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Standard calculations suggest that the entropy of our universe is dominated by black holes, whose
entropy is of order their area in Planck units, although they comprise only a tiny fraction of its
total energy. Statistical entropy is the logarithm of the number of microstates consistent with
the observed macroscopic properties of a system, hence a measure of uncertainty about its precise
state. Therefore, assuming unitarity in black hole evaporation, the standard results suggest that
the largest uncertainty in the future quantum state of the universe is due to the Hawking radiation
from evaporating black holes. However, the entropy of the matter precursors to astrophysical black
holes is enormously less than that given by area entropy. If unitarity relates the future radiation
states to the black hole precursor states, then the standard results are highly misleading, at least
for an observer that can differentiate the individual states of the Hawking radiation.

Standard estimates (see Table [l) suggest that the en-
tropy of the universe is dominated by that of black holes
@, |j,, B] Indeed, a single supermassive black hole, be-
lieved to be found in many, if not all, of the 10! galactic
cores in the visible universe, has more entropy than all
the CMB photons combined, according to the conven-
tional area formula. The entropy of the CMB photons in
turn dominates that of all other known forms of matter
(e.g., stars, planets, galaxies).

objects entropy energy
10?? stars 107 | Qspars ~ 1073
relic neutrinos 1088 Q, ~107°
stellar heated dust 1086 Qdust ~ 1072
CMB photons 1088 | Qoms ~ 107°

relic gravitons 1086 Qgray ~ 1076

stellar BHs 10%7 | Qgpu ~ 107°
single supermassive BH | 10° 10" Mo
10" x 10"Mg SMBH | 10'°? (Qsmpr ~ 107°
holographic upper bound| 10'23 Q=1

TABLE I: Entropies and energies for various systems (using
area entropy for black holes). See [4] for assumptions used in
the table.

Do black holes dominate the entropy of the universe?
If so, what does it mean? In this paper we investigate
such questions, under the assumption of unitarity. That
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is, we assume that the quantum state of the universe is
described by a wavefunction (or a density matrix) which
evolves according to a unitary Schrodinger-like equation.
In particular, we assume that black hole evaporation is
unitary, as suggested by the AdS/CFT duality in string
theory [6], although of course possibilities alternative to
unitarity have not been excluded with certainty ﬂ] We
also note the enormous experimental capabilities required
for an observer to have access to the global state of a large
system described above (see also [§]).

Statistical entropy S is the logarithm of the number
of distinct microstates v consistent with the observed
macroscopic properties of a system. It is therefore also a
measure of uncertainty about the precise quantum state
of the system. In fact, the entropy is proportional to the
logarithm of the dimensionality of the Hilbert space of
1’s, or, equivalently, to the number of qubits required
to exactly specify a particular ¢». That is, the informa-
tion from macroscopic properties (e.g., total energy, size,
charge) of the system must be supplemented by S (In2)~!
qubits in order to fully specify the microscopic state. Sta-
tistical entropy, as defined here, happens to equal the von
Neumann entropy —Tr p.Inp. of the particular mixed
state pe that contains all allowed microstates with equal
probability. The larger the entropy, the less is known
about the precise quantum state given the macroscopic
description.

We emphasize that the entropy defined above — the
logarithm of the number of possible quantum states con-
sistent with the given macroscopic knowledge about a
system at a particular instant in time — is simply the size
(logarithm of dimensionality) of a particular subspace of
the Hilbert space of the system. Since this size is pre-
served by unitary evolution, the entropy we defined does
not change in time. It is only coarse grained entropies
that increase in time, through loss of information about


https://core.ac.uk/display/475609819?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://arxiv.org/abs/0801.1847v3
mailto:frampton@physics.unc.edu
mailto:hsu@uoregon.edu
mailto:dreeb@uoregon.edu
mailto:tom.kephart@gmail.com

the state of the system. Our entropy is maximally fine
grained. It is, as discussed later in the paper, appropri-
ate for a kind of “super-observer” who is unaffected by
decoherence and can detect the precise quantum state of
the system.

The objects which contribute most to the entropy of
the universe will be those about whose precise quantum
state we are most uncertain. The results in Table I indi-
cate that these objects are black holes.

