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ABSTRACT. We interpret the equivariant cohomology H¢,p (Fa,C) of a partial flag variety
F parametrizing chains of subspaces 0 =Fy C F} C --- C Fy =C", dim F;/F;_1 = \;, as
the Bethe algebra B (Vi) of the gly-weight subspace Vi of a gly[t]-module VE.

1. INTRODUCTION

A Bethe algebra of a quantum integrable model is a commutative algebra of linear op-
erators (Hamiltonians) acting on the space of states of the model. An interesting problem
is to describe the Bethe algebra as the algebra of functions on a suitable scheme. Such a
description can be considered as an instance of the geometric Langlands correspondence, see
IMTV2], IMTV3]. The gl Gaudin model is an example of a quantum integrable model [G1],
[G2]. The Bethe algebra BX of the gl Gaudin model is a commutative subalgebra of the cur-
rent algebra U(gly[t]). The algebra BX depends on the parameters K = (K, ..., Ky) € CV.
Having a gly[t]-module M, one obtains the commutative subalgebra BX (M) C End(M)
as the image of BX. The geometric interpretation of the algebra BX (M) as the algebra
of functions on a scheme leads to interesting objects. For example, the Bethe algebra
BE=0((@m_ La,(25))3") of the subspace of singular vectors of the gly-weight A of the ten-
sor product of finite-dimensional evaluation modules ®7_; La_(zs) is interpreted as the space
of functions on the intersection of suitable Schubert cycles in a Grassmannian variety, see
IMTV2]. This interpretation gives a relation between representation theory and Schubert
calculus useful in both directions.

One of the most interesting gl [t]-modules is the vector space V = V®" ® C[zy, ..., 2,] of
V@ _valued polynomials in 2, ..., 2,, where V = C¥ is the standard vector representation
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of gly. The Lie algebra gly[t] naturally acts on V as well as the symmetric group .S,,, which
permutes the factors of V®" and variables z1, ..., z, simultaneously. We denote by VT and
V™~ the S,-invariant and antiinvariant subspaces of V), respectively. The actions of gly|[t]
and S, on V commute, so V¥ and V™ are gly/[t]-submodules of V. The Bethe algebra BX
preserves the gly-weight decompositions V¥ = @ V¥ and V™ = @ V5, A= (A,...,\y) €
Z5,,|Al = n. The Bethe algebra BX (Vy) was described in [MTV3] as the algebra of functions
on a suitable space of quasiexponentials {eXi%(ur + Xjuri—t 4+ ... 4 ), i =1,... N}
In this paper we give a similar description for BX(Vy) and study the limit of the algebras
BE(VY), BE(Vy) as all coordinates of the vector K tend to infinity so that K;/K; ., — oo
for all <. We show that in this limit both Bethe algebras B> (VY ), B*(Vy ) can be identified
with the algebra of the equivariant cohomology H¢; (Fa,C) of the partial flag variety Fy
parametrizing chains of subspaces

OIF()CFlC"'CFN:Cn,

dim F;/F;_; = X;. This identification was motivated for us by the considerations in [RV],
[RSV], where the equivariant cohomology of the partial flag varieties were used to construct
certain conformal blocks in V™.

Our identification of the Bethe algebra with the algebra of multiplication operators of
the equivariant cohomology H¢,; (Fx,C) can be considered as a degeneration of the recent
description in [O] of the equivariant quantum cohomology of the partial flag varieties as the
Bethe algebra of a suitable Yangian model associated with V" cf. [BMOI.

In Section 2] we introduce the Bethe algebra. Section [3 contains the main results — The-
orems 3.3, B4l Theorem B3 identifies the algebra of equivariant cohomology H¢; (Fa,C)
and the Bethe algebras B> (VY), B>(Vy ). Theorem B4 says that the Shapovalov pairing of
Vi and Vy is nondegenerate. In Section [l we show that the isomorphisms of Theorem [3.3]
are limiting cases of a geometric Langlands correspondence. In Section [ we explain how
the Bethe algebras B> (Vy), B>(Vy ) are related to the quantum equivariant cohomology
QHgr, xc+(T* Fx) of the cotangent bundle T*Fy of the flag variety Fx. Appendix contains
the topological description of gly[t]-actions on ®xH¢;, (Fa, C).

We thank S. Loktev and A. Okounkov for useful discussions.

