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Abstract

In this paper we prove that a particular entry in the scattering matrix, if known
for all energies, determines certain rotationally symmetric obstacles in a generalized
waveguide. The generalized waveguide X can be of any dimension and we allow either
Dirichlet or Neumann boundary conditions on the boundary of the obstacle and on 9.X.
In the case of a two-dimensional waveguide, two particular entries of the scattering
matrix suffice to determine the obstacle, without the requirement of symmetry.

1 Introduction

The purpose of this paper is to show that knowledge of a single specific entry in the scat-
tering matrix suffices to determine certain analytic obstacles O C X, where X is an n + 1
dimensional generalized waveguide. We remark that an entry in the scattering matrix is a
scalar function; see (1.4) and subsequent discussion for the definition. The results of this
paper extend the inverse results of [2], both by allowing higher-dimensional waveguides and
by considering either Dirichlet or Neumann boundary conditions on 0O.

A cylindrical waveguide in R"*! has the form

X=RxQ, (1.1)

where ) is a bounded domain in R"; we assume 0f) is smooth. If O CcC R x Q is a
smoothly bounded connected compact set, we desire to identify properties of O from the
scattering matrix of X \ O. In fact, both X and X \ O are examples of manifolds with
infinite cylindrical ends, and it is natural to set up inverse scattering problems for more
general such manifolds.

We recall that a smooth Riemannian manifold X with infinite cylindrical ends has the
form

io
X =X, U (U X) (1.2)

i=1
where X, is compact, each X; =~ [0, 00) x Y}, and each Y is a compact, connected manifold,
possibly with boundary. In case (1.1), there are two ends, Y7 = Y3 = Q. The Riemannian
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metric on X is a product metric on each X;; G ‘ X, = dx? + g;, where g; is a Riemannian
metric tensor on Y;.

Extending the class of domains (1.1), we say that a domain X C R"*! with smooth
boundary is a generalized waveguide if X is a manifold with infinite cylindrical ends. Given
such a generalized waveguide, suppose one has a smoothly bounded compact subset O of
the interior of X, with the property that O is known to have nonempty intersection with
one of the ends, say with X; = [0, 00) x Y7. Without loss of generality, we can assume O has
empty intersection with the ends X; for ¢ > 2. We want to draw conclusions about O from
information on the scattering matrix of X \ O, which is also a manifold with cylindrical
ends. In this case the ends are [a1,00) X Y7 and [0,00) X Y;, ¢ > 2, given that

60[0,1,00) XY1 :(D (13)

Before describing results we obtain about O, we recall the definition of the scattering
matrix associated to X = X \ O. Let A 5 denote the (non-negative) Laplace operator on
X. We impose either the Dirichlet boundary condition or the Neumann boundary condition
on 0X, and we impose either the Dirichlet boundary condition or the Neumann boundary
condition on 00. Let Ay denote the Laplace operator on Y =Y; U---UY;,, with the same
type of boundary condition on 9Y as given on 90X (Dirichlet or Neumann). Let {JJZ-} be
the eigenvalues of Ay, repeated according to multiplicity, with o3 < J% <..-. Let {¢;} be
a corresponding real orthonormal set of eigenfunctions of Ay, so Ay¢; = a?gbj. Arrange
that each ¢; is supported on one connected component of Y.

For each j € N, let r;(\) = (\? — 0]2)1/2, with the square root chosen so Imr;(A) > 0
when Im A > 0, and extended by continuity to real A. Hence if A € R and || > |oj],
then sgnr;(A) = sgnA. For each ¢ € N, there is a generalized eigenfunction Wy(A) of Az,
satisfying

(Ag—A)¥, =0 on X\O,

\IJz|Xe — N, 4 Z sz()\)< re(N) )1/2e¢rm(,\)%m’ (1.4)

Tm(A)

where X, = [a1,00) X Y1U[0,00) X YoU- - -U[0, 00) x Y;,, with coordinates (7, y) on each end.
Moreover, W, satisfies the specified boundary conditions on 90O and 9X. The scattering
matrix is (Spe(A)) g2, o2<x2- The scattering matrix depends in a mild way on the choice of
decomposition of X into X. and X, = UX;. This can be realized in another way as the
choice of coordinate T on each end X;. Thus, it is important to think of the scattering
matrix coming with a fixed choice of such coordinate or decomposition. For more details
on the scattering matrix and (1.4), cf. [1], [8].

We now give further conditions on an obstacle O in a generalized waveguide, which will
permit us to deduce the nature of O from knowledge of one or two elements of the scattering
matrix, for all A € [|o1],00). With coordinates (Z,y) on [0,00) x Y1, suppose T|gonx, is



maximal at p € 90. We assume

such p is unique;
O is strongly convex in a neighborhood of p N O; and (1.5)

00O has positive Gauss curvature at p.

Let
p=(To,q9), q€Y1, To€ (0,a). (1.6)

Consider the line in R™*! of the form L = {(sTo, q) : s € R}. The following will be proved
in §6.

Theorem 1.1 In addition to hypothesis (1.5), assume
00 s real analytic and connected, (1.7)

and

O s rotationally symmetric about the axis L. (1.8)

Assume q in (1.6) is known. Take k € N such that supp ¢ C Y1 and ¢r(q) # 0. Then
knowledge of Ski(A) for all A € [|o1],00) determines O.

REMARK. We do not assume knowledge of T in (1.6). Identification of Ty will follow from
the scattering data.

Theorem 1.1 extends Theorems 1.1 and 5.1 of [2], which deal with obstacles in planar
cylindrical waveguides. In such a case, hypothesis (1.8) becomes the hypothesis of bilateral
symmetry of O about its axis (taken in [2] to run down the middle of X = R X [y1,72]).
Another way in which the current result improves on the results of [2] is that we treat the
Neumann boundary condition on dO as well as the Dirichlet boundary condition.

Theorem 1.2 of [2] is a result about unique determination of O C R x (y1,72) without
bilateral symmetry, given knowledge of two elements of the scattering matrix, namely S11()\)
and S13()) in the terminology of [2]. We give some extensions of this result to other planar
waveguide settings in §7, to which we refer for specific statements.

