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The Eulerian variational formulation of the gyrokinetic system with electrostatic turbulence is presented in
general spatial coordinates by extending our previous work [H. Sugama et al., Phys. Plasmas 25, 102506
(2018)]. The invariance of the Lagrangian of the system under an arbitrary spatial coordinate transformation
is used to derive the local momentum balance equation satisfied by the gyrocenter distribution functions
and the turbulent potential which are given as solutions of the governing equations. In the symmetric
background magnetic field, the derived local momentum balance equation gives rise to the local momentum
conservation law in the direction of symmetry. This derivation is in contrast with the conventional method
using the spatial translation in which the asymmetric canonical pressure tensor generally enters the momentum
balance equation. In the present study, the variation of the Lagrangian density with respect to the metric
tensor is taken to directly obtain the symmetric pressure tensor which includes the effect of turbulence on the
momentum transport. In addition, it is shown in this work how the momentum balance is modified when the
collision and/or external source terms are added to the gyrokinetic equation. The results obtained here are
considered useful for global gyrokinetic simulations investigating both neoclassical and turbulent transport
processes even in general non-axisymmetric toroidal systems.

PACS numbers: 52.25.Dg,52.25.Xz,52.30.Gz,52.35.Ra

I. INTRODUCTION

Gyrokinetics1–7 has been used for several decades as
a basic theoretical framework to study microinstabil-
ities and turbulent processes in magnetized plasmas.8

A significant number of large-scale simulations are be-
ing performed based on gyrokinetic equations to an-
alyze and predict turbulent transport fluxes of parti-
cles, heat, and momentum.9,10 The gyrokinetic equa-
tions derived from the Lagrangian and/or Hamiltonian
describing the gyrocenter motion possess conservation
properties4,5 which are suitable for long-time and global
transport simulations. Variational formulations based
on the action integral of the Lagrangian provide a use-
ful and systematic means to obtain governing equations
and conservation laws of energy and momentum for con-
sidered systems.4,5,11–13 The variational formulations are
also applied to derive the useful conservative numeri-
cal schemes14–18 in plasma physics for solving the guid-
ing center equations and the ideal magnetohydrodynam-
ics equations as well as the Vlasov-Poisson and Vlasov-
Maxwell equations.

Because background flow profiles are considered as one
of the key factors for improving plasma confinement, mo-
mentum transport processes which determine the flow
profiles are investigated by large-scale gyrokinetic simu-
lations.19–23 Thus, the momentum balance equation sat-
isfied by the gyrokinetic model attracts our attention as
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a basis for theoretically and/or numerically investigat-
ing the physical mechanisms in the formation of the flow
profiles.24–29 In our previous work,30 the Eulerian formu-
lation,31 which is also called the Euler-Poincaré reduc-
tion procedure,11,13,32–34 is applied to derive the govern-
ing equations of the Vlasov-Poisson-Ampère (or Vlasov-
Darwin) system and those of the drift kinetic system in
the general spatial coordinates, and the momentum bal-
ance equations for these systems are obtained by using
the invariance of the action integrals for the systems un-
der arbitrary spatial coordinate transformations. In this
paper, the previous work is extended to present the Eu-
lerian variational formulation of the gyrokinetic system
with electrostatic turbulence in general spatial coordi-
nates and to derive the local momentum balance equation
with the symmetric pressure tensor including the effects
of electrostatic turbulent fluctuations on the momentum
transport.

In the present work, the governing equations of the gy-
rokinetic system are represented in general spatial coor-
dinates so that they are useful for application to systems
with complex geometries such as stellarator and heliotron
plasmas35 in which it is convenient to employ flux surface
coordinates (e.g., Hamada coordinates36 and Boozer co-
ordinates37) to express these equations for analytic and
numerical studies. In our formulation, the momentum
balance equation is derived using the invariance of the
Lagrangian under arbitrary spatial coordinate transfor-
mations, which is analogous to the derivation of energy-
momentum conservation laws from the invariance of the
action integral under arbitrary transformations of spa-
tiotemporal coordinates in the theory of general relativ-
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ity.38 In the same way as in the previous work,30 the
symmetric pressure tensor entering our momentum bal-
ance equation is directly obtained by taking the varia-
tional derivative of the Lagrangian density with respect
to the metric tensor, which is in contrast to the con-
ventional technique using the spatial translation trans-
formation for the derivation of the canonical momentum
balance including the asymmetric pressure tensor in the
presence of the magnetic field. The canonical pressure
tensor is asymmetric and gauge-dependent because of the
vector potential included in the canonical momentum. In
order to obtain the symmetric pressure tensor from the
asymmetric canonical pressure tensor, additional compli-
cated procedures of the Belinfante-Rosenfeld type using
the angular momentum conservation law derived from
the rotational symmetry are required.39,40 On the other
hand, our method can more directly derive the symmet-
ric pressure tensor which is clearly shown in this work to
describe both neoclassical41,42 and turbulent transport of
the momentum in the gyrokinetic system.

We should note here that while employing the Hamil-
tonian gyrocenter motion equations, an irreversible colli-
sion term must be included into the gyrokinetic equation
in order to treat neoclassical and turbulent transport si-
multaneously.43,44 It is shown in our formulation how the
momentum balance equations are modified when the col-
lision and/or external source terms are added into the
gyrokinetic equation. This is possible because the mo-
mentum balance equations are derived from the invari-
ance of the Lagrangian under the general spatial coor-
dinate transformations, with the help of the gyrocenter
motion equations and the gyrokinetic Poisson’s equation
while we have freedom in choosing the governing equa-
tion for the gyrocenter distribution function. The mo-
mentum balance equations including the effects of col-
lisions and external sources are useful for checking and
analyzing results of global gyrokinetic simulations using
the Lagrangian and Hamiltonian equations to investigate
neoclassical and turbulent transport in plasmas with par-
ticle, momentum, and/or heat sources.

It is valuable to make comparisons of the present work
with recent works45,46 on similar subjects. In Ref.45, a
constrained Eulerian variational principle presented by
Brizard47 is used to derive the governing equations and
local energy-momentum conservation laws of the electro-
magnetic gyrokinetic Vlasov-Maxwell system, for which
the gyrocenter motion equations are expressed only in
terms of the perturbed electric and magnetic fields by in-
cluding the perturbed fields in the Poisson-bracket struc-
ture. In Ref.46, the field theory presented by Qin et al.48

for particle-field systems on heterogenous manifolds is
applied to derive local energy and momentum conserva-
tion laws in the electromagnetic gyrokinetic system. Ex-
cept for dropping magnetic fluctuations and some of the
second or higher order terms with respect to the small
perturbation amplitude, the gyrokinetic system treated
here is basically the same as seen in other earlier works4,5,
and it contains full finite gyroradius effects due to elec-

trostatic fluctuations with high wavenumbers which are
not included in Ref. 46. Also, in the same way as in our
previous work30, the governing equations for the gyroki-
netic system are derived in this paper based on the Eule-
rian (or the Euler-Poincaré) formulation which is histori-
cally older than the methods employed in Refs.45,46. The
Euler-Poincaré formulation was used in the pioneering
work by Newcomb31 to derive the ideal MHD equations,
and later it was applied to the derivation of the Vlasov-
Maxwell equations, the guiding-center (or drift kinetic)
system as well as the gyrokinetic system as shown in
Refs.11,13,30,32–34. Here, the Eulerian formulation implies
that, for the present gyrokinetic case, the phase-space
velocity (or the temporal change rate of the gyrocenter
coordinates in the phase space) of the gyrocenter is re-
garded as a field function of time and phase-space coor-
dinates of the gyrocenter at the time when the gyrocen-
ter passes through the considered point. In the formula-
tion presented in Refs.46,48, the gyrocenter (or particle)
phase-space velocity is described by not the Eulerian but
Lagrangian view point and is coupled with the Eulerian
description of the electromagnetic fields. In Refs.45,46,
not general but isometric transformations such as spatial
translation and rotation are considered to derive local
conservation laws of canonical linear and angular momen-
tum in collisionless systems. In the present work, recog-
nizing that the Lagrangian and the governing equations
of the gyrokinetic system can be expressed in the invari-
ant form under arbitrary spatial coordinate transforma-
tions in the Eulerian framework, this invariance property
is used to derive the local momentum balance equation
even in the presence of collisions and external sources,
and the derived balance equation is shown to give the lo-
cal momentum conservation law in the direction of sym-
metry for collisionless systems without external sources.

The rest of this paper is organized as follows. In Sec. II,
the Lagrangian for describing the single-particle gyrocen-
ter motion is given, in which the electrostatic potential
fluctuation with the wavelength of the order of the gy-
roradius is included. Next, in Sec. III, we use the gen-
eral spatial coordinates and define the Lagrangian of the
whole system including particles of all species and turbu-
lent electrostatic fields to present the Eulerian variational
principle, from which the collisionless gyrokinetic equa-
tions for the gyrocenter distribution functions and the
gyrokinetic Poisson’s equation for the electrostatic poten-
tial are derived. In Sec. IV, we make use of the invariance
of the Lagrangians for the single-species and whole sys-
tems under arbitrary spatial coordinate transformations
to derive the momentum balance equations for both sys-
tems while allowing the collision and/or external source
terms to be included in the gyrokinetic equations. Then,
the symmetric pressure tensors, which enter these mo-
mentum balance equations, are obtained from the varia-
tional derivatives of the Lagrangians with respect to the
metric tensor components and they are verified to de-
scribe both neoclassical and turbulent transport of the
momentum. Finally, conclusions are given in Sec. V. In
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addition, Appendix A is given to briefly explain covariant
derivatives and Christoffel symbols, which are used in the
general spatial coordinates. Variations in the functional
forms of vector and tensor fields under the infinitesimal
transformation of the spatial coordinates and variational
derivative with respect to the metric tensor components
are described in Appendices B and C, respectively. In
Appendix D, the WKB representation49 is used to ex-
press the turbulent part of the pressure tensor in the
form comparable with the one obtained in the past work
on the momentum transport. Another derivation of the
momentum balance equations, in which the asymmet-
ric canonical pressure tensors appear, is shown in Ap-
pendix E and the energy balance equations are derived
in Appendix F. The case of the symmetric background
magnetic field is considered in Appendix G where it is
shown how the local conservation law of the canonical
momentum in the direction of symmetry is derived in
the present formulation.

II. THE GYROCENTER LAGRANGIAN

The Lagrangian for describing the gyrocenter motion
of the particle with mass m and charge e is given by4

LGY ≡
(e
c
A(X, t) +mv∥b(X, t)

)
· Ẋ+

mc

e
µϑ̇

−HGY , (1)

where the gyrocenter phase-space coordinates X, v∥,

µ ≡ mv2⊥/(2B), and ϑ denote the gyrocenter position,
the velocity component parallel to the magnetic field, the
magnetic moment, and the gyrophase angle, respectively,
and ˙≡ d/dt represents the time derivative along the tra-
jectory in the phase space. The vector potential and the
unit vector parallel to the magnetic field B are written by
A and b ≡ B/B, respectively. Here, we suppose that A
can weakly depend on time t and accordingly the back-
ground magnetic field B = ∇ × A is allowed to slowly
vary in time. Thus we can treat the inductive electric
field −c−1∂A/∂t which drives the ohmic current in toka-
maks.

The gyrocenter Hamiltonian which appears on the
right-hand side of Eq. (1) is defined by

HGY ≡ 1

2
mv2∥ + µB + eΨ, (2)

and its electrostatic fluctuation part is written as

eΨ ≡ e⟨ϕ(X+ ρ, t)⟩ϑ − e2

2B

∂

∂µ
⟨(ϕ̃)2⟩ϑ, (3)

where the gyroradius vector is denoted by ρ ≡ b× v/Ω,
v is the particle’s velocity, Ω ≡ eB/(mc) is the gyrofre-
quency, and the average of the electrostatic potential ϕ
at the particle position X + ρ over the gyrophase ϑ is
given by

⟨ϕ(X+ ρ)⟩ϑ ≡
∮

dϑ

2π
ϕ(X+ ρ), (4)

and the gyrophase-dependent part is denoted by

ϕ̃ ≡ ϕ(X+ ρ)− ⟨ϕ(X+ ρ)⟩ϑ. (5)

The last term on the right-hand side of Eq. (3) is of
the second order in the gyrokinetic ordering parame-

ter ϵ where ϵ ∼ eϕ̃/(m|v|2) ∼ ρ/L with L representing
the equilibrium gradient scale length is assumed. This
second-order term is retained because it is necessary for
deriving the gyrokinetic Poisson’s equation correctly in-
cluding the polarization effect as shown in Sec. III.C.
However, other second-order terms shown in Ref.50 are
neglected in the gyrocenter Hamiltonian given by Eqs. (2)
and (3). Therefore, rigorously speaking, the accuracy
of the present model is up to the first order. The tur-
bulent fluctuations are assumed to have the character-
istic wavelength ∼ (k⊥)

−1 ∼ ρ. Then, the fluctuation
terms in Eq.(3) are considered to contain all-order terms
in k⊥ρ(∼ 1) even though small amplitude terms of higher
order in ϵ ∼ ρ/L(≪ 1) are neglected. In Eqs. (4) and (5)
as well as in the equations shown below, the time variable
t on which ϕ depends is omitted for simplicity.
In this section, the Cartesian spatial coordinates are

used and three-dimensional vectors are represented in
terms of boldface letters. Then, the electrostatic poten-
tial ϕ(X + ρ) is Taylor expanded about the gyrocenter
position X as

ϕ(X+ ρ) =

∞∑
n=0

1

n!