2. REPRESENTATIONS OF CURRENT ALGEBRA gly[t]

2.1. Lie algebra gly. Let ¢;;,%,7 =1,..., N, be the standard generators of the Lie algebra
gl satisfying the relations [e;;, esr] = djs€ix — dixes;. We denote by h C gly the subalge-
bra generated by e;, ¢ = 1,...,N. For a Lie algebra g, we denote by U(g) the universal
enveloping algebra of g.

A vector v of a gly-module M has weight A = (Aq,...,A\y) € CV if eyv = Ao for
t=1,...,N. We denote by My C M the weight subspace of weight A.

Let V = CV be the standard vector representation of gl with basis v, ..., vy such that
e;jur = 0;,v; for all 4,7,k. A tensor power V" of the vector representation has a basis
given by the vectors v;, ® - -- ®v;,, where i; € {1,..., N}. Every such sequence (i1, ..., 1)
defines a decomposition I = (Iy,...,Iy) of {1,...,n} into disjoint subsets Iy,...,Iy: I; =
{k | ix = j}. We denote the basis vector v;, ® - -+ ® v;, by vy.
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Let

ver= @ (Vi

/\EZgO, [A|=n

be the weight decomposition. Denote Zy the set of all indices I with |I;| = A;, j=1,...N.
The vectors {v;,I € Iy} form a basis of (V®™),. The dimension of (V®"), equals the

multinomial coefficient dx = 575 )\N

Let S be the bilinear form on V®" such that the basis {v;} is orthonormal. We call S the
Shapovalov form.

2.2. Current algebra gly|t]. Let gly[t] = gly ® C[t] be the Lie algebra of gly-valued
polynomials with pointwise commutator. We identify gly with the subalgebra gl ® 1 of
constant polynomials in gly[t]. Hence any gly[t|-module has the canonical structure of a
gly-module.

The Lie algebra gly[t] has a basis e;; ® t", 4,7 =1,..., N, r € Zz, such that

leij @1, es, @] = djseip QP — dipeg; @ 7P

It is convenient to collect elements of gly[¢] in generating series of a variable u. For g € gly,

set g(u) =3 Zo(g @1 )u™"
The subalgebra 3x[t] C gly[t] with basis SIN e, @ 7, 7 € Zsy, is central.

2.3. The gly[t]-modules V*. Let S, be the permutation group on n elements. For an S,
module M we denote by M* (resp. M ™) the subspace of S,,-invariants (resp. antiinvariants).
The group S, acts on C[z] := C|zy,. .., z,] by permuting the variables. Denote by o4(z),
s =1,...,n, the sth elementary symmetric polynomial in 2y, ..., z,.
Let V be the vector space of polynomials in variables 21, ..., z, with coefficients in V®":

Yy = yen Xc (C[Z] .

The symmetric group S, acts on V by permuting the factors of V®" and the variables
21, ..., 2y Simultaneously,

a(vl ®---®vn®p(z1,...,zn)) = Vo1, ® - @ V1), ®P(26y,--1%,), 0ESy.

We are interested in the subspaces V*, V™~ C V of S,-invariants and antiinvariants.
The space V is a gly[t]-module,
gt (M@ QU ®p(2)) = Y 0@ DU, @ D v, ® 2Lp(2).

s=1

The image of the subalgebra U(3n[t]) C U(gly[t]) in End(V) is the algebra of operators of
multiplication by elements of C[z]". The gly/[t]-action on V commutes with the S,-action.
Hence V* and V™ are gly[t]-submodules of V. The subspaces V* and V~ are free C[z]*-
modules of rank N™.

Consider the gly-weight decompositions

1 = Daezd, A= N V™ = @xezd), A= Va -
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For any A, the subspaces V5 and Vy are free C[z]"-modules of rank dy.

Denote by %V‘ the vector space of all V®"-valued rational functions of the form %x,

€V, D=]]ccjcn(?; — 2). The Shapovalov form induces a C[z]*-bilinear map
1
S, Ve BV_ — Clz]*.

The gl [t]-module structures on V* and %V‘ are contravariantly related through the Shapo-
valov form,

1 1
Si—((ey @ 1"z, D y) = Si—(x,(e;; ® tr)ﬁ y) for all 4, j,z,y.