Theorem 1.1 bears some resemblance to results of Zelditch [9, 10, 11] on recovering
planar domains with one symmetry from the spectrum of the Laplacian. Zelditch’s proof
uses the study of singularities of the fundamental solution of the wave equation which
propagate along a single isolated periodic broken geodesic. Here we do a detailed study of
the singularity of a solution of the wave equation corresponding to a broken geodesic after
a single reflection. Our techniques and results have some similarities to those of [7], though
we do a much more detailed analysis of the singularity resulting from the reflection of the
wave.



Some inverse scattering results for waveguides from an applied mathematics point of
view can be found in [3], [5] and references. In [4] the authors show that for a strip in the
plane, knowledge of the scattering matrix at all energies suffices to determine the compactly
supported perturbation of a sound speed.

In outline, our approach to the proof of Theorem 1.1 is parallel to the strategy used in [2].
First it is shown that {S;x()\) : A € [|o1],00)} determines the singularities of a certain family
of distributions derived from the fundamental solution to the wave equation on R x (X'\ O).
In particular, it determines the singularity arising when a certain progressing wave in the
end [0, 00) x Y7 reflects off 9O in a small neighborhood of the tip p. Calculations involving
a wave equation parametrix for transversal reflection of singularities give an asymptotic
expansion of this singularity. There is a (more or less) explicit formula, involving the
derivatives at ¢ of the function h, defining 0O near p by T = h(y). Under the hypothesis
of rotational symmetry about the axis L, these formulas simplify, and one sees that all
the derivatives of h at ¢ are determined by the data specified in Theorem 1.1. The real
analyticity and connectedness hypotheses of (1.7) then guarantee uniqueness.

We implement this strategy in the following sections. In §2 we associate a certain
family of distributions ;x5 € D'(R) to the fundamental solution to the wave equation
on R x (X \ O) and to ¢;, ¢, and recall from [2] that knowledge of S;i(A) for A > |oq]
uniquely determines w; j o 3, mod C*°(R). We describe which singularity of u; i o8 we need
to compute in detail in order to obtain information on D7h(q).

In §3 we construct a wave equation parametrix when 0O has the Dirichlet boundary
condition, extending to higher dimensions a construction of [2]. As there, we switch from
(T, y) coordinates on [0,00) x Y] to (z,y) coordinates, with x = T — h(y), so 0O near p is
given by z = 0. The main task is to evaluate the power series in x at = 0 of the solutions
to eikonal and transport equations rather precisely. In §4 we make such a construction when
00 has the Neumann boundary condition. Our method involves the Dirichlet-to-Neumann
map, which allows us to use many calculations from §3. We apply the results of §§3-4
in 85 to the needed singularity analysis of u; j o, or more precisely of its symmetrization
U3 ko 5(t) = (Wika,8(t)+jka,8(—t))/2. This sets us up to prove Theorem 1.1 in §6. Finally,
in §7, we obtain some two-dimensional uniqueness results without symmetry hypotheses, as
advertised above.
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2 From Sji(A) to u5, , 5(7)

Let U(t, z,2") denote the Schwartz kernel of eA% | so, for f € C(‘)X’()Z),

(eim)?f) (2) = /U(t,z,z')f(z') dz'. (2.1)

X

On each end [0, 00) x Y;, use coordinates z = (T, y), and for a, 3 > 0, set
wiran®) = [ [ U080 00 dyay 2.2
Yy

Recall that each ¢; and ¢y, is supported on one component of Y. If supp ¢; C Y7 we require
a > a1 and if supp ¢ C Y1 we require 8 > ay. This construction is treated in detail in §3
of [2]. Proposition 3.3 of [2] is the identity

1 o[> i |
Ujkas(t) = — / |e”)‘/\ Re((rj(Are(n) "/ 2eien W00 550 ) ax
o1
+15jk /Oo Gith_A Re(ef ) gy (2.3)
T oy (A
+ Rj,k,()!,ﬁ (t)7

where R; o3 € C*(R). Recall from §1 that, with Ay ¢; = ajngj,
ri(A) = (N = o)Y2 and [A| > |oj| = sgnr;()) = sgn . (2.4)

Consequently the singularities of u;y o (t) are determined by {Sk;(A) : A > |o1]}.
We look more closely at the symmetrization:

s 1
uj,k,a,ﬁ(t) = 5 [ujzkza’ﬁ(t) + ujak’aua(_t)] ° (25)
We have
Uja,8(F) = / vk (ts o, y)d;(y) dy, (2.6)
Y
where vyg(t, T, y) solves
(D} — A)vgs = 0 on X. (2.7)
Moreover, the initial conditions are
vkﬁ(o’ z, y) = 6(f - /B)ék (y)7 aﬂ)kﬁ(O, z, y) = 07 (28)

and vz must satisfy whatever boundary condition on [0, c0) x 0Y; as was imposed on Ax on
0X, and also whatever boundary condition on JO as was imposed for A (either Dirichlet
or Neumann, in either case).



From here on we assume j and k are chosen so that

supp ¢, supp ¢ C Y1, (2.9)

so that
(D} — D2 — Ay, )us(t, 7, y) (2.10)

holds on (0,00) x Y7 \ O. Recall from §1 that
(’)ﬁ[al,oo) XY =0+ a > Tg. (2.11)

Pick o and ( to satisfy
Top < a<f<oo. (2.12)

(Later we will take o\, Tp.) Recalling that Ay, ¢y = of¢y, we have from (2.10) and (2.8)
that

[t] < B —To = vrp(t, T, y) = urp(t, 7)ok (y), (2.13)
with ) ) )
(07 — 0z + op)ukg =0, (2.14)
ukp(0,2) = 0(z — B), Owukp(0,7) = 0.
Consequently,
[t < B —T0o = ujgap(t) = drurs(t,a), (2.15)
SO
sing supp uj o3 N (Zo — B, 8 — To) = {£(8 — a)} N (ZTo — B, 8 — To). (2.16)

Of course, the nature of the singularity at ¢ = £(5 — «) is independent of the obstacle O.
Standard results on propagation of singularities imply that ujk ap 8 smooth for  — a <
t < (B8 —70) + (. —Tp). One expects a singularity at t = (8 — Tp) + (o — Tp) and that
the singularity depends on the behavior of 9O at the tip p. Note that the observation of
such a singularity would serve to identify xy. Furthermore, in the limit « \, Tg one expects
to observe a singularity of US g AU E = 8 — Tp, depending on the behavior of 9O at p.
Verification of these expectations, together with a detailed account of this dependence, will
occupy §83-5.

