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A MORSE INDEX THEOREM FOR ELLIPTIC OPERATORS ON BOUNDED
DOMAINS

GRAHAM COX, CHRISTOPHER K.R.T. JONES, AND JEREMY L. MARZUOLA

ABSTRACT. Given a selfadjoint, elliptic operator L, one would like to know how the spectrum changes
as the spatial domain Q@ C R? is deformed. For a family of domains {4 }t€[a,p) we prove that the
Morse index of L on Q, differs from the Morse index of L on €, by the Maslov index of a path of
Lagrangian subspaces on the boundary of €. This is particularly useful when €, is a domain for which
the Morse index is known, e.g. a region with very small volume. Then the Maslov index computes
the difference of Morse indices for the “original” problem (on €) and the “simplified” problem (on
Qq). This generalizes previous multi-dimensional Morse index theorems that were only available on
star-shaped domains or for Dirichlet boundary conditions. We also discuss how one can compute the
Maslov index using crossing forms, and present some applications to the spectral theory of Dirichlet
and Neumann boundary value problems.

1. INTRODUCTION

Let L be a second-order, selfadjoint elliptic operator on a bounded domain 2 C R". The abstract
spectral theory of such operators is well understood, but it is not known in general how to relate the
spectrum to underlying geometric features of either the operator or the domain. For instance, if @ is a
steady state for the reaction-diffusion equation us+ f(u) = Aw, then the linear stability of @ is determined
by the spectrum of L = —A + f’(@). The operator depends explicitly on the steady state through the
potential f’(@), and it would be useful if one could relate spectral properties of L, such as the number
of negative eigenvalues, to the structure of @ and f.

A motivating example comes from Sturm-Liouville theory for ordinary differential equations. If @
is a steady state of u; + f(u) = ug., then its Morse index can be found by counting the zeros of the
derivative u,. In a more geometric vein, the Morse index theorem shows that the number of unstable
(length decreasing) directions in which a Riemannian geodesic can be perturbed is equal to the number
of conjugate points along the geodesic [I3]. This relates the index to the curvature of the manifold, which
affects the existence of conjugate points in a fundamental way.

A multi-dimensional Morse index theorem was proved by Smale [2]] for a selfadjoint, elliptic operator
L on a bounded domain, with Dirichlet boundary conditions. Assuming that the domain €2 could be
deformed smoothly though a family {Q2;} with Vol(€2;) — 0, Smale showed that the Morse index of L
equals the total number of times ¢, with multiplicity, for which the problem

Lu=0in Q;, u =0 on 9%,

has a nontrivial solution. These times are analogous to conjugate points in the Riemannian case, which
correspond to solutions of the Jacobi equation with Dirichlet boundary conditions. An abstract general-
ization of this result was given by Uhlenbeck in [23].

In [I] Arnol’d gave a symplectic interpretation of Sturm-Liouville theory by equating the Morse index
to the Maslov index—a topological invariant assigned to a path of Lagrangian subspaces in a symplectic
vector space. This interpretation was extended to the multi-dimensional setting by Deng and Jones [5]
for a Schrodinger operator L = —A + V' on a bounded, star-shaped domain Q C R™. Their idea was
to contract 2 through the one-parameter family Q; := {tz : € Q}, then for each ¢ € (0, 1] define a
pair of Lagrangian subspaces in H'/2(9Q) @ H~/?(99) that encode the given boundary condition and
the boundary data of weak solutions to Lu = 0 on €, respectively. By construction, these subspaces
intersect when there is a nonzero solution to Lu = 0, with the prescribed boundary conditions, on €.
This fact was used to relate the Maslov index of the path obtained by contracting 2 to the Morse index
of L.

In the star-shaped case the approach of Deng and Jones recovers Smale’s result, but also allows one
to consider more general boundary conditions. This generalization is significant because eigenvalues
for a general boundary value problem can exhibit more complicated behavior, with respect to domain
variations, than in the Dirichlet case. For instance, in the Neumann problem the eigenvalues are not
necessarily increasing for a shrinking family of domains, as was recently observed in [14].
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The main shortcoming of [5] is the star-shaped assumption on the domain. Stability problems on
general domains are of great interest, and one needs effective tools for computing the Morse index.
There is also a more subtle (and important) reason for considering general domains. If Lz = 0, then
it is desirable to relate the Morse index of L to the geometric structure of @, analogous to the Sturm
oscillation theorem and Courant’s nodal domain theorem. A relevant family of domains is given by the
sublevel sets

O ={zeQ:a(x) <t}

which remain diffeomorphic as long as ¢ does not pass through a critical value of . There is no reason
to expect the €; to be star-shaped, even when 2 C R" is a ball and the coefficients of L are radially
symmetric.

In the current paper we show that, through a careful scaling of the operators and boundary conditions,
it is possible to preserve the symplectic structure on the boundary as the domain is deformed, with no
assumptions on the geometry of 2. This allows us to define the Maslov index—a signed enumeration of
conjugate times—and relate it to the Morse index of the boundary value problem on 2. For a family of
domains {€ }4<¢<p, our main result is that the difference in Morse indices

Mor(L|q,) — Mor(L|q,)

equals the Maslov index of a path of Lagrangian subspaces in H'/2(0Q) @ H~/2(98). We describe how
to compute the relevant Maslov index in practice, and use the resulting formulas to determine Morse
indices for a variety of boundary value problems.

Outline of the paper. In Section [2] we make precise our assumptions on the domains, operators and
boundary conditions under consideration; the main results are stated in Section 2.5l The path for which
the Maslov index will be computed is constructed in Section Bl and the main theorem is proved in
Section [ In Section [ we describe the computation of the Maslov index via crossing forms and give
some applications to spectral problems with Dirichlet and Neumann boundary conditions.

Appendix [A] summarizes the relation between symmetric bilinear forms and selfadjoint, unbounded
operators that lies at the heart of our presentation. A review of the Fredholm—Lagrangian Grassmannian
and Maslov index for symplectic Hilbert spaces is given in Appendix [Bl In Appendix [C] we prove some
regularity results for families of bilinear forms that are are needed in Section
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2. DEFINITIONS AND STATEMENT OF RESULTS

2.1. The Morse index. Throughout we assume that 2 C R" is a bounded domain with Lipschitz
boundary. Let L be a strongly elliptic operator of the form

Lu = —0;(a" 9ju) + cu (1)

where a'/,c € L°°(2) are real-valued functions with a® = a’*. Suppose D is a Dirichlet form for L, i.e.
a symmetric, bilinear form such that

D(u’ U) = <Lua U)LQ(Q)

for all u,v € C§°(Q2). Letting X be a closed subspace of H'() that contains H}(Q), we say that u € X
is an eigenfunction for the (D, X’) problem, with eigenvalue A, if

D(u,v) = A(u, U)LZ(Q)
for all v € X. The correspondence between D and L is standard (see [6] 10, 12} [16] or Appendix [A] for
details). Before proceeding, we define
Yu = uloq (2)

to be the Dirichlet trace operator, the mapping properties of which will be recalled in Lemma [3.2]
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Proposition 2.1. There exists an unbounded, selfadjoint operator Ly, with dense domain D(Ly) C X,
such that

D(u,v) = (Lxu,v) p2(q)
for allu € D(Ly) and v € X, and a first-order differential operator B defined near 02 such that
D(wv) = (L0} ey + | (Bu)(o)a

whenever u,v € H*(Q) and Lu € L*(Y). Moreover, there exists an orthonormal basis for L*(Q) consist-
ing of eigenfunctions {u;} for Lx, with discrete eigenvalues {\;} tending to co.

Without further regularity assumptions on 02 and D, the eigenfunctions are only known to be in
HY(Q). It is proved in Appendix [A] that
D(Ly) = {u € X : Luc L*(9) and / (Bu)(yv)dp = 0 for all v € X} .
a0

The eigenvalues of Ly satisfy the minimax principle (cf. Theorem XIII.2 in [17])

Ao = sup inf{f%#:ueXﬁVL}

VCL2(Q) ‘UHLZ(Q)
dim(V)=n

and the Morse index of Ly can be computed as
Mor(Lx) = sup{dim(U) : U C X, D(u,u) < 0 for all u € U}.

