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ABSTRACT

Michael Evan Conroy: Rare Event Analysis For Branching Processes and Interacting Particle Systems
(Under the direction of Amarjit Budhiraja and Mariana Olvera-Cravioto)

This dissertation is concerned with the asymptotic analysis and simulation of rare events for two types of stochastic
models, each studied with a different mode of analysis. Roughly the first half is a look at tail events for solutions to
max-type stochastic fixed point equations that are constructed on weighted Galton-Watson processes, which are also
describable as the all-time maximum of a branching random walk with perturbation. The asymptotic analysis of these
tail events is approached from the lens of direct renewal-theoretic arguments after a suitable change of measure in the
tradition of Cramér-Lundberg theory. In particular, an asymptotic expression for the tail events, known from implicit
renewal theoretic arguments, is re-established with the intention of elucidating its connection with the underlying
branching process. Also in the same spirit, the representation after change of measure derived in the analysis allows for
an importance sampling approach to efficiently estimate the rare events. Related to spine changes of measure often
used in the branching process literature, the new measure induces a structure on the underlying branching process that
suggests even more efficient algorithms to approximate tail events for branching random walks, which are also pursued
herein.

The second half concerns large deviation asymptotics for several weakly interacting particle models described
through systems of stochastic differential equations. In particular, large deviation principles are established for empirical
distributions of particle sates in the infinite particle limit. The underlying models include interaction between the
particles that is either both weak and through small common driving noise of Freidlin-Wentzell type, or where the noise
is small, but the only interaction is mean-field. In the case of interaction through correlated noise, the rate at which
the common Brownian motion term becomes small determines a bifurcation in the form of the large deviation rate
functions, with each regime corresponding to whether the correlated or uncorrelated driving noise dominates in the limit.
Particle approximations to Feynman-Kac functionals are also considered in the context of these models, as are certain
Sobolev-space valued maps called stochastic currents that are functionals of the particle states and are convenient to
describe the asymptotic behavior of the corresponding empirical measures. The proofs of the large deviation principles
employ weak convergence methods, and they are based on control representations of Laplace functionals of Brownian

motion, which correspondingly lead to control representations of the large deviation rate functions.
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CHAPTER 1

Introduction

This dissertation has two distinct parts, differentiated by the models considered, the types of results proved, and
also the analytical techniques used. The first two chapters deal with branching process solutions to certain stochastic
fixed point equations (SFPEs), and the final two concern stochastic differential equation (SDE) models of weakly
interacting particle systems. However, a common theme between the chapters of this dissertation is that the results
involve the approximation, simulation, and asymptotic analysis of rare events—events that occur with small probability.
In particular, a fundamental question is precisely how small the chance of a rare event occuring is for different stochastic
models. The approaches used to answer this question herein lie under the historical umbrellas of two well-formulated
areas related to the analysis of rare events: Cramér-Lundberg theory and the unified formulation of large deviations due
to Varadhan [98].

Included here is an overview of the models and problems studied both in historical and modern contexts, as well as
a description of the contributions of the work presented in this dissertation. We begin with some relevant background in
Camér-Lundberg theory, renewal theory, and large deviation theory. A more comprehensive background on these topics

can be found in [7, 35, 21].

1.1 Tail Events for Stochastic Fixed Point Equations

The Lindley process, or reflected random walk, is one of the most fundamental stochastic models in queueing theory

and applied probability. For {X,, : n > 1} i.i.d., it is defined recursively by

Wopr=Wo+ X)t,  n>1, (1.1.1)

with some starting value T¥;. As a canonical example of such a process, consider i.i.d. arrival times {7,, : n > 1}
independent of i.i.d. service times {x,, : n > 1} for the customers in a single server queue with a first-in-first-out

service criterion. When X,, = x,, — 7, then W, represents the waiting time for the nth customer to arrive in the queue.



Suppose W7 = 0 and define Sy = 0 and S,, = X7 +--- + X, forn > 1, so that S,, is the associated random walk

on R with increment distribution given by X;. Note that for each n,

Wn +Xn - (Wn—l + -X’n—l)Jr + Xn

=max{Wp,_1 + Xpn—1+ Xn, Xn}
Consequently, W, 11 = max{W,_1 + S, — Sn—2,Sn — Sn—1,0}. The calculation above can be iterated to yield that
W, = max{Sy, S — S1,...,Sp — Sp_1,0} 2 max Sy = My,

for all n > 1, where e indicates equality in distribution. Here, W, s M, in the sense of one-dimensional distributions,
not as processes. Indeed, M,, is nondecreasing in n while W,, is not. Because M,, is nondecreasing, it has an a.s. limit
M, which is the all-time maximum of the random walk S,,. When E[|X|] < co and E[X;] < 0, the law of large
numbers n=1S,, — E[X] ensures that S,, — —oo and hence M < oo a.s. Clearly, W,, = M, where = denotes

convergence in distribution, and hence M is a finite solution to the stochastic fixed point equation (SFPE)
D +
W=W+X)", (1.1.2)

where X is a copy of X; independent of 1. (1.1.2) is the limiting version of (1.1.1) known as the Lindley equation,
and it is an equation of probability measures. That is, W satisfies the Lindley equation when P(W € A) =
P((W+ X)* € A) for all Borel sets A C Ry = [0, 00).

The solution to (1.1.2) describes the stationary waiting time distribution of the queue described above, and it also
shows up in the theory of insurance risk. In the latter context, it is of practical interest to know the values of so-called
ruin probabilities P(W > t), which for large ¢ > 0 are rare events for the distributional solution to the Lindley equation.

These probabilities can be described by the Cramér-Lundberg asymptotic for the maximum of a random walk, namely
P(W >t)~ He as t — 00, (1.1.3)

for some H > 0, when a exists such that m(a) = E [¢**] = 1 and E [Xe**] > 0. Here and throughout,
f(x) ~ g(z) as * — oo means that lim,_,~, f(2)/g(z) = 1. This result is straightforward to prove with some basic

renewal theory.



1.1.1 Some Renewal Theory

Here we introduce some basic ideas in renewal theory that show up in subsequent chapters. First is the concept of a

directly Riemann integrable function.

Definition 1.1.1. A nonnegative function f : Ry — Ry is said to be directly Riemann integrable (d.R.i.) if

lime sup f(z) =lime inf f(z) € (=00, 0).
€l0 n;\lne<:c§(n+1)e el0 neN ne<we<(n+l)e

A function f : R — [0, 00) is d.R.i. if the above holds with N replaced by Z.

Loosely, a function is d.R.i. if it does not “fluctuate” too much at infinity. As a consequence of f : Ry — R4

being d.R.i., it is also integrable, and

/OOC f(z)dx = lsig)ls Z sup f(z) =lime inf

nen ne<z<(n+1)e el0 neNn£<x§(n+1)e

Direct Riemann integrability is often a condition that is needed to be checked to apply theorems in renewal theory,
however checking the definition directly can be tedious. The following lemma provides some useful alternate criteria
(see [7, Proposition V.4.1] for a proof). Let C,(R ) denote the set of bounded and continuous functions on R, and let
C% (R ) be the set of functions on R that are continuous and bounded a.e. with respect to Lebesgue measure. If a

function f is d.R.i. then necessarily f € C*(R,).
Lemma 1.1.1. Sufficient conditions for f : Ry — R to be d.R.i. are

(i) feCi(Ry)and

sup f(z) < o0
neN ne<z<(n+1l)e

for some € > (),
(ii) feC*(Ry)and f < g where g is d.R.i.,
(iii) f is nonincreasing and fooo f(z)dx < oc.
A sufficient condition for f : R — R to be d.R.i. is for both f(x) and f(—x) to be d.R.i. on R

Here and in the sequel, it will be useful to have results about so-called renewal equations, which are convolution

equations of the form

K@) =gt)+ F«K(t) = g(t) + /0 K(t—s) F(ds), (1.1.4)



for a function F' : Ry — R, that is nondecreasing and right continuous, usually a cumulative distribution function
(CDF) of some random variable. We understand integration against F'(ds) as integration against the Borel measure pp

induced by F' in the usual way, namely
nr((a,b]) = F(b) — F(a),  (a.b] CR.

Given such an F', we define the renewal measure U by

oo

U(dz) = Z F*(dx),

n=0

where F*" denotes the nth-fold convolution of F, i.e.

F(t) = /Ot Pt — 5) F(ds) = /Ot F(t —s) F*™=V(ds)

for all n > 1. Note that by iterating (1.1.4), we can write

t
K(t) = U g(t) = / gt — ) U(ds).
0
For the following theorem and throughout, the measure induced by F' is said to be lattice if it is concentrated on a
set {nd : n € N} for some 6 > 0.
Theorem 1.1.2 (Key Renewal Theorem). Suppose that F' : R, — R is nonlattice, nondecreasing, right continous

function with [;° F(dx) = 1. Let p = [° « F(dx). If (1.1.4) holds for g that is d.R.i., then

1 o0
lim K(t) = tlim Uxg(t) = f/ g(s) ds.
> 0

t—o0 17

In the case that F is the CDF of nonnegative X;’s with E[X;] = pu, the theorem says that

oo 1 [o'e)
lim F g(t— S, :f/ g(s)ds
i B |3 ate = )| = [ ato

when g is d.R.i.
The idea of proving limit theorems for renewal processes is to formulate a renewal equation to which a renewal
theorem can be applied. In later chapters, it will be useful to employ the following version of the renewal theorem for

the whole real line due to Athreya, McDonald, and Ney [9, Theorem 4.2].



Corollary 1.1.3. If{S,, : n > 0} is a nonlattice random walk on R (i.e. its increment distribution is nonlattice) with

uw=FE[S1]]>0andg:R — Ry isd.R.i., then

lim F

t—o0

Zg(t — Sn)l = 1 /00 g(s) ds.

n=0

1.1.2  The Cramér-Lundberg Asymptotic

The Cramér-Lundberg Asymptotic (1.1.3) can be seen as a direct consequence of the key renewal theorem applied
to a random walk after a suitable change of measure. Much of Chapters 1 and 2 employs a branching generalization
of exponential tilting in its analysis, and this is also the basis for Cramér-Lundberg theory. If S, = > | X, isa
random walk with increment moment generating function m(f) = E [¢?%1] < oo, then let x(#) = log m(6) and note
that {e?S»=7%(%) . > 1} defines a positive, mean-one martingale for all # for which () < co. For such 6, m/(0)

GXl]

exists and it is equal to I [X 1€ , a fact which follows from standard results about convergent sums once m(6) is

expanded as a Taylor series. Letting F,, = o(X1, ..., X,,) be the filtration generated by the increments {X,, }, we can

define a new probability measure Py on o(X; : i > 1) by
Py(A) = E 1(14)695"—"*&(9)] . AerF, (1.1.5)

Under this new measure, the law of the random walk is “tilted” in the sense that its new mean is

Ey[X1] = E [Xle%*ﬁ(@)} - — /().

The amount that the tilting changes the drift of the random walk can be selected for various applications by choose an
appropriate value of 6.

One needs to be careful that (1.1.5) indeed defines a legitimate (unique) measure on o(X; : ¢ > 1). Consider,
for example, the events A = {n=1S,, — E[X;]} and 49 = {n~1S,, — «/(#)} for # > 0. Clearly A and Ay are
disjoint, however P(A) = 1 and Py(Ay) = 1 by the strong law of large numbers, ensuring the nonexistence of the
Radon-Nikodym derivative d Py /dP. However, it is clear from the formula (1.1.5) that absolute continuity is present up
to each finite time step n. Indeed, as the next theorem shows, the time step can also be random. Its proof is standard

and can be found in the appendix.

Theorem 1.1.4. Let (Q, F, P) be a probability space with a filtration {F,, : n € N}, and let Foo = 0 (U, Fn)-



Figure 1.1: A typical moment generating function

(i) If {L, : n € N} is a nonnegative martingale with respect to J,, such that E[L,) = 1 for all n, then there exists a

unique probability measure P* on (), Foo) such that

P*(A)=E[1(A)L,] for A€ F,.

(ii) If T is an F,, -stopping time and A € F, such that A C {1 < oo}, then

P(A) = B* [I(A)L;],

T

where E* denotes expectation on (0, Foo, P*).

The main assumption for (1.1.3) to hold, namely that there exists v > 0 such that E [e*X | = 1and E [Xe**] > 0,
is known as the Cramér condition, and while limiting the scope to light-tailed distributions it is fairly general in that
context. Indeed, let m(f) = F [69X ] denote the moment generating function of X, and so that we have a finite solution
to the Lindley equation, suppose F[X] < 0. From observing the Lindley equation, it is clear that for its solution,
W > 0 a.s., and so to avoid triviality, let us assume that P(X > 0) > 0, which in turn implies that there is some € > 0
such that P(X > ) > 0. For § such that m(¢) < oo, we have that m/(¢) = E [Xe?¥], and in particular m(0) = 1
and m/(0) = E[X] < 0. Also, by Jensen’s inequality,

liminf m(0) > liminf E [SOXI(X >¢)] > liminf " P(X >¢) = .

6—o00 6—o00 6—o0

This together with the continuity and convexity of m(6) ensures the existence of o > 0 such that m(«) = 1 and

m/(a)) > 0. This typical situation is illustrated in Figure 1.1.



If we choose this « to induce the change of measure (1.1.5), then in particular

E [X1] = =E[Xe**] >0, (1.1.6)

and analysis of the rare event P(W > t) can now be reformulated into the analysis of a random walk with positive
drift, for which the tail event is not rare. In fact, P,(W > t) = 1. Because of the importance of this particular
tilted measure, we will denote it P = P, when « is fixed. Letting 7(¢) = inf{n > 0 : S, > t}, we note that

{sup,,>o Sy >t} = {7(t) < oo}. Theorem 1.1.4(ii) then allows us to write

P(W >t) = P(7(t) < oo) = E [L(r(t) < c0)e™*®]

Furthermore, the law of large numbers and (1.1.6) imply that lim,, oo n~1S,, > 0 P-a.s. and hence .IS(T(t) <o) =

P(sup,,>o Sn >t) = 1. Hence,
P(W >t)=FE [e"®5®]. (1.1.7)

This is the starting point for the following theorem. Again, see the appendix for its proof.

Theorem 1.1.5 (Cramér-Lundberg Asymptotic). Let W be the (unique) solution to (1.1.2) given as the maximum of a
random walk {S,, : n > 0} starting from 0 with nonlattice increment distribution X with E[X] < 0. If there exists
a > 0 such that m(a) = 1 and m’ (o) > 0, then
E [1 - e_as”r}
—at

PW>t)m —— ¢ as t— oo.
am/(a)E [14]

where T, = inf{n > 0:S,, > 0} and E denotes expectation wth respect to P.

Often the asymptotic approximation above is established by noting that the overshoot B(t) = S;(;) — t has a finite
weak limit point

B(t) = B(c0) (1.1.8)

as t — oo (see for example [7, Theorem VIIL2.1]), and since B(t) > 0, therefore e®* P(W > t) = E [e_aB(t)] —
E [e=B(=°)], giving an alternate description of the asymptotic constant.
More generally, Goldie [49] used implicit renewal theory to study the tail behavior of solutions to a variety of

SFPEs, including the Lindley equation generalization

W E2¢v(W+X),



where W is independent of (£, X), which has arbitrary joint distribution. Here, the solution T is given as the supremum
of a perturbed random walk S,, + &, = > | X; + &,, where {(&;_1, X;) : i > 1} are i.i.d. copies of (£, X). When

E [e*¢] < 0o and X is nonlattice and satisfies the Cramér condition for a > 0,

E [eaf vV 6oz(W—l—X) _ ea(W+X)]
P(W >t)~ aE [XcoX] e ! as t — o0, (1.1.9)

where in the expectation, W is independent of (£, X). Taking £ = 0 gives an alternate expression for the asymptotic
constant for the random walk—one that is “implicit” in the sense that it is computed in terms of the distribution of W

itself.

1.1.3 Siegmund’s Algorithm

The naive Monte Carlo approach to estimating probabilities is by relative frequencies: an estimate of p = P(A) is
given as the average of n independent realizations of the indicator random variable 1(A). Under P, each single estimate

has a Bernoulli distribution with P(1(A) = 1) = p and

Var(1(A)) = p(1 - p).

This procedure is not ideal when the event A is rare (i.e. p is small). Indeed, the number of realizations needed until the
first occurance of {1(A) = 1} has a Geometric(p) distribution, and hence one expects that the very large number of
p~! iterations are needed to obtain a nonzero estimate. Additionally, since an accurate estimate of a small probability is

desired, the relevant measure of accuracy is relative error. However,

Var(1(4)) p(1-p) 1
2

= =-—-1—
E[1(A)] P2 p >

as p — 0. This approach to estimating p may require a prohibitively large number of iterations n, a number which
depends on how small p is, which is generally unknown a priori.

If there is some probability measure @ and a likelihood ratio L such that P(A) = [, LdQ, then importance
sampling is a technique that can be used to skirt these issues. Motivated by estimating error probabilities in sequential
hypothesis testing, Siegmund [92] developed an importance sampler for tail events of the maximum of a random walk

based on the representation (1.1.7), namely

P(W > ) = P(r(t) < o0) = / e~ 4P = F [e=o5-0]
fr(h<cc}



This suggests performing Monte Carlo simulation using the likelihood ratio estimator Z(t) = e~“5~® sampled under P.
A single copy of Z(t) is generated by simulating the positive drift random walk {.S,, } until the first n such that S,, > ¢,
then setting Z () = e~ Note that on each iteration, one is guaranteed to see a nonzero estimate. Furthermore, using
Theorem 1.1.5,

\Z&(Z(t)) _ E [efzasfm] E [672a(5r(t)7t)] N E [e—QozB(oo)}
PW >¢)2 — P(W >t)? E [e—aB(oo)]2 E [e—aB(oo)]Q

< o0

as t — oo, where Var denotes variance with respect to P and B(00) is the limiting overshoot defined in (1.1.8). Hence
the estimator Z(t) has bounded relative error, ensuring that a smaller number of iterations is suitable in the Monte

Carlo procedure.

1.1.4 Branching Recursions

Chapters 2 and 3 concern the tail behavior of solutions to the branching generalization of (1.1.2), known as the high
order Lindley equation:

ngaX{Y, x (XZ-+W1-)}7 (1.1.10)

1SN
where {W; : i > 1} are independent copies of W independent of the vector (Y, N, X1, X5, .. .), which takes values in
R x N x R*°. Note that when we replace Y with 0 and NV with 1 in (1.1.10), we obtain the Lindley equation (1.1.2).
Although Lindley’s equation has a unique solution whenever E[X] < 0, there is no uniqueness in the branching case,
as shown in [68]. As the work in [12] shows, the solutions to (1.1.10) can be constructed using one special solution,
known as the endogenous solution [3]. The endogenous solution can be explicitly constructed on a structure known as a
weighted branching process [11, 90, 62], and other solutions can be obtained by adding different “terminal” values to
the leaves of a finite tree (see [12] and Section 2.1 for more details). From an applications point of view (e.g., the models
in [68, 87]), it is usually the special endogenous solution that is of interest. If W = log R, X; = log C;, Y = log Q,

equation (2.0.1) is equivalent to the random extremal equation

N
R2ZqQv (\/ C’Z—Ri>7 (1.1.11)

i=1
where the {R; } are i.i.d. copies of R, independent of the vector (Q, N, {C;}), where N € NU {00}, Q,{C;} > 0 and
P(Q > 0) > 0. These types of distributional equations and their simulation have received considerable attention in

the recent literature, although most of it has centered around the affine version of the equation considered here; see

[23, 27, 28, 40, 49, 55, 62, 63, 64]. We refer to the overview on this topic given in [31, 61].



To define the endogenous solution, we adopt the notation from [63] to define a marked Galton-Watson process.

To this end, let N} = {1,2,3,...} be the set of positive integers and let U = | J;— (N4 )" be the set of all finite

sequences % = (i1, 2, ... ,1,), where by convention NO. = {()} contains the null sequence (. To ease the exposition,
for a sequence © = (i1, 42,...,1;) € U we write
Zln - (ilai% LERE Zn)v

provided k£ > n, and 4|0 = () to denote the index truncation at level n, n > 0. Also, for 2 € A; we simply use the

notation ¢ = 4, skipping the parenthesis. Similarly, for ¢ = (iy,...,%,) we will use
(la]) = (Z-lv e ai'ruj)

to denote the index concatenation operation, and if ¢ = (), then write (3, j) = j. Let || be the length of index 4, i.e.,
li| = kifi = (i1,...,ir) € N%. We order U according to a length-lexicographic order <: ¢ < j if either |i| < |j], or
|¢| = |g| and i, = j, forr =1,...,¢t — 1, and i; < j; for some ¢t < |¢|.

To iteratively construct the weighted branching tree 7, let {¢; },.,, denote a sequence of i.i.d. random elements
in N x R>, where ¥; = (N;, Qs,C;1),C;,2), - .. ). For simplicity we denote ¢ = (N, Q,C1,Cy,...) = ¥y to
represent a generic element of the sequence {); }. The random integers { V; } ;c herein define the structure of the tree

as follows. Let Ay = {0},

Ay ={ieN:1<i< Np}, and

A, ={(in) €U € An1,1<i, <N;}, n>2, (1.1.12)

be the set of individuals in the nth generation. Thus to each node ¢ in the tree different from the root we assign the

weight C;, and a cumulative weight II; computed according to
IL;, =Gy, Wiy i) = Clinseesin) Wi sin 1) n>2,

where II = Iy = 1 is the cumulative weight of the root node. See Figure 1.2.

The random variable

R=\/ILQ; (1.1.13)

€T
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I, =C Il = Co I3 = Cs

1,2y = Cra,2yCh Hs,1) = C5,1)C3 3,3y = C(3,3)Cs
[ ) [ ] ® [ ]

1,1y =CanC 2,1y = C2,1)C2 I(3,2) = C3,2)C3

Figure 1.2: A weighted branching tree

is known as the special endogenous solution to (1.1.11). It is a relatively straight-forward exercise to check that indeed

this R satisfies (1.1.11). Equivalently, the endogenous solution to the high order Lindley equation (1.1.10) is given by

W=logR=\/ (S +Yi), (1.1.14)
€T

where Y; = log @); and

K
Si =logll; = ZXi\ja
j=1

with X; = log C; for each ¢ € T. The above display is recognizable as a branching random walk, i.e. the endogenous
solution to the high order Lindley equation is given as the maximum of a branching random walk with a pertubation
described by Y. As mentioned earlier, the high-order Lindley equation has in general multiple solutions, but before we
discuss those it is convenient to focus first on the so-called regular case, which corresponds to the existence of a unique

a > 0 satisfying
N N N
E|Y C¥|=E|> ™| =1 and E|Y CflogC;| =E > X;e*¥i| €(0,00). (1115

j=1 j=1 j=1 =1

As the work in [12] shows, other solutions to (1.1.11) can be constructed by using “terminal" values. More precisely,

consider the finite tree 7() = {3 € T : |i| < n}, and construct the random variable

R.B)=| \/ mQi|v < \V HiBi) :
ieT(n=1) i€A,
where the { B;} are i.i.d. nonnegative random variables, independent of all other branching vectors in T(=1)_ Then,

provided
lim z*P(B > x) =+ >0,

T—r 00

11



the random variable R(B) = lim,,_, o R, (B) is a solution to (2.0.3) (see Theorem 1(ii) in [12]). Note that the special
endogenous solution R given by (2.0.4) corresponds to taking the terminal values { B; } identically equal to zero, and
is known to be the minimal solution in the usual stochastic order sense (see Proposition 5 in [12]). Moreover, by

Theorem 1(i) in [12], R is finite a.s. whenever

sup z*(log z)' ™ P(Q > x) <
r>1

for some € > 0.

Besides observing that in applications [68, 87] it is usually the special endogenous solution that is of interest, it
is worth mentioning that it plays an important role in characterizing all the solutions defined through R(B), whose
distributions are given by

P(R(B) < z) = E [1(R < z) exp(—yW (a)z~ )], (1.1.16)

where W («) is the a.s. limit of the martingale W,, (o) := > II$ (see Theorem 1(ii) in [12]). The martingale

icA,
{W,(0) : n > 1} defined via

W (0) :=p,™ > TIY, (1.1.17)

icA,
where pg == F {Zjvzl CJQ } , is known as the Biggins-Kyprianou martingale [11, 72], and it plays an important role in
much of the weighted branching processes literature. Moreover, under additional technical conditions, all the solutions
to (1.1.11) can be characterized through (1.1.16) (see Theorem 1(iii) in [12]).
As an example illustrating the multiplicity of solutions to (1.1.11), consider the case when N = 2, C; = % for

i=1,2and Q = %, whose endogenous solution is given by
[e%¢) 1 n+1 1
€T n=0

Now note that if R' = (T'V 1)/2 where T has a Frechet distribution with shape/scale parameters (1, s), i.e., P(T <

x) = e 5/* for z > 0, then R’ is a (non-endogenous) solution since

N 2
1 1 (vl 1 TivIr p 1l
V/CR. ==v\/=- = 1, =_(1vT)=R.
@ \_/1 T3 \:/1 5 2 2 max{ 2 V)

Furthermore, by setting B = T'/2 we can identify R’ with
L L 1 B; | T; D1 o
R(B) = HII_EI;OR"(B) = nh_)ngo§ \ <€\£ 2n> = nh_}rrolo§max {1, .6\4 Qn} = 5(1 vT)=R.

2 n 2 n
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The condition (1.1.15) is the branching version of the Cramér condition on the moment generating function
discussed in Section 1.1.2. Under this condition (among others), a tail asymptotic analogous to the Cramér-Lundberg
asymptotic was established in [62, 64] for the endogenous solution to (1.1.10). In particular, the methods of Goldie

[49] we extended to give the following generalization of (1.1.9).

Theorem 1.1.6. Let W be the endogenous solution to (1.1.10) given by (1.1.14) for some (Y, N,{X;}) with N €
NU {oo}, X; € R for each i and P(Y > —o0) > 0. Suppose there exists j > 1 with P(N > j) > 0 such that the

measure P(X; € dz, N > j) is nonlattice, and that (1.1.15) holds for some o > 0 such that

(i) £ [e"“y] < oo, and

.. N X, « . N X /(14€) I+e .
(n)E[(Zi:le 1) }<oozfa>10rE (Zizle“ i E) < ooforsome) <e<lifa<l

Then,

P(W >t)~ He ™ as t— oo,
where 0 < H < oo is given by

. E |:an V. \/ZI\;1 e (XitWi) _ Zf\;l ea(Xi+Wi):|

)

akF vazl XieaXi}
where in the expectation in the numerator, {W,;} are independent copies of W independent of (Y, N, {X;}).

If we consider the Laplace transform

pg=FE

N
E e@Xi
i=1

as a generalized version of the moment generating function in the nonbranching case, then the condition (1.1.15) says
that for some o > 0, p, = 1 and d% polg_,, > 0. Note that unlike with a moment generating function, po = £ [N]#1
in general. By convexity of p, the condition then says that py = 1 for exactly two values of 6, the larger of which is the
« in the theorem. See Figure 1.3 for an illustration of a typical situation. In particular, there is some 0 < § < « for

which pg < 1, which in turn implies that

E { max Xi] = lE
1<i<N I}

N 1
log (\/ eﬂXi>] < BlogE

i=1

N
Ze”i] <0 (1.1.18)

i=1

by Jensen’s inequality. Hence, W is the maximum of a (perturbed) branching random walk with negative drift on each

of its branches, which explains why the tail events {W > t} are rare.

13



Figure 1.3: The relevant situation for the branching Laplace transform

1.2 Large Deviations For Interacting Particle Models

The models studied in Chapters 4 and 5 are refered to as interacting particle systems. Here we discuss some foundational
asymptotic results about such systems and motivate the extensions of these basic models to those studied in subsequent

chapters.

1.2.1 Large Deviation and Laplace Principles

In this section we provide some basic definitions and examples in the theory of large deviations. In Chapters 4 and 5,
we prove large deviations principles for certain classes of interacting particle systems via weak convergence methods,
and here we motivate the methods therein.

Suppose { X, }nen is a sequence of random variables taking values in a Polish space S. Here and throughout, by a
Polish space, we mean a complete, separable metric space. We say that a function I : S — [0, oo] is a rate function if
it has compact level sets, that is, {x € S : I(x) < ¢} is compact in S for all ¢ € [0, c0). Often in the literature, I is
called a rate function if it is lower semi-continuous, i.e. the level sets are closed, and it is called a good rate function if
furthermore the level sets are compact. We will not be working with rate functions that are not “good,” and so we will

stick with the former terminology. The following gives the definition of a large deviation principle (LDP).

Definition 1.2.1. The sequence {X,, } nen is said to satisfy a large deviation principle on S with rate function I and

speed a,, — oo if both of the following hold.

(a) The large deviation upper bound: for each closed F' C S,

1
limsup — log P(X,, € F') < — inf I(x),

n—oo Qn zeF
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(b) The large devation lower bound: for each open G C S,

lim inf 1 log P(X,, € G) > — inf I(x).

n—00 Qp zeG

Formally, such a result says that, for large n and Borel sets A C 5,
P(X,€eA)~ e ninfrea I(@)

That is, the rate function quantifies the exponential rate of decay of the probabilities P(X,, € A) asn — co. A large
deviation principle can be seen as a refinement of a law of large numbers (LLN) in the sense that it quantifies the rate of
convergence to the law of large numbers limit.

In Chapters 4 and 5, we are interested in LDPs for empirical measure processes, i.e. sequences

n 1 =
=1

where { X, } take values in a space .S and 4, denotes the Dirac measure at z, i.e. §,,(A) = 1(x € A) for measurable sets
A. For the simple case of an i.i.d. sequence {X;}, the LLN behavior of such objects is governed by the well-known
Glivenko-Cantelli lemma. For a Polish space S, let P(S) denote the space of probability measures on .S with the

topology of weak convergence.

Theorem 1.2.1 (Glivenko-Cantelli). If{X,, : n € N} are i.i.d. random variables taking values in a Polish space S,

each with distribution p, then, as n — oo,
I ,
- E dx, = p as. inP(9).
n
i=1

Recalling the definition of convergence in P(.5), the above says that

1 n

S o [ fan
nia S

for all continuous and bounded f : S — R. See [21, Lemma 3.2] for a proof.

In the theory of large deviations, particularly that for empirical measures, one of the basic objects is the relative

entropy function. For i € P(S), the relative entropy R(-||u) : P(S) — [0, o0] is given by

s log (Z—Z) dy ify < p,

00 otherwise,

R(yllp) =
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where v < p denotes absolute continuity of  with respect to u, and Z—Z denotes the Radon-Nikodym derivative of ~y
with respect to 4. It is easy to check that, in fact, R(y||u) > 0 for v, u € P(S). The following result, known as Sanov’s

theorem, is one of the fundamental results in large deviations theory.

Theorem 1.2.2 (Sanov). If {X,, : n € N} are i.i.d. random variables taking values in a Polish space S, each with

distribution L, then the sequence
1 n
— E (SX“ n €N,
n-
=1

satisfies the large deviation principle on P(S) with rate function 1(-) = R(-||1s) and speed n.

Chapters 4 and 5 uses weak convergence methods to prove large deviation principles for certain interacting particle
models. A reformulation of a large deviation principle, called a Laplace principle, is particularly convenient for the
application of weak convergence methods. Let I be a rate function on S. A sequence {X,, } taking values in S is said
satisfy the Laplace principle on S with rate function I if, for all bounded continous functions F' : S — R,

lim - log E {e*an”X")} = — inf (F(z) + I(x)). 1.2.1)

n—00 Ay z€eS

It is well known [98] that for a given rate function I, a sequence { X, } satisfies the Laplace principle with rate function
I if and only if it satisfies both the large deviation upper bound and the large deviation lower bound with rate function 7,

However for completeness we provide a proof in the Appendix.

Theorem 1.2.3. A sequence {X,,} satisfies a large deviation principle on a Polish space (S, d) with rate function I

and speed a,, if and only if (1.2.1) holds for all F' € Cy(S).

1.2.2  Weakly Interacting Diffusions

Here we motivate the models studied in Chapters 4 and 5 by describing some special, simple cases. Consider a particle

whose state is subject to some driving force and a random disturbance and can be described by an SDE of the form
dX(t) =b(X()dt +o(X(t))dW(t), t>0, (1.2.2)

where X (t) indicates the state of the particle at time ¢ and W is a Brownian motion of appropriate dimension. A system
of n particles could be described by a system of n equations of the type in (1.2.2), driven by mutually independent noise
terms, however to describe real physical systems of multiple particles, the interaction between particles is natural to
consider. As noted by Tanaka and Hitsuda in [97], certain second order partial differential equations (PDEs) that describe
physical systems, such as Boltzmann’s famous equation in the kinetic theory of monatomic gases [66], are related to

certain nonlinear Markov processes that are described through the mean field limit of a collection of weakly interacting
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particles. By the mean field or weak interaction of n particles whose states are described by X (¢), Xa(t), ..., X, (t),

we mean an interaction that is given through the empirical measure process
() =~ §5X,-(t)a t>0, (1.2.3)

where 0, is the Dirac measure on the appropriate measure space. For a measurable set A, 1" (¢, A) is then the proportion
of particles that are in a particular state described by A at time ¢. The contribution of each particle to the sum in (1.2.3)
diminishes as n becomes large, and it is in this sense that the interaction is considered “weak.”

When considering a weakly interacting particle system, one is usually interested in the asymptotics of ™ (¢) as
n — oo. In the case of n particles each described by (1.2.2) with mutually independent Brownian motions W7y, ..., W,,,
the states of the particles are independent, and the LLN asymptotics of p"(t) are governed by the Glivenko-Cantelli
Lemma given in the previous section. The rate of convergence, as given by the corresponding LDP, is described by
Sanov’s theorem.

Extending (1.2.2) to include a weak interaction leads to the system of SDEs
dXi(t) = b(X(t), " (1)) dt + o (Xy(t), p" (8)) dWi(t), t=0, 1<i<n, (124)

where {W;} are mutually independent Brownian motions. That is, the dynamics of each particle at time ¢ depends on
the state of that particle and the states of the other particles through 1™ (t). Models like these (as well as those studied
in Chapters 4 and 5 are often referred to as weakly interacting particle systems and have been extensively studied,
see [82, 18, 32, 33, 96, 85, 94, 51, 91, 83] and many others. Originally motivated by problems in statistical physics,
in recent years such systems have arisen in many applied probability problems such as stochastic networks [5, 52],
information theory [15, 16], mathematical neuroscience [10], population opinion dynamics [50], nonlinear filtering
[71, 34], and mathematical finance [46, 47], among others.

As an example, we consider the model in [33] on R<:
dX(t) = b(Xi(t), " (1)) dt + o (Xi(t)) dWi(t), t>0, 1<i<n, (12.5)

where " (t) is the empirical measure of X (¢),..., X, (t) and {W; : i € N} are mutually independent Brownian
motions on R?. Under the condition that ;" (0) — jo in P(R?) for some fig, there is a deterministic P(R¢)-valued

process u(-) such that

p () = pl),
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and this limit can be characterized as a weak solution to the Mckean-Vlasov equation

L ut) = L)), u(0) = o (1.26)

where £* denotes the formal adjoint of the operator

1< s d 9 .
L(p)f(z) = 3 E aij(m)i@xlaxlﬂm) + E bi(z, p) 8xzf(x)’ a(z) = o(z)o(z)",
i,j=1 Lt i=1 ¢

for smooth f : R* — R. The PDE (1.2.6) is interpreted in the weak sense. That is, for smooth test functions f with

compact support,

/0 (f, u(s)) ds = {f,pu0) + / (L(u(s)) . (s)) d,

where (f, j1) denotes [ f dp.
In Chapter 4, we consider the case where the system is driven by a common noise. Consider for simplicity
the following elementary model where the limiting dynamics are described by Freidlin-Wentzell asymptotics: let

{X¢ : ¢ > 0} be the family of processes on a Polish space S (typically R? for some d) described by
dXe(t) = b(X°(t)) dt + /e dW(t), t>0. (1.2.7)

We are interested in the asymptotics as € — 0, and for this reason we say the noise is “small.” The rate at which the size
of the noise decreases is governed by /¢, however we note that as long as the size goes to zero, the LLN limit is not

changed by different rates. Indeed, suppose X¢(0) = xo € S for each € > 0. Then rewriting (1.2.7) as
t
XE() = 0 + / B(X(s)) ds + VEW (£),
0
one can show that if b satisfies appropriate conditions (e.g. it is a Lipschitz map), then { X : € > 0} is tight, and along

every subsequence, X° = z, where z is the unique solution to the ordinary differential equation

d

%x(t) =b(z(t)), =(0)= zo. (1.2.8)

While the /e rate does not affect the law of large numbers limit, one expects that the rate at which the driving noise
gets small changes the rate at which that limit is reached, which can be made precise by establishing a large deviation

principle for {X*©}.
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To illustrate what a large deviation principle looks like when there is interaction in the system through a small
noise, let C([0, 7], R¢) denote the space of continuous functions from [0, 7] — R? for some 7', d < co equipped with
the supremum norm. It is well known that the sequence { X} satisfies the large deviation principle (as € — 0) on

C([0,T],R%) with speed £~ rate function

=3[

Consider now the setting where instead of a single SDE one has a system of n equations as in (1.2.5) where each

2

d
dt.

Zolt) = be(®)

equation has in addition a common small Brownian motion, i.e. a term of the form x(n)dB(t) where B is Brownain
motion and x(n) — 0 as n — oo. Once again one expects that the law of large number behavior of the associated
empirical measure does not depend on the manner in which x(n) — 0, but that the rate at which this convergence
occurs, as quantified by a large deviation principle, does depend crucially on the properties of . Chapter 4 addresses
such questions by establishing large deviation principles for a broad family of weakly interacting diffusions with small

common noise under various types of conditions on x.

1.2.3  Control Representations

The starting point for the work in Chapters 4 and 5 are certain variational representations for exponential functionals
of Brownian motion established in [17]. The above models are driven by a finite-dimensional Brownian motion
{W(t) : 0 <t < T}, and so, with proving a Laplace principle in mind, we are interested in a representation of the

quantity
—log [e_f(W)} ,

where f : C([0,7],R%) — R is a bounded and measurable function. Suppose that {F(t) : 0 < t < T} is a usual
filtration on a space (€2, F, P) (namely it is right continuous and has all null sets) relative to which W is s d-dimensional
Brownian motion on [0, T]. A process {X (¢) : 0 < t < T'} is said to be progressively measurable with respect to F(t)

if for each ¢, the map from ([0,¢] x Q, B([0,t]) ® F(t)) to (R%, B(R?)) given by
(s,w) — X(s,w)

is measurable. Denote by A, the set of all F(t)-progressively measurable R%-valued processes {v(t) : 0 < ¢t < T}

T
/ ||v(s)||2d51 < 00.
0

We refer to Ay as a space of controls. We then have the following (see [17, 20]).

such that

E
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Theorem 1.2.4. If f : C([0,T],R%) — R is a bounded and Borel-measurable function, then

. ||v<s>||2ds+f(W+/0'v<s>ds)]-

To illustrate the usefulness of the above theorem, consider the generalization of the model in (1.2.5) analyzed in

s ] < g 5

[22], where for each n € N, the particles (X7, X7, ..., X) are are driven by the independent Brownian motions

{W;} on R%:
AXT (1) = BXT (), 1™ (8)) dt + (XTI (t), 1 (1) dWit), te[0,T], 1<i<n.

Suppose for each n € N, existence and uniqueness holds in the strong sense for the above model. Then there is some
Borel-measurable map h" = (A7, ..., hl') such that for each 1 < ¢ < n, a solution is given by
X(w)=h}(W(,w)) forae. w,

?

where W = (W1, ..., W,,). Hence, if F': P(R?) — R is bounded and continuous, and
frO=F =D oo |
i=1
then (nf™) : C([0, T],R¢) — R is bounded and Borel-measurable, and
1 —nF (") 1 —nf(W)
—flogE[e H }:—flogE{e }
n n

The limit in n of the left hand side above is what we want to analyze to establish a Laplace principle for x4, and the
right hand side is the subject of Theorem 1.2.4. Then under some change of measure, an application of Girsanov’s

theorem says further that if u; € Ay, 1 <i <mn,

W, +/ wi(s)ds, 1<i<n,
0
is a d-dimensional Brownian motion. Hence the controlled system

dX7(t) = b(X]' (), i" (1)) dt + o (X} (t), 1" (1)) AWi(t) + o (X7 (8), B" () wi(t) dt, ¢ €[0,T], 1<i<mn,
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where fi" (t) denotes the empirical measure of (X7(¢),..., X" (t)), has a unique strong solution that satisfies
X['(-,w) =hl (W(.,w) + /0' u(s,w) ds) for a.e. w,
where v = (uq,...,u,) € A,q. Furthermore, for F and f™ as before,
E [f” <W + /0. u(s) ds)} = E[F(z")],
and so, applying Theorem 1.2.4,

1 n
——logE [e*"F(“ )} = inf F
n u€EA,q

1 "/T 9 _
— ui(s)||“ds+ F(p™)| .
2”; ; [[ui(s)] (")

Now a Laplace principle can be obtained by analyzing the weak limit points of the processes on the right hand side of
the above display. Such a representation is the basis of the proofs in Chapters 4 and 5.

Large deviation proof methods based on control representations naturally result in corresponding control represen-
tations for the large deviation rate functions. In order to motivate the representations of the rate functions that show up

in Chapters 4 and 5, we begin with the following elementary setting. For fixed z € R™ consider the empirical measure

1 n
i=1

for independent m-dimensional Brownian motions {W; } on the time interval [0, T']. By Sanov’s theorem, {"} satisfies

a large deviation principle on P(C([0,T],R™)) with rate function I given as
I(v) = R(Y[l6=), v € P(C([0,7],R™)), (1.2.9)

where C([0,T],R™) is the space of continuous functions from [0, 7] to R™ equipped with the uniform topology, 6,
denotes the Wiener measure with initial value z, and the quantity R(7||6,,) denotes the relative entropy of  with respect
to 0, defined in Section 1.2.1

The corresponding control representation for the rate function, although notationally more demanding, is useful
when studying more general settings. For a Polish space S, we will denote by B(S) the Borel o-field on S. Let R
denote the set of all finite measures r on B(R™ x [0, T) such that »(R™ x [0,¢]) = ¢ for all ¢ € [0, T]. This space is

equipped with the topology of weak convergence. Let R; C R be defined as

Ri=<(reR:
R™ x[0,T]

lyll r(dy, dt) < OO}~
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Then R, is a Polish space when equipped with the the Wasserstein-1 metric. Under this metric, r,, — r in R if and

only if 7, — r as a sequence in R and mex[o,T] yra(dy,dt) = [pm. 0.7 Y 7(dy, dt). Let
Z1 =X X Ry x W, where X =W = C([0,T],R™),
and denote by (X, p, W) the three coordinate maps on this space, namely
X rw)=¢ pErw) =r, W(Erw =w, (Erw)eEZ.

Define
Zl = {@ € 'P : Fo

/ IIyIQp(d%dt)} < 00} :
R™ % [0,

where Eg denotes expectation on (Z1,B(Z1),0). Let £ denote the subset of Py(Z) consisting of probability
measures © such that, under ©, W (¢) is a standard Brownian motion with respect to the canonical filtration F; =

o{X(s), W(s),p(A x[0,s]); A € B(R™),s < t},and a.s.
X(t)== +/ yp(dy,ds) + W (t), 0<t<T. (1.2.10)
R™ x[0,t]

Then the rate function I in (1.2.9) has the following alternative representation:

. 1
()= inf  Eels / lyll?pdy, ds) |, (1.2.11)
R™ X [0,T]

0€&:[0)1=y 2

where [O]; is the marginal of © on the first coordinate. Viewing p as a (relaxed) control, the right side of the above
display gives a representation for the rate function as the value function of a stochastic control problem in which the
goal is to produce a state process X with a specified law ~ using the state dynamics (1.2.10) and a (nonanticipative)
control process p which has the least cost, where the cost is given by the expectation on the right side of (1.2.11).
The above interpretation is a useful point of view and analogous stochastic control representations can be given
more generally. Consider for example the case where we are given an i.i.d. collection of d-dimensional diffusions

{X; : i € N} described through the stochastic differential equations

X;(t) :x—i—/o b(X(s)) d8+/0 o(X;(s)) dW;(s), (1.2.12)
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where = € R? is an initial condition, and where for simplicity we assume that the coefficients b : R? — R? and

o : R? — R¥*™ are Lipschitz functions so that the equations have a unique pathwise solution. Letting
n_ 1 Zn: 19 (1.2.13)
m = n et Xis ol

the rate function associated with the LDP for u™ on P(C([0,T], R?)) takes the same form as (1.2.11) except X' =
C([0,T],R9) and the class &; is now the collection of all probability measures in P (Z;) under which W is as before

and (X, p, W) are related as

Xt)=z+ /0 b(X(s))ds + /0 o(X(s))dW(s) + /R o(X(s))y p(dy,ds).

m % [0,t]

Note that the system of equations in (1.2.12) has no interaction between particles. The models considered in
Chapter 4 concern particles that interact partly through a driving Brownian motion that is common to all particles. We

can introduce this small amount of coupling between the equations to the model (1.2.12) as follows:

XI(t) =z + /0 B(XP(s)) ds + /0 (X (s)) dWi(s) + r(n) /0 a(X7(s)) dB(s), (1.2.14)

where B is a k-dimensional standard Brownian motion independent of {W;}, o : R? — R%** is a Lipschitz map, and

k(n) — 0 as n — oo. In this case, since {X]" : 1 <4 < n} are not independent, the large deviation behavior of
n_ 1 i 1) (1.2.15)
o nia g -

cannot be deduced from Sanov’s theorem, and in fact this behavior crucially depends on the manner in which x(n) — 0.
The measures ™ in (1.2.13) and in (1.2.15) converge to the same LLN limit but the rates of convergence as measured
by the large deviation rate function are different. Indeed, as an elementary corollary of Theorems 4.1.1 and 4.1.3 in
Chapter 4, the convergence rate for different choices of the small noise coefficient «(n) can be characterized (see
Remark 4.1.3). Specifically, when x(n) = n~'/? the rate function is governed by a different type of stochastic control
problem than (1.2.11) that can be described as follows. For ¢ € L2([0,T], R¥), the space of square-integrable functions
from [0, T into R, let &[] denote the subset of Py (Z;) consisting of all probability measures under which W is, as
before, a m-dimensional Brownian motion with respect to the canonical filtration {7}, and the coordinate processes

X, p, and W are related to ¢ through the equation

Xt)=z+ /0 b(X(s))ds + /0 o(X(s))dW(s) + /R o(X(s))y p(dy, ds)

mox [O,t]
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+/0 a(X(s))p(s)ds.

Then the rate function I(-) associated with the empirical measures ™ in (1.2.15), with x(n) = n~1/2, is given as

1
1) = Baly [ vl eldy.d
R™ % [0,T

I )
b5 [P, a2
0

inf inf
SOELQ([OaT]ka) 0e& [90]:[9]1=’Y

where L2([0,T],IR*) denotes the space of square integrable functions ¢ : [0,7] — R¥. The right side of (1.2.16) is
once more the value function of a stochastic control problem, however this time there are two types of controls. One
of the controls, represented by p, is random and nonanticipative and arises from the aggregated contributions of the
individual Brownian noises, whereas the second control, represented by ¢, is nonrandom and corresponds to the small

common Brownian noise that impacts all particles.

1.3 Contributions

The results of Chapter 2 can be viewed as a generalization of the Cramér-Lundberg asymptotic and Siegmund’s
algorithm in two directions, the main one being to the case of branching random walks. Historically, the asymptotic
derived in terms of ladder heights for the random walk predates the use of Goldie’s implicit renewal theory, which is a
more robust method in the sense that it allows for a perturbation and is applicable to branching recursions other than
Lindley’s equation. For the branching case, the asymptotic was established (along with that for other recursions) by
extending implicit renewal theory as discussed in the previous section. The main goal of Chapter 2 then is not to prove
the asymptotic result, but rather to approach the problem by deriving a representation (2.1.5) that generalizes (1.1.7),
which can be analyzed via direct renewal theoretic arguments, obtaining an alternate expression for the asymptotic
constant. The other, potentially more important consequence of such a representation is that out of it falls an importance
sampling estimator for the branching recursion in the spirit of Siegmund’s algorithm. While there exist methods for
approximating branching recursions with non-branching ones to arrive at simulation schemes (see e.g. [29]), previous
analysis, including the asymptotic result itself, does not allow for an unbiased, strongly efficient (in the sense of bounded
relative error) sampler for the tail probabilities P(W > t).

The use of a spine change of measure on the underlying weighted Galton-Watson process is a natural way to arrive
at a representation that mimics the non-branching scenario, since such a change of measure results in “tilting” a single
path down the tree. While the formulation of the product martingale used to construct the change of measure in Chapter
2 is non-standard, the work of Lyons [76] suggests that there is a connection with the standard Biggins-Kyprianou

martingale [11, 72] used frequently in the branching process literature. Change of measures that tilt a single branch of
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a Galton-Watson process have been used also in other contexts [77], however they have not been exploited to obtain
efficient rare event samplers as is done here.

The second generalization of the classical Cramér-Lundberg theory that appears in Chapter 2 is to the case of the
perturbed random walk, both non-branching and branching. The inclusion of the perturbation precludes the use of ladder
height analysis in the renewal-theoretic results, and we opt instead to use the Markovian nature of the branching process
to apply a suitable Markov renewal theorem. While the asymptotic behavior of tail events of the perturbed random
walk on R have been studied and correct asymptotic decay rates have been established [6], as noted in Remark 2.1.2(b),
the change of measure has been applied incorrectly in the literature. Hence, a more minor contribution of Chapter 2
is that it provides the equivalent representation to (1.1.7) for the perturbed random walk as well as the corresponding
importance sampling estimator.

The representation (2.1.5) and the structure of the tree under the change of measure (namely that it tilts one path
while leaving the distribution elsewhere invariant) opens up the possibility for even more efficient rare event sampling
schemes to be developed. In fact, this is what is done in Chapter 3. In particular, a sampling scheme is developed
therein with computational complexity that does not depend on the offspring distribution of the Galton-Watson process,
where complexity is measured in terms of the number of input random vectors to the high order Lindley equation that
need to be generated. The unbiased algorithm in Chapter 2 requires the simulation of a tree up to a generation on the
order of ¢ for a single estimate of P(W > t), resulting in a computational complexity that is exponential in ¢. On the
other hand, the biased algorithm in Chapter 3 has complexity that is linear in ¢, enabling efficient sampling even when ¢
or the mean of the offspring distribution is very large.

The large deviation analysis of Chapter 4 is done for an interacting particle system that is a combination of models
that have been previously studied. In particular, the model concerns weakly-interacting Brownian particles that are
driven by both independent and small, common sources of noise. Such systems with a “common factor’” arise in many
fields, including in neuroscience, where they model systematic noise in the external input to neuronal ensembles [43],
and in mathematical finance, where they model global sources of risk [30]. Additionally, an interacting particle model
approximation of Feynman-Kac functionals is considered. The main contribution of Chapter 4 is to specify the large
deviation rate function in terms of those for each of the two contributing models, and describe how it changes with the
rate at which the common noise vanishes.