3∑
j1=1

· · ·
3∑

jn=1

ρj1 · · · ρjn ∂nϕ(X)

∂Xj1 · · · ∂Xjn
,

(6)
where Xj and ρj (j = 1, 2, 3) and the Cartesian spatial
coordinates of the gyrocenter position vector X and the
gyroradius vector ρ, respectively. Substituting Eq. (6)
into Eq. (4), we obtain

⟨ϕ(X+ ρ)⟩ϑ =

∞∑
n=0

3∑
j1=1

· · ·
3∑

jn=1

αj1···jn

n!

∂nϕ(X)

∂Xj1 · · · ∂Xjn
,

(7)
where the gyrophase average of a product of n gyroradius
vector components is denoted by

αj1···jn ≡ ⟨ρj1 · · · ρjn⟩ϑ. (8)

Obviously, αj1···jn is symmetric with respect to arbitrary
permutations of the indices j1, · · · , jn. It can be shown
that

αj1···jn = 0 for odd n, (9)

and

αj1···j2l =
1

(2l)!

∑
σ∈S2l

ηjσ(1)···jσ(2l) , (10)

where S2l is the symmetric group of permutations of the
set {1, 2, · · · , 2l} and ηj1···j2l is defined by

ηj1···j2l =
(2l)!

(l!)2

(ρ
2

)2l
hj1j2hj3j4 · · ·hj2l−1j2l , (11)
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with

ρ ≡ c

e

√
2mµ

B
, (12)

and

hij ≡ δij − bibj . (13)

Here, bi is the ith contravariant component of b ≡ B/B
and δij represents the Kronecker delta; δij = 1 (for i =
j), 0 (for i ̸= j). In Eq. (3), we also find that

⟨(ϕ̃)2⟩ϑ =

∞∑
m=1

∞∑
n=1

3∑
i1=1

· · ·
3∑

im=1

3∑
j1=1

· · ·
3∑

jn=1

βi1···im;j1···jn

m! n!

× ∂nϕ(X)

∂Xi1 · · · ∂Xim

∂nϕ(X)

∂Xj1 · · · ∂Xjn
, (14)

where

βi1···im;j1···jn ≡ αi1···imj1···jn − αi1···imαj1···jn (15)

is defined and it satisfies

βi1···im;j1···jn = 0 for odd (m+ n). (16)

The expressions given in Eqs. (7), (13), and (14) are valid
in the Cartesian spatial coordinates although they can
be easily transformed into those in general spatial coor-
dinates as shown in Sec. III.

III. EULERIAN VARIATIONAL PRINCIPLE FOR
DERIVATION OF THE COLLISIONLESS GYROKINETIC
SYSTEM OF EQUATIONS IN GENERAL SPATIAL
COORDINATES

In this section, the governing equations for the distri-
bution functions and the turbulent electrostatic potential
in the collisionless gyrokinetic system are derived from
the Eulerian variational principle using the Lagrangian
density represented in general spatial coordinates.

A. The Lagrangian density represented in general spatial
coordinates

The action integral IGKF for the Eulerian variational
principle to derive all of the governing equations of the
collisionless electrostatic gyrokinetic turbulent system is
written as

IGKF ≡
∫ t2

t1

dt LGKF ≡
∫ t2

t1

dt

∫
V

d3x LGKF , (17)

where the Lagrangian density LGKF is given by

LGKF ≡ LGK + LF

≡
∑
a

∫
d3v Fa(x, v, t)LGY a(x, v, t)

+

√
g

8π
gij(x)(EL)i(x, t)(EL)j(x, t), (18)

Here, d3x ≡ dx1dx2dx3 and d3v ≡ dv∥dµdϑ are used
and the subscript a represents the particle species with
mass ma and charge ea. We use x ≡ (xi)i=1,2,3 and
v ≡ (v∥, µ, ϑ) as the gyrocenter phase-space coordi-
nates. It should be emphasized that, in this section,
x ≡ (xi)i=1,2,3 represent general spatial coordinates of
the gyrocenter position which can be either Cartesian
or any other curved coordinates. However, here we as-
sume that the spatial position vector r = r(x) is a func-
tion of only the spatial coordinates x ≡ (xi)i=1,2,3 and
it is independent of time t. The gyrocenter distribution
function on the (x, v)-space is denoted by Fa, and the
number of particles of species a in the phase-space vol-
ume element d3xd3v ≡ dx1dx2dx3dv∥dµdϑ at time t is

given by Fa(x, v, t)d
3xd3v. The field part LF of the La-

grangian density LGKF in Eq. (18) is written in terms of
the covariant components of the electric field due to the
electrostatic potential,

(EL)i ≡ −∂ϕ(x, t)

∂xi
. (19)

In this paper, we employ the summation convention
that the same symbol used for a pair of upper and lower
indices within a term [such as seen in Eq. (18) as well
as in the equations shown below] indicates summation
over the range {1, 2, 3} of the symbol index. The con-
travariant metric tensor components gij in the general
spatial coordinates x ≡ (xi) are related to the covari-
ant components gij by gikgkj = δij , where δij represents
the Kronecker delta. The determinant of the covariant
metric tensor matrix is denoted by

g(x) ≡ det[gij(x)]. (20)

Note that gij(x), g
ij(x), and g(x) are all independent of

time t because the spatial position vector r is assumed
to be given by a function of only the spatial coordinates
x ≡ (xi)i=1,2,3, independently of time t as mentioned
earlier.
The gyrocenter Lagrangian for species a, which is mul-

tiplied by Fa to define LGK in Eq. (18), is represented in
the Eulerian picture by

LGY a ≡
(ea
c
Aj(x, t) +mav∥b

i(x, t)gij(x)
)
uj
ax(x, v, t)

+
mac

ea
µuaϑ(x, v, t)−HGY a(x, v∥, µ, t), (21)

where Aj is the jth covariant component of the vector
potential, bi ≡ Bi/B is the ith contravariant component
of the unit vector parallel to the background magnetic
field, and the magnetic field strength is given by

B(x, t) ≡
√
gij(x)Bi(x, t)Bj(x, t). (22)

The contravariant components (Bi)i=1,2,3 of the mag-
netic field are expressed in terms of the covariant com-
ponents (Ai)i=1,2,3 of the vector potential as

Bi(x, t) =
ϵijk√
g(x)

∂Ak(x, t)

∂xj
, (23)
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where the Levi-Civita symbol is denoted by

ϵijk ≡ ϵijk

≡

 1 ((i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2))
−1 ((i, j, k) = (1, 3, 2), (2, 1, 3), (3, 2, 1))
0 (otherwise).

(24)

The gyrocenter Hamiltonian is written here as

HGY a(x, v∥, µ, t) ≡
1

2
mav

2
∥ + µB(x, t) + eaΨa(x, µ, t),

(25)
and the electrostatic fluctuation part is given by

Ψa(x, µ, t) ≡ ϕ(x, t)+ΨE1a(x, µ, t)+ΨE2a(x, µ, t), (26)

where

ΨE1a(x, µ, t) ≡
∞∑

n=1

αj1···jn
a (x, µ, t)

n!
∇j1 · · ·∇jnϕ(x, t),

(27)
and

ΨE2a(x, µ, t) ≡ −ea

∞∑
m=1

∞∑
n=1

(m+ n)

m! n!

βi1···im;j1···jn
a (x, µ, t)

4µB(x, t)

× (∇i1 · · · ∇imϕ(x, t)) (∇j1 · · · ∇jnϕ(x, t)). (28)

Here, αj1···jn
a (x, µ, t) and βi1···im;j1···jn

a (x, µ, t) are defined
by Eqs. (8)–(12) and (15) in which hij is represented in
the general spatial coordinates x ≡ (xi)i=1,2,3 by

hij ≡ gij − bibj , (29)

and the covariant derivative∇j is defined in Appendix A.
The Eulerian representation of the gyrocenter La-

grangian LGY a shown in Eq. (21) contains the tempo-
ral change rates of the gyrocenter position coordinates,
parallel velocity, magnetic moment, and gyrophase at
time t which are represented by the functions ui

ax(x, v, t),
uav∥(x, v, t), uaµ(x, v, t), and uaϑ(x, v, t), respectively, in

the same way as in Ref.30. Then, the distribution func-
tion Fa(x, v, t) satisfies

∂Fa

∂t
+

∂

∂xj
(Fau

j
ax) +

∂

∂v∥
(Fauav∥) +

∂

∂µ
(Fauaµ)

+
∂

∂ϑ
(Fauaϑ) = 0. (30)

We find here that the gyrocenter Hamiltonian HGY a

given in Eq. (25) takes a functional form,

HGY a = HGY a [v, ∂jAi(x, t), {∂Jϕ(x, t)}, {∂Jgij(x)}] ,
(31)

which depends on the velocity space coordinates (ex-
cept for ϑ) as well as the general spatial coordi-
nates x ≡ (xi)i=1,2,3 through the field variables
[∂jAi(x, t), {∂Jϕ(x, t)}, {∂Jgij(x)}]. Here, we use the
notation J ≡ (j1, j2, · · · , jn) (for n = 0, 1, 2, · · · and
j1, j2, · · · , jn = 1, 2, 3) to write

∂JF ≡
{

F (n = 0)
∂j1j2···jnF ≡ ∂nF/∂xj1∂xj2 · · · ∂xjn (n ≥ 1)

(32)

where F is an arbitrary function of x = (xi)i=1,2,3.
Then, the compact notations {∂Jϕ(x, t)} and {∂Jgij(x)}
in Eq. (31) imply

{∂Jϕ} ≡ {ϕ, ∂jϕ, ∂jkϕ, ∂jklϕ, · · · }, (33)

and

{∂Jgij} ≡ {gij , ∂kgij , ∂klgij , ∂klmgij , · · · }, (34)

respectively. Note that the high-order spatial deriva-
tives included in Eqs. (33) and (34) enter the gyrocen-
ter Hamiltonian HGY a due to finite gyroradius as seen
in Eqs. (27) and Eqs. (28) where the covariant deriva-
tives contain the spatial derivatives of gij through the
Christoffel symbols defined by Eq. (A4) in Appendix A.

In the same way as in Eq. (31), the functional form of
the gyrocenter Lagrangian LGY a is written as

LGY a = LGY a

[
v, ui

ax(x, v, t), uaϑ(x, v, t), Ai(x, t),

∂jAi(x, t), {∂Jϕ(x)}, {∂Jgij(x)}] , (35)

where the Eulerian representations of the temporal
change rates of the gyrocenter position and the gy-
rophase, ui

ax(x, v, t) and uaϑ(x, v, t), are additionally in-
cluded. In Eq. (35), uax(x, v, t), uaϑ(x, v, t), and ϕ(x, t)
are the functions, the governing equations of which are
derived from the variation principle in Sec. III.C while
the dependence of LGY a on Ai(x, t), ∂jAi(x, t), and
∂Jgij(x, t) is also explicitly shown because their varia-
tions need to be taken into account to evaluate the vari-
ation of LGY a in Sec. IV where, in order to derive the
local momentum balance, we consider the general spatial
coordinate transformation which causes the variations in
the functional forms of both (uax, uaϑ, ϕ) and (Ai, gij).
Here, using Eq. (19) and (33), we note that {∂Jϕ} can
be replaced by

{ϕ, {∂J(EL)i}}, (36)

where

{∂J(EL)i} ≡ {(EL)i, ∂j(EL)i, ∂jk(EL)i, ∂jkl(EL)i, · · · }.
(37)

B. The Lagrangian density associated with polarization

We find from Eqs. (21) and (25)–(28) that the part
of the Lagrangian density LGY a which includes the per-
turbed potential is given by

LΨa ≡ −
∫

d3v Fa eaΨa = −eaN
(g)
a ϕ+ LE1a + LE2a,

(38)

where the gyrocenter density N
(g)
a is defined by

N (g)
a ≡

∫
d3v Fa, (39)
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LE1a is given in the linear form with respect to the longi-
tudinal electric field (EL)i ≡ −∂ϕ/∂xi and its covariant
derivatives,

LE1a ≡ −
∫

d3v Fa eaΨE1a

=

∞∑
k=1

Qj1···j2k
0a ∇j1 · · · ∇j2k−1

(EL)j2k , (40)

and LE2a is given in the quadratic form,

LE2a ≡ −
∫

d3v Fa eaΨE2a

=
1

2

∞∑
m=1

Qi1···im
Ea ∇i1 · · ·∇im−1

(EL)im

=
1

2

∞∑
m=1

∞∑
n=1

χi1···im;j1···jn
a ∇i1 · · ·∇im−1

(EL)im

×∇j1 · · ·∇jn−1(EL)jn . (41)