The boundary operator B depends on D but not on &. The boundary conditions, and hence the
domain of Ly, typically depend on both D and X. To illustrate this dependence, we consider the form

D(u,v) = / [Vu - Vv + Vuy) (3)
Q
on the following closed subspaces of H*(2)
XY = Hy (),
Xl = HY(Q),

X?={ueH(Q): uly,, is constant for each i},
A3 = {u c HY(Q): / (vu)dp = 0 for each z} ;
3

where {X;} are the connected components of 9Q and du is the induced volume form on 9€). Integrating
by parts, we obtain L = —A + V(x) and

ou
Bu = G_N

o0
The selfadjoint operators Lyo, ..., Lys given by Proposition 2.1l have domains

D(Lyo) ={u€ H'(Q): Aue L*(Q) and uly, =0},

:0},
o0

0
D(Ly2) = {u € H'(Q) : Au € L*(Q), uly, is constant and / 8_]%7 du = 0 for each z} ,
3

D(Ly:) = {u € HY(Q): Au € L*(Q) and %
n

D(Lys) = {UGHl(Q)iAU€L2(Q),/ (yu)dp = 0 and u
s, ON

is constant for each z}
%,
and satisfy Lyiu = Lu for u € D(Ly:). Without further assumptions on 9Q and V(x) (cf. Theorem
4.18 of [12]) we cannot conclude that D(Ly:) C H%(Q).

Note that Lyo and L1 are the Dirichlet and Neumann Laplacian, respectively. The X2 boundary
conditions arise in the study of inviscid fluid flow on a multiply-connected domain—see Section 5 of [I1].
One can also represent Robin boundary conditions through appropriate choices of D and X’; the reader
is referred to [0] for further examples.
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2.2. Scaling of domains. Now suppose {§; },<t<p is a family of domains given by Lipschitz diffeomor-
phisms @;: Q — Q;. For each t let Dp;: Q — R™*™ denote the Jacobian of ¢;, which is contained in
L>(Q, R"*") as a consequence of Rademacher’s theorem. We say that {(;} is of class C¥ if ¢ — ¢y is in
C* ([a,b], L>(Q,R™)) and t = Dy, is in C* ([a,b], L>(Q, R"*™)).

For instance, if ) is star-shaped, we can define Q; = {tz : © € Q} and ¢¢(z) = tx for t € [¢,1]. Another
example comes from the gradient flow of a Morse function f. If f~![a,b] C R™ is compact and contains
no critical points, it is easy to construct a family {¢;} such that ¢, (Q) = f~!(—o0,t] for t € [a, b].

It will be assumed that the Dirichlet form D is defined on a domain in R" that contains U,<¢<p2s.
The above examples both satisfy Q;, C Q, for ¢; < t2, in which case it suffices to have D defined on €.
We define a family of Dirichlet forms {D;} on X C H'(Q) by

Di(u,v) = Dlg, (wopy ', vopr™). (4)
Each Dy is symmetric and coercive, so by Proposition 2] there exists a family of unbounded, selfadjoint
operators {Lx ¢} on L?(Q) such that Dy(u,v) = (Lx su,v) ) for each u € D(Ly;:) and v € X, and
operators L; and B; such that

Difu0) = (L) ey + [ (B o) 5)

L2(Q

whenever u,v € H*(Q) and Lyu € L*(Q).

Our main result, Theorem [ relates the Morse indices of {Lx o} and {Lx}. Both operators are
defined on L?(2). It follows from a change of variables that the (D, X') eigenvalue problem is equivalent
to the (D|q,,X;) problem, where X; := {uo¢; ' : u € X} ¢ H(Q). To determine the boundary
conditions on 9€;, it is necessary to identify X; explicitly. For the examples considered above we have

Xto = H&(Qt)v
Xl = HY (),

Xf — {u c Hl(Qt) : U|ztv is constant for each z} ,

AP = {u € H' () : / (veuw) (@ H)*dp = 0 for each z} ,
i

where 7; denotes the Dirichlet trace on ;. In the first three cases th depends on §2;, but not the
particular diffeomorphism ¢;: © — Q. On the other hand, X} is not, in general, equal to the space

{u € H' () : /z: (veu)dpy = 0 for each z} ,

because the pulled-back volume form (p; ')*du on 9§ does not necessarily agree with the induced form

dps. Therefore the interpretation of a conjugate time—a value of ¢ for which the (D|gq,, X;?) problem has

a nontrivial kernel—depends on the diffeomorphisms {¢;} and not just the family of domains {2, }.
One can always modify {¢;} to obtain a new family {@;} such that $,(9€) = ¢;(99) for all ¢, and

/'?f’ = {u € H' () : / (vew)dps = 0 for each z} ,
P
but we will not explore this issue any further in the current paper.

2.3. A symplectic Hilbert space. We define
H=HY?0Q) ® H/*(09).
In Appendix [Blit is shown that H has the structure of a symplectic Hilbert space. Through a minor

abuse of notation, we will denote the dual pairing between H'/2(0Q) and H/2(0Q)* = H~1/2(0Q) by
the integral notation

mr200) (9 r-1/2(00) = /(:m fgdp

for f € HY?(99) and g € H~/2(09).

We now construct two families of Lagrangian subspaces of H, corresponding to the rescaled differential
operators and boundary conditions, respectively. The space of weak solutions to L;u = Au, in the absence
of boundary conditions, is denoted by

Ky: = {u € HY(Q) : Di(u,v) = A (U, v) 2y forallv e H&(Q)} (6)
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for (\,t) € R x [a,b]. We define a trace map Try: C1(Q) — C°(9Q) x C°(99) by
Trt U = (7”7 Btu) ’ (7)

where v is the Dirichlet trace operator from (2) and B is the rescaled boundary operator from (&). Tt is
observed in Lemma B2 that Tr; extends to a bounded operator on K ;, so we can define

,U,()\,t) = TI't(K)\,t). (8)

We also define the space of admissible boundary values by

u:{(f,g)eH:fev(X),/ g(vv)d,uzOforallveX}. 9)
[219)
Again referring to the four examples above, we have
V0 = {0} @ H™V/?(09),
vl = HY2(8Q) @ {0},

v = {(f,g) € H: flg, is constant and / g dp = 0 for each i},
Z.

i

V3= {(f,g) EH: / fdp=0and g|s is constant for each z} .
P

2.4. Conjugate times. The spaces (A, t) and v are defined so a nontrivial intersection corresponds to
an eigenvalue of Ly ¢, as we prove in Section 3.4

Proposition 2.2. The intersection u(\,t) Nv is nontrivial if and only if there is a nonzero function
u € D(Ly+) with Ly yu = Au. Moreover,

dim [p(A, 1) Nv] = dimker (Lx; — A).

We say that t. € [a,b] is a conjugate time if (1(0,¢.) Nv # {0}. Thus ¢, is a conjugate time if and
only if Ly ¢, has a nontrivial kernel, which is true if and only if

ker Dy, :={u € X : Dy, (u,v) =0 for all v € X'}
is nontrivial. By a change of coordinates we see that ker Dy, is isomorphic to

ker D|o, ={u€ X, : D], (u,v) =0 forallve Ay, }.

For our example @), t. € [a,b] is a conjugate time for the X° (Dirichlet) problem if there exists
u € HY(Qy,) such that

—Au+V(z)u=0, ulyg, =0,

and is a conjugate time for the X' (Neumann) problem if there exists u € H*(€);,) such that

Ju
—Au+V(x)u =0, =0.
ONy, 0,
Analogous to (@), there is an operator Et such that
Dlg, (w:0) = (L) ey + [ (B (10)

whenever w,v € H*(Q;) and Lu € L%*(€). In the example above, B, = 8/0N, on 9, whereas the
rescaled boundary operator B; on 0f2 is given by a more complicated expression involving the Jacobian
of ©t-

2.5. Statement of results. By construction, {u(\, ¢)} is a smooth family of Lagrangian subspaces and
has a well-defined Maslov index with respect to v. Our main result is the following.