2.4. Bethe algebra. Given an N x N matrix A with possibly noncommuting entries a;;,
we define its row determinant to be

rdet A = Z (—1)° A15(1)A20(2) - - - ANo(N) -
geSN

Let K = (K3,...,Ky) be a sequence of complex numbers. Let 0 be the operator of
differentiation in a variable u. Define the universal differential operator DX by

8—K1— 611(U) —621(U) —eNl(u)
e I
—elN(u) —62N(u) a—KN—eNN(u)

It is a differential operator in the variable u, whose coefficients are formal power series in
u™! with coefficients in U(gly[t]),

N (o]
DX = 9%+ BEw)o™ ', BN =Y BEu
i=1 Jj=0

and BJf € U(glylt]) for i=1,...,N, j > 0.
Denote by B¥ the unital subalgebra of U(gly[t]) generated by B]S with i = 1,..., N,
j = 0. The subalgebra BX is called the Bethe algebra with parameters K.

Theorem 2.1. The algebra BX is commutative. The algebra BX commutes with the sub-
algebra U(h) C U(gly[t]). If K = 0, then the algebra BX=Y commutes with the subalgebra

Ulgly) C U(glyl[t]) O

The theorem is proved for K = 0 in [T] and for nonzero K in [CT], [MTV1].

Each element Bg is a polynomial in K7, ..., Kn. We define B* to be the unital subalgebra
of U(gly[t]) generated by the leading terms of the elements ij{, t1=1,....N, j>0,as K
tends to infinity so that K;/K;i 1 — oo for all i.

Lemma 2.2. The algebra B> is the unital subalgebra generated by the elements e; @t/ with
t=1,....,N, 7=>0.
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Proof. We have Bfj = (—1)"K;...K; (1+0(1)), and

N
BE = (<1 Ky Ko (D enn @07+ 0(1))

m=t

for j > 0, where o(1) stands for the terms vanishing as K tends to infinity. O

Remark. There are N! asymptotic zones labeled by elements of Sy in which K may tend
to infinity. For ¢ € Sy we may assume that all coordinates of K tend to infinity and
Ky, /Kg,,, — oo for all i. It is easy to see that the limiting Bethe algebra B> does not
depend on o.

The algebra B> is commutative and contains U(3n[t]). The algebra B> commutes with
the subalgebra U(h) C U(glylt]).

As a subalgebra of U(gly[t]), the Bethe algebra BX acts on any gly[t]-module M. Since
BE commutes with U(h), it preserves the weight subspaces My. If K = 0, then BX=°
preserves the singular weight subspaces M ff"g . We will study the action of B> on the weight
subspaces Vi, V5.

Lemma 2.3. The element Zf\il ei; @t € U(3n[t]) acts on V as the operator of multiplica-
tion by Y ", 2L O

If L C M is a BX-invariant subspace, then the image of BX in End(L) will be called the
Bethe algebra of L and denoted by B¥(L).

3. EQUIVARIANT COHOMOLOGY OF PARTIAL FLAG VARIETIES

3.1. Partial flag varieties. For A € Z%, |A| = n, consider the partial flag variety Fy
parametrizing chains of subspaces

OIF()CFlC"'CFN:(Cn

Let T™ C GL, be the torus of diagonal matrices. The group 7" C GL,(C) acts on C"
and hence on Fy. The set of fixed points F5  of the torus action consists of coordinate flags
Fr=(Fy C - CFy), I = (I1,...,In) € Iy, where F; is the span of the basis vectors
v; € C" with j € I; U---U ;. The fixed points are in a one-to-one correspondence with the
elements of 7, and hence with the basis vectors of Vj.

We consider the G L, (C)-equivariant cohomology

Hy = Hfp (Fa,C).

Denote by T'; = {7i1,...,7%,} the set of the Chern roots of the bundle over F, with fiber
F;/F;_;. Denote by z = {z1,...,2,} the Chern roots corresponding to the factors of the
torus 1T™. Then

(3.1) Hy = C[z;rl;...;rN]SnXS»lx---XSAN/<H

=17

’:]z

(14 uy;) = H(l—l—uzz)>

i=1

Il
,_.

The cohomology Hy is a module over H¢,; (pt,C) = C[z]".
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Let Jg C Hy be the ideal generated by the polynomials o;(z), ¢ = 1,...,n. Then
Hy/Jg = H*(F\,C).