In this paper, the longitudinal (irrotational) and trans-
verse (solenoidal) parts of any vector field are represented
by the subscripts L and T , respectively.51 In Eq. (40),

there appear the multipole moments Qj1···j2k
0a of the elec-

tric charge distribution51 of species a induced by finite
gyroradius,

Qj1···j2k
0a ≡ ea

∫
d3v Fa

αj1···j2k
a

(2k)!
, (42)

which can exist even without the electric field (EL)i. The

multipole moments Qi1···im
Ea of the electric charge distri-

bution of species a induced by the longitudinal electric
field (EL)i is shown in Eq. (41), and they are given in
the linear form with respect to (EL)i and its covariant
derivatives as

Qi1···im
Ea ≡

∞∑
n=1

χi1···im;j1···jn
a ∇j1 · · ·∇jn−1

(EL)jn . (43)

Here, the coefficients χi1···im;j1···jn
a are defined by

χi1···im;j1···jn
a ≡ e2a

∫
d3v

Fa

2µB

(m+ n)βi1···im;j1···jn
a

m! n!
,

(44)
which are regarded as the generalized electric suscepti-
bility produced by finite gyroradius. It is remarked that
Qi1···im

0a and Qi1···im
Ea are both symmetric with respect to

arbitrary permutations of the indices i1, · · · , im because
αi1···im
a has the same symmetry.
Taking the summation of Eq. (38) over species a, we

obtain

LΨ ≡
∑
a

LΨa = −ρ(g)ϕ+ LE1 + LE2, (45)

where the gyrocenter charge density ρ(g) is given by

ρ(g) ≡
∑
a

eaN
(g)
a , (46)

and the parts of the Lagrangian density associated with
polarization are represented by LE1 and LE2. Here, LE1

is defined by

LE1 ≡
∑
a

LE1a =

∞∑
k=1

Qj1···j2k
0 ∇j1 · · ·∇j2k−1

(EL)j2k ,

(47)
with the multiple moments induced by finite gyroradius,

Qj1···j2k
0 ≡

∑
a

Qj1···j2k
0a , (48)

and LE2 is defined by

LE2 ≡
∑
a

LE2a =
1

2

∞∑
m=1

Qi1···im
E ∇i1 · · ·∇im−1(EL)im

=
1

2

∞∑
m=1

∞∑
n=1

χi1···im;j1···jn∇i1 · · ·∇im−1
(EL)im

×∇j1 · · ·∇jn−1
(EL)jn , (49)

with the multiple moments induced by the longitudinal
electric field (EL)i and its covariant derivatives,

Qi1···im
E ≡

∑
a

Qi1···im
Ea

=

∞∑
n=1

χi1···im;j1···jn∇j1 · · ·∇jn−1
(EL)jn , (50)

and the generalized electric susceptibility due to finite
gyroradius,

χi1···im;j1···jn ≡
∑
a

χi1···im;j1···jn
a . (51)

C. Derivation of the governing equations of the
collisionless electrostatic gyrokinetic turbulent system

Here we virtually allow the phase-space trajectories
for all species and the electrostatic potential to vary in-
finitesimally. Following the same procedure as in Ref.30,
the variations in the gyrocenter position, parallel ve-
locity, magnetic moment, and gyrophase of the phase-
space trajectory are represented in the Eulerian pic-
ture by δxi

aE(x, v, t), δva∥E(x, v, t), δµaE(x, v, t), and
δϑaE(x, v, t), respectively. We also denote the variation
in the electrostatic potential by δϕ. Then, in terms of
δxi

E , δv∥E , δµE , and δϑE , the variations in the func-

tional forms of ui
ax, uav∥ , uaµ, and uaϑ due to the virtual
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displacement are written as

δui
ax =

(
∂

∂t
+ uj

ax

∂

∂xj
+ uav∥

∂

∂v∥
+ uaµ

∂

∂µ
+ uaϑ

∂

∂ϑ

)
δxi

aE

−
(
δxj

aE

∂

∂xj
+ δva∥E

∂

∂v∥
+ δµaE

∂

∂µ
+ δϑaE

∂

∂ϑ

)
ui
ax,

δuav∥ =

(
∂

∂t
+ uj

ax

∂

∂xj
+ uav∥

∂

∂v∥
+ uaµ

∂

∂µ
+ uaϑ

∂

∂ϑ

)
δva∥E

−
(
δxj

aE

∂

∂xj
+ δva∥E

∂

∂v∥
+ δµaE

∂

∂µ
+ δϑaE

∂

∂ϑ

)
uav∥ ,

δuaµ =

(
∂

∂t
+ uj

ax

∂

∂xj
+ uav∥

∂

∂v∥
+ uaµ

∂

∂µ
+ uaϑ

∂

∂ϑ

)
δµaE

−
(
δxj

aE

∂

∂xj
+ δva∥E

∂

∂v∥
+ δµaE

∂

∂µ
+ δϑaE

∂

∂ϑ

)
uaµ,

δuaϑ =

(
∂

∂t
+ uj

ax

∂

∂xj
+ uav∥

∂

∂v∥
+ uaµ

∂

∂µ
+ uaϑ

∂

∂ϑ

)
δϑaE

−
(
δxj

aE

∂

∂xj
+ δva∥E

∂

∂v∥
+ δµaE

∂

∂µ
+ δϑaE

∂

∂ϑ

)
uaϑ,

(52)

and the variation in the distribution function Fa is given
by

δFa = − ∂

∂xj
(Faδx

j
aE)−

∂

∂va∥
(Faδva∥E)−

∂

∂µ
(FaδµaE)

− ∂

∂ϑ
(FaδϑaE). (53)

Using Eqs. (17), (18), (45), (52) and (53), the variation
in the action integral IGKF is expressed as

δIGKF =
∑
a

∫ t2

t1

dt

∫
V

d3x

∫
d3v Fa

×
[{(

∂LGY a

∂xi

)
u

−
(

d

dt

)
a

(
∂LGY a

∂ui
ax

)}
δxi

aE

+

(
∂LGY a

∂v∥

)
u

δv∥aE +

(
∂LGY a

∂µ

)
u

δµaE

+

{(
∂LGY a

∂ϑ

)
u

−
(

d

dt

)
a

(
∂LGY a

∂uaϑ

)}
δϑaE

]
+

∫ t2

t1

dt

∫
V

d3x

(
ρ(g) − 1

4π

∂(
√
gDi)

∂xi

)
δϕ+B.T., (54)

where Di represents the electric displacement vec-
tor defined later in Eq. (73) and B.T. represents
boundary terms that appear due to partial integrals.
Here, (∂LGY a/∂x

i)u, (∂LGY a/∂v∥)u, (∂LGY a/∂µ)u, and

(∂LGY a/∂ϑ)u denote the derivatives of LGY a in xi, v∥, µ,

and ϑ, respectively, with (ui
ax, uaϑ) kept fixed in LGY a,

and the time derivative along the phase-space trajectory
is represented by(

d

dt

)
a

≡ ∂

∂t
+ uk

ax

∂

∂xk
+ uav∥

∂

∂v∥
+ uaµ

∂

∂µ
+ uaϑ

∂

∂ϑ
.

(55)

We now employ the Eulerian variation principle which
implies that the collisionless gyrokinetic equations for the
distribution functions of all species and the gyrokinetic
Poisson’s equation for the electrostatic potential can be
derived from the condition that δIGKF = 0 for arbitrary
variations δxi

aE , δva∥E , δµaE , δϑaE , and δϕ which vanish
on the boundaries of the integral region to make B.T.
disappear in Eq. (54).
We first use δIGKF /δx

i
aE = 0 to obtain(

d

dt

)
a

pai =

(
∂LGY a

∂xi

)
u

, (56)

where pai represents the covariant vector component of
the canonical momentum defined by

pai ≡
∂LGY a

∂ui
ax

=
ea
c
Ai(x, t)+mav∥bi(x, t) ≡

ea
c
A∗

ai(x, v∥, t).

(57)
We should note that the distribution function Fa is in-
cluded as a factor in δIGKF /δx

i
aE = 0 although it is

omitted from Eq. (56) for simplicity. This omission of
Fa is also performed in the other equations obtained
below from δIGKF /δva∥E = 0, δIGKF /δµaE = 0, and
δIGKF /δϑaE = 0 although it does not make a difference
in deriving the resultant collisionless gyrokinetic equation
in Eq. (69). We can rewrite Eq. (56) as

mauav∥bi = ea

(
−∂Ψa

∂xi
− 1

c

∂A∗
ai

∂t
+

1

c

√
gϵijku

j
xB

∗k
)

− µ
∂B

∂xi
, (58)

where the modified magnetic field is defined by

B∗i
a ≡ ϵijk

√
g

∂A∗
ak

∂xj
, (59)

respectively.
Next, δIGKF /δva∥E = 0 is used to obtain(

∂LGY a

∂v∥

)
u

= ma

(
ui
axbi − v∥

)
= 0, (60)

from which we have

ui
axbi = v∥. (61)

Furthermore, δIGKF /δµaE = 0 and δIGKF /δϑaE = 0
yield(

∂LGY a

∂µ

)
u

=
mac

ea
uaϑ −B − ea

∂Ψa

∂µ
= 0, (62)

and(
d

dt

)
a

(
∂LGY a

∂uaϑ

)
=

mac

ea
uaµ =

(
∂LGY a

∂ϑ

)
u

= 0, (63)

respectively.
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Equations (58), (61), (62), and (63) are rewritten as

ui
ax =

1

B∗
a∥

[
v∥B

∗i
a + c

ϵijk
√
g
bj

(
µ

ea

∂B

∂xk
+

∂Ψa

∂xk
+

1

c

∂A∗
ak

∂t

)]
,

(64)

mauav∥ = −B∗i
a

B∗
a∥

[
µ
∂B

∂xi
+ ea

(
∂Ψa

∂xi
+

1

c

∂A∗
ai

∂t

)]
, (65)

uaµ = 0, (66)

and

uaϑ = Ωa +
e2a
mac

∂Ψa

∂µ
, (67)

where Ωa ≡ eaB/(mac) and

B∗
a∥ ≡ B∗i

a bi. (68)

Equations (64) and (65) are obtained by taking the vec-
tor and scalar products between the magnetic field and
Eq. (58), respectively. We can verify that the right-hand
sides of Eqs. (64)–(67) are all independent of ϑ and that
the magnetic moment µ is an invariant of motion as seen
from Eq. (66).

Substituting Eqs. (64)–(67) into Eqs. (30) and taking
its average with respect to the gyrophase ϑ, the collision-
less gyrokinetic equation is derived as

∂F a

∂t
+

∂

∂xi

[
F a

1

B∗
a∥

{
v∥B

∗i
a + c

ϵijk
√
g
bj

×
(

µ

ea

∂B

∂xk
+

∂Ψa

∂xk
+

1

c

∂A∗
ak

∂t

)}]
+

∂

∂v∥

[
F a

B∗i
a

maB∗
a∥

{
−ea

(
∂Ψa

∂xi
+

1

c

∂A∗
ai

∂t

)
− µ

∂B

∂xi

}]
= 0, (69)

where F a denotes the gyrophase-averaged distribution
function,

F a ≡ ⟨Fa⟩ϑ ≡
∮

dϑ

2π
Fa. (70)

The remaining governing equation of the system,
namely, the gyrokinetic Poisson’s equation is derived
from the condition that the variational derivative of the
action integral IGKF with respect to the electrostatic po-
tential ϕ vanishes, δIGKF /δϕ = 0. Since the time deriva-
tive of ϕ never appears in the Lagrangian density LGKF ,
the above-mentioned condition can be replaced using the
Lagrangian LGKF instead of IGKF by

δLGKF [ϕ]

δϕ
(x) ≡ d

dϵ
LGKF [ϕ+ ϵδ3x]

∣∣∣∣
ϵ=0

= 0, (71)

where δ3x with the subscript x = (xi)i=1,2,3 represents
the function that takes a value δ3x(y) = δ(y1 − x1)δ(y2 −

x2)δ(y3 − x3) at y = (yi)i=1,2,3. Equation (71) gives the
gyrokinetic Poisson’s equation,

∂(
√
gDi)

∂xi
= 4πρ(g), (72)

where the electric displacement vector Di is written as

√
gDi ≡ √

gEi
L + 4πP i

G. (73)

Here, the generalized polarization vector density P i
G is

defined by

P i
G ≡ δLGK

δ(EL)i
≡ d

dϵ
LGK [(EL)i + ϵδ3x]

∣∣∣∣
ϵ=0

=

∞∑
m=1

∞∑
n=1

(−1)m−1∇i1 · · · ∇im−1
Qi i1···im−1

= −
∞∑
k=1

∇j1 · · ·∇j2k−1
Q

j1···j2k−1i
0 +

∞∑
m=1

∞∑
n=1

(−1)m−1

×∇i1 · · ·∇im−1
[χi i1···im−1;j1···jn∇j1 · · · ∇jn−1

(EL)jn ], (74)

in which not only the dipole moment but also other mul-
tipole moments51 occurring due to finite gyroradius are
included. The multipole moments Qi1···im in Eq. (74) are
generally given by the sum of the two parts,