Theorem 1. Let  C R™ be a bounded domain with Lipschitz boundary, and pi: Q — Q; a CV family
of Lipschitz diffeomorphisms for t € [a,b] (as defined in Section[Z3). Suppose D is a strongly elliptic
Dirichlet form with continuous coefficients, and X C H(Q) is a closed subspace that contains HE(Q).
With Lx i, (X, t) and v defined as above, the Maslov index of (A, t) with respect to v satisfies

Mas(4(0,t); v) = Mor(Lx o) — Mor(Lx p). (11)
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The Maslov index gives a signed count of the conjugate times in [a, b], and it is natural to ask when the
difference in Morse indices is in fact equal to the number of conjugate times. This requires monotonicity
of the Maslov index, in the sense that all intersections of (0,¢) and v have the same orientation. This
is easily shown for Dirichlet problem when the domains and operators are sufficiently regular.

Corollary 2.3. Additionally assume that the family {p.} is Ct, each 9Qy is of class CYt, and the
coefficients of D are continuous differentiable. Let X = H(Q), so that Lxy = Lp is the Dirichlet
realization of L. If Q, C Qy, for t1 < ta, then the number of conjugate times in [a,b] is finite and

Mor(Lp) = Mor(Lp.a) + » , dimker D;. (12)
t€la,b)

This is precisely the index theorem proved by Smale in [2I]. A symplectic interpretation was given
by Swanson in [22]; our method differs in its ability to handle more general boundary conditions. Note
that the sum includes t = a but not ¢t = b, so it is not relevant if b is a conjugate time. Intuitively, this is
because the Dirichlet spectrum is strictly decreasing with respect to ¢, so an eigenvalue that equals zero
at t = b is positive for t < b and hence does not contribute to the Morse index. For general boundary
conditions an intersection at ¢ = b can only contribute nonpositively to the Morse index.

While such monotonicity cannot always be expected, one use crossing forms (defined in Appendix
[B) to determine the direction of intersection between p and v and hence find the contribution to the
Morse index from each conjugate time. A conjugate time corresponds to a zero eigenvalue for D, with
multiplicity dim ker D;; the crossing form determines how many of these eigenvalues are increasing, and
how many are decreasing, with respect to ¢t. For related results on the motion of simple eigenvalues see
[2, 8L @] and references therein.

In the star-shaped case, where Q; := {tz : € Q} for t € (0, 1], the rescaled Dirichlet form D; can
be computed easily, and one obtains more explicit expressions for the crossing form than are generally
available. In particular, it is possible to deduce monotonicity results for the Neumann Laplacian —Apy,
which we define to be the unbounded, selfadjoint operator corresponding to the Dirichlet form D(u,v) =
Jo Vu - Vo with domain X = H'(Q), and similarly for the rescaled operators —Ay ; on €.

Corollary 2.4. Let Q C R™ be a star-shaped domain with CY' boundary. Suppose V€ C1(Q) and X is
an eigenvalue of multiplicity k for Ly := —An, + V(x) for some t € (0,1). If

1
A>Vi(x)+ 3% VV(z) (13)
for all x € Qy, then
MOI‘(LN,H_(; — )\) = MOI‘(LN,t_(s — )\) + k
for d > 0 sufficiently small.
In other words, as the domain expands from €;_s to 2445, the number of Neumann eigenvalues below

A increases by k, assuming A is sufficiently large. Setting V' = 0 we find that any positive eigenvalue of
the Neumann Laplacian satisfies

Mor(—An 145 — A) = Mor(—Apn,—5 — A) + k, (14)

under the hypotheses of Corollary 241 While seemingly elementary, this result is actually rather subtle,
because the monotonicity of the eigenvalues (or Morse index) for the Neumann Laplacian is known to
fail for domains that are not star-shaped, even in the radially symmetric case. For instance, it was shown
in [T4] that the first nonzero Neumann eigenvalue on the annulus

Arpi={zeR":r <|z| < R}

is decreasing with respect to both r and R. This differs from the first Dirichlet eigenvalue, which is
decreasing in R but increasing in r.
By a unique continuation argument it suffices to have

A>Vi(x)+ %x -VV(x)

for all z, with strict inequality on a nonempty, open subset of €2;. Since V' and VV are bounded on (2,
there are only a finite number of eigenvalues for which this condition could fail. If the potential is radial,
V(z) = f(Jz|), this is equivalent to

A= )+ 55 ()
for r <t.
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As a final example, suppose the potential satisfies
1
0>V(x)+ 2% VV(x)

for all z € Q (which in particular implies V(0) < 0). Then the Morse index of —Ax + V(z) can be
related to the number of conjugate times ¢ € (0, 1), as in Corollary 23] Letting ¢(t) denote the dimension
of the solution space of

0
—Au+ V(x)u in Q, a—]i;t =0 on O
for each t € (0, 1), we have
Mor(~Ay + V)= > c(t)+1. (15)
t€(0,1)

3. CONSTRUCTION OF THE SYMPLECTIC PATH

We now give in detail the construction of the subspaces (A, t) and v outlined in Section[2l Throughout
we consider the symplectic Hilbert space H := HY2(9Q) @ H~/2(9Q) with symplectic form w defined
by

w((f1,91), (f2,92)) = / (f192 — fag1)dp, (16)

o0
where dy denotes the induced area form on 9€2. We denote by J: H — H the almost complex structure
on H, given by
J(f.g) = (R™'g,—Rf) (17)

for (f,g) € H, where R: HY/?(9Q) — H~/2(0Q) = HY/?(9Q)* is the Riesz duality isomorphism.

The main definitions and properties of symplectic Hilbert spaces are given in Appendix [B} for now we
simply recall that A(#H) denotes the Lagrangian Grassmannian of H and FA, (H) denotes the Fredholm—
Lagrangian Grassmannian with respect to a fixed Lagrangian subspace v € A(H). The following propo-

sition, the main result of this section, summarizes the properties of (), t) and v needed in the proof of
Theorem [

Proposition 3.1. If the hypotheses of Theorem [ are satisfied, then p(-,to) € C (R, FA,(H)) and
(Ao, ) € C([a,b], FAL(H)) for any fived \g € R and to € [a,b]. Moreover, if {pi} is of class C*, then
(X, ) € C* ([a,b], FAL(H)).

In particular, for each (A, ¢) € R X [a,b] the subspaces (), t) and v are Lagrangian and comprise a
Fredholm pair. Moreover, (), t) is smooth in A and C* in ¢. As described in Appendix [B the Maslov
index is defined for any continuous path in the Fredholm-Lagrangian Grassmannian, but its computation
via crossing forms requires differentiability.

We assume for the remainder of the section that the hypotheses of Theorem [ are satisfied.

3.1. The trace map. Recall that for each ¢ € [a, b], there exist operators L; and B; such that

D) = (Lit, ey + [ (B (1)

provided u,v € H*(Q) and Lyu € L?(2) (cf. Theorem 4.4 of [12]).
We define the space H;'"(Q) = {u € H'(Q) : Lyu € L*(Q)} with the graph norm

lullZ, = lulli @) + 1 Leullsq)-

Note that Ky, C Hi’to and each u € Ky satisfies ||lullr, < C|lul g1 (q) for some constant C' = C(A,1).
The following lemma shows that HétO(Q) is an appropriate domain for the trace operator.

Lemma 3.2. For each t € [a,b] the map Try defined in [d) extends to a bounded map
Try: Hp(Q) — HY2(0Q) & H~'/2(09).

Moreover, if U C R x [a,b] is open and uy, € C*(U, H*(Q)) satisfies ux; € Ky for all (\,t) € U, then
Tri(ux.) € CF(U,H).



8 GRAHAM COX, CHRISTOPHER K.R.T. JONES, AND JEREMY L. MARZUOLA

Proof. The boundedness of Tr; follows from Theorem 3.37 and Lemma 4.3 of [12].