The large deviation principles are proved for the empirical measures of the particles as n, the number of particles,
increases, and the rate function is shown to take qualitatively different forms when the small noise scales as n~" for
r<1/2,7=1/2,andr > 1/2. In particular, in the < 1/2 regime, the rate function corresponds to that for the model
dominated by the independent sources of noise, and when r > 1/2, the rate function looks like the rate function that
appears in Friedlin-Wentzell small-noise asymptotic results. The » = 1/2 case is balanced and yields a rate function

that is the sum of each contributing part.
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The model in Chapter 5 is simpler, consisting of a weakly-interacting particle model driven by independent, small
sources of noise. In addition to considering the large deviation behavior of the empirical measures of the particles,
a large deviation principle is also established for certain functionals of the particle states called stochastic currents,
which a.s. take values in certain negative fractional-order Sobolev spaces. A joint large deviation principle for the
empirical measures and stochastic currents for a simpler version of this model was already established in [88], but the
contributions of Chapter 5 are improvements upon this result in several ways.

The first is that weak convergence proof techniques are employed to significantly reduce the length of the proof.
These techniques also easily allow us to consider a more general version of the model that includes a non-constant
diffusion coefficient that includes interaction among the particles. In particular, this also allows for degeneracy of the
diffusion coefficient, unlike in [88]. Additionally, the LDP in [88] for the stochastic currents is proved in the weak-x
topology on the appropriate Sobolev space, and we use Sobolev embedding techniques to establish the LDP in the
much stronger norm topology. The main technical challenge to this last improvement lies in using weak convergence
arguments when Sobolev spaces with the norm topology lack certain compactness properties that usually hold in this
context. This is overcome with the standard technique of slightly widening the time domain and proving auxiliary

compact embedding lemmas.
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CHAPTER 2

Importance Sampling For Maxima on Trees

This chapter concerns the SFPE
W 2 max {Y, max (X, + Wi)} , 2.0.1)
1<i<N

where the {W;} are i.i.d. copies of W, independent of the vector (Y, N, {X;}), with N € N, which is known in the
literature as the high-order Lindley equation [12, 64, 68, 87]. The special case of N = 1 and Y = 0, known as the
Lindley equation,

W 2 max {0, X + W}, (2.0.2)

is perhaps one of the best studied recursions in applied probability, since it describes the stationary distribution of the
waiting time in a single-server queue fed by a renewal process and having i.i.d. service times; see the discussion in
the Introduction, and see Asmussen [7] and Cohen [25] for a more comprehensive overview. If we replace the zero in
(2.0.2) with a random Y we obtain a recursion satisfied by the all-time supremum of a “perturbed" random walk, where
the Y denotes the perturbation. This type of distributional recursion was analyzed, for example, in [6, 53, 61]. The
branching form (2.0.1) appears in the study of queueing networks with synchronization requirements [68, 87] and in
the analysis of the maximum displacement of a branching random walk [12].

Given both the theoretical and practical importance of the special endogenous solution to (2.0.1), the focus of this
paper is the study of its asymptotic tail behavior, i.e., P(W > t) for large ¢. Recall from Theorem 1.1.6 in Section 1.1.4

that tail events for the endogenous solution to (2.0.1) decay exponentially, i.e., provided there exists o > 0 such that

N

Zeaxilzl and 0<E

i=1

E

N
Z eO‘X”’Xi] < 00,

i=1

then

P(W >t)~ He ™, t — o0,

as established in [64] using implicit renewal theory [49, 62, 63]. However, the constant /1 provided by the theorem

is implicitly defined in terms of W itself, making its interpretation even less obvious than in the non-branching case.

27



Hence, the goal of this chapter is to provide an alternative representation for P(IW > t) yielding: 1) an unbiased
and easy to simulate algorithm for P(WW > t) for all values of ¢, and 2) an alternative expression for H that better
reflects the behavior of the underlying weighted branching random walk leading to the event {WW > ¢}. The main
tool enabling our first goal is a new interpretation of the measure [Zfil e?Xil(X; € dx)} appearing in the renewal
theoretic approaches for establishing the existence of H [31, 60, 74, 75, 12, 62, 63] in terms of a distinguished path
of the branching process, with which we form a change of measure. The second goal, that of obtaining an alternative
representation for H, is attained by applying the Markov renewal theorem from [4] to our representation. The proposed
simulation algorithm yields an unbiased and strongly efficient estimator for the probability P(W > t), much in the
spirit of the importance sampling approach provided by Siegmund’s algorithm for the Lindley equation (see Section
1.1.3). Importance samplers were also constructed in [14, 27] for the tail distribution of the solution of an affine version
of the equation (when N = 1), in [92] in the context of sequential analysis, in [48] for Markov chains and semi-Markov
processes, and in [26] for Markov-modulated walks. For general review on rare-event simulation we refer the reader to
[13, 19].

The change of measure we propose is of independent interest, since it formally differs from the typical one
encountered in the weighted branching processes literature. It is constructed along a random path {J, },>¢ of the
underlying weighted branching process, which we refer to as the spine, and changes its drift while leaving all other
paths unchanged. The likelihood martingale L,, = H;:Ol Dy, used in our approach is constructed as a product of
certain random variables D; along the spine, and it is different from the Biggins-Kyprianou martingale W, (<) defined
in (1.1.17), which is constructed along the ‘width’ of the tree. Finally, our change of measure approach also provides
important insights into the exponential asymptotics described by the implicit renewal theorem [49, 64].

Most of the analysis in this chapter is done in terms of the multiplicative version
N
REZqv <\/ CiRi> (2.0.3)
i=1

of (2.0.1), where Y = log Q, X; = log C;, and W = log R, and in terms of the corresponding multiplicative random
walk. Recall from Section 1.1.4 the construction of the weighted branching process and the tree 7 constructed from
i.i.d. copies

{’l,bi NS U} = {(Qi;Nia{C(iJ)}jZl) NS U},

where U is the set of all finite strings of positive integers. Also recall that the endogenous solution to (2.0.3) is given by

R=\/ ILQ;, (2.0.4)

€T
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where IT; = H?Zl C;|; when |i] = k.

Our analysis of R will rely on a set of assumptions satisfied by the generic branching vector ¢ = (N, Q, Cy,Cs, .. .).

Condition 2.0.1. (N, Q,C4,Cs,...) is nonnegative a.s. with N € Ny U {oo}, and P(Q > 0) > 0. Furthermore, for

some o > 0,
(@) BT, C2| =1and E[L), G log G € (0,0),
(b) E [Zivzl Cf] < 1forsome 0 < 8 < aand E[Q%] < oo,

(c) P(Zﬁlcgzo)zo,

(d) The probability measure n(dx) = E {Zf;l C¢1(log C; € dx)| is nonlattice,

(e) B [(2, 08)1og* (@ v, cr)] < .

Since the approach followed here is different from the one used in the implicit renewal theorem found in [64], our
assumptions for establishing the representation of the constant in Theorem 2.3.1 are slightly different. In particular,
conditions (c) and (e) are new. Condition (c) will be needed to ensure that our change of measure is well-defined, and
condition (e) will guarantee that the positive part of the perturbed branching random walk has finite mean under said
change of measure. On the other hand, the implicit renewal theorem requires the following assumption, which we use
only for the positivity of the constant in Theorem 2.3.1.

1+e
Condition 20.2. F |(L, C)a] <ooifa>1land E {(ZLC?/““’) } < oo forsome 0 < ¢ < 1if

O<a<l

Observe that apart from these assumptions, the dependence structure in the vector 1) is arbitrary.

2.1 Change of Measure Along a Path

Note that for any path ¢ originating at the root of 7, we can define a random walk by setting S; = log II;. Moreover, by
letting Y; = log Q;, we obtain that

W =logR=\/(S;i +Y:) @2.1.1)
€T

represents the maximum of a perturbed branching random walk.

Since our goal is to analyze the tail distribution P(WW > t) (equivalently, of P(R > t)) for all values of ¢, the key
idea of our analysis is to apply a change of measure to the perturbed branching random walk under which the event
{W > t} for large ¢ is no longer rare. This is exactly the usual approach for studying the maximum of the standard

random walk under Cramér conditions (i.e., the existence of a > 0 such that £/ [eaX ] =landO< FE [X eX ] < 00).
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However, in the branching case the change of measure is not as straightforward as in the non-branching case, where we
use the exponential martingale to define it (see Section 1.1.2).

Note that under the condition £ [Zf\;l cr } < 1 for some 3 > 0, the paths in the tree 7 have negative drift (see
the calculation (1.1.18)). The change of measure we seek is obtained by making the drift of one path positive. Starting
at the root, we will pick this chosen path by selecting one of its offspring at random, with a probability proportional to
its weight raised to the a power. This procedure will allow us to define a suitable mean one nonnegative martingale to
induce a change of measure on the entire tree. As we will show later, the change in the drift will not affect any subtrees
whose roots are not part of the chosen path, allowing us to isolate the (small) set of paths responsible for the rare event
{W > t}.

More precisely, let Jy = () denote the root of 7. We now recursively define the random indices along the chosen

path, {Jy : k > 1}, as follows:
. Clr i) .
P(Jk:(Jk—laZ)‘z/)Jk,l) = —" ISZSNJ]C,17 k217

where
N;
Di=3 Clin
r=1

for any ¢« € U, with generic copy D = Zfil C¢*. From now on, we will refer to this chosen path along with its
offspring and sibling nodes as the spine. Note that the sequence of indexes {Jj : k > 0} identifies all the nodes in the
spine, with node Jj denoting the one in the kth generation of 7.

We now use the spine to define a mean one nonnegative martingale for our change of measure. To this end, define
k—1
Lo=1, Ly=][Ds, k>1,
r=0

and note thatif we let F, = o(¢p; 1 1 € A, s < k)and Gy, = o(FrUo(Js : s < k)) fork > 1 and Fy = Gy = 0(9),

then
E[Lk|Gr—1] = Ly—1E [Dy,_,| Gr—1] = Li—1.

Therefore {Li : k > 0} is a nonnegative martingale with mean one, measurable with respect to the filtration
{Gk : k > 0}. Setting
P(A)=E[1(A)L], forAe G, andallk >0, (2.1.2)
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we obtain a new probability measure on G = o (U E>1 gk) (see Theorem 1.1.4(i)). Note in particular that b = 1)y

satisfies

P(y € B) = E[1(¢ € B)L,] = E[1(3 € B)D]

for Borel sets B.

Remark 2.1.1. (a) By Theorem 1.1.4(ii), P is absolutely continuous with respect to the measure induced by (2.1.2)

(b)

up to each finite time step k. Namely,

P(A) =E[1(A)LY],  Acgy,

and so the support of @ does not change under the new measure. In particular, we can write

P(Ly =0)=E[1(L1 = 0)L7'].

Since 1(Ly = 0)L7* € {0, 00}, it must be the case that P(L; = 0) = 0, which in turn must mean P(L; = 0) = 0.
The corresponding assumption is given by Condition 2.0.1(c). In particular, we assume that P(N > 1) = 1. Itis
common for conditioning that the tree does not die to appear in the literature in the context of spine changes of

measure. See, for instance, [89].

It is worth mentioning that both Goldie’s implicit renewal theorem [49] and the implicit renewal theorem on trees
[62, 64] allow P(L; = 0) > 0, which is precluded by Condition 2.0.1. Our current setting is less general because
it clearly identifies the most likely path to the rare event {W > t} in cases where it is solely determined by the
behavior of the spine. However, the implicit renewal theorems cover cases where the most likely path to the rare
event is somewhat different than the one we will describe, which translates into the same exponential decay but

with a different constant.

As mentioned earlier, the change of measure defined above only affects the drift of the random walk and the

perturbation along the spine. Moreover, it preserves the branching property, i.e., the independence between the vectors

{%; : i € T}. The following result formalizes this statement; its proof is given in Section 2.5. Throughout, we use the

. b
convention ), x; = 0 whenever a > b.

Lemma 2.1.1. Suppose Condition 2.0.1(a) holds. For any measurable set B € N x R, and any i € Ay,

k
P(Jy =i) = [[ BIC21(N > i),

r=1

ﬁ(w’tEBIz#Jk):P((NaQaclaOQa) EB)a
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N
P(p; € Bli=J;) = E [1((N,Q,C1,Cy,...) € B) Y CY
j=1

Moreover, under P, the vectors {%; : © € A} are conditionally independent given Gy, for any k > 1.

Recall that by taking the logarithm of the weights we can define a perturbed random walk along every path i € 7.
The one along the spine will be special, since it is the one being affected by the change of measure, and will be the only
one guaranteed to eventually exceed any level ¢. To make this precise, let us define X; = log C; and note that for any
1 € Ay,

Si=logll; = Xy + -+ X1 + X,

where the { X;|, }1<,< are independent of each other, although not necessarily identically distributed. To identify the

spine we use the notation X=X J. = log Cj,, identify the random walk along the chosen path by
Vi=Xi+--+Xp,  Vo=0, (2.1.3)

and use

& =Yg, =logQy,, §o =Yy = log Qy,

for its perturbation. The following result establishes that {V}, : k > 0} defines a random walk with i.i.d. increments and

positive drift.

Lemma 2.1.2. Suppose Condition 2.0.1(a) holds. For allk > 1 and x1,...x,y € RU {0}, we have

k

TG,

r=1

N
(Q<e")) cy

i=1

IS(X1§$17-~'7Xk§xk»§k§y):E

where

Gw) = S BUC < ¢, N2 )C] = B

=1

N
> 1(log C; < m)Cy
=1

In particular, the {X; : i > 1} are i.i.d. with common distribution G under P, E [\X 1 |} < 00, and have mean

" ﬂ&kﬂ

N
Z@%ﬂ%e@w)
i=1

We now explain how to compute the probability P(W > t) using the change of measure described above. We
start by defining the hitting time of level ¢ for the perturbed branching random walk defined by {(S;,Y;) : 4 € T},

which we denote y(t) = inf{i € T : S; + Y; > t}, where the infimum is taken according to the length-lexicographic
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< order defined in Section 1.1.4. We use v(¢) = |y(t)] to denote the generation in the weighted branching process
where the perturbed random walk along a path exceeds level ¢. Next, define the hitting time of level ¢ along the spine,
7(t) =inf{k > 0: Vi + & > t}.

Note that v(t) 4+ 1 and 7(¢) + 1 are stopping times for the weighted branching process with respect to the filtration
{Gr : k > 0}, and since it is possible for a path different from the spine to hit level ¢ before the spine does, then

v(t) < 7(t),

with equality possible, e.g. if J.(;) = ¥(t). Moreover, since W = \/, _(S; + Y3), it follows that

P(W >t) = P(u(t) < ).

The next step is to apply the change of measure and derive an alternative representation for P(v(t) < o). To
this end, observe that on the set {y(t) = 4}, we have N;,_; > i, forallr = 1,..., k and that {y(t) = 4, J = i} =

{7(t) =k, Jr) = ~(t) = i}. Also note that for i € Ay,

H'r =1 7,|7" (Ni|r—1 zir)

P(J, =i| F) =
172 Day

Therefore, since P (Jy, = | F,) = P (J; = 4| Fr+1), and since Hf;é D;j. > 0as. forall ¢ € Ay and all k, we have

e'P(W>t)=E

P IRLLICED

k=01i€ Ay
> ¢ LD
=) FE L(y(t) = d)e™ b - =~
Lic Ay II II l)ﬂr

,a(S H D'Llr (Jx = i fk+1)]
E|E| Y 1(y(t) = i)e S DL 1 (T, = 1)

]'—k+1H
1€EAL

i { Jrwy, T ()=k)e‘“(vf“>‘”Lk]. (2.1.4)
k=

I
It 0% 107
=
]
i

Now recall that although 7(¢) and |y(¢)| are not stopping times with respect to {Gy, : & > 0}, 7(¢) + L and |y(¢)| + 1

are. Hence, multiplying and dividing by D 5, we obtain

TP(W > t) = ZE[ =Jrw, T(t)+1=Fk+1)e —a(Vei—t) p~ 1Lk+1
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—E [1(7(75) = o), 7(t) < oo)e*aWth)D;j(t)] .

Since {V}, + & : k > 0} is a perturbed random walk with positive drift under P, we have the following.

Lemma 2.1.3. Under Condition 2.0.1(a)-(c), P((y) < 00) = 1 foranyy € R.

Hence, we obtain

CTP(W > t) = B |1(Jo = 7(:5))6704(%@4)1);71(”} . 2.1.5)

Note that the right-hand-side of (2.1.5) is an explicit function of the first 7(¢) generations of a weighted branching

process with a distinguished spine, which can be directly estimated using standard Monte Carlo methods, as discussed

in Section 2.4.

Remark 2.1.2. (a) Note that if Q is independent of (N, Cy,Cs,...), then we can use the filtration 7, = o(Qy),

(b)

(©

Fi =0 1€ A58 <k;Qj : j € Ag) and its corresponding G = F{, G, = o (F, Uo(Js : s < k)), with

respect to which both 7(¢) and v(t) are stopping times, and obtain the simpler expression

e(xtP(W > t) — E |:]~(JT(t) — »),(t))e—a(vﬂ-(t)—t) .

In the non-branching case (N = 1), equation (2.1.5) reduces to
P(W >t) = E [em®Vron], (2.1.6)

which we point out is different from equation (3.4) in [6], since their expression has V() instead of V) 1.
As explained earlier, 7(¢) is not a stopping time with respect to the natural filtration o(X; : 1 < i < n) of the
martingale L,,, so the change of measure argument in [6] needs to be modified (see Theorem 3.2 in Chapter XIII of
[7]). Once we consider the augmented filtration Fj, (which is equal to Gy, in the non-branching case) and apply the

change of measure up to the stopping time 7(¢) + 1, we obtain the expression given by (2.1.6).

The case where the () is bounded is also special in the sense of the theory needed for its analysis. In particular,
the exponential asymptotics of P(W > t) can be easily obtained without using the augmented filtration nor any
implicit renewal theory. To illustrate this we include in Section 2.5 (see Theorem 2.5.1) a very short proof of
Theorem 1 in [6], for the non-branching case. Since the focus of here is to obtain a more explicit representation for
the constant H obtained through the implicit renewal theorem on trees (Theorem 3.4 in [64]), we do not pursue the

bounded () case separately in the branching setting.

34



(d) Moreover in the case of a.s. bounded ), say P(Q < q) = 1, we can obtain a Cramér-Lundberg type of inequality
for P(W > t) by defining v*(¢) = inf{i € T : S; > t}, v*(t) = |v*(¢)|, and 7*(¢t) = inf{n > 1:V,, > ¢}, and
noting that both v*(¢) and 7*(t) are stopping times with respect to the filtration o ({(Ns, C5,1), C(5,2),...) : 1 €

Ag, s < k},{Js: s <k}). The same change of measure arguments used above yield for any ¢ > ¢ = log ¢:

PW >t)=Pw*(t—c) <v(t) <o)

IN

P(V*(t — C) < oo)
E [1(JT*(t—c) =~"(t — c))e’aVT*ufc)]

< E [e—a(VT*(t,c)—t-&-c) e—oz(t—c)

o —oat

q“e

IN

This inequality for all ¢ > ¢ holds under Assumption 2.0.1(a), and cannot be obtained using only the implicit

renewal theorem for trees in [64].

2.2 The Markov Renewal Theorem

As pointed out, the new expression provided by (2.1.5) can easily be estimated via simulation. however, it can also be
directly analyzed to obtain an alternative representation for the constant H in P(W > t) ~ He™“, ¢ — oo. The idea

behind this analysis is the use of renewal theory on the expectation

E [1(JT(t) = y(t))e—a(VTm—t)D;l

()]

Note that although the exponential term inside the expectation depends only on the random walk {V}, : k > 0} and its
hitting time of level ¢, the event {J ;) = 7(t)} depends on the history of the tree 7 up to generation v/(t). Hence, any
renewal argument would need to include the latter, which complicates matters since its exponential growth (whenever
E[N] > 1) implies it does not naturally renew at any point. However, intuitively, only the paths that branch out from
the spine close to the time when the spine is likely to reach level ¢ are likely to reach level ¢ at all. This means that it
should suffice to focus only on these paths, say a subtree of height m rooted at the spine that moves along the random
walk {Vj : k > 0}; see Figure 2.1a. Since the sequence of such height-m subtrees forms a Harris chain, the key to our
main theorem is the use of the Markov renewal theorem in [4].

To formalize this idea, we define the subtrees of height m rooted at node Jj, (the kth node along the spine)

according to:

m—1
7 = | Angee k20, 2.2.1)
n=0
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suoneIouas W

(a) The spine of 7. (b) The subtrees of height m rooted in the spine, 7;(7”),
k> 0.

Figure 2.1: The spine of 7 and the Markov chain consisting of subtrees.

where A, ; = {(¢,j) € T : |j| = n} is the nth generation of the subtree rooted at node ¢ (See Figure 2.1b). Focusing
on these subtrees rooted at the spine allows us to analyze the expectation E L(Jr) = y(t))e"'(vﬂﬁ’”D;Tl(t) using
the Markov renewal theorem in [4]. Note that even in the non-branching case (N = 1), the perturbations that the Q’s
represent make it difficult to identify clear regeneration epochs for the process {Vi, + & : k > 0}, which is a problem
that is solved by looking not only at the current value of V,, + £,,, but also at its m-step history. We give more details on

this idea and the intuition behind it in Section 2.5.

2.3 Main Result

Here we present the main theoretical result of this chapter. Recall p = E[X 1|=F Zi\il Clog Cy|.

Theorem 2.3.1. If (N,Q,C4,Cs,...) satisfies Condition 2.0.1 for some o« > 0 and W = log R, where R is the

endogenous solution to (2.0.3) given by (2.0.4), then
PW >t)~He ™™ as t— oo,

where
H = lim

m—»oo ap

If furthermore Condition 2.0.2 holds, then H > 0.

Remark 2.3.1. It it interesting to compare the expression for H in the theorem with its counterpart obtained through

the use of the implicit renewal theorem on trees (Theorem 1.1.6 in the Introduction and Theorem 3.4 in [64]), which
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written in terms of W under our current assumptions” becomes

E eO(Y Vi \/Z]\;1 ea(Xi"l‘Wi) _ Zfil ea(XL+W1)i|

, 2.3.1)
ap

where the {W;} are i.i.d. copies of W independent of the vector (N,Y, X, X5,...). As we can see, the two
representations are significantly different, despite the fact that they are necessarily equal to each other. However, the
representation given by Theorem 2.3.1 applies only to our setting where the rare event is determined by the spine,
which under P behaves very differently than all other paths in the tree, while the constant obtained through the implicit

renewal theorem on trees also works for the case where P(L; = 0) > 0.

~ +
Let H,, = (apu) 'E [(e“fm — ¢(Viza, (5i+yi)_vm)) DJ:L} . The rate of convergence of H,, — H can be
shown to be geometrically fast when we add a slightly stronger assumption on the distribution of /N than in Condition

2.0.1. More precisely, as a consequence of the proof of Theorem 2.3 we have the following.

Corollary 2.3.1. Suppose Conditions 2.0.1 and 2.0.2 hold, and in addition suppose that

E[N|=E < oc.

N
NY cp
i=1

Then, there is a constant 0 < ¢ < 1 such that

\H — Hy| =0 (c™).

2.4 An Importance Sampling Algorithm

As discussed in Section 1.1.3, the same exponential change of measure used to establish the Cramér-Lundberg
asymptotic in the non-branching case is well-known to provide an unbiased and strongly efficient estimator for the rare
event probability P(WW > ¢) when ¢ is large. Throughout this section we assume that N < oo a.s.

To relate our estimator to the one used in the non-branching case, suppose first that the goal is to estimate the tail
distribution of the all-time maximum of the random walk S,, = X; + --- + X,, when E[X;] < 0. For large values
of ¢, estimating P(W > t) = P(sup,, S, > t) using the naive estimator 1(W > t) would require prohibitively large
sample sizes, since its relative error grows unboundedly, i.e.,

Var(1I(W >t)) P(W >t)P(W <1t)

= — t
PW > 1) PW > 1) co A tmreo,

*Theorem 3.4 in [64] allows @, and therefore R, to take negative values.
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However, whenever there exists o > 0 such that E [e®¥1] = 1 and E [X1e%*1] € (0, 00), Siegmund’s algorithm [92]

takes advantage of the representation
P(W >t) = E [e7*01(1(t) < o0)]

where the expectation is computed under the change of measure P (A)=FE [1(A)eo‘5"} for any set A measurable with
respect to o(X1,..., X,). Since under P the random walk has positive drift, P((t) < oo) = 1 and we obtain the
estimator:

Z(t) = e 0,
This estimator is known to be strongly efficient, in the sense that it has bounded relative error, i.e,

lim sup M < 00,
too P(W >1t)2
where Var (+) denotes the variance under P. Furthermore, since it can be shown that ¢ /7(t) — y = E [X1eo1] P-as.,
then computing Z(t) requires that we simulate around ¢/ steps of the random walk. For further details we refer to
Section 1.1.3 herein and Chapter VI in [8].

Our proposed simulation approach for the branching case follows the same ideas described above. However, the
issues we encounter while using a naive Monte Carlo approach are considerably worse, since simulating k generations
of a tree requires, in general, an exponential in £ number of random variables. Observe that in similar situations, the
population dynamics algorithm [3, 84, 86] has been used to construct dependent samples which still yield strongly
consistent estimators. However, our problem here is that we are interested in estimating the probability P(W > t) for
both moderate and large values of ¢, and in the latter case the size of such samples would again have to be prohibitively
large in order to obtain enough observations larger than ¢.

Alternatively, we could try to estimate the expectation in the asymptotic expression

E |:an v Vll\il (Xt We) Zfil ea(XiJrWi)] ot

P(W >t) ~ o e t — o0,

provided by Theorem 3.4 in [64], since the population dynamics algorithm could be used to efficiently and accurately
estimate the expectation involved. However, we would still have a bias due to the limit in ¢ that cannot be explicitly
computed, despite the availability of convergence rates in the implicit renewal theorem [65]. Instead, our proposed

estimator follows the idea behind Siegmund’s algorithm and is based on the representation

PW>t)=E [1(JT(t) = y(t))e—av,mD;Tl(tJ ,
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derived in Section 2.1. Note that by Lemma 2.1.3, under Condition 2.0.1(a)-(c) we have P(v(t) < 7(t) < co) = 1,
which suggests the estimator

Z(t) = 1T, = 4(t)e V"0 D31 | 24.1)

where the underlying tree 7 is simulated under the measure P up to the stopping time 7(¢) + 1.

Remark 2.4.1. By the discussion in Remark 2.1.2(a), when @ is independent of (N, Cy, Cs, . . .), the estimator
Z(t) = 1(Jr @y = y(t))e V) (2.4.2)

is also unbiased for P(W > t). This is the prefered estimator in this case since the D;l(t) in (2.4.1) is an unnecessary,
independent source of variability. In the case that both N = 1 and @ is independent of C1, (2.4.2) reduces to the

estimator in Siegmund’s algorithm.

As with the non-branching case, we expect the spine to reach level ¢ in about ¢/ steps, or equivalently, ¢/
generations of 7. The precise result is stated below; note that its proof is not a straightforward consequence of the

strong law of large numbers due to the presence of the perturbations.
Lemma 2.4.1. Under Condition 2.0.1, 7(t) — oo P-a.s. as t — oc. In particular, T(t) ~ t/ as t — 0o P-a.s.

Just as the estimator in Siegmund’s algorithm, our proposed estimator is strongly efficient, although under a

strengthened moment condition due to the perturbations.

Lemma 2.4.2. Suppose Conditions 2.0.1 and 2.0.2 hold, so that H > 0. If E [Q**D ™| < oo, then Z(t) as defined
by (2.4.1) has bounded relative error. If Q is independent of (N,C4,Cs,...) and E [QQQ] < 00, then Z(t) in (2.4.2)

has bounded relative error.

In Table 2.1 we present an algorithm for simulating one copy of Z(t) for fixed ¢ > 0. At the start, we assume we
have computed the value of « such that E [Zfil C,g)‘} = 1 as well as the corresponding tilted distribution for the nodes
along the spine under P, and that we are capable of simulating (N, @, Cy,Cs, ... ) both under P and under the tilted

measure. To distinguish the two distributions, let ’(,B = (]\7 , Q, C‘l, C‘g, ... ) denote a vector having the tilted distribution:

N

Iy eB)> C¢

i=1

P(peB)=P(p;€Bli=Jy)=E BCNxR™,

?

and let ¢ = (N, Q, C1,Cy, . ..) denote a vector having the original distribution under P; the simulation of the tree T

will always be done under P.
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Table 2.1: Importance Sampling Algorithm

1: Input: ¢ >0
2:  Output: A single copy of Z = 1(J ;) = 'y(t))e""VTU)D;Tl(t)
3:  Generate (N,Q,C1,...,Cn) 21/;
4:  Choosej € {1,...,N} w.p. C’;‘/Zf\il C¢and set Jy < j
5: SetY =logQand S; < logCjforj=1,...,N
6:  Initialize Sp < 0, Yg < Y, 2+ 0, Jg < 0
7 while S; +Y; < tdo
8: Update 7 <— min{j : 4 < j}
9: if i = J|; then
D -
10: Generate (N;, Qs,Ci1),---»Claing)) :Nfz/:
11: Choose 5 € {1,..., N;} w.p. C(az.,j)/ doith Cfiy- and set Jjj 41 (Jy5,9)
12: else
13: Generate (Ni, Qi,Cinyy - C(i,Ni)) L P
14: end if
15: Set YV; < log Q; and S(i,j) + S; +log C(i,j) forj=1,...,N;

16: end while
17: ifz = JM then

18: Set Z + e~5 | Zfil Chii
19: else

20: Set Z <+ 0

21: endif

22:  Output Z

2.4.1 Examples

We now illustrate the use of our proposed simulation algorithm by providing some examples for which both the random
vectors 1 and 9 can be easily simulated. The particular form of the change of measure poses a simulation challenge
since the tilt introduces dependence between N and the {C; } even if none exists under P. We start with three generic

approaches for simulating 1& and then provide more concrete examples.

Example 2.4.1 (Acceptance-rejection for bounded C’s, part I). When the C; are a.s. bounded, an acceptance-rejection
algorithm based on the original distribution of ) under P can be employed to generate a sample of 1; Suppose that

C; < b; a.s. for each ¢ and note that

:P(N:n)ZE[CﬁN:n]’

i=1

P(N=n)=E

N
(N =n)> Cf
i=1

so that

]S(Qedy,N:n,él edxy,...,C, € dxy,)
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1(Q € dy,Cy €dxy,...,Cp € dzy) Y CF

=1

N:n]

- E[1(Q € dy,Cy € dxy,...,C, €dxy) > C¥| N =n]
= P(N =n) E[CYN =n] | - . - i=1 Y
(; ' > im1 E[CY|IN = n]
~ E[1(Q edy,Cy €drr,...,Cpedry) > CYN =
:P(N:TL) [ (Q Yy 1 J’jn‘l x)Z'L—l l‘ n]
2o E[CYIN =n]
Thus, the conditional density of (Q, C’l, e C,L) given N = n can be dominated as follows:
Z?:l x;l
f@,éﬁ ,,,,, én\N:n(ya LTlye- ,l‘n) = Z:‘L:l E[Cla“v — ’I’L} nyCl:qunlN:n(y7 T1y--- axn)
S b
< =1 _ T,
> Z:L:l E[C?|N:n}fQ,Cl,...,C"|N71’L(y7$17 y L )
where fo ¢, ,....c,,|N=n denotes the conditional density of (Q, C1, ..., Cy,) given N = n with respect to P. Hence, after
obtaining N = n by simulation, an observation of (Q, Ci,. .., én) can be obtained by using an acceptance-rejection
procedure where we simulate U from a Uniform[0, 1] distribution and (@, C1, . .., Cy,) according to fg ¢, ..., [N=n>

independent of each other, and then set (Q, Ch,.. ., C’n) =(Q,C,...,Cp)if

Zi:l b’L

The acceptance probability given N = n is oo bf?‘)_l.

=1 "1

Example 2.4.2 (Acceptance-rejection for bounded C’s, part II). Suppose that rather than having each of the C;
be bounded individually, we have that D = Zi\; C¢ < bas. Now let Z ~ Pareto(a, 1) be independent of

(N,Q,Cy,...,Cn),and let fg ¢,

.....

.| N=n be the conditional density of (Q, C1,...,Cy) given N = n with respect

to P, as in Example 2.4.1. Now note that the conditional density of (Q, Ci,..., C’n) given N = n satisfies

fo.64,..cniN=n W21, an) dyday - - - dy,
_ BE[1(Qedy,Cy €day,...,C, €dr,)D|N = n]

E[D|N = n)
B [1(@ edy,Cy €dxy,...,Cp € dxn)b_lD‘ N = n]
- E[b-'D|N =n]

E[1(Q e dy,Cy €dxy,...,Cp € dxy,)1(Z > b/D)| N = n]
P(Z* >b/D|N =n) ’

where we have used the observation that P(Z* > b/D|D) = D/b and P(Z® > b/D|N = n) = E[D/b|N = n.

Therefore, after simulating N = n, we can obtain (Q, C1, . .., C,,) by generating Z ~ Pareto(a, 1) and (Q, C1, ..., C,,)
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according to fg ¢, ...c,,|N=n» independent of each other, and then setting (Q, Ch,..., C’n) =(Q,C4,...,Cp) if

.....

Z > (b/D)'/%. The acceptance probability given N = nis P(Z > (b/D)Y/*) = b~ 1,

Example 2.4.3. [A mixture representation] The change of measure induces a mixture density in the following way. If
a > 01is such that £ {271\;1 C’f‘] = 1, then define the values {p; ,,,i < n,n € N} by
E[C2IN = 1]

pi,n = n o € [07 1]
Ej:l E[Oj |N =n]

Then,
P(N =n,Q € dy,C; € day,...,C, € dzy,)
N
=E|1(N =n,Q €dy,Cy €day,...,C, €dxy) Y CP
1=1
=P(N =n)Y_ E[(C; € dz;)CP|N = n]P(Q € dy,C; € dx;, j #i|C; = x;, N = n)
=1
=P(N =n)>_ pinfin(r:)de; P(Q € dy,C; € dxj,j #i|Ci = z;, N = n),
=1
where

E[1(C; € dz)C{IN =n]  2%f; () d
E[C¥|N = n] ~ E[CPIN =1

fm(a:) dx =

is the tilted marginal density of C; conditional on N' = n, while fin is the marginal density of C; conditional of N = n
under P.

Suppose now that ﬁn specifies a distribution that can be efficiently simulated, and that it is possible to simulate
the vector (Q,C1,...,Ci_1,Cis1,...Cy) given {C; = 2, N = n} under P. Then, conditional on N = n, the tilted
vector (Q,C1,...,C,) can be simulated by picking i € {1,...,n} according to the distribution {p; , : 1 < i < n},
generating C; according to ﬁn and then generating {Q, C’j, j # i} according to the conditional distribution of

{Q.,Cj,j # i} given {C;, N} under P.

Consider the special case when the {C;} are i.i.d. and N, @, and {C;} are mutually independent. Then,

~ o nP(N =n)
P(N=n)=E 1(N:n)j§::10f =N n>1, (2.4.3)
since o is such that E[N]E[C{] = 1. Hence, under the tilt, N is the sized-biased version of N. Furthermore,

Dinm = 1/n, ﬁn = f and f; , = f for all ¢ and n and some densities f, f- So upon simulating N according to the

size-biased distribution, the {C1, ..., C,} can be simulated by picking i € {1,...,n} uniformly at random, simulating
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C; according to
()
E[CY]”

f(2)
and simulating the rest of the {C’j : j # i} according to f. In this case the distribution of @ is invariant under the tilt.

Having now described three general methods for simulating the generic branching vector 15 under the tilt induced
by measure P for nodes along the spine, we now give some more concrete examples that lead to explicit distributions

for both 1) and 15

Example 2.4.4. [The branching version of the M /M /1 queue] As mentioned earlier, the special case of (2.0.1) when
N =1 corresponds to the Lindley equation satisfied by the single-server queue. In particular, if we choose X = x — 7
where y and 7 are exponentially distributed and independent of each other, we obtain the M /M /1 queue. This choice
of X is known to be closed under the change of measure induced by P, in the sense that it remains a difference of two
exponentials (but with different rates). As one would expect, this canonical example for the non-branching case is also
valid in the branching one. Specifically, suppose that the {C; : ¢ > 1} are i.i.d. and independent of N, with each of
the C; = eXi~ 7, where the {(x;,7;) : ¢ > 1} are i.i.d. copies of (x, 7), with x and 7 exponentially distributed and
independent of each other.

Suppose 7 has rate A and x has rate 6, for which we have

2
flx)=—— (xk_ll(x <1427 @ > 1)), x € (0, 00),
A+0
in Example 2.4.3. Then, we can simulate (1\7 N C’N) under P by first simulating N according to the size-
biased distribution of N (2.4.3), then pick an index i € {1,..., N } uniformly at random, simulate each of the

{C’j 1) #£i} L {C; : j # i} through an inversion transform for each of the 7; and x;, and then simulate C; = exi—mi

according to the tilted density given by:

iy 20 f(@)  (0-a)(A+a)
1@ = e =g+

(l,aJr/\fll(l, < 1) + x*(‘g*a)fll(x > 1)) R MRS (0,00),

which corresponds to simulating x; ~ Exponential(f — «) and 7; ~ Exponential(\ + «), independent of each other.

Example 2.4.5 (Identical C"’s). We now give three examples for which C; = C for all ¢ > 1.

(a) Suppose ), N, C are mutually independent, C' ~ Pareto(a, b) with shape a and scale b, and E[N] < b~%, where the
Cramér-Lundberg root o solves v = (1 — E[N]b®)a. Then under P, Q 4 @ is invariant and remains independent
of (]\7 Ne; ), the law of N is the sized-biased distribution given by (2.4.3), and Cis again Pareto independent of N

and Q but with shape a — « and scale b.

43



(b) Suppose Q is independent of (N, C), C' ~ Exponential(\), and conditional on C, N ~ Poisson(C) + 1. Then

after tilting, the law of Q remains invariant, Q remains independent of N and C , N has mass function

nAl(n + «)
(n — Y\ + 1)nte’

P(N=n)= n>1,

and conditional on N, we have C' ~ Gamma(N + a, A + 1).

(c) Suppose that @ ~ Gamma(2, /3), with shape 2 and rate 3, and N ~ Geometric(1/2) with support on N, are
independent, and conditional on (N, @), C ~ Gamma(N + 1,2Q). Under the tilt, Q ~ Gamma(2 — a, ),
conditional on Q, C' ~ Gamma(a + 2, Q), and conditional on (Q, C),N ~ Poisson(@é’) + 1.

Example 2.4.6. [C’s on the N-simplex] Let B ~ Gamma(a, b), with shape a and rate b, let N have an arbitrary

distribution that is independent of B, and let N and (1, ..., On) be such that

N
Zﬁi =1L
i=1

For example, conditional on N, (81, ..., n) ~ Dirichlet(0) for some concentration parameters @ = (61,...,0y),
i.e., each [3; has a marginal Beta (Gi, Zgzl 0, — 91) distribution. Then let « be such that E[B®] = 1, let C; = Bﬁ;/a
for 1 < i < N, and let () be arbitrarily distributed independent of everything else. Then « is the Cramér-Lundberg root

since
N

2o

i=1

N

> BB,

i=1

E —E = E[B*] =1.

Under P the vector 15 = (1\7 , Q, C’l, C’g, ... ) remains in the same family of distributions, i.e., the marginal laws of N
and Q are invariant, B is tilted to B ~ Gamma(a + a, b), and the C; are constructed in the same way using the same

B;. In this case, it is the particular dependence of N on {C;} that ensures the invariance of N , since

N

P(N=n)=E |I(N=n)Y C#| =E[l(N =n)B*] = P(N =n).

Figure 2.2 shows how {S; : i € T} behaves under P. In this simulated walk, N' ~ Bernoulli(1/4) + 1 independent
of {C;}, which are exponentiated i.i.d. differences of exponentials as in Example 2.4.4 with § = 5 and A = 1/4, and
Q = 1. On the tilted branch under P, N has the size-biased distribution Bernoulli(6/7) + 1.

2.4.2 Numerical Experiments

Here we implement two examples of the importance sampling algorithm. The first is the branching M/M/1 queue of

Example 2.4.4, in which we let x have rate 5 and 7 have rate 1/4, and we let N be a truncated Poisson random variable
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Figure 2.2: A branching random walk (without a perturbation) simulated under both P (left) and P (right).

with mean 2, i.e. N s K|K > 0, where K ~ Poisson(2). In this case & = 4.374, and we include a perturbation
Y ~ Exponential(9) independent of (N, {C;}), so that @ is a Pareto random variable with enough moments to ensure
F [QQO‘] < oo and provide our estimator with bounded relative error (see Lemma 2.4.2). Under the tilt, IV has its
size-biased distribution Poisson(2) + 1, and the {C;} are simulated as described in Example 2.4.3, by picking one
uniformly at random and applying an exponential tilt. Since @ is independent of (N, {C;}), we use the estimator in
(2.4.2) (See Remarks 2.1.2(a) and 2.4.1). In Table 2.2 we show the numerical results, which include for a range of ¢
values the sample average Z(t) based on 10,000 copies of Z(t) and the standard error in the estimate. Additionally,
we give the average tree generation 7(¢) + 1 at which the algorithm terminates, the value of ¢/ for comparison, the
average time in seconds to generate one copy of Z(t), and the fraction of the estimates that are nonzero (i.e. the fraction
of iterations in which the algorithm terminated on the chosen path).

Figure 2.3a shows a plot of log Z(t) compared with the tail asymptotic log(He~**) over the range of values
in the table, where H is computed using the population dynamics algorithm [86]. As can be seen, the distribution

becomes indistinguishable from the tail asymptotic somewhere in the middle of this range. The terminal generation

Table 2.2: Numerical results for the branching M/M/1 queue, sample size 10,000

Branching M/M/1 queue: o = 4.374, ;o = 1.383
t Z(t) Std. Err. t/p Terminal gen. Time Prop. nonzero
0.5 0.037774 0.001241 0.36 1.39  0.002610 0.967
1 0.003025 0.000123 0.72 1.78 0.007702 0.980
1.5 0.000354  1.07147e-05 1.08 2.16 0.017536 0.983
2 3.90110e-05  1.43477e-06 1.45 2.52  0.029310 0.983
2.5 4.11873e-06  1.16323e-07 1.81 2.90 0.065747 0.985
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Table 2.3: Numerical results for C"’s on the [NV-simplex, sample size 10,000

C’s on the N-simplex: o = 3.328, u = 0.995
t Z(t) Std. Err. t/u  Terminal gen. Time Prop. nonzero
1.5 0.015785 0.000166 1.51 0.33  0.000235 0.998
2 0.003611  3.51666¢-05 2.01 0.78 0.000311 0.994
2.5 0.000613  6.60663e-06 2.51 1.33  0.000439 0.994
3 0.000116  1.21042e-06 3.01 1.84 0.000671 0.994
3.5 2.29240e-05  2.35959e-07 3.52 2.33  0.001058 0.992

of each estimator does not converge to ¢/u as quickly; the terminal generations listed are greater than ¢/ despite the
perturbation @@ > 1 which in this case can only cause the process S; + Y; to reach the level ¢ earlier than the random
walk S;. The large fraction of estimates that are nonzero in this example indicates that in almost all iterations, the level
t was first reached on the spine of the tree. In the case of i.i.d. C’s, only one offspring of each node on the spine is
chosen for the tilt, and this titled branch is then the most likely to be the next step in the spine, making the event that a
path off the spine hits ¢ first unlikely.

The second experiment is for C’s on the N-simplex, as in Example 2.4.6. We choose B ~ Gamma(1/4, 1), set «
so that E[B®] = 1, and then let C; = Bf}*, where the {$3; : 1 < i < N} are Dirichlet(1,.. ., 1) random variables
conditional on N. We let IV be uniform over {1, 2, 3} independently of B, and we take Q) = 2B, so that the perturbation
is positively correlated with the {C;}. As noted in Example 2.4.6, the change of measure tilts B, the distribution of N
is the same, and (@, {C;}) is generated the same way through B and {/3;}. Because of the dependence between () and
{C;}, the estimator we use is in its most general form (2.4.1). Table 2.3 gives the numerical results for a range of ¢
values and a sample size of 10,000 for each, and Figure 2.3b is a plot of log Z(t) and log( He~“*), where again H is
obtained using the population dynamics algorithm.

Again in this experiment, almost every estimator terminated on the spine of the tree. Unlike in the i.i.d. {C;} case,
the tilted B influences the C’s of every offspring of a node on the spine, so one might expect a significant percentage of
estimators to terminate on nodes off the spine but which have the spine in their recent ancestry. We do not see this likely
because () = 2B also is made larger by the tilt but only on the spine, and it seems that it is the perturbation Y; which is
causing the process S; + Y; to reach the level ¢ in almost every iteration. This tilted perturbation is likely also causing
the terminal tree generation to be smaller than ¢/ for these values of ¢, as it is greater than zero with high probability.

In each example, there is a range of ¢ values in the tail of the distribution for which P(W > t) is not yet
indistinguishable from the asymptotic behavior. The importance sampling algorithm presented here provides an efficient

method of simulating tail probabilities for these intermediate values of ¢ before the asymptotic behavior dominates.
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log P(W > t)

t t

(a) Log probabilities for the branching M /M /1 queue, (b) Log probabilities for C’s on the N-simplex, H =
H = 0.2390. 2.5180.

Figure 2.3: Log probability plots estimated two ways: black lines are the logs of asymptotic approximations He ™%t

and blue lines are the logs of the estimates Z(t).

2.5 Proofs

In this section we provide the proofs to all of our results. To ease its reading, we start first with the proofs of
Lemmas 2.1.1 and 2.1.2, which describe the distribution of the tree 7" under P. We then give the proof of our main
theoretical result and its corollary, Theorem 2.3.1 and Corollary 2.3.1, followed by the proofs of Lemmas 2.4.1 and
2.4.2 which are related to our importance sampling estimator. Finally, we end the paper with a short proof of Theorem 1
in [6] for the non-branching, bounded () case (Theorem 2.5.1). Throughout the remainder of the paper we assume that

Condition 2.0.1 holds for some o > 0.

2.5.1 The Distribution of 7 Under P

We start with the proof of Lemma 2.1.1, which provides the distribution of the generic branching vectors defining the
weighted tree 7. The distribution for vectors on the spine is different under P and P, whereas that of vectors off the

spine remains the same.

Proof of Lemma 2.1.1. We will start by deriving an expression for the joint distribution of the vectors 1); along then
spine. To do this, fix ¢z € N’jr and let By, B1,...,Br € N x R* be measurable sets. Next, note that the event

{¥4r € B, ,7=0,...,k, Jp = i} is measurable with respect to G 1, and therefore,

P (i, € By ,r =0,...,k, Jj, = 1)
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E|
E
=E[1 (i, € Bryr=0,...,k—1, Jy = i) Ly E[1 (3; € By) D;| Gy]]
E
E|

(
1 (i) € By,r=0,....k—1, J, = 1) Ly| E[1(¢ € By)D]
l(wz\r €B.,r=0,....k—2, Jp_1 :(i|k—1))Lk_1

[

Now note that by letting j = (¢|k — 1) we obtain

E[1(%sjk-1 € Br—1, Jp = %) Dy, _, | Gr—1]
= E[1(v; € Bj_1, offspring i), of j is chosen)D;]
CGiin)
= E |1(¢; € Br—1,N; > i) - Tk - Dj
J

= E[1(¢ € By_1, N > i)Cf | .
It follows that

E[1 (i, € Bryr=0,...,k—1, J, = i) Ly]

=E[1 (s €Br,r=0,....k—2, Jp_1 = (ilk — 1)) Ly—1] E [1(¢ € Bj—1, N > i)C}']
k
=E[1 (g € By, Jy =i1) L] [[ E[1(4 € B,_1, N >i,)Cf]
r=2

k
=[[E[1(¢ € B,, N > i,)C?].
r=1
‘We conclude that

k
P (¢i|r €B,.,r=0,...,k J, = z) = FE[1(y € By)D] H E [1(¢ €B,._1, N> z’r)C’fi] . 2.5.1)
r=1
In particular, by setting B, = N x R* forall » = 0,1, ..., k, we obtain the first expression in the statement of the
lemma, i.e.,
B k
P(Jy =i) = [ BN > i,)CP].
r=1
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Similarly, by setting By = Band B, = N x R* forallr =0,1,...,k — 1, we obtain the third expression:
N N
P(; € Bli = Jy) = E[1(¢ € B)D] = E | 1((N,Q,C1,Cs,...) € B) Y C§
j=1

To obtain the corresponding expression for nodes off the spine (the second expression in the statement of the

lemma) note that the same conditioning approach used for a node on the spine gives, for any 2 € N ’j_ and any measurable

B C N x R,
P(3i € BiJi #4) = E[E[1(; € B; Ji # ) Ly | Gi]
= E[LyE[1(v; € B)|Gk|E [1(Jx # ) D, | Gi]]
= P(y € B)E[1(Jy # ) Ly41]
= P(p € B)P(J) #4).
Therefore,

P (; € B|J, #£1i) = P(3 € B) = P(N,Q,C1,Cs,...) € B).

The conditional independence of the vectors {1; : ¢ € Ay} given G_1 follows from the branching property under P.

This completes the proof. O

We now give the proof of Lemma 2.1.2, which gives the distribution of the random walk defined by the nodes

along the spine.

Proof of Lemma 2.1.2. Recall that Xr=X 7, =logCy, and & = Y, = log @, . By conditioning on all possible

paths that could be chosen to define J; we obtain

-ﬁ(Xlgxlv"'vngxkvngy)

= Zﬁ(Xlgxl,...,ngxk,kay, szz)

i eNk
1eNT

Z ﬁ(cul <€, L Oy S €7, Qi < €Y, Iy = 1)

ieNk
k
=Y PQ<e)][E[UC, <e™ N >i,)CP]
ieNk r=1

=P(Q<e")Y E[C;, <e™ N >i)CR] - Y E[1(C;, <e™, N >i,)Cf]

i1=1 in=1
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N

Q<Y cp

i=1

=F

where in the third equality we used (2.5.1) and the independence of (3|, and ;1. To compute the mean of the Xi’s

note that

N
1(log C; € dz)C}

i=1

=F

Bl = [ ot = [ jalm

— 0o —00

N
> Clog G|
i=1

Now choose 0 < 8 < « such that I/ [Zfil cr } < 1 and note that since log™ C; = 0 when C; > 1,

E{X{] —E

N
Z Colog™ C;| < sup 2% Pllogz|E
= 0<a<1

N
ZCZB] < 00.

i=1

For the positive part note that by Condition 2.0.1(a) we have E [Zf\il C¢log C’l} € (0, 00), and therefore

N
E[X] = EB|Y crogci| + B [ X7 ] < .
i=1
Finally, since both E [)A(f} and E [Xﬂ are finite, we have E [Xl} =F {sz\; Cflog C;| € (0,00). O

2.5.2 Proof of Theorem 2.3.1

We now move on to the proof of our main theorem, which is obtained by applying renewal theory to compute the limit
of

E [1(Jr =A@ Vo =9D3! .

The proof will rely on several preliminary results, the first of which establishes the almost sure finiteness of 7(¢) under

P (Lemma 2.1.3). Throughout this subsection we assume all parts of Condition 2.0.1 hold.

Proof of Lemma 2.1.3. The sequence {V},} satisfies the strong law of large numbers
Va/n—u>0 P-as.