Qi1···im ≡ Qi1···im
0 +Qi1···im

E , (75)

where Qi1···im
0 and Qi1···im

E are defined by Eqs. (48) and

(50), respectively. It should be noted that Qi1···im
0 van-

ishes unless m is an even integer. Taking only the con-
tribution of m = 1 to the summation over m in Eq. (75),
we obtain the dipole moment density which is denoted
by

P i
D ≡ Qi

E ≡ ∂LGK

∂(EL)i
. (76)

The presence of the infinite series due to the finite
gyroradius in Eq. (74) and other places has an anal-
ogy with that for the case of macroscopic electromag-
netism described in detail in Ref.51 where the macro-
scopic charge density is evaluated for the system con-
sisting of molecules. The contribution of each molecule
to the macroscopic charge density is calculated by spa-
tially averaging the microscopic charge density (given by
the point charges constituting the molecule) around the
center of mass of the molecule. Then, the resultant ex-
pression of the macroscopic charge density is given by the
series expansion associated with the multipole moments
due to the finite distance of each point charge from the
center of mass of the molecule. The local spatial aver-
age of the microscopic charge density in the system of
molecules is replaced by the phase-space integration in
the present case of the gyrokinetic system to represent
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the macroscopic charge density as

ρ(g)(x, t)−∇ ·PG(x, t)

=
δ

δϕ(x)

[∑
a

ea

∫
d3x′

∫
d3v Fa(x

′, v, t)Ψa(x
′, v, t)

]

=
∑
a

ea

∫
d3x′

∫ ∞

−∞
dv∥

∫ ∞

0

dµ

∫ 2π

0

dϑF a(x
′, v∥, µ)

×
[
δ(x′ + ρa − x)− ea

B

∂

∂µ

{
ϕ̃(x′, µ, ϑ)δ(x′ + ρa − x)

}]
,

(77)

which contains the polarization effect due to the finite gy-
roradius and the microscopic electrostatic fluctuations.
In Eq. (77), the Cartesian spatial coordinates are used
and three-dimensional vectors are represented in terms
of boldface letters. In the square brackets on the right-
hand side of Eq. (77), the first and second terms give the
point charge density of the particle at x = x′ + ρa and
its correction due to the electrostatic fluctuation, respec-
tively. We can see that the effect of the finite gyroradius
(or the finite distance between the particle and gyrocen-
ter positions) is included in the delta functions, which
cause the infinite series expansions to appear in Eq. (74)
and other equations related to the polarization (or dipole
and multipole moments).

IV. DERIVATION OF THE MOMENTUM BALANCE

In this section, we use the invariance of the Lagrangian
under arbitrary infinitesimal transformations of spatial
coordinates to derive the momentum balance equation for
the single-particle-species system and that for the whole
system including all species and the field.

A. Invariance of the Lagrangian under arbitrary spatial
coordinate transformations

We now consider the infinitesimal transformation of
the spatial coordinates from x = (xi)i=1,2,3 to x′ =
(x′i)i=1,2,3, which is written as

x′i = xi + ξi(x). (78)

Here, the infinitesimal variation in the spatial coordinate
xi is denoted by ξi(x) which is an arbitrary function of
only the spatial coordinates x = (xi)i=1,2,3 and indepen-
dent of time t.

From Eq. (18), the gyrokinetic part of the Lagrangian
for species a is found to be given by

LGKa ≡
∫
V

d3xLGKa ≡
∫
V

d3x

∫
d3v FaLGY a, (79)

where the gyrocenter Lagrangian LGY a is defined in
Eq. (21). Since LGKa shown in Eq. (79) is a scalar con-

stant which is invariant under arbitrary spatial coordi-
nate transformations including the infinitesimal transfor-
mation given by Eq. (78), we have

δLGKa ≡
∫
V

d3x

(
∂(ξiLGKa)

∂xi
+ δLGKa

)
= 0. (80)

Note that here and hereafter we use δ · · · to represent
the variation associated with the infinitesimal spatial co-
ordinate transformation which should be distinguished
from the variation δ · · · due to the virtual displace-
ment treated in Sec. III. The divergence term in the
integrand of Eq. (80) appears due to the difference be-
tween the domains of integrations in x = (xi)i=1,2,3 and

x′ = (x′i)i=1,2,3 while δLGKa in the integrand represents
the variation in the spatial functional form of LGKa due
to the infinitesimal spatial coordinate transformation.
As shown in Appendix B, the variation in the spatial

functional form of an arbitrary tensor field (as well as
an arbitrary tensor field density) due to the infinitesi-
mal spatial coordinate transformation given in Eq. (78)
is written as the opposite sign of its Lie derivative52 with
respect to the generating vector field ξi, and it is rep-
resented by δ = −Lξ. It is also noted that since the
Lagrangian density behaves as a scalar field density un-
der arbitrary spatial coordinate transformations, the Lie
derivative of LGKa is given by

LξLGKa =
∂(ξiLGKa)

∂xi
. (81)

Therefore, the integrand in Eq. (80) is simply rewritten as
LξLGKa − LξLGKa(= 0), from which its spatial integral

δLGKa is naturally found to vanish as shown in Eq. (80).
We now use Eq. (79) and the Leibniz rule for the

derivative operation by δ = −Lξ to write the variation
in the spatial functional form of the Lagrangian density
LGKa as

δLGKa =

∫
d3v δ(FaLGY a)

=

∫
d3v (δFa · LGY a + Fa · δLGY a). (82)

Then, using Eqs. (81)–(82) and δ = −Lξ, Eq. (80) is
rewritten as

δLGKa =

∫
V

d3x

∫
d3v [−δ(FaLGY a) + δ(FaLGY a)]

=

∫
V

d3x

∫
d3v Fa(−δLGY a + δLGY a)

=

∫
V

d3x

∫
d3v Fa

(
ξi
∂LGY a

∂xi
+

∂LGY a

∂ui
ax

δui
ax

+
∂LGY a

∂ui
aϑ

δui
aϑ +

∑
J

∂LGY a

∂(∂JAi)
δ(∂JAi)

+
∑
J

∂LGY a

∂(∂Jϕ)
δ(∂Jϕ) +

∑
J

∂LGY a

∂(∂Jgij)
δ(∂Jgij)

)
= 0. (83)
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Equation (83) is found to hold by noting that LξLGY a =
ξi∂LGY a/∂x

i (because LGY a behaves as a scalar field
under arbitrary spatial coordinate transformations) and
that the chain rule is applied to the derivative operation
δ = −Lξ on LGY a[u

i
ax, u

i
aϑ, {∂JAi}, {∂Jϕ}, {∂Jgij}] as

δLGY a = −ξi
∂LGY a

∂xi

=
∂LGY a

∂ui
ax

δui
ax +

∂LGY a

∂ui
aϑ

δui
aϑ +

∑
J

∂LGY a

∂(∂JAi)
δ(∂JAi)

+
∑
J

∂LGY a

∂(∂Jϕ)
δ(∂Jϕ) +

∑
J

∂LGY a

∂(∂Jgij)
δ(∂Jgij), (84)

where ∂LGY a/∂(∂JAi) = 0 when the order of J is greater
than or equal to two [see Eq. (35)].

We next consider the invariance of the Lagrangian
LGKF of the whole system under the infinitesimal spatial
coordinate transformation, which is written in the same
way as in Eq. (80) by

δLGKF ≡
∫
V

d3x

(
∂(ξiLGKF )

∂xi
+ δLGKF

)
= 0, (85)

where LGKF consists of the gyrokinetic and field parts as
shown in Eqs. (17) and (18). Procedures similar to those
leading to Eq. (83) can be made to obtain

δLGKF =

∫
V

d3x

[∑
a

∫
d3v Fa

(
ξi
∂LGY a

∂xi
+

∂LGY a

∂ui
ax

δui
ax

+
∂LGY a

∂ui
aϑ

δui
aϑ +

∑
J

∂LGY a

∂(∂JAi)
δ(∂JAi)

+
∑
J

∂LGY a

∂(∂Jϕ)
δ(∂Jϕ) +

∑
J

∂LGY a

∂(∂Jgij)
δ(∂Jgij)

)

+
∂(ξiLF )

∂xi
+

∂LF

∂(∂ϕ/∂xi)
δ

(
∂ϕ

∂xi

)
+

∂LF

∂gij
δgij

]
= 0. (86)

The invariance shown in Eq. (86) can also be confirmed
using Eq. (84) and the following formula for the deriva-
tive of LF [∂ϕ/∂x

i, gij ] with respect to δ = −Lξ,

δLF = −∂(ξiLF )

∂xi

=
∂LF

∂(∂ϕ/∂xi)
δ

(
∂ϕ

∂xi

)
+

∂LF

∂gij
δgij . (87)

It is summarized from Eqs. (83), (84), (86), and (87)
that the invariance of the scalar constants of LGKa and
LGKF under the infinitesimal spatial transformation can
be verified using the chain rule formulas for the derivative
operation δ = −Lξ on the scalar field LGY a and the
scalar field density LF . The invariance formulas shown
in Eqs. (83) and (86) are used to derive the momentum
balance equation for the single-species system in Sec.IV.B
and that for the whole system including all species and
the field in Sec. IV.C, respectively.

B. Derivation of the momentum balance for a single
particle species

We now use the Euler-Lagrange equations for gyrocen-
ter motion [Eqs. (56), (60), (62), and (63)] and perform
partial integrals to rewrite (83) as

δLGKa =

∫
V

d3x

[
ξi
∫

d3v

{
∂

∂t

(
Fa

∂LGY a

∂ui
ax

)
−Ka

∂LGY a

∂ui
ax

}
+

δLGKa

δAi
δAi +

δLGKa

δϕ
δϕ

+
δLGKa

δgij
δgij

]
+B.T.

= 0, (88)

where, instead of using Eq. (30), the gyrocenter distribu-
tion function Fa is assumed to satisfy

∂Fa

∂t
+

∂

∂xj
(Fau

j
ax) +

∂

∂v∥
(Fauav∥) +

∂

∂µ
(Fauaµ)

+
∂

∂ϑ
(Fauaϑ) = Ka. (89)

Here, Ka represents the rate of temporal change in Fa

due to collisions and/or external sources for the species
a. In the present work, we assume that∑

a

ea

∫
d3vKa = 0 (90)

is satisfied by Ka. In fact, it is shown in Ref.43 that
Eq. (90) corresponds to the intrinsic ambipolarity of the
classical particle fluxes when Ka represents the collision
operator in the gyrocenter coordinates. The variational
derivative of LGKa with respect to Ai is given by

δLGKa

δAi
=
∑
J

(−1)#J∂J

(
∂LGKa

∂(∂JAi)

)
=

∂LGKa

∂Ai
− ∂

∂xj

(
∂LGKa

∂(∂Ai/∂xj)

)
=

ea
c
Γi
a, (91)

where the particle flux of species a is represented by

Γk
a ≡

∫
d3v Fau

k
ax +

c

ea
ϵkij

∂

∂xi

(∫
d3v

Fa√
g

×
[
−µbj +

mav∥

B

{
(uax)j − (uax)ib

ibj
}
− ea

∂Ψa

∂Bj

])
. (92)

The variational derivatives δLGKa/δϕ and δLGKa/δgij
are written as

δLGKa

δϕ
=
∑
J

(−1)#J∂J

(
∂LGKa

∂(∂Jϕ)

)
= −eaN

(p)
a (93)

and

δLGKa

δgij
=
∑
J

(−1)#J∂J

(
∂LGKa

∂(∂Jgij)

)
=

1

2
P ij
a , (94)
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respectively, where the particle densityN
(p)
a and the sym-

metric pressure tensor density P ij
a of species a are defined

by

eaN
(p)
a ≡ eaN

(g)
a −∇iP

i
Ga (95)

and

P ij
a ≡ 2

∑
J

(−1)#J

∫
d3v Fa

∂LGY a

∂(∂Jgij)
= P ij

CGLa+πij
∧a+P ij

Ψa,

(96)
respectively, and #J = n represents the order of J ≡
(j1, j2, · · · , jn).

