic singularities
along A;;). (We imply that the last representation ”lives” at the point 2,1 = 00.)

More precisely, consider a trivial bundle over X, with a fiber (L; ® ... ® L,+1),. Here we
denote by M, the space of coinvariants M/gM of a g-module M. Let us denote this bun-
dle by B(Ay,...,A,.1); it is equipped with a flat connection given by a system of Knizhnik-
Zamolodchikov (KZ) differential equations, [KZ]. The bundle C(Ay,... ,A,41) is a certain quo-
tient of B(A4,... ,A, 1) stable under KZ connection.

Classically this quotient is described in terms of certain coinvariants of the tensor product L; ®
...® L, where L; is the irreducible representation of the affine Kac-Moody algebra § corre-
sponding to L; and having the central charge k (see for example [KL] or Sect. 2 below). The
first goal of the present paper is a precise description of B(A4,..., A1) in terms of finite di-
mensional representations L;. More precisely, the fiber of this bundle at a point z = (z1,... ,2,)
may be described as follows.
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Let fy € g be a root vector of weight —f. Consider the operator
(1) z-fo=Y zf Li®..®L, —L®..0L,
=1

where féi) denotes operator acting as fp on i-th factor and as identity on the other factors. For
a weight A let M, denote the weight component of a g-module M. The map (1) induces an
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operator

2) (z - fo) "Bt (L @ ® L) sg(an, ) — (L1 ® ... ® Ly)i

n+1

where A,,,; is the highest weight of the dual module L, and so(Any1) = Apyr+(k—(Ayp1, 0)+
1)6. Let us denote this operator by T(z). We prove (see 2.10):

Theorem. One has a canonical isomorphism

C(Ay,... ,Apy1)z = Coker T(2).

1.2. The second goal of this paper is a construction of a natural map from C(Ay,... ,A,41) to
a certain bundle of ”geometric” origin.

More precisely, let A, 1 = >0 Ay — Y. ki, «; being simple roots of g. All k; are non-
negative integers (otherwise (L1 ®...® L, 11)g = 0). Set N =377 | k;. Let us consider the space
Xpain=Cin— Uf;rj\iAU, let us denote coordinates in X, n by 21,... ,2n,t1,... ,tn. We have
a projection to the first coordinates py : X, n — X,,.

Following [SV], define the flat connection on the trivial one-dimensional vector bundle over X, |
by the 1-form

(As7 As’) aﬂ’ 1)7 (i) aw(j))
zgidl —S+E ® dl t—s+57dl t; —t;
¢ 5>s' k+g Og ¢ Og( : > ]ﬁ—l—g Og( J)
where g is the dual Coxeter number of g, 7 : {1,... ,N} — {1,...,r} is any map with

card(m*(i)) = k; for all 4. Let us denote the trivial bundle equipped with this connection by
L = L(A,...,A,11). The product of symmetric groups ¥ = X5, X ... x X, acts naturally
fiberwise on the pair (Xy 1, L).

For each z € X,, consider the De Rham cohomology HY (py'(z), L 71(2)) these spaces form a

vector bundle RV py,L over X,, equipped with a flat Gauss-Manin connection. In [SV] certain
maps compatible with the connections

(3) w B(Al, e 7An+1) — RNpN*E(Al, e 7An+1)27_

where constructed (here the superscript ”%, —” denotes the subbundle of skew invariants). The
second main result of the present paper is (see 4.3.1):

Theorem. The map w passes through the projection B(Ay,... ,Apy1) — C(Ay,... ;A y1) and
thus induces the map

w C(Al, e 7An+1) — RNpN*,C(Al, e 7An+1)217

There are reasons to expect that the map @ is injective. It would be very interesting to define
its image in topological terms; if the above expectation is true, we would have a topological
description of the bundle of conformal blocks.



1.3. The paper goes as follows. Section 1 is devoted to the proof of Theorem 2.10.

The main aim of Sections 2 and 3 is to define the map (3). This map actually was introduced
in [SVB], [SV]. However, [SVB] did not contain proofs, and the result [SV] was formulated in a
greater generality, and we need here some important details not formulated explicitely in loc. cit.
We include these details in Section 2. In this Section we discuss the beautifull interrelation
between certain spaces of rational functions on affine spaces, graphs, and free Lie algebras. We
believe that the contents of this Section might be of independent interest.

At the end of Section 3 we formulate Theorem 4.3.1.

Sections 4 and 5 are devoted to the proof of Theorem 4.3.1. This result is equivalent to the
claim that certain differential forms are exact. In Theorem 5.8 we write down certain identity
between differential forms, which is more general and precise than the above claim. We call it
Resonance identity. In Section 5 we prove it.

1.4. The results of this paper have been announced in [FSVA]. The proof for the case g = sl(2)
is given in [FSV1].

Although the present paper heavily depends on the main construction of [SV], we regard it
as practically self-contained. In fact, we tried to include into Sections 2 and 3 all the results
from loc.cit. which we need; the proofs are either given or straightforward. We hope that this
alternative exposition is usefull also for a better understanding of a more general framework of
loc.cit.

We are greately indebted to Michael Finkelberg for his permission to include his proof of the
key point of Theorem 2.10. Our initial proof was more complicated.

2. SPACES OF CONFORMAL BLOCKS

2.1. Throughout the paper we fix a complex finite dimensional simple Lie algebra g with a
chosen system of Chevalley generators f;,e;,h;, ¢ = 1,...,r. Let g = n_ ® b & n, be the
corresponding Cartan decomposition; ay,... ,a, € h* the simple roots. (For a vector space V/,
V* will always denote the dual vector space.)

Let w : g — g denote Chevalley involution of g - the Lie algebra isomorphism such that
W(fz‘) = —e;, w(e;)) = —fi, w(h;) = —h;.

(4) =3 a0
=1

will denote the highest root;

(5) 0" = a/h;
i=1

the highest root of the dual root system. Here all a;,a) are positive integers. We set

g:iaiv—kl
i=1
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- it is the dual Coxeter number of g, [K], 6.0.
Let

(6) vih b

denote the isomorphism such that v(h;) = a; 'a;a; (cf. [K], 6.2.2).Let

():bxbh—C

denote the corresponding bilinear form; it is non-degenerate and symmetric. We denote by the

same symbol the bilinear form on h* induced by means of v. We have (0,0) = 2. Evidently,
v(6Y) =6.

We extend (,) to the symmetric non-degenerate invariant bilinear form on g as in [K], ch. 2.
(7) Qegog

will denote the corresponding invariant symmetric tensor.

2.2. If M is a representation of h, X € h*, we set My = {x € M|hx =< A\, h > z for all h € h}.
We will consider only h-diagonalizable representations of g, i.e. such that M = @&, M,.

Set M° = @\ Mj3; introduce an action of g on M by the formula < cz*, 2 >=< z*, —w(c)x >
forz € M, x* € M°, ¢ € g. This g-module is called the contragradient to M.

Given A € h*, M(A) will denote the Verma module over g, generated by the vacuum vector vy
subject to defining relations n vy = 0, hvy =< A, h > vy. L(A) will denote the unique maximal
irreducible quotient of M (A); by abuse of the notations, we will denote by v, the image of v,
in L(A) too.