3 Dirichlet parametrix in special coordinates

We introduced in §2 functions vy(t, Z,y) on (0,00) x Y1 \ O (given (2.9)), solving the wave
equation (2.13), with initial condition (2.8), and with boundary conditions described there.
We saw that vyg is given by

V(6T y) = unp(t, 7)o (y), (3.1)

for |t| < B — To, where ugg solves (2.14). Note that such wuys is naturally defined for
|t| < B—To. Our goal here is to obtain a useful parametrix for vi3(¢, Z, y), in a neighborhood



of (t,7,y) = (B — To,To,q), where p = (Zo, q) is the tip of 0O, in case vy satisfies the
Dirichlet boundary condition on 90QO:

UkB‘Rx{)O = 0. (3.2)
We construct vg as
Ukg = Vg5t v,jﬁ, (3.3)
where UZB solves
(D} — Ag)vis =0 (3.4)

on (Z,y) € (0,00) x Y1\ O, with the same homogeneous boundary conditions on (0, c0) x 9Y;
as v, while
U,':B = -1, on Rx 90, (3.5)

and
U]jﬁ =0 for t < (3 —mp. (3.6)

(Note that v; 5[rxgo vanishes for [t| < 8 — Zo.)
Moving towards this goal, we set up eikonal and transport equations for a parametrix

0= / ¢%a(¢,n) de dn, (3.7)

for solutions to (3.4) on [0,00) x Y1 \ O. We find it useful to change coordinates from (Z, y)
to curvilinear coordinates

(x,y) = (T_ h(y)ay)v (3'8)

where, as stated in §1, 0O is defined near p by T = h(y). We will obtain eikonal and
transport equations for ¢ and a in these coordinates.

It is convenient first to present such equations in a coordinate independent fashion. We
have (with 0 = D? — A),

(Df = A)(ae'®) = [¢f — (dp,dp)]ac’® — 2i[pra, — (dp, da)le™?

. 3.9
+ (Oa + iaOyp)e*?. (3.9)

Here (dp,da) is the inner product of cotangent vectors, i.e., elements of T X. If we set

a~ Yy ag, (3.10)

with aj homogeneous of degree k in (&,n), for |£2 +n? > 1, we get the eikonal equation

(dp,dp) — 7 =0, (3.11)

and transport equations

1 .
prora — (dp, day) = 27.(2%590 + Oags1), k<0, (3.12)

7



with the convention that a; = 0.
Now for the presentation in the curvilinear coordinates (z,y). Expanding

dz? —I—Zdy?- = (dw+28yjhdyj>2 —I—Zdy?-, (3.13)

we obtain the inner product on tangent vectors:

oh oh Oh
87:1/" <8yj7ayk> :6]143"‘77 (314)
J

amaaa: =1, 8x>8 =

Linear algebra yields the following formula for the inner product on cotangent vectors:

oh
(dx,dx) =1+ |dh|?, (dz,dy;) = “ay (dy;, dyg) = 0jk. (3.15)
j
Here Oh N2
dh|? = —). 3.16
= 32(5,) (3.16)
We have
(dp,dp) = (g dx + dyp, sz dx + dyp) (3.17)
= (14 |dh|?) @2 — 204 (dh, dyp) + (dyp, dye),
where 9h 9 Don 2
oy '
(dh,d dy,dyp) = —) . 3.18
yQD Z ay] ayj Y Y > ;(ayj> ( )
Hence the eikonal equation (3.11) becomes
(14 |dh|*)@3 — 2(dh, dy)p. + (dyep, dye) — o7 = 0. (3.19)
We also have
do,dag) = (@gdx + dyp, ag, dx + d
(dp, dag) = (e dx + dyp, ap, dx + dyag) (3.20)

= [+ [dh[*)pz — (dh, dy@))Ozar + (dyp — @u dh, dyag),
where again the remaining inner products are given as in (3.18). Hence the transport
equation (3.12) becomes
pi0iar — [(1+ |dh|*) s — (dh, dyp)]Orar — (dyp — x dh, dyay)

1
= 2—i(2akDg0 + Oak11)- (3.21)

Returning to the eikonal equation (3.11), we have
Op = <dh7 dy@>
T 1+ |dh)?

V(1 [dh2)(¢f — (dyp, dyp)) + (dh, dyp)®
1+ |dh|? '

(3.22)

+

8



It is natural to define the phase functions p* (z,y,t,&,m) as solutions to

+ <dh7 dy‘Pi>

e T T (dh)?

2 £)\2 + + +\2 (3‘23)
( )¢<1 + [dh2) (97)? — (dyp*, dyp*)) + (dh, dy™)
T Len 1+ [dh? :
with data at z = 0:
0= (0,y,t,&m) =y - &+ 1. (3.24)

This is well defined for |x| small provided |£[*> < n?. The following result parallels Lemma
4.2 of [2].

Lemma 3.1 For |£|? < n? the phase functions p*(x,y,t,&,n) have asymptotic expansions
at x = 0 given by

(@, t,Em) ~ Y @7 (y,t,E,m), (3.25)
Jj=20
with gooi given by the right side of (3.24) and
n ¢-Vh
t -
1 (y7 7€7n) 1+|dh’2
(3.26)

V(L +[dh[?)(? = [€?) + (£ Vh)?
1+ |dh? ‘

F (sgnn)

Moreover, forj > 1, go}t are independent of t, and npjc(y,t,f,n) are determined by &, 1, and
D®h(y) for|al < j.