Note that Condition 2.0.1(c) ensures that &y has the same support under P that under P, hence, since P(Q >0)>0,
there must exist an € > 0 such that P(Q) > €) > 0, and therefore, 15(62 > €) > 0. Hence, under P, the random

times Ty = inf{i > 0: & > loge} and Tyyq = inf{i > T}, : & > log e} are finite P-a.s. for all k > 0; moreover,
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Ty — 400 P-as. as k — co. Focusing on subsequences along the indexes {T}, : k > 0} gives

Vi Vi 1 ~
lim inf m > liminf Y1, Tlog¢€ =u P-as
k—o0 k k—o0 Tk

Since
sup (Vo + &) > sup (VTk +¢&p,)  Paas,
n>0
and P (sukaO(VTk +&n,) > y) =1 for all y, the result follows. O

The next thing we need to establish is an upper bound for E |le—aVey—t) D;}(t)} , since this quantity will appear

in various places throughout the proof of Theorem 2.3.1.

Lemma 2.5.1. Under Condition 2.0.1, we have for anyt € R,
£ e—a(Vrim—t p=t }
E o T ZO Eu (2.5.2)

where u(x) = e**P (Y > z) is d.R.i. on R. Moreover,

lim sup E e V=o—t)p71

t—o00 JT(t)

} < Fle?. (2.5.3)

Proof. Note that

E|: —a(V.,.(t) t)D 1 ]
0!

=E[e" D7 1(&>1)]+ > E [1 («5?35 Vit & <t <V,+ £n> (V"‘t)DJj}
n=1

= E [e*' D3 1(& > t)]

+ Z E [1 <0<%1<3X Vi + &k < t> AnmOE [1 (Vi +&n > 1) D;"1'| gn]]
=1
< ZE[u(tf V)]s
n=0

where

u(z) = e E [1(& > J:)D;Ol] =e*P(Y > ).

We will now show that u is d.R.i. on (—o0, 00), and we start by proving that  is integrable. To see this note that

/OO u(x)de{/oo e 1Y > z)dx :@<

— 00 — 00
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Now note that for any h > 0,

o0 oo

Z sup u(y) < Z VR Py > ph)
i ye(nh,(n+1)h] 2=
> nh
< Z eQahe(“P(Y > x)dx
ne_oo Y (n=1)h

= e2°‘h/ u(z)dr < oo,

— 00

so by Lemma 1.1.1(31), v is d.R.i.
To complete the proof use the two-sided renewal theorem (see Corollary 1.1.3 in the Introduction or Theorem 4.2

in [9]), to obtain
lim S B fu(t — V)] = 1/ w(w)de — 21971, 0

t—o00 «
v JT . 0

Corollary 2.5.2. There exists a constant 0 < B < oo such that for any t € R,

+

e P(W >t) < Be @07,

Proof. By (2.5.3), there is a tg > 0 such that sup,>,, E e—a(VT<t>—t)D;1(

()

] < 2E[Q%]/(ap) < oo. Since
for t < 0 we have the trivial bound e**P(W > t) < e=(=t" and for t > t, we have etP(W > t) <
E [e‘a(vﬂﬂ_”D;jm < 2E[Q%]/(cu), we can take B = max {e“*, 2E[Q%]/(ayt)} to obtain the stated inequal-

ity. O

We are now ready to move on to the application of the Markov renewal theorem. Let S(™) denote the state space
of weighted trees of height m having a path identified as its spine, and define the Markov chain {M,(Lm) :n > m}in

S(M) ag follows:

m—1
Mm) = {1,[)1-:1'6 U Ak}U{JO,Jl,...,Jm},
k

=0
and

M = {1/% Qe 7;57")} UL, Tnsts s s}

for n > 0. Recall that

m—1
T = U Ak, and  Ag;={(2,J) €T : il =k}
k=0
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Note that with this notation we can write

I
sl

[17(0)] = 0, T2y = (1)) -0 D31 |

+ B [1(7(0)] = m —1,d.) =A(t)e -0 -0D5! ]

32 s3] £ )]
where
K (MGD,¢) = B [1(r(0)] = m = 1,5() = Jy)e 00051 i),

The key idea behind the proof of Theorem 2.3.1 is that E [K (anm)7 t)] can be analyzed using the Markov
renewal theorem (Theorem 2.1 in [4]). However, the use of this theorem is not immediate, since, as mentioned earlier,
the perturbations make it difficult to identify clear regeneration points. In comparison, when the perturbations are
not random (i.e., ()’s are constant), it suffices to focus on the generations where the ladder heights of the random
walk {V}, : k > 0} occur, since the crossing of level ¢ can only happen at these times. To solve this problem,
our approach relies on the observation that although the crossing of level ¢ does not need to coincide with a ladder
height of {V}, : £ > 0}, and the perturbed (branching) random walk does not regenerate when the ladder heights of
{Vi + & : k > 0} occur, we can ignore the effect of the perturbations by looking at a long enough stretch of the history
of the branching random walk along its spine. This history is what the Markov chain {Mf:_?n :n > 0} includes.

Our first technical result in this section will define a function that will appear in the derivation of a lower bound for

E [K (Mr(nm), t)] . Before we state it, we will need to define the following random variables. We use
wi=\"\ (Suq—Si+Yap), i€T, 2.54)
=0 (3,5)€EA54r
to define the maximum of the perturbed branching random walk rooted at node <. Note that if ¢ is not part of the spine,

then W; has the same distribution under both P and P. Now use the W; to define

Z, =&V max S —Vit+ W ), k> 0.
* gk (Jkﬂ;)?éJkJrl( SO k (kal))

Note that the Zj, is the maximum of the perturbation at the spine node Jj; and all the branching random walks that are

rooted at sibling nodes of Jj,. Intuitively, since under P only the spine has positive drift, the probability that any path
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that coalesces with the spine outside of 7;(7”) has a very small chance of ever reaching level ¢ for sufficiently large ¢ and

m. The function h,,, will be used to quantify how rare this event is.

Lemma 2.5.3. Under Condition 2.0.1, the function
hn(@) = E [1(Zo > w)e V=)'

is d.R.i. on R for any m > 2, and satisfies

e—oz(\/}n,+1—ZU)+

«

/_o;hm(a:)dx —F

+(Zo — Vm+1)+] < 00.

Proof. We start by showing that h,, is integrable, for which we note that

o0 — Zo +
/ hp(z)dx = FE / e WVm=2)" qp

— 00 — 00

=L

i +
/ e dy
Vim+1—2Zo

~ (Vm+17Z0)+ oo
=F / dy +/ e”“Ydy
Vim+1—2Zo (Vin41—Z0) ™

ea(Vm,+1Zo)+]

(07

I
sl

(ZO - V:m+1)Jr +

To see that E [(Zo — Vjny1) ] is finite first note that

E[(Zo = Vas1))T] S E[Z§ + (~Vinr) "] S E[Zf] + (m+ 1)E [(-V1)T].

By Lemma 2.1.2 we have E [(—V;)*] = E [)A(l_} < oc. For E [Z{], recall Q = ¢ and write

/ E|P| &V \/ (logCi+W;) >ty | | dt
0 iAJ,

E (%]

:/OOE 1(§0>t)+1(f()§t)P \/ l(logCi+Wi>t) Py dt
0 i£J

g/ E|l>t)+1|Q <e <> || dt
0 ;!
275.]1

+/ El1|@ v Y Ccr<e | > P(logCi+ Wi >t|Cy)| dt
0 i7$J1 74.7£J1
JF
~ 1
=F |&t il | gt
G+l les| o) -8
1/75.]1
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+/ El1|QYv Y Cr<e| Y F(t—logC)| dt, (2.5.6)
0

i#J1 i#Jy

where F(z) = P(W > z) and (2.5.5) is equal to E [é log™ (Qa Vi Cf’)} By Corollary 2.5.2, there exists a

constant B < oo such that F'(z) < Be~® for x > 0. It follows that (2.5.6) is bounded from above by

B/ E[1{Q vy Cf<e em(t=log Ci) | gy
0 > >

i#J, i£J

oo

=BE|>_ Cp / e dt

iy Flogh(QVE,y, CF)

B ~ —1 + e oo

=ZE|Y cpe™™ (QVEiss, )| <

«Q i ¢ ' -
i+

° W

It follows that
Blzf) <E|2oe [@ov o ]| +2
- o 27 ¢ «

<-F

B
+ — < oo,
«

QI

N N
> Cflog* (Q"‘ vy cg)
i=1 i=1

with finiteness provided by Condition 2.0.1(e).

It remains to show that h,, is d.R.i., for which we note that for any h > 0,

oo

sup hom (y
n=—o00 yE€(nh,(n+1)h]

= i E [1(20 > nh)e’a(VMH*(”Jrl)h)*}

n—=—oo

0 nh
<y / E[1(Zo > wpeoWrnmem2 | g

n——oo v (n=1)h

=E

(ZO - ‘/nb-i-l + 2h)+ + o

e*@c(Vm+172hon)+
< 00,

so by Lemma 1.1.1(31), A, is d.R.i. O]

We are now ready to formulate the expression to which we will apply the Markov renewal theorem.

Lemma 2.54. Foranyt € R and m > 2 we have

M8

B[ (- )] = 2o (1.0

b
Il

0
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ziﬁ[g (Mt = Vi) | - BZE m(t = Vi),

where B < oo is the constant from Corollary 2.5.2,

)
t1<Jm-1 Im—1

(M'r(r:n)7 ) = 1( max S +Y < t< ‘/m 1 +€m 1) —(Vin-1— t)D_ (257)

and

hn () = E [1(20 > x)e—a(vmﬂ_m)q _

Proof. Start by noting that

m—1

K (MG, 6) = 1) = m = 1,7() = dy)e 0 D3

+ B [1(r(®)] = m, A1) = Tr)e V00071 ||
o)
£ [1(8000) U] 2 moy(t) = Ty)e*V0-9D31 2]

where the A, ;) is the event that §; < ¢ and no subtree rooted at any of the sibling nodes of J; reaches level ¢ before

the spine does. Simply ignoring the indicator 1(A; - (;)) and regenerating at node J; yields the inequality

E {K (M(m> t)} _19( )} B [K (Mr(:l)pt—vl)]
< k_OE{ g (Mt =)+ B [k (Mt - Vo).

To further bound the last expectation, let s € R, and note that on {y(s) = J,(,}, no random walk on a path other
than the chosen one reaches level s before Vj, + £;.. Hence by ignoring these branches up to level m and restarting the
branching process at .J,,, with initial value V;,,, we have that

K (MG, 5) = B [1(3(s)] = m — 1,4(5) = Tom)e 70051

M|

S E |:1(’Y(S — Vm) = JT(S_Vm))eia(VT(S—Vm)i(‘g*Vm))’ Vm:|

="V (5 — Vin),
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where F'(z) = P(W > z) and we used (2.1.5). Moreover, by Corollary 2.5.2 we have that e*(*~Vm)F(s — V,,,) <

Be—a(VnL—S)+, so we obtain for any s € R,

K (M,gfﬂ, s) < Be=(Vm=9)" (2.5.8)
Now replace V,,, with V,,,+,, — V}, and s = ¢ — V,, in (2.5.8) to obtain that

B[k (M, t = V)] < BE [emomen0"].

m—+n?

To obtain a lower bound note that Af _ ) € {Zo > t}, since the event {Zy > ¢} states that either {, > ¢ or at least
one of the subtrees rooted at a sibling node of J; reaches level ¢ at some point (even if this happens after the spine

does). Hence, we obtain the following lower bound:

E[K M t)}
> E g (M, 0)| + B K (Mt -W)| - B [1Z0 > 0K (M0 - )]
B[ (o)) Bl ()] B [ (12, )

[

B[z >t-w) K( MO, VQ)} - [1(20 > K (M,(n"fl, fvl)}

- B (- )] B (i )]

k=0
_ ni:lE [ (Z >t—Vi)K ( 'r(nwj-)k-&-l’ - V’”l)} ’
k=0

To provide a bound for the last sum, note that by replacing V,,, with V,, 4 41 — Viy1 and s =t — Vi1 in (2.5.8) we

obtain

E [ (Zk >t — Vk) ( innl)kJrl, - Vk+1):| < E [1(Zk >t — Vk)Be_a(Verk*l_t)Jr}

= BE [l (t — V3],

where h,, (z) = E [1(20 > x)e—a(vm+1_m)+]

We have thus shown that for any n > 1

532 Bl v < B [ (.0] - 5 2o (v

< BE {e‘o‘(v’"+ﬂ'_t)+} )
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Monotone convergence and the observation that V,, — oo P-as. immediately yields

B[ ()] <55 2[o (e )]

k=0

To obtain the lower bound note that by Lemma 2.5.3 we have that h,, is nonnegative and d.R.i. on R, and therefore,

o E [Am(t — V)] < oo for all t € R. It follows that

B[ ()] > B [o (ot = )] = B3 ot i)
This completes the proof. O

In order to connect our framework with the notation in the Markov renewal theorem from [4], recall that the
X =V, — Vi1, n>1,

define the increments of the random walk along the spine, and note that {(M,(n”i)n7 X,,) : n > 0} is a time-homogeneous

Markov process that only depends on the past through {Mﬁﬁn n > 0}. Hence, we can define a transition kernel P

according to

m—4+n? m+n—+1 m4+n?

P( M AxB) P(M( ™ e A, X eB‘Mm) Xn)
for any measurable sets A C S(™) and B C R. Thus, {(an"_fn, Vi) : n > 0} is a Markov random walk in the sense of

[4]. Furthermore, by the way the process {M,:ﬁn n > 0} was constructed, it is mth-order stationary, in the sense that

for each n > 0 the law under P of (M,(ﬂ_)n, .. Méﬁl_n) is the same as that of (]\47%771)7 . Mém)) from which it
follows that the unique stationary distribution for the chain {Mnﬁ_)n n > 0} is given by
O e -
() = B | — Z% 1 (anjn ) -y (M,(nm) = ) . (2.5.9)

The idea is now to use Theorem 2.1 in [4], which states that provided that
() {(Méﬁn, V,) : n > 0} is a non-arithmetic and Harris recurrent Markov random walk, and

(i) g:S™ x R — R is a measurable function such that g(M,-) is Lebesgue-a.e. continuous for 7,,-a.e. M, and g

is d.R.1. in the sense that
o0

/SW > sup [g(M,y)|nm(dM) < oo

n=—oo YE(n,n+1]
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then, it will follow that

. ~ = (m) B _ 1 / /
lim E nz:%g(Mner,t V) =TeT 5] s [ (M, ) da (4

The non-arithmeticity of {(Mﬁﬁ)n, Vy) : n > 0} follows from the non-arithmeticity of {V,, : n > 1}, which is
ensured by Assumption 2.0.1(d) (see Lemma 2.1.2). To see that {M,Sl"jr)n : n > 0} is Harris recurrent note that by
construction, M™) s independent of {M,(LT)QW Mr(ﬁrl%m 41,--- ) forall n > 0, and therefore, by letting Q denote the

m—+n

transition kernel of { M/, ,(n"_"_)n :m > 0} and Q7 its corresponding r-step transition kernel, we have

Q" (M0, A) = P (M, € Al ML) = P (MU € A) = (),
which satisfies the definition of a Harris chain (see Chapter VII Section 3 in [7]) with regeneration set R = S (m),
probability measure A = 7),,, and € = 1.

The last ingredient before applying the Markov renewal theorem of [4] to our situation is to show that the function

g defined by (2.5.7) satisfies the necessary conditions. The corresponding result is given by the following lemma.

Lemma 2.5.5. Let g : S x R — R be defined by (2.5.7). Then, under Condition 2.0.1, g(M, ") is Lebesgue-
a.e. continuous for ny,-a.e. M, and g is d.R.i. Moreover,

«

/ / 9(M, z) dx 1 (dM) = —E {D;ﬂl (eaﬁmfl - ea(maxwmfl<Si+Yi>*Vm—1)) }
St J oo r—1

< 00.

Proof. We start by showing that g(M, ) is Lebesgue-a.e. continuous. To see this, let M € S (m) " identify its m

generations, all its weights, and its spine. Then note that
g(M,t) =1(a(M) <t < b(M))c(M)e™

for some fixed numbers a(M ), b(M) and c(M). Therefore, it is Lebesgue-a.e. continuous.
It remains to show that g is d.R.i., for which we note that for any M € S (m) for which we have identified its

generations, weights, and spine, we have

oo

sup  |g(M,y)|
n=—oo ye(n’n+1]

o0
=2, sw 1<.max Si+Yz-§y<Vm1+§m1)e—a<vml—y>DJ1 1
ne—oo YE(n,n+1] i<Jm—1 m—
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m—1

< D;ifle_a‘/m*l Z 1 (Vm1 +&mo1 > n,  Max Si+Y:<n+ 1) eo(ntl)

1<Tm_1

00 n-+2
< D7l e @Vm—1 Z / 1 <Vm_1 +&m-1+2>2, max 5;+Y; < x> e** dx

— o i<JIm—1

= D71 emaVm- / 1 ( max S; +Y; <x<Vy_1+&n-1+ 2) e dw

1 gaVna b (ea(vm_1+sm_1+2) _ pol(maxiza, si+Yi))+
[0

= lD*l (€a(§m—1+2) — ea(maxi<_]m71 Si+Yi_Vm*1))+

It follows that

o0

L(m,) Z Sup ‘Q(M, y)| nm(dM)

ne— oo YE(n,n+1]

< lE |:D;1 (ea(ém_1+2) _ ea(maxi<Jm_1(Si+Yi)—Vm_1))+:|
6 m—1
1~ 1 2 e

< —B[Dj] e t2] = S pQe] < ox,
o m—1 o

which implies that g is d.R.i.

To complete the proof, note that essentially the same steps followed above give that

*° 1~ . 4Y; +
/ / 9(M,z)dxn,(dM) = —E |D3! (e@fmfl —ea(maxwwl<51+Yz>—mel))
Stm J—oo o mt

and that the right hand side is finite. O
We are finally ready to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. From the derivations at the beginning of the subsection and Lemma 2.5.4 we have that for any

m > 2,
m—1
E[1(3(t) = J)e V00031 1 <37 E[1(1(8)] = b, () = T )e =0 D5
k=0
+ 3 Elg(M™ +-Vv,)].
S 2o (vt 1)

To see that each of the first m expectations converges to zero as ¢ — 00, note that

E Mh@ﬂ=km@%=Lﬁﬂ€“W“”Df}gE[um+fk>ﬂeﬂWV”D3

k

= Elu(t = Vi)],
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where u(z) = e**E [1(§ > 2)D;!] = e**P(Y > x). Since u is bounded and integrable on (—co, ), it follows

from the bounded convergence theorem that

lim sup E {1(\7(t)| =k,v(t) = JT(t))e*a(V’“*t)D;kl] <E [lim supu(t — V)| = 0.

t—o0 t—o0

Now use the Markov renewal theorem (Theorem 2.1 in [4]) and Lemma 2.5.5 to obtain that

limsup £ {l(y(t) = JT(t))e*O‘(VTu)*t)Djl ]
t—o0 ()

m—1

< lim E {1(\7(t)| = k,y(t) = JT(t))e—“(Vk—t)D;ﬂ

t—o0

h=0 . . (2.5.10)
+ f/ / g(M, z) dx 0y (dM)
E [Xl] som J oo
_1g {D‘l G- ea(maxwmxsim)vml))*] = Hpo
af Im—1 m—1,
where i = E {)A(l} =F [Zivzl C¢ log Cl} > 0.
To obtain a lower bound use Lemma 2.5.4 again to obtain that
B [10(0) = )0 005! [ 2 3B lg (Mot = Va)[ = BY Blhm(t = Va).
n=0 n=0
Now use the two-sided renewal theorem (Lemma 1.1.3) and Lemma 2.5.3 to obtain that
> 1 00
1 ~ | e=@(Vm+1—Zo)*
=-F|—FF+ (ZO — Vm+1)+ < 00.
I «
It follows that
i B — —a(Vey—t) p—1
liminf £ 1(y(t) = Jr(y)e” "7 DJT(t)] > Hpy
e_(x(%n,+1_Z(J)+ (2511)

E

B~
I o

+(Zo — Vmﬂ)’“] .

Since V,,, — oo ﬁ-a.s., we have that

~ e_a(VwL+1_ZO)+
lim F|—————

m—00 «

+(Zo — Vm+1)+] =0,
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and we conclude that

Jim e**P(W > 1) = lim B [1(7(15) = JT(t))e*aWﬂfrt)D;j(t) = lim H,, = H.

t—o0 m—0o0

The positivity of H under Condition 2.0.2 follows from representation (2.3.1) and Theorem 3.4 in [64].

2.5.3 Proof of Corollary 2.3.1
Here we provide a proof of Corollary 2.3.1, which relies on the following lemma.

Lemma 2.5.6. Forany (0 <~ < a,

E |\ e®=" | <E[N].
i;éJl

Proof. Recall that E[N] = E {N SN Cf] If F, = o(4py), then for 1 < j < N,

Ca

P(J=j|F) = —xt—.
> im1 OF

For any x € R, we have that

ﬁ(\/Sz—V1>x>:Z]5 Si—Sj>x;j§N,J1:j

i€By j=1 i#]

Vig; Ci P \ o o
Cj >€,J1_]>Zci

i=1

J i=1

(
=F il (vzéj . >€$)P(J1 :j|]~‘1)i05‘
(

Then,

E [ew(vleBl Si*vl)} = /OO P (67(Vi631 Si=V1) > a:) dx
0

1€ By
N
oo e
:/ FE Zl<\/léjl>ml/7>0§‘ dzx
0 j=1 J



N _.cY/Ccy
el [N
_j:l 0
[N
=BV a
|i=1 i#]
[N N N
<E|> \C| <E|N) C| =E[N],
j=1li=1 i=1

NG e
where in the last line we used the fact that if C; > C}, then C;‘_WC'? = (%) C& < C¥ and hence

N N T
C;w\/cygc;W\/CZC?7<\/Ci> Ve -
i=1

i#j i=1 i=1
We now complete the proof of Corollary 2.3.1.

Proof of Corollary 2.3.1. From (2.5.10) and (2.5.11) in the Proof of Theorem 2.3.1, it suffices to quantify the conver-

gence
~ e—O‘(Verl—Zo)Jr
lim F|—————

m—o0

o + (Z() - Vm+1)+] =0.

Ifa>1,let(a/2)\/1<ﬁ<asuchthatpg:E[va:lCﬂ <l,andif 0 < a <1,leta/(1+¢€) < S < asuch

that pg < 1, where € is as in Condition 2.0.2. We have that
E [efawmﬂfzo)q <E [eﬁa—a)(vmﬂfzo)q <E {e*(afﬁ)(‘/mﬂ*Zo)}
_ B [e—<a—6><vm+1—v1>e<a—ﬂ><zo—v1>}

— o7 E [em—ﬂ)(zo—vl)] 7

since V11 — V4 is independent of Zy — V; and E [e= (@A) (Vmi1-V1)] = E [e=(@=B)Vm] = Py Also,

E [e(a—ﬁ)(ZO—Verl)] p? -

E [(Zo = Vims1)*] < - = a5k

[em—ﬂ)(zo—vl)} ,

Showing that E [6(0"@(%*‘/1)} < oo will imply the result with ¢ = pg.

To that end, first note that

B [em—m(zofvl)} <E [em—ﬁ)(srvl)] +E|V e(aﬁxsimwi)] _ (2.5.12)

1€B1

63



For the first term on the right hand side, note that since P(Jy, = i|epy) = C®/Dy for any i < Ny and Dy = Ly,

[N
E [e<a—ﬁ><so—v1)} =B |Y M =X01 (g =)L,
Li=1

N
=E|Q ") CIT P(Jy =ilyhy) n
=1

N
=B QY ¢/
L =1

B/

N a/ﬁ
< (B[P E (Zcf) :
1=1

where the last line follows from Holder’s inequality. In the case that « > 1 and («/2) V1 < 8 < «, in particular § > 1

(&) Jeel(&e)

When o < 1and 8 > «/(1 + €), we have that (1 + €)8/« > 1 and hence

implies that

< 00.

v N arossa) ™" N e
<Z of) —F (Z (cp/are) ) <E <Z c;‘/““)> < .
i=1

i=1 i=1

In either case, £ [e(@=A)(E=V1)] < oo,

For the second term in (2.5.12), let v = 2(« — f3), and note that by assumption 3 > «/2 and so y < «. We then

have that
E \/ ela=B)(Si=Vi+ W) 7E \/ ela=B)(8i=W1) \/ e(aﬁ)Wi]
i€ By i€ By 1€B;
1/2 1/2
S ( \/ e’Y(S - ) <E v e‘YWi‘|>
i€B1 i€B,
1/2 1/2
< ( ) (BB ™))
= BN (B [¢™])"* < oc,
where E [¢7"] < oo since v < a, and we used Lemma 2.5.6. O

2.5.4 The Importance Sampling Estimator Z(t)

The last part of the paper contains the proofs of Lemmas 2.4.1 and 2.4.2 in Section 2.4. The first of these establishes the

asymptotic behavior of 7(t) as ¢ — oo, and the second one proves the strong efficiency of our proposed estimator.
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Proof of Lemma 2.4.1. Since 7(y) is monotone nondecreasing in y, lim, o 7(t) = sup, 7(y) exists, and for any

k>0andz € R,

P (ylggoT(y) > k) > P(r(z) > k) =P (jggvj +§ < x) :
Letting x — oo, we see that ﬁ(limy_)oO 7(y) > k) = 1, and since this is true for all k, lim,_, ., 7(y) = oo P-as.
It remains to show that 7(t)/t — 1/u P-a.s. provided E [¢]] < oo and P(& > —o0) > 0, which are implied by
Condition 2.0.1.

Start by noting that for any ¢t > 0,

V.
1 t < Ve + f‘r(t).

S v <
T(t) + 1 Ogrl??i((t)( b+ < T +1- Tt +1

To obtain an upper bound for ¢/(7(¢) + 1) note that

. . Vo + &5 . .
lim sup < limsup —* < p + limsup -~
t—o00 T( ) 1 n—oo n n—ooco N

= My

where lim sup,,_,_ &} /n = 0 P-as. since E[¢]] < oo and limsup,, ., Vi,/n = u P-a.s. by the strong law of large

numbers since E[|V;]] < co. To obtain a lower bound let mn,, = n/log n and note that since ¢/(7(t) 4+ 1) > 0 we have
toinf ' > ot (L max (Ve 4 60)) > limint (Vi + &)
ity 2 it (s, (e 80)) 2 mint T max (it &

> liminf 1 max ((,uk + &) — (uk — Vk)+)

n—oo0 N my<k<n

1 1
> liminf — max (pk + &) —limsup — max (uk — V3)™"

n—oo N m,<k<n n—oo N m,<k<n

1 Vo\©
> liminf — max (uk + &)T — limsup (,u - > .

n—00 N m,<k<n n—oo n

Since the strong law of large numbers gives that lim sup,,, . (1 — V,,/n)" =0 P-as., it only remains to show that

lim inf,, 0o ™' maxy,, <g<n(uk + &)T > p P-a.s. To show that this is indeed the case, fix 0 < € < pu, define

M, = [e(1=¢/2)""], and note that

Zﬁ(l max (uk + &))" —p < —6>
n=3

n m,<k<n

mn, <k<n

— iﬁ < max (uk + &))" < (pn— 6)”)

< M, P k t < (u—
< +n:%:+1 (Rl_e/rg%gkn(u +&)" < (n 6)n>
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<M+ > [I Pk+é<@u—en)
n=M.+1k=[(1—¢€/2)n]

<M+ > [T Po<—(e/2)n)

n=Mc+1k=[(1—¢/2)n]
<M+ > P2 < —en) /DL
n=M.+1
Since by assumption we have that P(£, > —oco) > 0, then there exists 79 > M, such that P(2¢, < —en) < 1 for all

n > ng, which shows that the series above converges. Finally, use the Borel-Cantelli lemma to conclude that

1
liminf — max (uk+&)T —p=0 P-as.,

n—00 1 my,<k<n

which in turn implies that

t

lim ) =4 Pas. O

t—o00 T(t

Proof of Lemma 2.4.2. From Theorem 2.3.1,
P(W >t)? ~ H?e ™2 as t— o0
for H? > 0, and so

B [10,0 = 1) 2003, |

lim su M < lim su
ol PW > )2 = et H2e 201

< HﬁQIimsupE {eiZQ(VTW%)D;Q } .
o t—o0 ()

Now, by an argument analogous to that in the proof of Lemma 2.5.1, we have that

B [e_za(v,<t>—t)D32 } <> Et- Vo),
n=0

T (t)
where v(z) = e2**E[1(Y > 2)D™!], which is integrable since

/Z v(@)do = / O; e E [I(Y > 2)D™'] dx

=F
2c

— 00

Y 1
/ e2erp—1 da:] =—F [QQO‘D*l] < 0.
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Then, v is d.R.i. by the same argument as in the proof of Lemma 2.5.1 for the function u, and hence

limsup £ [e*2a(vf(f)*t)D;f(t)} < limsup Z Epit—V,)] = / v(x)dr < oo.

t—o0 t—o0

n=0 -0

—aV,

The proof is the same for the estimator 1(J ;) = v(t))e ® in the case of independent Q). O

2.5.5 The Bounded Perturbations in the Non-Branching Case

We end the paper with a short proof of Theorem 1 in [6] for the non-branching case N = 1 and bounded @, which
establishes the exponential asymptotic behavior of P(W > x). As mentioned earlier, a similar approach could be
used for the branching case with bounded @), however, since our goal was not to establish the exponential asymptotic
itself (for which the implicit renewal theorem on trees in [64] can be used), but rather shed some light into the event
leading to the constant, we do not pursue this idea any further. In the N = 1 case, W is the maximum of a negative
drift perturbed random walk, that is

w2 sup (Vi, +&,).
n>0

Theorem 2.5.1 (Theorem 1 in [6]). Suppose that N = 1 and one of the following holds:
(a) {(€i—1,Xy) i > 1} areiid., or,
(b) {& i > 0} is a stationary sequence, independent of the i.i.d. sequence {X; : i > 1}.

In either case, assume that P(§y < ¢) = 1 for some constant ¢ and P(§y > 0) > 0; we allow the possibility that
P(& = —00) > 0 but assume that P(X, = —o0) = 0. Assume further that E [eaxl} =land E [)A(leaj(l} € (0,00)

for some o« > 0, and that the measure P(X 1 € dx) is non-arithmetic. Then,
P(W >uz) ~ He %, T — 00,

for some constant 0 < H < oc.

Proof. Define the filtration H,, = o(X; : 1 <i¢ < n)forn > 0and Hy = 0(@). Let T(z) = inf{n > 1:V,, >z}
and note that it is a stopping time with respect to {#,, : n > 0}. Also let 7(z) = inf{n > 1:V,, + &, > x}. Since the
perturbations are bounded, we have 7(x) > T'(x — ¢), and since the drift of V,, = X1+ + X, is positive under P,

then P(T'(t) < oo) = 1forall £ > 0. Now let y = 2 — ¢ and write,

P(W > zx)

=P(I'(y) < 7(x) <o0)
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=P (T(y) < 00, Sup (Vry—1 + Vry+k + Erg+x) > x)

=E [1(T(y) < o0)E [1 <VT<y> + max {5T(y>» sup (Vewyrn + §T<y)+k)} > iv) ‘ HT(y)H :

Since max {ﬁT(y), SUPg>1 (V)4 + §T(y)+k)} is independent of Hr(, and has the same distribution as W, we have

that

E [1 (Vm) + max {éT(y>, sup (Vo) + §T<y>+k)} > x) ‘ HT(y)} = F(z = Vry),

where F(t) = P(W > t). Hence,

e P(W > ) = e E [1(T(y) < 00)F(z — Vp(y))]
= e F [I(T(y) < 00)F(x — Vip(y))e *V"® L]
= e F [I(T(y) < 00)F(x — Vipy))e V7]
= B [Fo — Vigpeotr]

=F [F(c — B(z — c))eiO‘B(z’c)} e%e,

where B(t) = Vp) —t > 0 is the overshoot process of the random walk {V,, : n > 1}. Since P(X, € dzx) is
non-arithmetic, so is P(X; € dz) = E[1(X; € dx)eo‘Xl], and hence by Theorem 2.1 in Chapter VIII of [7], B(t)
converges in P-distribution as  — oo to an a.s. finite limit B(00), and therefore,

lim F F(c— B(x — c))e—aB(ﬂﬂ—C)} et — | {

T—r 00

To see that H > 0, note that F/(t) > sup,,~q P(Vs, + & > t,&n > 0) > sup,,5q P(Vi, > t)P(& > 0). The condition
E[XleaXl] > 0 implies that P(X; > 0) > 0, and in particular there must be some ¢ > 0 such that P(X; > €) > 0.

For any ¢ > 0, if k > t/e, then

.ot .t .
P(Vk>t)2P<X1>k,...,Xk>k> > P(X; >e)F >0.

Since P(§y > 0) > 0 as well, we the have F(t) > 0 for each t > 0. In particular, since B(co) > 0 a.s.,

F(c— B(c0)) > F(c) > 0. Therefore, B(o0) < oo a.s. and F'(¢c — B(00)) > 0 a.s. imply together that H > 0. [
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CHAPTER 3

Efficient Hybrid Estimation for Tail Events on Trees

In this chapter, we again consider the max-type distributional recursion

N
REZQV\/ CiR, (3.0.1)

i=1
where the random vector ©» = (Q, N, {C;}) has arbitrary dependence with Q > 0, C; > 0 forall i, and N € N, =
{1,2,...}, and {R;} are i.i.d. copies of R. Letting Y = log Q, X; = log C;, and W = log R;, this is equivalent to

what is known as the high-order Lindley equation

W 2 max {Y, ax (X; + Wi)} 7 (3.0.2)

m
1<i<N

where {W;} are i.i.d. copies of W. Its special endogenous solution can be constructed through a marked Galton-Watson
process that lives on a tree 7 constructed as in Section 1.1.4. We recall that 7 is constructed from the collection
{4ps = (Qi, N3, C(i1), Cliy2), - -.) 1 & € U} of i.id. copies of ¢, where U = [J;—, N¥ is the collection of finite strings
of positive integers endowed with length-lexicographic ordering. A,, denotes the set of nodes in the nth generation, as
determined by {N; : ¢ € U}. Each note 4 # () in the tree 7T is assigned the weight C; and the cumulative weight I1;,
where

Iy =1, I, =C;, i€ Ay, and II; = Hi|n_1C’i, 1€ A, n>2.

Recall that the special endogenous solution to (3.0.1) is then given by

R=\/TLQ:. (3.0.3)

€T

Letting S; = log II; and Y; = log Q; for each ¢z € T, the endogenous solution to (3.0.2) satisfies

W=\ (S+Y). (3.0.4)
€T
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Setting X; = log C;, the increments X ;)1), X(4)2), - .-, X; of S; are independent (but not necessarily identically
distributed), and hence W is the maximum of a branching random walk with perturbation. The previous chapter was
partially devoted to showing that

P(W >t) ~ He ™, t — oo, (3.0.5)
for some H > 0, whenever o« > 0 can be found such that
N

E Zeaxil =1 and FE

i=1

N

D e Xi] e (0, 00), (3.0.6)

i=1

E

=F

N
Z Ci*log C;

i=1

N
d.cr
i=1

among other assumptions. This result was also established using implicit renewal theory in [62, 64]. Also key to

establishing (3.0.5) is the contraction condition

pp=E

N
>
i=1

N
—E [Z 65Xi] <1 forsome 0<fB<a. (3.0.7)
=1

When this holds, the random walk S; has negative drift along its branches (see (1.1.18)). This in particular ensures that
R < oo a.s. and hence W < oo a.s. (see Lemma 3.1 in [64]).

It is of practical interest to estimate the tail probabilities P(W > ¢), and in Chapter 2, a strongly efficient
importance sampling algorithm for simulating the tail probabilities P(WW > t) is proposed, which significantly
generalizes Siegmund’s algorithm [92] for rare event simulation for the maximum of a negative-drift random walk on
R. The algorithm is based on defining a new probability measure P that tilts the wei ghts and perturbations on one
randomly chosen path down the tree and its nodes’ immediate offspring while leaving the distribution of the weights
and perturbations on all other branches unchanged. We will refer to this special set of nodes as the spine of 7.

The algorithm in Chapter 2 proceeds by constructing an unbiased estimator for P(WW > t) by generating the tree

T under the change of measure until the random time
v(@t)=inf{i € T : S; +Y; > t},

where the infimum is taken according to < and where |y(t)| is guaranteed to be finite because .S; restricted to the spine
is a positive-drift random walk. In fact, if 7(¢) denotes the generation at which S; + Y; restricted to the spine first
reaches the level ¢, then 7(¢) ~ t/u P-as. as t — oo, where uw==FK [Zf\il e Xi XZ} , a result analogous to the case of
arandom walk on R (See Lemma 2.4.1 in Chapter 2 and Lemma 5.7 in Chapter XIII of [7]).

While this algorithm has many nice properties, obtaining a sample of size n of estimates of P(W > t) requires
the construction of n trees up to generation approximately ¢/, a task that necessitates generating on the order of

n(E[N])*/# copies of the random vector ¥». When E[N] and ¢ are large, this may be prohibitively slow. However, the
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Root

Copies of the entire tree

Figure 3.1: The tree 7 under P decomposed as the spine (black) and independent copies of 7 under P.

fact that the change of measure P applies a tilt only to the spine of 7 suggests that this is the path on which S; + Y; is
most likely to hit the level ¢ first. The idea of the algorithm presented herein is that the rare event probability P(W > t)
can be approximated by only generating the spine and then accounting for the other (untilted) branches using some
approximation method. Figure 3.1 shows the spine decomposition of 7 and gives visual intuition for this idea. We
present the resulting “hybrid” estimator for P(W > ¢) in terms of general (simulated, random) approximations Fy, for
the CDFs P(W*) < .), where W *) = max|;|<(S; + Y3) is endogenous solution W truncated at some finite level of
T.

The main theoretical result of this chapter (Theorem 3.1.5) concerns the rate of convergence to zero of the relative
bias of this estimator with respect to P(W > t). In Section 3.1.2, we give an example of efficient approximations
{E}, : k > 0} generated with the population dynamics algortihm analyzed in [3, 24, 84, 86]. We remark that with this
particular hybrid estimator, the number of copies of 1) that need to be generated for an estimate of P(W > t) is linear
in ¢, importantly with no dependence on the distribution of N either under P or P (see Remark 3.1.2).

Throughout, we assume that ¢¥» = (Q, N, {C;}) satisfies the following conditions.

Condition 3.0.1. For some o > 0,

N
Z Clog C;

i=1

N
Y C¥l =1 and 0<E

i=1

E < 00.

Furthermore, for this o,
(a) The probability measure n(dx) = E {Zfil C&1(log C; € dx)] is nonlattice,
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(b) P (X, co=0) =0,

(c) Forsome a2 < < a, ps=FE [Zf; Cﬂ <1,
(@) N> las, E[N] < oo, and E[N LY, G| < o0,
(e) P(Q > 0)>0and E[Q%] < cc.

For the inclusion of conditions (a) and N > 1 a.s., see the discussion in Remark 2.1.1(a). Note that the other
conditions in part (d) included here are absent from the previous chapter. Having {N Zf\; C’f‘} < o0 in particular
ensures that E[N ] < oo under the change of measure. Generally, having finite mean of the offspring distribution is
desirable when simulating Galton-Watson processes. However, in the analysis of this chapter, these finite moments are
used explicitly.

We recall the change of measure P defined in Chapter 2. Namely, we start from the root node of 7 and construct
a chosen path by selecting one offspring at random with probability proportional to their weights to the power of «,
and then proceed in this manner down the tree. We begin to choose the path by Jy = () and then recursively define the

indices by
ct X
(Jr—1,1)
Nop_y o
ijl C(Jk—lvj)

The sequence {Jy : k > 0} gives the nodes in the spine of the tree 7, with Jj, denoting the chosen node in the kth

Ji = (Jr-1,7) w.p.

1<i<Ny_,, k>1

)

generation.

Now define the process { Ly : k > 0} by
k—1
Ly=1, Ly=][Ds., k>1,
r=0
where D; = Zjvzl C& i) for ¢ € T with generic copy D, and define the filtration
Go =0 (9), Gr=0{¥s:t€A;,j<k}U{J;:j<k}), k>L
Recall that Lj, is a mean-one nonnegative martingale with respect to Gy, and P is defined by
P(A)=E[1(A)L], A€Gi, k>0,

on the o-field G, the smallest o-field containing all of {Gj, : k > 0}. Here we recall the properties of the measure P

given in Lemma 2.1.1 of Chapter 2
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To identify the random walk restricted to the chosen path, define

Xk:XJkZIOgCJk, fk:YJk ZIOgQJk, kZO

andlet Vy =0 and Vj, = X4+ Xk for k > 1. As we recall from Lemma 2.1.2 of Chapter 2, {V}, : k > 0} isa

positive-drift random walk with i.i.d. increments under P, and for each k, Vi is independent of £. Furthermore,

N
p=E {Xl] = B> CrlogCil € (0,00).
i=1
3.1 A Hybrid Importance Sampler
In Chapter 2, we derived the representation
PW>t)=FE [1(7(15) = JT@))e*aVﬂwD;j(tJ ; (3.1.1)

where 7(t) = inf{k > 1: Vj, + & > t} is the first generation of the random walk along the spine that exceeds the

level ¢. This suggests estimating P(W > t) by
— — —aV, -1
2(6) = 13(t) = Tr)e 0 DL |

which is unbiased when sampled under P. Generating a single copy of Z(t) requires simulating the entire tree 7 in
length-lexicographic order until the node ~y(t) to determine whether or not the event {~(t) = J. )} occurs. Note
that the remaining part of the estimator, namely e ="~ Djj(t) , only depends on the spine of 7, and the change of
measure P was constructed so that the branch to most likely reach the level ¢ first is part of the spine. Our approach to
reducing the complexity of this agorithm is therefore to appropriately condition on the spine in (3.1.1) in order to find a
representation that will allow us to generate only the spine of 7, while accounting for the probability that v(¢) is not on
the spine with some available approximation. The new estimator will be biased, but the computational complexity will
be significantly reduced.
It was shown in Chapter 2 that the estimator Z(t) has bounded relative error, namely

. Var (Z(t

h)IEIi} Solip P(W/('>(t)))2 < 00,
where Var denotes variance under the measure P, when Condition 5.1.1 holds along with the following (see Lemma

2.4.2).
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-1
Condition 3.1.1. With o > 0 as in Condition 5.1.1, E [QM (=i c) } < oo.

Let W*) = max|j <, (S; +Y;) for each k > 0, that is, Wi(k) is a copy of W truncated at the kth generation.

Denote its CDF with respect to P by
Fi(z) =P (W“f) < x) .

Note in particular that Fy(x) = P(Y < z). Foreach k > 1 let

B ={i€ Ay (ilk —1) = Jp_1,5 < Iy},

B ={i€ Ay : (ilk—1) = Jx_1,8 > Ji},

and let B, = By U By . Because the distribution of the branching vector on nodes off the spine is unchanged by the
change of measure (Lemma 2.1.1), we can obtain the following result that gives a representation for P(W > t) in terms

of the expectation of something that only depends on the spine and the functions {F}, : k& > 0}.

Theorem 3.1.1. For anyt > 0,

(t)
PW>t)=E |e*V"© D3 I I Fro-it=5) J] Fray-j—1(t=S5) |,

Jj=lieB> JEB;

with the conventions F_1(x) = 1 and H?:1 xj = 1 for any values {xz;}.

If the functions {F}, : k > 0} were known, the above representation would give an unbiased conditional Monte
Carlo estimator for P(W > t) that only requires computation of the spine up to generation 7(t) + 1. In the case that
approximations to these CDFs can be generated, one can form an estimator to approximate P(W > t).

Suppose there exist estimators

{Fp:k>0}

for the CDFs {F}, : k > 0}. Based on Theorem 3.1.1, it is then natural to consider the estimator

(t)
Z(t) = e_aVT(t)D.;,.l(t) H H F,r(t),j(t —5;) H Fr(t)—j—l(t — Sj), (3.1.2)
J=1lieB3 JEB;

where again we use the conventions F_; () =1and H?Zl z; = 1. Let v denote the distribution of the random vector

1) under the tilted measure P on the spine, that is

Y~ P(i€|Jy=i)=FE

N
e ) cp
i=1
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Then Table 3.1 gives the algorithm for generating one copy of Z conditional on knowing {Fk ik >0}.

Remark 3.1.1. By Lemma 2.4.1 in Chapter 2, 7(t) ~ t/past — oo P-a.s. Hence the computational complexity of
generating a copy of Z (t) conditional on knowing {ﬁ' % : k > 0}, measured by the number of independent copies of o

required to be generated, is asymptotically of order ¢/u. Notably, this does not depend on E[N] or E[N ].

Of course, in implementation there is the practical consideration that in general it is not possible to have a countably
infinite collection {F}, : k > 0} simulated a priori. Considering that 7(¢) ~ t/u a.s., a natural solution is to choose

some K > t/u and generate {Fk :0 <k < K}, then set

We require the collection of estimators {]3‘ % : k > 0} to satisfy certain properties.
Condition 3.1.2. (a) Foranyx € Rand k > 0, Fk(z) < P(Y <z)as.

(b) For some () < A\ < q,

1
0y =supF [dl (F,\,;C,FA,;C)} =supF [/ ‘F;;(x) —F;,i(x)’ dx}
k>0 k>0 0

can be made arbitrarily small, where
Fy i(x) = Fy, ()\*1 log z) and ka(x) = Fy ()\*1 log x) ,

and where d; denotes the Wasserstein-1 distance.

Part (a) of the above condition says that the estimators preserve the stochastic ordering P(Y > x) < P(W*) > 1)
for any k. Part (b) says that they are consistent in the sense that the Wasserstein-1 distance between (R(*))* and (R(*))*
vanishes uniformly in & for some \, where R*®) = "™ and R®) = W™ 1i7(®) ~ F. One reason to consider the
Wasserstein distance after this transformation is that moments are not guaranteed otherwise, however we do have the

following.
Lemma 3.1.2. If W solves (3.0.2) and 0 < v < a, then E [eWW] < o0.

Additionally, when p, = E [Zivzl 67X1} < 1, the map

(D'y(‘L n, {ci}7 {Iz}) = q,\/ \ \/ CZIZ'
i=1
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Table 3.1: Hybrid Importance Sampling Algorithm

1:  Input:t>0and {Fj:k >0}

2:  Qutput: A single copy of Z

3:  Generate (N,Q,Cq,...,Cn) 21/7

4: Choosej € {l,...,N} wp. C¢/D and set J; < j

5: SetSj«logCjforj=1,...,N

6:  Initialize Vo < 0, V4 < Sy, & + logQ, k < 0, Jo + 0

7:  while V,, + &, < tdo

8: Update k < k + 1

10: Generate (NJk,QJk7C(Jk71), ceey C(JkHNJk.)) £ (0

11: Choose j € {1,..., Ny } wp. C¢y, /Dy, and set Jpi1 < (Ji, j)
12: Set & < log Q, and S, ;) < Sy, +1ogCy, jyforj=1,..., Ny,
13: Set Vigr1 < Sg.py

14:  end while

15: if kK = 0 then

16: Set Z + 1/D

17:  else

18: Compute Fj,_;(t — S;) fori € B, j=1,...,k

19: Compute Fk_j_]_(t_Si) forieB;,j: 1,...,k—1

20: Set Z < (e7Ve /Dy ) 15—, [Lienz Fij(t = Si) e pr Fij-1(t = 55)
21:  endif

22:  Output Z

has contractive properties that make the uniformity condition reasonable (see Section 3.1.2). Note that R* = eV

solves the stochastic recursion

R 20, (Q,N,{C;},{R}})

when W solves (3.0.2).
Using estimates in place of the CDFs { F}, } introduces bias into the estimate for P(W > t) that ideally can be

controlled. Since we seek an estimate of a rare event probability, the relevant measure is relative bias.

Definition 3.1.1. The relative bias in an estimate Z(t) sampled under P for the probability P(W > t) is given by

E {Z(t)} — P(W > 1)
P(W >1t)

Rel. Bias (Z(t)) =

3.1.1 Properties

In the following results as well as in their proofs, the functions u, v : R — [0, co) will be important, where

u(z) = e P(Y >z), v(z)=e*E[1(Y >2)D']. (3.1.3)
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The function v and v have the following properties, the proofs of which can be found in Chapter 2.
Lemma 3.1.3. Let u and v be as in (3.1.3).

(i) Under Condition 5.1.1, u is d.R.i. on R. Futhermore, if h,,(x) = E [u(x — V;,)] for each n € N and x € R, then

oo

By, = sup hy(x) < .
xean:;) ( )

(ii) Under Conditions 5.1.1 and 3.1.1, v is d.R.i. on R. Futhermore, if g,(z) = E [v(x — V,,)] for eachn € N and

z € R, then

o0
B, = sungn(x) < 0.
2€R 20

Additionally, we note the following result.

[e%
Lemma 3.1.4. Under Condition 5.1.1 and the additional condition that [(Zf;l C’Z—> } < oo ifaw > 1 and

1+e
E [(Zi\il C’?/(HE)) } < oo forsome() <e <1if0<a<1, wehave

inf e P(W > t) > 0.
>0

To bound the relative bias in Z (t), we assume the tilted density of the random walk increments along the spine are

sufficiently nice. Namely, we have the following assumption.
Condition 3.1.3. The density o(z) dz = P (X 1€ daz) exists and is bounded on R.

The following is the main theoretical result of this chapter, which gives a bound on the relative bias in the estimate

Z(t) for arbitrary estimators { F}, : k > 0} that satisfy Condition 3.1.2.

Theorem 3.1.5. Assume Condtions 5.1.1, 3.1.1, and 3.1.3, and let { F}, : k > 0} be estimators for {F}, : k > 0} that
satisfy Condition 3.1.2 with d for some 0 < A < a.
Lett > 0and a/2 < 8 < a be such that pg < 1. Recall that Y =log Q. If E [(Y ~)?] < oo for p € {1,2}, then

forany M, e, and n > 0,

where

22 - pa)E [Q°] EINIVe(1.5) _  _(a-pya
(1= pa)? = S

Cpp = l vV [2BhE[N] (2v 6—1)}
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VB, <2p/2 v <(1 + 670)@71)/2 n ﬁi (E {(3 _1Y_)TD1/2)N .su et < 0
g p/2 H t>IO) P(W >1t) ,

Vv
(1 - 670) r=1
0 p2(a—B)°
24 (p(a — B) + 3pger@—R)’
(1=pe) B[ if v <5,
c(v,B) =
(1—py) ' E[Q] if v> 8,
v =2(a—f).

It is clear from the above theorem that the relative bias in the estimate Z (t) can be made arbitrarily small uniformly

in ¢ on any bounded interval [0, T'] since

limsuplimsup limsup sup Rel. Bias (Z(t)) =0.
M—oo en—0 §y—oco 0<t<T

3.1.2 The Population Dynamics Algorithm

The population dynamics algorithm provides a way to efficiently generate dependent samples from the distribution
of W) and hence provide approximate empirical distribution functions with which to approximate F},. We provide
a brief description of the algorithm here as it pertains to the recursion (3.0.2), however it is applicable to many other
recursions with a branching structure. For a more detailed analysis see [86]. The algorithm uses a bootstrapping
approach to produce a sample Wl(] ’m), RN Wf,{ ™) of size m of random variables approximately distributed according

to F}; forall 0 < j < k, and it proceeds as in Table 3.2.