There is a unique g-module morphism
(8) S M(A) — M(A)°

such that < S(vy),vy >= 1. We have L(A) = M(A)/ker(S5).
We can also consider S as a bilinear form M (A) x M(A) — C; it is called the Shapovalov form.

The weight A is called dominant integral if all < A, h; > are non-negative integers. This is
equivalent to finite dimensionality of L(A).

Let W denote the Weyl group of g, wy € W the longest element. For a dominant integral A,
wo(A) is the lowest weight of L(A) ( [B], ch. VIII, §7, no. 2, Remark 2). We shall denote

A = —’LUQ(A)
It is again a dominant integral weight, and we have

L(R) = L(A)*



2.3. Let T be an independent variable, C[[T]] the ring of formal power series, C((T")) the field
of Laurent power series. For f(T"), g(T') € C((T)), introduce the notation

resy(f(T)dg(T)) = coefficient at T~ of f(T)g'(T).

g((T)) = g ®c C((T)). These are Lie algebras with the bracket
[c® f(T),d @g(T)] =[c,d]®@ f(T)g(T), ¢, € g. Define § as a central extension of g((7T'))

g=9((T)®C-1
where 1 lies in the centrum of g, and

[e® f(T),¢ @g(T)] = [¢,d] @ F(T)g(T) + (¢, ) reso(f(T)dg(T)) - 1

Set

It is a Lie subalgebra of §.

We have natural embeddings g C g C g; we will identify g with its image in these algebras. We
denote by g* (resp., g7) the Lie subalgebra g[T] & C-1 C g (resp., g[[T]]®C-1 C g).

Let us choose an element e, in the root subspace gy such that (ey, —w(eg)) = 1; set fo = w(ey).
We have [eg, fo] = 6V.

Set eq = foT, fo = epT~'. The elements eg,...,e,, fo,...f. form a system of generators of
g, [K], ch. 7. We have

9) [eo, fol = 10"

2.4. All representations V of g we will consider will have the following finiteness property:
for every © € V there exists n € Z such that ¢<I™x = 0 for all n’ > n, ¢ € g. For such
representations, the action of g may be extended uniquely to the action of g, cf. [KL], no. 1.

We fix a positive integer k; unless specified otherwise, 1 will act as the multiplication by k on
all our representations. We set k = k + g.

Let M be a representation of g. Consider M as a g*-module, by setting T'g[T] to act as zero,
and 1 as k. Set

M = U(ﬂ) Qu(a+) M

This g-module is called the generalized Weyl module associated to M. We have a natural
embedding M C M.

If M = L(A), we denote M by L(A). This module has a unique irreducible quotient which will
be denoted by L(A). We have an embedding L(A) C L(A).

A weight A is called small if it is dominant integral and (A, ) < k. The set of all small weights
will be denoted by C' C bh*. Define sy : h* — h* as

so(A) = A+ (k— (A, 0) + 1)0
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For A € C, the irreducible module L(A) is the quotient of the Weyl module L(A) by the g-

submodule L’ generated by the singular vector f0 A0+,
most important in the sequel. We have an exact sequence

. These irreducible modules will be

(10) L(so(A)) — L(A) — L(A) — 0

where the first map sends v,,(a) to f’C (A,0)+1,, VA

2.5. Spaces of coinvariants. For a positive integer n denote by §" the central extension of
the n-th cartesian power g[[T]]"

gl[f"eC-1

with the bracket
[(ei @ fi(T))1<icn, (¢; @ 6i(T))1<i<n] = ([, ] @ fi(1)9i(T))1<i<n Z ciy c;)reso(f(T)dg(T)) - 1

(it is not the n-th cartesian power of g"). The Lie subalgebra g" C g" is defined analogously.
Consider the Riemann sphere P* = P!(C), with a fixed coordinate z. Let us pick n + 1 distinct

points z = z;, i =1,... ;n+ 1. We suppose that z; € C for 1 <i <n, and z,,; = co.
Let g(21,. .. ,2n41) denote by the Lie algebra of rational functions on P* with values in g, regular
outside zy,... ,2,11. We have local coordinates at our punctures: z — z; for 1 <i <n, and 1/z

at oo. The Laurent expansions at our points define an embedding

(11) (21, Zpg1) = @nH

(see for example [KL|II, 9.9 or [FSV1], 2.3).

For a Lie algebra a and an a-module M, we will denote by M, the space of coinvariants M /aM.

Given n + 1 g-modules M,... , M, ;, the algebra g" acts naturally on the tensor product
M, ®...® M, (recall that 1 acts as k on each M; by our assumtion). Using (11), we regard
this tensor product as a g(z1,... , 2,.1)-module, and can consider the space of coinvariants

(Ml ®...Q0 Mn+1)g(zl7~~-7zn+l)

2.6. Lemma. Let My, ... ,M,1 be g-modules. The embeddings M; — Mi mnduce an
isomorphism of coinvariants

(My®...@ Mypi1)g = (My @ ... ® Myit)gien. zni)

Proof. See [FSV1], 2.3.1 or [KLJII, 9.15. O



2.7. Let L(A) be a finite dimensional irreducible representation of g. Pick a lowest vector
v? € L(A)(i.e. such that n_vy = 0; it is unique up to a constant). We have v° € L(A),,(a)-

Let X be a finite dimensional representation of g. Let us consider the maps
X; > X®LA) — (X ®L(A)),
where the first one sends = to  ® v°, and the second one is the projection. They induce map

(12) (X )z — (X ® L(A))g

2.7.1. Lemma. The map (12) is an isomorphism.

Proof. Easy. (Cf. [FSV1], 2.3.3). O

2.8. Let Ay,..., A, be dominant integral weights.

Introduce a notation
W= (LA)®...0 L(A,))u_-

As usually, W, will denote a weight component.

2.8.1. Corollary. The map
(13) W]\ — (E(Al) ®...Q f/(/XnJrl))g(zl,... Zn41)

n+1

sending £1 ® ... QT, to T1 ® ... T, ® v2+1, where v2+1 € L(A,41) is a lowest vector, is an
isomorphism.

Proof. Follows from 2.6 and 2.7.1 applied to X = L(A;) ® ... ® L(A,,). O

2.9. Suppose now that all A; € C. Set for brevity L = L(A;) ® ... ® L(A,). Consider the
operator

z- fo :Zziféi) L — L,
=1
where fe(i) acts as fy on the factor L(A;) and as the identity on other factors. It gives rise to the

operator
(z - fo)F=hnrr @41 Loz, ) — La

which induces the operator

n+1

WSO(An+1) —> W]\
Let us denote this operator by T(z). We set

W(z1,... ,2n) = Wy, ,,/Im(T(z))

n+1

2.10. Theorem. Suppose that Ay,... A1 € C. The isomorphism (13) induces an
isomorphism
W(Zl, s 7zn) = (L(Al) ®...0 L(An+1))g(Z1m»7zn+1)

The proof will follow some lemmas.