The differentiability of (A, t) — ~yux and A — Byuy follows immediately. However, the regularity of
the map ¢t — Byuy ; is more subtle since the domain of B; is t-dependent.

Since K C Hi’to, it follows that

|| (Brusa)o)di = Difun o) = Mon ) s (19)
o0

for all v € HY(Q) and all (\,t) € U. Equivalently,
/ (Brune) f dp = De(une, Ef) = Aung, Ef) 2
09

for all f € H'/?(99), where E: H'/?(0Q) — H'(Q) is a bounded right inverse for the Dirichlet trace .
By assumption uy; € C*(U, H'(Q)) and D; is smooth, so we find that Byuy; € C*(U, H=Y/2(0Q)). O

The next lemma, a consequence of the unique continuation property for second-order elliptic operators,
shows that Tr; gives an isomorphism from Ky ; onto p(A,t). This implies dim Tr¢ (V) = dim V' for any
finite-dimensional subspace V' C K¢ (cf. Proposition 2.2)).

Lemma 3.3. For each (A t) € R X [a,b] there exists C = C(\,t) such that
[ull () < Ol Tre ull3 (20)
for every u € Ky ;.

The constant C' can be chosen uniformly on compact subsets of R x [a, b], but we do not require such
generality.

Proof. 1t follows from the coercivity of D; that

lullar@) < CU Treulln + llullz29) (21)
for all w € K. To obtain the stronger estimate (20) we argue by contradiction, using a standard
compactness argument.

Assuming the existence of a sequence {u;} in Ky with |lu;|z2(q) = 1 and [Ju;|| g1 > @ Trg ugl[3 for
each i, we conclude from (1)) that {u;} is bounded in H'(Q). Therefore, there is a function u € H'(Q)
with [|@]| z2(q) = 1, and a subsequence {u;}, such that u; — @ in L*() and u; — @ in H'(Q). It follows
that @ € K 4, and so Try @ € H is defined. The boundedness of v: H'(Q) — H'/2(99Q) implies yu; — v
in H'/2(0Q) and [@I8) yields Byu; — By in H~/2(98), hence Try u; — Tr; @. Since {u;} is bounded in
HY(Q) we have Tr; u; — 0 in ‘H, which implies Tr; @ = 0.

By construction 4 € H'(Q) is a nonvanishing weak solution to L;# = A\, with boundary data vii = 0
and Biu = 0. Tt follows from a unique continuation argument (see Proposition 2.5 of [3]) that this is
only possible if % = 0, so we obtain a contradiction and the proof is complete. 0

3.2. The solution space. We now turn our attention to the space pu(X,t) = Try(Kx ).
Lemma 3.4. For each (\t) € R X [a,b], u(\,t) is a closed, isotropic subspace of H.

Proof. That p(A,t) is closed in H follows immediately from Lemmas and and the fact that K ;
is a closed subspace of H(Q). To see that u(\,t) is isotropic, consider u,v € Ky . It follows from ()
that

| B = [ By
o9 o9
hence w(Tr; u, Try v) = 0 as required. O

We next analyze the regularity of (), t) in the Lagrangian Grassmannian, recalling that the topology
on A(H) is defined by identifying a subspace p with the orthogonal projection P, in the space of bounded
operators B(H). If p € A(H) and A: p — p is a bounded, selfadjoint operator, then the graph of A over
p, defined by

Go(A) ={x+ JAz : x € p}
with J as in (7)), is also Lagrangian. By equation (2.16) of [7] the corresponding orthogonal projection
is

Pa,ay(x+Jy) = (I + JA) [(I+A2)_1($+Ay)] (22)

for z,y € p, so it suffices to express {u(\,t)} as the graph of a suitably smooth family {A(\ ¢)} of
selfadjoint operators on a fixed Lagrangian subspace.
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If L; — A has trivial Neumann kernel, then u(\ t) is the graph of the Neumann-to-Dirichlet map
over the Lagrangian subspace {0} @ H~'/2(99), which can be shown to vary smoothly in \ and t.
More generally, in the proof of the following proposition we show that one can always find a Robin
boundary condition for which L; — A is invertible, then express p(A,t) as the graph of the corresponding
Robin-to-Robin map.

Proposition 3.5. For each (A\t) € R X [a,b], u(\t) is a Lagrangian subspace of H and u(-,t) €
C>® (R, A(H)). If {¢+} is of class C*, then u(),-) € C* ([a,b], A(H)).

In the following proof (and nowhere else) a Banach space-valued map is called “smooth” if it is C'*°

with respect to A and C* with respect to t.

Proof. Fix (Ao, t0) € R x [a,b]. We claim that there is an open set U C R X [a, b] containing (Ao, to),
a Lagrangian subspace p C H and a family of bounded, selfadjoint operators A(\,t): p — p, such that
Gp(A(N 1) = p(A,t) for (A, t) € U. The family A(-,-): U — B(p) is smooth, so it follows from (22)) that
the map (A, t) — P, is smooth, completing the proof.

To see that the claimed U and A exist, we define a perturbed Dirichlet form Dg »; by

Dpae(u,v) = Di(u,v) = Au, 0) 20y = B /m(RVU)(WU)dM

for u,v € H(Q) and 8 € R. It follows from Theorem 3.2 of [20] that Dg, A, .+, is invertible for some Sy,
and Lemma [C.2 implies Dg, »+ is invertible in a neighborhood U of (X, to).
We define the subspace

p=A{(f,9) €H: f+PoR™"g=0}
which is Lagrangian, with
Jp=A{(f,9) € H:9—PoRf =0}
Let (f,g) € p. For each (\,t) € U there exists a unique function uy+ € H*(Q) such that

Dot (tir 0, ) = / (9 — BoRF) (vv)dp (23)

o0
for all v € H'(Q). In particular, Di(ux ¢, v) = A {ux+, ’U)LZ(Q) for v € H} (), so uy+ € Ky +. Proposition
implies (A, t) > uy is smooth in H*(Q) and it follows from Lemma [3.2] that the path

(A1) = Bruas = g — BoRf + BoRy(ua,t) (24)

is smooth in H~/2(9Q). (For our choice of boundary conditions, the regularity of the above map only
requires the boundedness of v and not the full statement of Lemma [3:2])
Since J is an isomorphism, we can implicitly define A(\,t): p — H by

JAN)(f,9) = (V(uxe) — f, BoRy(uxt) — BoRRf)

for (f,g) € p. Tt follows that JA(N, t)(f,g) € Jp, so we in fact have A(\,t): p — p.

To see that A is selfadjoint, we take (f1,¢91) and (f2,92) in p, and let u; and us denote the respective
solutions to (Z3) (omitting the A and ¢ subscripts for convenience). Writing (23) for w; with the test
function v = us, and vice versa, we have

Dy(ur, uz) = Aur, u2) 2 () = /69[503(7@61 — f1) + g1](yu2)dp

and
Dy(ug,u1) = A{uz,u1) 2y = /an [BoR(yuz — f2) + go](vyu1)dp.