3.2. Integration over Fx. We will need the integration map [ : Hx — Hg, (pt,C). The
following formula (3.2)) gives the integration map in terms of the fixed point set Fj .
For a subset A C {1,..., N} denote z4 = {2,, a € A}. For I = ([3,...,Iy) € Iy denote

R(zplzn|.lzr) = [T T (2 2)-
1<j a61i7bEIj

The Atiyah-Bott equivariant localization theorem [AB] says that for any [h(2,Ty,...,T'x)] €
H)\v

_ h(z,zh,...,Z[N)
(3.2) /[h] - Z R(zpl|zn!| .. |z1y)

I€Ty

More precisely, it is enough to verify this identity after the base change H{; (Fx) —
H%(Fy), where T™ C GL,, is the maximal torus, and in the 7™-equivariant cohomology
this is the Atiyah-Bott localization formula. Note that the expression for R is nothing else
but the Euler class of the tangent space at a T™-fixed point, see formula (2.5) in [RSV].
Clearly, the right hand side in (3.2)) lies in C[z|". The integration map induces the pairing

(): HawHy s Cl, ol [lhg).
After factorization by the ideal Jy we obtain the nondegenerate Poincare pairing
(,) : H(Fx,C)® H*(Fa,C) — C.
3.3. Hy and V*.

Lemma 3.1. The maps

Z; . H)\—>V;\_, [h(z,Fl,...,FN)] — ZU}@h(Z,Z[l,...,Z]N),

I1€Ty
_ 1., WMz, zp,. ., 21y)
iy : Hx — =Vy, hz,Ty,....,I'n)] — v ® TN
AEATT DA [z, T 2 IEZZ: " Rz, |20 - z1y)
A
are well-defined isomorphisms of C[z]*-modules. O

Proof. If h belongs to the ideal of relations in ([B.1)) then h(z,zy,,...,25,) = 0 for any I,
because the I'; = z;, substitution makes the generators of the ideal identities. This proves
well-definedness.

Consider the C[z]*-module C[2]% >~ of polynomials symmetric in the first \; vari-
ables, the next )y variables, etc. In Schubert calculus it is known that this module is free of
rank dy, and that it is isomorphic to Hy under the correspondence

(3.3) p € Clz]" " «— [p(Iy,...,Iy)] € Ha.
An element ), v ® pr(2) of Vx belongs to Vy, if and only if p;(2) = p(zp,, . .., 21,) for

a polynomial p € C[z]% >~ This shows that Vi is isomorphic to C[z]%*+*%x  and
that i{ is the composition of this isomorphism with ([3.3]).
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A similar argument shows that ¢, is also an isomorphism. 0

Corollary 3.2. The Shapovalov form and the Poincare pairing are related by the formula

So_(is[M]ilg]) = / Hllg] .

Let A be a commutative algebra. The algebra A considered as an A-module is called the
regular representation of A. Here is our main result.

Theorem 3.3.

(1) The maps & : ey ® t”|v§ > Z;\Zl vi; define isomorphisms of the algebras B>(Vy)
and Hy .
(ii) The maps &, iy identify the B> (Vy)-module VY with the regular representation of
Hy.
(ili) The maps &y, iy identify the B=(5Vy)-module V5 with the regular representation
Of H)\ .

The theorem follows from Lemmas 2.2, 2.3] and 311

3.4. Cohomology as gly[t]-modules. Let J be the ideal of C[z]* generated by the ele-
mentary symmetric functions o;(2z), i = 1,...,n. Define J* = JV* and J~ = £JV".
Clearly, JT is a gly[t]-submodule of V* and J~ is a gly[t]-submodule of 5V~. The gly[t]-
module V*/J* is graded and has dimension N over C, see [MTV2]. Similarly, 5V~/J~ is
a graded gly[t]-module of the same dimension.

Theorem 3.4. The Shapovalov form establishes a nondegenerate pairing
1
S, VIt ® BV_/J_ — C.

The theorem follows from Lemmas [B.1] and the nondegeneracy of the Poincare pairing.

Corollary 3.5. The gly[t]-modules V*/J* and 5V~ /J~ are contravariantly related through
the Shapovalov form, S._((e; ® t")z, 5y) = Sy—(x, (e5; @ t")Fy) for all 4, j,z,y.

Let W,, be the gly[t]-module generated by a vector w, with the defining relations:

eii(u)wnzdliﬁwn, izl,...,N,
u

€Z'j(u)wn:0, 1<i<y <N,

(e @ )™itly, =0, 1<i<j<N

As an sly[t]-module, the module W), is isomorphic to the Weyl module from [CL], |[CP],
corresponding to the weight nw, where wy is the first fundamental weight of sly.
In [MTV2] an isomorphism of V*/J* and the Weyl module W), is constructed.