8 BORIS FEIGIN, VADIM SCHECHTMAN, AND ALEXANDER VARCHENKO

2.11. Suppose we have A € C. One sees easily that the weight so(A) is dominant integral. Let
us choose lowest vectors v} € L(A) and v () € L(so(A)).

2.11.1. Lemma. One has an exact sequence

(14) L(so(A)) — L(A) — L(A) — 0

where the first map sends vy, to fEart0

Proof. There exists a unique involution

(15) w:g—>g

such that @(c) = w(c) for c € g, and @(fy) = foT ', @(ey) = eoT.

For a g-module M, denote by “M the g-module obtained from M by the restriction of scalars
using (15). We have an isomorphism

“L(A) = L(A)
sending v to vxz. (Note that “L(A) = L(A)).
Since 6 is the highest weight of the adjoint representation, § = 6. It follows from the W-

invariance of ( , ) that so(A) = so(A).

Now, if we apply ® to (10), we get (14). O

2.12. Corollary. The isomorphism (13) induces an isomorphism

Wiz, 20) 2 (L(A) ® ... L(A,) ® L(Avi1))g(ca, i)

Proof. Apply the functor (L ® )gc,,... 2.,0) to (14). O

The rest of the argument is due to M.Finkelberg.

2.13. Lemma. Let A € C, let Y be the kernel of the projection L(A) —s L(A). The
operator ey = fol' is surjective on Y .

Proof. Let us denote by O the category of g-modules M which are:

(a) h-diagonalizable, and such that for all A € bh*, dim(M,) < co. 1 acts as a multiplication by k.
(b) The subalgebra n* = n* @T'g[T] acts locally nilpotently on M, i.e. for every x € M, e € n*,
eNz =0 for N >> 0.

Denote by w’ : g — g the Lie algebra involution that sends e; to —f;, and f; to —e; for
1=0,...,r. Let us define the duality functor

D:O—0O

as follows. For M € O, consider the space M’ = @), M with the g-action < zm*,m >=<
m*, —w'(z)m >. By definition, D(M) C M’ is the maximal submodule on which n* acts locally
nilpotently.

D is an exact contravariant functor, and DD = Id.



Let us return to the lemma. Suppose that e, is not surjective on Y. Then f; is not injective
on D(Y). Let y € Ker(fy). Let Z C D(Y) be the g-submodule generated by y. All operators
fi,i=1,...,r,and e;, i =0,...,r, act locally nilpotently on D(Y'), hence Z is an integrable
g-module (which means by definition that all e;, f; are locally nilpotent on it). Hence, D(Z)
is a non-zero integrable quotient of Y. This contradicts to the fact that L(A) is the maximal
integrable quotient of L(A), (cf. [K], ch. 10). O

2.14. In the setup of our theorem, consider the tensor product
X=LA)®X,®...@ X, @L(A, 1)
where X; = L(A;) or L(A;). As usually, we consider X as a g(z1,... , Zn41)-module. We have

foTy®@z=—-y® Ax mod g(z1,... ,2,41)X

for y € f/(Al), reX =Xo®...0 X, ® L(A,11), where A is a linear operator on X’ which
acts as

AT2®. .. ®Tng1) = U foT2®. . . QT i1+ .+ TR .. . QUpfoTn Ty +T2R. .. QT ® foT ' Triy

for some u,; € C.

2.14.1. Lemma. A is locally nilpotent on X'.

In fact, it is easy to see that fy is locally nilpotent on all X;, and f,7~* is locally nilpotent on

L(A,.+1) since this module is g-integrable (cf. [TK], 1.4.6). Hence, A is locally nilpotent on X"'.
(]
Let Y; = ker(L(A;) — L(A;)). We have an exact sequence
’ T ’ ¢ ’
(}/1 ® X )g(zl,...,zn+1) H (L(Al) ® X )g(zl,...,zn+1) H (L(AI) ® X )g(zl,..,,zn+1) —> 0‘

Hence, any element in ker(¢) is of the form 3~ y;®x; with y; € Y3, x; € X'. It follows from 2.13
and 2.14.1 that such an element must be zero.

It follows that

¢: (L(A)@Xo®...@ X, @L(Ani1)) gz, iz — (LA @ Xo®. .. @ X @L(Ani1)) gz zg)

is an isomorphism. Applying the same argument to other factors X; instead of X;, we get the
statement of Theorem 2.10 from 2.12. [J

3. TREES, RATIONAL FUNCTIONS AND LIE ALGEBRAS

3.1. Let us fix a finite set Z and a set of distinct complex numbers z = {z;,...,2,}, n > 1.
In the sequel, given a positive integer m, we will use the notation [m] := {1,... ,m}.
For every subset I C Z denote I := I U |[n].

Let us consider finite oriented graphs I' whose set of vertices Ver(I') is identified with a subset
of Z. We will denote by Ar(I") the set of arrows of I, and

b,e: Ar(T') — Ver(T)



10 BORIS FEIGIN, VADIM SCHECHTMAN, AND ALEXANDER VARCHENKO

the source and target of arrows respectively. We will call a support of I the subset

Supp(T") = b(Ar(T")) Ue(Ar(T")) C Ver(I') C Z.

The vertex v € Ver(I") lying outside Supp(T') is called isolated.
We will suppose that:

(a) every pair of vertices is joined by not more than one arrow;
(b) T contains no loops.

Thus, I' is a disjoint union of trees. We will draw I" as a graph with vertices labeled by elements
i €Z or s € [n], and we will not picture isolated vertices.

We will denote the set of all such graphs by Gr, and call its elements simply ”graphs”.

For a subset I C Z, s € [n], Gr; (resp., Grr.s) will denote the subset of all connected graphs
with support equal to I (resp., I U {s}).

3.2. Let us define a C-vector space & with generators [['], I' € Gr, subject to the following
relations.

3.2.1. IfI' is obtained from I' by removing an isolated vertex then [I'] = [I'].
3.2.2. If I' is obtained from I' by reversing one arrow, then [I'] = —[I'].

3.2.3. Triangle relation. Let {i,j,k} C Z be any three-element subset. Consider three graphs:
J J J
Let I" be a graph such that all three graphs I'; UT" belong to Gr. Then

;UL + [T, Ul + T,Uul]=0

3.2.4. If T is obtained from I" by removing an arrow which begins at s and ends at s’ where
s,s" € [n], then



11

3.2.5. Compositions. For I C I, we will denote by &;, &, the subspace of & generated by all
[['] where I' € Gry, I € Gry 4 respectively.

Let us denote by &; the space generated by all [I'] where Supp(I') C I, and each connected
component of Supp(I') contains an element s € [n].

We have operations of partial multiplications

6 R6G;, — 6,

o 6[;5 b2y Q5J;s’ — 67

[®[I'] = [[]-[['] := [[UL], defined iff card(INJ) < 1. They are associative and commutative
in the obvious sense.

If card(IﬂJ) =1 then @] . 6] C @]UJ. IfinJ= (Z) then @[;S . @J;S C ®[UJ;S.
For I C Z denote by Seq(I) the set of all sequences

(16) I=(i1,...,iy)

such that I = {i;,... ,ix}. In other words, Seq(I) is the set of all total orders on I. Evidently,
Seq(I) is an Aut([])-torsor.