If we are able to simulate P(%™) = {Wi(k’m) : 1 <4 < m} according to this algorithm, then we can use the
empirical CDFs
i 1 - 77(k,m)
£ = = o) < 2.
(@) = =3 1WE™ <)
=1
The idea is to generate the functions Fom“ F Tms--es F K,m for some K > 1, and since 7(t) may be any positive integer

with positive ?-probability, we will approximate F}, with Eyn K,m- Additionally, it makes sense to choose the inititial
distribution pip = P(Y € -). Then by construction, each Wi(k’m) is lower bounded by a copy of Y = log (), and
hence for any m and K the collection {Fk ~K,m : k > 0} satisfies Condition 3.1.2(a). Note that the empirical CDFs
{FkAK,m : k > 0} are stored as the samples {P(’“K””) : k > 0}, and given any = € R, FMK’m(x) can be calculated
by

. Hw g pRAKm) )y < x}‘

A 1
Fk/\K,m(l") = E

78



Table 3.2: Population Dynamics Algorithm

1: Input: £, m € N and a probability distribution o on R

2:  Output: Samples PU™) = {m(j’m) : 1 < i < m} of size m approximately
from the law of W) for1 < j < k

3:  Generate an i.i.d. sample {Wfo’m) : 1 <i < m} from pg

4:  Output P(Om)

5:  Initialize j < 1

7: while j < £k do

8: Generate an i.i.d. sample {(Ql(-j)7 Ni(j), C’((i)l), cee C((Z)N("))) 1 <i<m}

from the law of o

9: Initialize 7 < 1

10: while : < m do

11: Sample {VAV((Z Tf)l’m 1<r< Ni(j )} uniformly with replacement from PU—1:m)

12: Set Wi(j’m) + log QZ(-j) v \/ivfl) (log C((Z)T) + W((Z.j;r_)l’m))

13: end while

14: Output P

15: end while

Remark 3.1.2. Generating the samples P(©) . PU-m) hag a computational complexity of K'm, measured in
terms of the number of the number of copies of the branching vector 1) that need to be simulated. The bootstraping
procedure eliminates dependence on E[N]. Consequently, by Remark 3.1.1, the complexity of generating a sample of

size n of the estimator Z (t) using the population dynamics approximation is asymptotically of order

t
Km—i—nf.
1

Notably, there is no dependence on the distribution of V.

For 0 < A < asuchthat p) = F [vazl Cﬂ < 1, we have

ox = 0A(K,m) =sup E {dl (e’\W('w’ex\W“'AKm)} 7
r>0
where W) ~ F, and W rAK,m) FMK,m. By the following lemma, {F,MK’m . k > 0} also satisfy Condition

3.1.2(b).

Lemma 3.1.6. Suppose a/2 < A\ < « is such that py < 1, and suppose there exists A\ < X' < « such that py < 1.

Then for some k = k(A ),

(1+pr)E [Q’\] +o K (E [QX:D)\//\' »

ON(K,m) < + - -m
S ) I—pa AT = )2 (= pu )M
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In the case that {Fy} = {Fjax.m} are generated using the population dynamics algorithm, denote the estimator

Z(t) = 7 (K.m) (t). The following is a refinement of Theorem 3.1.5 to the case when the population dynamics algorithm

is used to approxiamte the CDFs { F} }.

Theorem 3.1.7. Let a/2 < A\, 5 < « such that px,ps < 1, and suppose A\ < X' < « such that py < 1. Suppose

E[(Y™)?] < oo forp € {1,2}. Let C) g be the constant in Theorem 3.1.5 and k = k(X, ') be the constant in Lemma

3.1.6. Let

VTV
. At oE[@] +on  #(E[QY])
Cppan =2Cp5- |1V Vv > N
L=pa (1= pa)2(1 = pa)

(i) If P(Q < q) =0 forsomq > 0 (e.g. if Q = 1), then

. C , ¢ p/2 .
Rel. Bias (Z(K’m)(t)) < % (( + 1) mwP/2 4 ez gl | = min{—w—wawa}
q p

Jor any wy,wy > 0 such that wy + wa < 1/2and any 0 < ¢ < q.

(ii) If P(Q < n) < en®(—logn) =% for some ¢ > 0 and 1,z > 0, then

~ O , 1 t p/2
Rel. Bias (Z(K,m) (t)) < M@(Cv) . <<M + 1> frnfwlp/2 + mwerwspﬁ(
w3

+m~ @@= (logm) 62 4 m min{éwlwzws’w2}>
Sor any wy,wa,ws > 0 such that wy + wa + w3 < 1/2 and wy < (ws.

3.2 Proofs

Here we give the proofs of all previous results. We start with the proofs of Theorem 3.1.1 and Lemma 3.1.4, followed
by some auxiliary lemmas and the proof of Theorem 3.1.5. At the end are the proofs of the results pertaining to the

Population Dynamics Algorithm, Lemma 3.1.6 and Theorem 3.1.7.

Proof of Theorem 3.1.1. Start by noting that we can write the event {J;y = v(t)} as

{Tr) =)} \/ (Si+Yi)<t

i-<J.,.(t)
— { max Vi + 27O < t} N{ max S;+Y;<ty,
0<k<T(t)—1 iij(t)
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where

EI(CT) = \/ Si — Vi + Wi(ril) V \/ S; — Vi + Wi(rim , r>2

i€B,, i€B;

and the Wi(r) are i.i.d. copies of

W) = \7/ \/ (i +Y3),

k=04i€Ay

under the probability P, independent of everything else. In other words, the Wi(r) are i.i.d. with common distribution
F,. Next,let H, = o ((Jk, Q7 Ca1:Clap2ys--) 1 0<k < n) and note that

P(W >t)=E |:1(J7(t) = V(t))eﬂvm)Df@)} =E [eiavm)Df@)]} (Jry = ()] HT(t))} :

To complete the proof note that since the {Wi(r)} are independent of H,, for all n, then

P (Jr@y = 7(0)] Hrr))
T(t)—2

= I P(we+=0" <t me) TI P(Si+Yi<tHe)

—~
~

k=0 €87,
T(t)—1 T(t)—2 ‘
- [T P (s+w* 0 <tlm) ] P(si+ w092 <t o)
k=0 ieB;,, J=0 jeBr,
(t)
=11 I Fro-rt—5) J[ Froy-r-a(t—5;),
k=1ieBj jeB]
where F_q(z) =1 and H?Zl x; = 1 for any values {z;}. O

Proof of Lemma 3.1.4. By Theorem 3.4 in [64],

PW >t)~He ™  ast— o0

for H > 0. The only way that e** P(W > t) = 0 for finite ¢ is for P(W > t) = 0, i.e. W is bounded, and since which
would contradict the above asymptotic. Since e** P(W > t) is positive at infinity, e** P(W > t) must be uniformly

lower bounded. O

3.2.1 Auxiliary Results

Here we collect some lemmas that will be useful in the proof of Theorem 3.1.5. For all that follows in this section and

the next, fix 5 € (a/2, ) such that pg < 1. Note that the following lemma implies Lemma 3.1.2.
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Lemma 3.2.1. Lety € (0, ). If v > B, then py < 1. Furthermore,
B[] <c(y,8) < oo,

where

(- p) ' E[Q°) if <8,

(1=py) ' E[Q"] if v> 6.

(v, B) =
Proof. First note that e = RP and

B[R] =E |\ Q1]

€T

> iy

€A

o0
W
k_

since pg < 1. Then, when v < 3,

v/B
B V] < (2[)" < (E ] )

1 —pg

(3.2.1)

When v > 3, the convexity of 6 — pg and the fact that p, = 1 imply that p, < 1. Then, the calculation in (3.2.1)

completes the proof.

O

The next lemma is a version of Bernstein’s inequality that only has moment conditions of the positive parts of the

random variables involved.

Lemma 3.2.2. If{(;} arei.id with E[(;] =0and E [(Cf)n] < bc"2n!/2 for each n > 2 for some b, c > 0, then

Sk == E ,]LC 1 C’L Satisﬁes

forallx > 0.

Proof. By Chernoff’s inequality, for any A > 0,
P (Sp > ak) < e R E [X5¢] = e Mok (B [20])

Note that for any y € R,
Ayf1+/\y+z:—<1+/\ +ZLO),

n=2 ’ n=2

82



and hence since E[(1] = 0, for each A € (0,¢71),

o~ A E ()]

Bl <1+)°

= n!
a n=2 2 - 2 n=0
=14 L
N 2(1—=Xe)’

Using 1 +y < e¥ we have

(1-Ae
ot 255)

Since the result is trivial when x = 0, suppose > 0 and choose

2 k
P (S), > xk) < e ok <1 + 2M)>

T 1 1

)\: = —_
b+ cx b/x+c<c

to obtain the result.

Lemma 3.2.3. Let 3 € (0, o) such that pg < co. Then there are constants b, ¢ > 0 such that for any x > 0,

~ kx?

Proof. For eachn € N, we have that

E((p—v)")"] = /0 Pu—vi>t/m)de < /0 E (@] emlem @ =gy

o [T mtamm e gy N uaB) /°° nm1.—u
=p / e dt=p —e u e “du
’ 0 ’ (a—p) 0

n!

Hence, for any n > 2,

w1 nlbc" 2
B [((u—vayy) < ™
for b = pge @A) (a — 8)~2 and
_ sup 21/(n—2) _ 2
a— D n>3 a — 6
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The result then follows by the previous lemma.

Lemma 3.2.4. Letp € {1,2}. If E[(Y)?] < oo, then

~ =0 P
EHthm1N+QJ(} Zj[wfw T

where
1P (o= B)?

0= :
24 (p(a — B) + 3pger(a—0))

Proof. Lete,§ > 0 be small such that e +§ < p., and lety = y — 6 — ¢ € (0, ). Then for all k > t5~1,

P (r(t) > k) < P (Vi + & < ko)
<P(Vi <k(6+¢)+ P (& < —ke)

<P(kp—Vi >ky)+ P (Y™ >ke).

First let p = 1, and note that

Y P(Y™ >ke) < LY
k=0 €
Using the previous lemma,
~ 0 ~
E[r(t) =) P(r(t) > k)
k=0
t oo . o0 - 3
<< -1+ > Plku—Vezky)+ Y. P(Y >ke)
k=t6—1] k=|t6—1]
A—— kvy? EY~]
< 2 _
_5+];)exp< 2(b+cy)) 5
1 ~
t 72 EY ]
= - 1- _ . 322
i+ (e (i) 5 (22
For p = 2, we use the tail sum formula
=> (2k+1)P(¢ > k)
k=0
for a nonnegative discrete random variable (. Note that
ST@k+1)P (Y™ > ke —1+Z 2k +1)P (Y~ > ke)
k=0 k=1
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k=0 k=0
E[(Y7)}] 2E[y-
oy Bl 2B
€ €
Since Y770 (2k 4 1) = n? — 1, we have
E[r(t)?] =) _(2k+ 1)P(r(t) > k)
k=0
[t6~ 1] -1 o s

< Z 2k+1)+ > @k+DPlhp—Vi>ky)+ Y. (2k+1)P (Y™ > ke)
k=[t5—1] k=[t6—1]

t2
< =-1 2 1 (2 1P Y_>
- +I§<k+ >exp( b+7)+kzo ht > ke)

R ) 14 e=72/(0+en) E[(Y7)?] N 2F [V 7]
S0 (1= e/ Clen))? £2 e

(3.2.3)

Letting 6 = p1/2, € = 11/3, and b and ¢ have their values from Lemma 3.2.3 in (3.2.2) and (3.2.3) gives the result. [J

Lemma 3.2.5. Suppose that the density p(z) = P (Xl € dx) exists and is bounded on all of R, and that § € (0, «)

such that pg < 1. Let
7 =3 ¢ W)
k=0

Then,

(i) supe™(@"ATp(z) < o0, and
T€R

2 —
(ii) sup ef(afﬁ)zw(oo)(l,) < : Pp sup ef(afﬁ)z(p(l,).
z€eR — PB z€R

Proof. For part (i), note that

o0 "
/ e_(a_ﬁ)‘”go(x) dex =F {e_(“_ﬁ)xl} = pg < 00,
— 00

and so the boundedness of ¢ () implies that e ~(*~#)% () is finite everywhere, hence integrability implies boundedness
of e~ (@A (x).

For part (ii), first note that

/ @2 (3)dr = 3 / e~(@=B2 4 (¥) (1) dp
- k=07
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The form of (°°) allows us to write
o0 o)
o x () =3¢ W xp(a) = 3 0" (@) = ¢™() ~ ().
k=0 k=0
hence for any = € R,

o0
(0 a) = el () e [N ooty dy

— 00

= (@B () +/ e (B0 () (3 — )~ (=P p(y) dy

— 0o

IN

sup e*(afﬁ)ygo(y) Jr/ ef(afﬁ)(zfy)cp(OO)(x —y)dy - sup e*(afﬂ)ysp(y)
yeR —o00 yER

1
= (1 + ) sup e~ (" (y)
1—pp/ yer

= 2208 e By,
1- PB yeR

3.2.2 Proof of Theorem 3.1.5

We start by defining a tree coupling as follows. For k > 0 let
Xi = (Jer1,%0,) = (Jry1, Qa s Ny, Cap 1), Cay 2y -+ +)
denote the spine process, i.e. the chosen path along with the associated copy of the branching vector. Let
{Xki:k>0,i€U}, {Xki: k>0,2€U}
be independent i.i.d. collections of uniform random variables on [0, 1]. Furthermore, for each k& > 0 let
{Fpi:ie U}
be an i.i.d. collection of copies of Fy, independent of everything else. Then for each £ > 0 and 7z € U, set
Wi = B ). Wi = Bl ().

)
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In addition, let {xco,; : © € U} be an i.i.d. collection of uniform on [0, 1] random variables independent of everything
else and for each z € U, set

We = W) = (o).

By this construction, for each note i € U, we have independent copies of W (*), 1¥, and the approximation W)
according to F},, and all these copies are mutually independent. We suppose that these collections of random variables
are constructed on the original probability space, so that once the measure is changed to P, they retain their distribution

under P, i.e.

(2

P (Wi(k) e ) =P (W““) e ) , P (W““) e ) =P (W“ﬂ e ) . and P(W;e-)=P(W e
for each © € U. Furthermore, we have that

() i (o) ~ (k) i (o)
AW AW @ —supE De,\wi — AW

k>0

dr=supkF ||e
k>0

foranyz € U.

Remark 3.2.1. There is a technical note to make about the space on which the probability measure P is defined.
The o-field o (J,—, Gr) needs to be augmented to ensure the measurability of all random variables defined above.
However, this does not show up in calculations because of their independence with the collection of branching vectors
{%; : i € U}. Tt will be convenient later in the proof to also assume that we have copies { X}, : k > 0} of {X}, : k > 0}

equal in distribution under P. The measurability of this collection can be dealt with similarly.
Now, abusing notation, use {Xy, : k£ > 0} to define
7(t)
—aVi —1
Z(t) —e (f)DJT(t) H H Fr(t)—j(t — Sl) H F‘r(t)—j—l(t — SJ)
i=lieBy jeBr

Furthermore, again abusing notation let

for any ¢ € U, and define

7(t)
Z2(ty=evopz! T[ I P (Wf“”"“ <t-—S;
j=lieB}

XOa s 7XT(t)>

X H P (W;T(t)ijil) <t-— Sj‘ Xo,--- 7X7-(t))

BT
JGBj
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7(t)

e Vs D Tlm H H Fry_i(t—Ss) Fry—j—1(t = S5).

j=lieB} JjEB;

It is clear from this construction that E[Z(t)] = P(W > t) by Theorem 3.1.1 and that Z(¢) has the same distribution
under P as the estimator in (3.1.2). The key to this construction is that the random variables Z (t) and Z (t) are coupled

in the sense that they depend on the same spine process. We then can write

E [Z@)} —P(W > 1)
P(W >t)

Rel. Bias (Z(t)) =

= P(W >t)

< e B[|2() - 2] -sup s

_— 3.24
y>0 eayP(W > y) ( )

where sup, . (e*V P(W > y))”" < oo by Lemma 3.1.4.

Theorem 3.1.5 will be proved with a series of lemmas to follow. For the first, define

G SC Xk 1 H FO z— S and
'J,EB<

G .r Xk 1 H FO r— S
i€B;}

and for r > 1:

i€B;} JEBY
Gr(z,Xp1) = [ B (@=Si) [ Froala—S)),
i€B} JEB}
Lemma 3.2.6. For any integer M > 0,
M—1M—k
B (12(t) } < E[ u(t — Vi — V) n_l(t—Vk’,Xo)—Gn_l(t—V,;,Xo)H
k=0 n=1

+

E [e*a("mft)D;j(t)1(7-(t) > M)} ,
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where w is given in (3.1.3) and {V}| : k > 0} is a copy of {Vi, : k > 0} equal in distribution under P and independent

of everything else (see Remark 3.2.1).

Proof. For 0 < 5 < M, define

fi (@)
_ 7(t) . 7(t)
=F efa(VT(t)*t)D;Tl(t) H G-r(t)fj(t — Vj_l,Xj_l) — H G.,-(t),j(t — Vj_l,Xj_l) l(T(t) < j)
j=1 j=1

We then have that

et E [|Z(t) - Z(t)@

(1) (1)
— B |e—oVey— ”Dim [IG-o-st = Vi, X520) = [ [ Grop—i(t = Vi1, Xo1)
j=1 j=1

Next, let
) ()
IT(t)(X()?"‘)XT(t)) = HGT(t) ]( ‘/j lan 1 HGT(t) j g 17Xj71)
j=1

and note that

(r(t) = e D! ’G‘o(t,Xo) . Go(t,XO)H
[1(1 <7(t) < M)e=*V@0=ID3 ) (Ko, - 7X‘r(t))]
= B [1(7(t) = Ve "I D3] |Go(t, Xo) = Go(t Xo) |

+E\|E |:1(1 < T(t) < M) —a(Vepy— t)D ‘r(t)(XOa"'aXT(t))’XO:H )

and

E[1(1 < () < M)e= 0 =0D5 ! L (Ko, X)) | Xol

< B|1(1 < 7(t) < M)e~(-0 =931
T(t)—1 r(t)—1

x G T(t)— t_‘/();XO H GT(t —j— 1 V}‘,Xj)— H GT(t)fjfl(t_‘/j,Xj) XO
j=1

1(1 < 7(t) < M)e *Vro=p7t

T(t)

+E

89



X ‘GT(t)fl(t_VOaXO)_ér(t)fl(t_v()aXO)‘ H Griy—j—1(t — V5, X;)| Xo

j=1
< B|1(1 < 7(t) < M)e~(-0 =931
T(t)—1 (t)—
< 1L Gt =75 X5) H r)—j—1(t = V5, X5)| | Xo
j=1 et

+E {1(1 <7(t) < M)e*(=0 -0yt

Grty—1(t,Xo) — Gripy-a(t, XO)H XO}
=1(& < t)fx—1(t — V1)
+E {1(1 <7(t) < M)e*(Vro =9 Dyt ’G‘r(t)—l(ta Xo) — Gr(t)—l(tvxo)HXO}

< fu-it—Vi)+E [1(1 <7(t) < M)e~ V=YDt ‘Gf(t)fl(tXO) - Gr(t)fl(EXO)HXO} '

Now for 1 < 5 < M define

9;(t) = B [1(7(t) = D™= D31 | Go (t, Xo) = Co(t, Xo)|

+E[101 < 7(t) < e VoDl

GT(t)fl(t, XO) - CATV‘r()f)fl(u XO) H

= E10 < 7(t) < )00 D3]

) |Gro—1(t, Xo) — ér(t)A(t,Xo)H :

and note that we have shown that

Far(®) < gar(®) + B [far—1(t — V1))

Since fo(t) = 0, iterating we obtain
M-1

Elgn—1(t — Vi)l
k=0

We can bound g; as follows:

Il
Mu
e

(1) [17(0) =m0 D G (1. X0) = G (8 Xo) |

3
Il
—

I
MQK
0

{1 (Oglgx Vit & <t <V, +é ) e DI |Gy (1, Xo) - G‘n_l(t,Xo)H

3
Il
-

M-

E [u@ — V)

G (t, Xo) — én,l(t,Xo)H .

3
Il
—
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It follows that when {V}/ : k£ > 0} is an independent copy of {V}, : k > 0} then

B

St

[Z [tka V)

—k
E [u(t V- V)

1

s
EM

(= VL Xo) = Guoa (= Vi Xo) || V]

v
é

=V Xo) — G (t — V,;,XO)H .
k

Il
o

n

For the next lemma define, for 7, s > 1, the random variables

z =\ Si+whv /(S +wiY),

i€B JEBI,,
200 =\ S+W)v \ (85 + W),
i€B JEBL,

and for » = 0 define similarly

Lemma 3.2.7. Foranye >0,k > 0,andn > 1,

Gro1(t — Vi, Xo) — énq(t - Vi, Xo)
v/ . P V74 D (n—1) - 5(n—1)
< Q(anl(t-‘rf Vk,XQ) anl(t 15 Vk7X0)) + P |ZO ZO | > el Xp ).
Proof. Define

U =iz and O =V 20,

and note that

Guor(t— V!, Xo) = P (Zg"*” <t-V]

Vi) =P (v < t‘ Xo, Vi),

and

Gnr(t — V], Xo) =P (Zé"_l) <tV

Vi) =P (0" < t‘ Xo, Vi) -

Observe that for any two random variables (; and (5, we can write

1 <t) =G <) =10 <t <) +1( <t < ).
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Hence,

(U <) =1 (00 < )| =1 (U << O U - O <)
+1<U()<t<U U - U,ﬁ")|§5)+1(\U,§">—U,§")\>g)
<1(U <t<ul”+e) 41 (0 —e<t<U)
+1(juf - 01 > ¢)
<210 —e <t <0 +e) +1(jUf - O] > <)
<2(1(Uf" —e<t) —1 (U +e <))+ 1 (U - O > )

<2(1(uf” <t4e) -1 (v <t-e))

1(12870 =28V > €).

Consequently,

(Gt = Vi Xa) = Ga(t = V. Xo)
=B (o <o) =1 (0 < 1) %0

<2(P (07 <tre] X0, ) - P (U <%0 1)) + P (125 = 201> %)
G

( n—1 t+E—Vk,X0) n— 1<t—€—Vk/,X0))+ﬁ(|Zénil) —Zénil)l >E‘X0). O

Lemma 3.2.8. Suppose the density o(x) = P (Xl € dac) is bounded and B € (o/2, &) such that pg < 1. Then for

any ¢ > 0,

t—Vk Vn) (anl(t-i-E—VkI,Xo) —anl(t—E—VkZXO))}

HME

bt

< 2(2 - Pﬁ) [QB] E[N] C(’y, ﬂ) —(a—p)z
B (1-pp)° z€R

where v = 2(a — ) and c(v, B) < oc is as in Lemma 3.2.1.

Proof. First note that

Efu(t — Vi = Vo) Xo] = E [u(t — V{ — (Vo — V1) = V1)| V/,, X]

= hn—l(t - Vk/ - m)a
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where h,,_; is as in Lemma 3.1.3. Consequently, we have that

Now, note that for 3 € (0, «) such that pg < 1,

and so

It follows that, since Zé"_l) is monotone a.s. in n,

v
=

—k

(]

£l
I
<
3
Il
—

I
—
4
B

I Il I IN
FIMEIME ML
SiIMTIMI M

Il
™
tm

3
Il
A

Il
M3
M

tn

|t = Vi = V)| Vil Xo] P

FE [u(t — Vk/ - Vn) (anl(t +ée— Vk’,Xo) — anl(t — & — Vk/,Xo)”

Blu(t=Vi-Va)P (t—e <Vi+ 20V <t+¢[ V. %)

(t —e< V42"V <t+ E‘ V,C’,Xoﬂ

E [hn,l(t —V/-V)P (t —e< V427V < t—l—zs’ V,QXo)}
E [hn,l(t Y VA (t —e< Vi + 2 <t +g)}

t+e—Z,
/tszg

[/ ha (=2 + 28" = V)™ (@) dﬁ”} '

B1(t — 2 — V1) * ) () dx]

u(z) =e*P(Y >z)< E [Qﬂ] ela—P)z.

hu() = Efulz — V)] < B [Q%) @M E e~ (=¥ ] — B [QF] (0P,

E [/ hp—1(—z + Z(()"_l) — V) () dz]

—&

_ g
<E[Q% g 'E {e(a—m(Zé' ”—Vn}/ e~ (@=B)z (k) (1) 4y

—€

. - 5
< E[Q) gy B [elo- AT 1] / e~ (=M k) (1) da.

—€

Now let v = 2(a — ), and note that v € (0, «) since 8 € (a/2, o). Also recall that

75 = \/ (8; + W™,



where P Wz(oo) <z|=P W-(OO) <x)=P(W <) foreach i and x € R. Then, using Wald’s identity,
i i g Yy

E [e<a—ﬁ><Zé°°Lv1>] - F

V e<aﬁ)<siv1+vv}°°>>1

i1€B,

\/ B)(Si vl)\/ (a— W“"”]

1€ By
1/2 Ny 1/2
)" (o)
)1/2 (~[N]E [mv])m
(7, B),

| /\

E

“(ely
-

e’Y(S -V1)

1€ By

IN

where we used Lemma 2.5.6 and Lemma 3.2.1 (which defines ¢(+y, 8)). Furthermore, from Lemma 3.2.5

Finally, we have that

Lemma 3.2.9. Recall the function hy,(x) and By, = sup,cg Y po hn(2) < 00 from Lemma 3.1.3. For any € > 0 and

n >0,

o0
2 _
supZef(o‘fﬂ)Igo*(k)(a:) < 2 supe” @Ay (1) < 0.
ceR ) 1= pp zer
M-1M—-k .
b U ha (=2 + 28" = V)™ (@) dl}
k=0 n=1 €
N M M-k .
<PIQVENNV DY X oyt [ e W) da
k=0 n=1
- 1 e M
B[ BNV By 1= [ e W) e
€ k=0
E[QP] EIN B) 2—
< [Q ] [ ] C(’y 5) ps sup 8_(a_6)z(p($) . 2¢.
1—pg 11— PB zeR

S
2

1Mk
E[(t—vk

1

(]

VP (125" - 2

)

~
Il

0n

2B,E[N] (2V B71) <;€ +PQ< n)> M.

IN

94



Proof. Note that

-1 5(n—1 -1 17(n—1 n—2 T7(n—2
e Y e L AL
eBf i€B]

and hence for any 1 > 0,

Ny
P (‘Z(()n_l) o ZA(()n—l)‘ > 6’ XO) < 2sup P <\/ |Wi(T) _ Wi(T)|
r>0

i=1

9

< 2Npsup P (|W(T) -w| > s)
r>0

< 2Ny {supP (|W(T) W >e, R AR > 7])
r>0

+ sup P (R(T) AR™ < n)] .

r>0

Since log(z) is Lipschitz on & > 7 with Lipschitz constant ', on { R A R") > 1} we have

. 1 - 1, -
W —w| = B‘ log(R™)? —log(R™)?| < %|(R(T))B — (RM)A].

Furthermore, since R(") is increasing in r, R(") > RO 2 @. By Condition 3.1.2(a), R is also lower bounded by

copy of Q independent R(©). If Qis an independent copy of @, then

P(R@")AR(*)gn) gP(Q/\an) <2P(Q < 7).

Hence,

P(1280 = 2801 > ¢ Xo) < 23 (supP (16&D)7 — (RD)| > Bre ) +2P(Q < n>)

r>0

< 2Ny (1 sup F [|(R(T))ﬁ - (R(T))ﬁq +2P(Q < 77))

5775 r>0
1)
=2Ny | =—+2P(Q <n ) .
’ (/3’776 ( )
Then, recalling the function h,, in Lemma 3.1.3(ii),
M-1M—k _ B
S E [u(t —V —V,)P (\Zg”*” 7m0 > e‘ XO)}
k=0 n=1
5 M M-k _
<2 +2PQ =) S0 X Blult— Vi - Vo)
ﬂ’l?E k=0 n=1
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where B, = sup, Y, hn(z) < co. This completes the proof. O

Lemma 3.2.10. Letp € {1,2}. If E[(Y ~)P] < o, then

E [e—a(VT(t)—t)D;j(t)1(T(t) > M)}

o (B )

(1 r=1
Proof. Recall the functions v and g from Lemma 3.1.3. By the Cauchy Schwarz inequality and Markov’s inequality,

E[eme@o=0D3L 1(r(t) > M)| < (B [e720r0 0 D;f‘(t)})l/z P(r(t) > M)/

(Etrer) "

<,/BQ.W,

where we used the fact that

sl

B |:e—2a(VT(t)—t)D72 } _ Z

72 [1(7(t) = n)e 2V~ 32|

n=0

< f: B [e—ga(vn—t)E [1(Vn + & > 1)D52| gn]}
n=0

By Lemma 3.2.4,

r=1
14 e0)P D2 LA SN 1/2 " p/2
< <2P/2 <( _)9 T V2Y (E {(3/»‘13/‘) D ( 1) ,
(1 € ) r=1 H
which gives the result. O
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We can now complete the proof of Theorem 3.1.5.

Proof of Theorem 3.1.5. The result follows on combining (3.2.4) with Lemmas 3.2.6,3.2.7,3.2.8,3.2.9, and 3.2.10 [

3.2.3 The Population Dynamics Case

Finally, we prove the results pertaining to the use of the population dynamics in the approximation of the { F} }, namely

Lemma 3.1.6 and Theorem 3.1.7.

Proof of Lemma 3.1.6. First write

Or(K,m) <supFE {dl (F,\,TAK,FA,r/\K,m)] +sup E [di (F>r, Frak)] -
r>0 r>0

‘We start with the first term.

W(T‘JYL)

LetR =W, R = W and Rvm) = . R satsfies the fixed point equation R* 2 &, (Q, N, {C;}, {R}}),

where R; are i.i.d. copies of R, for the map
(I))\(q7n7 {Ci}7 {xz}) = q>\ \ \/ C7/L\xi-
i=1
If {(X;,Y;) : ¢ > 1} is an i.i.d. sequence of vectors in R} x R, independent of (Q, N, {C;}), then

<FE = B[ X1 -1

N
ZCMXi - Y|

i=1

N N
v\ arxi - v\ Yy,

i=1 =1

Hence, applying Theorem 2.8 in [86] with p = 1 and ¢ = \’/\ and noting that § < A < X" < « implies that ¢ < 2,

there exists some £ = (A, \’) such that

[dl ((R(T s (R(T’m))’\)} <K Zpﬁ\ > (E “R(J’)‘/\’DA//\, = min{1-A/N 172}

Note that for all j,

i doim| =

k=0ic Ay

sl 1]

o] s

Since M'/A < 2, min{l — A/XN,1/2} = 1/2, and so

% E [Q*'} W’

E [di (RO (RO < x pr YA

Jj=0

o 1/2
L —px
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o(r[e])™
T

—1/2
)

and the bound is uniform in r.

1/x
For the other term, let U be a uniform random variable over [0, 1] and let R(") = (F o (U)) foreachr > 0

1/x
and R = (F*1 (U)) .ie. R 2 eW where IV solves (3.0.2). Note that R(") are increasing in r to R. Then we have

A,00

sup B [dy (Fa,r. Fa,aic)] = sup E [[(R)* = (RO
r>0 r>0

—E [|(R<K>)A - RA|] .

By Theorem 2.5 in [86] and its proof,

E [|(R(K))’\ —R’\@ - PAE [Q) + E |:Q)‘\/\/£\Ll C{\} L+ p)E [Q] +px 4

< .
L—pa A

P =

1= px
This completes the proof. O

Proof of Theorem 3.1.7. When P(Q < ¢) = 0 for some ¢ > 0, choose some 0 < ¢ < ¢ and set n = ¢ in the bound in
Theorem 3.1.5. The result then follows by Lemma 3.1.6 and choosing M = m“* and € = m™“2.
When P(Q < n) < KnS(—logn)~¢2, the result follows by Lemma 3.1.6 and choosing M = m®!, e = m~%2,

andn = m™%3. O
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CHAPTER 4

Large Deviations for Interacting Diffusions with Common Small Noise

In this chapter we study large deviation properties of interacting particle systems that are described through a
certain collection of stochastic differential equations. Our main interest is in diffusions interacting through the empirical
measure of the particle system with both individual and common sources of noises, given by a system of equations of

the following form:

dX{'(t) = b(X;'(t), (1) dt + o (X' (1), u" (1)) AW; (1) + K(n)a(X;' (), u" (1)) dB(1),
n “4.0.1)
XPO)=af, ()= Y b, 1<i<n, teT]

where {W,;,i € N} are independent m-dimensional Brownian motions, B is a k-dimensional Brownian motion,
independent of {W;,i € N}, b: R? x P(RY) — R?, 5 : R? x P(R?) — R¥>™, and o : R x P(R?) — R¥** are
appropriate maps, and {27 }1<;<, C R (see Section 4.1.1 for precise conditions on the coefficients and the initial
conditions).

We will also study large deviation asymptotics for a second class of models that are given as particle approximations

for Feynman-Kac functionals of the form
B [l 0N tsg(x, (1)) (4.02)

where g and c are bounded and continuous functions and X is given by (1.2.12) (with i = 1). Denote by M (R9) the
space of finite measures on R equipped with the topology of weak convergence, and consider the C([0, 7] : M (R%))-

valued random variables v™ defined as

1o ft (xn  a(xm
v (t) = - Ze.f(; e(X(s))ds+r(n) [§ B(X] (S))dB(S)(SXi"(t)v t e (0,7, (4.0.3)
i=1

where {X['} are given by (1.2.14) and 3 is a bounded and continuous function. Then, as n — oo, (g, v"(T)) =
J g(z) v™(T)(dz) converges to the Feynman-Kac functional in (4.0.2) for all choices of sequences x(n) — 0. As a

special case of Theorems 4.1.2 and 4.1.4 we obtain large deviation principles for +™, for different choices of x(n).
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The law of large number behavior of such systems of particles outlined above is described by nonlinear equations
of McKean-Vlasov type (cf. [82, 94]). The large deviation behavior of the associated empirical measure process is
governed by two types of scaling, one corresponding to mean field asymptotics (as the number of particles n — 00)
and the other to the Freidlin-Wentzell small noise asymptotics (as the noise intensity x(n) — 0).

In the setting where there is no common Brownian motion, i.e. x(n) = 0, large deviation principles for the
empirical measure have been studied in [33]. A different approach, based on certain variational representations for
exponential functionals of finite dimensional Brownian motions [17] and weak convergence arguments, was taken in
[22]. The latter paper, in contrast to [33], allowed for degenerate diffusion coefficients and for a mean field interaction
in the diffusion coefficient. Large deviation properties of a system related to (4.0.1) were studied recently in [88], in
which there is no common noise term but the independent Brownian motions {W; } are made to be small and vanish in
the limit. In the systems with common noise that are considered in the current work, one needs to analyze the interplay
between the contributions of two distinct sources of noise to non-typical behavior of the empirical measures. In the
rate function (see (4.1.3)), this interplay is manifested through certain stochastic control problems in which there are
two types of controls that play somewhat different roles in the dynamics. As already noted below (1.2.16) in a simpler
setting, the control that arises from the individual noises is random and nonanticipative whereas the control from the
common Brownian motion is nonrandom. In game theoretic terminology, the first control arises from the aggregated
actions of the n individual players whereas the second control corresponds to the action of a single major agent that
impacts the dynamics of all n players.

Our results give a complete characterization of the asymptotic behavior for different choices of x(n). Specifically,
taking x(n) = n~'/2, Theorems 4.1.1 and 4.1.3 show that rates of decay of P(;" € A) for non-typical events A are of
the form e~™/(4) where the exponent I(A) is described through a stochastic control problem with controls for both
the aggregated player and the major agent. However, when m(n)nl/ 2 — 0, the contribution of the common Brownian
motion to deviations in the empirical measure becomes negligible and the rate function only involves the aggregated
player control. Finally, when r(n)n'/2 — oo, the decay rates of P(u" € A) are slower , given as e~ (") " 1(4),
and this time the dominating contribution to deviations to the empirical measure are due to the common Brownian
motion and the corresponding stochastic control problem is described in terms of nonlinear Markov processes with

deterministic controls.

100



In order to study rates of convergence of Feynman-Kac functionals analogous to those in (4.0.2), we consider the

following system of coupled equations:

dX('(t) = b(XG (1), p" () dt + o (X7 (8), p" (1)) dWi(t) + r(n)( X7 (), u"(1)) dB(2),
AT (t) = A} (£)e(X] (1), 1" (1)) dt + A7 (£)y" (KT (1), " (1)) AWi(t) + k(n) AT ()BT (X]' (1), 1" (1)) dB(2),

n

1
XPO) =af, A0 =af, p'(0) =) HAI)Nxr, 1<is<n, te[0.T]
i=1

(4.0.4)
where ¢ : R x P(RY) — R, v : R4 x P(RY) — R™, and B : R? x P(R?) — R* are suitable maps and
{(z2, a) }1<i<n C RY x R, (see Section 4.1.2 for precise conditions). Note that in the special case where () = z,
~(x, ) = 0, and the coefficients do not depend on the empirical measure (i.e. b(z,u) = b(z), and similarly for

o, a, ¢, 3), u™ reduces to (4.0.3) (with ¢ replaced by ¢ — x(n)? 37 3/2). In the general case the finite weighted empirical

measures " (t) take the form

p(t) = % i 0 (ef(f en(X7(8),1™ ())ds+ [ v (X[ (8),1™ (8)) AW () +r(n) [5 BT (X[ (s),n7(5)) dB(S)) Sxr), (4.0.5)
i=1
where ¢, = ¢ —y7y/2 — k(n)?37 /2, which covers a broad family of interacting particle models for Feynman-Kac
distribution flows (cf. [34]). Our main result is Theorem 4.1.2, which gives a large deviation principle for {u"} in
C([0,T] : M*(R?)) under appropriate conditions on the coefficients and the initial conditions.

The LDP results herein have a somewhat similar flavor to those for two-scale stochastic systems, see for example
the recent works [58, 93] which analyze the large deviations behavior of reaction-diffusion equations with slow and fast
time scales in a particular limiting regime of the parameters, as well as [38] which considers multiple regimes in a finite
dimensional problem. As in the problems studied here, in two-scale systems as well there are two natural parameters
of interest, one (denoted as ) representing the speed of the fast system, and the other (denoted as ) representing the
magnitude of the noise in the slow system. Depending on the manner in which ¢ and ¢ approach 0 in relation to each
other, one expects different forms of large deviation behavior. Specifically the papers [58, 93] considered the regime
d/+/e — 0 while the other regimes, namely §/1/¢ — ¢ € (0,00) and 6/+/¢ — oo were left open and are expected to
be more challenging. Although there are formal similarities with the problem studied here, it is not immediately clear
whether the methods developed in the current paper can be directly used to study the harder regimes that were left
unaddressed in [58, 93].

We now make some comments on proof techniques. For an LDP for ™ associated with the system in (4.0.1),
the goal is to characterize the asymptotics of Laplace functionals of the form on the left side of (4.2.4). Since u” is a
functional of individual Brownian motions W; and the common Brownian motion B, using the variational formula for

exponential functionals of finite dimensional Brownian motions [17], one can give a stochastic control representation
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for the Laplace functional of interest (see Theorem 4.2.1) that involves two types of controls. The first type, denoted
as u}', captures the deviations from the individual Brownian motions W; (one control for each ¢) and the other type,
denoted as v", is associated with the common Brownian motion B. The two types of controls are scaled differently in
the representation, and the analysis of this scaling, which depends on x(n), is key to understanding the different types
of large deviation behavior for various choices of «(n). In proving the large deviation upper bound one needs to argue
the convergence of the cost on the right side of (4.2.4) associated with near optimal choices of control sequences and to
characterize the limits. For this, following [22], we consider certain augmented empirical measures Q™ that include,
in addition to particle states, the associated controls and the driving individual noises. The convergence of the costs
(along subsequences) is shown by establishing the tightness of the collection (Q™, v™). Tightness properties depend
crucially on the rate at which x(n) — 0, and the forms of the limit points under different conditions on x(n) reveal
the different types of large deviation behavior. Next step is to characterize the form of the limit cost. This is done by
establishing that the limit points of Q™ solve certain nonlinear controlled martingale problems. The controls arise from
two sources, one is from the limits of v™ (this is the control associated with the common noise); and the other is from
the second marginal of Q™. This characterization leads to the forms of rate functions described previously. In order to
prove the lower bound one needs to construct a suitable collection of controls for which the associated costs converge to
certain near optimal costs for the limiting stochastic control problems. This time tightness is not enough as one needs to
prove convergence of (augmented) empirical measures to a specific limiting measure. The key step in the proof of the
lower bound is establishing uniqueness of weak solutions of stochastic differential equations associated with certain
controlled nonlinear Markov processes. Such results are given in Lemmas 4.2.4 and 4.3.4. With such a uniqueness
result one can then construct the desired sequence of controls and controlled processes on certain infinite product path
spaces such that the associated state processes and costs converge in an appropriate manner.

Proofs for the large deviation asymptotics of Feynman-Kac measures as in (4.0.4) rely on analyzing the properties
of #. One may attempt to deduce this result as a corollary of large deviation results for (4.0.1) by first establishing an
LDP for the empirical measure of (X*(-), A%(-)). However, with this approach, the conditions needed appear to be too
restrictive (see Remark 4.1.2(a)). We will instead analyze the weighted empirical measure ™ in (4.0.5) directly via
variational representations for Laplace functionals associated with ™. We prove the result under two different types of
conditions. The first set of conditions requires in particular that v = 0 and 6 is a Lipschitz function (e.g. 8(x) = ).
When 0(x) = z, and v = 0 is violated, a large deviation principle is not available even in the most elementary settings
(see Remark 4.1.2(c)). The second set of conditions allows 7y to be more general but imposes logarithmic growth
conditions on 6.

The paper is organized as follows. Section 4.1 introduces the models, gives our precise assumptions, and presents
the main results. In particular, Section 4.1.1 considers the empirical measure problem while Section 4.1.2 presents

results for interacting particle models for Feynman-Kac functionals. The first two sections consider the case where
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the common noise intensity (n) is of order n~1/2, and in section 4.1.3 we present results for other choices of x(n)
(i.e. of larger or smaller order than n~'/2). Sections 4.2 through 4.4 contain the proofs of our main results. The two
appendices contain proofs of some auxiliary results.

The following are some notational conventions followed throughout this chapter. We will denote by C([0, T : R)

the space of continuous functions from [0, 7] to R?, equipped with the sup-norm topology corresponding to the distance

d(1,2) = sup |[1(t) —a(t)|| for by, ehy € C([0,T] : RY).
0<t<T

For a Polish space S, C(S) will denote the space of continuous functions from S into R, and C;(S) will denote the
space of continuous and bounded functions from S into R. We denote by L2([0, T], R¥) the space of functions from
[0, T into R that are square integrable with respect to Lebesgue measure. Let P(.S) denote the space of all probability
measures on S equipped with the usual weak convergence topology. If S is a product space of the form S7 x --- x S,
then for ©® € P(S) andi = 1,..., k, we denote by [©]; the ith marginal of ©, which is a probability measure on S;.
Notations [O](;, . ;). for1 <r < kand1 <4y < iy < --- < i, <k, will be interpreted in a similar manner. Let
M (S) denote the space of finite positive measures on .S, also with the topology of weak convergence. In particular, for
Yn,¥ € M4(S), vn — v under this topology if and only if for every f € Cy(S), [ f dv, — [ fdy. Fory € M (S)
and a y-integrable function f : S — R, we will denote [, f(x) y(dzx) as (f,7). C*(R?) [resp. CF(R?)] will denote the
space of functions [resp. functions with compact support] from R? to R that are continuously differentiable up to order

k. For a bounded map f : S — R, we denote sup,cg | f(2)] as || f||oc-

4.1 Main Results

In this section we introduce the models of interest, state our precise assumptions, and present the main results.

4.1.1 Diffusions Interacting Through the Empirical Distribution

Consider a filtered probability space (€2, F, P, { F:}) where the filtration satisfies the usual conditions. Let {W;}5°, be
an iid collection of m-dimensional Brownian motions on this space. Also, let B be a k-dimensional Brownian motion
that is independent of the collection {W; }$2, . We assume that, for every s, {W;(¢t)—W;(s), B(t)—B(s),i > 1,t > s}
is independent of Fj, so that W, and B are {F; }-martingales.

Consider, for n € N, a collection of stochastic processes { X}, with sample paths in C([0, 7] : R?) given by
the system of equations in (4.0.1) where x : N — R, satisfies k(n) — 0 as n — oo, and b, o, and « are suitable

coefficients.

We will make the following assumption on the initial conditions.
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Condition 4.1.1. There exists &y € P(R?) such that for all £y-integrable f : R — R,

Jim LS fat) = (f, &)
i=1

Furthermore, sup,,>, =~ > [|#}']|* < oo.

We will require the coefficients b, o, and o to be Lipschitz continuous. In order to state this condition precisely,
we recall the bounded-Lipschitz metric on the space of measures. Recall that M, (R?) denotes the space of positive

measures on R? equipped with the weak topology. This topology can be metrized by the bounded Lipschitz metric

dpr(vi,v2) = sup [{f,1) = (f,v2)], v € ML (RY), i=1,2,
fEBL(R%)

where
BL(R%) = {f € C(R?) : || f|ls < 1and f is Lipschitz with Lipschitz constant bounded by 1} .

The following is the main condition on the coefficients.

Condition 4.1.2. The map b is Lipschitz and the maps o, o are bounded and Lipschitz from R? x M (R9) to R,

RI*™ and RI¥F respectively. Namely, there is a K € (0, 00) such that for each x,y € R® and ji,v € M (R?),
(@) llo(z, w|* + llalz, w* < K? and
(b) |Ib(z, ) = b(y, V)|l + llo(z, n) — oy, V)| + [z, ) — aly, V)|l < K (|2 = yll + dBL (1, V))-

For Theorem 4.1.1 we can replace M (R?) with P(R?) in the above condition, however it is convenient to
formulate the condition as above in order to have a common set of conditions for Theorems 4.1.1 and 4.1.2. For the
LDP we will assume in addition that the diffusion coefficient o depends on the state of the system only through the

empirical measure:
Condition 4.1.3. For z € R% and p € M, (R?), o(z, 1) = o (p).

Under Condition 4.1.2 it follows by standard arguments that for each n there is a unique pathwise solution of
(4.0.1). Abusing notation, let " be a random variable with values in P(C([0,7] : R?)) defined as p™ = 2 3" | § X7
Note that p"(s) is the (random) marginal distribution at time instant s associated with x™. We will occasionally denote
the map ¢ — ™ (t), as u™(-) which is viewed as a P(IR?)-valued stochastic process with continuous sample paths or,

equivalently, a random variable with values in C([0, 7] : P(R%)).
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Our first main result gives a large deviation principle for u™ in P(C([0,T] : R?)). We begin by introducing the
associated rate function. This function will be described in terms of solutions to certain controlled McKean-Vlasov
equations which we now introduce. Recall the Polish spaces R and R, of relaxed controls from the Introduction.

Given ¢ € L?([0,7] : R¥) and a continuous map v : [0,T] — P(R?), consider the controlled nonlinear SDE

Si[p, V], on some filtered probability space (€2, F, P, {F;}), equipped with an m-dimensional F;-Brownian motion

4X(0) = WX O O)dt+ ([ o (X000 pla) ) dt+ o (X000 W (0

Silp,v] = + a(X(8), v(t))p(t) dt, .1.1)

where £y € P(R?) is as in Condition 4.1.1. In the above equation p is an R;-valued random variable such that
p([0,t] x A) is F;-measurable for every A € B(R™) and ¢ € [0, 7], and X is an F;-adapted stochastic process with
sample paths in C([0, 7] : RY). The notation X (t) ~ v/(t) signifies that X (¢) has probability distribution v(t), i.e.
Po X (t)7! = v(t). We note that S [¢, v/] is driven by two types of controls, the control ¢ is a deterministic function
whereas p represents a random control in the dynamics.

A triple (X, p, W) that solves S; [, v] for a given ¢ and v can be viewed as a Z;-valued random variable, where
ZI =X xRy x W, X =C([0,T] : RY), and W = C([0,T] : R™).

The distribution of (X, p, W) on Z; is an element of P(Z;) and is called a weak solution of the controlled SDE

- dt)] < oo} 7
R™ x[0,T]

where in the above display Eg denotes expectation on (21, 5(Z;), ©) and, abusing notation, p is the second coordinate

81, v]. Define
PQ(Zl) = {@ € P(Zl) : Fo

map on (21, B(2,)), i.e.

plx,r,w)=r, (x,rw)é€ 2.

Note that, the above expectation can be written as

Eo

/ ||y2p<dydt>] - / / Iyl r(dy dt) (O] (dr).
R™ x[0,T] R1 JR™x[0,T]
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For © € P(2,), let vg : [0,T] — P(RY) be defined as
ve(t)(B) = ©{(z,r,w) € Z, : z(t) € B}, B e B(RY).

Note that if © is a weak solution of S; [, V], then v(t) = vg(t) for all t € [0, T)]. For a given ¢ € L2([0,T] : R¥), let

&1[p] denote the subset of Py(Z1) given as
E1lp] = {0 € P2(Z1) : © is a weak solution to S1[p, ve]} . 4.1.2)

Then the candidate rate function for the LDP for p” is

1
I(v) = inf inf Fo | = 2 p(dy dt
1) weLZ([o,T]:Rk){@e&[w]:[e}l—u © lZ /Rmx[oﬂ IyII” pldy dt)

L t)||? dt 4.1.3
v | IePay. @13

for v € P(X), where A € (0, c0) is introduced below.

The following is the first main result of this work. It gives an LDP in the case (n) is of the order n~'/2. Later in
Section 4.1.3 we will consider the large deviation behavior when r(n) is of smaller or higher order than n~'/2. Part
1 below gives a law of large numbers result while part 2 establishes a large deviation principle. Denote the element

10y (dy) dt of R as r°.
Theorem 4.1.1. Suppose that Conditions 4.1.1, 4.1.2 hold and that k(n) — 0 as n — oc.

(i) There is a p* € P(X) such that ™ — p* in probability. Furthermore, 1i* can be characterized as the first
marginal [©]; of ©, where © is the unique element in P(Z1) that is a weak solution of $1(0, ve| and satisfies

O] = bye.

(ii) Suppose in addition that Condition 4.1.3 is satisfied and that /nrk(n) — X € (0,00). Then {u" }nen satisfies a

large deviation principle on P(X) with speed n and rate function I;.
Proof of Theorem 4.1.1 will be given in Section 4.2.

Remark 4.1.1. Since the map v+ {t — v(t)} from P(X) to C([0,T] : P(R%)) is a continuous map, we have by the
contraction principle that u™(-) regarded as a sequence of random variables with values in C([0, T] : P(R%)) satisfies
an LDP as well.

4.1.2 Interacting Particle Systems for Feynman-Kac Functionals

In this section we consider a setting where the interaction term is given in terms of a weighted empirical measure of the

states of the particles and where the weights are governed by another system of stochastic equations. Let (Q2, F, P, {F;}),
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{W,}, B be as in Section 4.1.1. Consider for n € N, a collection of stochastic processes { (X[, A7)}, with sample
paths in C([0,7] : R% x R, ) given by the system of equations in (4.0.4). Here § : R, — R,, x : N — R, , and
b, o, a, c,, and 3 are suitable maps. Note that 1™ () in this set of equations can also be represented as on the right side

of (4.0.5). In addition to Condition 4.1.2 on the coefficients, we will assume the following condition.

Condition 4.1.4. The maps c,, 3 are bounded and Lipschitz from R x M (R?) to RY, R™, and RF respectively.