Proof. The identification of ¢ is clear. Setting = = 0 in (3.23) gives (3.26). The stated
result on cpji follows by a straightforward induction, applying z-derivatives to (3.23) and
evaluating at x = 0. ]

Returning to the transport equations, we have for each choice of phase function ¢* the
following, from (3.21):

v Oy, — [(1+ [dh?) oy — (dh, dyp™)|0say; — (dyp™ — o3 dh, dyay)
1.
= Z(mfﬂwi + Dakiﬂ), (3.27)
for k < 0, as before with the convention af = 0. Here af = af(x, y,&,n) (independent of
t). We take data at = = 0:

at(0,y,&,m) =1, af(0,y,&n) =0 for k<O0. (3.28)

Then a;t are well defined and homogeneous of degree k in (£,7n) for |z| small, provided
|€]2 < n?. Regarding the right side of (3.27), note that

Op™ = —Ag™, Daki_H = —Aafﬂ, (3.29)

9



and, in curvilinear (x,y) coordinates,
Af == +[dh)}f + Ay f + 2(dh, dyds f) — (Ayh)Ds . (3.30)

In fact, the principal symbol of A = A ¢ is given by the inner product (3.15) on cotangent
vectors and the first order term arises because A gz = A¢(Z — h(y)) = —Ayh(y).
The following result parallels Lemma 4.3 of [2].

Lemma 3.2 For |£? < n? each af(w,y,f, n) has an asymptotic expansion of the form

(@,9,6m) ~ > alai(y,&n), (3.31)
7>0

with afj homogeneous of degree k in (§,n), and afj (y,&,m) determined by &,m, and D*h(y)
for o] < j+ |k|+1.

Proof. Clearly a(:)to =1 and afo = 0 for k£ < 0. The assertions about akij for 7 > 1 follow
inductively, by evaluating (3.27) and its z-derivatives at x = 0 and making use of Lemma
3.1 and of (3.29)—(3.30). O

REMARK. Note in particular that

(s )/ (L [AP)GP — [67) + (€ VAR drag |,y = 500* ], (332)

which provides the asserted information on a(j)tl. Additionally, for k < 0, (3.27) yields

(ogun)y/(T+ [GEYOE — [6P) + (€ VAP duai |,y = g:Baf], o (33

Returning to the parametrix construction previewed in (3.7), we have a pair of para-
metrices:

qu) = /eitpia:l: EI;i(&) 77) dg dna (334)

satisfying
S5® =v*, mod C*(U), (3.35)

where U is a neighborhood of (¢,7,y) = (8 — Zo,To,q), i.e., in (t,x,y) coordinates, of
(t,2,y) = (B — %0,0,q), in R x ([0,00) x Y7 \ O). Here v* solves

(D} = Ag)v™ =0 (3.36)

on U,
V| prpaso = Px. mod C™(U), (3.37)

(with UNR x 00 identified via (x,y) coordinates with a subset of R x R™) and singularities
of vt lie on rays leaving R x 00 with t ', while singularities of v~ lie on rays leaving

10



R x 0O with ¢ \,. (We say v~ is an incoming solution and v* an outgoing solution.) In
light of our construction of ¢* and a®, we require

supp D+ C {(&,m) € R™ 1 [¢] < (1 =&)nl, [n| > 13, (3.38)

for some ¢ > 0, which is a restriction on the wave front set of ®.

We can now achieve the original goal of this section, which was to construct a parametrix
for vig in a neighborhood of (¢,Z,y) = (8 — To, To, q) in [0,00) x Y71 \ O. By virtue of (3.2)-
(3.6), such a parametrix has the form

Ups + SHP, (3.39)

where we take 1) € C§°(00), supported on a small neighborhood of the tip p, equal to 1 on
a smaller neighborhood, and set

Oy = - = —Yugglp, 0 mod C%. (3.40)

Note that the wave front set of the right side of (3.40) is contained in a small conic neigh-
borhood of {(§,n) : £ = 0}, so one can take such ¢ and arrange that (3.38) hold.
We summarize our result.

Proposition 3.3 On a neighborhood of (t,Z,y) = (8 — To,Zo,q) in [0,00) x Y1 \ O, the
solution vgg to (2.7)-(2.8) with Dirichlet boundary condition (3.2) has the form, mod C*,

wg =gy — [ ¢t (& n)dgn, (3.41)
with ™, at as in Lemmas 3.1-3.2 and ®_ as in (5.59).

We end this section with a formula for ®_ (&, n), which will be useful in the analysis of
(3.41) made in §5. First, note that uyg as defined via (2.13), is given by

upp(t,T) = cost\/—02 + o2 5(T — )
1 [ .
- in(@—p5) ta] 12 2
o | e costy/ e+ o ap (3.42)

1 ~ = A

- tA) e NE=F) 2 g

o / (costN)e OV
A= o |

where 7()) is given as in (2.4). This is the sum of a wave moving to the left plus a wave

moving to the right as ¢ increases. At 0O we need only the wave moving to the left, which

itA

is captured by replacing costA by e’ in the formula above. Compare (7) of [2]. Then, from

(3.40) and (3.1), we get
O_(y,t) = (y)or(y)urs(t, h(y))
1 ) Tk y)— A 3.43
( / St ik () (h(y) mmd)\)ﬂ}(y)fﬁk(y)a (3.43)

o7
[A>]ok|
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mod C*°. This yields

B () = P [ ey )6(4) dy. (3.4
Here
_ )1 it nf = okl
“’“(”"{ 0 it Jul < oyl 249

Compare (11) of [2]. The right side of (3.44) is rapidly decreasing in (£,7) away from
{(&,n) : £ =nVh(y) for some y € supp?}, hence rapidly decreasing for (£, 7n) away from a
small conic neighborhood of {¢ = 0}, if supp ¢ is a sufficiently small neighborhood of ¢. It
follows that we can throw a factor of the form

<l oo
x() xeorl-1L (3.46)
into the right side of (3.44), and still have (3.40). With this done, the condition (3.38) is
satisfied.
4 Neumann parametrix

Our setting here is parallel to that of §3, but we want a parametrix for vgg(t,7,y), in
a neighborhood of (¢,7,y) = (6 — o, %o, q), in case vyg satisfies the Neumann boundary
condition on 9QO:

8yvkﬁ]RXa0 =0. (4.1)