Notational remark: if I is a sequence as above, we denote by I the set of its elements.

We define the graphs:

I'y= o e e e
IN IN-1 12 41
and
Ire= -« : : .
IN IN—-1 19 11 S
for s € [n].

The following two lemmas are checked directly.

3.2.6. Lemma. ForagivenI CZ, s € [n], elements [I'1], I € Seq(I), form a basis of Gs.
U

3.2.7. Lemma. Let us pick an element iy € I. All elements [I'7] where I € Seq(I) is such
that its first element is ig, form a basis of &;. [
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3.3. Let us consider a field F = C(t) of rational functions of the set t = {¢;};cz of commuting
independent variables indexed by Z. For a subset I C Z denote t; := {t;};c; C t.

Let us assign to each I' € Gr a rational function
eM) = ]I
acAr(r) @) ~ tea)
where we agree that t, := z, for s € [n]. One sees easily that one gets a well defined map
E:6 —F
Moreover, F is compatible with multiplication in the evident sense.

For I C Z, let us define subspaces R; C R;(z) C F as R; = E(8;), R/(z) = E(&j).

3.3.1. Lemma. The map E induces isomorphisms

EZ@];)R]; E@jL)R](Z)D

For T as in (16) will use the notations

Ex(tr) = E(Cy) = [] 5

j=2 "t ti; s

1 N
Er(tr;z) = E(r,) = 1

11 - zS 2 (2 - i]‘71

3.4. Shapovalov form. Suppose we are given a symmetric map
a:IxT—C
and numbers a(i,s) € C for each i € Z, s € [n].

(i) Given two sequences I = (Goy -+ yiN), J = (Jos--- »Jn) € ZVNTY (N > 0) such that iy = jo,
define a complex number S(I,.J) by induction on N. Namely, set S((), (¢)) = 1, and

q
S(Iuj): Z Za pu,]N (107"'7ip7---7iN)7(j07"'7jN—1))

g€[N)iig=jn p=0
for N > 1.
It is clear that S (f, q) # 0 only if I = J. One easily proves that

= - =

S(I,J)=S(J,I)

(ii) Given arbitrary I = (i,... ,in), J = (j1,... ,jn) € IV (N > 0) and s € [n], define a

complex number S(I, J)® by induction on N. Namely, set S((),())® =1, and

—

q
S(I7 )(S) = Z (CL(S,]N +Za p7]N (217"' 7ip7--- 7iN)7(j17"' 7jN—l))(S)
lrig=jn p=1

g€[N
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for N > 1.

=

Again S(I,J)® # 0 only if I = J, and

— —

S(1.N) = S(.1)

3.5. Given I CZ,I= (iy,...,in) € Seq(I) and s € [n], define important rational functions
N p-—1
a(p, q)
(1) Arten) =TI 222
p=2 g=1 "'» 2q
and
o, s) |~ alpg)
(18) Byt =) = [[(A2 3 )
p=1 "p s g=1 "'p ‘q

3.5.1. Key Lemma. We have
Bp(t z,) = > S(I, ) - Ex(tr; 2,)

J=(j1,... ,jn)ESeq(I)

Proof. This is a particular case of [SV], Thm. 6.6 (for - = 0 and A = (1,...,1)). Or else, it
may be checked directly. [

3.6. Let n = Lie(f;);cr be a free Lie algebra on generators f;, i € Z (over C). Its enveloping
algebra U(n) may be identified with a free associative C-algebra with these generators.
For a sequence
(19) I=(iy,... ixy) eIV
denote by f7 € U(n) the monomial

ff: fiNfiN71 Teee” fi17
and by [f7] € n the commutator

[f7] = ad(fiy) cad(fiy_,) o... cad(fi,)(fi),

where ad(z)(y) := [z,y]. (Note the reverse order!)

Given I C Z, let U(n); € U(n) (resp., n; € n) be the C-subspace generated by all monomials fr
(resp., by all commutators [f7]), Ie Seq(I). We set U(n)y =C-1; nyg = 0.

Let us denote by Seq™ (I) the set of all n-tuples of sequences fl, . ,fn such that I is a disjoint
union UJ_, [,.

We denote by U(n)$™ C U(n)®" the C-subspace generated by all monomials of the form
‘/E:ffl@“‘@fﬂl

with (I1,...,I,) € Seq™(I).
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3.7. Suppose we have (I3, ...1,) € Seq™(I) as above. We set

(20) Bﬂ,»»»,fn(t;z) = Bfl(th;zl) L— Bfn(t[n;zn)

3.8. Lemma. PicklCZ.
(i) The assignment fr+— By(tr; zs) defines the map

Bi(zs) : Un); — R;(2).