Black holes can dominate the entropy of the universe
while only comprising a small fraction of the total energy
because their entropy scales as [9, [10]

Sgu ~ A ~ M? (1)

(A is the area and M the mass of the black hole; we
suppress prefactors of order one and use Planck units).
Note that Spg ~ M? is not coarse-grained entropy, but
refers to the number of internal microstates of the black
hole, as confirmed by microstate counting in string theory
[11] or by counting of Hawking radiation microstates [12].

However, for non-black hole configurations the follow-
ing bound [13] holds:

S < A% (2)

Note that this bound applies to the microscopic (non-
coarse grained) entropy we have defined above; it can be
derived as follows. Given a thermal region of radius R
and temperature T, we have S ~ T2R3 and E ~ T*R>.
Requiring £ < R (using the hoop conjecture — a cri-
terion for gravitational collapse )147 15]) then implies
T < R™Y2 and S < R3? ~ A3/% The use of a tem-
perature 7" in this derivation is justified because the en-
tropy of a system of fixed size and total energy is max-
imized in thermal equilibrium and because of the fun-
damental connection between statistical mechanics and
thermodynamics: the logarithm of the number of micro-
scopic states of a system of fixed size and total energy
is, up to corrections that vanish with the volume of the
system, the same as the entropy of an equilibrium (canon-
ical) ensemble whose temperature has been adjusted to
yield the same average properties. Note, this analysis as-
sumes flat or nearly flat space matter configurations; we
will discuss the more general case later. For astrophysical
systems on the verge of gravitational collapse (i.e., black
hole formation, see Fig.[l), R ~ M, so the inequality (2)
becomes

S < A~ M3 (3)

The bound S < A%* applies to all known (non-
black hole) configurations of matter, including gas clouds,
galaxies, ordinary stars and neutron stars. It even applies
to our entire cosmological horizon (visible universe) if
black holes are excluded, yielding a much stronger upper
bound than the holographic one: S(universe, no BH) <
1092,

From our discussion so far we can conclude:

A. A black hole has much more entropy than any or-
dinary matter configuration of similar size. Equivalently,
the Hilbert space required to describe the black hole state
is much larger than the Hilbert space describing all mat-
ter configurations of similar size.

B. The Hilbert space describing the subset of black
holes formed from the collapse of ordinary matter config-
urations whose size is roughly the same as the eventual
hole is a tiny subspace of the Hilbert space describing all
possible black holes of the same mass M. This is due to
unitary time evolution from the initial matter configura-
tion (having entropy < M3/2 < M?) to the black hole,
during which the size of the Hilbert space is preserved.

Astrophysical black holes are believed to be of the type
described in B, see Fig. [} all of the mass of the hole
comes from the pre-collapse configuration (star, galactic
core, etc.); there is a moment (spacelike slice) just before
horizon formation when space is still nearly flat and the
size of the matter configuration is not very much larger
than the eventual hole (i.e., the matter configuration is,
say, an order of magnitude larger than the eventual hole),
so has size R ~ M and the entropy bound (@) applies.
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FIG. 1: Formation of an astrophysical black hole, as happens
in our universe, in a conformal diagram: starting from an
almost flat spatial hypersurface, a star or galactic core of size
R ~ M and containing entropy < M3/? (see @) collapses to
a black hole of mass M.

Our observation concerning astrophysical black holes
does not imply that the area entropy of general black
holes is spurious |16]. Consider an alternative process of
black hole formation: start with a small hole which then
accretes matter, becoming eventually much larger than
the original. As a particular example, we might take
the accreting matter to be thermal radiation, as pro-
duced in Hawking evaporation, Fig. In this process
a small hole steadily accumulates mass from #n-coming
radiation. Since there are at least ~ exp M? different
possible Hawking radiation states [12], the resulting hole



r~R~M

time

V4 3
r~M°»M

FIG. 2: Formation of a black hole of mass M by the absorp-
tion of thermal radiation similar to Hawking radiation: an
initially small black hole continually accretes matter (incom-
ing Hawking radiation), containing total entropy ~ M? [12],
and grows to size R ~ M. The spatial and timelike extent of
the process is ~ M3, much larger than the size and age of the
(observable) universe, so none of the existing astrophysical
black holes could have possibly formed by this process.

constructed in this way can be in any of this number of
states. That is, the fact that the total entropy of Hawking
radiation is S ~ A implies that we can construct exp A
distinct black hole states using this method. However,
this process requires large spatial and time extent ~ M3
and does not describe how astrophysical black holes are
formed, i.e., by natural processes in the evolution of stars
and galaxies [17].
We arrive at the following conclusion (cf. also Fig. B]):

If unitarity holds (in black hole formation and evapora-
tion), the future evolution of an astrophysical black hole
can produce only a tiny subset (M3/% subspace in Fig.[3)
of all the possible Hawking radiation states indicated by
the usual area entropy M? [18].