Namely, there is a K € (0, 00) such that for each v,y € R and p,v € M, (R?),
(@) lle(z, w)* + Iy (e, m)* + [1B(z, w)||* < K2, and

(b) |le(z, 1) — ey, V)| + Iv(z, 1) = vy, V)| + 1B(x, ) = By, v)|| < K (|2 = yll + dprp,v)).

The weights in the random measure p"(t) are determined through the map 6 on which we make the following

assumption.
Condition 4.1.5. Either one of the following hold:

(a) 0 € C2(Ry) and

sup |0/ (x)z| + sup |0 (z)2?| < . 4.1.4)
TER rERL

(b) Thereisa L € (0,00) such that |0(x) — 0(y)| < Lz — y| forall x,y € Ry.

Condition 4.1.5(b) simply says that 6 is a Lipschitz function. It is easily checked that under Condition 4.1.5(a), 6 is
Lipschitz as well. The latter condition, in addition, implies an (at most) logarithmic growth on 6.

Under Conditions 4.1.2, 4.1.4, and 4.1.5, there is a unique pathwise solution to the system of equations in (4.0.4).
Although the proof is standard, we provide a sketch in Appendix 4.6. The object of interest is the stochastic process
{u"(t)}1ej0,7) Which is regarded as a random variable with values in C([0,T] : M4 (R%)). Our second main result
gives a large deviation principle for 1" (+) in this path space. We introduce two additional conditions that will be needed

for this result. For the initial values {(a?, z}")} in (4.0.4) we will assume the following in addition to Condition 4.1.1:

Condition 4.1.6. There exists g € P(R? x R ) such that for all ny-integrable g : R x R, — R,

R R
Jim — ;g(% sai') = (g,m0)-

Furthermore,
n

1 ) 1<
- 2 < d *E logal)™ < oo.
sup : (a/z) oo an il;f;ni:l(ogaz) o0

Note that when both Conditions 4.1.1 and 4.1.6 hold, we have [19]; = &y, where [)]; is the marginal distribution of g

on R4,
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Finally, for the large deviations result, in addition to Condition 4.1.3, we will assume that the diffusion coefficient

~ depends on the state of the system only through the empirical measure, namely:
Condition 4.1.7. For x € R% and p € M (R?), y(z, ) = v(p).

We now present the rate function that will govern the LDP for {u"(-)}. Given ¢ € L2([0,T] : R*) and
v € C([0,T) : M, (R%)) as in Section 4.1.1, consider the controlled nonlinear SDE S, v] given on some filtered

probability space (Q, F, P, {F;}), equipped with an m-dimensional F;-Brownian motion W:

dX(t) = b(X(t),v(t))dt + </ a(X(t),v(t)y pt(dy)> dt +o(X(t),v(t)) dW(t)
+a(X (1), v(t)p(t) dt,

Salo v = dA(t) = A@t)e(X (1), v(t) dt + ( / A (X (1), v(t)y pt(dy)> dt (4.1.5)

m

_|_
N

(O (X (1), v(2) dW () + A1) BT (X (1), v(1))o(t) dt,

(f,v(t)) = E[0(A(t)) f(X(t))] forevery f € Cy(R?), t€[0,T], (X(0),A(0)) ~ o,

where £ denotes expectation with respect to P. Here p is as in Section 4.1.1, and X and A are F;-adapted stochastic

processes with sample paths in C([0, 7] : R?) and C([0, T : R..), respectively, such that

E Lz%e(ﬁ(t))} < .

A quadruple (X, A, p, W) that solves Sz[¢, /] is a Z5-valued random variable, where

ZQiXXyX’RqXW, y:C([O7T]R+),

and X', W, R, are as before. The distribution of (X, A, p, W) on 2, is an element of P(Z5) and is called a weak

solution of Sa[p, v]. Let

,PQ(ZQ) = {@ S P(Zg) : E@

/ IIyIIZp(dydt)] < 00, Ee { sup H(A_(t))} < oo}-
R™ x [0,T] 0<t<T

Note that if © € Py(Z5) then vg € C([0,T] : M (R?)), where vg is defined as

(f,ve(t)) = Ee [0(A(t)) f(X(t))] for feCy(RY), te[0,T], (4.1.6)
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and if such a © is a weak solution of Sy[i, /], then, for every t € [0, T, v(t) = ve(t). Given ¢ € L([0,T] : R?), let
&) = {O € P2(Z3) : O is a weak solution to Sz[p, vel}.

The candidate rate function is given as

. . R 1
L) = i nf Fo § / |12 pldy dt)
R x[0,T]

1 T
— O|I?dt 3, 4.1.7
<p€L2([18,T]:Rk) {@ESQ%W]ZV(—)—U * 22 0 HSO( )H } ( )

for v € C([0,T] : M, (R?)). The following is the second main result of this work. As in Section 4.1.1 here we only

—1/2 —1/2

consider the case where x(n) is of order n . Values of x(n) of higher or lower order than n will be considered
in Section 4.1.3.
Once more, the first part of the theorem below gives a law of large numbers (LLN) and the second part establishes

an LDP. The proof is given in Section 4.3.
Theorem 4.1.2. Suppose that Conditions 4.1.1, 4.1.2, 4.1.4, 4.1.5, and 4.1.6 hold and that k(n) — 0 as n — oc.

(i) Thereisa p* € C([0,T] : My (R?)) such that u™ — u* in probability. Furthermore, u* can be characterized as

the map t — vg(t), where © is the unique element in P(Z3) that is a weak solution of S2(0, ve| and satisfies

O3 = by

(ii) Suppose that o and -~y satisfy Conditions 4.1.3 and 4.1.7, and either (i) 0 satisfies Condition 4.1.5(a), or (ii) 0
satisfies Condition 4.1.5(b) and v = 0. Also suppose that \/nk(n) — X € (0,00). Then {u"},cn satisfies a

large deviation principle on C([0,T] : M1 (R%)) with speed n and rate function I.

Remark 4.1.2. (a) Consider the empirical measure of { X (s), A?(s)} on R? x R, given as

- 1 n
" (s) = n ;5()(;(5),,4?(5))'

Then the system in equation (4.0.4) can be written in form of a system as in (4.0.1) in which X" is replaced by
the pair (X', A?"). With such a rewriting, one may attempt to deduce Theorem 4.1.2 as a corollary of Theorem
4.1.1. However, with this reformulation, the conditions needed for Theorem 4.1.1 are too restrictive. In particular,
conditions assumed in the statement of Theorem 4.1.2 will, in general, not imply the conditions of Theorem 4.1.1
(with the new coefficients obtained through the reformulation). Specifically, requiring Conditions 4.1.2 and 4.1.3

for the reformulated system will say that 6 is bounded and v = 0.

(b) A minor modification of the proof of Theorem 4.1.2 shows in fact that the joint empirical measure % ZZ‘L:1 5(Xn7A?)

i

satisfies an LDP on P(C([0,T] : R x Ry)). Note that since § may be unbounded, the map © ~ vg is not
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continuous (in fact in general not even well defined) on all of P(C([0,T] : R? x R..)) and so one cannot deduce
an LDP for u™ from that of the joint empirical measure by a direct application of the contraction principle. In any
case, the amount of work needed to establish the LDP for p™ is about the same as that needed for the LDP for the

Jjoint empirical measure.

(c) In Theorem 4.1.2, for the case where 0 satisfies Condition 4.1.5(b), we require that v = 0. The reason for this
restrictive requirement on -y can be seen as follows. Consider the simplest example of a 0 satisfying Condition
4.1.5(b), namely 0(x) = x. Consider also the simplest form of a non-zero 7 in (4.0.4), namely v(x,pu) = v €
R™\ {0}. Also suppose that 5 = 0, c(x, i) = ¢ € R, and that o = 1 for all i,n. Then the second set of equations
in (4.0.4) reduces to

dA™ (1) = cA™ () dt + v AT () dWi(t), AT(0)=1, 1<i<n.

7

Namely,

A(t) = exp { (c - 722) t+ ’yWi(t)} .

In this case, an LDP for " (+) will in particular say (by the contraction principle) that the sequence {1 (1)(R%)}
satisfies an LDP. However the latter is just an LDP for the empirical mean of iid random variables, {A}(1)},
namely % Z?:l AT (1), which is the subject of Cramér’s theorem. However the key condition for this theorem,

namely the finiteness of the moment generating function in a neighborhood of the origin, fails to hold in this case.

4.1.3 Intensity of the Common Noise

The LDP in Theorems 4.1.1 and 4.1.2 are established under the condition that the common noise intensity «(n) is
O(1/+/n). If this intensity approaches 0 at a different rate, the form of the rate function is expected to be different. In
this section we discuss such results. We will consider two cases: Case I: y/nk(n) — 0, and Case II: v/nk(n) — oo.
Let &[] for a given ¢ € L2([0, 7] : R¥) be as in Section 4.1.1. In order to define the rate function in the second case,
we consider, for a ¢ as above and a v € C([0,T] : P(R%)), the controlled nonlinear SDE S, [, ], on some filtered

probability space (2, F, P, {F;}), equipped with a m-dimensional F;-Brownian motion W:

B [ dX (1) = b(X (1), v(t)) dt + o (X (1), v(t) AW (t) + a(X (1), v(1))p(t) dt,
Silp,v] = (4.1.8)

X(t)~v(t), telo,T], v(0)=c.

The difference between the above equation and the equation in (4.1.1) is the absence of the control term p; on the right
side of (4.1.8). The distribution, on X x W, of a pair (X, W) that solves (4.1.8) for a given ¢ and v will be called a

weak solution of Sy [, V].
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Fora p € L2([0,T] : R¥), let
Eilp] = {@ € P(X x W) : © is a weak solution to S [, 1/@]} . (4.1.9)

For v € P(C([0,T] : RY)), we denote the map ¢ — v/(t), once more as v. The following result gives an LDP when r(n)

is different from O(1/,/n). Recall that we assume x(n) — 0 as n — co. Also recall the space X = C([0,T] : R?).
Theorem 4.1.3. Let {u"}en be as in Section 4.1.1. Suppose that Conditions 4.1.1 and 4.1.2 hold.

(i) Suppose in addition that Condition 4.1.3 is satisfied. If \/nk(n) — 0 as n — oo, then {u"} satisfies an LDP on

P(X) with speed n and rate function I 1,0 given as

1
5/ Iyllzp(dydt)] , vEPX). (4.1.10)
mx[0,T]

I = inf E
ro(v) ocei [ [Oh=y @

(ii) If v/nr(n) — 0o asn — oo, then {u"} satisfies an LDP on P(X) with speed r(n)~2 and rate function I

given as

PEL2([0,TI:RY) | @& [p):[0)1=v 2

T
Loo(v) = inf { inf 3/ ||<p(t)||2dt}, vePX). (4.1.11)
0

The proof of Theorem 4.1.3 is very similar to that of Theorem 4.1.1 and therefore we will only provide a sketch

and leave the details to the reader. This sketch is given in Section 4.4.

Remark 4.1.3. Consider the special case discussed in the Introduction (see (1.2.14)) in which the interaction only
comes through the common Brownian motion. For this special case the results in Theorems 4.1.1 and 4.1.3 (by some
minor proof modifications) say the following. Suppose that the coefficients b, o and « in (1.2.14) are Lipschitz. Also,
suppose first that /nr(n) — X € (0,00). Then {u"™} as introduced in (1.2.15) satisfies an LDP in P(X) with speed n
and rate function I defined in (1.2.16). If \/nx(n) — 0, then {u"} satisfies an LDP with speed n and rate function
110 as in (4.1.10) and where &[] is as introduced below (1.2.15). Finally, when \/nr(n) — oo, then {u"} satisfies

an LDP with speed r(n)~2 and rate function I 1,00 iven simply as

T
fioe(v) —igf{; / ||s0(t)|2dt},

where the infimum is taken over all ¢ € L*([0,T] : R¥) such that the solution {X} of the controlled SDE
t t t
X(t)== +/ b(X(s))ds —|—/ o(X(s))dW(s) —|—/ a(X(s))e(s)ds, te][0,T],
0 0 0
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has probability law v.

One can also give an analogue of Theorem 4.1.3 for Feynman-Kac weighted measures of the form in Section 4.1.2.
We state such a result and leave proof details to the reader.
Consider, for a ¢ € L*([0,T] : R¥) and a v € C([0,T] : M, (R%)), the controlled nonlinear SDE Sy[¢, ], on

some filtered probability space (2, F, P, {F;}), equipped with a m-dimensional F;-Brownian motion W:

dX(t) = b(X(t),v(t)) dt + o(X(t),v(t)) dW (t) + a(X (), v(t))e(t) dt,
Salo, V] =4 dA(t) = At)e(X (1), v(t)) dt + AN (X (1), v(t) dW (t) + A(t)BT (X (1), v(t)o(t) dt,
(fiv(t)) = E[0(A(#)) f(X(t))] forevery f € Co(R?), ¢ €[0,T], (X(0),A(0)) ~ no,

(4.1.12)
where E denotes expectation with respect to P. The distribution, on X x Y x W, of (X, A, W) that solves (4.1.12)

for a given ¢ and v will be called a weak solution of Sy [y, v]. Fora ¢ € L2([0,T] : R¥), let
Elp] = {G) € P(X x Y x W) : O is a weak solution to S[¢, u@]} .
Theorem 4.1.4. Let {1" },,en be as in section 4.1.2. Suppose that Conditions 4.1.1, 4.1.2, 4.1.3, 4.1.4, 4.1.6, and 4.1.7

hold. Also suppose that, either (i) 0 satisfies Condition 4.1.5(a), or (ii) 0 satisfies Condition 4.1.5(b) and v = 0.

(i) If v/nk(n) — 0 asn — oo, then {u™} satisfies an LDP on C([0,T] : M1 (R%)) with speed n and rate function

15 given as

I = inf E
2’0(1/) ('—)6521[61]:1/(_):1/ ©

1

5 / |y||2p<dydt>] . v eC(0.7]: My(RY). “.1.13)
R™ % [0,T]

(ii) If v/nk(n) — co asn — oo, then {u™} satisfies an LDP on C([0,T] : M (R%)) with speed k(n)~2 and rate

Sunction I o, given as

- 1 /T
L oo(v) = inf { inf 7/0 ||<p(t)||2dt}, v e C([0,T] : My (R%)). (4.1.14)

@ELz([O,T]:Rk) (‘“)652[&,0]11/(_):1/ 2

4.2 Proof of Theorem 4.1.1.

Part 1 follows by a standard argument (cf. [95]), however for completeness we give a sketch in the Appendix. We now
consider part 2.
From the well known equivalence between an LDP and a Laplace principle (cf. [37]) it suffices to show that the

function I; introduced in (4.1.3) is a rate function and for every F' € C(P(X)) the following upper and lower bounds
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are satisfied: the Laplace upper bound

1 n
liminf ——log £ {e*"F(” )} > inf [F(v)+ L], 4.2.1)
n—00 n veEP(X)
and the Laplace lower bound
1 n
limsup ——log £ [e "] < inf [P(v) + L(v)]. 422
lnnl—?olip logE |e < 1/61713’1(2()[ (v) + Li(v)] ( )

The upper bound is shown in Section 4.2.1 and the lower bound is treated in Section 4.2.2. The upper bound proof
does not require Condition 4.1.3 and we present an argument assuming only Conditions 4.1.1 and 4.1.2. The proof of
the statement that I is a rate function is very similar to that of the upper bound and thus we only give a brief sketch
which appears in Section 4.2.3. Proofs rely on a certain stochastic control representation for the Laplace functional on
the left side of (4.2.1) and (4.2.2) which we now present.

Given some filtered probability space (Q, F, P, {F;}) that supports iid m-dimensional Brownian motions {W; }¢;
and a k-dimensional Brownian motion B that is independent of the collection {W;}72, and such that for every s,
{W;(t) — W;i(s), B(t) — B(s),i > 1,t > s} is independent of F;, denote by A"" the class of F;-progressively

measurable processes u : [0, 7] x  — R™ such that

T
/0 |u(s)||2ds] < 0.

For u € AY", we will write u = (u1,...,u,), where u; is the ith component of u and is m-dimensional. For

E

M € (0,00), let
T
Sy = {’U € L*([0,T] : R¥) : / lv(s)||* ds < M}
0

This space will be equipped with the weak topology under which it is a compact space. Note that

U Sa = L*([0,77: R¥).
MeN

Also let

A3, = {Progressively measurable R¥-valued processes v such that v € Sy P-a.s.} ,

T
/|MM%%<%}
0

and

A% = {Progressively measurable R¥-valued processes v such that F/
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For (u,v) € A" x A2, consider the controlled analogue of the system in (4.0.1), driven by controls (u, v):

dX7(t) = b(XT (1), A" (1)) dt + o (X7 (1), " () Juq(t) dt + a(XT(8), 3" (1) )v(t) dt

+ o (X (8), 17 (6) AW (1) + ~(m)a (X7 (8), 1" (£)) dB(D), (4.23)
1< <

n,

where 1" (t) = % PO Xn(¢)- Using the Lipschitz and boundedness conditions on the coefficients it is easy to check
that the above system of equations has a unique solution. We also consider the empirical measure 1" = % S O%n
which is a P(X)-valued random variable. A form of the following representation was first shown in [17]. The

representation given below, that allows for an arbitrary filtered probability space on the right side was given in [20] (see

also [22]). All expectations will be denoted by E unless specified otherwise.

Theorem 4.2.1. For any F' € C,(P(X)) and for eachn € N,

1 n 1 & [T 1 T
2 E[ —nF (u >} - inf  E|— / (D)2 dt / D2 dt + F(™)| . 424
Llog B [e B3 2 O g [ e RG24

Furthermore, for every § > 0, there is an M < oo such that for each n € N,

1 n 1 < [T 1 T
4 E[*”F(“)}> inf E|— / S| dt 7/ 2 dt + F(a™)| — 6.
~logE e > (uyv)ei‘qﬂ%%/f 2”; ; [|wi(t)” dt + Sn()Z J, |v(®)[|” dt + F(a")
(4.2.5)

We now use the above result to complete the proof of (4.2.1) and (4.2.2).

4.2.1 Laplace Upper Bound

Throughout this section we assume that Conditions 4.1.1 and 4.1.2 are satisfied. As noted previously, the upper bound
proof does not require Condition 4.1.3 and so this condition will not be used in this section.
Fix F € Cp(P(X)) and 6 € (0,1). From Theorem 4.2.1 there is an M < oo such that for each n € N, one can

find (u",v™) € AY™ x A3, such that

_ l log E {e—nF(M")} >FE
n

1 & [T . , 1 T . ) B
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where i = L 3" | §¢, and X[ are given by (4.2.3) (repalcing (u,v) with (u™,v™)). We will next show that

n

liminf F

n—oo

1
> inf inf | E f/ 2 p(dy dt
—LPEL?([O,T]:RIG)@GSI[W]< © [2 S [yl p(dy dt)

1i/T ™ (1)]|2 dt L /T ()12 dt + F(™
%‘_1 | [[wi (D) +W ; [v™ ()| dt + F'(a"™)
= 4.2.7)

T
e | leolPas F([@]1)> .

Since § € (0, 1) is arbitrary, the inequality in (4.2.1) is immediate from (4.2.7) on using the definition of I; in (4.1.3).

We now prove (4.2.7). From (4.2.6) it follows that

1 <& [T 1 T
DD / (O] [ T — / ||v“<t>||2dt] <2 Flloc + 1. “258)
i=170 0

E
e 2nk(n)?

neN

The following lemma shows that under such a uniform boundedness property, one has the tightness of certain key

occupation measures.

Lemma 4.2.2. Suppose for some M € (0,00), {(u",v") bnen is a sequence with (u™,v"™) € AV x A%, for each n,

and suppose {u"},en satisfies, for some L € (0, c0),

ilégE ;i/j |ul(t)]|? dt| < L. (4.2.9)
Define P(Z1)-valued random variables
Q"(Ax RxC) = %anaxin (A)3,e (R)w, (C), Ax Rx C € B(Z), 4.2.10)
i=1
where X" is defined as in (4.2.3) (repalcing (u,v) with (u™,v™)), and
p(E x B) = /B(Su?(t)(E) dt, E € B(R™), B € B([0, T)). 42.11)

Then {(Q™,v™) }nen is tight as a sequence of P(Z1) x Syr-valued random variables.

Proof. Since Sy is compact, tightness of {v™} is immediate. The third marginals of Q™ are clearly tight since W;
are iid. The first marginal of Q™, namely [Q"]1, equals ™. For each n let v = E[i"]. For tightness of {i" } nen, it
suffices to prove that the family {7"},en of measures on X is relatively compact.

By using the growth properties on the coefficients it follows that, for some ¢; € (0,00) and all n € N,

T
/ u?<s>|2dsD | “42.12)
0

E[ sup IX?(S)IIQ] <o <1+ la2 |2 + B
0<s<T
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Thus,

neNJx 0<t<T <t<T

1 n
<cisup |1+ — a:?z—&—E
( LS e

2 n _ 1 - X" 2
sup/X sup |[o(t)|? dy (¢):1€1§n;E[Osup | (t)I}

1o [T
*Z/ ||u?(8)|2dSD <oo, (42.13)
ni=Jo

where the last inequality is from (4.2.9) and Condition 4.1.1.

Next note that for any ¢ € (0,1) and ¢t € [0,T — ¢],

2

_ _ t+e t+e B
||Xr<t+s>X?<t>||2§cQ< / B(XD(s), " (s)) ds|| + / o (X (s), 1 ())ul (s) ds

2
+

2

t+e _
/t o (X2 (s), " (5)) dWi(s)
)

Thus for any stopping time 7 taking values in [0, T — ], using the Cauchy-Schwarz inequality, the linear growth of b,

o T (R (5), (3 s) ds

+r(n)?

t+e B
/t (X0 (s), 5" (s)) dB(s)

and the boundedness of « and o,

E[|[X7(r +2) = X(0)|°] < eae <1+E[ sup IIX?(s)IIQ] + B
0<s<T

/ ' ||u?<s>|2dsD ,

where the constant cs does not depend on n, €, or the stopping time 7. Denoting by 7¢ the collection of all stopping
times 7, with respect to the canonical filtration generated by the coordinate process on X, taking values in [0, T — €],

we now have

sup /X lo(r + ) — oI dy™ ()

TET:

s( i B[ s 1K+ 2

=1

2 [ o dD

< cae (1 ; /X sup [0 dr" () +L) .

0<t<

Using (4.2.13) in the above display,

lim sup sup sup / lo(r + &) — o(m)|2 dy" () = 0.
e—0 neNteT. JXx

Thus from the Aldous-Kurtz tightness criterion, we have that the collection " is relatively compact which, as noted

previously, gives the tightness of the collection {i"} = {[Q"]1}.
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Finally we consider the second marginals of Q". Define

o(r) = / Iyl r(dy dt), r € Ra.
R™ % [0,T]

We note that g has compact level sets. Indeed, for c € Ry, let L. = {r € R : g(r) < ¢} denote the corresponding

level set. By Chebyshev’s inequality,

g(r) c
eRe: |yl > M) x [0,T]) < L — 50
Tseufcr({y [yl } > [0,77) <SS gp

as M — oc. This shows that L, is relatively compact in R. Let {r,,} C L. be a sequence that converges in R to some

r*. By Fatou’s lemma, g(r*) < ¢, and so r* € L. Also, by the uniform integrability that follows from

sup / 19112 ra(dy dt) = sup g(ra) < c,
R™ x [0,T n>1

n>1

the moments of r,, also converge to the moments of 7*. Thus r,, — r* in R4, establishing compactness of L. in R;.
Let G : P(R1) — [0, 00] be given as
GO) = [ o) (ar)
Ri1
Then G is a tightness function on P(R1) (namely it has relatively compact level sets), and thus to establish the tightness

of the second marginals {[Q"]2}, it suffices to show that

sup E[G([Q"]2)] < oo. (4.2.14)

n>1

Foreachn € N,

EG(Q":)] = E [ [ ot [Qm(dm} s

1 ¢ .
[l
n i—1 YR™x[0,T]

1

I [T
=E |- / u(t)||*dt| < L.
- ; @l
This proves (4.2.14) and completes the proof of the tightness of {[Q"]2}. The result follows. O

The next lemma characterizes the weak limit points of the sequence (Q™,v™). Recall the collection & [¢] from

4.1.2).
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Lemma 4.2.3. Suppose, for some M € (0,00), {(u",v")}nen is a sequence with (u™,v") € A" x A3, for each
n, and such that {u™},cn satisfies (4.2.9) with some L € (0,00). Let Q™ be defined as in Lemma 4.2.2. If (Q™,v")

converges in distribution, along some subsequence, to (Q,v), then Q € &[v] a.s

Proof. Let (Q,v) be a weak limit point of (Q™,v™) given on some probability space (Q*, F*, P*). Note that by

Fatou’s lemma,

<L, (4.2.15)

1 [*

r SN MTACIE
i 0
i=1

// Iyl r(dy dt) [Q]2(dr)| < liminf E
Ry JR™X[0,T] n— o0

Thus Q € P(Z,), P*-a.s. Also, since fo |v(s)||?ds < M, v € L?([0,T] : R*) P*-a.s. To complete the proof, we
need to argue that for P*-a.e. w € Q*, Q(w) is a weak solution to 51 [v(w), Vg (w))-

Denote the canonical coordinate variables on Z; by (z, r,w). By Condition 4.1.1, [Q"]1 o (2(0)) ™ — & weakly,
which shows that, for P*-a.e. w, under Q(w), z(0) has distribution &y. Denote by {#: }o<:<7 the canonical filtration
on (21, B(Z1)), namely

He = o{z(s),w(s), (A x [0,s]), A € BR™), s <t} (4.2.16)

For f € CZ2(R? x R™), ¢ € L*([0,T] : R¥), and © € P(Z,), consider the process { My ,(t)}o<i<7 defined on the

probability space (21, 8(Z1),©) by

M (0 w) = £ () = £0.0) = [ [ L2(7)(e(0).10(s) () ds
4.2.17)

- / (a(=(5), vo ()@ (s), Va f (2(s), w(s))) ds,

where

L:@(f)(x Yy, w ) - <b(x,y@(s))Jrcr(:v,u@(s))y,vzf(x,w)}

1 &, o2 f 1IN 92
*3 Z (o0 )jj'(x’”@(s))aa:jale (@) + 3 Z 902 &) (4.2.18)
JJ’:l j=1 J
O*f
+ Z Z o (z,ve(s 330]611)] (z,w)
j=14'=1

for x € R? and y,w € R™. Let, for B € (0,00), (g : R™ — R™ be such that (p is a continuous function with
compact support satisfying (5 (y) = y for ||y|| < B and ||(s(y)|| < |ly|| + 1 for every y € R™. It will be convenient
to also consider, along with £2, the operator £9-2 which is defined by replacing y on the right side of (4.2.18) with

¢p(y). Similarly, define M by replacing £ in (4.2.17) with £9-5.
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It suffices to show that for each f € C2(R? x R™), any time instants 0 < to < t; < T, and any ¥ € C,(21) that

is measurable with respect to the sigma field H;,, we have,

Eo) [xp (Mfé‘g’w)(tl) _ Mfi‘gg)(to))] — 0 for P*-ae. w e Q*. (4.2.19)

In the rest of the proof we suppress w from the notation. Fix a choice of (¢, 1, ¥, f) and define ® : P(21) x Sy — R
by
(0, p) = Eo [V (M7, (t1) — My, (to))] . (4.2.20)

Also, for every B € (0, 00), define ® g by replacing M ](?M with M ?g’aB in the definition of ®. We will now show that (a)
forevery B € (0, 00), @ is a bounded and continuous map on P(Z;) x Sys, (b) sup,, E*|®5(Q™, v™)—2(Q™,v™)| —
0 and E*|®5(Q,v) — ®(Q,v)| = 0as B — oo, and (c) ®(Q™, v™) — 0 in probability as n — co. The statement in
(4.2.19) is an immediate consequence of (a)-(c).

We first show (a). Let (©,,¢n) — (©,¢) in P(Z1) x Sy as n — oo. Note that this means fOT<<pn(s) -
©(s),h(s))ds — 0 forall h € L2([0,T] : R¥). Thus,

[5(0,¢n) — 25(0,¢)| < [|¥]|Ee / 1 (a(2(s5), v0(5))(pnls) — #(5)), Va f(2(s), w(s))) ds

to

T
= [[¥[Ee /0 Litg,1(8) ((0n(5) — 0(s)), T (2(5), ve (5)) Va f(2(s), w(s))) ds

=0
4.2.21)

as n — oo, where the last convergence follows from the dominated convergence theorem upon observing that

h(-) = a®(2(-),ve () Ve f(2(-), w(-) 1, (-) is in L2([0, T] : R¥). Next note that

sup

Sup Ee, [\If (M?bB(tl) - M]%B(to))} ~ Eo [\p (M%B(tl) 3 M,?;B(to))ﬂ o 42.22)

as n — oo. This convergence is a consequence of the following facts: (i) Continuity and boundedness of the map
(z,m,w) = f(z(t),w(t)) — fof Jam LEB(f)(2(s),y,w(s)) rs(dy) ds, (i) the continuity and boundedness of the
map (z,w) — o’ (2(s), ve(s)) V. f(2(s), w(s)), (iii) the property that sup,c,, foT l¢(s)||?ds < M, and Cauchy-
Schwarz inequality. Next, for some ¢; € (0, 00) (possibly depending on B), and all ¢ € [0,T], ¢ € Sus

MR () = MO (1) < /0 / NLE B (s) yw(s)) = LEF(F)((5), 5w ()| 74(dy) ds

Je
+/0 [((a(z(s),ve,(s)) — a(z(s), ve(s))@(s), Vaf(z(s), w(s)))| ds
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. 1/2
< ( /0 dBL(V@"(s),V@(s))2d5> .

Since, for every s € [0, T, vo, (s) = vo(s), we now have

sup
pESM

Eeo. [xp : (Mfg’B(tl) - Mgg’B(to))} — Feo, [\Il : (M@;pB(tl) - MJ?;BB(tO))} ) =0 (4.2.23)
as n — 0o. Combining (4.2.22) and (4.2.23)

sup ‘(DB(@na(p) - ¢B(@7¢)| —0
@eSn

as n — oo. Together with (4.2.21), the above display completes the proof of (a).

In order to see (b), note that, for some c5 € (0, 00), and every n € N,
T

/ dsH
0

15 [T

2 ||u?<s><3<u?<s>>||ds]

Z/ (lu( |+1)||u()||d] M. (4.2.24)

E|2p(Q",v") — 2(Q™,v")| < coF | Egn

/m(y - CB(y))rs(dy)‘

= CQE

<&p
B

The first statement in (b) is now immediate. The second statement in (b) is shown similarly by using (4.2.15).

Finally we consider (c). By the definition of Q™ and since vgn (s) = " (s),

o(Q™,v")
= 72\11 apq,a fQ’vn tl)(X:]ap:L7W1)) _MfQ’vn(th(XZL7p:IaW1))>

M
—Zw n o W) (f(X?(tn,Wi(m) ~ (XD (t0), Wilto))

- / L9 (D) W) ds [ (X ) (50" (5) VaF (X261 W) s ).

to to

By It6’s formula, for each i, a.s.

FXP(t), Wi(th)) — f(X] (to), Wi(to))

= | L2 (NXP (), uf (), Wils)) ds + / (a(X7(5), B (8))v" (), Va [ (X]'(5), Wi(s))) ds

t() tO
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Writing ¥ = ¥(X7, p?, W;), we then have

B(Q" o) = 2 YW [ [V (). W) (X7 (). 5) W)

1 n
+ = \II;L/

ty
Y T n
to
where using the fact that x(n) — 0 as n — oo, we have that 7, — 0 in probability as n — oo.
Denote the first two terms on the right side of above display as J! and J2 respectively. Using the boundedness of
U o, V,f, the independence of the W;, the fact that U? are H;, measurable, and 1t0’s isometry, E[(J})?] < c3/n
for some c3 € (0,00) and all n € N. Thus J! — 0 in probability as n — oo. Similarly, J2 — 0 in probability as

n — oo. Combining the above observations we have that ®(Q",v™) — 0 in probability, completing the proof of (c)

and therefore of the lemma. O

Finally we complete the proof of the Laplace upper bound (4.2.1) by proving (4.2.7). By the definition of Q",

1 & T . ) 1 T . , -
— 1 27, n , ; T o ) .
—E /R (2/Rw[o,n [yl (dydt)> [Q"]2(dr) + zm(n)Q/o o™ (@®)|)? dt + F([Q ]1)1.

Recall the uniform bound (4.2.8). Then from Lemmas 4.2.2 and 4.2.3, (Q™, v"™) is tight and if (Q, v) is a weak limit
point then @ € &;[v] a.s. Assume without loss of generality that (Q™, v™) — (Q, v) along the full sequence. Then by
Fatou’s lemma and since /nx(n) — A,

liminf F

n—oo

1 < [T 1 T
72 O dt+ ——— nO2 dt + F(a"
2n i—1~/0 [[ug (@] + 2 (n)? A [lo™ (@)l + F(i™)

E 2y A ’ o112
/Rl <2/RMX[O’T] lyll (dydt)) [Q]2(dr) + 2AQ/O v()||? dt + F([Q]1)

1 1 [T
5/ lyll* p(dy dt) +ﬁ/ ||<p(t)||2dt+F([®h)>,
R™ x[0,T] 0

where the last inequality uses the fact that Q € &;[v] a.s. This completes the proof of the Laplace upper bound. O

> E

> inf inf (E@
PEL2([0,T]:R*) O€&1 ]
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4.2.2 Laplace Lower Bound

Throughout this section we assume that Conditions 4.1.1, 4.1.2, and 4.1.3 are satisfied. Fix ¢ > 0 and F' € C,(P(X)).

Choose a p € L([0,T] : R*) and a © € &[] such that

1
~Fo

1 T
2 +ﬁ/0 le@®I?dt + F(O1) < inf [F(v)+L(v)]+e. (4225

vEP(X)

/ lyl2p(dy dt)
R % [0,T)

We will show that there is an M € (0, o) and a sequence (u™, v™) with u” € AL™ and v € A2, constructed on some
q M

filtered probability space such that

1 n T 1 T
1~ E| = n 2 n 2 F -n
maw® (53 | 1O @+ gz [l de+ PG
i= . (4.2.26)
1 1
<5Bo || ulatdyan| + o [ e di+ (el
R™ % [0,T] 0

The Laplace lower bound (4.2.2) is then immediate from Theorem 4.2.1 on noting that ¢ > 0 is arbitrary. The key
ingredient in the proof of (4.2.26) is the following uniqueness result. Define the map ¥ : Z; — 2V = R% x Ry x W as
I(z,7,w) = (2(0),r,w). For © € P(Z;),let Oy = © o 9~ be the probability measure on Z induced by © under ).

We will say that weak uniqueness holds for (4.1.1) if, for any given ¢ € L?([0,T] : R¥) and @), 02 € &[],

whenever @1(91) = 6592), we have that (1) = ©(2),
Lemma 4.2.4. Weak uniqueness holds for (4.1.1).

Proof. Fix ¢ € L*([0,T] : R¥) and ©)), 0 ¢ & [¢]. Suppose that 6591) = 6592) = A. Note that ("), ; = 1,2 can
be disintegrated as

09 (dz, dr, dw) = 0 (r,w, zo, dz)A(dzo, dr, dw).

Consider Z; = X x X x R? x R; x W. Define © € 77(21) as
é(dx(l), dz® . dxg, dr, dw) = (:)(1)(7", w, Tg, dx(l))(:)(2) (r, w, o, dx(2))1\(dx07 dr, dw)

and denote the coordinate maps on 21 as (X W, X3 X, p, W). Note that the process W is a Brownian motion with

respect to the canonical filtration
Ho = o { XW(5), XD(s), p(A x [0,5]), W(s), A€ BR™),s€[0,1]}, t € [0,7],

and for i = 1,2, X satisfy (4.1.1) with X replaced with X () and v(t) replaced with () (t) = v (t). Also,

X@(0) = X, for i = 1,2. In order to prove the lemma it suffices to show that X(1) = X as. Let u(t) =
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Jrm ype(dy), t € [0,T]. Then Eg fOT |lu(t)||*dt < co. By the Lipschitz properties of b, a, and o, the property that

o(x,v) = o(v), and since p € L2([0,T] : R¥), we have that, for some ¢; € (0,00) and for any ¢ € [0, 7],

t
Bo | sup IX0(5) = X )P| <1 [ (Bl XV(6) = XD + dns 0 (6),12(5)7) s
585 0

- 9 4.2.27)
B ( /0 dBL(yﬂ)(s),u@)(s))-|u(s)||ds> .

Since

Eg </0 dBL(V(l)(s), y(2)(s)) Nu(s)|| ds) < -/0 dBL(l/(l)(s), V(Q)(S))Q ds - By

T
/ ||u<s>||2ds]
0

and Eg fOT lu(s)]|? ds < oo, we have, for all t € [0, T,

Eq [ sup | X0(s) _x<2><3>||2] <er [ (Bl X(5) = XO @I + o (v 0). 1D 0))?) s

0<s<t

Furthermore, for each ¢,

dpr (WM (t),r?(t)) = sup
fEBL(R?)

D06~ [ x0) a8 < gl XV - X0,
Z Z1

Thus, for some ¢3 € (0, c0), we have, for all ¢ € [0, T,

t
Fg | sup ||X<1><s>—x<2><s>||2] <o Ee [ sup ||X“><s>—X<2><s>|2} dr.
0

0<s<t 0<s<T

By Gronwall’s inequality, this shows that X (1) and X (?) are indistinguishable on [0, T'] and completes the proof of the

lemma. H

Now we return to the construction of (u™, v™) that satisfy (4.2.26), where recall that © and ¢ are chosen to satisfy
(4.2.25). Let (X, p, W) be the coordinate maps on the space (21, B(21), ©) equipped with the canonical filtration H,,
defined in (4.2.16), namely

Hy =0 {X(s),p(Ax1[0,s]), W(s): Ae B(R™),s<t}.

Since © € &[], equation (4.1.1) is satisfied with v(t) = vg(t) and vg(0) = .
Disintegrate Oy as

Oy (d, dr, dw) = &o(dz) [O)s(dw) Ag(z, w, dr).
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Let V = C([0,T] : R¥) and define

Q= (R x W)@ xV, F =B).

Elements of ) are of the form (r, w, 8), where 8 € V, r = (r1,79,...), w = (w1, ws,...), r; € Ry and w; € W for

each i € N. On the measurable space (€', F') define the random variables

Wilt, (r,w, B)) = wi(t),  B(t.(rw,8) =B(1),  pi(rw f) =i,

foreach ¢t € [0,7] and i € N. Let I be the standard Wiener measure on V. Recall the initial values {z}'} introduced in

Section 4.1.1. For each n € N, define the probability measure P™ on (', F') by

dpP"(r,w,B) = ®[@]3(dwi)[\0(x?vwi7dri) ® [©](2,3)(dri, dw;) | ® T'(dB).
=1 1=n-+1

Under P, {W,}1<i<, and B are mutually independent Brownian motions. Define the sequence {A"},,cn of P(R? x

R1 x W)-valued random variables on (', ') by
1 n
AMAx RxC)=— > Gan (A)5,, (R)6w, (C), Ax Rx C € BR x Ry x W).
i=1

Then by Condition 4.1.1,
Pho (A")™h = de,. (4.2.28)

Let, forn € N, v™ = ¢. Denoting fOT llo(s)||?ds = M, we have that v™ € S for every n. Next, for each i € N, let

u;(t) = / y (pi)e(dy), t € 10,71, (4.2.29)

where (p;)¢(dy) dt = p;(dy dt), and for each n € N, let (X7, ..., X) be the solution on (€', F’, P") of the system
(4.2.3), where " (t) = L 3" 1§ <n (1) foreach t € [0, T]. Unique solvability of the above equation is a consequence

of our assumptions on the coefficients, namely Condition 4.1.2.

For each n, define the occupation measure Q™ by (4.2.10), replacing p* with p;. That is,

n

Q"(B x R x D) = 1 > 050(B)6,, (R)ow, (D), B x Rx D € B(Z).

n -
=1
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Let E™ denote expectation over the probability measure P”. Then
lisn sup B | - Z/T o (1) 2
im su — U;
n—)oop n =170
1 o r
= limsup — / / / yri(dy)
n—oo T Z RixW Jo R™

1=1
T
/ / lyl1? p(dy dt)] < oo, (4.2.30)
0 R™ x[0,T

dt Az}, w, dr) [O]s(dw)

2

= Fo dt| < Fg

/m y pe(dy)

where the second equality is from Condition 4.1.1. It follows from Lemma 4.2.2 that {(Q™, v™) },en is tight. If (Q, v)

is a limit point of this sequence defined on some probability space (Q, F, ]5) then v = ¢ P-a.s., and, by Lemma 4.2.3,
Q € & [v] = &[] P-as. Recall that © € & [¢] as well. By (4.2.28), for P-a.e. w € €, Qg(w) = Oy. Thus by the

weak uniqueness established in Lemma 4.2.4, Q = © P-a.s., and so Q™ — © in probability. Finally,

limsup E"
n—oo

Ly [f 2 1 T
— | dt + ——= nV2 db + F(i"
2n Zm/o Ot + gz [ 10O de+ P

1 n T ) 1 T . , .
%;/O [[us ()] dt+2m(n)2/0 [o™ ()] dt + F([Q ]1)] (4.2.31)

/ lyo(dy dt)
R™ x[0,T]

= limsup E"
n—roo

1 I )
< 1B 33 | IelolPae+ (e,

which follows from (4.2.30), the equality v™ = ¢, the weak convergence Q™ — O, and the assumption that v/nr(n) —

A. This proves (4.2.26) and completes the proof of the lower bound. [

4.2.3 Rate Function Property

In this section we sketch the proof of the fact that ; defined in (4.1.3) is a rate function. The proof is very similar to the
Laplace upper bound and so some details are left to the reader. We will assume Conditions 4.1.1 and 4.1.2 are satisfied.
Like with the proof of the upper bound, Condition 4.1.3 is not needed.

Fix L € (0,00),letT'y, = {v € P(X) : I, (v) < L}, and let {v,,} be a sequence in I';,. We need to show that the
sequence has a limit point that lies in I'z,. From the definition of I1, we can find, for each n, a ™ € L2([0,T] : R¥)

and a O™ € & [p"] with [©™]; = v™ such that

1 1 (T 1
Eon 7/ yl|? p(dy dt +—/ OO dt <L+ ~. (4.2.32)
5 Ja oy 117 P40 + 55 [ 16" O] -

In particular, {¢"} C Sy where M = 2(L + 1)A%. An argument similar to the proof of Lemma 4.2.2 shows that the

sequence (O™, ¢™) is relatively compact in P(Z7) x Sys. Suppose that (0™, ©™) — (O, ) along some subsequence.
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Then (along the subsequence) v™ — v = [O];. Sending n — oo and using lower semicontinuity,

1
5 [ P ptayan
R™ x[0,T]

Furthermore, since ©" € &[], ®(O™, ™) = 0 for each n, where ® is as in (4.2.20). As shown in Lemma 4.2.3, for

1T ,
o + — < L.
Eeo 2\2 /0 llot)]|”dt < L

each B < 0o, @p(0", ") — (0, p). Also a similar argument as in (4.2.24) shows that, as B — oo,

SU‘EI'(I)B(@”?()O”) - (I)(@na@n)l - Oa ‘q)B(@va) - (I)((_)v@” — 0.
ne

It then follows that (0, ¢) = 0, proving that © € &;[y]. Thus, since v = [O)];,

1
5 [ el ety
R™ x[0,T]

The result follows. O

1 T
L) < Fe 35 | IelIPa <L

4.3 Proof of Theorem 4.1.2.

In this section we prove Theorem 4.1.2. Proof of part 1 follows by standard arguments and is therefore left to the
Appendix. Proof of part 2 follows similar steps as that for Theorem 4.1.1. Namely, we prove the Laplace upper and
lower bounds and show that the function I introduced in (4.1.7) is a rate function. The upper bound is established in
Section 4.3.1 while the lower bound is given in Section 4.3.2. The rate function property is verified in Section 4.3.3.

For (u™,v") € AL x A2, we consider the following system of controlled SDEs:

AXT(8) = bOXP (0, 4" (1)) dt + o (X7 (t), ™ (O (8) b + (K (1), 7™ (1))0™ (1) d
+ o (X (0), /™ (0) dWi (1) + ~(n)a( X7 (0), " (1)) dB(1),
QAT (8) = A (DX (), 1 (1) dt + AP (0T (X7 (0), 1 (0 (8) di + AT (KT (1), ™ (0)o" (0 de (43.1)

+ AT (XT (1), 1" (2) dWi(t) + w(n) A7 (8) 8T (XT' (1), 1" (¢)) dB(t),

where 1" (t) is the weighted empirical measure

n

D O(AR ()6 x5 (r)- (43.2)

i=1

1
n

B =

The existence and uniqueness of strong solutions of the above system of equations is argued in the same way as for the

uncontrolled system in (4.0.4) (see Appendix 4.6).
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The following representation follows along the lines of Theorem 4.2.1. Let K = C([0, T : M (R%)).

Theorem 4.3.1. For any F' € C,(K) and for eachn € N,

1 " 1 (7 e
—ZlogE e UM = nf | / ()12 dt 7/ B2 dt + F (i 433
“log B [e B |5 20 [ WO due 5 [P de P @33)
Furthermore, for every § > 0, there is an M < oo such that for eachn € N,
L Ele D] > wr B 1 Zn:/T (t)||2dt+1/T ()2 dt + F(am)| — 6. 434)
——1lo e in — Uy - v —0. (4.3.
n & T (uv)EAL X A2, 2n = Jo 2 0 a
4.3.1 Laplace Upper Bound
In this section we show that for every F' € Cp,(K)
1 n
liminf ——log £ [e~"F )] > inf [F(v) + I 43.
iminf ——log £ | 2 inf [F(v) + L(v)], (43.5)

where I is as in (4.1.7). Throughout the section we assume that Conditions 4.1.1, 4.1.2, 4.1.4, 4.1.5, and 4.1.6 are
satisfied. We will not make use of Conditions 4.1.3 and 4.1.7 for the upper bound proof.
Fix F € Cy(K) and 0 € (0,1). From Theorem 4.3.1, there is an M < oo and, for each n € N, (u",v") €

Ab™ % A3, such that

1 n 1 — [T 1 T
S| E[*”F(“)}>E — / n(4)[|2 dt 7/ "2 dt+ F(E")| — 6. (436
~logE [e > B\ g3 [ WO de+ g [0l des £ (43.6)
We will next show that
liminf F 1 zn:/T ||u”(t)||2 dt + _ 1 /T HU"(t)||2dt + F(p"™)
n—00 2n = Jo ‘ 2nk(n)? Jo a
= 4.3.7)

1
> inf inf [ E 7/ 2 p(dy dt
_WGLQ([O,T]:Rk)@e£2[¢]< © [2 R x[0.7] lyll” p(dy dt)

where vg is as in (4.1.6). Since 6 € (0,1) is arbitrary, the desired bound in (4.3.5) is immediate from the above

T
o5 | IetolPdr+ F(u@>> ,

inequality on recalling the definition of /5 in (4.1.7). In the rest of this section we prove (4.3.7).
We begin by observing that from (4.3.6) we have, as in Section 4.2.1, that (4.2.8) is satisfied. The next two lemmas
are analogues of Lemmas 4.2.2 and 4.2.3. In Lemma 4.3.2 below, the result under Condition (ii) in (4.3.10) will be used

for the proof of the LLN sketched in the Appendix.
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Lemma 4.3.2. Suppose for some M € (0,00), {(u™,v") bnen is a sequence with (u™,v") € AV™ x A3, for each n,

and suppose {u"}en satisfies, for some L € (0, c0),

ilégE ;z”;/OT |ulr(t)]|? dt| < L. (4.3.8)
Define the P(Z3)-valued random variable Q™ as
Q"(Ax RxC(C)= %En:5(;(?74?)(A)5p;(R)éwi(C), Ax RxC e B(2,), (4.3.9)
i=1
where pl! is as in (4.2.11). Suppose that
either (i) v = 0, or (ii) ui = 0 for all i,n, or (iii) Condition 4.1.5(a) holds. (4.3.10)

Then {(Q™,v™) }nen is tight as a sequence of P(Z3) x Syr-valued random variables.

Proof. Tightness of {v™} is immediate from the compactness of Sy;. The tightness of [Q™]3 and [@™]4 follows as in
the proof of Lemma 4.2.2. Finally we show the tightness of [Q™]; 2. If (i) or (ii) in (4.3.10) hold, this tightness follows
as the proof of the tightness of [Q™]; in Lemma 4.2.2 on recalling Condition 4.1.6, the linear growth property of 6, and

using the following estimate instead of (4.2.12):

E| sup ([IX](s)*+ (A?(S))Z)} <a (1 + 2> + (a})* + E
0<s<T

T
/ u?<s>|2dsD L @3l
0

For case (iii) in (4.3.10), we cannot ensure the above square integrability property. However, one can proceed as follows.

By It6’s formula,

where

Dy(t) = / (XD (), " (5)) ds + / AT (XP(s), 5™ (5)) AWi(s) + £(n) / BT (X1(s), i"()) dB(s)

4 / (KD (8), () ()ds [ 8K (8), 7 ()" ().
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By the boundedness of the coefficients and using (4.1.4), i.e. sup,, |0’ (z)x| + sup, |0” (z)z?| < oo, we then have, for

some ¢z € (0, 00),

B s (KPP + @A) < (1 + P + @) + B

T
/ ||u?<s>||2dsD. (43.12)
0

Using the above integrability, the tightness of [@Q"]; follows as in the proof of Lemma 4.2.2. In order to show
the tightness of [Q"], we will use the fact that the map ¢(-) — e®() is a continuous map from C([0,T] : R) to
C([0,T7 : Ry). With this fact, it suffices to show that the collection { > | &), An(»n € N} is tight as a sequence
of P(C([0,T7] : R))-valued random variables. This tightness follows, once again as in the proof of Lemma 4.2.2, from

Condition 4.1.6 and the estimates

FE |: sup ‘10g(14?(8))’j| <cg (1 + \logam +E

0<s<T

T
/ u?<s>|2dsD @313)
0
T
/ ||u?<s>2dsb ,
0

where 7 is a stopping time taking values in [0, T — €], and the constant c5 does not depend on n, 4, &, or the stopping

and

E [‘logA?(T—i—s) — logfl?(T)ﬂ < csze (1 +E

time 7. O

Lemma 4.3.3. Let {(u™,v"™)}nen be as in Lemma 4.3.2. Suppose that one of the conditions in (4.3.10) is satisfied.

Also suppose that (Q™,v™) converges, in distribution, along a subsequence to a P(Z3) x Sas-valued random variable

(Q,v). Then Q € &v] a.s.

Proof. Suppose that (@, v) is given on the probability space (2*, F*, P*). In a similar manner as in the proof of
Lemma 4.2.3 (in particular using (4.3.11) and (4.3.12)) we see that Q) € Po(Z5) P*-a.s. We need to show that Q(w) is
a weak solution to Sz [v(w), vg(w)] for P*-a.e. w € Q*. Note that [Q™]1 2 0 (2(0),5(0)) ™! — 1o weakly, which shows
that, for P*-a.e. w, under Q(w), (2(0),<(0)) has distribution 79, where (z, ¢, r,w) denote the canonical coordinate
variables on Zs.