(ii) The assignment

~~~~~~

defines the map

Proof. This is trivial since the above monomials form bases of the left hand sides. [J

3.9. Lemma. We have

B(e) (1) = Aty - S0 20-5)

iel bi— 2z

Proof. The lemma is proved by induction on card([), simultaneously with the following state-
ment which is a particular case of 3.10.1 below.

Claim. Suppose that j & I. Then

Brogy (za)([f1f5) = f(j_? Aty - Z(a(ivj) L alis) )

ti—t;  ti— 2,

O

3.10. Suppose we have n+ 1 disjoint subsets I, ... ,I,,J C Z, and sequences fJ € Seq(1;), j €
[n]; J € Seq(J). Set I =Uj_,1;.

Forr=u2,®...0z, e Um)®", s € [n], y € U(n), denote

(21) yPr=2,0..Qyr, Q... ,
3.10.1. Lemma. We have

Bios(2(fAY - fr,®...® fr) =Br (2 Azt)-( Z 0 _t +Z

iclgsjed

t—z

Proof. Similar to the proof of Lemma 3.9 above, by induction on card(7). O
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3.11. Lemma. The assignment [f7] — Ay(t;) defines the map

A]l ny —>R].

Proof. Follows from 3.9. OJ

3.12. Lemma. Suppose we have two disjoint subsets I,.J C T, and I € Seq(I), Je Seq(J).
Then

Aros (LA D) = AU - As (D) - 0 a(j, )

ieljeg tj

Proof. Induction on card(J) using 3.10.1 for n = 1. O

3.13. We will need a generalization of the previous constructions to the following situation.
Let
I —J

be a surjective map between two finite sets. We set
kj = card(n™'()); k = (k;)jesq

One can regard the pair (7,k) as a "weighted set”, k; being ”the multiplicity” of j. We will
say that the map = is an unfolding of (J,k).

We set 37 := Aut(Z) and
(22) Seo= [ Aut(n () € B2
JjET
the last group is non-canonically isomorphic to the product of symmetric groups X, .

We consider a Lie algebra n = Lie(f;) e, and the field 7 = C(t;);ez, with subspaces R;, R;(z), (I C
7) as above.

The group Y7 acts on F permuting generators t;. For every J C J we have an induced action
of ¥ on Ry-1(5), Rr-1(5(z). We will denote by Sym, the symmetrisation operator

Sym, = Z o
cEX

acting on these rings.
Pick J C J;set I =n'(J). Set N := card(I); evidently N = 3=, k;.
Let us denote by Seq(J;k) the set of all sequences

j: (jlv"' 7jN)7 Jz € J7
such that for each j € J there are exactly k; entries equal to j in J. We will denote by
U(n) 7k (resp., n j,k) the C-space generated by all monomials f7 (resp., commutators [f7]) with
J e Seq(J; k).

=

For a sequence I = {iy,... ,ix} we write w(I) = (7(iy),... ,7(ix)}.
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Given J € S eq(J; k), let us call an unfolding of J with respect to m a sequence
I=(iy,...,ix) €IV,

such that 7(I) = J and all i, are distinct. We denote the set of all unfoldings by Un f (J).It is
naturally a torsor over the group [ ¢, Aut(7~"(j))".

Suppose we are given a symmetric map Z x Z — C. Let us pick TeUn f (j ). Let us define
rational functions

(23) A (tr) = Sym{Ap(t:)} € Ry

(24) Bf;w(tl; 25) = Symfr{Bf(tI; ZS)} € RI(Z)
where the functions in figure brackets are defined in (17), (18).

Analogously, for any positive integer n, denote by Seq™ (J; k) the set of all n-tuples of sequences
Ji,...,J, such that their concatenation J = .Ji]...|J, belongs to Seq(J; k). We will denote by
U (n)‘?’l‘{ C U(n) the subspace spanned by all monomials

r=f;®...0f7, (J:, ,J_;I) € Seq™ (J; k).

-

Given such (J:, cee J:J, we will call its unfolding an n-tuple of sequences (I:, ..., I,,) such that

for all s I, is an unfolding of J_;, and all these sequences are disjoint, i.e._the corresponding sets
I,... I, do not intersect. The set of unfoldings will be denoted Unf(J,... ,J,).

Pick an unfolding (fl, . ,I_;l) Define
(25) Bj, . pn(ti2) = Sym {By, (tr521) - ... - By, (t1,52.)}

One can see that the above functions do not depend on a particular choice of unfoldings, as the
notation suggests.

3.14. Lemma. (i) The assignment
ff = Bf;rr(tf; ZS)

defines the map

B, g(zs) : Un) . pp — Ri(2)”.
(ii) The assignment

e=fp®...0f; =By 5a.t2)

defines the map

B, (2): UW)TY — Ri(2)”".

(iii) The assignment
[f7l = Az ()
defines the map
AJ;k : nJ;k — RI".

'Recall that a torsor over a group G is set X equipped with a free and transitive action of G
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Proof follows from the non-symmetrized case (Lemmas 3.8 and 3.11 above). Cf. also [SV], 5.11.
U

4. CONFORMAL BLOCKS AND DE RHAM COHOMOLOGY

4.1.

4.1.1. Let us introduce some notations. For A € h*, A =3""_, gy, set [N\ =>1_, ¢:.

For A\, X € b*, we write A < X iff N — X\ =Y"._, ¢;c; where all ¢; are non-negative integers.

4.1.2. Let us fix weights Ay,... A, € h*;set A = > | A;. Fix non-negative integers &, ... , k.,
and set J = {i € [r]|k; > 0}; k= (kj)jeq. Set N =" ki, a=>1_ ko, N =A—a.

Let us pick an unfolding of (7, k):

(26) m: [N] —J,

where card(m~!(j)) = k; for all j € J. We denote Z := [N].

As in 3.13, one defines the symmetric group ¥ := ¥, C Y7 = Xy.

Recall that we have fixed a positive integer k, and we set k = k + g (see 2.4).

4.1.3. Let us consider the cartesian product of N projective lines, X = (P!)", with coordinates
(ti,...,ty), t; € CU{oo}. Fix n distinct complex numbers z, ... , z,, and set z,; = co. Inside
X, consider the following hyperplanes:

Hj: ti=t;,i,j=1,... ,N (so, H; =Hj;); His: t;=25, i=1,... ,N; s=1,... ,n+ 1

VR
We denote by C the set of all these hyperplanes. We set Co, = {H; 41 }iz1... v, C =C — Coo.

Let us define the map a : C — C as follows. Set
a(Hy;) = (ary, an(p)/ry a(Hys) = —(As, any) /6

if i <n + 1. Finally, set
a(Hipmy1) = (A — Z Ar(4), Oéw(z'))/’f
i
We will also use the notations
a(i,j) = a(Hy;); a(i,s) = a(H;s).

These numbers are determined by the condition that for every line L = P! < X defined by
equations t; = 2, , j # i, (i being fixed), the sum ) a(H) over all H € C meeting L transversally,
equals 0.

Set U = X — UyecH C X. We will identify X — Ugce H with the affine space AN with
coordinates ti,... ,ty. For each H € C, we define the function fy on AN as follows: fp, =

t; — tj; in;s =t; — 2.