As noted, the entropy used in this paper describes the
uncertainty in the precise quantum state of a system. If
the system is macroscopic the full quantum state is only
accessible to a kind of “super-observer” who is unaffected
by decoherence [19]. Individual observers within the sys-
tem who have limited experimental capabilities can only
detect particular decoherent outcomes. These outcomes
arise, e.g., from an effective density matrix that results
from tracing over degrees of freedom which are out of
the experimenter’s control (i.e., which form the “envi-
ronment”). In [8] the experimental capabilities neces-
sary to distinguish decoherent branches of the wavefunc-
tion, or, equivalently, to determine the precise quantum
state of the Hawking radiation from an evaporated black
hole, are discussed. It is shown that a super-observer
would either need (at minimum) the capability to make
very precise measurements of accuracy exp(—M?) (see

subspace of
unitary evaporation

total space of
Hawking radiation

g =M32

matter collapse

FIG. 3: Ordinary matter (star, galactic core, etc.) collapses
to form an astrophysical black hole. Under unitary evolution,
the number of final Hawking radiation states that are actually
accessible from this collapse is ~ exp M 3/ 2. i.e. precisely the
number of ordinary astrophysical precursors (@). It is there-
fore much smaller than the the number of ~ exp M? states a
black hole, and its eventual Hawking radiation, could possibly
occupy if nothing about its formation process were known.

also the proposal of Maldacena [20] for a specific mea-
surement to determine whether black hole evaporation is
unitary), or alternatively the capability to engineer pre-
cise non-local operators, which measure a large fraction
of the Hawking radiation at once, including quantum cor-
relations (i.e., as opposed to ordinary particle detectors,
which only measure Fock state occupation numbers and
are neither sensitive to phase information nor to super-
positions of different Fock states).

An observer who lacks the capabilities described in the
previous paragraph would be unable to distinguish the
states in the S ~ M?3/2 subspace in Fig. B from those in
the larger S ~ M? space, assuming the unitarily evapo-
rated states resemble Hawking radiation in gross terms,
with large parts of their information hidden in correla-
tions among the emitted quanta or in superpositions of
different particle states. In that case, the future uncer-
tainty for ordinary (non-super) observers would be better
characterized by the larger S ~ M? entropy. Putting it
another way, ordinary (non-super) observers are forced by
experimental limitations into a coarse grained description
of the radiation; they cannot distinguish between most
of the radiation states, and for them a different, coarse
grained, entropy is appropriate after evaporation, whose
value is S ~ M?2. For super-observers, however, the un-
certainty in the quantum state does not increase as long
as evolution is unitary. From their perspective, a black
hole does not have greater entropy than the precursor
state from which it formed.

Therefore, for the super-observers described above, the
large black hole entropies in Table I do not reflect the
actual uncertainties in the (current and future) state of
the universe and are in that sense misleading. A black



hole of mass M whose formation history is typical for our
universe (e.g., it originated from gravitational collapse
of a star or galactic core) satisfies the bound S < M?3/2
[16]. Thus, re-evaluating the numbers in Table I, the total
entropy of all black holes in our universe is not bigger
than the total matter entropy: the dominant uncertainty
in the precise state of the universe, at least as far as arises
from known physics, is, in fact, due to CMB photons or
neutrinos.