Here 0, denotes the normal derivative. We construct vig as
Ukg = Vg + v,jﬁ, (4.2)

where v,jﬁ solves (3.4) and (3.6), but with (3.5) replaced by
&,Uzﬁ = —8,,1),;5 on R x 00. (4.3)

The distribution vy, is exactly as in §3, i.e., given by (3.1), but (4.3) yields a different v,':ﬁ
from that constructed in §3.
We look for such a parametrix for v:ﬁ in the form

Shs = [0t Bieon) de dn. (1.4)
In this section ™ and a® are as constructed in §3. We play (4.4) off against

Spt- = [ 0" b (e m)dgan, (45)

12



which is equal to vy 5 (mod C*°) near (¢,7,y) = (8 — To, To, ¢) provided

. :djvk_ﬁ{Rxa(O’ mod C°°, (4.6)

where, as in (3.40), ¢ € C§°(00) is supported on a small neighborhood of p, equal to 1 on
a smaller neighborhood. On such a neighborhood, we have

Dvjy = /ei(y'wn)(w +a3) D (&, ) d€ d, (4.7)

where ¢ = 0, and o = J,a*. The parametrix construction thus leads to the task of
producing @ so that (4.1) holds, mod C*°, near (8 — To,Zo,q). That is to say, we want
b to satisfy

[ i)+ af)be(emydgdn =~ [0S Gigy 4 a)B(€n)dg . (49)
mod C*°. A key observation is that

which follows from the eikonal equation (3.11); see (4.13) below for explicit formulas. We
will also see that ¢ are elliptic, microlocally on the set (3.38), so (4.8) is an elliptic equation
for @, given o_.

Hence we want to obtain explicit formulas for ¢ and a;f, in the curvilinear coordinates
(z,y) = (T — h(y),y). We compute 9, which must satisfy

(00, 0y,) =0, (D,,0,) = 1. (4.10)

A straightforward computation using (3.14) gives

= /1+ [dh]20,f — (dh, d, f). (4.11)

V1 \th2

We note parenthetically that (dz, df) = (1+|dh|*)0.f — (dh,d, f), and hence an alternative

formula is 1

1+ [dh]?

where the inner product on the right side of (4.12) is defined by (3.15). Recalling (3.23),

we have (dh.d
\4 1+ ’dh|2ax<pi’:v =0 ySD ‘:L' =0

1+ [dh]?
_ V(A + [dh) (2 =€) + (€ - Vh)?
= F(sgnn) NiESTE :

Note how the signs on the last line verify (4.9). Ellipticity in the region (3.38) is also

dvai = /1 + |dh|?0,a; | _, (4.14)

13

a,f = (dz, df), (4.12)

(4.13)

apparent. Next, we have



since dyaf]ng = 0. In the terminology of Lemma 3.2, this reads

Ovaj; = /14 [dhPag; (y, &), (4.15)

which, according to Lemma 3.2, is determined by &, 7, and D%h(y) for |a| < |k| + 2.
To pursue the task of solving (4.8) for &, let us write

Aid =+ / W) (i 1 oD de dn, (4.16)

so (4.8) is
A=A D_. (4.17)

In (4.16), we can extend ¢ and al from (£,7) as in (3.38) to all (§,7), in such a fashion
that A4 are elliptic operators in OPS'. By (4.9),

A_=A,+B, BeOPS", (4.18)
where the symbol of B is —a, — a}. Let
E, € OPS™! be a parametrix for A, . (4.19)
Then (4.17) becomes
&, =(I+R®., R=FE,BecOPS . (4.20)
Standard pseudodifferential operator calculus yields the following.

Proposition 4.1 We have

R® = /ei(yf”’”r(y,&,n)‘f’(f,n) de dn, (4.21)
with
T~ Z rk(yaé)n)’ (422)
k<—1

where 1y is homogeneous of degree k in (£,m) and 1 depends on &,m, and D*h(y) for
la] < |k|+ 1.

Proof. This follows from (4.13) and (4.15) and accompanying remark, together with the
standard elliptic parametrix construction, via repeated use of the formula

—)lel
UPQ(y7§7n) ~ Z (;),a?UP(yyfan)agaQ(%fﬂ?) (423)
a>0 )

for the product of classical pseudodifferential operators whose symbols depend on (y, &, n).
(Recall that ¢ is the dual variable to y.) O

14



We deduce that S ®. in (4.4) is given by
SHdy =SHo_ + SHRO_, (4.24)

with ®_ as in (4.6) and R as in (4.21). Application of symbol calculus of Fourier integral
operators in concert with Lemmas 3.1-3.2 gives the following.

Proposition 4.2 We have

S/ RO = / e b (&, ) dE dn, (4.25)
with
k<-1

where by, is homogeneous of degree k in (§,m). Each by has the asymptotic expansion

Jj=>0

with by; homogeneous of degree k in (&,7), and by;(y,§,n) is determined by &,n, and D*h(y)
for |a| < j+ |kl +1.

Proof. The fact that SR has the form (4.25)-(4.26) is a standard application of the
symbol calculus for Fourier integral operators. It remains to prove the asserted properties
of by;(y,&,m), arising in (4.27). First, evaluating (4.25) at = 0 gives

b(o’y’fvn) = 7"(.%5777)’ (4-28)

so the case j = 0 of the results on (4.27) follows directly from Proposition 4.1. To tackle
the case j = 1, note that

0,558|._ = / e (st 4| )B(€,m) de dn (4.29)

where here and below the cpj are as in Lemma 3.1. Denote the right side of (4.29) by A;®,
with A; € OPS!. Applying 9, to the right side of (4.25) and evaluating at = 0 gives

AIR® = B1® = / W EE) (1ot 4 bx)\x:()&) d¢ dn. (4.30)

Using the formula (4.23) to evaluate o4, r, we get

. (=), .
oA R~ ip]T + aﬂmzor + Z o 0§(Z<p1+ + a;ﬂxzo) -0y
lo|>1 ' (431)

= (igofb + bs) ‘x:O’

15



which we can solve for b,|.—g, obtaining

, , (—i)le
bm‘x:O ~ —upfb‘xzo +ipfr+ a;‘xzor + Z o o¢ (ie] +af ‘ ) Oyr.  (4.32)
|a|>1