Thus to prove the result it suffices to show that for every f € C2(R™ xRy x R?), fora.e. w, Mﬁ(]ﬁ) is a martingale
under Q(w) with respect to the canonical filtration H, = o{z(s),<(s), w(s), (A x [0,s]), A € B(R™), s < t},

t € [0,T), where for each ¢ € L2([0,T] : R¥) and © € Py(Z3), the process {M?w(t),o <t < T} is defined on
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(22,B(2.),0) by

M, (t, (z,6,m,w)) = f(2(2),<(t), w(t) — f(2(0),<(0),0) - /0 - L2(F)(2(5),5(s),y,w(s)) rs(dy) ds

/O (a(z(s),ve(s))e(s), Vaf(2(s),s(s), w(s))) ds
/0 g(s)ﬁT(Z(S)’V@(S))@(S)g(z(S),<(S)’w(8))d87

Oa
(4.3.14)
and where
0
= (b, v0(5)) + 0 (2, 16 (8))y, Vi (7 0,) + (0, v0(5)) + ar (2, v6(5))y) T (z,0,)

1 & 2f 1 O2f
+ 5 (00");5(ve(s)) (z,a,w) + =a®|v(z,ve(s))|* 55 (x,a,w)

2 5 . Oz ;0 2 Oa? (4.3.15)
iy (DL a,w)+ 232 2L

3 2 a(oy);(z,ve(s )8:13]-8(1 (z,a,w 3 2 a—w? x,a,w)

d m an m 82

+ ;J/Zz:l U]]/(Jj, V@(S)) 85Ujawj/ (Z‘, aa 'UJ) + JZ:; a’YJ (l‘, V@(S))aaawj ('Tv CL, ’UJ),

for (z,a,y,w) € R4 x Ry x R™ x R™,
In order to prove the martingale property, as previously, it suffices to show that for any time instants 0 < tg < t; <

T, and any ¥ € Cp(Z5) that is measurable with respect to the sigma field 7-2,50, we have,

oy |W (MPS) (1) = MPS) (t0)) | =0, for Pr-ae.we @, (4.3.16)

We suppress w in the notation of the remaining proof. Fix a choice of (g, t1, ¥, f) and define ® : Py(23) x Sy — R
by
(0,p) = Eo [V (Mp,(t1) — Mp,(t0))] - (4.3.17)

Fix B € (0,00). For © € Py(22), define LEF by replacing y on the right side of (4.3.15) by (5(y) and v by /5,

where (3 is as in the proof of Lemma 4.2.3 and v§ € K is defined as
(£, vE 1) = Eo [(0(s(t)) AB)f(2(1))], t € [0,T], f € Cp(RY). (4.3.18)

Similarly define M J?[PB by replacing £ with £ and vg with vE in (4.3.14). Finally, define ® 5 by replacing M f’)w

with M ](?ZPB on the right side of (4.3.17). Then, as before, we will argue (a) for every B € (0, 00), ® g is a bounded and

130



continuous map on P2 (Z2) x Sy, (b) sup,, E[|Pp(Q™, v™)—(Q™, v™)|Al] — 0and E*[|P5(Q,v)—2(Q, v)|A1] —
0as B — o0, (c) (Q™,v™) — 0 in probability as n — oco. The statement in (4.3.16) is immediate from (a)-(c).
Part (a) is shown exactly as in the proof of Lemma 4.2.3. Next consider (b). Using the Lipschitz property of the

coefficients, for some ¢; € (0,00) and all n € N,

|(I)B(Qn’1)") — (I)(Qn,v")‘ <c; sup dBrL, (Z/Qn( ) I/Qn <1 + — Z/ ||U || dS)

0<t<T
0T (4.3.19)
C n n
# LY [ o) - Gl ol ds
i=1
Also,
1 & 9
sup d Vnt,l/n sup 0(A n < — su Hﬁ?t .
sup di (von (1), ZlmgT O e e o0iz 0>} < 75 2 0, [CATO)
(4.3.20)

Combining this with the bounds in (4.3.11), (4.3.12), we have, for some ¢3 € (0, 00) and every B < o0,

sup B { sup dpr, (vor (t)71/5n (t))] <
neN  [0<t<T

ST

Fix € € (0,1) and using (4.3.8) choose m; € (0, 00) such that

1 (7
sup P (n Z/ [|u?(s)||ds > m1> <e.
i=170

Then using the inequality E[(UV) A 1] < P(V > my + 1) + (m1 + 1) E[U] for non-negative random variables U and

V', we have

(m1 —+ 1)6162

E

c1 sup d von I/,L 14— / ul(s)||ds Al
{ LSup B (vor(t),v5 ( 2: [[ug* (s)l >}

Using this estimate in (4.3.19), for some ¢z € (0, 00),

c3(l+m
sup B [5(Q", ") — (@, )| 1) < AL 4
ne

Sending B — oo and since ¢ is arbitrary, we have the first statement in (b). The second statement in (b) follows in a

2
dsH < 00,

similar manner on noting the properties

e[ ecor] <x [n][

/mymww
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which follow from analogous (uniform in n) bounds when @ is replaced by Q™ and E* by E.

Finally we consider (c). For eachn € N,

Q" v")
= Eqn [ (MF).(t1) = M (to) )|

. qu Xz 7‘42 ) Pi 7Wl) ( f’u" (tlv (X;L>A?7p?’ Wl)) - M;?:”(t()a (Xf,[l?,pf,wz)))

- LS A w (R A0, Wh(00) = FCE2 00, A2 00) Wito)) = [ 2075105
=1 to

where, noting that vgn (s) = 5"(s),

By Itd’s formula, for each 7 and n, we have a.s. that
JXP(t1), A (t1), Wi(th)) — f(XT (to), A (to), Wi(to))
= [ s [V, A6 W X ). (5)) i)

+ﬁ(n)/t (VL (XD (s), A (s), W) (X (s), 17 (5)) dB(s)

+ [ S, 0. W) A9 (R0, 6 o)
+f<a(n) ! Bf( (8),/_1?(3)7Wi(S))A?(S)BT()_(f(s),ﬂ"(s) dB(s)

da

to

+ / (W F(XD (), AT (s), Wils))JT dWi(s) + T

where, for some ¢; € (0,00), |T.*| < c1k(n)? for all n,i. Letting U7 = W(XP?, A% p, W;) and f1(s) =

f(XP(s), A%(s), W;(s)), and using similar notation for derivatives of f, we have a.s. that

Q" v")
l Z\I;n

n /t Vuf (s)]T dWi(s)

/ VN K o) ) awite) + [ g,

w Oa

+T",
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where, as in the proof of Lemma 4.2.3, 7™ — 0 in probability. Now by the same argument as in Lemma 4.2.3,

®(Q™,v™) — 0 in probability, proving (c). Thus we have ®(Q, v) = 0 a.s., which proves (4.3.16) and completes the
proof. O

We now complete the proof of (4.3.7). In addition to the standing assumptions of this section (namely Conditions
4.1.1,4.1.2,4.1.4,4.1.5 and 4.1.6 ) suppose that if Condition 4.1.5(a) is not satisfied then v = 0.

Since " = vgn, we have

E

1 En ! 2 1 T
- Tt dt + ——— n(¢ th F(a®
2n Z_1/0 Hul( )” + QTLK(TL)Q /0 HU ( )H + (‘LL )

; : oy [
/Rl (2 /Rmx[(),T] [yl r(dydt)> [Q"]2(dr) + 2m€(n)2/0 o™ (8)||? dt + F(von)|

where [Q"]2 denotes the second marginal of Q™. Recalling the bound (4.2.8), we have from Lemmas 4.3.2 and 4.3.3

=F

that, (Q™,v™) is tight and if (Q,v) is a weak limit point then @ € &:[v] a.s. Assume without loss of generality
that (Q™,v") — (Q,v) along the full sequence. We claim that (Q™,v"™,vgn) — (Q,v,vq), in distribution, in

P(22) x Sy x K. For © € P(Z3) and B € (0, 00), define v§ € K as in (4.3.18), i.e.
V6 (1)(C) = Eo [(0(s(1) A B) 1e(2(t))],  C € B(RY).

Then it is easy to check that, since 6(-) A B is a bounded Lipschitz function, © + /5 is a continuous map from P(Z5)

to /C for every B. Also, from (4.3.20), for some ¢; € (0, 00),

n

LS sup (oA @)%| = 0

B C1
sup E | sup dpr (von(t), vin (t))} < B sup E 02 22,

neN  lo<t<T neN

as B — 00, since sup,,cy B[ D7 | supg<; < (0(A7(t)))?] < oo, which follows from (4.3.11) and linear growth of
6 when property (i) of (4.3.10) holds and from (4.3.12) when property (iii) in (4.3.10) is satisfied. Combining the above
uniform convergence with the fact that (Q", v"™, I/gn) = (Q,v, 1/5 ) for every B proves the claim.

Finally by Fatou’s lemma and since \/nx(n) — A,

3 3 1 < T n 2 1 T n 2 -n
imint 2|53 | @ gy [l b+ P
1 ) 1 [T )
>l (1 lyll2 r(dydt) ) [Qla(dr) + 5 [ 0@ dt + Flvg)
r: \ 2 Jrmx[0,1) 222 Jo

1
5 [l ety
™ x[0,T]

T
5 ) e+ F<u@)> .

> inf inf (E@
e L2([0,T):R*) OCE [y
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This proves (4.3.7) and completes the proof of the Laplace upper bound. O

4.3.2 Laplace Lower Bound
Throughout this section we assume that Conditions 4.1.1-4.1.7 are satisfied. Additionally we assume that if Condition
4.1.5(a) does not hold then v = 0. We will proceed as in Section 4.2.2.

Fix e > 0 and F € C,(K). Choose a ¢ € L?([0,T] : R¥) and a © € &[] such that

1
~Fo

1 (T
2 + ﬁ/o lo(t)]|* dt + F(ve) < ylg}fc [F(v) + I(v)] +e.

/ lyl2p(dy dt)
R™ x[0,T7]

e will show that there is a M € (0, co) and a sequence (u™,v™) with u™ € A" and v™ € constructed on some
We will show that th M€ (0 d aseq " o™) with u™ € AL and 0" € A3, tructed

filtered probability space such that

1 n T 1 T
li E|— NP dt + ————— ()% dt + F (™
mswp 2| 5= 37 [P e+ g [ om0 e+ PG
i=1
. 4.3.21)

1 1
<Llp / lylPo(dyde) | + — / lo(®)]? dt + F(ve).

2 R™ %[0, 222 Jo

The Laplace lower bound

1 n
limsup ——log F¥ {e_"F(“ )} < inf [F(v) + I2(v)]
n

n— o0 vekl

is then immediate from Theorem 4.3.1 on noting that € > 0 is arbitrary. We begin with the following uniqueness result.
Analogous to Section 4.2.2, define the map ¥ : Z; — Z¥ = R? x R, x Ry x Was ¥(z,¢,7,w) = (2(0),5(0), 7, w).
For © € P(Z25), let Oy = © 0 ¥~ ! be the probability measure on ZJ induced by © under 9. We will say that weak
uniqueness holds for (4.1.5) if, for any given ¢ € L2([0,T] : R*) and ©(1), ©(?) € &[¢], whenever 6591) = 6)592), we
have that ©(1) = ©(),

Lemma 4.3.4. Weak uniqueness holds for (4.1.5).

Proof. Fix ¢ € L*([0,T] : R*) and ©1), 0 € &[¢]. Suppose that 0" = 02 = A. Note that ©), i = 1,2 can

be disintegrated as
@(i)(dx, da, dr, dw) = é(i)(d:r, da, xo, ag, r, w)A(dzxo, dag, dr, dw).
Consider Z, = X x Y x X x Y x ZY, and define © € P(Z,) as

@(dx(l), daW, dz®, da'®, dxy, dag, dr, dw)

= é(l)(dx(l), da™M, zo, ag, 7, w) é(z)(dac(z), da?, zo, ag, 7, w) A(dzxg, dag, dr, dw),
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and denote the coordinate maps on 25 as (XM, A1, X2 A®) X, Ay, p, W). Note that {W (¢t),¢ € [0,T]} is a

Brownian motion with respect to the canonical filtration
He =0 {XO(s), AD(s), p(A x [0,8]),W(s), i = 1,2, A€ BR™), s [0,4]}, te[0,7],

and fori = 1,2, (X, A®) satisfy (4.1.5) with (X, A) replaced with (X A®) and v(t) replaced with () (t) =
Ve (). In order to prove the lemma it suffices to show that (X, AM) = (X3 A@) as. Letu(t) = [g.. y pe(dy),

t € [0,T]. Then, Eg fOT |u(t)||? dt < oo. By similar estimates as in the proof of Lemma 4.3.2 we see that
when Condition 4.1.5(a) is satisfied, Eg [ sup (||X(i)(s)\|2 + (H(A(i)(s)))2)} <oofori=1,2, (4.3.22)
0<s<T
and
when v = 0, Eg [ sup <||X(i)(s)||2 + (A(i)(s))Q)} < oofori=1,2. (4.3.23)
0<s<T

Consider first the case v = 0. For ¢ € [0, T, define

o0 = Be [ sup X0 =X n) = (B | sup 1400 —A<2><s>|D2.

0<s<t 0<s<t

Since 6 is a Lipschitz function under Condition 4.1.5, we have
dpr (V0(5),2(9)) < sup B [6(A0 (5)) (XD (s) — 6(AP) (5)) f(XP)(s))|
fEBL(R®)

)

< Bg [0(AM () |X () = XD (s)]] + LEg | AV (s) = AP (5)

where L is the Lipschitz constant for . Then by the Cauchy-Schwarz inequality and (4.3.23), for some ¢; € (0, c0),

sup dpr, (u<1>(s),u<2>(s))2 < e1(g(t) + h(t)) forall t € [0,T]. (4.3.24)

0<s<t

By the Lipschitz properties of b, o, and «, the property o(z,v) = o(v), the Burkholder-Davis-Gundy and Cauchy-

Schwarz inequalities, and the fact that fOT lo(s)||? ds < oo, there are ca, c3 € (0, 00) such that, for all ¢ € [0, T,

gt) < e2Bq [ / " up (||X(1)(T)—X(z)(7)||2+dBL (u<1><7>,u<2><7>)2> ds}

0<7<s

([ s dun (00000 -t d)]

< 63/ (g(s) + h(s)) ds. (4.3.25)

0

'+02Eé
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Furthermore, since v = 0, for j = 1,2, AU)(t) = eym(t), where

YO (1) =YW (0) + /Ot (X9 (s), v (s)) ds + /Ot BT(X ) (s), 1) (s))p(s) ds.

Using the inequality |e® — e¥| < (e® V e¥)|z — y|, the Lipschitz property of ¢ and 3, (4.3.24) and (4.3.23), and the

Cauchy-Schwarz inequality, there is ¢4 € (0, 00) such that

o) < (e | sup (400 v AP )Y (o) - Y<2><s>|D2

0<s<t
< Eg [ sup (AW (s) v A(Q)(s))Q} Eg [ sup |[YW(s) — Y(z)(s)ﬂ (4.3.26)
0<s<t 0<s<t
t
<or [ (glo)+ hs) ds.
0

Thus,

g(t) +h(t) < (e3+ c4)/0 (g9(s) + h(s))ds foreveryt € [0,T7,

and hence by Gronwall’s inequality, g(T') + h(T') = 0, from which it follows that (X ) A™M) and (X, A®?)) are
indistinguishable on [0, 7.

Consider now the case where Condition 4.1.5(a) is satisfied. Define

h(t) = <EO [ sup |log AWM (s) —1ogA<2>(s)|D2.

0<s<t

Since c5 = sup,cg, |0 (z)z] < oo, we have
10(e”) — 0(e¥)| < sup |0'(2)z] - |x — y| = 5|z — y| forall z,y € R.

z€ER4

Thus,

dor (VD) < s | B [HAD )XV () - 04D )X s))

< B [0(AD ()1 XD (s) = XD (s)]]] + e B \logA“><s> —log A<2>(s)\ .
Hence, using (4.3.22), for some ¢g € (0, 00),

2 ~
sup dpr (1/(1)(3),1/(2)(5)> < ¢o(g(t) + h(t)) forall t € [0, T).
0<s<t
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Now exactly as in (4.3.25), we have that for some ¢; € (0, 00),

g(t) < 07/0 (g(s) 4+ h(s))ds foreveryt € [0,T).

Note that, for some cg € (0, ),

(26 [ (060 -102) " utsyas] )

Using this estimate and Lipschitz properties of ¢,~y, and 3, we now have that, for some cg € (0, 00)

2

t 2
< cs/ dpr (V(l)(s),u(Q)(s)> ds.
0

h(t) < 69/0 (9(s) + h(s)) ds for every t € [0, T].

Thus

g(t) + h(t) < (cr + 09)/0 (9(s) + h(s)) ds for every t € [0,T],

which shows the indistinguishability of (X log AM) and (X(? log A®)) and hence the indistinguishability of
(XMW, AWy and (X® AM) on [0, T7. O

We now complete the proof of the lower bound by constructing (u™, v™) that satisfy (4.3.21). Let (X, A, p, W) be
the coordinate maps on the space (25, B(Z2), ©) equipped with the canonical filtration H, defined as in the proof of

Lemma 4.3.3. Since © € &[y], equation (4.1.5) is satisfied with v(t) = ve(t). Disintegrate ©y as
Oy(dx, da, dr, dw) = no(dx, da) [0]4(dw) Ao(z, a,w, dr).

Let V, ), 7' and coordinate processses W;, B, p; be as introduced in Section 4.2.2. As before, let I" be the standard

Wiener measure on V. Next, for each n € N, define the probability measure P™ on (', F') by

n oo

P (dr, dw, dB) = |(X) [0]a(dw;) Mo(27,af ,w;, dri) (R) [O](3.4)(drs, dw;) | @ T(dB).

i=1 i=n-+1

Under P", {W,}1<i<, and B are mutually independent Brownian motions. Define the sequence {A" },,en of P(R? x

Ry x Ry x W)-valued random variables by
1 n
AN'(AxBxRxC)= - Z51,;(A)da?(B)épi(R)éwi(C), AxBxRxCeBR!xR, xRy x W).
i=1

Then by Condition 4.1.6,
P"o (A")™! = e,. (4.3.27)
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Let, for n € N, v™ = ¢. Then v™ € Sy for every n, where M = fOT llo(s)]|?ds. Next, define u; by (4.2.29) and for
eachn € Nlet (X', A7 ..., X, A") be the solution on (€)', ', P") of the system in (4.3.1) (with u replaced with
U;).

Define the occupation measure Q" by the right side of (4.3.9), replacing p* with p;. Let E™ denote expectation

over the probability measure P". Then, as in (4.2.30) (using Condition 4.1.6 instead of 4.1.1), we see that

/OT /mypt(dy)

It now follows from Lemma 4.3.2 that {(Q", v™) }en is tight. If (@, v) is a limit point of this sequence defined on some

lim sup E™ = Fo

n—oo

2
dt] < . (4.3.28)

1 [T
e TOIR
n “ 0

=1

probability space (Q, F, 15), thenv = ¢ P-as., and, by Lemma 4.3.3, Q € &E[v] = &) P-as. Also, © € &, [¢]. By
(4.3.27), for P-ae. w € Q, Qy(w) = Oy. Thus by the weak uniqueness established in Lemma 4.3.4, Q = © P-as.
Thus we have Q™ — © in probability. A similar argument as in Lemma 4.3.3 now shows that (Q", vgn) — (0, ve) in

probability. Finally,

lim sup E™
n—oo

Ly~ 7 2 1 T )
R ) 1 . o

= limsup E™
n—oo

2171;/0 Hm(t)“ther/o Un(t)”zdtJrF(an)}

/ Iyl oldy de)
R™ x [0,

which follows from (4.3.28), the equality v™ = ¢, the convergence (Q",vgn) — (O, vg), and the assumption that

1 I
< -FE — 2 F
< 3o v | eI+ Flwo).

V/nk(n) — . This proves (4.3.21) and completes the proof of the lower bound. O

4.3.3 Rate Function Property of I,

The proof is very similar to the argument in Section 4.2.3 and so we omit the details and note only that we use the
argument in Lemma 4.3.3 to show that if for ™, 0 € Py(2;), O™ — ©, and a bound as in (4.2.32) is satisfied for

every n, then under the conditions of Theorem 4.1.2, vgn — vg in K. O

4.4 Proof Sketch of Theorem 4.1.3.

In Section 4.4.1 we sketch the proof of part (i) of the theorem while part (ii) is sketched in Section 4.4.2.
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4.4.1 The Case \/nk(n) — 0

Recall that we assume Conditions 4.1.1, 4.1.2, and 4.1.3 hold. For the Laplace upper bound we start with the inequality
in (4.2.6) for some (u",v") € AY™ x A%,. This inequality gives the uniform bound in (4.2.8). With this uniform
bound, the tightness of the sequence of P(Z;)-valued random variables Q™ defined in (4.2.10) is shown as in Lemma
4.22.

Furthermore, the inequality in (4.2.8) also shows that

E

T
/ ||v"(t)||2dt] < k()22 Fllm + 1) — 0 as n — 0o,
0

since nk(n)? — 0. Thus v™ — 0in L2([0, T : R¥), in probability.
Now a similar argument as in Lemma 4.2.3 shows that if () is a weak limit point of @™, then ) € &£;[0] a.s. Finally,

with (u™, v™) as above and ™ defined as below (4.2.3), taking the limit as n — oo along any convergent subsequence

of {(@",v™)},

1 n T 1 T

liminf F | — ()12 ()| F(p™

mint 8503 [l O+ g [ @l PG
1 &[T

> liminf B | — ()| dt + F(ip™

> limin 2n§_j/ (0 dt + P (")

! . i 1
/Rl (2 /Rnlx[o,ﬂ vl <dydt>> [Ql2(dr) + F([Q) )]

>
= @elrsllf[o] (E@ + F([@]1)> ’

>F

1
5[l ety
R™ % [0,T]

where the last inequality uses the fact that @ € £[0] a.s. Since 6 € (0,1) in (4.2.6) is arbitrary, recalling the definition

of I 1,0 in (4.1.10), the above inequality completes the proof of the Laplace upper bound.
For the proof of the lower bound we proceed as follows. Fix ¢ > 0 and F' € C(P(X)). Choose O € &;[0] such
that
1
ZEe
s te

+E(Oh) < nf [F@) + I],O(u)} te. @.4.1)

/ Iyl o(dy dr)
™ x[0,T]

Using this ©, define (', 7', P™), as in Section 4.2.2. Also, take v™ = 0 for every n. Then with u; defined as in
(4.2.29) and ™ and Q™ constructed as below (4.2.29), we have exactly as in (4.2.31) that

1 n
limsup —— log E/ [e_"F(“ )}
n

n—oo
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< limsup E"

n— oo

1 &L T , 1 T
— (O dt + —— ()| dt + F(p"
o 22 ) NP v e [ @l e )

n LT
sy OIS, F([Q"h)]

[ lPetdyde
R™ x[0,T]

)

= limsup E"
n—oo

< %E@ + F([8]1).

In particular, in obtaining the last equality we have used the uniqueness result in Lemma 4.2.4 (applied to the case
where ¢ = 0). Combining the above inequality with (4.4.1) and since € > 0 is arbitrary, we have the desired lower
bound.

Finally, the proof that [ 1,0 1s a rate function can be carried out as in Section 4.2.3. We omit the details. O

4.4.2 The Case v/nk(n) — oo

For this case we assume Conditions 4.1.1 and 4.1.2. Condition 4.1.3 is not needed. In a similar manner to Theorem

4.2.1 it can be shown that for any F' € C,(P(X)) and for each n € N,
2 n T T
1 _F(u" 1
— k(n)?1 E[ ~<3L>2F(“)}: e p |50 / (1)) dt f/ 1|2 dt + F(a"
K(n)?log B [e B |52 [ P 5 [ ool mG)
(4.4.2)

where " is as introduced below (4.2.3). Furthermore, for every § > 0, there is an M < oo such that for eachn € N,

_ K(H)Q 10gE |:e_7ﬁ(;)2 F(Mn):|

R ) ik zn:/T ||u-(t)|2dt+1/T lo(®)|? dt + F(a™)| — 6 4
= (u,U)EAl’nX'A?vI 2 — 0 ? 9 0 M .
Fix F € Cy(P(X)) and § € (0,1). Select, for each n € N, (u™,v") € A" x A3, such that
N SR 2. T 1 (T
— k() log B e 0] 2 B @Z/ |\u?(t)||2dt+§/ o @|2dt + ™) | — 25, (4.44)
i=170 0

where 1" = % St 6xn and X7 is given by (4.2.3) (repalcing (u,v) with (u™,v™)). The uniform bound in (4.2.8)

now gets replaced by

sup £
neN

2 n T 1 (T
K(Z)Z/O IIu?‘(t)||2dt+§/0 v”(t)llzdt] < 2([[Flloo +1)- (4.4.5)
=1
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This in particular says that

E

n T
>l ||u?<t>|2dt] <At D g asn - o, 44.6)
n <= Jo nk(n)

since nk(n)? — oo. Define Q™ by (4.2.10), where p!* are as in (4.2.11). The tightness of (Q™,v") is shown as in
Lemma4.2.2. Let (Q, v) be a weak limit point (along some subsequence) given on some probability space (2*, 7*, P*).

Then using (4.4.6) we see that

E*

1 [T
> ||u?<t>||2dt]=o.
n- 0

i=1

// Iyl r(dy dt) [Q]2(dr)| < liminf E
R1 JR™ x[0,T] n—00

Thus we have that [Q]s = d,.0, where we recall that 7°(dy dt) = 00} (dy) dt. Also, as in Lemma 4.2.3, it can be seen

that QQ € &;[v] a.s. Combining this fact with [Q]2 = J,. and recalling the definition of & given in Section 4.1.3, we

now see that [Q] 1,3y € £1[v] P*-a.s. Taking the limit as n — oo along a convergent subsequence

liminf E/

n— oo

K(n T
0

2 " T
2) Z;/O HU?(t)IIQdH%/ o™ (t)]% dt + F(a™)

1

T
> E* 5/0 ||v(t)||2dt+F([Q]1)]

1 T
> inf inf 7/ t)||? dt + F([© ,
@GLZ([O_,T]:R,%)%M(Q el ( h))

where the last inequality uses the fact that [Q]; 3) € &1[v] P*-as. Combining this with (4.4.4) and recalling that
0 € (0,1) is arbitrary completes the proof of the Laplace upper bound.
Now we consider the lower bound. Fix ¢ > 0 and F' € C,(P(X)). Choose a p € L*([0,T] : R¥) and a ©° € &[]

such that

1

T
3 | lewiae pe)) < int [P+ 5] e (@47)

where flm is asin (4.1.11). Define © on (21, B(Z1)) as ©(dz, dr, dw) = ©°(dz, dw) d,o(dr). Using this ©, define
(Y, F', P™) as in Section 4.2.2. Also, let v™ = ¢ for every n. Note that u; defined through (4.2.29) satisfies u; = 0

Pm"-a.s. Now with ™ and Q™ constructed as below (4.2.29), we have as in (4.2.31) that
lim sup —x(n)?log E [67 o F(“n)}
n—oo

< limsup E"

n—roo

T
0

2 n T
“(;‘);A Hui(t)||2dt+%/ o™ ()12 dt + F (™)
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n—oo

= limsup (;/O le())1* dt + E" [F([Q"h)]>

_ %/O ()12 dt + F([O]1).

The last equality uses a uniqueness result of the type in Lemma 4.2.4 which is shown in the same manner. In particular,
since [O]z = 4., the proof does not require Condition 4.1.3 since the analogue of the last term on the right side of

(4.2.27), namely

2

T
Eeo (/0 (IXO(s) = XD ()] + dpr(vV(s),vD(s)) ) ||u(s)ds> ,

is simply zero. Combining the above inequality with (4.4.7) and since € > 0 is arbitrary, we have the desired lower
bound.

Finally, the proof that I 1,00 in (4.1.11) is a rate function is carried out as before and is omitted. O

4.5 Proof Sketch of Theorem 4.1.1(i)

Let p* = r° foralli = 1,...n and n € N. With this choice of p?, define Q" by (4.2.10) by replacing X with X7
By Lemmas 4.2.2 and 4.2.3, {Q"} is tight and any weak limit point @ satisfies @ € £;[0]. This in particular shows that

the nonlinear SDE

4.5.1)

has a weak solution, namely on some filtered probability space (€2, F, P, {F;}) equipped with an m-dimensional
F,-Brownian motion W, there is an JF;-adapted process X with sample paths in C([0, 7] : R%) which satisfies the
above equation. Furthermore, using standard Lipschitz estimates, martingale inequalities, and Gronwall’s lemma, we
see that pathwise uniqueness holds for (4.5.1). Thus, by the Yamada-Watanabe results (cf. [59, Chapter IV]) there
is a unique weak solution to (4.5.1). Denote this weak solution (namely the probability law of (X ,W))) as 92‘1’3).
Let ©* € P(Z1) be defined as O (dx, dr, dw) = O, 4 (dx, dw) by (dr). Then any weak limit point @ of Q™ must
equal ©* a.s. As argued above, ©* is the unique element in P(Z;) that is a weak solution of S;[0, ve| and satisfies

[©*]2 = 0. The result follows. O
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4.6 Proof Sketch of Theorem 4.1.2(1)

It was noted in Section 4.1.2, that the system of equations in (4.0.4) has a unique strong solution under Conditions 4.1.1,

4.1.2,4.1.4,4.1.5, and 4.1.6. This can be seen as follows. Note that, with { = b, o, «, the maps

(,a) = (1, s Tny 01,y oy an) = (((x1, p(zya)), ..o (@0, p(z, a))),

and with ¢ = ¢,7T, 37, the maps

(xa a) = (al<($1aﬂ(x, a))v s 7an§(xnv/i(xv a)))v

where p(z,a) = 23" | 6(a;)d,,, are locally Lipschitz functions with (at most) linear growth from R"? x R’} to

appropriate Euclidean spaces. For example, for (z, a), (Z,a) € R™ x R},

[b(zs, ;@) = b(Zs, (%, )| < K(||lws — Zi]| + dpr(p(e, a), p(Z,@)))

<K (IIwi — &l + % > (16(ai) = 6(a)| + 6(as) |l — ;zi|)> :

i=1

The local Lipschitz property of (z,a) — b(x1, u(x, a)) is immediate from the above estimate on recalling that under
Conditon 4.1.5, 6 is a Lipschitz function. Properties on other coefficients can be verified in a similar manner. Existence
and uniqueness of strong solutions of (4.0.4) follows from this.

We are interested in the asymptotic behavior of ¢ — 1" (t) regarded as a sequence of C([0, 7] : M, (R%))-valued
random variables, where 1 (¢) is defined as in (4.0.4). In order to characterize the limit of p™, we consider the nonlinear
SDE 85[0, /1] in (4.1.5) with p(dy dt) = r°(dy) dt, namely the following equation given on some filtered probability

space (2, F, P,{F;}), equipped with an m-dimensional F;-Brownian motion W

dX (1) =

=

(X(t), (1)) dt + o (X (t), iu(t)) dW (t)

dA(t) = A(t)e(X (1), () dt + A(t)y" (X (1), a(t)) dW (t), (4.6.1)
(f.1(t) = EO(A@) F(X(®)], feCRY), t>0, (X(0),A(0))~ 0.

Let Z:’g = X x Y x W, and denote the canonical coordinate maps on this space as (X ,fl, W). Let ’,Qt =

o{X(s), A(s),W(s),s < t} be the canonical filtration on this space. By a weak solution of (4.6.1) we mean a

probability measure © on Z, such that, under ©, W is a standard #{;-Brownian motion and the system of equations

(4.6.1) are satisfied a.s.
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As before, let p = r° foralli = 1,...,nand n € N. Define Q" by (4.3.9) by replacing (X, A7) with (X', A%).
By Lemmas 4.3.2 and 4.3.3, {Q™} is tight and any weak limit point @ satisfies Q € £>[0] (we use (4.3.10)(ii) here). In
particular, this shows that [Q]1 2 4 is a weak solution of (4.6.1). The following result shows the equation in fact has a

unique weak solution.
Lemma 4.6.1. Under Conditions 4.1.1, 4.1.2, 4.1.4, 4.1.5, and 4.1.6, equation (4.6.1) has a unique weak solution.

Proof. 1t sufices to show that the equation has a unique pathwise solution, namely that if (f( @), A@ ﬁ(i)), i1 =1,2
are two solutions of (4.6.1) given on some filtered probability space (2, F, P, {F;}) equipped with an m-dimensional
F;-Brownian motion W (namely, (f( @) fl(i)) are continuous {F;} adapted processes and (4.6.1) is satisfied with
(X, A, i) replaced with (X A® 7)) § = 1,2), and such that (X(1)(0), A1 (0)) = (X®(0), A®(0)) P-as.,

then
(XD, AL 1)y = (X A® 52y Ppoas, (4.6.2)

Using Conditions 4.1.1 and 4.1.6 on the initial random variables and Conditions 4.1.2 and 4.1.4 on the coefficients, it is

easy to check by Gronwall’s inequality that

E { sup (||f(<i>(t)||2 +A<i>(t)2)} < oo fori=1,2. (4.6.3)
0<t<T

Let

ol0) = £ [ sup 1K) = X)) and hit) = (£ | sup 130 - 420 ) B

Then, exactly as for (4.3.24), there is a ¢; € (0, 00) such that forall 0 < s <t < T,

a1 (A1, 5(9))” < xlglt) + b)),

By the Lipschitz property of b and o, we then have that for some ¢3 € (0,00) and all 0 < ¢ < T,

g(t) < 02/0 (g(s) + h(s)) ds.

Writing A(®) (t) = VO for i = 1, 2 and using the bounded Lipschitz properties of ¢ and -y, we see as in (4.3.26) that

for some ¢3 € (0,00) andall 0 < ¢ < T,

h(t) < 3 / (9(5) + h(s)) ds.
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Thus, g(t) + h(t) < (ca2 + ¢3) fot (g(s) + h(s)) ds for all t € [0, T] which, by Gronwall’s inequality, then shows that
g(T) + h(T) = 0. Thus (X, AM) and (X2, A)) are indistinguishable on [0, T] which proves (4.6.2). O

We now complete the proof of Theorem 4.1.2(1). Denoting the unique weak solution of (4.6.1) as Qz‘l 5,4) We NOW
have that [Q"](1,2,4) = Q{; 5 4) in probability as n — oo. Let Q*(dx, da, dr,dw) = Qf, , 4 (dz, da, dw)d-(dr).
Then Q™ — Q* in probability. Note that Q* is the unique element © in P(Z53) that is a weak solution of S3[0, vo] and

satisfies [©]3 = ;... Using the estimate

< 00,

1 n
sup B | = sup A7(t)?
|13 a0

neN T 0<t<T

which follows by the argument in (4.3.11), it now follows exactly as in the proof of the Laplace upper bound (see
arguments below the proof of Lemma 4.3.3) that vg» — v~ in K, in probability, where for © € Pa(23), ve is defined

as in (4.1.6). O]
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CHAPTER 5

Large Deviations For Stochastic Currents with Mean Field Interaction and Vanishing Noise

In this chapter we consider the interacting particle system described through a collection of SDEs on R? given as
dXV(t) = b (XY (1), VN (1)) dt +eno (XN (), VN(t) dW;(t), 1<j <N, N €N, (5.0.1)

on some finite time horizon 0 < ¢ < T, where ey | 0 as N — oo and {W;, j € N} are independent m-dimentional

Brownian motions on [0, 7. Here V¥ (¢) is the empirical measure of the particle states at time ¢, namely

N
1
VN(t):N E 5X]N(t)7 OStST,
j=1

and thus the interaction among the particles is of the mean-field type and influences both the drift and diffusion
coefficients of each particle. The law of large numbers and fluctuation results for such mean-field systems have been
widely studied, see for instance [18, 32, 71, 82, 83, 85, 91]. In particular, when N — oo, under conditions on the

coefficients and the initial data, {V (¢),0 < ¢ < T} converges to the solution of the Vlasov equation

0
5V Vb V)V =0,

which can be formally written as

0
aV_4_v.\7_ 0, (5.0.2)

where J = b(-, V)V is the nonlinear current given as the limit of the stochastic currents
1T
T¥(e) = Z/O ¢ (t, XN (1) 0dX N (1), (5.0.3)
j=1

defined for arbitrary smooth and compactly supported ¢ : (0, T') x R? — R, where o denotes the Stratonovich integral.
Currents and their stochastic counterparts are key objects in geometric measure theory and play an important role in
the theory of rough paths (cf. [44, 80, 54, 78]). In the current context they provide a convenient way to describe the

asymptotics of the empirical measure process V.
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In this chapter we are interested in studying the asymptotics of probabilities of significant deviations of the
empirical measure V', for the N-particle microscopic stochastic evolution described by (5.0.1), from its macroscopic
hydrodynamic limit described by the first order Vlasov equation in (5.0.2). A common approach to such a study
is by establishing a general LDP on an appropriate abstract space from which the information on probabilities of
deviations for specific events involving the N-particle system (5.0.1) can be obtained by a suitable application of
the contraction principle. In view of the representation of the hydrodynamic limit of V¥ in terms of the nonlinear
current functional 7, a natural candidate for an LDP are the pairs (VN ,JN ) regarded as random elements of an
appropriate space. Under the conditions on the coefficients considered in this work (see Condition 5.1.1), V'V will
take values in V = C([0, T], P1(R%)), namely, the space of continuous functions from [0, T’ to the space Py (R?) of
probability measures on R? with finite first moment, equipped with the Wasserstein-1 distance (see Section 5.1 for
precise definitions). The identification of an appropriate space for J~ requires a bit more work (cf. [42, 88]). In
particular, note that (5.0.3) describes an uncountably infinite collection of identities in which the right side is defined in

an almost sure sense for each fixed . Thus a basic problem is to provide a pathwise representation for the collection

1L T
pr NZ/O ¢ (6, X7 (1) 0dX V(1) ¢, (5.0.4)
j=1

which defines a continuous, linear map on a suitable function space. This problem was studied in [42] (see also
[88]) where it was shown that there is a random variable 7~ with values in a certain negative Sobolev space H™° of

distributions (see Section 5.1.2), which gives a pathwise representation for the collection in (5.0.4) in the sense that
1L T
(TN, o) :NZ/O <p(t7XJ]-V(t))OdX]]-V(t) a.s.,
j=1

for every smooth ¢ with compact support. Thus the stochastic currents 7V can be viewed as random elements of the
Hilbert space H™%, and the basic problem of interest is then to establish a large deviation principle for (VY 7%) in
YV x H™S.

This large deviation problem in the setting where m = d and o = Id was studied in [88] by direct change of
measure arguments. Specifically, [88] treats the large deviation upper bound by first establishing an estimate for compact
sets by considering an explicit tilt of the measure and then extends the estimate to all closed sets by establishing certain
exponential tightness estimates. The lower bound is proved by exploiting connections between large deviations and
I"-convergence from [81], in particular the key idea is to construct a suitable ‘recovery sequence’ using results from [79].
One important aspect of the results and proof methods in [88] is that the LDP is established with the weak topology on

the Hilbert space H™®. Indeed, both the proofs of the upper and lower bounds rely on the use of the weak topology in
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important ways, e.g. since bounded sets are relatively compact under the weak topology in H™°, in proving exponential
tightness it suffices to estimate the probability that 7V takes values in the complement of a bounded ball.

In the current work we take a different approach to the study of the large deviation principle that is based on
methods from stochastic control, the theory of weak convergence of probability measures, and Laplace asymptotics.
This approach allows us to avoid establishing exponential tightness estimates of the form in [88] and enables us to treat
diffusion coefficients that are state dependent and possibly degenerate (see Section 5.1.1). In addition, since in this
approach one needs to establish ordinary tightness rather than exponential tightness, by appealing to certain compact
embedding results for Sobolev spaces, we are able to establish an LDP with the norm topology on H~*° instead of the
weak topology considered in [88]. In fact, we establish a somewhat more general large deviation principle than the one
considered in [88] from which the LDP for (V, 7%) can be deduced by the contraction principle. Specifically, we

consider path empirical measures p”¥ associated with the interacting particle system in (5.0.1) defined as

1 N
N—i
K —N_Zfo“
J:

Under the conditions of this work it follows that 1%V is a random variable with values in Py (C([0, 7], R?)), namely
the space of probability measures, on the Banach space of R?-valued continuous trajectories on [0, 7], with integrable
norm (equipped with the Wasserstein-1 metric). Our main result, Theorem 5.1.3, gives an LDP for (uV, 7%) in
P1(C([0,T),R%)) x H~3. Using the continuity of the map v — {t — v o m; '} from P;(C([0, T],R%)) into V, where
7, is the projection map on C([0,T],R?) giving the evaluation at time ¢, we then deduce an LDP for the sequence
(VN JN)in V x H™S in Corollary 5.1.4. The rate function, in the general setting of a state dependent diffusion
coefficient, is given as a value function of a certain deterministic mean field control problem with a quadratic cost (see
(5.1.11) and (5.1.16)). In Proposition 5.1.5 we show that in the special case where o = Id, this representation of the
rate function simplifies to a more explicit form given in terms of certain controlled Vlasov equations (see (5.1.17))
which was obtained in [88].

As noted previously, proof techniques here are quite different from [88]. The starting point of our analysis is a
certain variational representation for exponential functionals of finite dimensional Brownian motions (see [17, 20]),
using which the proof of the large deviation principle reduces to a study of tightness and convergence properties of
certain controls and controlled analogues of the state processes { X jN ,1 < j < N}, state empirical measures V'V, path
occupation measures HN , and stochastic currents 7%, denoted as {X JN ,1<j< N}, VN, ﬂN ,and TN, respectively.
For the upper bound proof we introduce certain joint empirical measures, denoted as QY (see (5.2.7)), of particle
trajectories and associated control processes. The main step in the proof of the upper bound is to establish the tightness
of the sequence { (7", QY, JV), N € N} and to provide a suitable characterization of the weak limit points of this

sequence. In particular, the tightness of the controlled stochastic currents { 7% } is established with the norm topology
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on H~* and relies on approximations of {7~} by distributions with compact support as well as certain compact
embedding results for Sobolev spaces (see Lemma 5.3.4). The lower bound proof is constructive in that, given a near
optimal measure y on C([0, 7], R%) and a near optimal current J in a certain variational problem associated with the
rate function, we construct a sequence of controls and controlled variables (¥, 7%) that converge to (u, ) in a
suitable manner. The key ingredients in the proof here are a weak uniqueness (i.e. uniqueness in probability laws)
property of certain equations associated with the controlled versions of the Vlasov equation (5.0.2) (see Lemma 5.2.4)
and certain infinite product space constructions.

Large deviation principles for weakly interacting diffusions as in (5.0.1) with non-vanishing noise (i.e. ey = 1)
have been studied in [33]. A different approach, based on weak convergence methods of the form used in the current
work, was taken in [22]. The latter paper, in contrast to [33], allowed for degenerate diffusion coefficients and for a
mean field interaction in the diffusion coefficient. There have also been several works (in addition to the paper [88]
discussed above) that have studied large deviation problems for weakly interacting diffusions with small noise. In
particular, see [56], [36], and references therein, for large deviations results for McKean-Vlasov equations in the small
noise limit; and see [57] for an analysis of interchanging of mean-field limit with the small noise limit at the level of
rate function convergence.

This chapter is organized as follows. In Section 5.1, we specify our model, describe the space on which the large
deviation principle will hold, define the rate function, and present our main large deviation result. Section 5.2 provides
the proof of this result, with the proofs of its key lemmas given in Section 5.3. The proofs of some auxiliary results are
given at the end.

The following notation will be used throughout. We use C(R, S), C.(R, S), and C¥(R, S), k € NU{oc}, to denote
the spaces of continuous, continuous and compactly supported, and k-times continuously differentiable functions from
R into S, respectively. Also, C¥(R, S) = C.(R,S) NC*(R, S) for k € NU {oo}. We denote by L?(u, R, S) the space
of u-square integrable functions from R into .S. When p is the Lebesgue measure, we will occasionally suppress it in
the notation and write L? (i1, R, S) as L?(R, S). The evaluation of a distribution F on a test function ¢ will be denoted
by (F, ¢), and integration of a function f with respect to a measure p will be denoted by (i, f). B(S) denotes the
collection of all Borel sets on S. For a Polish space (5, dg), P(S) denotes the space of probability measures on S,
endowed with the topology of weak convergence. A convenient metric on this space is the bounded Lipschitz metric

given as

dlur) = s )= W), g eP(S),  where
FELH(S)
£,(9)= {f ccsir) s LI <1 up (o)) < 1}.
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When 6 € P(S), the notation Ey will be used to denote expectation on the probability space (S, B(.S), 8). For two
spaces 1 and So and 6 € P(Sy x S3), (1) and 02 will denote the marginal distributions on S; and S, respectively.
Similar notation will be used when more than two spaces are involved. Euclidean norms will be denoted by | - |. For a

Polish space (.59, ds), the space C([0, T, .S) will be equipped with the metric

d(z,y) = S ds(x(t),y(t)),

under which it is a Polish space as well. On C([0,T],R?), we define the norm ||z s = supy<,<7 |#(t)], and the
metric above becomes d(z,y) = ||* — y||co. We will use = to denote convergence in distribution, and ~ to denote
convergence in P-probability. Infimum over an empty set, by convention, is taken to be +o0o. For a metric space .S, a

function I : S — [0, o] is called a rate function if {z € S : I(x) < [} is a compact set for every | < oco.

5.1 Preliminaries and Main Result

Let (0, F, P,{F(t),0 <t < T}) be a filtered probability space where the filtration satisfies the usual conditions
(see [69, Definition 21.22]). Fix m € N, and let {WW;, j € N} be a sequence of independent m-dimensional {F(t)}-
Brownian motions on the time horizon 0 < ¢ < T'. For each N € N, we consider the following system of stochastic

differential equations in R¢:

X}V(t):va(0)+/tb(xjv(s),VN(s)) ds+en /to(XJN(s),VN(s)) dW;(s), 1<j<N, (G.1D)
0 0

where V¥ (t) denotes the P(R¢)-valued empirical measure
| X
: NZaxN(t 0<t<T, (5.1.2)

and {ey, N € N} is some sequence in Ry such thatey | 0 as N — oo. Without loss of generality, we will assume
that supy ex < 1 throughout. Denote X = C([0, 7], R%), and define P(X')-valued random variables, given as the

empirical measure of (X{¥,..., X)), by

1 N
- NZ‘SX;V' (5.1.3)
=1

Note that the marginal of pV at time ¢ is V'V (¢), that is, defining 7; : C([0,T],R%) — R? as the projection map
m(z) = x(t), we have

pN ot =V N(1), 0<t<T.
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We will view each pV as a random variable taking values in the Wasserstein-1 space which is defined as follows. For a

Polish space (.5, dg), define the space P;(S) by

Pi(S) = {u e P(8): [ dso,an) i) < oo},

for some choice of zg € S (the space does not depend on the choice of (). Then P;(.S) is a Polish space under the

Wassertstein-1 distance given by

bur) = swp [ f)— P, LS = fecSR) sup LE—TWI 4L (5.14)
FeL(s) ety ds(x,y)

For further details on Wassertstein spaces, we refer to [99]. The particular cases of interest here are the spaces P; (R%)
and P, (X'), and the notation d; will be used for the metric on both spaces, with the distinction being clear from context.

Noting that (under Condition 5.1.1 given below)

N
/de(x,()) (dx) /||1‘Hoo,u (dx) NZ: X;V||oo<oo a.s.,

we see that indeed ;% is a Py (X')-valued random variable. Similarly, it can be checked that V'V is a C([0, T, P1 (R?))-

valued random variable. Throughout, we will denote V = C([0, T], P1 (R?)).

5.1.1 Main Conditions.

The following is our main assumption on the coefficients.

Condition 5.1.1. There is some L < oo such that for all x,y € R% and p,v € Py (R?),
|b(x, ) = b(y, v)| + oz, 1) —o(y, V)| < L |z =yl + dr(p,v)),

and |o(z,p)| < L.

Note that the above condition implies in particular that for all z € R and u € P; (R?),

ol <2 (1+1el + [ lutan). (5.15)

with possibly a larger choice of L than in Condition 5.1.1. By standard arguments, Condition 5.1.1 implies that there
exists a unique pathwise solution to (5.1.1) for each N € N.

We assume the following on the initial conditions of (5.1.1).
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Condition 5.1.2. For each N € Nand1 < j < N, XJN (0) = xév € R? is deterministic. The collection of initial

conditions satisfies the following.

(i) There exists some po € P(R?) such that, d, (VN (0), o) — 0.
(ii) sup —Z ‘xN‘ < 00.

Note that (i) and (i) above imply that [, [|? 110(da) < oo from the observation

R
/Rd (Jz|* A K) uo(daj):]vlgnooN;(’ j’ /\K)<sup—2‘xN‘

N>1 N

for any K € (0, 00), and applying Fatou’s lemma. The above condition also gives that, as N — oo,

di (VN(0), o) — 0.

In order to prove the Laplace lower bound, we will make a stronger assumption given below on the diffusion
coefficient o which says that it depends on the state of the system only through the empirical measure. We will also

require the convergence of the initial data in a somewhat stronger sense.
Condition 5.1.3. (i) For each x € R% and ;i € P1(R?), o(z, p) = o (p).

(ii) For all po-integrable f : R — R,

<VN(O)af>—><Mo,f> as N — oo

We are interested in the large deviations behavior of ;™ and V' as well as a collection of random linear functionals,
referred to as stochastic currents, associated with the sequence of processes { XV (¢)}. We now introduce these objects.

For each N and ¢ € C3°([0,T] x R4 R%) define

1T
N(p) = NZ/O o (6, XV (1)) 0 dX ]V (1), (5.1.6)
j=1

where the above is a Stratanovich stochastic integral. The relationship between Stratanovich and Itd integrals gives the

following formula for JV (¢):

i(/ (4, ) - 4XF 1)+ 5 <@<XN<~>>,X;V<'>>T),
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where (Y, Z); denotes the quadratic variation at time ¢ of two continuous semimartingales Y and Z. From results in
[42], JV can be viewed as a random linear functional on a suitable Sobolev space. We now briefly describe these results

and make precise the space in which these random linear functionals take values.

5.1.2 Stochastic Currents

Recall that for k € N, H¥(R? RY) is the Hilbert space of functions f € L?(R? R?) such that the distributional
derivatives D f are also L? functions for all |a| < k, where a = (ay, . . . , ag) denotes a multi-index. More generally,

for any s € Ry, H*(R? R?) is defined as the space of functions f € L?(R?,R) such that

I = [ ORI+ ) ds < o, (5.17)

where f(€) = [ e=27€% f(z) dx is the Fourier transform on R?. We refer the reader to [1, 45, 39] for details on these
spaces.
In order to describe the linear space associated with the map ¢ — JV (), we will need to consider a suitable

Sobolev space of functions of time and space. Following [73, 42, 88], a natural choice in this regard is the space
H* ((0,7), H*> (R, RY)),

where s = (s1, 52) € (%, 1) X (% +1, oo) (see [88] for a precise description of the space). However in order to apply
certain compact embedding results (see e.g. the proof of Lemma 5.2.3) we will consider a slight modification of these
spaces defined as follows.