Corollary 3.6. The Shapovalov form S, _ establishes an isomorphism of %V‘/J‘ and the
contravariantly dual of the Weyl module W,,.



8 R.RIMANYI, V.SCHECHTMAN, V. TARASOV, A. VARCHENKO

Here is an application of this fact. For XA € Z%, [A| =n, Ay > -+ > Ay, denote
( V- /J )San = {U c BV_/J_ ‘ eijU:OfOI'i<j, €i; U — >\Z'U for i = 1,,N}

This is a graded space. Denote by ((5V~/J7)3"™ ), the subspace of all elements of z-degree
k. Define the graded character by the formula

(V" /TR) = Yot din( VLT

Corollary 3.7. We have
n o 1 — gri—NHi—t
(3.4) (( s /J )Smg) — (Q) H1<z<]{[<N( q ) q—21<i<j<N>\i>\j7
Hi:l(Q))\i—l—N—i

where (q)a = [[j_,(1 — ¢°).
The corollary follows from Lemma 2.2 in [MTV2] and Corollary 3.6

The isomorphisms

1

(3.5) it=@ il : @ Hx — VT, i =@Qi, : P Hx - =V~

X X X X D
induce two graded gly[t]-module structures on @y Hy denoted by p* and p~, respectively.
These module structures descend to two graded gl [t]-module structures on the cohomology
with constant coefficients

H(C):= @ H(FC),
Aezly, [A|=n

denoted by the same letters p* and p~.

Corollary 3.8. The gly[t]-module H(C) with the p*-structure is isomorphic to the Weyl
module W,,. The gly[t]-module H(C) with the p~-structure is isomorphic to the contravariant
dual of the Weyl module W,,.

The p* structures can be defined topologically, see [RSV] and Appendix. The p~-structure
appears to be more preferable. It was used in [RV], [RSV] to construct conformal blocks in
the tensor power V©®",

4. ISOMORPHISMS 73 AS A GEOMETRIC LANGLANDS CORRESPONDENCE

4.1. The V; case. The following geometric description of the BX-action on V;~ was given
in [MTV3] as an example of the geometric Langlands correspondence.

Let K = (K7, ..., Ky) be a sequence of distinct complex numbers. Let A € ZY, |A| = n.
Introduce the polynomlal algebras

C[¥] :=C[¥;,i=1,....,N,j=1,....A], Clo] = Cloy,...,0u].

Define
Si(u) = e (M 4+ Xput T 4 X)), i=1,...,N.
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For arbitrary functions g;(u), ..., gn(u), introduce the Wronskian determinant by the for-
mula o
gi(u)  gy(u) ... g%N 1)(u)
/ _
Wr(gi(w),...,gn(u)) = det g2(u)  go(u) ... g (w)
gn(u) gh(u) ... ¥ (w)
We have

W(Zi(w), ..., D) = =5 T (G — 1) - (w4 (-1 A (Z)ur ™)

1<i<j<N
where AK(X),..., AK(X) € C[X]. Define an algebra homomorphism
WE . Cle] = C[®], o, AX(X).
The homomorphism defines a C[o]-module structure on C[X].

Define a differential operator DE by

1 zm)g@.uzﬂ@

K _ rdet | Z2(w) D) .. 25V (w)

Dy = W), oy | T T
1 o ... oN

It is a differential operator in the variable u, whose coefficients are formal power series in
u~! with coefficients in C[X],

1=1

N ')
(4.1) DE =0+ Ffu)o"",  Ffu) =Y Ffu,
j=0

and FgeC[Z], i1=1,...,N, 5>0.
Theorem 4.1 ([MTV3]). The map
it Bg‘vj > Fg

defines an isomorphism of the Bethe algebra BX (V) and the algebra C[X]. The isomorphism
5t becomes an isomorphism of the U(gN[t])|VA+ -module BX (V) and the Clo]-module C[ X

if we identify the algebras U(Z)N[t])b; and Clo] by the map o(z] — 05, s=1,...,n.