On the right-hand side of Eq. (96), P i
Ga represents the

contribution of species a to the generalized polarization
vector density P i

G defined in Eq. (74) and it is written as

P i
Ga ≡ δLGKa

δ(EL)i

= −
∞∑
k=1

∇j1 · · · ∇j2k−1
Q

j1···j2k−1i
0a +

∞∑
m=1

∞∑
n=1

(−1)m−1

×∇i1 · · ·∇im−1 [χ
i i1···im−1;j1···jn
a ∇j1 · · · ∇jn−1(EL)jn ]. (97)

On the right-hand side of Eq. (96), P ij
CGLa is given in the

Chew-Goldberger-Low (CGL) form,41

P ij
CGLa =

∫
d3v Fa[mav

2
∥b

ibj + µB(gij − bibj)], (98)

and πij
∧a is defined by

πij
∧a ≡

∫
d3v Fmav∥[b

i(ux)
j
⊥ + (ux)

i
⊥b

j ]. (99)

Here, the perpendicular component of the gyrocenter ve-
locity is represented by (uax)

i
⊥ ≡ ui

ax − uk
axbkb

i. We
find that Eqs. (98) and (99) agree with those given by
Eqs. (124) and (125) in Ref.30 except for the effects of
the electrostatic fluctuations included in Fa and (uax)

i
⊥

on the right-hand side of Eqs. (98) and (99). We also
note that Eq. (99) contains the product of the fluctu-
ation parts of Fa and (uax)

i
⊥, the ensemble average of

which does not disappear but contributes to the turbu-
lent momentum transport. In the neoclassical transport
theory,41,42 it is considered that the CGL pressure ten-
sor shown in Eq. (98) contains the scalar (or isotropic)
part, which represents background pressure, and the
anisotropic part, the magnitude of which is smaller than
the background pressure by the factor ∼ ρ/L where ρ
and L represent the gyroradius and the equilibrium gra-
dient scale length, respectively. The anisotropic part of
the CGL pressure tensor causes the viscous force which
plays an essential role in the neoclassical transport pro-
cesses when the distribution function deviates from the
local Maxwellian under the influence of collisions.41,42

The magnitude of πij
∧a defined in Eq. (99) is regarded

as ∼ (ρ/L)2.

The last term on the right-hand side of Eq. (96) is
given by

P ij
Ψa

≡ −2
∑
J

(−1)#J

∫
d3v Faea

∂Ψa

∂(∂Jgij)
= P ij

E1a+P ij
E2a,

(100)

where P ij
E1a and P ij

E2a are defined in Eqs. (C5) and (C8)
of Appendix C, respectively. We note that the effects of
the turbulent electrostatic potential are included in the
definitions of P ij

Ψa
explicitly as well as in πij

∧a through the

turbulent drift velocity part of (uax)
i
⊥. Then, the nonlin-

ear interaction of the turbulent potential and the fluctua-
tion part of the gyrocenter distribution function included
in P ij

Ψa
and πij

∧a causes the turbulent momentum trans-
port. In Appendix D, the ensemble-averaged pressure
tensor describing the turbulent momentum transport is
given by the WKB representation.
Performing further partial integrals in Eq. (88) finally

gives

δLGKa =

∫
V

d3x ξjJ
j
GKa +B.T. = 0, (101)

where

Jj
GKa ≡ ∂

∂t

(
maN

(g)
a Vag∥b

j
)
−
∫

d3vKamav∥b
j

+ ea

(
N (p)

a gjk
∂ϕ

∂xk
+

1

c
N (g)

a

∂Aj

∂t

−1

c

ϵjkl
√
g
ΓakBl

)
+∇iP

ij
a (102)

and

N (g)
a Vag∥ ≡

∫
d3v Fav∥. (103)

In deriving Eq. (101)–(103), we have deformed Eq. (88)
using Eqs. (89), (91), (93), (94), δAi = −ξj(∂jAi) −
(∂iξ

j)Aj [see Eq. (B8)], δϕ = −ξj(∂jϕ) [see Eq. (B3)],

δgij = −∇iξj −∇iξi [see Eq. (B10)] and partial integra-
tion. Especially, the term ∇iP

ij
a in Eq. (102) is derived

from the term (δLGKa/δgij)δgij which is rewritten as

(δLGKa/δgij)δgij = − 1
2P

ij
a (∇iξj +∇iξi) = ξj(∇iP

ij
a ) −

∇i(ξjP
ij
a ), where P ij

a = P ji
a is also used and the spa-

tial integral of the last term ∇i(ξjP
ij
a ) becomes one of

the boundary terms. We now recall that an arbitrary in-
finitesimal vector field can be employed as ξi. Then, in
order for Eq. (101) to hold for any ξi, we need to have

Jj
GKa = 0, which gives the momentum balance equation

as

∂

∂t

(
maN

(g)
a Vag∥b

j
)
−
∫

d3vKamav∥b
j

= ea

(
−N (p)

a gjk
∂ϕ

∂xk
− 1

c
N (g)

a

∂Aj

∂t
+

1

c

ϵjkl
√
g
ΓakBl

)
−∇iP

ij
a . (104)
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As seen in Eqs. (126) and (152) of Ref.30, the relation
between the symmetric and canonical pressure tensors
is obtained from the other condition for the sum of the
boundary terms (B.T.) in Eq. (101) to vanish although
its complicated expression is not shown here. We see
that the inertia term in the momentum balance equa-
tion, Eq. (104), contains only the parallel momentum
component while the electric current eaΓ

k
a in the Lorentz

force term consists of the guiding-center current and the
magnetization current as shown in Eq. (92) [see also
Eq. (114)]. For comparison with Eq.(104), the canonical
momentum balance equation derived by the conventional
method is shown in Eq. (E5) of Appendix E where the
divergence of the asymmetric canonical pressure tensor
appears. In addition, the energy balance equation for
the single-species gyrokinetic system is given in Eq. (F2)
of Appendix F.

C. Derivation of the momentum balance for the whole
system

In the same way as in deriving Eq. (88), performing
partial integrals in Eq. (86) and using Eqs. (89), we have

δLGKF =

∫
V

d3x

[
ξi
∑
a

∫
d3v

{
∂

∂t

(
Fa

∂LGY a

∂ui
ax

)
−Ka

∂LGY a

∂ui
ax

}
+

δLGKF

δAi
δAi +

δLGKF

δϕ
δϕ

+
δLGKF

δgij
δgij

]
+B.T. (105)

Now, substituting Eq. (91) into δLGKF /δAi =∑
a δLGKa/δAi and using the gyrokinetic Poisson’s equa-

tion, δLGKF /δϕ = 0, and Eq. (94), Eq. (105) is finally
rewritten as

δLGKF =

∫
V

d3x ξjJ
j
GKF +B.T. = 0, (106)

where

Jj
GKF ≡

∑
a

[
∂

∂t

(
maN

(g)
a Vag∥b

j
)
−
∫

d3vKamav∥b
j

]
+
∑
a

ea
c

(
N (g)

a

∂Aj

∂t
− ϵjkl

√
g
ΓakBl

)
+∇iΘ

ij . (107)

Here, the symmetric pressure tensor Θij is defined by

Θij ≡ 2
δLGKF

δgij
≡ 2

[∑
J

(−1)#J

∫
d3v Fa

∂LGY a

∂(∂Jgij)
+

∂LF

∂gij

]
= P ij

CGL + πij
∧ + P ij

Ψ

+

√
g

4π

(
(EL)

k(EL)k
2

gij − (EL)
i(EL)

j

)
, (108)

where the last group of terms including (EL)i repre-
sents the Maxwell stress tensor due to the electrostatic

field with the opposite sign. Taking the summation of
Eqs. (98), (99), and (100) over species defines P ij

CGL, π
ij
∧ ,

and P ij
Ψ on the right-hand side of Eq. (108) as

P ij
CGL =

∑
a

∫
d3v Fa[mav

2
∥b

ibj +µB(gij − bibj)], (109)

πij
∧ ≡

∑
a

∫
d3v Famav∥[b

i(uax)
j
⊥ + (uax)

i
⊥b

j ], (110)

and

P ij
Ψ ≡

∑
a

P ij
Ψa

=
∑
a

(P ij
E1a + P ij

E2a), (111)

respectively. As mentioned after Eq. (100) as well as in
Appendix F, the turbulent momentum transport caused
by the nonlinear interaction of the turbulent potential
and the fluctuation part of the gyrocenter distribution
function is included in πij

∧ and P ij
Ψ .

From Eqs. (106) and (107), we obtain Jj
DKF = 0 which

represents the momentum balance equation for the whole
system,

∂

∂t

(∑
a

∫
d3v Famav∥b

j

)
−
∑
a

∫
d3vKamav∥b

j +∇iΘ
ij

=
∑
a

ea
c

(
−N (g)

a

∂Aj

∂t
+

ϵjkl
√
g
ΓakBl

)
. (112)

For comparison with Eq.(112), the canonical momentum
balance equation derived by the conventional method
is shown in Eq. (E11) of Appendix E where the diver-
gence of the asymmetric pressure tensor appears. The
condition for the sum of the boundary terms (B.T.) in
Eq. (106) to vanish results in a complicated expression
which is not shown here while it gives the relation be-
tween the symmetric pressure tensor Θij and the asym-
metric canonical pressure tensor in Eq. (E11). Here, us-
ing Eq. (92), the electric current density can be written
as

Jk ≡
∑
a

eaΓ
k
a =

∑
a

ea

∫
d3v Fau

k
ax+c ϵkij

∂Mj

∂xi
, (113)

where the covariant components of the magnetization
vector are defined by

Mj ≡
∑
a

∫
d3v

Fa√
g

[
−µbj +

mav∥

B

×
{
(uax)j − (uax)ib

ibj
}
− ea

∂Ψa

∂Bj

]
. (114)

Using Eqs. (89) and (90), we have

∂ρ(g)

∂t
+

∂J i

∂xi
= 0, (115)
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where ρ(g) is defined in Eq. (46). Combining Eq. (72)
and (115), we obtain

J i
L +

1

4π

∂(
√
gDi

L)

∂t
= 0, (116)

where the subscript L represents the longitudinal part. It
should be noted that the polarization current 4π∂P i

G/∂t
is included not in J i but in ∂(

√
gDi)/∂t.

It can be shown by performing further vector calcula-
tions that Eq. (112) is rewritten as

∂

∂t

(∑
a

∫
d3v Famav∥b+

1

4πc
(DL ×B)

)

+∇ · (PCGL + π∧ +PΨ) +∇
(
|EL|2

8π
+

ET ·DL

4π

)
−∇ ·

(
ELEL +DLET +ETDL

4π

)
+∇

(
B2

8π

)
−∇ ·

(
BB

4π

)
=
∑
a

∫
d3vKamav∥b+

(
∇×B

4π
− JT

c

)
×B, (117)

where the Cartesian spatial coordinates are used and
three-dimensional vectors are represented in terms of
boldface letters. The longitudinal part of the electric
displacement vector defined in Eq. (73) is represented by
DL. The longitudinal part of the electric field is written
as EL ≡ −∇ϕ while ET ≡ −c−1∂A/∂t gives the trans-
verse part under the Coulomb gauge condition ∇·A = 0.
We see that the time derivative of the momentum density
(DL×B)/(4πc) due to the electromagnetic field and the
spatial divergences of the pressure tensors produced by
both the electric and magnetic fields (the opposite sign
of the Maxwell stress tensor) appear in the momentum
balance equation in Eq. (117) where the effects of the
polarization PG [see Eq. (74)] are included through DL.

Here, recall that Fa(x, v, t) represents the gy-
rocenter distribution function of the gyrocenter
(not particle) position coordinates x ≡ (xi)i=1,2,3,
v ≡ (vi)i=1,2,3 ≡ (v∥, µ, ϑ) and time t [see descrip-
tions after Eq.(18)]. Then, from typical gyrokinetic
codes using the gyrocenter position coordinates as
independent variables for distribution functions, we
can directly evaluate the term

∫
d3v Famav∥b ≡∫∞

−∞ dv∥
∫∞
0

dµ
∫ 2π

0
dϑFa(x, v∥, µ, ϑ)mav∥b(x, t) in

Eq. (117), for which we do not need to specify the
transformation from the gyrocenter position coordinates
to the particle coordinates. As explained at the end of
Sec. III.C, the difference between the gyrocenter and
particle positions is taken into account in Eq. (117)
through the terms related to the polarization due to
the effects of the finite gyroradius and the electrostatic
fluctuation. Such polarization terms also appear in the
energy balance equations as seen in Eqs. (F7) and (F8)
in Appendix F.

When the polarization PG is eliminated from
Eq. (117), the terms including the electric field are
given by ∂[(EL×B)/(4πc)]/∂t and ∇[|EL|2/(8π)+(ET ·
EL)/(4π)]−∇·[(ELEL+ELET +ETEL)/(4π)] which are
verified to be the same as given in the momentum con-
servation law for the Vlasov-Poisson-Ampère (or Vlasov-
Darwin) system [see Eq. (32) of Ref.39]. In the case us-
ing the quasineutrality condition and the self-consistent
magnetic field given by ∇×B = (4π/c)J (J = JT from
∇ ·J = 0 due to the quasineutrality) as well as removing
polarization effects and Ka, we find that (DL×B)/(4πc)
and the part of the pressure tensor caused by the electric
field disappear from Eq. (117) and that Eq. (117) agrees
with the momentum conservation law for the drift kinetic
system shown in Eq. (151) of Ref.30.