Fix a,b € Rsuch thata < 0 < T < b and define U = (a,b) and Oy = (%, 1) X (% + 1,00). Then define
H® = H* (U, H* (R, RY)), s € Oy,
as the space of functions f : U x R? — R satisfying

IF1S = 1122 s e ey + [F12

5.1.8)
. £ () = £, )2 (

= [ [ f > dudo < oo

/U : vlu  Ju—vftt

where || - ||s, is as in (5.1.7). The norm || - ||s is usually referred to as a Gagliardo norm, and in fact corresponds to

an inner product which makes H® a separable Hilbert space (see [39, Section 3]). The topological dual of the Hilbert
space H® will be denoted as H™°, namely

H = (H%) .
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The norm on this space is given as

F
IFle=  swp KB

p€EC (U xR, R4) lells

For ¢ € C°(U x R, R?), abusing notation, we let

TN (p) = 1i/Ts0(t X7 () 0 dX ¥ (t).
szl o 1 J

Note that if ¢, denotes the restriction of ¢ to [0, T] x RY, then JV (¢) = JN (,.). Also, any ¢ € C°([0, T] x R? R?)
can be extended to a ¢,,, € C°(U x R? R?) where once more J (¢) = JV (¢.,). By a pathwise realization of the
collection {¢ +— JV ()} on C°([0, T] x R?, R?)}, we mean a random variable J~ with values in H™* such that for
any o € C°([0, 7] x R? R?) and any extension ¢,, of ¢ in C°(U x R% R?), (TN p..) = JN () as.

The following result, giving the existence of a pathwise realization, follows along the lines of [88] . The proof is an
immediate consequence of Lemma 5.2.1 below (on taking ujv = 0 in the lemma), the proof of which is given in the

Appendix.

Theorem 5.1.1. Suppose Conditions 5.1.1 and 5.1.2 hold. Then for each N € N and s € Oy, there is an H™>-valued
random variable J~ on (Q, F, P) such that for every ¢ € C°(U x R% R?), (TN (w), p) = [JV(p)](w) for a.e.

w € Q. Namely, TV is a pathwise realization of {¢ — JV (¢)}.

Note that the pathwise realizations { 7™V} are a.s. compactly supported in the first coordinate. Namely, if Uy C U
is an open set such that Uy N[0, 7] = @, then for all ¢ with compact support in Uy x R%, (7N ) = 0 a.s. In particular,
JN is a distribution a.s. supported in [0, 7] x R,

In this work we will prove a large deviation principle for the pair (u¥, 7% ) in the space P;(X') x H~s for each
s € Oy, from which a LDP describing the asymptotics of V'~ will follow by the contraction principle. We begin by

introducing the rate function that will govern the large deviation behavior.

5.1.3 Rate Function

Let R denote the set of positive measures r on B([0, 7] x R™) such that 7([0,¢] x R™) =t forall 0 < ¢ < T, and
define

Ri1= {TER: y|r(dt,dy)<oo}.

[0,T]xR™
The space R is a Polish space under the Wasserstein-1 metric (defined as in (5.1.4) with S = [0, 7] x R™). Each

r € Ry can be decomposed as r(dt, dy) = r(dy) dt, where r; € P(R™). For an R;-valued random variable p,
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consider the McKean-Vlasov equation

4X(0) = bX O,V de+ [ oCX(0. VO puldy) .

V) =PoX(t)™',  V(0)= .

where X is stochastic process with sample paths in X, p(dt, dy) = p:(dy) dt is the disintegration of p, and p is the
measure in Condition 5.1.2(i). The distribution of a pair (X, p) that solves (5.1.9), which is a probability measure on
Z = X x Ry, is called a weak solution of (5.1.9). Let S(Z) C P(Z) denote the set of all such weak solutions. With

an abuse of notation, we will denote the canonical coordinate maps on (Z, B(Z)) by (X, p) once more. That is,
X(Er)=¢  p&r)=r,  (&r)EZ.
Note that if © € S(Z), then (X, p) satisfy (5.1.9) O-a.s. For each © € P(Z) and 0 < ¢t < T, define the measure
vo(t) = © 0 X (1),

which is an element of P(R?). When © € S(Z), it is easy to check that Condition 5.1.1 and Gronwall’s lemma imply
that Eg [| X (t)|] < 0o, and hence vg(t) € P;(R?) for each 0 < t < T Letting vg denote the map t — vg(t), in fact

we have that vg € V. For each ¢ € C°(U x R%, R?), define the map G, : S(Z) — R by

G,(0) = FEe

T
/0 o (6, X(1)) -dX(t)]

:E@

T
/0 o (L X (1)) b(X(t),z/@(t))dt] (5.1.10)

+ Eo

/ @ (t, X(t) - o(X(t),ve(t))y pldt, dy)] :
[0,T] xR™

Now let

Py(2) = {e €P(2): Eeo

/ lyl® p(dt,dy)] < OO} :
[0,T]xR™

and for J € H™S, define

PHT) = {0 €S(Z)NPZ): (T, ) = Gyu(O) forall p € C° (U x R, RY) }.

155



Define I : P1(X) x H™® — [0, 00] as

(1, 7) = inf {E@

1
2/[ ] Iyzp(dt,dy)] 100y = 11,0 eP*(j)}, (5.1.11)
0, T|xR™

where we recall that © ;) denotes the marginal of © on X'.

Remark 5.1.1. Note that the domain of the function I depends on s € O4. However, it turns out (see Lemma 5.3.7)
that if I(j1, J) < oo for some s € Og and (11, J) € P1(X) x H™S, then T € H™® for alls' € Oy, and the value of
I(u, J) is independent of s.

5.1.4 Main Results

In this section we present the main results. For each N € N, let [LN, VN and 7V be asin (5.1.3), (5.1.2), and Theorem
5.1.1 respectively. Our first main result is a law of large numbers for (¥, VIV, 7V).
By using the Lipschitz property of b it can be checked that for 19 as in Condition 5.1.2 and any R? valued random

variable &y on (2, F, P) with distribution 110, there is an a.s. unique solution &, with sample paths in X', to the equation

E(t) =§o+/0 b(&(s),V*(s)) ds, V¥t)=Po&(t) H, 0<t<T. (5.1.12)

Let
pr=Pof& L. (5.1.13)

Using the linear growth of b and Condition 5.1.2(ii) it can be checked that p* € Py (X).

The following theorem gives the law of large numbers. Its proof is given in Section 5.2.6.

Theorem 5.1.2 (LLN). Assume Conditions 5.1.1 and 5.1.2 hold and let s € Og4. Then,
(W, VN, IV) 5 (VT as N = oo,
in P1(X) xV x H™S, where V* and p* are as in (5.1.12) and (5.1.13) and J* is characterized as
T
70 = [0 b)) d (5.1.14)
0

for p € C*(U x RYRY).
Remark 5.1.2. The pair (V*, J*) can alternatively be characterized as the unique solution of the equation

%V+V-b(-,V)V:0, T =b( V)V,  V(0)= po, (5.1.15)



in the distributional sense on (0, T) x RY, by which we mean that for all ¢ € C°((0,T) x R% R),

T 8 T
/0 <V<t>, &so<t,~>> gt + / (V(5), Vialt, ) - b(-. V(£))) di =0,

and for all ¢ € C°((0,T) x RY RY),

T
(T .¢) = / V() ot -) - b( V() dt.

Recall the function I defined in (5.1.11), and for each N € Nletay = N/ 5?\,. Our main large deviation result is

as follows.

Theorem 5.1.3 (LDP). Assume Conditions 5.1.1 and 5.1.2 hold. For eachs € Oy, I is a rate function on P1(X) x H™S.

Furthermore,

(i) The sequence {(u™,JN), N € N} satisfies the large deviation upper bound on Py(X) x H™S with speed ax

and rate function I. Namely, for all closed sets F in P1(X) x H™S,

1
limsup — log P N,JN eF)<— inf I(u,J).
N—mop an 8 ((M ) ) (m,T)EF . 7)
(ii) If in addition Condition 5.1.3 holds, then {(u™,JN), N € N} satisfies the large deviation lower bound on
P1(X) x H™® with speed an and rate function I. Namely, for all open sets G in P1(X) x H™S,
1
liminf —log P ((u™¥,7N) € G) > — inf I(u,J).
N—oo an g P (™. 77) )= (Nple (1, 7)

The proof of Theorem 5.1.3(i) is in Section 5.2.3, and the proof of Theorem 5.1.3(ii) is in Section 5.2.4. The rate
function property of I is proved in Section 5.2.5. The proof of Theorem 5.1.2 is saved for Section 5.2.6, since it follows
along the lines of the proof of the large deviation upper bound.

It is easy to verify that the map v +— {t — vom; '} is a continuous map from P; (X) into V, and recall from above

that each © € S(Z) induces vg € V. From this and the contraction principle we immediately have a large deviation

principle for { (N, VN, 7N)}. In particular, we have the following corollary. Define I : V x H™ — [0, 0] as

1

5 /[0 — yl2p(dt,dy)] ve=V,0¢ P*(j)} . (5.1.16)

I(V,J) = inf {E@ 5

Corollary 5.1.4. Assume Conditions 5.1.1 and 5.1.2 hold. For each's € Oy, I is a rate function on 'V x H™S.

Furthermore,
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(i) The sequence {(VN,JN), N € N} satisfies the large deviation upper bound on V x H™S with speed a and

rate function I.

(ii) If in addition Condition 5.1.3 holds, then {(VN, JN), N € N} satisfies the large deviation lower bound on

V x H™S with speed an and rate function I.

When m = d and o = Id € R%*¢, one can give a more explicit representation for the rate function I as follows.
(A similar representation can be found in [88].) For V € V, define V € P([0,T] x R%) as V(dt,dz) = V (¢, dx) dt.

Define Iy : V x H™® — [0, 00] as
= . I 2

where the infimum is taken over all (h, ©) € L%(V,[0,T] x R4, R%) x (S(Z) NP(2)) such that V = vg and (V, J)

is a distributional-sense solution of the equation

%V+v.hvzo, T=hvV, V()= po, (5.1.18)

on (0,7) x R Namely, for all p € C°((0,T) x R% R),
T a T
[ (v ety as [ @, vete ) ne ) a=o,
and for all p € C°((0,7) x R, RY),
T
o= [ et -ae.)

The following result shows that I = Iy. The proof is given in Section 5.2.7.

Proposition 5.1.5. Suppose that m = d, 0 = Id € R, and Condition 5.1.1 is satisfied. Then I=1,

5.2 Laplace Asymptotics and Variational Representation

Using the well-known equivalence (cf. [21, 37]) between the large deviation upper bound (resp. lower bound) and the
Laplace upper bound (resp. lower bound), we will prove Theorem 5.1.3 by establishing a Laplace principle on the space

P1(X) x H™3. Specifically, Theorem 5.1.3(i) will follow from the upper bound

1 N N
liminf —— log E |e=¥F(1".TV) | > inf F I 52.1
Now ay [e Z (et aea F 00 D) F 10 T 02D
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and Theorem 5.1.3(ii) will follow from the lower bound

]. N N
lim sup —— log E |e=enF(1™.7™)] < inf Fu, J) + (1, 7)), 522
Noe ay [ S nenttxa-s F T 10 T)) 622

where F is any bounded, continuous function on P (X) x H™S.
The inequality (5.2.1) will be proved in Section 5.2.3 (under Conditions 5.1.1 and 5.1.2), and the inequality (5.2.2)
will be proved in Section 5.2.4 (under Conditions 5.1.1, 5.1.2, and 5.1.3). The rate function property of I is shown in

Section 5.2.5. The starting point for both upper and lower bounds is the following variational representation.

5.2.1 Variational Representation

Let Ay denote the class of RV -valued F (#)-progressively measurable processes u such that F [ fOT lu(t)|? dt} < 0.

For u™ = (ud¥

ul, ..., u) € Ay, with each ujv (t) taking values in R™, consider the controlled version of (5.1.1) given

as

dXN(t) =b (XN @), VN@®) dt +eno (XN (1), VN@®) dW;(t) + o (XN (@), VN (@) ul (t) dt, (5.2.3)

Analogous to (5.1.3), iV will denote the empirical measure of (X{V,..., X¥), so that iV omr; * = VN (¢t) foreach 0 <
t < T. We will also need a controlled analogue of the stochastic current in Theorem 5.1.1. For ¢ € C°(U x R4, R9),

define

T N
= . S > = .1 =
ORI O R (ORI O SR (524)
j=1
The proof of the following result, which is given in the Appendix, is similar to that of Theorem 5.1.1.

Lemma 5.2.1. Suppose that Conditions 5.1.1 and 5.1.2 hold. Then, for each N € N, 1 < j < N, and s € Oy, there is

a nonnegative square-integrable random variable OJN,S such that for all ¢ € C>°*(U x R4, RY),

TN )| < CNllels  as.
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In particular, the collection {p — JN (¢)} has a pathwise realization T~ on (Q, F, P), namely J is an H™5-valued

random variable such that (TN (w), ¢) = [TV (p)](w) for a.e. w € Qand all ¢ € CZ(U x R R%). Furthermore, if

sup B | Z/ 2 dt| < oo, (5.2.5)

N>1

then supys, F [% Z;V=1 (CJNS)Q] < oo. In particular, if CY = + Z] L O, thensupy s, E {(CSN)Q] < oo.

The following variational representation follows from [17, 20] (see also [22]). Specifically, the case where {F(¢)}
is the filtration generated by the m-dimensional Brownian motions {W;} is covered in [17], while the setting of a

general filtration is treated in [20]. Recall that ay = N/e%.

Theorem 5.2.2 (Variational Representation). Suppose that Conditions 5.1.1 and 5.1.2 hold. Let s € Og4 and let F be a

real-valued, bounded, continuous function on P1(X) x H™S. Then for each N € N,

_ 1 —anF(uN I _ N
ologB e = Juf B QNZ 1 dt+F (@Y, TV)| . (5.2.6)

5.2.2 Tightness Properties.

The following lemma gives a key tightness property that will be needed in the proofs of both upper and lower Laplace

bounds. The proof is given in Section 5.3.1.

Lemma 5.2.3. Suppose Conditions 5.1.1 and 5.1.2 hold. Fixs € Og4, and let {u’N, N € N} withuy € Ay for each

N be such that

sup F Z/ 2 at < 00.

N>1

Let X JN , 1Y, and TN be the controlled sequences corresponding to sequence of controls {u™} as defined in Section

5.2.1. For each j and N, let pév be the R1-valued random variable given as
and consider the sequence of P(Z)-valued random variables defined as
1
= — N . 2.7
= Z XN eN (5.2.7)
Then,
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(i) The sequence {(i",QN,JN), N € N} is tight in P1(X) x P(Z) x H™S,

(ii) If (5N, QN, TN) = (1,Q,T) as N = o0 in P1(X) x P(Z) x H™S, then Q1) = fiand Q € P*(J) a.s.

5.2.3 Proof of the Upper Bound

In this section we prove part (i) of Theorem 5.1.3 by showing that (5.2.1) holds. Assume Conditions 5.1.1 and 5.1.2.
Fix s = (s1, 82) € O4, and a real-valued, bounded, continuous function F' on P; (X) x H™®. Lete € (0, 1), and using

Theorem 5.2.2 choose {u”Y, N € N} with uy € Ay for each N such that
1 N N 1 N T 2
—anF(u™,T N -N #N
— —logk [e N (p )} > E |5 EA_I:/O [N )| dt+F (5, TN) | —e, (5.2.8)

where (¥, JV) are controlled variables corresponding to the control 4V as defined in Section 5.2.1. From the

boundedness of I it follows that

N T
1
sup F —Z/ ’ujv(t)|2 dt| <2 sup |F(u, )|+ 1 < 0.
N>1 | 2N = o (11,7 )EPy (X) xH=

By Lemma 5.2.3, (i¥, QY, %) is tight in P;(X) x P(Z) x H™S. Thus the sequence (¥, QV, JV) has a weak
limit point (ji, Q, J ) along some subsequence, and once again by Lemma 5.2.3, Q € P*(J) and Q) = fias. Assume
without loss of generality that (¥, QY , 7V) = (11, Q, J) along the full sequence. Noting that Qf\{) = ™V, we have,

by (5.2.8),

—LlogE e—aNF(/LN,JN)} > E
a

1 _
s L P dy @y an) + F (Qﬁ),JN)] ..
R1 J[0,T]xR™

By Fatou’s lemma and lower semicontinuity of the map r — f[o T]xRm ly|? r(dt, dy) on Ry,

1
liminf —— log F [e_aNF(“N’jN)}
N—o0 an

1
R1 J[0,T]xR™

1
—E|Bo |5 [ Iy pldtdy)
[0,T]xR™

Eq

+F(u,j)] —c
inf (I, T)+ F(u,J)) — ¢,

>
(1, T)EP1(X)xH—s

where the last line follows on recalling the definition of I and the facts that @ € P*(J) and Q1) = i a.s. Since

e € (0,1) is arbitrary, this completes the proof of the upper bound in (5.2.1) and thus that of Theorem 5.1.3(i). O
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5.2.4 Proof of the Lower Bound

In this section we prove part (ii) of Theorem 5.1.3 by showing (5.2.2). Fix s = (s1, $2) € O4. We assume Conditions

5.1.1,5.1.2, and 5.1.3 hold. Let £ € (0, 1) and choose (g, Jy) € P(Z) x H™ such that Oy € P*(Jp) and

1
= / ly|? p(dt, dy)
2 [07T]><]R7"

To prove the lower bound we will construct a sequence {u'V} of controls on some filtered probability space such that

Fo +F ((©0)ay, Jo) < inf (1, T) + F(u, J)) +e. (529)

© T (1, J)EPL(X)xHs

uN e Ay for each N and

N —oc0

N T
. 1 ) o
limsup E IN Eﬁ /0 |u§v(t)‘ dt+F (g, ")
7=1 (5.2.10)

< Ee, + F ((©0)), Do),

1
5/ ly|? p(dt, dy)
[0,T]xR™

where i and JV are the controlled processes corresponding to {uV}. It will then follow by Theorem 5.2.2 and

(5.2.9) that

N T
1 1 _
limsup ——log F efaNF(”N’]N)} <limsupF | — E / |u§v(t)‘2 dt + F (ﬂN,jN)
N—oo GN N—oo 2N o

= inf 1 ) +F ) + €.
o (ﬂwj)G;fl(X)fos( (b, T) (1, J))

Since € > 0 is arbitrary, the lower bound follows.

The construction of a sequence {u™ } such that the inequality in (5.2.10) holds will need the following uniqueness

property.

Definition 5.2.1. Let 0 : Z — R% x R, denote the map 0(&,7) = (£(0), 7). We say that weak uniqueness of solutions
of (5.1.9) holds if ©1,02 € S(Z2) N P2(Z) and O1 0 =1 = O 0 1 implies that ©1 = O.

The following lemma is key to the proof of the lower bound. The proof is provided in Section 5.3.3. Recall that in

this section we assume that Conditions 5.1.1, 5.1.2 and 5.1.3 hold.
Lemma 5.2.4. Weak uniqueness of solutions holds for (5.1.9).

We now construct the sequence {u’V} that satisfies (5.2.10). Because O € S(Z), we can disintegrate

O 0 0 (dx dr) = po(dz) Ao(z, dr),
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for some measurable map Ag : RY — P(R1). Let W = C([0, T],R™), and let y be the standard Wiener measure on

W. Define a measurable map A : R? — P(R; x W) as
Az, dr,dw) = Ao(z, dr) @ v(dw), z e RY.
Define the measurable space (€2, F) by
Q= (Rix W)™, F=B(Q),

where an element (7, w) € 2 has the coordinates 7 = (r1,79,...) and w = (w1, ws, ...) with7; € Ry and w; € W

for each j. Consider the canonical filtration { F(t)} on (Q, F) defined as

F(t) = o (w;i(s),r;([0,s] x A), j e N, Ae B(R™), s <t), 0<t<T,
and define the sequence { PV, N € N} of probability measures on (€, F) by

PN (dr, dw) = ® A (xjv, dr;, dw;) ® ((©0)2) ®7) (dry, dw;),

J<N >N

where {27’ } are as in Condition 5.1.2. Next define the sequence {A"Y, N € N} of P(R x R;)-valued random variables

on (€2, F) by

ANiiia
N &~ (2ps)

where for each j € N, p; is the R;-valued random variable on (Q, F) defined as p;(r,w) = ;. Using Condition

5.1.3(ii), we see by a standard argument that
PN o (AN)™! = 6,001 as N — oo, (5.2.11)

in P(P(R? x Ry)).

Now, for each j € N, disintegrating p; as p,(dt, dy) = (p;)+(dy) dt, define

w®= [ ylpldy),  0<t<T.
and define u™ = (uy,...,uy) foreach N € N. Furthermore, for each j and (r,w) € €, let

W;(t, (r,w)) = w;(t), 0<t<T.



Then for each N, W7y, ..., Wy are mutually independent { F(t) }-Brownian motions on (Q, F, PV). Recall that in this
section we are assuming Condition 5.1.3, and so o (z,v) = o(v) for (z,v) € R? x P;(R?). Let (X{¥,..., X¥) be

the unique pathwise solution (which is guaranteed due to Conditions 5.1.1 and 5.1.2) on (Q F,PN ) of the system

X}V(t) :;Uj-VJr/O b(X]N(s),VN(s)) ds+sN/O o (VN(s)) de(s)Jr/O o (VN(s)) uj(s)ds,

V() = =D dxnw, 0<t<T, 1<j<N.
j=1

Also let gV = L Zj\le d ¢~ . Now define the sequence {Q™} of P(Z)-valued random variables as
J

Letting BV denote expectation on (Q, F,PN ), we note that for a measurable f : Ry — Ry,

R1

N
J(r) (o) (2)(dr) < oo implies EN ;szlf (pj)| — /R1 (1) (©0)(2)(dr). (5.2.12)

Indeed, if g(z) = [, f(r) Ao(z,dr) for z € R?, then

2 \

N N
z:: NZ f ) Ao (= j,drzﬁz::

and

/ 9(z) po(der) = / £(r) Aoz, dr) po(dz)
R4 Rd J Ry

= / f(r)©q 007 (dx,dr) = f(r) (©0)(2)(dr) < occ.
RIXRy R1

Thus, from Condition 5.1.3(ii),

lim EVN
N—oco

an
[l

g
=Z| =
[]=
Q
—
8

=
S—
[l
T
=R
=

(e]
=
&
3
g
o)
°
S
=
=
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which proves (5.2.12). Now, we have

N T
1 2
limsup EVY | — / lu;(t)]” dt| <limsup BN / ly? p;(dt, dy)
N; 0o 7 NZ [0,T] xR™ !

N —o0 N —o0

/[ - IyIQp(dt,dy)] < 00
0,T]xR™

where the convergence on the second line follows from (5.2.12) on observing that, since ©¢ € Pa(Z),

(5.2.13)
= E@(]

f(r) = / e dy),  reR,
[0,T]xR™

satisfies

f(r) (©o0)2)(dr) = Ee,
Ry

/[ - ylzp(dt,dy)] < o0
0,T]xR™

Next, for each ¢ € C°(U x R?, R?) define

T
o) =+ Z/O o (XN (1) 0dXN(1), NeN.
j=1
From Lemma 5.2.1, the collection {¢ +— J™ ()} has a pathwise realization J% in H~S. Using Lemma 5.2.3 and
the moment bound in (5.2.13), we now see that { (2", Q™, JV), N € N} is tight in P, (X) x P(Z) x H5. Suppose,
without loss of generality, that (2, Q™, V) = (1,Q,J) in P1(X) x P(Z) x H™S. By Lemma 5.2.3 again,
Q € P*(J) and Q1) = fias. Since QY 0 =1 = AN, (5.2.11) implies that Q 0 61 = Og 0 #~* a.s., and hence by

the weak uniqueness established in Lemma 5.2.4, Q = O a.s. Furthermore, from the definition of P* (j ),

(T,9) = Go(Q) = Gy(©0) = (Jo, ¢)

for every ¢, a.s., and hence J = Jp a.s. by separability of C>°(U x RY,RY) and its denseness in H™S,
It follows that (Q, JV) = (O, Jo). Finally,

limsup B NZ/ lu; (t) dt—i—F(,u JN)

N —o0

N T
) 1 2 7
j=

N—o0
1
<o |5 [ Iy ldtdy)
[0,T]xR™

F ((©0)q), Jo)
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where the last inequality is from (5.2.13) and since F' is a bounded continuous function. This shows (5.2.10) and

completes the proof of the lower bound in (5.2.2), and part (ii) of Theorem 5.1.3 follows. O]

5.2.5 Rate Function Property

In this section we show that the function I : P;(X’) x H™® — [0, co] defined in (5.1.11) has compact sublevel sets for
every s € Oy. Fix s, and for each | < oo consider the level set T'; = {(i, J) € P1(X) x H™3: (1, J) < 1}. The

proof of the following lemma is given in Section 5.3.2.

Lemma 5.2.5. Suppose Conditions 5.1.1 and 5.1.2 hold. Let s € Og4 and let {(py, Ok, Tk ), k € N} be a sequence in
P1(X) x P(Z) x H™® such that for each k, ©;, € P*(J), (Or)(1) = i, and

sup Fo,
k>1

1
5/ IyIQP(dt,dy)] < . (5.2.14)
[0,T]xR™

Then the sequence {(ur, Ok, Ji), k € N} is relatively compact in P1(X) x P(Z) x H™S.

Now we prove the compactness of I';. Let {(ux, Jx), k € N} be a sequence in I';. From the definition of I, for

each k € N there is a ©;, € P*(J) with () (1) = p such that

1
5 / ly|? p(dt, dy)
[0,T]xR™

From Lemma 5.2.5, { (1%, Ok, Ji )} is relatively compact in Py (X') x P(Z) x H™3. It is easily checked that if (11, ©, J)

1

Eo <l+4-. (5.2.15)

k

o

is a limit point along some subsequence, then © ;) = p and along the same subsequence G, (0;) — G, (©) and

(Tey ) — (T, ) forevery p € C°(U x R% R?). This shows that © € P*(J). Sending k& — oo in (5.2.15) and

using lower semicontinuity of the map r — f[o,T] < [YI? 7(dt, dy) on Ry, we obtain

1
*/ ly|? p(dt, dy) | <1,
2 Jio,1)xrm

and hence (u, J) lies in I';. Compactness of I'; follows. O

Eeo

5.2.6 Law of Large Numbers

Here we prove Theorem 5.1.2. The model (5.1.1) can be viewed as the controlled equation (5.2.3) with the controls
taken to be ujv =0forall1 <j < Nand N € N. From Lemma 5.2.3 it then follows that (¢, Q™, 7%) is tight in
P1(X) x P(Z) x H™S. Suppose that along some subsequence (1, QY , V) = (u, Q, J). Then, once again from

Lemma 5.2.3, Q(l) = pand @ € P*(J) a.s. Furthermore, since uév =0foralll1 <j < Nand N € N we see that
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the second coordinate variable on Z satisfies Q(p = 0) = 1 a.s., and thus, under (), the first coordinate variable on Z

satisfies

X(t)=X(0)+/O b(X(s),V(s))ds,  V(t)=QoX(t)™',  V(0)= o,

for all 0 < t < T'. Then, from the unique solvability of (5.1.12), it follows that = p* a.s., and hence we have that ;™

converges in probability in P; (X’) (along the full sequence) to x*. Since VN (t) = uN o ;' and V*(t) = p* o7,

for each 0 < ¢t < T, we also have that VY — V* in probability in V. Finally, since Q € P*(J) a.s.,

Go(Q) = (T, 9)

for all p € C°(U x R4, R%), as., and note that

G<p (Q) = EQ

T
/U o (£, X(1)) - dX<t>]

T
/O @ (t, X () b(X(t),V*(t)) dt]
- / (VA (t), (b, 7) b (. V*(£))) dt.

Thus (7, ¢) is (a.s.) uniquely characterized for all ¢ € C2°(U x R? R?). From the separability of C2°(U x R R?)
and its denseness in H™® we now see that 7V converges (along the full sequence) in probability, in H™S, to the

nonrandom limit 7 * characterized as

T
(T*, o) = / V() 0lt,) b (-, V(1)) dt.
The result follows. O

5.2.7 Equivalent Formulation of the Rate Function

In this section we give the proof of Proposition 5.1.5. Let m = d and o0 = Id. We first argue that Iy < I. Fix

(V,J) € V x H™S such that I(V, J) < oco. Fix § > 0 and let © € P*(7) with ve = V be §-optimal for I(V, 7),

namely
1 -
Ee */ [y p(dt, dy) | < I(V,T) + 9. (5.2.16)
2 Jjo,7)xre
Disintegrate p(dt, dy) = p¢(dy) dt and define
v(t) = / ypi(dy), 0<t<T. (5.2.17)
Rd
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Alsoletn, = ©o (X (t),v(t))~! € P(R?%). Then 7, can be disintegrated as n,(dx, dy) = V (t, dx) ij;(z, dy) for some

7 : RY — P(R?). Define the functions u and h on [0, T] x R? by

uta) = [ yiGe.dy).

h(t,z) = u(t,z) + b(z, V(t)).
It is easily verified that h € L?(V, [0, T] x R? R?). Under ©, V (0) = yo and
t
X(t) = X(0) +/ b(X(s),V(s))ds +/ y ps(dy) ds, as.,
0 [0,¢] x R4
for each ¢, and so for ¢ € C2°((0,T) x R% R),

T
:/0 (aat@(t,X(t)HVgp(t,X(t))'b(X(t)yV(t))+V<P(t,X(t))’v(t)) dt,

where v is as in (5.2.17). Taking expectations with respect to O,

R2d

- / <v<t>,gtso<t,->+w<t,~>~b<-,v<t>>>dt+ / V(t,2) -y (da, dy) dt
-/ <v<t>, D gt + Tt ) - (V) + ->>> dt

= [ (v, gt + Vet ne ) Yar
Similarly it is seen that for p € C2°((0,T) x R R?),
T
Tod = [ VOt b0 de.
0

Since V = vg and u(t, x) = h(t,z) — b(x, V(t)), we now see from the above two identities that

2

- 1T e
Ih(V,J) < */ (V (), ult, )[* dt = f/ / yie(x, dy) V(t,dx)| dt
2 0 2 0 RQd
1 [T ) 1 ) N
< f/ R [|v(t)| } dt < =Fe / 2 pldt, dy) | < I(V,T) + 3,
2 Jo 2 [0,T] xR4

(5.2.18)

(5.2.19)

(5.2.20)

where the last inequality is from (5.2.16). Since § > 0 is arbitrary, the inequality Io(V, ) < I(V, J) follows.
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We now prove the reverse inequality, namely 1(V, ) < Io(V, J). Once more fix § > 0 and (V,J) € V x H™S
such that Io(V, J) < oo, and let (h, ©) € L2(V,[0,T] x R%) x (S(Z) NP2(Z)) be d-optimal for Io(V, J), namely

T
3 [ Vb =8 VO de < Bo(V.7)+ 6, (221
0

V = veg, and (V, J) solves (5.1.18). Under O, (5.2.19) is satisfied for the coordinate variable X, and so we have, as in
(5.2.20), that for all p € C°((0,T) x R% R),

T
0
0= [ (V) gpott) + (e 0. V(@) + ult ) ) (5:222)
0
for the random variable u on (Z,B(Z)) defined as in (5.2.18). Similarly, for all ¢ € C2°((0,T") x R4 R%),
T
(Foo) = [ V() 00 VO) +ult, ) dt. (5223)
0
However, since (V, J) solves (5.1.18) with the d-optimal h chosen as above we must also have
T
0
This says that for V-a.e. (t,x) € [0,T] x R,
h(t,z) = b(x, V(t)) + u(t, z). (5.2.24)
Now define an R, -valued random variable 5 on (Z, B(Z)) as
pldt, dy) = by (dy) dt,

where v is defined in terms of the coordinate variable p as in (5.2.17). Defining © € P(Z) as O=0o0 (X,p)7 L,
we have that v = vg = V, and it can be seen from (5.2.19) that ©es (Z). Also, observing that for any

0 €C((0,T) x R4, RY),

VO.ptt.) 0t ) = VOt [ vty = [ oty an)

~ o [plt. X(0) - 0(0)] = Eo | 0. X(0) - [ won(an)].
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we see from (5.2.23) and (5.1.10) that (7, ) = G,(0O) for every ¢ € C°((0,T) x R R?). Thus, © € P*(J).

Finally,

I(V,J) < Eg = Eo

1 1 T 1 T ,
2/[O,T]><]Rd lyl® p(dt, dy) 5/0 |”U(t)|2dt] = 5/0 (V(t),u(t, )| dt
1

=3 /OT (V) h(t, ) = b, V(E))[* dt < To(V, )+,

where we used (5.2.24) and (5.2.21). Since § > 0 is arbitrary, the inequality I V,J) < I (V, J) follows and completes

the proof of the lemma. O

5.3 Proofs of Key Lemmas

In this section we provide proofs of the results used in showing the Laplace upper and lower bounds. First we establish

two estimates that will be used in subsequent sections.

Lemma 5.3.1. Suppose Conditions 5.1.1 and 5.1.2 are satisfied. Let u¥ = (ul¥,...,u%) € Ay and let X" be as

defined in (5.2.3). Then, for each N € N,
1 & 2 1 & 2 1L T 2
N N N
N B ENE] el 1d 5 lal ) + B NZ/ [ug O] dt ] |, (53.)
i=1 j=1 j=1""
and for any € > 0 and any {F (t) }-stopping time T taking values in [0,T — €],
1 al 2 1 a 2 1 N T 2
e N N N N
B[ - @ <o (14 N+ | 530 [ o @
Jj=1 j=1

where ¢ < 0o does not depend on N, u”, or ¢.

Proof. Condition 5.1.1 (see (5.1.5)) implies

N
b (XX 0. VYO <322 (14 XX 0 + 5 3K

j=1

|2
and so from (5.2.3) and since |o| < L and ey < 1, we have

2
+4

2

|)Z'j-v(t)\2 < 4|3ch|2 +4 /tb(XjV(s)J‘/N(s)) ds

; EN/O O’(XJN(S),VN(S)) dW;(s)

2

44 /O o (XN (s), 7N () ul¥ (s) ds
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) t
S4|x§v| +12L°%T 1—|—/0 ozliEJX ds+72/0 Ozligsp( | ds

2

+4 sup

T
+ 4L2T/ |u§v(s)‘2 ds.
0<r<t 0

| o (57 0.7 ) aw o

Hence by The Burkholder-Davis-Gundy inequality, and using boundedness of o once more,
1ZN:E[ XN ( 1 XN: o [P+ 24L°T 1+/t12N:E[ XN (r ﬂd
— sup s — sup s
Nj:l 0<s<t j=1 0 Nj:l 0<r<s

2 2 1 [T
16L°T +4L°TE | —
+ + ~ Z_} /0

The first statement in the lemma then follows by Gronwall’s inequality (see [41, Theorem A.5.1] ) with ¢ = 24(L?T +
1) e24L°T?

Next, for any ¢ € [0, T — ¢], the linear growth of b, boundedness of o, and the Cauchy-Schwarz inequality give

2 2

t+e
+4 EN/t o ()_(JN(S),‘_/N(S)) dW;(s)

2

t+e _ _
/t b (X} (s), VN(s)) ds

t+e
/t o (XJN(S), VN(s)) ujv(s) ds

|XN(t+e)— XN <4

+4

2
;gjﬂ

N
2 1
<12TL% | 1+ sup |X)V(s 72
- 0<£T’ N =

2

T
+4 +4L25/ X (s)]” ds.
0

t+e
/t o (XJN(S),VN(S)) dW;(s)

Since 7 is a bounded stopping time, the optional sampling theorem gives

2

E < L%,

T+e
/ o ()_(]N(s), VN(S)) dW;(s)

and so
1 N SN SN 2
NZEU)@ (r+2) = XV (n)[*]
—
R ES ISR ES A
<UT+1D)L%x [1+E | =Y ||X] +E |~ /
Nj:l e Nj:l 0

The second estimate in the lemma now follows (with a possibly larger choice of c).
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5.3.1 Proof of Lemma 5.2.3

The following general lemma will be useful in proving the tightness of {7V}. The proof is standard (see e.g. [41,

Exercise 3.11.18]) and is therefore omitted.

Lemma 5.3.2. Let {Z;,, k € N} be a sequence of random variables taking values in a separable Banach space with
norm || - ||. Suppose that for each ¢ > 0 we can write Z, = Z; + RS, for each k € N, where {Z;, k € N} is tight and

supy>1 E[||Ri||] < e. Then {Zy} is tight.

To prove tightness for the controlled stochastic currents, we will make use of a collection of test functions

{gnm, M < oo} defined as follows.

Definition 5.3.1. Let {gas, M < 0o} be a collection of functions in C2°(R%, R) that satisfy 0 < gpr(z) < 1 for all

M < oo and & € R?, and have the following properties
(i) For each M, gyr(x) =1on|z| < M,
(ii) For each M, gpr(xz) = 0on|z| > M + 1, and

(iii) Forevery k € N, there is a constant B(k) < oo such that |D%gys ()| < B(k) for all z € R, all M < oo, and
all |o| < k.
Note that if {gas, M < oo} is a collection as in Definition 5.3.1 then for every k € N, there is a constant L(k) < oo

such that

|D%gpr(x) — D% (y)| < L(k)|z -y (53.2)
for all 7,y € R?, all M < oo, and all |a| < k. We will need the following property of the collection {gys, M < oc}.
Proof of the lemma is given in the Appendix.

Lemma 5.3.3. For any s > 0, there is a constant K = K (s) < oo such that for any f € H*(R%,R?),

sup [lgn fll; < Kl f]s-
M<oo

The following is a simple extension of the well-known compact embedding result for Sobolev spaces on R? known
as Rellich’s Theorem (see [45, Theorem 9.22]). Although the proof is standard, we provide details in the Appendix.
Fors € O4, F € H™3, and open Uy C U, we say F' = 0 on Uy if for all ¢ € C*(U x R? R%) with support in Uy,

(F, @) = 0. The support of F is the complement of the union of all open sets in U on which F' = 0.

Lemma 5.3.4. Lets = (s1,55) ands' = (s, s) in O be such that s, < sy and sy < so. Suppose A € H™S is such
that for some compact K C U xR%, every F € A has support contained in K. Suppose also that sup e 4 | F||—sr < oc.

Then A is relatively compact in H™5.
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Finally, the lemma below establishes the required tightness for the controlled currents.

Lemma 5.3.5. Suppose Conditions 5.1.1 and 5.1.2 are satisfied. Let {gnr, M < 0o} be the collection of functions in

C>(R%,R) as in Definition 5.3.1. For each N € N, M < oo, and ¢ € C2°(U x R R?), define
TV () = TN (gue),  JEM(p) = TV () = TN M (g).

Then, the collections {¢ — JNM ()} and {p s JNM (o)} have pathwise realizations TN, TN-M jn H=S for all

s € Oy4. Furthermore, if

sup F NZ/ dt < 00,

N>1

then for all s € Oy,

sup sup F [HJNMH_S} 0
M<oo N>1

and

lim sup F {HJNMH } 0.
M — o0 N>1

In particular, { TN, N € N} is tight in H™S for all s € O,.

Proof. Fixs = (s1,82) € Oy, and foreach N and 1 < j < N, let CJN’S be the square-integrable random variable
from Lemma 5.2.1, so that |JV (¢)| < CN|¢|s as. for all p € C°(U x RY R?), where CF = ZJ 1 C5. As

a consequence of Lemma 5.3.3, for some constant K = K (s3) < oo, we have, for all ¢ € C°(U x R, Rd) and

M < oo,
2 2 llgar (e(u,-) — (v, )2 2
loaesol? = [ Nasrotu, 12wt [ [ 1R ER e gy < kel 53
Hence,
|TVM ()] < CN lgmells < KCN lolls — as.,
and

[TEM ()| = [TV = gan)e)| < CTNI(1 = gar)ells < (1 + K)CY lolls - as.

From [42, Lemma 5] it then follows that, for every M < oo, there are H™®-valued random variables TINM and jCN M

such that, for every ¢ € C°(U x R? R?) and M < oo,

(TN @) = [PM@) @) and (TN @)e) = M) @), aewel
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Then, from Lemma 5.2.1,

sup sup F [HjNMHQ_S} <K%sup E [(C’év)ﬂ < 0. (5.3.4)
M<oo N>1 N>1

Let JV be as in (5.2.4) and define the stopping times 7, = inf{t > 0 : |X¥(t)| > M}. Then,

N N
_ 1 . 1 7
i=1 =1
and by Lemma 5.2.1,
| TN (1= gan)e)| < CLIl(1 = gnr)ells < (1 + K)CNlells.
Thus,

N

- 1+ K . A

[T < |~ Do ey O | lells = Cllells- (535)
j=1

Also, by the Cauchy-Schwarz inequality,

plen)] < WHEE (op (v <n) | [ 3 p e

Jj=1 Jj=1

By Lemma 5.3.1, Condition 5.1.2, and the assumption that sup ¢y £ [% Zj\le fT ’uN(t)|2 dt} < 00, there is a

constant K < oo such that

N1 N N1 V= M?
Thus,
N M2 ~ N\ 2 K(1+ K)? 1 & N2
Bllaxt < e l(e)] < S sy o ],
and therefore, from Lemma 5.2.1,
Jim_sup B [[7212,] =o. (5.3.6)

Note that (5.3.4) and (5.3.6) are satisfied for every s € O4. Now for an arbitrary s € Oy, choose s’ = (), s5) € Oy
such that s§ < s; and s}, < sy. Then applying (5.3.4) for s’ and observing that {7V"™ N € N} are compactly

supported on [0, ] x {|z| < M+1} C U xR?, we see from Lemma 5.3.4 and Markov’s inequality that for each fixed M,

174



{JNM N € N} is a tight collection of H~S-valued random variables. Finally, observing that 7~ = JN-M 4 FN.M

for each M and applying (5.3.6) and Lemma 5.3.2, we obtain that {7V, N € N} is tight in H™S. O
The following general lemma will be useful in proving tightness of {7 }.

Lemma 5.3.6. Let (S, ds) be a Polish space. If {yi,k € N} is a tight sequence of P(S)-valued random variables and

for some oy € S

sup E {/ ds (2, 20)? Y (dz)| < oo, (5.3.7)
keN S

then {~;} is tight as a sequence of P1(S)-valued random variables.

Proof. Suppose that v, converges in distribution, along a subsequence, in P(.S) to some ~, and denote the convergent
subsequence once more as {v;}. From (5.3.7) it follows that each - is in P;(S) a.s. Furthermore, by lower
semicontinuity of the map y — [ dg(x,z0)? pu(dz) on P(S) and Fatou’s lemma, we see that

B US dg(a:,xo)Qy(dq:)] <E {liminf/sds(x,xo)ka(dx)} < supE US ds(z,70)2 v (dz) | < oo,

k—o0 k>1

and so in particular vy € P;(S) a.s. By appealing to Skorohod’s representation theorem we can assume that v, —  a.s.
in P(S). Recalling from Section ?? the metric d,, on the space P(S), we have that d,(yx,v) — 0 a.s.
It suffices now to show that -y, converges in probability in P (S) to . Take f € L(S) such that f(z¢) = 0. Fix

1 < M < oo and define

) = (42 ) AL

which is a function bounded by 1 in absolute value whose Lipschitz constant is also bounded by 1. Then,

\Lﬂm%mw—LﬂMﬂm>

<nﬁﬁﬁmm%mm—éﬁmwwM>

+LMHM@—NM%M@+LMHM@—ﬂM%M)

SMdm(%ﬁ)+/52|f(55)\1{|f(x)|>M} ’Yk(déﬂ)+/S2\f($)|1{\f(z)\>M} y(dx).

Since the Lipschitz constant of f is bounded by 1 and f(x¢) = 0, we have that | f(z)| < dg(z, x), and so

1
/S|f($)|1{\f(x)\>M} Y (dz) < M/Sds(%xo)zw(dfﬂ%
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and the equivalent inequality holds for v. Now, since (i, f) — (v, f) = {(u, f — f(x0)) — (v, f — f(x0)) for any

v € P1(S) and f € L(S), the supremum in the definition of d; can be restricted to f such that f(xo) = 0. Thus,

/f ) yu(da) — /f
fEE(S) f (0)=0

< MEM )]+ s | [ dsto,an)? w(dwﬂ s | [ dsto.o0 (o)

leN
Sending first k£ — oo and then M — oo, we have that limy_, o £ [d1 (7%, )] = 0 which completes the proof. O

We can now complete the proof of Lemma 5.2.3.
5.3.1.1 Proof of Lemma 5.2.3(i) We begin by arguing that {1’V } is a tight sequence of P(X')-valued random variables.
For this it suffices to show (see [21, Theorem 2.11]) that {v, N € N} is a relatively compact set in P(X'), where
X
N - p [N _ &N
WEEEN] =5 P(X) ).
j=1
Note that

9 1 & SN2
[ Il ) = v 2 E[IE].

and so by Lemma 5.3.1 and the assumption on the controls in Lemma 5.2.3, we see that

sup/ ]2, v dq/))fsup—ZE[}XNH } (5.3.8)

Next, for e > 0 let 7. denote the collection of all {o(X(s) : s < t)}-stopping times on (X, B(X)) taking
values in [0,T — ¢] where {X (¢)} is the canonical coordinate process on X'. Then for each N € N, there are

{o(XN(s): s < t)}-stopping times {7;¥,1 < j < N} on (2, F) with values in [0, 7 — €], such that

/X|w<r+s>—w< I <d¢}vi B[IZY () +2) - XX ()]

Applying Lemma 5.3.1, we then have

N N T
1 2 1 2
2 N N N
T4+¢e)— (T dy) <ce |1+ sup — z'| +sup F |— / ws (t)| dt ,
/X|w< ) = w(n)[* N (dy) NZPINJEZISIA sup NJ§=1i e ) ]
and hence

lim sup sup/ (1 4 &) — (7))* YN (dep) = 0. (5.3.9
e=0N>17€eT2
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The relative compactness of {y"V, N € N} in P(X) is immediate from (5.3.8) and (5.3.9) (see [21, Theorem D.4]),
which as noted previously shows {7V} is a tight sequence of P(X')-valued random variables. The tightness of {7i" }
as a sequence of P; (X)-valued random variables now follows from Lemma 5.3.6 and the uniform moment estimate
in (5.3.8). Note also that since " = Q{},, we have the tightness of the first marginals of {Q"'} (as a sequence of
P(X)-valued random variables).

That the second marginals {Qg)} is a tight sequence of P(R1)-valued random variables follows by an argument

similar to [22, Lemma 5.1] however we provide the details. Note that the function

hr) = / lyl? r(dt, dy)
[0,T]xR™

has compact level sets on R (recall that R4 is equipped with the Wasserstein-1 metric). It then follows that

HO) = /R h(r) 8(dr)

has relatively compact level sets on P(R 1) (see [21, Lemma 2.10]). It now suffices to show sup y~; E[H ( g))] < 0

(see [21, Lemmas 2.9]). However this is immediate as

N N T
1 1 2
supE[H(QN)]:supE — / y|?pN (dt,dy)| = sup E | —= / uN ()" dt| < .
N>1 @) | N ; [0,T] xR™ 915 (s ) n>1 [N ; 0 570

(5.3.10)
Thus we have shown that the second marginals of {Q*} are also tight, which in turn shows that {z’¥, Q™ } is a tight

sequence of P (X) x P(Z)-valued random variables. Together with Lemma 5.3.5, this finishes the proof of Lemma

5.2.3(1). O

5.3.1.2  Proof of Lemma 5.2.3(ii) Suppose now that (z™¥,QN,JV) = (,Q,J) in P1(X) x P(Z) x HS,
where (i, Q, J) is defined on some probability space. By appealing to Skorokhod’s representation theorem, we
can assume that {(z",QN, ™)} and (I, Q, J) are defined on a common probability space (Q, F, P) and that
(@, QN, IN) = (1,Q,J) as. Let E denote expectation on this space. The property Q1) = fi is immediate from
the identity Qé\{) = i for every N € N. We will complete the remainder of the proof in three steps: step 1 will

establish that ) € P2(Z), step 2 that ) € S(Z), and step 3 that ) € P*(J), from which the result will follow.
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Step 1. By Fatou’s lemma,

E | Eq Egn

/ lyI*p(dy dt) | | < liminf E / ly*p(dy dt)
R™ % [0,T] N—oo R™ % [0,T]

1L T 2
= liminf N;/o [ul (8)] dt | < oo,

N —oc0

(5.3.11)

and hence () € P»(Z2) ass.

Step 2. We now show that a.s. Q) € S(Z), namely it is a weak solution to (5.1.9). Define the generator .4 as

follows. For each f € C2(R4, R), let
Af(v,z,y) = (b(z,v) +o(x,v)y) Vi),  (v,z.y) € Pr(RY) xR xR™.

Now fix an f € C2(R% R) and and define, for each V' € V, the R-valued process {M" (t),0 < t < T} on the
measurable space (Z,B(Z)) by

MY (¢, (€.7)) = FE(1)) — FE(O)) — / Af(V(s).&(s)y) r(ds, dy),  (E) € 2. (53.12)

[0,t] xR™

LetV = vg. Since f is arbitrary, to establish that ) € S(Z) a.s., it suffices to show that for each fixed 0 <t < T and
ae. we

MY (L, (61) =0,  Q)ae. (&7)€ 2. (53.13)

We will supress w from the notation for the remainder of the proof.
Foreach 1 < B < o0, let 5 € C.(R™,R™) be such that ¥5(y) = y on {|y| < B} and |[¢p(y)| < |y| +1

everywhere. Note that since B > 1, this definition implies that

ly|(2y| + 1) 3]yl?

ly —¥By)| < 5 MBS 5 (5.3.14)

Also let np € C.(R%, R?) be such that ng(x) = x on {|z| < B} and |np(z)| < |x| + 1 everywhere. As with ¢, we
have that

(5.3.15)

Now define the ‘truncated generator’ Ap
Apf(v,z,y) = (np(b(z,v)) + o(z,v)Yp)) Vi),  (vz.y) € P (RY) xR xR™,
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and for each V' € V, let { M} (t)} be the corresponding process defined as in (5.3.12) with Ap in place of A. Let

K= sup (1) +[V5@)] + D @) < o,

and note that forall V € V,0 < s < ¢, and (z,y) € RY x R™,

JAf(V(s),z,y) — Apf(V(s),z,y)| < K <3|b(xag(5))|2 L 3L£/|2>

2
_12K(L+1)
= B

(5.3.16)
(1 + |z|? +/ |x’|2 V(s,dx') + y|2> .
Rd

Now fix ¢, and define the maps ® and @5 on P(Z) x V by

©(0,V) = Be [|MY(1)

], ®5(6,V)=Ee[|My®)].

Note that VY = vgn, were V¥ is as in Section 5.2.1. We proceed by showing that

(a) ®p is bounded and continuous on P(Z) x V,

(b) supy>1 E [|<I>(QN,VN) — @B(QN,VN)H — 0 and |©(Q, V) — CIDB(Q,V)| g 0 as B — oo, and
(c) ®(QN,VN) —ﬁ>0asN—>oo.

The convergence (QV, V) — (Q,V) then yields that ®(Q, V) = 0 a.s., from which the statement in (5.3.13) is
immediate.

We first show (a). Boundedness of ® g follows from the boundedness of 7g, V5, o, f, and V f. The continuity of
® 5 follows from the continuity of the map (V, z) — MY (t,z) on V x Z.

For (b), note from (5.3.16) that

E (|0 (@Y, V) @5 (@Y, VY)[] < E [Egn [|[M™ () - ME™ (1)]]]

12K(L +1)? -
(L+1)?