(Note that ipr and ip] b|,—¢ cancel, but we will not need to make use of this. Our lack
of need to track such cancellation will be useful below.) We examine the terms of order
E<—1in (& n) in by|y=0:
o~ S bl ). (4.33)
k<-1
Inspection reveals that all the terms of order k in (§,7) occurring in the right side of (4.32)
depend on D7h(y) only for |y| < |k| +2 = 1+ |k| + 1. This gives the asserted result on
(4.27) for j = 1.
For general j, we have

OSH®| _, = A;®, OJSHR®| _, = B;®, (4.34)

with it gt it
UAj(y7§>n> =e dl(a"e )‘x:()v

op;(y,§,m) = et aé(bew+)‘x:0- (4.35)
An expansion gives
D (ate ") z]:<]> Q=g ) i ¢t
T (4.36)

+

&, ) (B0 ) (D p") - (Bl
Y4

I
.M“

o

1=

for certain constants ¢(j,1,¢). Here, if i > 1, we have £ = ({1,...,¢,) with {4 +---+ ¢, =1
and each ¢, > 1. If i = 0, by convention ¢ = {(}, and the associated term appearing in
(4.36) is simply (8a™)e™". Hence, with the same conventions,

J
4, 6m) =)0 (i O)ef o 017t (4.37)

=0 ¢

with ¢(j,14,¢) = ¢1¢(j,4,¢). Similarly,

J
OB; Z/,f 77 ZZC ]7176 90[1 (‘Dz—u 8%_11)‘3;:0' (438)

=0 /£
Meanwhile, B; = A; R, so

i)lel

0B, NZ (080 a,)(O57). (4.39)

a>0
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Note that 92b|,—o occurs as one term in (4.38), so we get

J
8‘%’b’gczo ~ Z Z C(j7 Z,@‘pz T SOZ/ a%;ib}:czo

i=1 ¢ o (4.40)
+ Z (Ogoa,)(057),

a>0

with o4; given by (4.37), so (9¢04;)(0r) is a sum of terms of the form
O¢ (g, o) (03" a)|,_y) - Oy, (4.41)

with
a>0, (,>1, li+---+4l,=1i, v<i, (4.42)

for 1 < i < j, and with the convention given above for ¢ = 0. Recall from Lemmas 3.1-3.2
that (pZL depends on D7h(y) for |y| < ¢,, and

awZak, ar order k in (&, n),
k<0 (4.43)

o Zak’xzo depends on D"h(y), |v|<j—i+|kl+ 1.

Inspection reveals that each term of order k£ < —1 in (£, n) arising from (4.41) depends on
D7h(y) only for |y| < j+ |k| + 1. Furthermore, given j € N and given that by j_; depends
on DYh(y) only for |y| < j — i+ |k| + 1 whenever ¢ > 1, k < —1, we see that the first
set of terms on the right side of (4.40) also depend on D7h(y) only for |y| < j + |k| + 1.
Inductively, this yields the desired result on by;, proving Proposition 4.2. (|

We summarize our results.

Proposition 4.3 On a neighborhood of (t,Z,y) = (8 — To, To, q) in R x ([0,00) x Y1\ O),
the solution vig to (2.7)-(2.8) with Neumann boundary condition (4.1) has the form, mod
C™,

wp = v+ [ €@+ DB (€ m) dgdn, (1.44)
with T, a® as in Lemmas 3.1-3.2, b as in Proposition 4.2, and ®_ as in (4.6).

Note that ®_ here is the same as in Proposition 3.3. In particular, (3.43)—(3.46) apply.

5 Singularity analysis of uj, , 5(¢)

Here we apply the results of §§3-4 to study the nature of the singularity in ¢, for ¢ near
0 — Tp and « near EO, of

j k a,ﬂ
// it (hWwt&mab (o — h(y), y, & m)d; (W) ()D_(&,n) dedndy  (5.1)
+ 0k urg(t, o) + R(t)
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where R(t) is smooth on (f — a — €, — a + ¢€). Here d_ is as in (3.44)(3.46) and
a®=—a*, a®=at +0, (5.2)

in the case of Dirichlet and Neumann boundary conditions on 0O, respectively, as in (3.41)
and (4.28). As in (2.12) we take Top < o < # < 00, and we are particularly interested in the
limit o\ To, i.e., in

/ / ei#" @o=hWwEm gt (T — h(y), y, &, 1)d;(y) W (y) D (€, ) dE dn dy

+ 6jkz ukg(t, To).

(5.3)

Since the last term in (5.3) is independent of O, we need only concentrate on the first term.
In other words, we are looking at the singularity at ¢ = 6 — T of

I(t) = / / " o WLEN (T — h(y),y, €, m)b; (W) () D_ (€ n) dE dndy.  (5.4)

It is convenient first to analyze the corresponding integral with a® replaced by 1. Re-
calling the condition (3.38) on the support of ®_, let us set

‘S = 77C7 C € an K’ <1, (55)

and analyze
(1) = / / 3" E=hWnC) b (1) (y)B_ (1, ) dC dy. (5.6)

The following result parallels Proposition 4.6 of [2]. Here, h”(q) denotes the Hessian of h
at g, i.e., the n x n matrix of second order partial derivatives.

Proposition 5.1 Given M € N and I(n,t) as in (5.6), as |n| — oo,

3n 1/2 M
T — in(t+To—p) ™ —imn-sgn(n)/4 —-m ) —M-1 )
mt)=e P det h(q)] ) € <mzo” b+ O 71)
(5.7)
Moreover,
boji = ¢(0)Pk(a), (5.8)
and, form > 1,
bmjk = Cm1¢j(Q)¢k(Q) (Vy ) h”(Q)_lvy)mHh(y)‘y:q + bﬁjk' (5.9)

Here Cp1 # 0 and depends only on m and the dimension n. Also, for m > 1, bﬁljk 18
determined by ¢;, ¢r, and a finite number of their derivatives at q, and the derivatives of h
of order <2m+1 at q.