Subtracting and using the fact that faQ(Rhl)hgd,u = faQ(Rhg)hld,u for hy, hy € HY?(09) yields
/ (91 — BoRf1](yuz)dp = / [92 — BoR f2] (yu1)dp.
a0 o0

We next recall the relation w(z,y) = (Jz,y),, for all 2,y € H and compute using the above equality

(A(f1,91), (f2,92)) 3 — (A(f2,92), (f1,91)) 5 = w (JA(f2,92), (f1,91)) — w (JA(f1,91), (f2, 92))
= /an [f192 — Bo(Rf1)f2 — fagn + Bo(Rf2) f1] du

=w ((f17 gl)v (f?a 92)) .
The right-hand side vanishes because p is Lagrangian, and it follows that A(\,t) is selfadjoint.
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In particular, this implies the graph G,(A(A,t)) C H is Lagrangian, and hence maximal. We also
have from the definition of A and (24) that

(fa g) + JA()‘a t)(fa g) = Trt (uk,t)

for any (f,g) € p, and so G,(A(X,t)) C p(A,t). Since pu(A,t) is isotropic by Lemma [3:4] the maximality
of the graph implies G,(A(A,t)) = p(A,t). Therefore p(A,t) C H is Lagrangian and the corresponding
orthogonal projections in B(#H) vary smoothly with respect to A and t. O

3.3. The boundary space. We next discuss the subspace v defined in ([@)).
Lemma 3.6. The boundary space v C H is Lagrangian.
Proof. We first observe that v can be decomposed as
v =3(X) ® R /()] (25)

where v(X)* denotes the orthogonal complement of v(X) in H'/2(9Q). By definition, g € R [y(X)*]
if and only if <R‘1g,7u>H1/2(6Q) =0 for all u € X. Since <R‘1g,7u>H1/2(6Q) = (g, R7u>H,1/2(6Q), this
implies R [y(X)*] = [RW(X)]L.

The subspace v C H is closed because v: H(Q) — HY?(99Q) admits a bounded right inverse, and
@) implies v is isotropic. A direct computation shows that

Jv =4(X)" ® R[y(X)] = v, (26)
hence v is Lagrangian. O

The boundary space v is rather special within the class of Lagrangian subspaces. It decomposes as
a direct sum of H'/2(9Q) and H~'/2(9Q) factors, as in (28], so (f,g) € v precisely when both (f,0)
and (0, g) are contained in v. This fact, which is not true for arbitrary Lagrangian subspaces, is a key
ingredient in the proof of the following energy estimate, which is essential to the proof of Lemma

Lemma 3.7. Let P, denote the H-orthogonal projection onto v, and P;- = I — P, the projection onto
vt. There is a constant C = C(\,t) such that

2
lll3n oy < € (Iul3agey + | P Trlf3,)
for each v € Ky .

Proof. Tt follows from (I8)) and the coercivity of D, that there exists C’ > 0 with

By < C <|u|%z<m +f Q(BtU)(W)du)
for u € Ky 4. For Tryu = (f, g) we define

(flagl) :Pu(fag)a
(f2,92) = Pf(fag)a
so that f = f1 + fo and g = g1 + g2. We compute

/ (Beu)(yu)dp = / (1 + f2)(g1 + g2)dp
o0

[219]

:/ f1gzdu+/ fag1dpu,
o0 o0

/ flgldﬂ = <f15 R7191>H1/2(BQ) =0
o0

by (5] because (f1,g1) € v, and similarly for (f2,g2) € v+ using ([20). Therefore

/6 (Bara)dn < (g0l + (407 (a0l

< eC"|[ul3s ) + (467 || PE Trpul)”

using the fact that

for any € > 0, and the result follows. O
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3.4. The intersection. We complete the section by proving the Fredholm property of u(A t) and v,
and giving a proof of Proposition

Lemma 3.8. For each (A t) € R x [a,b], u(A,t) and v are a Fredholm pair.

Proof. For convenience we fix (A,t) and abbreviate y = u(A,t). Proposition yields dim(p Nv) =
dimker(Ly,; — A), which is finite by Theorem 4.10 of [I2] (cf. Theorem 7.21 of [6]). Temporarily
assuming u + v is closed, and using that g and v are Lagrangian, we find that the codimension of y + v
equals the dimension of
(p+v)-=ptnvt=JunJv=Junv),
which is finite because J is an isomorphism.

To prove that p+ v is closed it suffices, by Theorem IV.4.2 of [I0], to show that the number

dist(z,v)

K:= in -
TEp,xEV dlSt(ZL', H N I/)

(27)

is positive. Let P and P denote the orthogonal projections onto v and p N v, respectively, so that
dist(x,v) = || — Pz||y and dist(z, p Nv) = ||z — Px||y.
We first show that there is a positive constant K such that

[zl < Kljz — Pxfly (28)

for all z € pN (pNv)+. Suppose not, so there exists a sequence {u;} in Ky; C H'(Q) such that the
traces x; = Tr; u; are orthogonal to p N v and satisfy
[@ill2e 2 illwi — Pl

Rescaling, we can assume that [u;||z2(q) = 1 for each 4. It follows from Lemma 3.7 that

il gy < € (14 uallfpaey )

hence the sequence {u;} is bounded in H*(£2), and there exists an element @ € H'(2) and a subsequence
{u;} such that u; — @ in L?(2) and u; — @ in H' (). This implies ||@| 12(q) = 1 and Dy(u;, v) — Dy(, v)
for any v € H'(2), hence @ € K+ and Tr; 4 € H is well defined. Lemma B2 implies {x;} is bounded, so
there is a weakly convergent subsequence x; — T in H. Since weak limits are unique and Tr; u; — Try w
(cf. the proof of Lemma B3)), we have that Z = Tr, u. We also have ||x; — Px;|l% — 0, hence Z € v.
Finally, since each x; € (uNv)*t, the weak convergence x; — Z implies Z € (u N v)* and we conclude
that £ = 0. By Lemma [3.3] this implies @ = 0, a contradiction. This completes the proof of (28]).

Recalling that P and P are the orthogonal projections onto v and g N v, and letting x € p, we thus
have

dist(z, p N v) = ||z — Px|»
< K||(z — Pz) = P(x — Px)|n
= K|z — Pz|n
where in the last equality we have used the fact that PP = P because pNv Cv. Referring to (1), we

have shown that x > K1 > 0, hence u + v is closed.
O

We conclude with the proof of Proposition2.2] first proving a simple lemma about the Dirichlet trace
restricted to a subspace of H!(().

Lemma 3.9. Let X C H'(Q) be a subspace that contains H}(Q), and suppose u € H' (). Then
yu € ¥(X) if and only if u € X.

Proof. Suppose yu € v(X), so there exists w € X with yu = yw, hence v(u — w) = 0. This implies
u—weHI(Q) CX,sou=(u—w)+weX. O

Proof of Proposition[ZZ2 First suppose there exists a nonzero function u € D(Lx ) with Ly u = Au.
Then Dy(u,v) = A{u,v) 2 (q) for all v € X, hence for all v € HY(Q), and so u € Ky ;. From ([IX) we find

| B =o
o0

for all v € X, which implies Tr; u = (yu, Byu) € p(\, t) Nv. It follows from Lemma B3] that p(A, ¢) Nv #

{0}.
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Now suppose that p(A,t) Nv # {0}. By definition, there exists v € K with nonvanishing trace
Triu € p(A t) Nv. Since Tryu € v we have yu € (X&), hence u € X by Lemma [39 We also have from
the definition of v that

/ (Biu)(yv)dp = 0,
o0
and hence
Di(u,v) = <Ltuvv>L2(Q) )
for all v € X. Tt follows that u € D(Ly ;) and Ly ;u = Lyu = Au. O

4. PROOF OoF THEOREM [I]

We now prove the main theorem. As in [5], this follows from the homotopy invariance of the Maslov
index, along with a monotonicity computation and a uniform lower bound on the eigenvalues of Ly ;.
For any fixed Ao < 0, p(A, t) defines a homotopy [Ag, 0] X [a,b] — FAL(H), hence

Mas(u(A, a); v) + Mas(u(0,t); v) = Mas(u(Xo, t); v) + Mas(u(X, b); v). (29)
To prove Theorem [I] we analyze each term in the above equation.
Lemma 4.1. There ezists a constant Ao < 0 such that u(A\,t) Nv = {0} for all t € [a,b] and A < Ag.

In other words, the operators Ly ; have eigenvalues bounded uniformly below for ¢ € [a, b], so we can
choose A\ to ensure Mas(pu( Ao, t);v) = 0.