As remarked earlier, the M3/2 entropy bound (@) was
deduced using a flat space approximation (i.e., the rela-
tion V' ~ R? between proper volume and spatial extent).
One can instead, in a fully general relativistic manner,
maximize the entropy of a matter configuration while
holding the ADM mass M (the mass seen by a distant
observer) fixed. The resulting configurations have been
called “monsters” [21, 22]. Their extremely large en-
tropies are obtained, while holding the local entropy and
energy densities fixed, by curving space to create a large
internal proper volume without increasing the size of the
object as seen by an external observer. The curved space
in the construction can also be understood as negative
gravitational binding energy which keeps the ADM mass
relatively small and fixed although the amount of matter
and number of degrees of freedom inside the monster be-
come large. Both monsters and black holes formed from
more general processes (i.e., as in Fig. 2 [17]) can exceed
the M3/2 bound and they, indeed, can have area entropy
~ M?. However, monster-like configurations did not (as
far as we know) occur in the Universe we inhabit; precur-

4

sors of astrophysical black holes have entropy S < M3/2
and so conform to our argument.

Finally, there is a trivial cosmological argument that
implies the black hole entropies in Table I are misleading
if unitarity holds. The fine grained entropy we have used
throughout this paper (i.e., the logarithm of the num-
ber of possible microstates) is conserved under unitary
time evolution of the quantum state. Now consider the
era of decoupling, when CMB photons decoupled from
atoms. In conventional big bang cosmology, there were
no black holes in the universe during that epoch. At de-
coupling, the entropy of thermal photons (and perhaps
neutrinos) vastly dominated over all other forms, and
consequently the entropy of the CMB modes must still
dominate today [23]. Indeed, under ordinary Friedmann-
Robertson-Walker expansion (i.e., excluding phase tran-
sitions) the total thermodynamical entropy of radiation
S ~ R(t)3T'(t)? is conserved [24]. Therefore, most of the
uncertainty in the exact quantum state of the universe is
due to CMB modes, not to black holes.

Acknowledgments — The authors thank J. Maldacena
and Y. J. Ng for useful comments. The authors are sup-
ported by the Department of Energy under grants DE-
FG02-06ER41418 (PHF), DE-FG02-96ER40969 (SDHH,
DR) and DE-FG05-85ER40226 (TWK).

[1] S. Weinberg, Gravitation and Cosmology, Wiley (1972).

[2] R. Penrose, The Emperor’s New Mind, Oxford University
Press (1989); R. Penrose, The Road to Reality, Knopf,
New York (2005); R. Penrose, Before the Big Bang, Pro-
ceedings of EPAC 2006, Edinburgh, Scotland (2006),
pg. 2761.

[3] T. W. Kephart and Y. J. Ng, JCAP 0311, 011 (2003)
|arXiv:gr-qc/0204081].

[4] In collecting these results we have made a number of sim-
plifying assumptions, and the estimates are only order-
of-magnitude. We assume (1) 1% as many stellar size
black holes as main sequence stars, (2) The baryon to
entropy ratio within stars is B/S ~ 1, (3) There are ap-
proximately 10! stars per galaxy, (4) There is no lepton
asymmetry and there are neutrinos lighter than ~ 2K,
(5) At present, stellar heating of dust is a major contrib-
utor to entropy generation [5].

[5] R. Bousso, R. Harnik, G. D. Kribs and G. Perez, Phys.
Rev. D 76, 043513 (2007) |arXiv:hep-th/0702115].

[6] For a review, see O. Aharony, S. S. Gubser, J. M. Malda-
cena, H. Ooguri and Y. Oz, Phys. Rept. 323, 183 (2000)
|arXiv:hep-th/9905111].

[7] For some recent discussion of alternatives to uni-
tarity, see S. D. H. Hsu, Phys. Lett. B 644, 67
(2007) |hep-th/0608175]; S. Hossenfelder and L. Smolin,
arXiv:0901.3156/ [gr-qc].

[8] S. D. H. Hsu and D. Reeb, Phys. Rev. D (to appear)

[arXiv:0903.2258] [gr-qc]].
[9] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975).

[10] J. D. Bekenstein, Phys. Rev. D7, 2333 (1973).

[11] A. Strominger and C. Vafa, Phys. Lett. B 379, 99 (1996)
|hep-th/9601029).

[12] Since the Hawking temperature is T ~ M ™', the Hawk-
ing radiation has entropy S ~ [dQ/T ~ [dM M ~
M? ~ A. This is then, at least for large A, also true for
the microcanonical definition of entropy which we employ
throughout. See also D. N. Page, Phys. Rev. D 13, 198
(1976).