18



Proof. Bringing in (3.44)—(3.46), we have

k
I(n,t) = b(n) _n /// 1™ @o—h(y).y,t.n¢.Q)—iny’-C+iry (n) (h(y')—B)

2 () (5.10)

X ()Y (W) x (O (Y ) dr(y') dy' d¢ dy.

Note that ot (Zo — h(y),y,t,n¢,n) = ne™ (To — h(y), y,t,(, 1), both for n > 0 and for n < 0.
Also, we can write

Gk (By)=B)  in(h(y')~B) (1 + 3 ) - g)n—f—l), (5.11)
>0

where 7¢(0) = 0 and 7y(s) is a polynomial of degree < £+ 1 in s. Then Theorem 7.7.5 of
[6] applies to the phase function

f(y’ y/a C) = ¢+(EO - h(y)’ Y, L, C? 1) - y/ : C + h(y/) - ﬂ (512)
Note that
8yf = _SO;_(EO - h’(y)7 Y, ta C’ 1)ayh(y) + (Vy‘P+)(EO - h(y)’ Y, ta C? 1)7
Oy f = —C+0yh(y), (5.13)

8<f = aC(p—’—(fU - h(y)ayatvga ]-) - y/'

Clearly there is a stationary point at (y,y’,¢) = (¢,¢,0). We have

A calculation gives
R'(qg) 0 I

f"(q,q,0) = 0 hiq -I], (5.15)
I -1 0

the right side being a (3n) x (3n) matrix of second order partial derivatives. Consequently,

det f"(q,q,0) = —2det " (q). (5.16)

Theorem 7.7.5 of [6] yields (5.7), with

Z bmjkn_m

m>0

(5.17)
~ S0 L (65 XUk () (1 + D welhly) = By~ ).
m=0 >0
Here o
Lm’w = Z Z ! ,U,'V‘ QV(QMW)@ q, 0)7 (518)

v—pu=m 2v>3u
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where g and ) are defined as follows. First,

9,9, ¢)
= SOJF(fO - h(y): Y, t? Cv 1) + h(y/) — T — t (519)

- %((y —q)- W' (@Q—a)+2y-C+ W —q)- 1" (q)(y — Q)>-

Next .
Q=< [vy 1 (q) 'V 42V, 1 () Yy + Yy 1 ()Y
2 (5.20)
+ QVy . VC - 2Vy/ . VC - VC : h”(q)VC .
Given these formulas, (7.7.12)—(7.7.13) of [6] yield the expansion (5.7). The asserted results
about by, in (5.8)—(5.9) involve the same arguments as in Proposition 4.6 of [2], with
Lemma 3.1 of this paper playing the same role as Lemma 4.2 of [2]. O

To proceed from Proposition 5.1 to an analysis of the first term in (5.3), we bring in the
following, which parallels Proposition 4.7 of [2].

Proposition 5.2 Consider

L(n.t) = / / ¢ @R 4y (F0 — h(y), y,nC, M ()b ()d_(n¢,m) dCdy,  (5.21)

with
ai=a" -1, ay=0b, (5.22)

and with a*, b as in (3.41) and (4.44). Then, as |n| — oo,

M
Iy(n,t) = ein(t+zo—p) (|77|3n‘ det h//(q)Dfl/Z e—i7rn-sgn(n)/4(z n_mbfnjk i O(|77|_M_1)>,
m=1

(5.23)
Each bt i s determined by D*h(q), |a| < 2m, and ¢;, ¢ and a finite number of their

m,
derivatives at q.

Proof. The proof is similar to that of Proposition 5.1, and parallels that [2, Proposition

4.7). In addition to Lemma 3.1, it makes use of Lemma 3.2 and, for the analysis of b2

mjk
also use of Proposition 4.2. O
We are now ready to analyze the singularity of (5.4), i.e., of
10 = [ 1. oll" dn (521)
for ¢ = 3,4, where Iy(n,t) is given by (5.21) with
a3 =—at, as=a’ +b, (5.25)
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the extra factor of |n|™ arising from the relation & = n¢. The following, which parallels
Theorem 4.8 of [2], is a direct consequence of (5.24) and Propositions 5.1-5.2. Recall that
@1, ¢ are chosen to both be supported on Y.

Theorem 5.3 For Dirichlet and Neumann boundary conditions on 00, we have, with £ = 3
or 4 respectively,

M
Lo(t) = [ det 1"(q)| 7 37 Blyjlt = B4+ 20)* ™ 4 Rug(0), (5.26)
m=0

where Ry (t) is CMT/2=1 in q neighborhood of t = 3 — Zo. Moreover,

B, = Co¢i (@) (q), (5.27)

and, form > 1,
_ m+1
Biji = Con1®3(0)6(0) (Vy - 1 (0)7'V,) " h(y)|,_, + Bl (5.28)

Here Cfnl # 0 and depends only on £ and m. Also, form > 1, Bfn@k is determined by ¢;, ¢y,
and a finite number of their derivatives at q and the derivatives of h of order < 2m + 1
at q. In particular, the discussion surrounding (5.1)-(5.4) and the identity (2.3) mean we
can, from knowledge of Sji(A) for all X > |o1|, recover the singularities of I3 at 3 — To if
the boundary conditions on 0O are Dirichlet, and those of 14 if the boundary conditions on
O are Neumann.

6 Inverse problems with symmetry

Here we prove Theorem 1.1, that knowledge of Sii(A) for all A € [|o1]|,00) determines
the obstacle O uniquely, given hypotheses (1.5)—(1.8), and given knowledge of the point
g € Y7 and that ¢x(q) # 0. As we have seen, such information uniquely determines the
tip p = (To, q) of O via the first positive time for which a singularity of ujk o, OCCULS for
a, B> 0. Let us translate coordinates in Y7 to make ¢ the origin: ¢ = 0. Then hypothesis
(1.8) says h(y) is a radial function of y; hence

h(y) =Y aelyl*. (6.1)

k>0

Comparison with the standard power series formula

(@)
h(y) = " a!(O) Y, (6.2)

via the multinomial formula

Y =i+ )t = ) CRa)y®, (03
|or| =2k
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yields the identities

la| = 2k = h{¥(0) = ! CF () Tor, (6.4)
while, of course,
la| = 2k +1 = r{®(0) = 0. (6.5)
Also the formula o 5
n—1
A=_(2_ il 6.6
(8r2 + r 8r) (6.6)
for the Laplacian on radial functions gives
Ay = —2k(2k +n — 2)|y[* 72, (6.7)
and then, inductively,
AFly|* = Dy, (6.8)

a combinatorial function of n and k. Hence, for a radial function h(y),

alCP (o)

la] = 2k = h(¥)(0) = Dy

AFR(0) = EX (a) AFR(0). (6.9)
According to Theorem 5.3, under the hypotheses of Theorem 1.1, the scattering data
uniquely determine det h”(0). Given radial symmetry, we have