Proof. By Proposition Z2it suffices to show that Dy(u,u) > Cllul| 120y for all u € H'(Q) and ¢ € [a, b],
where C' € R is independent of ¢. This follows from the continuity of the coefficients of D; with respect
to t and the compactness of the interval [a, b] (cf. the proof of Proposition [Clin Appendix [A]). O

The following lemma, along with (29, completes the proof of Theorem [I
Lemma 4.2. If ty € [a,b], then Mas(u(A, to);v) = —Mor(Ly 4,)-

Proof. Since the path A — u(\,to) is smooth, we can determine its Maslov index using crossing forms.
We claim that the path is negative definite (as defined in Appendix [B]) hence

Mas(pu(A, to);v) = — Z dim [u(A, tg) N V]
Ao <ALO0
=— Z dim (A, to) N V]
A<0
= — Mor(Lx ),

where in the last two equalities we have used Lemma [Tl and Proposition 2.2 respectively.

To prove the claimed monotonicity, we assume there is a crossing at A, so there exists a path {x)}
in H with zy € u(\,to) for [\ —\.| < 1 and x), € v. By Lemmal[33] there is a path {u,} in H'(2) such
that Try, uy = ). Differentiating the equation Dy, (uy,v) = X (uy, ’U>L2(Q) with respect to A and letting

I = %, we find
Dto (U&,’U) = <)‘u/)\ + ux, U>L2(Q)

for all v € H}(Q), so (IX) implies
Dy 1) = (Vs + 03}y + [ (B und
o9

Dign,15) = (hr, ) ey + [ (Bugun) s
00
Since Dy, is symmetric, we obtain
Q(zx,,2x,) = w (Trey un, Trey u) )y,
= —HUA*H%?(Q)a

which is negative because wy, is not identically zero. O
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5. THE CROSSING FORM

Having completed the proof of Theorem [I we study the Maslov index on the left-hand side of (Tl
in greater detail. This is a signed count of the conjugate times in [a,b], with the sign depending on
the direction in which the subspace (0, t) passes though v. This is intimately related to the motion of
the eigenvalues of Ly ; with respect to ¢, which depends nontrivially on the boundary conditions. We
elucidate this dependence by computing crossing forms for the Dirichlet and Robin problems introduced
in Section 5] corresponding to the spaces X° = H(Q) and X! = H*(Q).

We assume throughout that each €, has C'! boundary and the coefficients of D are continuously
differentiable on Ug<;<p€2;. (This is the true under the hypotheses of either Corollary 23] or 2X41) By
Lemma the coefficients of D, are contained in C'([a,b], L°°(£2)), and Theorem 4.18 of [12] implies
that if u € ker Ly 4, then wo ;' € H?().

5.1. The general framework. We start with some computations that are valid for any boundary

conditions, letting D} denote the derivative of the form D; with respect to t, so that

d
EDt(Ut,Ut) = Dj(ug,ve) + Dy(uy, v) + Dy(ug, v))

when wuy, vy are differentiable paths in H!((2).
Lemma 5.1. Suppose U C [a,b] is open and uy € CH(U, H*(Q)). If us € Koy for each t € U, then

w (Try ug, (Tryug)') = Dj(ug, ug), (30)
where ' = d/dt.

Proof. From the definition of w we have

w (Try ug, (Tryug)') = / [(Beug) yuy — (Byug)yuy) dp.
[o19)

Recalling that Dy(ut,v) = [0 (Biug)(yv)dp for all v € H'(Q), we differentiate with respect to ¢ and
then evaluate at v = u; to find

Di(us, ur) + Dy (uy, ug) :/ (Biug)' (yut)dp.
80

We also have
Difur,) = [ (B
of)

and the result follows from the symmetry of D;.
O

It thus remains to compute Dj(uy, u;) when ¢ is a conjugate time. We start by writing the Dirichlet
form D abstractly as

D(u,u) = /Q F(u,Vu). (31)

Proposition 5.2. Suppose t. € [a,b] is a conjugate time, with uy, € ker Ly ¢,. Let U = ug, o <pt:1 and
Tx = Try, ug, . Then the crossing form satisfies

Q) = [ [P@.9%) (X N) = 2(B3) (X7 di (32)

where X = ¢}, Ny is the outward unit normal to O, du is the induced volume form on 0§ and Et 18
the boundary operator defined in ([I0).

Proof. From (3I]) and the definition of D; we have
Di(u,u) = Dlg, (wo e uopy)
B
Differentiating and using Theorem 1.11 from Egﬂ we obtain
Dj(u,u) =—2 Dlg, (X(uo e; )suopr )
+ /ag Fuop; ', V(uow; ")) (X - Ny)dpuy.

Setting t = t. and u = uy,, the result follows. O
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We now counsider some specific examples for the operator L = —A 4+ V (z).

5.2. The Dirichlet (X°) problem. We use the Dirichlet form
D(u,v) = / [Vu - Vv + Vu], (33)
Q

which has rescaled boundary operator Et = 0/ON;. Suppose that t, is a crossing time. With x,, us,
and @ as in Proposition [5.2] we have

~ ~ _ou
Q(zs,z4) = / [(|Vu|2 + V@) (X - N,) — 2Xu—u} djy. (34)
o aNt
Since u vanishes on 9€);, this reduces to
ou ou
vy L) = — (X - Np)=—— — 2Xu| dp.
Qe = [ 55 |00 N5 23 d

We decompose the velocity field X into normal and tangential components, X = X " + (X - N;) Ny, and
observe that

ou
Xt = (X N,)——
i=X-N)gy,
because X 2 = 0. It follows that
ou \?
Qe 2,) = — /mt (a_m) (X - N))dpe. (35)
More generally, for the operator L = —9;(a"9;) + ¢, the same computation yields

~ 2
Qzs, ) :-/6Q a(Ny, Ny) (;_N“) (X - Ny)dps,

t

where a(-,-) denotes the bilinear form corresponding to a/. In either case, we see that crossings for the
Dirichlet problem are isolated and negative definite as long as X - N; > 0; the proof of Corollary
follows. Geometrically the condition X - Ny > 0 means that {2; is moving outward as ¢ increases. If X - Ny
changes sign on 0€);, then the signature of the crossing form is more difficult to determine, as it depends
on the structure of 9u/9N; on the boundary.

The expression for @ given in ([34) is valid for any boundary value problem corresponding to the
Dirichlet form (B3] (that is, for any choice of X). In particular, we can use this to compute crossing
forms for the Neumann problem, as well as the X2 and X3 problems formulated above. The Robin
boundary value problem requires a modification to the form and is considered in detail below.

5.3. The Robin (X') problem. We now consider the Dirichlet form
D(u,v) = / [Vu - Vo + div(uvY) + Vuv)
Q

where Y is vector field of class C? (hence divY is C'). This corresponds to L = —A + V, with the
boundary operator

~ ou
By = —+
LU N, B

on Q, where we have defined §; = (Ylaq,) - N:. Without loss of generality we may assume that Y has
no component tangential to 9, , hence Y|aq,, = B¢, Ny, .

Since X! = H() we have B, = 0 at a crossing time, so Proposition 5.2 yields
Q(s, ) = / [IVal® + div(@?Y) + V(y)a?] (X - Ny)dp.
o0

Using the fact that Y|sq, = 5:N¢ to compute the second term explicitly, we obtain
div(a®Y) = div (8,a° V)

aﬁt ~2 ~ ou ~2 7.
= — 2 — div V,
8Ntu + 6tu8Nt + Biu” div Ny

0 .
= (a—ﬁ;t — 287 + ﬂtH6(2t> u*
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where we have used the fact that Etﬂ = 0, and the mean curvature is defined to be Hpq, = div N;.
Decomposing Vi = V' + 4 “
conditions, we have

into tangential and normal components, then applying the boundary

\Va|? = |VTa]? + g2a?,
and so

Q(Tw, 24) = /{m [|VTa|2 + (V B; + BeHoq, + a—ﬁi) } (X - Ne)dpe. (36)

This crossing form coincides with the formula for the first variation of a simple Robin eigenvalue in
equation (4.3) of [2] and example 3.5 of [9]. (The computations in the proof of the latter reference agree
perfectly with ours, but the final result on p. 40 contains an extra factor of 2 on the 98;/ON; term.)
One advantage of the symplectic formulation is that it describes the change in the Morse index, rather
than the individual eigenvalues, and hence is robust against multiplicities and degeneracies.