The energy balance equation for the whole system is
derived in Appendix F [see Eqs. (F7) and (F8)] where,
in the same way as seen in Eq. (117), we can confirm the
consistency of the derived energy balance with the en-
ergy conservation laws obtained for the Vlasov-Poisson-
Ampère (or Vlasov-Darwin) system39 and the drift ki-
netic sytem30.
We note that, if the Lagrangian LGKF for the gyroki-

netic system defined by Eqs. (17) and (18) is modified
to LGKF∗ ≡ LGKF −

∫
V
d3x

√
gB2/(8π), the variational

equation δLGKF∗/δA = 0 yields ∇ × B = (4π/c)JT

which makes Eq. (117) take the form of the total momen-
tum conservation law in the case of

∑
a

∫
d3vKamav∥ =

0. Nevertheless, in the gyrokinetic turbulent system, this
condition is not generally imposed on the given equilib-
rium magnetic field B. It is because B is considered not
to contain the fluctuation part while JT can have fluc-
tuations. However, when the background magnetic field
satisfies spatial translation, rotation, or helical symmetry
and the effect of Ka is neglected, the local conservation
law of the canonical momentum in the direction of sym-
metry can be derived from δLGKF = 0 with Eq. (105) as
shown in Appendix G.

V. CONCLUSIONS

In this paper, the governing equations of the gyroki-
netic system with electrostatic turbulence are derived in
the general spatial coordinates based on the Eulerian
variational principle. The local momentum balance equa-
tion for each particle species and that for the whole sys-
tem, which the gyrocenter distribution functions and the
potential field satisfy, are obtained from the invariance of
the Lagrangians of these systems under arbitrary spatial
coordinate transformations.
It is shown that, when the background magnetic field

satisfies the consistency condition that its rotation is
given by the solenoidal part of the current density as
in the Darwin model, the momentum and energy bal-
ance equations for the whole system are rewritten in the
complete conservative forms where contributions of the
turbulent electric field and the background magnetic field
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are clearly given in the expressions of the momentum and
energy densities, the pressure tensor, and the energy flux.
The effects of the collision and/or external source terms
added into the gyrokinetic equation on the momentum
and energy balance equations are clarified as well.

The symmetric pressure tensor is directly obtained by
the variational derivative of the Lagrangian with respect
to the metric tensor components and it is shown to con-
tain the CGL part representing the neoclassical viscosity
as well as the turbulent momentum transport part, the
ensemble average of which is confirmed to agree with the
previous result obtained from the gyrokinetic theory us-
ing the WKB representation.

The representation in terms of the general spatial co-
ordinates is useful in treating complex toroidal plasmas
in suitable coordinates such as the flux coordinates. The
momentum and energy balance equations obtained here
are applicable as a reference for verification of long-time
global gyrokinetic simulations based on the Lagrangian
and Hamiltonian formulations to study neoclassical and
turbulent transport in plasmas with external sources. It
may seem troublesome for global simulation codes to
treat the finite gyroradius effect represented by the in-
finite series expansions appearing in Eq. (27) and other
places. However, for those simulations in which the ex-
pansions are truncated or approximated by other sim-
pler expressions such that the Lagrangian corresponding
to the reduced model given by the truncation or approxi-
mation is clearly defined, the same technique as shown in
this work can be applied to that Lagrangian to derive the
local energy and momentum balance equations which can
be compared with those simulation results. Such applica-
tions of the present work to the global simulations based
on the reduced gyrokinetic model are considered as future
works. For comparison with local flux tube gyrokinetic
simulations53–57 treating the full finite gyroradius effect,
useful informations such as expressions of local turbulent
momentum transport can be obtained from this work us-
ing the WKB approximation as shown in Appendix D.
The extension of the present work to the case with mag-
netic microturbulence also remains as a future study.
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Appendix A: COVARIANT DERIVATIVES AND
CHRISTOFFEL SYMBOLS

This Appendix briefly describes definitions of covariant
derivatives and Christoffel symbols which are used in the
main text of the present paper. In the general spatial
coordinates x = (xi)i=1,2,3, the components ∇iS (i =
1, 2, 3) of the covariant derivative of an arbitrary scalar
field S(x) is given by

∇iS =
∂S

∂xi
, (A1)

while those of the covariant derivatives of arbitrary con-
travariant and covariant vector fields, V j and Wj (j =
1, 2, 3), are written as

∇iV
j =

∂V j

∂xi
+ Γj

ikV
k, (A2)

and

∇iWj =
∂Wj

∂xi
− Γk

ijWk, (A3)

respectively. Here, the Christoffel symbols Γk
ij (i, j, k =

1, 2, 3) are defined by58

Γk
ij(x) ≡ gkl(x)Γl,ij(x)

≡ 1

2
gkl(x)

[
∂gjl(x)

∂xi
+

∂gli(x)

∂xj
− ∂gij(x)

∂xl

]
. (A4)

The covariant and contravariant components of the met-
ric tensor are denoted by gij and gij , respectively, and
they satisfy

gikgkj = δij , (A5)

where δij represents the Kronecker delta defined by

δij ≡
{

1 (i = j)
0 (i ̸= j).

(A6)

In general, the components of the covariant derivative
of an arbitrary mixed tensor field T j1···jr

k1···ks
of type (r, s)

are defined by

∇iT
j1···jr
k1···ks

=
∂T j1···jr

k1···ks

∂xi
+ Γj1

il T
lj2···jr
k1···ks

+ · · ·+ Γjr
il T

j1···jr−1l
k1···ks

− Γl
ik1

T j1···jr
lk2···ks

− · · · − Γl
iks

T j1···jr
k1···ks−1l

. (A7)

Here, it is also noted that the covariant derivatives of gjk,
gjk, and g ≡ det(gij) all vanish,

∇igjk = 0, ∇ig
jk = 0, and ∇ig = 0. (A8)

We also note that when the covariant derivatives act on
arbitrary tensors, the commutative property,

∇i∇j = ∇j∇i, (A9)

holds for the case of the present paper where the consid-
ered real space is a flat one with no Riemann curvature.
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Appendix B: VARIATIONS IN THE FUNCTIONAL
FORMS OF VECTOR AND TENSOR FIELDS UNDER
THE INFINITESIMAL TRANSFORMATION OF SPATIAL
COORDINATES

It is shown in this Appendix how to represent varia-
tions in the functional forms of vector and tensor fields
under the infinitesimal spatial coordinate transformation.
The infinitesimal transformation from x = (xi)i=1,2,3 to
x′ = (x′i)i=1,2,3 is given by Eq. (78) with the infinites-
imal variation ξi(x) in the spatial coordinate xi. Here,
(ξi(x))i=1,2,3 can be regarded as components of a vector
field ξ(x).

We first consider a scalar field S(x) which is invariant
under the spatial coordinate transformation,

S′(x′) = S(x), (B1)

and define the variation δS in the functional form of a
scalar field S(x) under the infinitesimal spatial coordi-
nate transformation by

δS(x) ≡ S′(x)− S(x). (B2)

Note that the spatial arguments of S′ and S are the
same as each other on the right-hand side of Eq. (B2)
while they are different in Eq. (B1). Next, substi-
tuting S′(x′) ≃ S′(x) + ξi(x)∂S′(x)/∂xi ≃ S′(x, t) +
ξi(x)∂S(x)/∂xi into Eq. (B1) and using Eq. (B2), we
obtain

δS(x) = −ξi(x)
∂S(x)

∂xi
≡ −(LξS)(x), (B3)

where Lξ denotes the Lie derivative52 with respect to the
vector field ξ with the components (ξi).

Under the general spatial coordinate transformation,
the components of a contravariant vector field V i(x) are
transformed as

V ′i(x′) =
∂x′i

∂xj
V j(x). (B4)

In the same way as in Eq. (B2), we define the varia-
tion δV i(x) in the functional form of V i(x) under the
infinitesimal spatial coordinate transformation by

δV i(x) ≡ V ′i(x)− V i(x). (B5)

Substituting the formulas V ′i(x′) ≃ V ′i(x, t) +
ξj(x)∂V i(x)/∂xj and ∂x′i/∂xj ≃ δij + ∂ξi(x)/∂xj into
Eq. (B4) and using Eq. (B5), we obtain

δV i(x) = −ξj(x)
∂V i(x)

∂xj
+

∂ξi(x)

∂xj
V j(x)

≡ −(LξV
i)(x), (B6)

where we see that the Lie derivative Lξ can be used again

to represent δV i(x). The components of a covariant vec-
tor field Wi(x) are transformed as

W ′
i (x

′) =
∂xj

∂x′iWj(x). (B7)

Next, following the procedure similar to those used in de-
riving Eqs. (B3) and (B6), the variation in the functional
form of Wi(x) under the infinitesimal spatial coordinate
transformation is derived as

δWi(x) = −(LξWi)(x) = −ξj
∂Wi

∂xj
− ∂ξj

∂xi
Wj . (B8)

It is shown in the same way as shown above that the
variation in the functional form of a mixed tensor field
T j1···jr
k1···ks

(x) is given by the opposite sign of its Lie deriva-
tive as

δT j1···jr
k1···ks

(x) = −(LξT
j1···jr
k1···ks

)(x)

= −ξi
∂T j1···jr

k1···ks

∂xi
+

∂ξj1

∂xl
T lj2···jr
k1···ks

+ · · ·+ ∂ξjr

∂xl
T

j1···jr−1l
k1···ks

− ∂ξl

∂xk1
T j1···jr
lk2···ks

− · · · − ∂ξl

∂xks
T j1···jr
k1···ks−1l

. (B9)

It is also shown that the variations in the functional forms
of gij and gij under the infinitesimal spatial coordinate
transformation are expressed as

δgij = −Lξgij = −ξk
∂gij
∂xk

− ∂ξk

∂xi
gkj −

∂ξk

∂xj
gik

= −∇iξj −∇jξi,

δgij = −Lξg
ij = −ξk

∂gij

∂xk
+

∂ξi

∂xk
gkj +

∂ξj

∂xk
gik

= ∇iξj +∇jξi. (B10)

We now apply the chain rule to the derivative operation
δ = −Lξ on

√
g =

√
det(gij) and use Eqs. (A8) and (B10)

to obtain

δ
√
g = −Lξ

√
g =

δg

2
√
g
=

√
g

2
gijδgij

= −√
ggij∇iξj = −√

g∇iξ
i = −

∂(
√
gξi)

∂xi
. (B11)

We here note that an arbitrary scalar density S is trans-
formed in the same manner as

√
g under arbitrary spatial

coordinate transformations,

S ′(x′) =

∣∣∣∣det( ∂xi

∂x′j

)∣∣∣∣S(x), (B12)

and that S(x)/√g(x) is regarded as a scalar field. Then,

the variation δS(x) in the functional form of S(x) un-
der the infinitesimal spatial coordinate transformation is
given by

δS(x) = −(LξS)(x) = (δ
√
g)

S
√
g
+

√
g δ

(
S
√
g

)
= −

∂(
√
gξi)

∂xi

S
√
g
−√

gξi
∂

∂xi

(
S
√
g

)
= −∂(ξiS)

∂xi
. (B13)

Since the distribution function F (x, v, t) behaves as a
scalar density under arbitrary spatial coordinate trans-
formations, the variation δF in its spatial functional form
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due to the infinitesimal spatial coordinate transformation
is written using Eq. (B13) as

δF = −LξF = − ∂

∂xj
(Fξj). (B14)

Note that ui
ax are the contravariant components of the

gyrocenter velocity vector field while uav∥ , uaµ, and uaϑ,
which represent the temporal change rates of the parallel
velocity, magnetic moment, and gyrophase, respectively,
behave as scalar fields under arbitrary spatial coordinate
transformations. Then, we find from Eqs. (B6) and (B3)
that the variations in the functional forms of ui

ax, uav∥ ,
uaµ, and uaϑ under the infinitesimal spatial coordinate
transformation are given by

δui
ax = −Lξu

i
ax ≡ −ξj

∂ui
ax

∂xj
+ uj

ax

∂ξi

∂xj
,

δuav∥ = −Lξuav∥ ≡ −ξj
∂uav∥

∂xj
,

δuaµ = −Lξuaµ ≡ −ξj
∂uaµ

∂xj
,

δuaϑ = −Lξuaϑ ≡ −ξj
∂uaϑ

∂xj
. (B15)

It is also useful to know that even though the Christof-
fel symbols are not regarded as tensor components, their
derivatives with respect to δ can be defined by the vari-
ations in their functional forms under the infinitesimal
spatial coordinate transformation and written as

δΓk
ij =

gkn

2

(
∇iδgnj +∇jδgni −∇nδgij

)
. (B16)

Equation (B16) can be derived from Eqs. (A4), (A7),
(B10), and the commutative property,

∂

∂xi
δ = δ

∂

∂xi
. (B17)

Appendix C: VARIATIONAL DERIVATIVE WITH
RESPECT TO METRIC TENSOR COMPONENTS

We here consider the parts of the Lagrangian including
the polarization effects denoted by LE1a and LE2a,

[LE1a, LE2a] ≡
∫
V

d3x [LE1a,LE2a], (C1)

where the LE1a and LE2a defined in Eqs. (40) and (41)
appear due to finite gyroradius for species a and they
are given, respectively, in the linear and quadratic forms
of the longitudinal electrostatic field and its spatial gra-
dients. For the purpose of deriving the pressure ten-
sor P ij

Ψa due to electrostatic gyrokinetic turbulence, we
need to evaluate the variational derivatives of LE1a and
LE2a with respect to the metric tensor components gij .
It should be noted here that partial derivatives with re-
spect to gij need to be carefully performed because 3× 3

metric tensor components gij are not completely inde-
pendent of each other due to the constraint gij = gji.
Here, for an arbitrary function f of gij , the notation
∂f/∂gij is defined such that the infinitesimal variations
δgij in gij give rise to the variation δf = (∂f/∂gij)δgij
in f where both δgij and ∂f/∂gij must be symmetric
under exchange of the indices i and j.38 For example, we
have ∂gkl/∂gij =

1
2 (δ

i
kδ

j
l + δjkδ

i
l ) according to the above-

mentioned definition. In the same manner, derivatives
with respective to ∂gij/∂x

k shown are defined taking into
account the symmetry under exchange of the indices i
and j.