Denote
vt = Z vr € V;
I€Ty
Theorem 4.2 ([MTV3]). The map
,uﬁﬂ : Bng’ —> Fg,
defines a linear isomorphism V¥ — C[X]. The maps 75 ", ux* give an isomorphism of the
BE(VY)-module V5 and the regular representation of the algebra C[X].
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4.2. The limit of 74" and p5x " as K — oco. Let all the coordinates of the vector K tend
to infinity so that K;/K;4; — oo for i = 1,..., N — 1. Then the homomorphism W¥X has a
limit W*. Namely, define A°(X') by the formula

N n
H (u)‘i + EﬂUAi_l + -+ 2@)\) = un + Z (_1)SA§O(Z> un_s :
i=1 =

Then

(4.2) w=: Cle] — C[¥], s — AX(X).
Define algebra homomorphisms

(4.3) Cle] — Clz]*, n:C[¥] — Hy,

by the agreement that the first one sends oy to o4(z) for all s, and the second one sends
(—1)*X;5 to the s-th elementary symmetric function of 7;1,..., v, for all 7, s. Clearly, the
defined maps are isomorphisms.

Lemma 4.3. The isomorphisms ([A3]) identify the Clo]-module C[X] defined by formula
[@2) and the C[z]t-module Hy.

Let p;(u) = v + Jyut~t + ...+ 3, forall i=1,...N. Notice that

>

i 0o A

(4.4) n(pi(w) = T (w =), (Z) SN apu

j=1 r=0 j=1

Lemma 4.4. We have Ffy = (-1)'K;...K; (1+0(1)), and

Z FK = (-1 Ky ... Ki ( ]\i ZZEZ; + 0(1)) ;

where o(1) stands for the terms vanishing as K tends to infinity.

Proof. Let y;(u) = Wr(Zy(u),...Xn(u)), ¢ = 1,...N. Then the operator D can be
factorized:

69 2= (-3 - (- B - 55).

see [MV]. Since
yi(u) = (—1)WNAW=EN2 g eN=0 Ky (pa(u) - piv(u) + o(1)) e Lm=i Kmu
as K tends to infinity, the claim follows from formulae (£1) and (4.5). O

Theorem 4.5.
(i) The map nory ' : BE(VI) — Hy tends to the isomorphism & : B*(V§) — Hay,
see Theorem[3.3, as K tends to infinity.
(ii) The map noust: V¥ — Hy tends to the isomorphism (i{)™' : Vi — Hy, see
Lemmal3d), as K tends to infinity.
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Proof. The statement follows from the definitions of the maps, Lemma (4] formulae (4.4)),
and the proof of Lemma O

4.3. The %V; case. Theorem [3.4] allows us to establish a geometric description of the
BX-action on %V‘ which is analogous to the description of the BX-action on V7.

Theorem 4.6. The map
= Bg\ivf — FZ-K

defines an isomorphism of the Bethe algebra BK(% \ ) and the algebra C[X]. The isomor-
phism T4~ becomes an isomorphism of the U(gN[t])| 1y—-module BX(5Vy) and the Clo]-
module C[X] if we identify the algebras U(3n]t] |1v; and Clo] by the map o]z] — o,
s=1,...,n

Denote B 1 1.
vo= Z V1 K R( S —V)\ .

Theorem 4.7. The map

WS BEe o X
defines a linear isomorphism +Vy — C[X]. The maps T s give an isomorphism of
the BK(%V;)-module %V; and the reqular representation of the algebra C[X].

The proofs of Theorems and [4.7] are basically word by word the same as the proofs of
Theorems [4.1] and 1.2 in [MTV3].

It is interesting to note that the element v~ becomes a conformal block under certain
conditions and satisfies a KZ equation with respect to z, see [V], [RV], [RSV].

4.4. The limit of 75~ and u5  as K — co. Let all the coordinates of the vector K tend
to infinity so that K;/K;1; > oo fori=1,...,N — 1.

Theorem 4.8.
(i) The map nory : BX(VY) — Hx tends to the isomorphism &5 : BX(Vy) — Hay,
see Theorem[3.3, as K tends to infinity.
(ii) The map nous : V5 — Hx tends to the isomorphism (ix)™' : V5 — Hy, see
Lemmal3d), as K tends to infinity.
The proof is similar to the proof of Theorem [£.5]

4.5. The (V7)Y case. Formula (3.4) for the graded character of (5V~/J7){™ is the
analog of the formula for the graded character of (V*/J7){™ in [MTV2]. The latter formula
was used in [MTV2] to obtain a geometric description of the BX=-action on (V7). Using

formula (3.4]) we can obtain a similar geometric description of the BX=%-action on (%V‘)f”g

Let)\EZgo, )\1 2 2)\]\[,|A| = nNn. IIItI‘OdU.CGP:{dl,...,dN}, dZ:)\Z—I—N—Z,Z:
1,...,N. Let

d;
di di_
Jj=1, di—j¢P
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Consider the polynomial algebras
C[X)¥™ .= C[%y,i=1,...,N,je{l,...,d;},d;—j & P, Clo] := Cloy,...,04].
We have .
Wi (), Ev(w) = T (@ —di) - (w0 + 3 (<) A(Z) )
s=1

1<i<j<N
where A;(X),..., A,(X) € C[X]*™. Define an algebra homomorphism
W : Clo] — C[X]*™, os = Al(X).