5.4. The star-shaped case. We finally revisit the star-shaped case for the Dirichlet and Neumann
problems. With

D(u,v) = / [Vu - Vo + V(z)uv] dx
as above, pi(x) = tx and Q; = {tz : © € Q}, aQsimple computation shows that
Dy(u,v) = t"*Q/ [(Vu - Vv) + *V (tz)uv] do
and so ’

Dj(u,v) =(n —2)t"? /Q [(Vu - Vo) 4+ 2V (tz)uv] do

+ t"_Q/ jt [tV (tz)] uv da.

Evaluating at a solution u; to the equation —Awy; + t2V (tx)uy = 0 (i.e. Lyuy = 0) we find that

Ouy 5 d
D (ug,ug) = (n — 2)15"_3/ ut—du +t" 2/ u;— [*V (tz)] dz. (37)
ON dt
In particular, for either Dirichlet or Neumann boundary conditions, we have
_ 5 d
Dl (g, ug) = 172 / w3 [PV ()] do. (38)

Replacing V(x) with V(z) — A, this becomes

d
D} (ug,ug) = t”72/ ut2£ [t*V (tz) — t*A] du, (39)
Q

and we conclude that all crossings are negative definite provided

% [£2V (tz) — ?A] <0

for all € Q. This is equivalent to ([[3]), so Corollary [Z4] follows immediately.

APPENDIX A. SELFADJOINT OPERATORS AND BILINEAR FORMS

In this appendix we review the correspondence between symmetric bilinear forms and selfadjoint
operators described in Proposition Il  While the result is standard, it is worth reviewing, as the
constructions in the paper (in particular for the boundary space) rely on an explicit identification of the
domain of the unbounded operator corresponding to a given form.

Our starting point is a symmetric bilinear form

D(u,v) = /Q [a (9;u)(9jv) + b*(Diu)v + b'u(d;v) + cuv]

with real coefficients a™,b%,c € L>°(Q) satisfying a¥ = a’*. We assume that D is strongly elliptic, so
there exists a constant Ay > 0 such that

a (2)6:&; > Xol¢[?
for all x € Q2 and £ € R™. Formally integrating by parts, we find

D(u,v) = /Q [—0i(a” 0ju) + (c — 9;b")u] v + /{m N; (@Y 0ju + b'u) vdp (40)
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where {N;} are the components of the outward-pointing unit normal to 0. The following weak version
of Green’s formula (Theorem 4.4 of [12]) justifies this computation.

Lemma A.1. Let L = —9;(a¥9;) + (c— 8;b") and B = N;(a”0; +b%). If u,v € H(Q) and Lu € L*(Q),
then

D(u.v) = (L)) + [ (Bu)ao)d

We let X be a closed subspace of H'(f2) that contains Hg(Q), and view D as an unbounded form
on L2() with domain X. Since D is bounded and coercive over H!(f2), and hence over X, Theorem
VIIL.15 of [16] (cf. Theorem VI.2.1 of [10]) implies there is a selfadjoint operator Ly, with domain

D(Lx) = {u € X : Jw € L*(Q) with (W, v) p2(q) = D(u,v) for all v € X} ,

satisfying
D(u,v) = (Lxu,v)2(q)
for all w € D(Ly) and v € X. We can identify the domain explicitly in terms of the operators L and B.

Lemma A.2. Let u € X. Then u € D(Lx) if and only if Lu € L*(2) and

[ BuGedn=o
o0
for everyv € X.

Proof. Suppose u € X, with Lu € L*(Q) and [,,(Bu)(yv)dp = 0 for all v € X. Then Lemma [AT]
implies D(u,v) = (Lu, v) 2y for all v € X, hence u € D(Lx) and Lyu = Lu.

On the other hand, suppose u € D(Lx). Since D(u,v) = (Lxu,v) 2, for all v € H(Q), we have
Lu= Lyu € L*(Q). It follows from Lemma [AJ] that

(L1} = D) = (Lo + [ (B

for all v € X, hence
[ BuGedn=o
o0

as claimed. O

APPENDIX B. THE MASLOV INDEX IN SYMPLECTIC HILBERT SPACES

We next review the definitions and basic properties of symplectic Hilbert spaces, the Fredholm—
Lagrangian Grassmannian, and the Maslov index. These will be our main tools in the proof of Theorem
[l Unless stated otherwise, technical details can be found in [7].

Let H be a real, infinite-dimensional, separable Hilbert space, and w: H x H — R a bilinear, skew-
symmetric form. If the map x — w(x,-) is an isomorphism H — H* we say that w is nondegenerate,
and call the pair (H,w) a symplectic Hilbert space. For example, if E is a Hilbert space, we can set
H = FE ® E* and define

w((z,9), (y,¥) = ¥(x) — o(y),

which is easily seen to be nondegenerate.

A subspace p C H is said to be isotropic if w(xz,y) = 0 for all x,y € u. A Lagrangian subspace is then
defined to be a maximal closed, isotropic subspace of H. The set of all Lagrangian subspaces in H is
called the Lagrangian Grassmannian and denoted by A(H). Given the gap topology (where the distance
between subspaces p and v, with respective orthogonal projections P, and P,, is the operator norm
|P, — P,||), the Lagrangian Grassmannian becomes a smooth, contractible Banach manifold, locally
equivalently to the space of bounded, selfadjoint operators on H.

If follows that any homotopy invariant C°(S'; A(H)) — Z is necessarily trivial. This differs from
the finite-dimensional case, where we have m;(A(R?")) = Z. For this reason we must work with the
Fredholm-Lagrangian Grassmannian, which is topologically nontrivial.

We first introduce the notion of a Fredholm pair in the Lagrangian Grassmannian. This is a pair of
closed subspaces u, v € A(H) such that

(1) dim(pNv) < oo, and
(2) p+ v is closed and of finite codimension in H.
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Then the Fredholm—-Lagrangian Grassmannian of H, with respect to fixed v € A(H), is the set
FA(H)={peA(H): (,v) is a Fredholm pair}.

This is an open subset of A(H), and hence a smooth Banach manifold, with 1 (FA,(H)) = Z.
We conclude our review by defining the Maslov index of a continuous path u: [a,b] — FA,(H). We
define a continuous family of operators {S(t)} by the formula

S(t) = (2P, — I)(2P, — I),

where P denotes orthogonal projection onto the designated subspace. The operator S(t) comprises
reflection across the subspace v followed by reflection across pu(t). There exist times a =ty <t; < -+ <
ty = b and positive constants €¢; € (0,7) for 1 < j < N such that

(1) e*ies ¢ o(S(1)), and
(2) > 0/<, dimker (S(t) — e”?) < o0
for all t € [t;_1,t;]. Intuitively this means that as ¢ ranges from ¢;_; to t;, the number of eigenvalues of

S(t) in the arc {|9| <¢;} C St is constant and finite.
Following [4] and [15], we define the Maslov index by the formula

Mas(u Z Z [dim ker (S(t;) — ) — dimker (S(tj—1) — eie)] .

j=10<60<¢;

This gives a count (with sign and multiplicity) of the eigenvalues of S(t) that pass through the point
1 € S! in a counterclockwise direction as ¢ increases from a to b.