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Let us define the following complex of vector spaces

(27) Q00— Q-4 La¥ —o0

By definition, Q¢ is the space of holomorphic i-forms on U. The differential d is the sum

(28) d=dpr + w,

where dpg is the de Rham differential and w, denotes the left multiplication by the closed 1-form

wa =Y a(H)dlog(fu)

HeC

where dlog(fr) = d(fu)/fu. We will write elements of Q' symbolically as
(29) Flty, .o ty) - L-dty, AL Adty,

where f is a holomorphic function, and

l - l(t:[’ e 7tN) = H(tl — Zs)a(ivs) H(tl _ t‘])a(ZJ)

i,8 1<J

- this expression should be considered as a formal symbol. The formal differentiation of (29)
gives the differential (28) since dlog(l) = w,.

The symmetric group X acts on ° by the rule
(30) O'(f(tl, . ,tN) - dtpl VAN dtpi) = f(tg(l), ce 7tcr(N)) - dtg(m) VAN dtg(pi)

The geometric meaning of ° is as follows. The form w, defines an integrable connection
V = dpgr + w, on the sheaf Oy of holomorphic functions on U. ° is the complex of global
sections of the holomorphic de Rham complex associated with V. It computes the cohomology
H-(U,S) of the locally constant sheaf S of horizontal sections of V.

4.2. Consider irreducibles L; = L(A;); we denote by v; € L; the highest vector; set L =
L, ®...® L,. In this Subsection we introduce, following [SV], a certain map

O.)ZLA/—)QN

4.2.1. The subspace Ly, is generated by all monomials of the form
r=f;11®...0 f7 v,

where (J_i, . ,J_;L) runs through Seq™ (J;k).

Given such a monomial, we can consider the rational function B jwr(t; z), as in (25). Set

.....

(31) w(z) = By, j..(t;z)-1(t)-dt € QY

where dt :=dt; A ... ANdity.
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4.2.2. Theorem. (i) The formula (31) correctly defines the map
w LA’ — QN
(11) We have w((n_L)x/) C dQV~1. Thus, w induces the map

w Ln,,A’ — HN(U,S)

Proof. It is one of the main results of [SV], Part II. Cf. loc. cit, Cor. 6.13. The key result here
is Lemma 3.5.1. O

4.3. Set A,,; = A’. Suppose that A, € C. Set mg = k — (Apy1,0) +1, A = A’ + myb.
Consider the operator

(Z . fa)mo : LA” — LA’

as in 2.9.

4.3.1. Theorem. We have w(Im((z- f)™)) C dQN 1.
Consequently, if all A; € C, w induces the mapping

O Wzt 2Zng) — HY(U,S)™ .

The rest of this work will be devoted to the proof of the first statement. Note that it is non-trivial
only if A” < A. The last statement follows from Thm. 2.10. O

4.4. Resonances. Keep the notations of 4.3.

Let us call an edge any non-empty intersection L of hyperplanes H € C. Set

a(L)= Y a(H)
HeC|HDL

For instance, consider the point L., = {(c0,... ,00)} C X.

4.4.1. Lemma. We have

Proof. Easy. OJ
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4.4.2. Lemma. Suppose that N = A. Then

Z a(H) = —my

HeC

Proof. From our assumption it follows that A" = A —mf. Recall the notations from 2.1. Note
that mo =k — (A’,0) + 1 since A’ = A, ;.

We have (A, 0) = (A — med,0) = (A, 0) — 2my, so
mo=k—(A,0)+1=k—(A,0)+2my+1,
hence

(32) (A, 0) =k+my+1

On the other hand, one easily sees that

Yo alij) = i((77”009777”009) - mozai(anai)) = %(mg —mo(g — 1))

1<i<j<N 2k
since
—1 Vv _—1 —1
(i, ) =< v ), a; >=< a/a; ' h;,a; >= 2a)a;

It follows that

> a(H) = —"2(A0)+ 3 alig) =" 2(k+g) = —mo

HeC 1<i<j<N
(cf. (32)), and we are done. [J
Now suppose that A” < A. Denote 8:= A — A" =>""_, qio;, M :=|f|.
Let us fix maps
p:[M] —r]
such that card(p='(i)) = ¢; for all 7, and
p i [M+1,N| —[r]

such that card((p’)~'(i)) = moa, for all i (recall that § = Y a;«;). Let us define the map 7, (26),
as

() fl<j<M
0 ={ U o

The following lemma generalizes 4.4.2.
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4.4.3. Lemma. The sum of a(H) over all H = H;; € C such that i or j is > M or
H = H;,, € C such that i > M, is equal to —my.

Proof. Computation similar to the one in the proof of 4.4.2, shows that the sum in question is
equal to

m
(33) (= (A,0) +mo — g +1+(8,0)).
On the other hand, our assumptions imply that
(A, 0) = (A= B—mqob,0) = (A, 0) — (B8,6) + 2my,

hence
mo=k—(N,0)+1=k—(A0)+(8,0) 4+ 2mg + 1,
SO
mo=—k+ (A,0) —(8,0)+1

Substituting this into (33), we get our claim. [

5. RESONANCE IDENTITY

5.1.

5.1.1. We fix Ay,... ,A, € b*; weset A =>"", A;. We fix non-negative integers ky, ... , k,, set
a=Y_ ko, N=A-a.

We fix a positive integer m, and set A” = A’ + mf. We suppose that A’ < A” < A. We set
B=A-A"=> ga; M=|g]
1=1
We fix a map

(34) o [M] — [r]

such that card(n; ' (i)) = ¢; for all 4.
Recall that 0 = >""_, a;a;, and all a; > 0. We set A = |#|. We fix a map

(35) o 1 [A] — [r]

such that card(m, ' (i)) = a; for all 4.
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5.1.2. Let us introduce the following sets of independent variables: u = {u; }1<i<n; V(i) =
{v;(1)}1<j<a, 1 < i <m, v =U,;v(i). Let us assign to every variable z a simple root a(z) as
follows. We set:

Oé(uz') = Qr, (i) O‘(Uj(i)) = Qmy(j)

Let us fix distinct complex numbers zy,... ,z,. Let us define the complex numbers a(x,y), or
a(x, z,) where x,y are any two of our variables; we will call these numbers exponents. Namely,
set

a(z,y) = (a(z),a(y))/k; alz, z) = —(a(x),As) /K
We set
ei; = a(vi(p), v;(p))
for any p € [m] (these numbers do not depend on p).

Let us consider the following symbolic expressions.

(36) Iyi(u) = H(uz - Zs)a(ui’zS) H (u; — uj)“(“ixuj);

i,s i,j:i>]

i€[A],s€[n] i,JE[A]i>]
(38) Iav(u,v) =la(a;v(l),... ,v(m)) =l (u) - I'(u,v)
where
(39) V(u,v) =Tl (v(p) - T](vi(p) — uy)e e _ H (vi(p) — v;(g))"

Let us define the following numbers:

(40) C(m)=m+ Z (all exponents involved in [');

(41) a=> a(vp),z); b= > ey c=Y ey d=Y_ a(v(p),uy),

is ig: i>j ij i
in the defintion of a and d a number p € [m] is fixed; the value does not depend on it.
(m—1)

5.1.3. Lemma. C(m)=m+ma+mb+ =5—c+d.

Proof. Easy computation. [J



5.2. Let ty,...,t, be independent variables. Let us define a differential (n — 1)-form

n