The variation in LE1a caused by the variation in the
metric tensor with keeping the gyrocenter distribution
function Fa fixed in LE1a is written as

(δgLE1a)F ≡
(

d

dϵ
LE1a[gij + ϵδgij ]

∣∣∣∣
ϵ=0

)
F

=

∫
V

d3x (δgLE1a)F

=

∫
V

d3x

∞∑
k=1

[
(δgQ

j1···j2k
0a )F∇j1 · · ·∇j2k−1

(EL)j2k

+Qj1···j2k
0a δg(∇j1 · · · ∇j2k−1

(EL)j2k)
]

=

∫
V

d3x

(
δLE1a

δgij

)
F

δgij +B.T., (C2)

where integration by parts is repeatedly performed to fi-
nally derive (δLE1a/δgij)F . Here, (· · · )F implies that the
gyrocenter function Fa is fixed when taking the variation
with respect to the metric tensor. From Eqs. (A7), we
have

δg(∇j1 · · ·∇jn−1
(EL)jn)

=

n−1∑
l=1

∇j1 · · ·∇jl−1
(δg∇jl)∇jl+1

· · · ∇jn−1
(EL)jn , (C3)

where

(δg∇jl)∇jl+1
· · ·∇jn−1(EL)jn

≡ −(n− l)(δgΓ
p
jljn

)∇jl+1
· · · ∇jn−1

(EL)p

= −(n− l)
gpq

2
(∇jlδgjnq +∇jnδgjlq −∇qδgjljn)

×∇jl+1
· · ·∇jn−1

(EL)p. (C4)

We note that, in Eq. (C4), δgΓ
p
jljn

is expressed in the

same form as in Eq. (B16). Now, the pressure tensor
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P ij
E1a is given by two times of (δLE1a/δgij)F as

P ij
E1a ≡ 2

(
δLE1a

δgij

)
F

=

∞∑
k=1

[
2

(
∂Qj1···j2k

0a

∂gij

)
F

∇j1 · · · ∇j2k−1
(EL)j2k

+

2k−1∑
l=1

(−1)l−1(2k − l)
{
(δij2kg

jp + δjj2kg
ip)∇jl

− δijlδ
j
j2k

∇p
}{

(∇j1 · · ·∇jl−1
Qj1···j2k

0a )

× (∇jl+1
· · · ∇j2k−1

(EL)p)
}]

, (C5)

where Eqs. (C2)–(C4) are used and (∂Qj1···j2k
0a /∂gij)F is

given by using Eq. (42) and

∂αj1···j2k
a

∂gmn
= k

[
hmn

2
αj1···j2k
a +

1

(k!)2

(ρ
2

)2k
×
∑

σ∈S2k

∂hjσ(1)jσ(2)

∂gmn
hjσ(3)jσ(4) · · ·hjσ(2k−1)jσ(2k)

]
. (C6)

Next, the variation in LE2a caused by the variation in
the metric tensor with keeping the gyrocenter distribu-
tion function Fa fixed is written as

(δgLE2a)F =

∫
V

d3x (δgLE2a)F

=

∫
V

d3x

∞∑
m=1

∞∑
n=1

[
1

2
(δgχ

i1···im;j1···jn)F∇i1 · · · ∇im−1(EL)im

×∇j1 · · · ∇jn−1
(EL)jn +Qj1···jn

Ea δg(∇j1 · · ·∇jn−1
(EL)jn)

=

∫
V

d3x

(
δLE2a

δgij

)
F

δgij +B.T. (C7)

Then, using Eqs. (C3), (C4), and (C7), we obtain the

pressure tensor P ij
E2a which is given by two times of

(δLE2a/δgij)F as

P ij
E2a ≡ 2

(
δLE2a

δgij

)
F

=

∞∑
k=1

[(
∂χi1···im;j1···jn

a

∂gij

)
F

∇i1 · · ·∇im−1
(EL)im

×∇j1 · · · ∇jn−1
(EL)jn

+

n−1∑
l=1

(−1)l−1(n− l)
{
(δijng

jp + δjjng
ip)∇jl

− δijlδ
j
jn
∇k
}{

(∇j1 · · ·∇jl−1
Qj1···jn

Ea )

× (∇jl+1
· · · ∇jn−1(EL)p)

}]
, (C8)

where (∂χi1···im;j1···jn
a /∂gij)F is given by using Eqs. (15),

(44), (C6), and

∂

∂gij

(
1

B

)
= − 1

B2

∂B

∂gij
=

hij

2B
. (C9)

Appendix D: WKB REPRESENTATION

Here, we use the WKB (or ballooning) representation49

for turbulent fluctuations which have small wavelengths
of the order of the gyroradius ρ in the directions per-
pendicular to the background magnetic field. Such rapid
spatial variations are represented using the perpendicu-
lar wavenumber vector k⊥. We assume that k⊥ρ = O(1)
and ρ/L ≪ 1 where L is the gradient scale length of
equilibrium variables.

The gyrocenter distribution function Fa for species a is
given by the sum of the zeroth and first-order parts in ρ/L

as Fa(x, v) = Fa0+Fa1+F̂a1 where the zeroth-order part
Fa0 is the local Maxwellian equilibrium distribution func-
tion, and the first-order part representing the deviation
from the local Maxwellian consists of the non-turbulent
and turbulent functions denoted by Fa1 and F̂a1, respec-
tively. Then, the turbulent gyrocenter distribution func-
tion F̂a1 is expanded as F̂a1 =

∑
k⊥

F̂a1k⊥ exp(ik⊥ · x),
where x is the gyrocenter position vector and the k⊥-
component Fa1k⊥ is given by the sum of the adiabatic
and nonadiabatic parts as59

F̂a1k⊥ = −Fa0
ea
Ta

J0(k⊥ρa)ϕ̂k⊥ + ĥak⊥ . (D1)

Here, ϕ̂k⊥ and ĥak⊥ are the k⊥-components of the turbu-
lent electrostatic potential and the nonadiabatic part of
the turbulent distribution function, respectively, J0 is the
zeroth-order Bessel function, and Ta is the background
temperature of the species a.

We now follow the conventional assumption that
⟨F̂k⊥⟩ens = 0 and ⟨F̂F̂ ′⟩ens =

∑
k⊥

⟨F̂∗
k⊥

F̂ ′
k⊥

⟩ens are sat-

isfied by arbitrary real-valued turbulent fluctuations F̂
and F̂ ′ where (· · · )∗ and ⟨· · · ⟩ens represents the com-
plex conjugate and the ensemble average, respectively.
Note that the ensemble-averaged quantities are smooth
spatial functions with the gradient scale length L and
that ⟨F̂∗

k⊥
F̂ ′

k′
⊥
⟩ens = 0 for k⊥ ̸= k′

⊥. When taking the

ensemble average of the momentum balance equation
in Eq. (117), we find that the effects of the turbulent
fluctuations on the momentum transport are included
in ⟨π∧⟩ens and ⟨PΨ⟩ens through the correlation between
the nonadiabatic part of the turbulent distribution func-
tion and the turbulent electrostatic potential which are

described by ⟨ĥ∗
ak⊥

ϕ̂k⊥⟩ens. Neglecting terms of higher
orders in ρ/L, we find that the turbulent contribution
⟨π∧Ψ⟩ens to ⟨π∧⟩ens is given by

⟨π∧Ψ⟩ens =
c

B

∑
k⊥

[b(k⊥ × b) + (k⊥ × b)b]

×
∑
a

∫
d3vmav∥J0(k⊥ρa)Im[⟨ĥ∗

ak⊥
ϕ̂k⊥⟩ens], (D2)
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and ⟨PΨ⟩ens is written as

⟨PΨ⟩ens =
∑
k⊥

[
1

2
(I− bb)− k⊥k⊥

k2⊥

]∑
a

ea

×
∫

d3v k⊥ρa J1(k⊥ρa)Re[⟨ĥ∗
ak⊥

ϕ̂k⊥⟩ens], (D3)

where I denotes the unit tensor.
We now consider the axisymmetric toroidal system, in

which the magnetic field is given by

B = I∇ζ +∇ζ ×∇χ, (D4)

where ζ, I, and χ represent the toroidal angle, the covari-
ant toroidal magnetic field component, and the poloidal
flux function, respectively. Then, using (k⊥ × b) · ∇χ =
−BR2∇ζ · k⊥, the radial transport of the toroidal an-
gular momentum due to the turbulent electric field are
obtained from Eqs. (D2) and (D3) as

∇χ · ⟨π∧Ψ +PΨ⟩ens ·R2∇ζ

= −
∑
a

∑
k⊥

∫
d3v

[
cI

B
mav∥J0(k⊥ρa)Im[⟨ĥ∗

ak⊥
ϕ̂k⊥⟩ens]

× (k⊥ ·R2∇ζ) + eak⊥ρa J1(k⊥ρa)Re[⟨ĥ∗
ak⊥

ϕ̂k⊥⟩ens]

× (k⊥ · ∇χ)(k⊥ ·R2∇ζ)

k2⊥

]
. (D5)

The flux-surface average of Eq. (D5) agrees with the elec-
trostatic and low-flow ordering limit of the result given
in Eq. (53) of Ref.24 where the turbulent radial trans-
port of the toroidal angular momentum double-averaged
over the ensemble and the flux surface is presented for the
general case allowing the turbulent magnetic field and the
high-flow ordering28,29,60. It should be emphasized here
that Eq. (D5) is not surface-averaged but it presents the
spatially-local expression. In the axisymmetric configu-
ration with up-down symmetry, the flux-surface average
of Eq. (D5) is shown to vanish in the case of the low-flow
ordering27,61 although it does not imply that the local
value of Eq. (D5) itself vanishes as well.

Appendix E: ANOTHER DERIVATION OF THE
MOMENTUM BALANCE

In Sec. IV, the momentum balance is derived using
the invariance of the Lagrangian of the system under the
infinitesimal spatial coordinate transformation induced
by the vector field ξi(x) which has an arbitrary func-
tional form. For comparison with that derivation, an-
other derivation of the momentum balance is given in this
appendix in the way closer to the conventional derivation
of the canonical momentum conservation law which gen-
erally involves the asymmetric canonical pressure tensor.

Equation (83) for the invariance of the gyrokinetic La-
grangian LGKa of species a can be rewritten without sep-
arating boundary terms from the spatial integral as

δLGKa =

∫
V

d3xJGKa = 0, (E1)

where

JGKa =

∫
V

d3x

∫
d3v Fa

(
ξi
∂LGY a

∂xi
+

∂LGY a

∂ui
ax

δui
ax

+
∂LGY a

∂ui
aϑ

δui
aϑ + (δLGY a)u

)
= ξi

∫
d3v

[
∂

∂t
(Fapai)−Kapai

+
∂

∂xj

(
Fau

j
axpai

)
− Fa

(
∂LGY a

∂xi

)
u

]
. (E2)

Here, pai ≡ ∂LGY a/∂u
i
ax is the canonical momentum [see

Eq. (57)] and

(δLGY a)u ≡ (δpaj)u
j
ax − δHGY a

= −
(
ξi
∂paj
∂xi

+
∂ξi

∂xj
pai

)
uj
ax + ξi

∂HGY a

∂xi

= −ξi
(
∂LGY a

∂xi

)
u

− ∂ξi

∂xj
paiu

j
ax (E3)

represents the variation in the functional form of the
single gyrocenter Lagrangian LGY a under the infinitesi-
mal spatial coordinate transformation with (ui

x, uϑ) kept
fixed in LGY a. The term (∂LGY a/∂x

i)u in Eq. (E3) is
written down as(

∂LGY a

∂xi

)
u

≡ uj
ax

∂paj
∂xi

− µ
∂B

∂xi
− ea

∂Ψa

∂xi
. (E4)

Equations (56), (89), (B15), and (E3) are used for de-
riving Eq. (E2). Since Eq. (E1) holds for an arbitrary
spatial integral domain V , we find JGKa = 0 for any ξi.
Then, the canonical momentum balance equation for the
gyrocenters of species a is derived from Eq. (E2) as

∂

∂t

(∫
d3v Fapai

)
+

∂

∂xj

(∫
d3v Famau

j
axpai

)
=

∫
d3vKapai +

∫
d3v Fa

(
∂LGY a

∂xi

)
u

. (E5)