T
< 2L Eor | [ (1+1x@P+ [ 1aP o)+ [ i putan) dH
0 Rd Rm™
12K (L + 1) Py AR /T N2
— B szl N;H JHoo sz—:l 0 |]()| ( )

From Lemma 5.3.1 and the assumption on the controls in Lemma 5.2.3, we see that the last term in the above display

converges to 0 as B — co. Similarly, since Q) € P2(Z) a.s., the estimate

[B(Q, V)~ B5(@, V)| < Fq [[M" (1) — M (1)
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2 T
gw (/ <1+2/ ac|2V(s,dx)> ds+ Eq
0 R4

/ 2 p(dgdy)])
[0,T]xR™

implies that

|®(Q,V)-25(Q, V)| =0 as, asB—ooc. (5.3.18)

This completes the proof of (b).

We now turn to (c). Note that
@@&vszmﬂhﬂﬂwH=;§jMWa<&,%»1

1 & N
:N; f(X

By Itd’s lemma, foreach 1 < j < N,

PO @) = £ @) = [ A7 (7 X (0,0 (0) s

+ey /O VI (XN () -0 (XN (), TV (s)) dW(s)

B[ D (56 (00T) (570, (0)] s

Hence,

2

& (QV, V) = / VI (XN (5)) -0 (XN (5), VN (s)) dIV;(s)

2

#5102 (R2(0) (007) (K(6), PV )] ]

0

From the boundedness of V f, D? f, and o, it follows that

KL2Te%,

2 —0 as N — oo.

B (@Y, VN)] < (KLTY?) ey +

This completes (c), which as noted previously proves the statement in (5.3.13) and which in turn shows that ) is a.s. a

weak solution to (5.1.9).

Step 3. To complete the proof of Lemma 5.2.3, it only remains to establish that

G,(Q)=(T,p) forall eCUxRYRY),  P-as. (5.3.19)
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By considering a countable, dense subset of C2° (U x R, R?), it suffices to show that for each fixed ¢ € C°(U xR?, RY),

we have G, (Q) = J(¢) as.

Fix ¢, and let
d

: o,
Kap = su t7x _rr t,SC 0.
(t,x)e[og]xw e (t, )] +k,lZ:1 8331( )| <
Then, a.s.,
1L /T
(TV,0) = NZ/O o (6, XN (1) 0 dXN (1)
1 o _ |
=230 [ RN 0) X )+ 5 3 e (X)),
j=1 j=1
N T
—3 2 [ e xrm) o
5?\7 N T d a(Plg N . N .
SIS [ 2 (R 0) (o (R0, VY )
=170 pi= M
Define
G, (@Y) = 1i/T¢(t XN (1) - dX)N (1)
? szl 0 J
Since |o| < L,
(%0} -G Z /0 S 2 (1,30 (o0 (50 7 (0) ] < KT
k,l=1

and hence [(TV, ) — G%(Q™)| — 0in L' as N — oc. Also, by the dominated convergence theorem,
lim E[|(T.0) = (TN 1] = 0.
Jim E[[(7,¢) = (TV,0)| A1] =0
Next, writing

[(7:0) = Go@| AL < [(Top) = (T 0)[ A1+ [(TVo0) = GL QM) +]65 (@) = Go(@)

we see that to prove (5.3.19) and thus to complete the proof it suffices to argue that the third term on the right side of

the above display converges to 0 in probability.

181



To this end, define the maps G, and G‘g on{O € P2(Z):vg € V} x Vby

G,(0,V) = Ee

[ etx@ @ veyas [ e x)-oxe) v<t>>y,o<dt7dy>] ,

GZ(0,V) = Ee

/0 o, X (1)) - 13 (B(X (), V())) dt]

+ Fo

/ o(t, X(t)) - o(X (1), V(£))yp(y) p(dt, dy)} :
[0,T] xR™

for each 1 < B < co. Note by (5.1.10) that G, (6, ve) = G.,(©) whenever © € S(Z), and hence since V = v and
Q € S(2) as., we have that G, (Q, V) = G,(Q) a.s. Also, since

G (@) = 530 [0 (X 0) b (0.7 (0) a

G (@Y. 7Y) -G, (@7)[ B0 asN o (5.3.20)
Now, since
B (AN Ny _ L SNy N b(XN N d
GB(QN,V )_N;/o e (tXN®) ns (b(XN (), V() dt
1 LT _ _ _
c 52 [ e X W) o (Y07 0) vp (1)
and the map

T
&nV)— / @ (t,€(1) - B (b(E(H), V(D)) dt + / @ (t,€(1) - o(&(8), V(1) ys(y) r(dt, dy)
0 [0,T]xR™
is bounded and continuous on Z x V), the a.s. convergence (QY, V) — (Q,V) in P(Z) x V implies that

GE(QN,VN) = GE(Q,V) as., as N — oo, (5.3.21)
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for each B. Also, using (5.3.14) and (5.3.15), as in the proof of (5.3.17), we see
G2 (@ V) = Gy (@ 7))

18K, L2T 1SN onp2 3K,L o~ [T 2
< Rl 1+N;HX}VHW + 222 Z_;/O [ (1)) .

which in view of Lemma 5.3.1 and the assumption on the controls in Lemma 5.2.3 shows that

sup £ [|GE (QY,VY) = G @V, VY]] 50 as B . (5.3.22)

N>1

Finally, along the same lines as in the proof of (5.3.18),
‘GB (Q,V) — Gy (Q, ‘7)’ -0 a.s., as B — co.

Combining the above convergence with (5.3.21) and (5.3.22) shows (5.3.20), which as noted previously establishes that
Q € P*(J) a.s. and thus completes the proof of the lemma. O
5.3.2 Proof of Lemma 5.2.5

We first prove an estimate similar to that in Lemma 5.3.1 for the coordinate process X (¢) on the space (£, B(Z), ©)

for each © € P5(Z) N S(Z). By the definition of S(Z), the coordinate maps (X, p) satisfy

dX(t) =b(X(t),ve(t)) dt +/ o (X(t),ve(t))y p(dy) dt O-as., (5.3.23)

m

with X (0) ~ 0. By Condition 5.1.1,

b (X (t),ve(t)* < 3L (1 +X 0+ /R [#I° V@(t’dx)> (5.3.24)

= 3L2 (1+|X(8)]° + Ee [IX(1)]?])

Applying the above bound in (5.3.23), taking expectation, using |o| < L, and applying Gronwall’s inequality, we have

Ee [IX11%] §é<1+/ |z[? po(dz) + Ee / |y|2p(dt,dy)D < 00, (5.3.25)
R [0,T]xR™

for some ¢ = ¢(L,T) < oco.
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Now fix s € Oy and let {(px, Ok, Ji)} be a sequence in Py (X) x P(Z) x H~* that satisfies the hypotheses of
the lemma. Note that, by (5.3.25),

. 2 _ 2 _ 2
p /X 1 () = s /X 412 (©1) () = sup Fo, [IX]

/ Iylzp(dt,dy)D < 0.
[0,T]xR™

If Tisa {o(X(s),s < t)}-stopping time on (Z, B(Z)) taking values in [0, T' — €], then for any € > 0,

(5.3.26)

<é (1 +/ || po(dax) + sup Ee,
R k>1

2

T+e
X(rte) - XOP 22| [ 00X (0,00, (0)di i 1), v, (1)) pr(dy) dt

m

§6L25/ (14 |X®)|* + Eo, [|X()| ) dt + 2L% // ly|? ps(dy) dt,
0 m

Oy-a.s. for each k. Hence, using the bound in (5.3.25),

Eo, [\X(T +e)— X(T)|2:| <12L2%(1 4+ é)e (1 —l—/ |z|? po(dx) + sup Ee,
R4 k>1

/[OT] ) IyIQp(dt,dy)D~
T]xR™

If 7. denotes the collection of all such stopping times T, it follows that

sup sup / 9 +€) — ()] uk(dy) = sup sup / W +€) — () (Or)y(d)

k>17€T: E>17€T:

= sup sup Feo, [\X(T +e)— X()
k>171€T:

—0

as € — 0. This and (5.3.26) prove relative compactness of {1} (and hence of {(©)(1)}) in P(X). By Lemma 5.3.6
and (5.3.26), we in fact get relative compactness of {yy } in Py (X) .

For the second marginals {(©y)2) }, we recall from the proof of Lemma 5.2.3 that

H(0) = / / ly[? r(dt, dy) 6(dr)
Ry J[0,T]xR™

has relatively compact level sets on P(R1). Hence, we have relative compactness of {(Oy)(2)} in P(R1) on observing

/[ - yl2p(dt7dy)] < o0
0,T]xR™

For {J}, we employ the following lemma, the proof of which is saved for the Appendix.

that

sup H ((@k)@)) =sup Fo,
k>1 k>1

This establishes that {©y,} is relatively compact in P(Z).
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Lemma 5.3.7. Suppose Conditions 5.1.1 and 5.1.2 are satisfied. Also suppose that for some s € Oq and (11, J) €
P1(X)xH™S, I(u, J) < cc. Then, for each s’ € O, there is a constant Cs: < 0o such that for any © € P*(J) with
O(1) = w, and for all p € C°(U x R%,R?),

(T @) < Be

/T QD(t,X(t)) ’ dX(t) < Cy (1 + Eo
0

/m ) |y|2p<dt,dy>D lell?
T]xRm

where Cy does not depend on J, p, or ©. In particular, J € H foralls' € Og.

Recall the collection of test functions {gas, M < oo} from Definition 5.3.1, which by Lemma 5.3.3 (see (5.3.3))

satisfy

lgmells < Kllells, (5.3.27)

for all € C°(U x R% R?) and s € Oy, with K < oo depending only on s. For each & > 1 and M < oo, define
j;f”,j,j\/LC € H™® by

(T0) = (Tegue)s (T0) = (T o) = (T,0), 0 € C2WU x RYRY).

Fix some s’ € O, such that s] < s and s}, < so. Since O € P*(Ji) for each k and (5.2.14) holds, I (py, Jx) < 00
for each k, so by Lemma 5.3.7, 7, € H—' for each k. Then for each k and M, in view of (5.3.27), jkM and ‘7,5\4’6 are

in H=S' as well, and furthermore,

‘<jkM790>|2 < C's’ (1 + Eeo

/[OT] . yIQp(dtvdy)D lgnel2
T xR™

/[OT] § yl2p(dt7dy)D lell2,
T]xR™

< Oy K? (1 + Eo,

and hence

sup HJkMHQ_S, < CyK? (1 + sup Eo,
M<oo,k>1 k>1

/ |y|2p(dt,dy)D < oo. (5.3.28)
[0,T]xR™

Noting that for each M, {JM } are all supported on [0, 7] x {|z| < M +1} C U x R, by Lemma 5.3.4, {7M, k > 1}
is relatively compact in H™. Now define the collection of stopping times {7, M < oo} on (Z,B(Z)) by ™™ =

inf{¢t > 0: |X(¢)| > M}. Note that

<‘7kfwyc?s0> = E@;C

T
/O (1 - gar(X()p(t, X (1)) - dX(t)]

= E@k

T
1{TM<T}/0 (1 —gM(X(t)))w(th(t))'dX(t)] ;
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and so by Lemma 5.3.7 and (5.3.27),

2
(A ’W>!2 <Oy (r" <T) Fe, | /0 L g (X))l X (1)) - dX (1)

/[0 - |y2p<dt7dy>D 10— gar)e2
T]xR™

/m ) |y|2p<dt,dy>D el
,T]xR™

<0, (M <T)Cs (1 + Eo,

<20 (TM < T) Cs (14 K?) (1 + Eo,

and hence

2
M,c
ml

k>1 -

< 2sup O (TM < T) Cs (1 + K2) (1 +sup Fe,
s k>1 k>1

/ Iyl? pldt, dy)
[0,T]xR™

/ lyl pdt, dy)D (5.3.29)
[0,T]xR™

2
< supFEe, [|X|I2]Cs (1+K?) (1 E
< 572 5 P, [IX11%] s (1+ )< g e

—0

as M — oo, by (5.3.25). Then by Lemma 5.3.2 (applied to the constant random variables J;, = jkM + JkM’C on
(Z,B(Z))), we obtain from (5.3.28) and (5.3.29) that {7} } is relatively compact in H™5. Lemma 5.2.5 now follows

on combining the above with the relative compactness of {(ux, ©x)} in P1(X) x P(Z) shown previously. O

5.3.3 Proof of Lemma 5.2.4

Recall that we assume that Conditions 5.1.1, 5.1.2 and 5.1.3 hold. In particular, o(z, ) = o(p). Let ©1,05 €
S(Z)NP2(Z) be such that ©1 0071 = Og 0607, andlet A = ©1 0§~ 1. Then for j = 1,2, we can disintegrate ©; as

©,(dz,dr) = ©;(xo,r,dx) A(dxo, dr)

for some measurable map (:)j :R% x Ry — P(X). Define the probability measure = on the space R x Ry x X x X

as

E(dxo, dr, dzy, dxy) = O (zo, 7, dzy) Oa(20, 7, dy) Adxo, dr),
and let (&o, p, X1, X2) denote the coordinate maps on this space. Then, X1 (0) = X3(0) = &, and to prove the lemma
it suffices to show that X; = X5 =Z-a.s.
Letting u(t) = [p. y p¢(dy) and V;(t) = Z o (X;(t)) ", we have that Ez [fOT lu(t)]? dt} < oo and

Xj(t):§0+/0 b(X5(5), Vi (5)) ds+/0 o (Vi(s) uls)ds,  j=1,2,
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By the Lipschitz property of the coefficients and the fact that

di (Vi(s), Va())* < (B2 [[X1(s) = Xa(s)[]))* < Bz | sup | Xa(r) = Xa(r)?],

0<r<s

it follows from Condition 5.1.1 that for every 0 <t < T,

|X1(8) = Xa(1)]* < ZT/O [b(X1(s), Va(s)) = b (Xa(s), Va(s))|* ds

+2</0 fu(s)]? ds> / o (Vi(s)) — o (Va(s)) ds

< oLT / (1X1(8) — Xa(s)] + di (Vi(s), Va(s)))? ds

wou ([ o as) | ") (V(5), Va()? ds

t
< 4L2T/ sup | X, (r) — Xo(r)|* ds
0

0<r<s

T t
+ 212 <2T—|—/0 u(t)|2dt>/0 E= { sup |X1(7“)—X2(7“)|2 ds.

0<r<s

Then taking expectation with respect to =, forall0 <t < T,

Bz [ sup 1Xi(6) - Xalo)P)

0<s<t

T ¢
<2L? (4T+ E= / |u(s)|2ds]> / E= [ sup | X1(r) — Xo(r)?| ds.
0 0 0<r<s
Gronwall’s inequality now shows that E= [||X 1— Xo Hio} = 0, which completes the proof. O

5.4 Proofs of Sobolev Space Results

In this section we provide proofs of some Sobolev space results that are used in our work. It will be convenient to
introduce an alternate norm on H® equivalent to (5.1.8), and which is similar to norms used in [73] and [88]. Let
{e1,...,eq} denote the canonical basis in R?, recall that U = (a,b) D [0,T],1etZ = Z x R% x {1,...,d}, and define
the functions e . : U x R? — R? for (n, &, k) € T by

1

eﬁ’g(t,a:) =——¢

27rint/(b—a)e27ri§~xek.
b—a
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Consider the Fourier coefficients of ¢ € C2°(U x R R?) given by

P06 = (i €)oo fum ). a9 = [ [ (o) pltayded (54D

Then an equivalent norm on HS, s = (s1, $3) € Rf_, is given by

lell¥s = / (@, )[* (14n%)™ (1+[¢*)™ de. (5:4.2)
neL
5.4.1 Proof of Lemma 5.2.1
From the equivalence of the norms, it suffices to prove the statement in the lemma with || - ||s replaced with || - ||, s. In
what follows, we will abuse notation and denote || - ||..s once more as || - ||s. Recall that for N € N, 1 < 5 < N, and

p €CXP(U x Rd,Rd),
T
o) = [ e XN 0) 0dX ).

Any such ¢ can be written in terms of its Fourier coefficients as

olt,) ZZ/ B, )k (8, ) de.

k=1n€eZ

As in [42, Lemma 8] it follows that

ZZ/ Br(n,€) 7, (n, €) de,

k=1n€eZ

where

T — —
ZN.(n, &) = /0 en e (XN (1) 0 dX V(1)

Note that

0= [ b6 XY 0) 410+ (che (. XV0) XFO),
/T e o (XN (1) b (XN, 7V (1) dt+/Te:;,§ (XN () -0 (X (0), TV (1)) ul¥ (t) dt
0 0

ten /O ek (LXN(0) -0 (XN, VN (0)) dW; (1)

T
+ mienEx /0 (eh o), (L XN(®) (00T),, (XN (), V() dt,
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since the kth component (e ( 5) is the only nonzero component of ¥ ¢+ By the Cauchy-Schwarz inequality, for all

© € CX(U x RY RY),

2
] |22 (n.€)] )
1) <@|2;§ejz/ e e = el ()" (543)
where
‘2 1/2
n.6)
kzz/ 1+n2 g 1+|§|) 7 %

Since |e’fb7§| < T~!and |o| < L, the Burkholder-Davis-Gundy inequality gives

T 2 T 2 72
_ _ 4L 4ex; L
[| e (n, 9| } < 4E / |b(XjN(t),VN(t))|2 dt| + —F / |u§v(t)|2 dt| + =X
0 0 (5.4.4)
4t LAE2
—r
By the linear growth property of b from Condition 5.1.1,
N
b (XN (1), VN @) [* < 3L2 (1 + XN () Z )

and from Lemma 5.3.1, £ [HXJNHEO] < ooforeach N € Nand 1 < j < N. Using the last two estimates and (5.4.4),

we see that

sup E“ kn§)| } < 00.
(n,&,k)ET

Thus, foreach N € Nand1 < j < N, EHCJNSF] < oo for any s € ;. Following [42], we now have from (5.4.3) the
existence of a pathwise realization J of {¢ + JV (¢)} in H™S for every N € N and any s € Oy. This proves the
first part of the lemma.

For the second part, note that by Lemma 5.3.1,

T N
E[|b(XjV(t),VN(t))|2}§4L2(c+1) <1+|as§V|2+E / | ()] dt +%Z|xf\’|2
0 =1
1oL T N2
N;/o ¥ (1)) dtD.
Thus for some constant X < oo depending only on d, 7', and L,
A 1N L NT )
NZZ [ HSK 1+|§|2+NZ NP+ E —Z/O [ul (t)|” at
j=1k=1 j=1 Jj=1
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Letting CY = < Zjvzl CN,. we have from (5.4.3) that, for all ¢ € C°(U x R%,R?),

_ 13N
7M@) < 5 21V ()] < Clells:
j=1

Finally,

j=1
& L (e e 5o o)

which is finite by Condition 5.1.2 and (5.2.5) since s € Oy. O]

5.4.2 Proof of Lemma 5.3.7

As in the proof of Lemma 5.2.1, it suffices to prove the statement in the lemma with || - ||s replaced with || - || s, and

once again, abusing notation, we will denote || - ||.s as || - ||s. Suppose that s € Oy and (1, J) € P1(X) x H™® are

such that I(p, J) < oo. Then there is some © € P*(J) such that © 1y = p and

(J,¢) = Go(©) = Eo

T
/O (1, X (1)) - dX(t)] ,

for all € C°(U x R4, R?). Furthermore, the estimate (5.3.25) holds for this ©. By an argument as in the proof of

Lemma 5.2.1,
T d
| etxo)-axn =33 [ anozmod s,

k=1nezZ
where ¢y, is defined in (5.4.1) and
T
Zn.§) = [ ek (0. X(0)-dX(0)
T
= / en e (6, X(1)-b(X(t),ve(t)) dt +/ en e (6, X(1) -0 (X(t),ve(t))y p(dt, dy)
0 [0,T]xR™
©-a.s. Since |e’;’§\ < T, using (5.3.24) we have
o 6L [T ) ) 21> )
1Ze(n, )" < — [ (A1+[X®)]?+ Ee [|X(®)]?]) dt + — ly|” p(dt, dy),
T Jo T Jo,r)xrm
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and then the bound in (5.3.25) gives

sup %ﬂ&m@ﬂ<do+/|wmmm+%
R4

(n,€,k)eT

/ mw%mb,
[0,T] xR™

for some ¢’ < oc. Thus by the Cauchy-Schwarz inequality, for any s’ = (s}, s5) € Oy and ¢ € C*(U x R? R?),

T
|mw%%.éwxmdm>
d
\Z4(n, ) )
<E , 2
"G;%/Owﬂﬂﬂw 4w

SC'Z/ de T <1+/]Rd |z|? po(dz) + Ee

nez (1 + n2)8 (1 + |£|2

/m] . Iy2p(dt7dy)]> lell2
T]XR™

<l (1 + Ee / ly|* p(dt, dy) ) el
[0,T] xR™
where
C';C<1+/ =t Modm)%/w 1—|—n2§ 1+|§|) ’
since s’ = (s}, s5) € Oy. The result follows. O

5.4.3 Proof of Lemma 5.3.3

We will only consider the case where s is not an integer, the proof for the case when s is an integer is a simpler version
of the proof given below. An equivalent norm to || - ||s in (5.1.7) can be given as follows (see [39, page 527]): write

s=k+rwhere k € Nand r € (0,1). Then, for h € H*(R% R?), define

o= IRIE+ D IDR)Z,

lee|=k

where || - || is the usual integer Sobolev norm

Ialz =" > DA,

0< o<k

and || - ||~ is the fractional Gagliardo-type Sobolev norm

‘2
A2 = ||l + [h] / |h(z |2dx+/Rd/Rd |x_ |d+2, dx dy. (5.4.5)
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The norm || - ||« s is equivalent to the norm || - || in (5.1.7) and thus it suffices to prove Lemma 5.3.3 with || - || s replaced
with || - || s. Henceforth, abusing notation, we will denote this new norm once more as || - ||s. Now let f and g
be as in the statement of the lemma. With B(k) as in Definition 5.3.1(iii), the Leibniz product formula gives, for a

multi-index a with |a| < K,

Do) @) = | X (5) 0ot )| < 509 X (5) 1074(0)

BLa

and hence for all M < oo

lgar FIIR = Z /|Da9M Pdr < Z / Dﬁf dx:cl||f||ﬁ, (5.4.6)

0<]ar| <k 0<|a|<k

for some ¢; = c1(k) < oo. For the r term we follow the proof of [39, Lemma 5.3]. If ¢ € C°(R¢,R) is such that
0 <1 < By <ooand h € H" (R R?) for some 0 < r < 1, then ||¢h||7. < B |[h]|3.. If Ly, denotes the Lipschitz

constant of v, then

—P(y)h(y))?
h / / dx d
oA Rd JRA |l‘—y\d+2r Y
— P(x)h(y)| / / —Y(y)h(y)?
<2 dx d 2 dx d
/]Rd /Rd |9U— |d+2r v Rd ]Rd |$— |d+2r B
|h(z) = h(y)* / / Y (x y)I[h(y)]?
< 2B dx dy + 2 dz d
w/]Rd /Rd |$— |d+2r - rd JRd |~T— |d+2r B

h(y)|? h(y)®
§2B2h§+2L2/ / |—dxdy+832/ / dz dy
w[ ] ( e J{jo—yl<1) ‘x7y|d+2(r71) ¥ (o—y|>1) |x_y|d+2r

<2B3 ()2 + 2 (L2 +4B2) o B2,

for co = c2(r) < co. In the last line, we used the fact that for some c3, ¢4 < oo depending on 7,

|h(y)]? / / 1 2 2
drdy < T @ | R dy < cs|h[7z,
/Rd /{|x yi<1y |z — yldr2r=1) Ra \ J{z1<1y 2]0H20—D Lz

since d + 2(r — 1) < d, and

RO / / 1 2 2
dxdy < T 42 | 1My dy < cal[h]|7e,
/]Rd /3: yl>1} |~T*y|d+2’” Re \Jylz|>13 [2]TF27 L

since d + 2r > d. Thus we have that
[n)17 <8 (Bj + L) (c2 + 1)[|A]2.
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Then, with B(k) as in Definition 5.3.1 and L(k) as in (5.3.2), we obtain that for |a| = k,

2

1D fll7 = || (Z) D*FgyDPf
BLla

T

2
<2 Y (5) I o )

Ba

2
<28 (B2 + LK) (2 +1) Y (a) 1D

B<a p

Next, for |3| < k and some constant c5 = ¢5(r) < oo, we have that

ID2£1; < es [ D7 f1; = s | D7 s+ es 30 DD fllpa < s [[D7fl[fates > 1Dl
jal=1 jl=Il+1

and hence for some cg = cg(k,7) < oo and all M < oo,

ST D g £l < e D IDFIZ + coll 117 (5.4.7)

la|=k la|=Fk

Finally, from (5.4.6) and (5.4.7), for all M < oo,

lgar £112 = Nlgne fFIE + D IDgae fIIF < (1 + co)lFIE +e6 D IDfIT < KIFI2,
lal=k |a|=k

where K = ¢1 + cs. ]

5.4.4 Proof of Lemma 5.3.4

Lets, s’, A and K be as in the statement of the lemma. In particular A C H—* is such that
B = sup || F||-s < 00, (5.4.8)
FeA

and every F' € A has support contained in /. Recall the functions efh ¢ for (n,&, k) € Z introduced above (5.4.1). Let

{F"};en be a sequence in A, and for I € N and (n, &) € Z x R?, let

Fl(n, &) = (Ff(n,o, . .,Fé(n,o) . B =(Flet, ), 1<k<d (5.4.9)

—n,—¢

Since F'! has compact support, the evaluation on the right side of the second equality above is indeed meaningful (see

e.g. [45, Theorem 9.8]) and for each [ € Nand n € Z, £ — El(n,£) is in C° (R, RY). Also, using (5.4.8) and the
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compact support property, one can verify (see [45, Theorem 9.22]) that for each n € Z,

sup sup

ﬁl(n,f)’ < 00 and sup sup
1>1 ¢eRd

I>1 gcRd

Dgﬁl(n,f)’ < 00.

Thus, for each n € Z, {F'(n,-),1 € N} is relatively compact in C(R%, R%). By a standard diagonalization procedure,
we can pick a subsequence {/;} such that {3 (n, -), j € N} converges in C(R?, R%) for every 7 to a limit. We will
now show that F''s is Cauchy in H~% which will complete the proof.

By an argument similar to [45, Proposition 9.16], there are constants ¢; (t, K), c2(t, K) < oo for t = s, s’ such

that for any F € H=5" ¢ H™* supported on the compact set K and both t = (t1,t2) = s, ¢,

KIS Y [ [Fme] ()™ (1 167) 7 de < e ) 1P, (5410
nez

where F(n, £) is defined as in (5.4.9). In particular, for j,m € N,
R R 2

e1(s, K) | FY — Fin|> < Z/ Bl (n,€) = B (n, )

Rd

nez

(L+n2)"" (1+1€2) ™ dg.

Fix M € N. Then, using (1 4 |€[?)7%2 < (1 + |¢]?)*2, we have

ens K)||FY 2 < 3T / P 1,) = F (0, €] (1402) ™ (1 [€) 7> dg
—M<n<M /R
- - 2 —s1 —s2
+  [Fme — Frm o] () (1) e
In|>M 7R
< Y / Flf(mf)fﬁlm(n,@f(lmz)‘“ (L+1¢)%) ™ da¢
—M<n<M /R

2 1
% (1+(M+1)2)5175’1

‘2 (1+n%) 7" (14 g?) " de

+eo(s, K)||Fl — F'

SZ/W

—M<n<M
43262(8/7 K)
(L+ (M + 177

Flj (TL, 5) - Flm (nv E)

Next, for each [n| < M and R < oo, there is a C(R) < oo such that

J.

= / |75 (0, ) = £ (n, )
{I¢I<R}

Flj(nag) - Flm(nag)r

(L+n?) " (14 [€?) ™ de

‘2 (L+n2) "7 (14 [€?) ™ de
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+/ ﬂﬂwma—ﬁwm@fﬁ+#Y“u+mﬁ”2%
{I§1>R}

. . 2 ' K)
1 Al (s, :
i (n,€) F(m@\+a+ﬁwr%

4B%cy(s', K)
(1+ R2)™7°%

< C(R) sup

2
>~ s/
|§I<R

| — e

< O(R) sup |[Fo(n,€) ~ Fn(n )]+
|§I<R

Combining the above estimates and sending j, m — oo, since { £ (n, -)} converges for every n, we get

4B2(2M + 1 'K 4B%cy(s', K
lim sup ||FZJ' - FlmH2 < ( + Deals = ,) c2(s’, ) — -
iMoo ST o(s, K) (1+ R2)27%2  ¢(s,K) (1+ (M +1)2)" %

The result now follows on first sending R — oo and then M — oo.
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APPENDIX

Some supplementary results related to this dissertation work are presented below for completeness.

A.1 Proofs of Background Theorems

Here we provide the proofs of Theorems 1.1.4, 1.1.5, and 1.2.3 from the Introduction.

Proof of Theorem 1.1.4. The proof of part (i) relies on an application of Komolgorov’s extension theorem (see [69,
Theorems 14.32 and 14.35]), which in its simplest form says that if {(£2;,G;) : i € N} is a collection of Borel spaces

and {P; : i € N} is collection of probability measures that is consistent in the sense that
PZ(A) = PJ(A X Qﬁ,l X oo X Qj)

whenever i < jand A € ®Z:0 Gy, the product o-field of Gy, . .., G;, then there exists a unique probability measure

P, such that

P. (Ax X Qk>_a<A>

k=i+1

for A € ®)._, G-
For each n € N, define P on (2, F,,) by P} (A) = E[1(A)L,]. The martingale property implies consistency in

this case: if K < n and A € F;, then
Py(A) = E[1(A)Ly] = E[L(A)E [Ln| Fi]] = E[1(A)Li] = Py (A).

This completes (i).

For part (ii), fix n € N and suppose first that A C {7 < n}. By the martingale property,
L;1(t <n) = E[L,|F:]1(T < n),
and hence

P(A)=E[1(A)L;L;'] = E [I(A)E[L,|F-]L;"] = E [1(A)L,L;'] = E* [1(A)L;"]

T

by the construction of P*. Now, for arbitrary F,-measurable A C {7 < oo}, the monotone convergence theorem gives

P(A)= lim P(AN{r <n}) = lim E* [I(An{r <n})L;'] = E* [L(A)L;']. O

T
n— oo n—oo
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Proof of Theorem 1.1.5. The idea is to use the representation (1.1.7) to derive a renewal equation and apply Theorem
1.1.2. Note first that for ¢ > 0, 7. < 7(t) and 7 = 7(t) on {S,, > t}. In particular, since the increments of the
random walk are independent, S; ;) — S, is independent of S-, and for any s < t, (S;) — S7, |Sr, = s) L Sr(t—s)

under P. Letting K (t) = e®* P(W > t), we have

K({t)=E 'e*O‘(Srm*ﬂ]
= B[S, > 0)] + B e Go01(s,, <)

= B[S, > 0)] + | B [emeSro

Se, = 3| P (8-, €ds)

+

t

=F _e_("(sw_t)l(ST+ > t)_ + {e*“(sf(t—sf(t*s)} P (S-, €ds)

t

= EfeotSryg, > t)} + | K(t—s)P(S,, €ds).

S— S—— =™
&

Consequently, the key renewal theorem gives

1 0o E |:]. — eiasmr]
lim e P(W >t) = = / E {e‘a(sﬁr_s)l(Sﬂr > s)} ds = —————.
treo E [S‘F+] 0 ok [S‘F+]
Finally, by Wald’s identity, £ [S-,] = E[rE[X1] = m/ (o) E[r.]. O

Proof of Theorem 1.2.3. First assume that {X,,} satisfies the LDP. Fix F' € C(S) and let M = sup,cg |F(z)| €
(0,00). Let § > 0 and L > 0. Because F is continuous and I is lower semi-continuous, for each x such that I(x) < L,

we can find r > 0 such that

)
sup (—F(y) < —F(z)+ 5 (A.LD)
veB(a.r) 2
and
inf I()>I(x)—é (A.1.2)
yEB(z,r) v = 2’ o

where B(z,r) = {y € S : d(z,y) < r} is the open ball around = with radius 7 in S. let B(x, r) denote the closure of

B(z,r) in S. Then, since {X,, } satisfies the large deviation upper bound,

1 1
limsup — log E e~ F(Xn)1(X, € B(a:,r))] < limsup — log (e“"(*F(I)M)P(Xn € B(z,r)))

n—oo Qn n—oo Qn

5 1 —=
< —F(x)+ 3 + limsup — log P (X,, € B(z,r))

n—oo an

< F@)+2- it I
yEB(x,r)

< —(F(2) + 1(x)) + 0.
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Now, since {z € S : I(x) < L} is compact, we can let { B(x;,7;) : 1 < j < k} be a finite cover such that (A.1.1) and
(A.1.2) hold for each (z;, ;) pair. Let A = ﬂle B(xj,r;)¢ and note that A is a closed set and I(y) > L for every
y € A. Then,

1
limsup — log &/ [e*“"F(X")}

n—oo an

k
< hmsup — log ZE { —anF(Xn)1(X, € B(:rj,rj))} +E {e_a"F(X")l (X, € A)]
n—oo 7 j:1

1
< limsup — log ((k +1) max F {e*“"F(X")l(Xn € B(xj,rj))] VE [e*a"F(X”)l (Xn € A)])

n—oo 0dn 1<j<k

1
= lim sup ( max — logE [ —anF(Xn)1(X, € B(zj,r]))}> \Y - log E [e"‘"F(X")l (Xn € A)}

n—00 1<j<k an

< g (=(Fla) + 1) +9) v (M = inf 109

1<5<k yeA
< (— lrelg(F(l‘) +I(z)) + 6) V(M-1L). (A.1.3)
x
In the above estimates, we used the fact that for a finite collection { f1, ..., fx} of functions

lim sup max f = max limsup
n—oo 1<J< ]( ) 1<j<k n—ooco fj( )

Sending § — 0 and L — oo in (A.1.3) gives that

1
lim sup — log £ {e—amxn)} < — inf (F(z) + I(2)). (A.1.4)

n—oo Un zes

For the reverse inequality, let z € S and § > 0. Since F' is continuous, we can find r > 0 such that

yegg,r)(iF(y)) > —F(x) — 6.

Then, since { X, } satisfies the large deviation lower bound,

1 1
liminf — log E/ [e_a”F(X")} > liminf — log E [e~ (X (X, € B(x,r))]

n—oo Uy n—oo Oy

> —F(x) — 0 liminf i log P(X,, € B(z,r))

n—00 QA

> —F(x)—0— inf [
> —F(z) ol | (y)

v

—(F(x)+ I(x)) — .
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Taking the supremum over z and letting § — 0 we obtain

lim inf L log E [e*“"F(X")} > —inf (F(x) + I(x)),

n—00 QOp zeS

which along with (A.1.4) establishes that { X,, } satisfies the Laplace principle.
Now suppose that { X, } satisfies the Laplace principle. We want to show that it also satisfies the large deviation

upper and lower bounds. We begin with the former. Given a closed set A, define the function

0 ifreA
pla) =
+oo ifx ¢ A,

and note that ¢ is nonnegative and lower semi-continuous. For j € N let
Fj(z) = jd(z, A) A1),

where d(z, A) = infyc 4 d(x,y), so that F; is a bounded continuous function and Fj increases to ¢ pointwise as

7 — oo. It follows by the Laplace upper bound that for each j,

1 1
limsup — log P(X,, € A) = limsup — log E [e‘“””(x”)}
a a

n— oo n n— oo n

1
<limsup — log K [e—anFj(Xn)]

n—oo Qan

< — 122(F](x) + I(x)). (A.1.5)
Note that for each j,
inf (F () + 1(x)) < inf (p(e) + I(x)) = inf I(z). (A.1.6)

Furthermore, if inf,c g I(x) = 0, then trivially inf,c g(F;j(z) + I(z)) > infyeg I(z). If inf,cg I(x) > 0, then

liminf inf (F;(z)+ I(x)) > inf4 I(x). (A.1.7)

j—oo xzEAC RS

To see why, suppose not, that is, for some L < infyc4 I(x) we have liminf; o inf,c ac (Fj(z) + I(z)) < L. In
particular, this implies the existence of a subsequence {j} C N and 0 < ¢ < L such that or each j there is z; € A°
such that
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(A.1.8) implies that d(z;, A) — O as j — oo along the subsequence, since otherwise there would exist a subsubsequence
on which Fj(z;) = j(d(z;, A) A1) — oo, a contradiction.

Now, d(z;, A) — 0 implies the existence of a sequence {y;} C A such that d(x;,y;) — 0 as j — oo, and since
sup; I (:ch) < L — ¢ from (A.1.8) and the fact that I has compact level sets, there must be a further subsequence
{#%} < {z;} and

zre{reS:I(x) <L—-¢} (A.1.9)

such that d(z, z*) — 0. This in turn implies that d(y;, x*) — 0, and since {y;} C A and A is a closed set, z* € A.
Consequently, I(z*) > inf,c 4 I(y), however by (A.1.9) and the fact that L < inf ¢ 4 I(x), this leads to a contradiction,
establishing the inequality (A.1.7).

Then, since F;(z) = 0 when z € A,

inf (Fy(x) + 1(2)) = inf 1(x) A inf (F(a) + 1(2)),

and from (A.1.7),

liminf inf (Fj(z) + I(x)) > inf I(x),

j—oo zES z€A

which establishes the large deviation upper bound when combined with (A.1.5) and (A.1.6).
It remains to show that { X, } satisfies the large deviation lower bound. Let G C S be open and suppose that
infeq I(z) < oo, since otherwise the bound is trivial. Let z € G such that I (z) < oo and let M > I(x). Choose r

small enough so that B(x, ) C G, which can be done since G is open. Let

F(y)M((MM),

r

which defines a bounded, continuous function. In particular, 0 < F < M and F(y) = M fory ¢ B(x,r), so
E [e_a"F(X")} <e M pP(X, € B(z,r)),
and hence
log E [e*a"F(X”)} <log (e "M+ P(X, € B(z,r))) < (-M) Vlog P(X,, € B(x,7)).
The Laplace principle then implies that

1 1
(= M)V liminf — log P(X,, € B(z,7)) > liminf — log £ [e—anﬂxﬂ}

n—oo Qy n—00 QA
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since F'(x) = 0 by construction. Since M > I(x) It follows that

1 1
liminf — log P(X,, € G) > liminf — log P(X,, € B(z,r)) > —I(x).

n—oo Up n—oo Ap

taking the supremum over all = such that I (x) < oo completes the proof. O

A.2 Useful Lemmas

The following four results are used frequently in Chapters 4 and 5, and we state them here for reference.

Lemma A.2.1 (Gronwall’s Inequality). For T < oo, suppose u : [0, T] — R is nondecreasing and v : [0,T] — Ris

continuous. If f : [0, T] — R is continuous and satisfies

ft) <wu(t) —i—/o v(s)f(s)ds, 0<t<T,

then
F) <u(t)elsv@ds o<t <T
For a proof of the following, see [67, Theorem 3.28].

Lemma A.2.2 (Burkholder-Davis-Gundy Inequality). Let p > 1. There exist positive constants ¢, and Cy, such that for

any local martingale {X; : t > 0} with Xy = 0 a.s. and any stopping time T,

QB[] < B[ sup 1x7] <6 [002].

0<t<r
where (X)) denotes the quadratic variation of X at time t.
The next result is due to Aldous [2]. For a proof, see [70, Theorem 2.7].

Lemma A.2.3 (Aldous-Kurtz Criterion). Let D([0, T}, S) be the space of right continuous functions with finite left
limits from [0, T into a Polish space (S, d). Let {X,, : n € N} be a sequence of processes with paths in D([0,T1], S),
and for each n let F,,(t) = 0(X,(s) : 0 < s <t). If

(a) {X,(t):n € N}istightin S for each rational t € [0,T), and
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(b) for any sequence {t, : n € N} such that T, is an F,,(t)-stopping time bounded by T and any nonnegative sequence

{6n : n € N} such that 6,, — 0 as n — oo,
d (X (T +62), Xu(7)) 5 0

asmn — oo,
then {X,, : n € N} is tight in D([0,T), S). The result is also true when D([0, T, S) is replaced with C([0,T], S).

The following is a corollary of the above lemma which gives the form of the criterion employed in Chapters 4 and

Corollary A.2.4. Let (S, || - ||s) be a separable Banach space (i.e. a normed Polish space), let C = C([0, T}, S), and
let {jin, : n € N} be a P(C)-valued sequence of random variables. Recall the norm ||v||cc = supg<,<7 [|¥(t)||s on C,

and let v, = E|uy] for each n. Let {X (t) : 0 < t < T} denote the coordinate process on the space (C, B(C)), namely

X(t,9)=v(t),  ¢eC,

let F(t) = 0(X(s) : 0 < s < t), and for each 6 > 0 let Ty be the set of F(t)-stopping times bounded by T — 6. If

(a) sup/ 1|00 v (de)) < o0, and
n>1J¢C

(b) hm sup sup / lo(T 4+ 6) — (7)|ls A Lvy(dyp) =0,
n>1‘r€7’5

then { i, } is tight.

Proof. By [21, Theorem 2.11], tightness of {y,,} as random variables follows from relative compactness of {v,,} in

P(C), which is equivalent to tightness of the C-valued process { X, }, where X,, ~ v, for each n. From (a),

sup vy ([0(0)]s > M) < —sup / 1910 v (di) —
n>1

as M — oo, and hence {X,,(¢)} is tight in .S for each ¢, which satisfies part (a) of Lemma A.2.3.
Now note that for any sequence {Y;,,} of nonnegative random variables, Y, 5 0ifand only if E[Y,, A1] — 0.
Then, if {d,,, } is a sequence such that ,, J. 0 and {7, } is a squence of F(¢) stopping times such that 7, < T — ¢, for

each m, then from (b),

E | X (Tm + 0m) — Xm(mm)|ls A 1] < ngl) Sl;_p B[ Xn(T 4+ 6m) — Xn(7)[[s A 1]
n>171€Ts,,

— sup sup /C 19(r +8) — (|5 A L v (di)

n>171€7s5,,
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as m — oo, which satisfies part (b) of Lemma A.2.3. O

A.3  The Space H®

Here we give an alternate characterization of the Hilbert Sobolev space H® defined in Chapter 5. As the next lemma

shows, when s € (0, 1) x R, we can identify
H® = H* (U, H* (R4, RY)) = H** (U,R) ® H** (R*,R?)

where ® denotes the Hilbert tensor product. When we identify two Hilbert spaces H = K, we mean that there exists

an isomorphism ® : H — K, i.e. a one-to-one and onto map that preserves inner product, also called a unitary

transformation.
This characterization also verifies that the norm || - ||.. s defined in (5.4.2) is equivalent to the norm | - ||s used in
most of Chapter 5 when s € (0,1) x Ry, since || - || s is the tensor product norm.

Lemma A.3.1. Let K be a Hilbert space over R with inner product (-, -) i, and for s € (0, 1) and any domain U C R,

let H* (U, K) be the Hilbert space of functions in L*(U, K) with inner product

<fag>HS(U,K) = /U<f(u)vg(u)>1< du—|—/U/U <f(u) _{5}_)’5(1?25_ g(U»K du dv.

Also let H*(U, R) be the Hilbert space of functions in L*(U, R) with the inner product the same as above with (-, -) i

replaced with the standard product on R. Then we can identify
H*(U,K)=H*(UR)® K,

where & denotes the Hilbert tensor product.

Proof. Tt suffices to find a unitary transformation ¥ : H*(U,R) ® K — H*(U, K). For a pure tensor f ® = €
H(U,R) ® K, let
U(f@w)=f()re H U K).

The bilinearity of ® implies that U is linear on the span of all the pure tensors, i.e. all finite linear combinations of

the form Z?zl fj ® x;, and this is a dense subset of H°(U,R) ® K. To see that ¥ is an isometry, note that for any
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fex,gye H(U,R)® K,

(V(fe@x),¥(9®Y))n:(UK)

= ()2, 9()y) = (v, K)
g =

(/ flu du) @yt (/ / |u _)U)|(19+(21? —ot) dudv) (@, 9) K

=(f,9uwr T,y K

=(f®z,9R@Y) s Ur)K-

By linearity, this extends to all finite linear combinations of pure tensors.
Now, we can approximate any function in H*(U, K) C L*(U, K) by an elementary function of the form h =

> i=1 v, (-)z; for U; C U measurable and z; € K. Note that

hzlej(. =

=1 J

U1y, @ a;) = ZlU @ |,

n
j=1

and hence the range of ¥ on a dense subset of H*(U,R) ® K is dense in H*(U, K'). Thus ¥ can be extended to an

isometry on the whole space which is one-to-one and onto. O

At various points in Chapter 5, the fact that C°(U x R? R?) is dense in H® when s € Ri is used. The
characertization of the previous lemma allows this to be verified from the well-known dense inclusions C°(U,R) C

H*'(U,R) and C°(R4,R%) C H*2(R? R?), as shown in the following lemma.
Lemma A.3.2. C°(U x R% R?) is dense in HS for sy, 52 > 0.

Proof. Since H® = H*'(U,R) @ H*2(R%,RY), forany f € H% and ¢ € (0,1), there are n € N, {u;} C H**(U,R)
and {v;} C H*2(R% R?) such that

n
£
—E U5V < —.
f = 7% 2

s

Let
M = (ol + g oyl ) v 1 <o
where, with some abuse of notation, || - ||, is the norm on H*' (U, R) and | - | s, is the norm on H*2(R? R?). Since

C°(U,R) is dense in H*! (U, R) and C° (R, R?) is dense in H*2(R%,R?), for each j there are g; € C>°(U,R) and
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h; € C>(R4, R?) such that

< €
s2 " 6nM’

9
s = gill,, < oz and oy =yl

Then,
F=2 aihs| S \F =D wvs| + | uvs = iy
j=l1 s = s = - s
€ n
< 5 + Z ||Uj’Uj — gjh’j”s
=1
€ n n
S5+ D lugllsillog = sllse + D lwg = g5lls, I,
ot =~
€ n
<5+ 54 g 2 =l Bl
<5+ gt (guar +1)
3 6nM
<e.
Noting that >-7_, g;h; € C*(U x R, R?) completes the proof. O

The tensor product characterization of H® when s € R? also allows for an alternate, more general proof of the
compact embedding result of Lemma 5.3.4, which uses the explicit form of the norm on HS. Rellich’s theorem [45,
Theorem 9.22] says that H** (U, R) is compactly embedded in H" (U, R) when r < s1 and H*2(R% , R?) is compactly
embedded in H"(R% RY) when r < s,. Hence, the following theorem proves the compact embedding H® ¢ H*

whenever s; > rqy > 0 and s; > ry > 0.

Theorem A.3.3. Let Hi C K1 and Hy C Ky be continuous embeddings of Hilbert spaces, and let Hy ® Hs and
K, ® K> be their tensor product spaces. If every bounded sequence in Hy has a convergent subsequence in K1 and
every bounded sequence in Hy has a convergent subsequence in Ko, then every bounded sequence in Hy @ Hy has a

convergent subsequence in K ® K.

This result follows from the following applied to the inclusion operators ¢; : H; — Kj and 19 : Hy — Ks. A
compact operator between two Banach spaces is a linear operator such that its image of any bounded set is relatively
compact. For two Hilbert space linear, bounded operators S : H; — K7 and T : Hy — Ko, the tensor product operator
S ® T is the unique linear, bounded operator from H; ® Ho into K1 ® K such that S @ T'(z ® y) = S(x) ® T(y) for

allx € Hy and y € Ho.
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Lemma A.3.4. Let Hy, Hy, K1, and K5 be Hilbert spaces, andlet H = Hi @ Hyand K = K1 Q K. If S : Hy — K3

and T : Hy — Ko are compact linear operators, then S @ T : H — K is compact.

Proof. We assume that the Hilbert spaces are infinite dimensional, since any finite-rank operator is compact. We use
the fact that operator-norm limits of finite-rank operators are compact, and also the fact that R : A — B for two

infinite-dimensional Hilbert spaces A and B is compact if and only if it can be written in the form

R(z) = i%‘(ei,@fiv z € A,

i=1

where {e;} is a complete orthonormal set in A and {f;} is a complete orthonormal set in B. Noting that R(e;) = a; f;
for any j, we see that when i # j, (R(e;), R(e;)) = a;a;(fi, f;) = 0, and hence R preserves the orthogonality of {e; }.
Furthermore, the partial sums Ry = >, a;(e;, -) f; converge to R in the operator norm. As usual, the operator norm

is given by
[R(z)|| 5

R||,p = sup
” HOP ", HxHA

Hence, there exist finite-rank linear operators {.5,, } and {T;,} such that S,, — S and T,, — T as n — oo in the

operator norm, and there exists some M < oo such that
[Sllop + [T llop + sup [[Snll,, + sup | Tnll,, < M.
n>1 n>1

It suffices to show that S,, ® T,, — S ® T in the operator norm.
Let € > 0, and consider a nonzero pure tensor x ® y € H. Since S,, — S and T,, — T, for all n large enough we

have

€ €
HSn - S”Op < m and ||Tn — THOP < m

Then,

[Sn @ To(z®@y) =S @T(x @ y)|x = 19.(2) @ Tuly) = S(x) @ T(y)l
< IS (@) = S@) Ik N1 Tn (W)l k. + 15 @) 5, 10 () = T()ll
<180 = Sllopllzllzy - 1Tnllopllyll e + ISopllzller, - 170 = Tllopllyll
< ellzlm 1yl m.

=ellz@ylln
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Now let z € H be arbitrary. Then we can write

o0 o0
= Zzaijei ® fjs

i=1 j=1

where {e;} is a complete orthonormal system in H; and {f;} is a complete orthonormal system in Hy, so that
{e; ® f;} is a complete orthonormal system in H, and {a;;} C R are unique. Note that Parseval’s identity gives
2115 = >, > aj; < oo. Because of the discussion above, we may assume that {S(e;)} is orthogonal in K,
and {T'(f;)} is orthogonal in K5, and hence {S ® T'(e; ® f;)} = {S(e;) ® T(f;)} is orthogonal in K. Similarly,

{8, ® T, (e; ® f;)} is orthogonal in K. By the above calculation for pure tensors, for all n large enough,

1Sn @ Tn(ei @ f3) =S @ T(e;i @ fy)llx <elles ® filla=e  foralli,j.

Then,
2
(1S @ Th(2) — S@T(2)||% = ZZ ij (Sp @ Tnle; ® f;) — S@T(e; ® f;))
=1 5=1 K
oo
=ZZa?jIISn®Tn(ei®fj) —S@T(e; ®e;)%
i=1 j=1
<&?||2l%-
Since the choice of z was arbitrary, ||.S, ® T, — S @ T'||op < €. O

Finally, from the following we get the compact embedding H®* C H* whenever s; > r; and s > ry for any

s € R2,

o, respectively, such that the closed unit ball

Lemma A.3.5. Let Ey C E5 be Banach spaces with norms || - ||1 and || -

{z : ||z||l1 < 1} is compact in E5. Let EY, C E} be their dual spaces equipped with the operator norms

i = sp L@ G @), =12

cee {0}y [1Zlli  zemfz)=1
Then, every bounded sequence in E} has a subsequence that converges in Ej.

Proof. Let {T};} C E), such that M = supy, || Tk||5, < co. For any z,y € E2, we have that

T () = Ti(y)] < M|z —ylla,
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and hence {T}} is equicontinuous and pointwise bounded. The Arzela-Ascoli lemma then guarantees that there is a

subsequence {7}, } that converges uniformly on compact sets in F. Since {||z|[; < 1} is compact in Es,

1T, = T, s = sup  |Tp(2) = Th,, (x)| < sup [Ty () = Tk, (x)| = 0
TEE:||z|1=1 z€Es:||z][1 <1
as k,m — oo. Hence {T}, } is Cauchy and thus convergent in the complete space . O
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