(42) V(t) = vty ... t) =3 (=1) " Mdty AL AdE AL AL,

i=1

For any function f(t) = f(t,...,t,) we have

(4 ATV = () + 3t 5 at

where dt := dt; A ... ANdt,.

Let us consider a formal expresstion

(44) Wt) =U(tr, .. o ta) = [ [ (6 — 2zo)7 [ [ (& — t5)%

.8 i>j
Differentiating formally, we get
(45) dI(tw(t) = (n+ > qy + tpf RLQLL
i>]
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5.3. It is known that all root spaces of our Lie algebra g are one-dimensional. It follows that

a root vector fy € g_g may be chosen in the form

(46) fo=co[frp)
for some I(0) = (iy,... ,i4) € [r]* and a non-zero ¢, € C. We fix such a representation once for
all.

—

We also fix an unfolding of 1(#) with respect to my:

-

J(0) = (1, - ,ja) € [A]"

5.4. Let us return to the setup of 5.1.1. Let t = {¢1,... ,tx} denote the union

(47) t=uUv(l)U...Uv(m)
and
(48) t=tU{z,...,2,}

By definition, N := card(t) = M + mA. We order the variables t,...,tx by the natural

left-to-right order following from (47). So,

(t1, - ta) = (s oo s unr), (Bvigrs oo s taga) = (01(1), ... ,va(1)),
etc.

The maps (34) and (35) induce the surjective map
(49) 7 [N] — [r]
with card(7 (7)) = q; + ma; for all i. We set ¥ = X as in 3.13.
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To each variable ¢; € t we have assigned a simple root «(t;) = a,(;), and to a point z, we assign
the weight —A,. We introduce notations

a(i,j) = a(ts, t;); a(i,s) = a(t, z,).
5.5. Note that we can rewrite the expression (38) in the following form:
(50) Inr(u,v) = Lar(u) - Lo(v(D) TT(v(1),w) - lo(v(2) [T (v(2), v() [T (v(2), 0) -
Lo(v(m)) [(v(m),v(m = 1)) ... - TT(v(m),v(1)) [T (v(m), u)

where
H(V(i),u) = H(Up(i) — ) (D)
and ; N
H(V(Z),V(])) = H(Up(i) _ Uq(j))a(vp(l)wqm)‘

We will denote I,/ (u,v) simply by I(u, V), or I(t). We will consider the complex
0

Qu: 0— Q) — ... — Q) —0
where €2}, is the vector space consisting of expressions
o(t)l(t)dt,, N ... Ndt,,,
¢(t) being an algebraic rational function of ¢;,... ,tx. The differential is defined in the same

way as for ', (27). The complex 2, is naturally a subcomplex of '; it inherits the action of
the symmetric group X = X,..

We denote by A : €2, — €, the operator of skew symmetrization:
Aw) = _(=D)o(w)
oEeD

where |o| denotes the parity of a permutation.

5.6. Let us fix n disjoint sequences I = (I:, ,fn) such that I, U... U I, = [M]. Set
Js = m1(1,). We have the corresponding monomial

(51) IIJ‘:,:L'j‘ 7fn :fjl'l)1®...®fjnvn € LA//

Let us define a differential form

(52) Qo =By r(wz) - Le(u)-duAQI) AL AQ(m) € QY

where u:=uy A ... Auy, By, 1 (u;2) is as in (20), and g
(53)
Qi) = cod{ls(v(1)) [T (v (@), v(i = 1)) - TT(v (@), v(D)) - [T (v (@), w)) - Ay (v(D)) - w(v (D))}
Set
(54) Q= AQ,)
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5.7. Let us consider a free Lie algebra ft with N generators f;, i € [M]and?f,, p € [m],a € [A].

We have elements

i=fr®...0f cUR)®"

1

and
Pfo = Ce[pff(e)] €n
The construction of Section 3 gives us a map
B:Um)$" — Ri(2)

for each I C [N]. Note that

Recall the notation (21). Pick an i-tuple of mutually distinct numbers (py,... ,p;) € [m]". By
Lemma 3.10.1 we have

B{(zn: zs P fe(s)) el (z”: zs 7 fe(s)) B} = WP (u, v) - B(f) ’ Af(e)("(pl)) e -Aj((,)(v(pi))

for a certain rational function W»bPi(u, v).
Let us describe this function more explicitely.

Let us consider all rational functions of the form

g 7 a\Vg, \P 7£ a\Vq; \Di ), Li
(55) XS17~~~751';171,~~~,17¢(Q17’" 7qi;tl7--- 7tz) :Zsl ZslMM
Ulh(pl) —t qu'(pi) —t

where s1,...,s; € [n], q1,...,¢ € [4] and

t; € {z,} Uuy, U vipy), j=1,... i

3’ €li—=1llsy =s;

(the last union may be empty). Let us call such functions admissible terms.

5.7.1. Tt follows from Lemma 3.10.1 that W7 Pi(u,v) is equal to the sum of all admissible
terms with fixed (py,... ,p;).

5.7.2. Definition. For any ¢ € [m], the rational function W; = W;(u, v) is defined as a sum
Wi(u,v) = Z WPt Pi(u, v)

over all i-tuples of pairwise distinct numbers (py,... ,p;) € [m]’. We set W := 1.
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5.8. Theorem. We have an equality

(56) Q= cpl(wv)dudv- Sym{By p (w245, (v(1)) .. A (o(m)
S (I cOnwitu v}

Here

C(j) = j+ja+ b+ 22
where a, b, c,d € C are defined in (41).
Equality (56) will be called Resonance identity.

5.9. Let us deduce Theorem 4.3.1 from 5.8. From the definition (52) follows immediatedly
that the form €,,, and hence (,,, is exact. Let us rewrite (56) in the form

(57) 0 =3 ﬁ (,v)
=0 j—i
where
(B8)Wi(u,v) = ¢i’l(u, v)dudv - Sym{By, 7 (@;2)Az,)(v(1)) - ... Azp(v(m)) - Wi(u,v)}
Now set m = mg. By Lemma 4.4.3, C(my) = 0. Thus
Qe = Wino
On the other hand, it follows from Lemma 3.10.1 that

Win, = w((z - fo)™x)

where z is as in (51). This proves that the map w takes the image of the operator (z - fp)™° to
the subspace of exact forms, thus proving Theorem4.3.1. [J

J

Theorem 5.8 will be proved in the next Section.

6. PROOF OF RESONANCE IDENTITY

We keep all the notations of the previous Section.

6.1. For each i € [m], let us consider the operators ”partial differentials”

d" = Z 8% dvq

acting on our functions or forms. Note that in the expression (52) we can replace all forms €(7)
by the forms

(59) V(i) = ¢ - AVl (v(D) - [[(v()v(i = 1)) - [(v(0) v(D)) - [T (v (), ) -
Az (v(0)) - (v (i)}
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In fact, in the product of the first factor of €2, and the first ¢ — 1 forms Q( j), we have already
differentiated the variables u and v,(j) with j < i.

We can apply (45) to (59), and get

(60) (i) = colo(v(@) - [[v(@), v(i = 1)) .- [[(v (D), v(1)) - T](v (@), ) -
Ajp(v(@) - (1+b+ Y a(vy (1), 2:)va(i) > alu (i) v, i)

> q
q€[A];5€[n] U‘Z(z) 5 g€[A];teUuUV(1)U...UV (i—1) U‘J(Z) —t

In fact, the expression in brackets in (59) is the sum of expressions of the form (44) with v, (%)
playing the role of t’s in (44), and t’s playing the role of z’s.

Thus, we have

(61) Q= cy'l(u, v)dudv Sym{ By,