The homomorphism defines a C[o|-module structure on C[X]*"9. Define a differential op-
erator Dy, by

1 Si(w) i(u) ... EEN;(U)

_ cdet | Z2(w) Zsw) ... 5V (u)

Dz Wr(Z1(w), - .., En(u)) dot | 7o T
1 o ... o~

It is a differential operator in the variable u, whose coefficients are formal power series in
u~! with coefficients in C[X]5"9,

N 0o
Dy = 0"+ Fwo"",  Fu =Y Fu’,
j=i

=1
and Fj; € C[X]* i=1,...,N, j>i.

Theorem 4.9. The map

7'; : Bin{:O|(%V*)
defines an isomorphism of the Bethe algebra BX="((5V7)3"9) and the algebra C[X]*"9. The
isomorphism T, becomes an isomorphism of the U(3N[t])\(%v,)§mg -module BK:O((%V_)SAMQ)
and the Co]-module C[X]*"9 if we identify the algebras U(;,N[t])\(%v,);mg and Clo] by the

map og4(z| — o5, s=1,...,n.

sing —> E]
A

Fix a vector v= € (FV7)y" of degree 3N (1 —i));. By formula (B4) such a vector is
unique up to proportionality.

Theorem 4.10. The map

fy Bg:%_ = Fyj,
defines a linear isomorphism (5V7)3" — C[X]*™9. The maps Ty, 5 give an isomor-
phism of the BX=C((5V7)3")-module (5V7)3" and the reqular representation of the alge-

D
bra C[X]*™9.

The proofs of Theorems and [£.10] are basically word by word the same as the proofs
of Theorems 5.3 and 5.6 in [MTV?2].
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5. RELATIONS WITH QUANTUM COHOMOLOGY

In lectures [O] Okounkov, in particular, considers the equivariant quantum cohomology
QHgr, <o+ (T*Fy) of the cotangent bundle T*F)y of a flag variety Fy. More precisely, he
considers the standard equivariant cohomology H¢; . (T*Fx) as a module over the algebra
of quantum multiplication and describes this module as the Yangian Bethe algebra of the
XXX model associated with V&,

The algebra H¢,;  c.(T*Fx) has n+41 equivariant parameters 21, .. ., 2,, u. The parameters
Z1,..., 2, correspond to the GL,-action on T*Fy and u corresponds of the C*-action on
T Fy stretching the cotangent vectors. The operators of quantum multiplication depend on
additional parameters ¢, ..., qy corresponding to quantum deformation.

It is well-known how the Yangian Bethe algebra degenerates into the Gaudin Bethe algebra,
see for example [T], [MTVI]. This degeneration construction gives us the following fact.
Introduce new parameters Ki,..., Ky by the formula ¢ = 1 4+ K;u,i = 1,..., N, and
consider the limit of the algebra of quantum multiplication on H¢; c.(T%Fy) as u — 0.
Then this limit is isomorphic to the BX(V;)-module V5. This limit is also isomorphic to
the BX(5Vy)-module £Vy .

APPENDIX. TOPOLOGICAL DESCRIPTION OF THE gly[t]-MODULE STRUCTURES
ON THE COHOMOLOGY OF FLAG VARIETIES

Given X € Z%) define

CaariAd = (A1, Aact, Aa + L Aayn — 1 Aaga, 0, A),
6a+17aA = ()\1, ceey )\a—1> )\a — 1, )\a-i-l + 1, )\a+2, ey )\N) s
X = (Ala"-a)\a—la)\mla)\a-‘rl_]-7)\a+2>"'a)\N)>

A” - ()\1, ey )\a—la )\a - 1, ]_, )\a+1, )\a+2> ey )\N) .