[13] G. ’t Hooft, In Salamfestschrift, editors: A. Ali, J. Ellis
and S. Randjbar-Daemi, World Scientific (1994), pg. 284
larXiv:gr-qc/9310026].

[14] K. S. Thorne, Nonspherical gravitational collapse: A
short review, in J. R. Klauder, Magic Without Magic,
San Francisco (1972), pg. 231-258.

[15] D. M. Eardley and S. B. Giddings, Phys. Rev. D 66,
044011 (2002) [gr-qc/0201034]; S. D. H. Hsu, Phys. Lett.
B 555, 92 (2003) [hep-ph/0203154].

[16] Calculations which attempt to deduce the entropy of a
general black hole (i.e., which do not incorporate any
additional information about the hole, such as its for-
mation history), must obtain an area entropy; see, e.g.,
G. W. Gibbons and S. W. Hawking, using gravitational
instantons (Phys. Rev. D 15, 2752 (1977)), or S. Muko-
hyama and W. Israel, using entanglement entropy (Phys.


http://arxiv.org/abs/gr-qc/0204081
http://arxiv.org/abs/hep-th/0702115
http://arxiv.org/abs/hep-th/9905111
http://arxiv.org/abs/hep-th/0608175
http://arxiv.org/abs/0901.3156
http://arxiv.org/abs/0903.2258
http://arxiv.org/abs/hep-th/9601029
http://arxiv.org/abs/gr-qc/9310026
http://arxiv.org/abs/gr-qc/0201034
http://arxiv.org/abs/hep-ph/0203154

(17]

[18

Rev. D 58, 104005 (1998)). However, there is no con-
tradiction between such calculations and the statement
that, e.g., a black hole formed from a particular progen-
itor, such as a star, might have lower entropy: by incor-
porating additional information about the pre-black hole
state we are restricting the internal Hilbert space to a
smaller subspace with consequently lower entropy.
Other processes of forming black holes with area entropy
have been analyzed, e.g. W. H. Zurek and K. S. Thorne,
Phys. Rev. Lett. 54, 2171 (1985). However, also those
processes do not resemble how astrophysical black holes
are (or have been) formed in our universe, namely by
gravitational collapse (Fig. [)); furthermore, as in the ex-
ample of time reversed Hawking radiation, they usually
take much more time than has been available in the exis-
tence of our universe. E.g., in the aforementioned work,
the authors propose lowering quanta of lowest possible
energy bit by bit into the black hole, injecting each one
only after the preceding one has been absorbed.

In a black hole spacetime, consider two Cauchy slices X1,
preceding black hole formation, and ¥, after complete
black hole evaporation, containing all of the Hawking ra-
diation. Unitarity, or one-to-one mapping, requires the
dimensionality of the Hilbert spaces of quantum states on
31 and on X2 to be equal. Thus, unitarity requires equal

(19]
20]
(21]
(22]

23]

(24]

microcanonical entropies S and Sa, which is a puzzle
since S1 < M3/? for ordinary matter but Sa ~ M? for
the general evaporated state |[12]; this means that, under
unitary evolution, only an exponentially small subset of
the possible quantum states on 32 can actually be real-
ized if 31 only contained ordinary matter states.

For a review see, e.g., W. H. Zurek, Rev. Mod. Phys. 75,
715 (2003) |quant-ph/0105127].
J. M. Maldacena, JHEP
|arXiv:hep-th/0106112].

S. D. H. Hsu and D. Reeb, Phys. Lett. B 658, 244 (2008)
larXiv:0706.3239] [hep-th]].

R. D. Sorkin, R. M. Wald and Z. J. Zhang, Gen. Rel.
Grav. 13, 1127 (1981).

The number of degrees of freedom of all other systems is
tiny compared to that of the CMB (including neutrinos;
see Table I without black holes). For this reason only a
negligible part of the entropy of the thermal photons and
neutrinos could, since the era of decoupling, have been
dumped into other forms or into entropy of entanglement
with other systems.

E. W. Kolb and M. S. Turner, The Farly Universe,
Addison-Wesley, Reading, Massachusetts (1989) (Fron-
tiers in Physics; v. 69).

0304, 021 (2003)


http://arxiv.org/abs/quant-ph/0105127
http://arxiv.org/abs/hep-th/0106112
http://arxiv.org/abs/0706.3239