~~~~~~

(62) T(Z) =14+b+ Z a(vq(i)'sz)’Uq(i) + Z a(vq(i).,t)vq(i)

q€[A];s€[n] vy (i) = 2 g€[A;te WUV (1)U...UV (i—1) V(i) —t

6.2. Let us consider the function T'(m). Using the identity

X Y
(63) 7X—Y_1+X—Y

many times, one sees that 7'(m) may be rewritten as

(64) T(m)=14a+b+(m—1)c+d+ >

se[n],q€lA] vg(m) — 2

n Z t-a(v,(m),t)

g€[A];teMUV(1)U...UV (m—1) U‘Z(

Let us denote

Cim)=14a+b+(m—1)c+d
Note that C(1) = C(1).

Let us consider the expression vq(nti—uj for some j € I, C [M], and replace it by

U; — Zs Zs

v(m) =y vg(m) —u;

The next Lemma is our main technical statement. In its proof we use in an essential way that
0 is the highest root.
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6.3. Highest root lemma. We have

U; — 25

Sym{Br. (ur,; z5) - A (v(m)) - }=0

J€I; q€[A] vq(m) — u;

Proof. Suppose I, = (i1,...,ip). According to Key Lemma 3.5.1 we have

st (ufs; ZS) = Z S(I_;7Jf5) : ngs (ufs; ZS)

oEXp
where oI, = (to(1)s - -+ »90(p)). Let us consider one product
U, — 2
65 E - (u;;z) ———"r
(65) i)

for some j € I, say j = i,(, for some p € [P], and rewrite u; — z, as a sum

(uin(p) - uid(p—l)) +...+ (uiau) - ZS)

The term (65) becomes a sum of terms corresponding - in diagrammatic notations of Section 3
- to graphs

Y A N

J = lo(p) i s vg(m)

Now let us fix a decomposition I, = I’ U I” with I' N I" = () and I” # (), and a sequence
I' € Seq(I'). Let I" € Seq(I”) be the total order induced from I,. Consider the sum of
terms (65) (with their coefficients) which produce the above graphs with the right interval from
i, to s equal to I , the left interval varying.

One sees from 3.5.1 that the factors corresponding to the left interval give a multiple of Az, (ur).
After multiplication by Aj (v(m)) and summing up over all connections between the left
interval and the group v(m) and symmetrisation, we get a multiple of

A7, fol),

by Lemma 3.12. But [f7., fo] is zero since 6 is a highest root. O

6.4. Corollary. Resonance identity is valid for m = 1.

Proof. In fact, making the above substitution in the expression for 7'(1), and taking into
account the Highest root lemma, we are left (after the symmetrisation) with the expression
C(1) + Wi(u,v(1)) which gives the Resonance identity for m = 1. O
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6.5. We will proceed with the proof of Resonance identity by induction on m. Suppose we
know it for m — 1. Let us set

o = [ )

j=it1
We also denote by W™ = W™ (u,v(1),...,v(m)) the function denoted earlier W;(u, v).
By (61), we have to show that

Sym{Bj, p (wz)Az,(v(1) ... Ay (vim)) - T(A) ... - T(m)} =

m

Sym{By, 1 (w2) Az, (v(1) ... Ag (v(m)) - > DMWY
i=0
By induction hypothesis, one is reduced to proving that
m—1
(66) Sym{By, 1, (w;z)Az(v(1) - ... Ay (v(m)) - (3 D" VW) - T(m)} =
i=0
Sym{By, i d (u; Z)AJ(O)(V(l)) A ~(9)(v(m)) : Zng)m(m)}
i=0

By definition,

the sum over all (py,...,p;) € [m — 1J', p; mutually distinct. Let us pick such (pi,...,p;).
Consider a product of an admissible term from W({m=bri-ri (see (55)) and a summand from
T(m) (see (64)):

. -y a(vg(m), vy () vy (7)
67 X517.._75i; 1o sDi qiy. .. ,qi;t goue 7ti . 4 4 -
o proepis @it BT G G)

(j < m). These products occur in the left hand side of (66).

Two cases may occur.
1st Case. j & {p1,...,p:}. Then we can replace the factor
vy (J)
(68) — L
V(M) — vy ()

in the term (67) in the lhs of (66) by —1. In fact, we are doing the symmetrisation which
permutes j and m, and we have

Uy (])
0g(m) — vy () | 09 (G) — vg(m)

vy(m) - _1

2nd Case. j = p, for some r.

Claim. In this case we can replace (68) by

(69) o) — oy )’
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In other words, if we substitute
V(M) — vy ()
into the lhs of (66), we get 0 after symmetrisation. This claim is proved by the argument
identical to the argument in the proof of Highest root lemma 6.3.
Let us denote for brevity
Y(6:2) = By, (wz) Az (v(1) .. Az (v(m))

Using Highest root lemma, we can rewrite the lhs of (66) as

(70) Sym{Y (6:2) 3 DI S WO (Gm) + Z<—“(fq<%)7)’ffzs "
a(vy(m), u;)zs a(vy(m), vy (7)) | | = @(vg(m), vy (pr)) 25,
—— N, )T (- )+ )} =
J;Is Vg (m) = u je[ml]z{pl,... i} g 2 ; g vg(m) — vy (pr)
Sym{Y(t; Z) . m Dl(m*l) Z W m=L1p1,pi (C«(m) + Z(% 4
a(vq(m)’ uj)zs _m- 1 — 1C : a(vq(m)v Vg (pr))st _
jEIL UQ(m) — Uj ) 2 + ; ; Uq(m) — Vg (p,_) )}

We have to prove that (70) is equal to

m

(71) Sym{Y (t;z) -y D™ ST wlmriepiy
N A

=0

6.6. Let us consider more attentively the nature of symmetrisation. Let us denote by
7™ 2 [N] = [M +mA] — [r]
the map (49), and by
7@ [M +iA] — [r]
the analogous map with m replaced by ¢ € [m]. Denote
n(@) — Y0
The symmetrisation in (70), (71) is done over the group ¥ = X(™),

Note that ¥(™) is equal to a disjoint union
0 = sl (im)
i=1

where (im) € ¥(™ denotes the transposition of the whole group v(i) with v(m).

More generally, the symmetric group ¥,, is naturally embedded in (™ - it acts by permutations
of groups v(7). This subgroup evidently fixes Y (t;z).

Let us denote
Q=1{(1m),...,(mm)} cCx, cxm™
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We have
Symygm = Symgem-1y 0 Symg,

Let us pick mutually distinct (py, ... ,p;) € [m — 1]%, and consider the partial symmetrisation of
the corresponding summand in (70):

m—1
(72) Sym{Y (t;2) Z DIy (= pip )+ Z —Z)Z'S +
1=0 s
a(vg(m), u )z, —i— 1 (m), vy (pr))zs, -
]; vg(m) — u; ) 7_21;1: (m) — vy (pr) )} ; J
where
= (m-1) 1 (m—1) A a(vy(m), zs)zs
(1) 8 =Y(Ea){ Y DUIW e () 30Ul
1=0 $,q Uq(m) — Zs

a(vg(m), u )z, om—i— 1(: d a(vy(m), vy (pr))2s, (jm)
2 P R D B Dy e R R ML

Consider the j-th summand S;. Two possibilities may occur:

(i) j € [m] — {p1,... ,p:}. In this case

A —i—1 . .
S; = Y (t;z) - (ng L, (C(m) — m 21 e)- W (m)prs-pi Dz(m 1, W(m)pl,.n,m,a)
(ii) j = p, for some r. Then
IS Y (t: (m=1) A m—i—1 (M)P1sees sPr— 1M, P15+ 5D m—1 (m)p1,... ,pi,m
= ¥(tsbe) (D (Om) - "y F Dy )
as one sees from definitions.
Now, if we pick mutually distinct (pf, ... ,p,) € [m]?, we see that the contribution into W (")Pi--»:
from (72) comes with a coefficient
_ ~ —1—1
(74) D"V (Cm) = T 0) - (m— i) + D"V =
_ ~ —i—1
D"V ((m =) - (C(m) = =—— - ) + C(0))
(75)
6.7. Lemma. We have
~ m—1—1 )
C(m) = (m —1i) - (C(m) — —— )+ C(i)

Proof. Immediate. [J

It follows that (74) is equal to D™ Y C(m) = D{™. Tt follows that (70)=(71) which in turn
implies m-th Resonance identity. [
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