Let A’ (resp. B’,C’) be the rank A, (resp. rank 1, A,41 — 1) bundle over Fy whose fiber
over the flag Ly C ... C Lyy1 is Ly/La—1 (vesp. Lgi1/La, Layo/Lav1). Let A” (resp.
B”,C") be the rank A\, — 1 (resp. rank 1, A\, 1) bundle over Fy» whose fiber over the flag
L1 C...C LN+1 is La/La—l (resp. La+1/La, La+2/La+1).

Consider the obvious projections

ﬂ', ﬂ', 7.r// 7.r//
Fa it Fv 5 F, and  Fy &5 Far =5 F,

fl,a+1A a+1,a>\ .

For an equivariant map f (eg. f = 7 or «{) the induced pull-back map on equivariant
cohomology will be denoted by f*. For an equivariant fibration f (eg. f = w4 or 7})) its
Gysin map (a.k.a. push-forward map, or integration along the fibers map) will be denoted by
f«. The equivariant Euler class of a vector bundle X will be denoted by e(X).

The following theorem was announced in [RSV].

Theorem A.1l.
(i) The map p~(€qas1 @) : Hx — He, .12

T T, (71*(1’) : 6(H0m(B/= Cl)) ' e(B/)J)
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makes the diagram
P (eaar1®9)

HA }Jea,aﬁ»lA
- ¥

1 _ 5a,a+1®tj N 1 _

DV}\ D]}ea,a,«b»lA

commutative.
(ii) The map p~(eqy1,a @) : Hx = Heyoyon
T <7T1/*(£E) -e(Hom(A”, B”)) . e(B”)j)

makes the diagram
P (Cat1,a @)

HA }Jea+1,aA
§ g
1 _ 5a+1,a®tj 1 _
EVA BV a+1,a>\

commutative.

Proof. We will prove part (i), the proof of part (ii) is similar. Let K be the index in Z, ,, x
Wlth Kl = {1, Ceey (6a7a+1A)1}, K2 = {(6a7a+1)\)1 + 1, ceey (6a7a+1)\)1 + (6a7a+1)\)2}, etc.
Consider z = [h(2z,T'1,...,I'n)] € Hx. Its i~ -image is

Z o & h(z, zr,....21,)
I .
IeZy R(Z]1| Ce |Z]N)

The coefficient of vk of the e, 411 ® t/-image of this is

(A1) Z h(z,zKl,...,zKafl,zKa_i,zKaHUZ-,zKaH,...,zKN)zf _
ik R(zKu---7ZKE,17zKa—iazK(HlUiazK(Hga---azKN>
a
B 1 M2, ZKys e ooy By 2K a0y - - s ZKy) 20 R(2i] 21, )
R(zK1| s |ZKN) €K, R(zKa—iv Zi)

On the other hand, the p~ (e, 411 ® #/)-image of z (using a version of the Atiyah-Bott local-
ization formula for 75 ) is

Mz, Ar, o A1, A0 — 6,0, Mgy, o, AN)R(8]Auir)d?
(A.2) Z 1 1 A _5%1) N +1 ’
€A, @
where we denoted the Chern roots of the natural bundles over F. , . by Ay, ..., Ay.
The coefficient of vy of i~-image of ([A.2)) is the right hand side of (AJ]). The theorem is
proved. O

The topological interpretation of generators of the pT-representation is similar, its proof
is left to the reader.
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Theorem A.2.
(i) For the map p*(eqar1 @) : Hy — H,

a,at1A7
T T, <7r1*(x) -e(Hom(A', B')) - e(B’)j>

we have ito pt(eg a1 @) = (€qar1 @) 0d™.

(11) For the map p+(6a+1,a ® tj) : HA — Hea+1,a)\;
T Ty, (7‘(‘1/*(56) -e(Hom(B",C")) - e(B”)j)
we have 0 g (eaprn @ 1) = (Exia ® ) 0 ")

The gly[t]-module structures p* on @, Hy descend to gly[t]-module structures on H(C),
also denoted by p* in Section B4l The topological interpretation of the actions of €4 441 @t/
and eg41 4 ®t’ for these representations is the same as that for € » Hx given in Theorems AT
and [A22]

Topological description of the gl [t]-module structures on the cohomology of flag varieties,
presented in this Appendix, is a version of a construction due to Ginzburg and Vasserot,
cf. [Vasl], [Vas2]. We thank Eric Vasserot for pointing out to us these references. However,
unlike these authors, we work with flag varieties themselves and not with their cotangent
bundles. Also our proof is different.
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