To compute the Maslov index in practice, we make frequent use of crossing forms—see [I8] for the
general theory and [19] for an application to first-order, elliptic operators. Suppose u: [a,b] — FA,(H)
is a C! path and t. € [a,b] is a crossing time, so p(t.) Nv # {0}. For each t close to t. there exists a
bounded operator A;: u(t.) — p(t.) such that u(t) is the graph

p(t) = G (Ar) = {z + JAi(2) - w € p(t)}-
The crossing form is the symmetric, bilinear form defined by
d
Qz,y) = —w(z, JA(y)) (41)
t=t.
for all  and y in the finite-dimensional space p(t.) N v. This is useful for the following reason.
Proposition B.1. Let u € C'([a,b], FA,(H)) and suppose t. € [a,b] is a crossing time. Assume Q is

nondegenerate, with p positive and q negative eigenvalues. If t. € (a,b) and § > 0 is sufficiently small,
then

Mas (pu(t)|jt, —6,t.+5]:7) =P — q.
Ift. = a, then
Mas (14(t)]{a,a46)7) = — 4
and if t, = b, then
Mas (p(t)|p—s,00;¥) = p-

In other words, the local contribution to Mas(u(t);v) at t. is determined by the signature of the
crossing form. When the crossing occurs at an endpoint of the curve, an initial crossing (t. = a) can
only contribute negatively to the Maslov index, while a terminal crossing (t. = b) can only contribute
positively. If u(t) is a negative path, in the sense that @ is strictly negative at any crossing time, then

Mas (p4( Z dim (u(t) Nv),

tela,b)

while for a positive curve one has

Mas(u Z dim (u(t) Nv).

te(a,b)
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ApPPENDIX C. SMOOTH FAMILIES OF DIRICHLET FORMS

The form D on  is said to be invertible if, for any nonzero u € H*(£2), there exists v € H'(Q) with

D(u,v) # 0.
Proposition C.1. Let

Dy (u,v) = /Q {aij (0iw)(9;v) + bi(Osu)v + chu(d;v) + dtuv}

be a one-parameter family of invertible, strongly elliptic Dirichlet forms, defined for t in a compact
interval I, with coefficients a;’, bt ct, dy € C* (I, L>=(Q)) for some k > 0.

Let {F;} be a one-parameter family of bounded linear functionals on H(Q), contained in C*(I; H'(2)*).
Then for each t € I, there exists a unique uy € HY () such that Dy(ug,v) = Fy(v) for every v € HY(Q).
Moreover, the path t — uy is contained in CF(I, H(Q)).

Therefore, when the boundary-value problem for each D; is uniquely solvable, the path of solutions
uy will be at least as smooth as the coefficients of D; and the inhomogeneous term Fy.

Proof. From Theorem 4.7 of [12] (cf. Theorem 7.13 in [6]) we have that each D; is coercive, i.e. there
exist constants C7 > 0 and Cy € R such that

| Dy (u,u)| > Crllull ) — Callullizq) (42)

for all u € H'(Q2). Since the interval I is compact and the coefficients of D are in C(I, L°°(£2)), we can
choose C7 and C5 independent of ¢. The existence of u; follows from ([@2]) and the invertibility of Dy (cf.
Theorem 7.21 of [6]).

We next claim that there exists A > 0 such that

lluell gy < Al || ) (43)

for any ¢ € I and F; € H'(2)*. Assume this is not the case, so there exist sequences {t;} and {Fy,}
@) = il Fy, || o)+ The uniform coercivity bound (@2)) implies {uy, } is
bounded in H'(2), so there exists a subsequence with

ti =1, wu, —ain L*(Q), wy, — @ in H(Q)

for some 4 € H*(Q) and ¢ € I. We also have F, — 0 in H'(Q)*, hence Dy(@,v) = 0 for all v € H' ().
The invertibility of Dy implies @ = 0, which is a contradiction because ||| z2(q) = 1, so the proof of ([43)
is complete.

We are now ready to prove continuity of ¢ + u; in H*(2). It suffices to check at a single point, say
t = 0, which we can assume is contained in I by performing a translation. From the definition of u; we
obtain

Do(’ut — Uo,U) = (Ft — Fo)(’U) — (Dt Do)(’u,t, )
Defining a functional Gy € H'(Q)* by G¢(v) = (F;, — Fy)(v) — (D¢ — Dyg)(uy,v), we have from (@3) that

||ut — uO”Hl(Q) S AHGtHHl(Q)*

Since [|ut|| g1 (q) is uniformly bounded for ¢ close to zero (again using (@), the continuity of D; and Fy
implies ||G¢|| 1 (o)« — 0 as t — 0. This completes the proof for k& = 0.

Now assume the result holds for some k& > 0, and suppose that D; and F; are of class C*+!. Differ-
entiating the equation Dy(u;,v) = Fy(v) with respect to ¢, we obtain

k—1

k » .
D)= 79 = 3 (B) 00 (u.0) (44)
i=o M
For convenience we let ué 7 denote the jth derivative of u; evaluated at ¢t = 0, and similarly for D;. We

(k+1)

claim that ug exists, and is equal to the unique function w € H'(Q) that satisfies

k—1

Do(w,v) = FO(kH)(v) - p® uék), Z < > [D((Jkﬂ_j) (ugj),v) + D(()k_j) (ugj+1),v)]

J=0
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for all v € HY(Q). Using (@), we find

(k) (k) (k) (k)
— F — F
Dy (w ~ % —% ; 0 ,v) = (FékH) - B 0 ) (v)
k
+2
=0

Since Dy and F} are of class C¥*1, the right-hand side defines a linear functional Hy(v) with || H; ) —
0 as t — 0, and the uniform estimate (3] yields

e . i .
D,E J)(ugj)’v) _ Dé ])(ugj), v)
t

_ DékJFl*j)(uéj)’U) o Dék*j) (ungrl),v) _

(k) _ (k)
lim ||w — Ui —Y =0
t=0
H'(Q)
as was to be shown. The continuity of ugkﬂ) is proved in a similar fashion. O

The assumption of invertibility on an interval I (as opposed to at a single point) is not unreasonable.

Lemma C.2. Let {D;} satisfy the regularity assumptions of Proposition [Cl with k = 0. If Dy, is
invertible for ty € I, then Dy is invertible for [t —to| < 1.

Proof. Tt suffices to consider ¢ty = 0. Suppose the claimed result is false; then there exist numbers t; — 0
and functions u; € H'(2) such that Dy, (u;,v) = 0 and [|ug]|12(0) = 1. The uniform coercivity estimate
[@2) implies {u;} is bounded in H*(£2), so there exists a subsequence {u;} and a function @ € H ()
such that u; — @ in H'(Q) and u; — @ in L*(£2). It follows that ||@|| f2(q) = 1. Since the coefficients of
Dy are continuous, and weakly convergent subsequences are bounded, we have

Do(ﬂ,’u) = hm Dti (Ui,’U) =0

71— 00

for each v € H(£2). The invertibility of Dy yields @ = 0, which is not possible. O

To apply Proposition [C.1lin practice we use the following elementary consequence of the chain rule.
Lemma C.3. Let
D(u,v) = / [a (9;u)(9jv) + b* (Diu)v + c'u(d;v) + duv]
Q

and define Dy by [@). If the coefficients al,b*,c',d are contained in C* (Ua<i<ph) and the family {¢}
is of class CF, then the coefficients of Dy are contained in C* (I, L>=(Q)).

Proof. Recalling that Dep; denotes the Jacobian matrix of ¢;, and |Dey| its determinant, we have
Dy (u,v) = / [aij(&'ut)(ajvt) + b (Dgug vy + cug(Opvs) + dutvt}
Q
= / |Dg0t| [aij (Giut)(c?jvt) + bi(aiut)vt + ciut(c’)ivt) + dutvt] O Yt
Q

where we have defined u; = u o ¢; ' and similarly for v;. Therefore, the rescaled coefficients on Q are

ai’ = |Degy|(a" 0 o1)(Dy);, (D)5, bi = [Depe| (87 0 00) (Digy) 3,
¢, = |Deil(? 0 01)(Dgr);,)t s di = [Di|(d o ),

where (D(pt);pl denotes the i, p entry of the matrix Dy;. The hypotheses imply that |Dyy| and (D(pt);pl
are contained in C*(I, L°°(f2)). Since d is uniformly continuous on each §; and t ~ ¢, is continuous,
the composition d o ¢; defines a continuous map from I into L*°(2), and similarly for a?? o ¢; etc. For
k =1 we have that

d dgﬁt

%(do%) = (Vd) o p:

is a continuous map from I to L>°(2). Higher derivatives are treated in a similar fashion. O
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