1
h"(0) = —gAh(O) I (6.10)
where [ is the n x n identity matrix, and hence
det h”(0) = n~"(—AR(0))". (6.11)

Strict convexity at p implies —Ah(0) < 0, and then Ah(0) is determined uniquely. Hence,
by (6.9), h(®)(0) is determined uniquely for all |a| < 2. Looking at (5.28), we see that

= ™ (=AR(0)) Y (—A)™H R 0). (6.12)

(vy . h//(o)—lvy)m+1h<y)‘y:0 _

Hence Bfnjk is a known nonzero multiple of A™T'h(0) plus a quantity that depends, in
a known fashion, on h(®(0) for |a| < 2m 4+ 1, hence on A*h(0) for i < m. Inductively,
we conclude that A™F1h(0) is uniquely determined by the scattering data, for all m > 0.
Hence, by (6.9), the power series coefficients of h are uniquely determined. Analyticity
implies h(y) is uniquely determined for small y, hence 0O is uniquely determined, locally.
Connectivity then implies O is uniquely determined globally. This proves Theorem 1.1.
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7 Two-dimensional inverse problems without symmetry

In this section we study the inverse problem for @ C X, where X C R? is a two-dimensional
manifold. By working in two dimensions and assuming that we know two particular entries
in the scattering matrix, we are able to recover O. Theorem 7.1 extends [2, Theorem 1.2],
which considered the case of Dirichlet boundary conditions on both X and 90O.

Recall our convention that 0 < U% < a% < - - are the eigenvalues of the (nonnegative)
Laplacian on Y = I_IfozlYi with Dirichlet or Neumann boundary conditions as inherited
from the boundary conditions on 90X, and that Ay¢; = UJQ-gbj, with each ¢; supported
on a single connected component of Y. Note that if Y1 ~ (0,v) with the usual metric,
then the eigenvalues of the Laplacian on Y; are k%(7/v)?, k € N for Dirichlet boundary
conditions, and k?(7/v)?, k € NU {0} for Neumann boundary conditions. Choose j), so
that ¢j, € C>(Y) is supported on Y; and satisfies Ay, ¢;, = k?(7/7)%¢;, and the boundary
conditions on 0Y7.

Theorem 7.1 Let X C R2, and let O C X satisfy assumption (1.5) and, in addition,
assume 00 is real analytic and connected. Consider the Laplacian on X \ O with either
Dirichlet or Neumann boundary conditions on 0X and Dirichlet or Neumann boundary
conditions on O. Then knowledge of both Sj,j,(A) and Sjyj,(X) (for Neumann boundary
conditions on 0X ) or both Sj j,(X) and Sj, j,(X) (for Dirichlet boundary conditions on 0X )
for all A > |o1| determines O.

We comment explicitly that it is not necessary to have the same boundary conditions on
00 and 0X.

Proof. The case of Dirichlet boundary conditions on both 9X and 9O is exactly [1, Theorem
1.2]. We give the proof for Neumann boundary conditions on both 9X and 00O, and indicate
how to adapt the proof for the remaining two combinations of boundary conditions.

As we saw earlier, Zp is determined by the given data, since ¢;, is nonvanishing on
Y:. Note that given that yo € (0,7), yo is determined by knowledge of cos(myo/vy) =
V26;, (yo)/+/7 with the identification of ¥; with (0,7). Using Theorem 5.3 we can determine
¢j,(q) by taking the ratios of the leading order singularities of uj . - 5(t) and uj - 5(t)
at t = 3 —Tg. Thus ¢ is determined by the data. Now h”(q), which is a scalar here, can be
recovered from Sj; j,, using the fact that we know h”(g) < 0.

Now suppose we know h(l)(q) for I < 2m, m > 1. Combining [2, Proposition 4.6] with
Proposition 4.3, Proposition 5.2 and the proof of Theorem 5.3, we see that from knowledge
of Sj,.jo(A) and Sj, j, (N), we can recover

[em1h" (@) h P2 (q) + emah® ()R PV (9)]d5(q)bjo (q)
+ emsh” (P (@), (@) () + bs0 (@) (@)]  (7.1)

where ¢,,,; are known nonzero constants and j is jo or ji. Note that ¢;; is a constant so
that (;5;0 = 0 and that d);»l is nonzero on the interior of Y. Thus, from (7.1) with j = jo and
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§ = j1 we are able to recover first A*™+1)(¢) and then h(?"*+2)(q). Inductively, then, we are
able to recover all the derivatives of h at ¢, and, using the assumption of analyticity and
connectivity of 90, we recover O.

If we have Neumann boundary conditions on X and Dirichlet conditions on 0O, the
proof is essentially unchanged, using the fact that Theorem 5.3 handles both boundary
conditions.

In the case of Dirichlet boundary conditions on X and Neumann conditions on 0O, the
proof can be adapted by first using [2, Lemma 6.1], which ensures, together with the results

on the singularities of uj for Neumann boundary conditions on dO of this paper, that

7k7x37

¢ can be determined from the given data. For the inductive step, assume one knows h) for
[ <2m, m > 1. Then from Sj,;, (\) and S}, ;,(\) one can recover

lemih" (@R () + cn2h® (@)™ (9)] 65 (q) b7, (q)

+ emsh” (P ()], (0) () + 65, (@) (@)]  (7.2)

with j = j3 or j = jo; cf (7.1). But then [2, Lemma 6.2] ensures that from this data we can
recover h(?™+1)(g) and h(?™+2)(g). O
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