Equation (E5) also can be derived directly from multiply-
ing Eq. (89) by pai, taking its v-space integral, and using
Eq. (56). It should be recalled that the general spatial
coordinates (xi)i=1,2,3 are used here. For example, when
(xi)i=1,2,3 represent the Cartesian coordinates (x, y, z),
Eq. (E5) represents the linear canonical momentum bal-
ance. As another interesting example, we can treat the
canonical angular momentum balance in toroidal plasmas
such as tokamaks and stellarator/heliotron devices, for
which it is convenient to use the cylindrical coordinates
and/or the magnetic flux coordinates. In these coordi-
nate systems, the toroidal angle component of Eq. (E5)
represents the toroidal angular momentum balance. It is
also noted that the momentum balance equations shown
in Eqs. (104) and (E5) are equivalent to each other al-
though the transformation from Eq. (E5) to Eq. (104)
requires complicated procedures involving infinite num-
ber of times of partial integration.
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We next consider the invariance of the Lagrangian
LGKF of the whole system under the infinitesimal spatial
coordinate transformation shown in Eq. (86). In contrast
to Eq. (105), we now rewrite Eq. (86) without separating
boundary terms from the spatial integral as

δLGKF =

∫
V

d3xJGKF = 0, (E6)

with

JGKF =
∑
a

∫
d3v

[
ξi
{

∂

∂t
(Fapai)−Kapai

}
+

∂

∂xj

(
ξiFau

j
axpai

)]
+ JGKFA

+ JGKFg + JGKFϕ

= 0, (E7)

where Eqs. (56), (72), (89), and (B15) are used. Here,
JGKFA and JGKFg originate from the terms including

δAj and δgij in Eq. (86), respectively, and they are writ-
ten as

JGKFA ≡ 1

c
JjδAj +

∂

∂xj

(
ϵjklMlδAk

)
= −

√
g

c
ϵijkξ

iJjBk − 1

c
Jj ∂(ξ

iAi)

∂xj

− ϵjkl
∂

∂xj

[
Ml

(
ξi
∂Ak

∂xi
+

∂ξi

∂xk
Ai

)]
= −

√
g

c
ϵijkξ

iJjBk −
(
1

c
Jj − ϵjkl

∂M l

∂xk

)
∂(ξiAi)

∂xj

− ϵjklϵikm
∂

∂xj

(√
gξiMlB

m
)

= −
√
g

c
ϵijkξ

iJjBk −

(∑
a

ea
c

∫
d3v Fau

j
ax

)
∂(ξiAi)

∂xj

− ∂

∂xi

(√
gξiMjB

j
)
+

∂

∂xj

(√
gξiMiB

j
)
, (E8)

and

JGKFg ≡
∑
a

∫
d3v Fa

∑
J

∂LGY a

∂(∂Jgij)
δ(∂Jgij) +

∂LF

∂gij
δgij .

(E9)
The last term JGKFϕ included in Eq. (E7) is given in
terms of the turbulent electrostatic field as

JGKFϕ =
∂(ξiLF )

∂xi
+

∞∑
n=1

n∑
k=1

(−1)k
∂

∂xjk

[
∂n−k(ξi∂ϕ/∂xi)

∂xjk+1 · · · ∂xjn

× ∂k−1

∂xj1 · · · ∂xjk−1

(
∂LGKF

∂(∂nϕ/∂xj1 · · · ∂xjn)

)]
.(E10)

Here, because of the symmetry with respect to
permutations of the indices j1, · · · , jn, the variables
∂nϕ/∂xj1 · · · ∂xjn [≡ −∂n(EL)jn/∂x

j1 · · · ∂xjn−1 ] are not
regarded as completely independent variables and the
meaning of the expression ∂LGKF /∂(∂

nϕ/∂xj1 · · · ∂xjn)
in Eq. (E10) needs to be clearly mentioned. It

is defined such that the infinitesimal variations
δ(∂nϕ/∂xj1 · · · ∂xjn) give rise to the variation δLGKF =
[∂LGKF /∂(∂

nϕ/∂xj1 · · · ∂xjn)]δ(∂nϕ/∂xj1 · · · ∂xjn)
where ∂LGKF /∂(∂

nϕ/∂xj1 · · · ∂xjn) must be symmetric
with respect to arbitrary permutations of the indices
j1, · · · , jn.

We now suppose that ξi represents a Killing vector field
or a vector field which generates an isometric transforma-
tion so that δgij = −Lξgij = 0, δ(∂Jgij) = ∂J(δgij) = 0
and accordingly JGKFg = 0. The isometry is gener-
ated by the infinitesimal linear translation and the in-
finitesimal rotation, and they are represented by the
Killing vector fields, ξ = ϵn and ξ = ϵn × r, respec-
tively, where ϵ is an infinitesimal constant, n a constant
unit vector, and r the spatial position vector. Here and
hereafter, the Cartesian coordinate system is used for
(xi)i=1,2,3 and three-dimensional vectors are represented
in terms of boldface letters. For example, the canonical
momentum of the gyrocenter of species a is denoted by
pa ≡ ∂LGY a/∂uax = mav∥b+ (ea/c)A.

Recall again that JGKF defined in Eq. (E7) vanishes
because Eq. (E6) holds for any V . Then, substituting ξ =
ϵn into Eq. (E7) and noting that JGKF = 0 is satisfied
for any direction vector n, we obtain the linear canonical
momentum balance equation for the whole system,

∂

∂t

(∑
a

∫
d3v Fapa

)
+∇ ·

(∑
a

∫
d3v Fauaxpa

)

+∇ ·
[
−(B ·M)I+BM+

|EL|2

8π
I− ELEL

4π
+ΠΨ

]
=

(∑
a

ea
c

∫
d3v Fauax

)
· ∇A+

1

c
J×B

+
∑
a

∫
d3vKapa, (E11)

where M is the magnetization vector defined in Eq. (114)
and ΠΨ is defined using Eq. (45) as

(ΠΨ)
ij =

∞∑
n=1

n∑
k=1

(−1)k
[

∂n−k(EL)
j

∂xjk · · · ∂xjn−1

× ∂k−1

∂xj1 · · · ∂xjk−1

(
∂LΨ

∂(∂n−1(EL)i/∂xj1 · · · ∂xjn−1)

)]
. (E12)

Like PΨ given in Eq.(111), ΠΨ contains the effect of the
turbulent electrostatic field on the momentum transport
although PΨ andΠΨ are symmetric and asymmetric ten-
sors, respectively. Using Eqs. (90) and (115), Eq. (E11)
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also can be rewritten as

∂

∂t

(∑
a

∫
d3v Famav∥b

)

+∇ ·

(∑
a

∫
d3v Famav∥uaxb

)

+∇ ·
[
−(B ·M)I+BM+

|EL|2

8π
I− ELEL

4π
+ΠΨ

]
= −

(∑
a

ea

∫
d3v Fa

)
1

c

∂A

∂t
+

1

c
J×B

+
∑
a

∫
d3vKamav∥b. (E13)

The momentum balance equation shown in Eq. (E11)
can be transformed into Eq. (112) although again it is so
complicated involving infinite number of times of partial
integration.

Substituting ξ = ϵn × r into Eq. (E7) and using
JGKF = 0 for any direction vector n, the angular mo-
mentum balance equation for the whole system is derived
as

∂

∂t

(
r×

∑
a

∫
d3v Famav∥b

)

+∇ ·

(∑
a

∫
d3v Famav∥uaxr× b

)

+∇ ·
[{

(B ·M)I−BM− |EL|2

8π
I+

ELEL

4π

}
× r+TΨ

]
= r×

[
−

(∑
a

ea

∫
d3v Fa

)
1

c

∂A

∂t
+

1

c
J×B

+
∑
a

∫
d3vKamav∥b

]
, (E14)

where TΨ is the asymmetric tensor representing the
transport of the angular momentum due to the electro-
static field and defined by

(TΨ)
ij =

∞∑
n=1

n∑
k=1

(−1)k
[
∂n−k(r×EL)

j

∂xjk · · · ∂xjn−1

× ∂k−1

∂xj1 · · · ∂xjk−1

(
∂LΨ

∂(∂n−1(EL)i/∂xj1 · · · ∂xjn−1)

)]
.

(E15)

Appendix F: ENERGY BALANCE IN THE GYROKINETIC
SYSTEM

In this Appendix, the energy balance in the electro-
static gyrokinetic turbulent system is derived. In con-
trast to the case of in Sec. IV where the momentum bal-
ance is derived, we here use only the Cartesian coordinate
system and represent three-dimensional vectors in terms

of boldface letters. Then, the metric tensor components
are represented by the Kronecker delta, and they form
the 3× 3 unit matrix with determinant unity.

The partial time derivative of the gyrokinetic La-
grangian density LGKa for particle species a is written
as

∂LGKa

∂t
=

∂

∂t

(∫
d3v FaLGY a

)
=

∫
d3v

[
∂Fa

∂t
LGY a + Fa

{
∂LGY a

∂uax
· ∂uax

∂t

+
∂LGY a

∂uaϑ

∂uaϑ

∂t
+

(
∂LGY a

∂t

)
u

}]
, (F1)

where (∂LGY a/∂t)u denotes the time derivative of LGY a

with (ui
ax, uaϑ) kept fixed in LGY a. Here, we consider the

gyrocenter distribution function Fa satisfying Eq. (89)
which includes the term Ka representing the rate of
temporal change in Fa due to collisions and/or exter-
nal sources for the species a. Substituting Eq. (89)
into Eq. (F1) and using δIGK/δxaE = 0 [Eq. (56)],
δIGK/δva∥E = 0 [Eq. (60)], δIGK/δµaE = 0 [Eq. (62)],
and δIGK/δϑaE = 0 [Eq. (63)], we obtain the energy
balance equation,

∂

∂t

(∫
d3v FaEa

)
+∇ ·

(∫
d3v FaEauax

)
=

∫
d3v

(
FaĖa +KaEa

)
, (F2)

where the gyrocenter velocity uax is given by Eq. (64)
and Ea represents the energy of the single particle (or
the gyrocenter Hamiltonian HGY a) defined by

Ea ≡ HGY a ≡ ∂LGY a

∂uax
· uax +

∂LGY a

∂uaϑ
uaϑ − LGY a

=
1

2
mav

2
∥ + µB + eaΨa. (F3)

The rate of change in the particle’s energy is given by

Ėa ≡ −
(
∂LGY a

∂t

)
u

= e
∂Ψa

∂t
+ µ

∂B

∂t
− ea

c
uax · ∂A

∗
a

∂t
.

(F4)
The energy balance equation shown in Eq. (F2) agrees
with Eq. (C7) in Ref.30 except for the effects of the turbu-
lent electrostatic potential included here. It can be seen
in Eq. (F2) how the energy balance is modified when the
collision (or source) term Ka is added into the gyrokinetic
equation.

We now consider the energy balance in the extended
system consisting of particles of all species and the self-
consistent electrostatic field. The partial time derivative
of the Lagrangian density LGKF of this extended system
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is written as

∂LGKF

∂t
=

∂

∂t
(LGK + LF ) =

∂

∂t

(∑
a

LGKa + LF

)

=
∂

∂t

(∑
a

∫
d3v FaLGY a + LF

)

=
∑
a

∫
d3v

{
∂Fa

∂t
LGY a + Fa

(
∂LGY a

∂uax
· ∂uax

∂t

+
∂LGY a

∂uaϑ

∂uaϑ

∂t

)}
+
∑
J

∂LGKF

∂(∂Jϕ)

∂(∂Jϕ)

∂t

+
∂LGKF

∂A

∂A

∂t
+

∂LGKF

∂(∂A/∂xi)
· ∂(∂A/∂xi)

∂t

]
, (F5)

In the same way as in deriving Eq. (F2), we use the Euler-
Lagrange equations [Eqs. (56), (60), (62), and (63)] for
(uax, uav∥ , uaµ, uaϑ), Eq. (89) for Fa, and Eq. (72) for ϕ

in order to rewrite Eq. (F5) as

∂

∂t

(∑
a

∫
d3v FaHGY a − LF

)

+∇ ·

(∑
a

∫
d3v FaHGY auax

)
+

∞∑
n=1

n∑
k=1

(−1)k−1

× ∂

∂xjk

{
∂k−1

∂xj1 · · · ∂xjk−1

(
∂LGKF

∂(∂nϕ/∂xj1 · · · ∂xjn)

)
× ∂

∂t

(
∂n−kϕ

∂xjk+1 · · · ∂xjn

)}
= J ·ET +∇ · (cET ×M) +

∑
a

∫
d3vKa

×
{
1

2
mav

2
∥ + µB + ea(ΨE1a +ΨE2a)

}
, (F6)

where ET ≡ −c−1∂A/∂t represents the electric field in-
duced by the temporal change in the background mag-
netic field and the magnetization vector M is defined by
Eq. (114). It should be recalled that the background
magnetic field is allowed to temporally change in this pa-
per so that the long time evolution of the system over
the transport time scale can be treated. It is also noted
that Eq. (90) is used in deriving Eq. (F6).

It can be shown after several analytical manipulations

that Eq. (F6) is further rewritten as

∂

∂t

[∑
a

∫
d3v Fa

(
1

2
mav

2
∥ + µB

)
+

|EL|2

8π

+
EL ·PD

2
+

1

2

∞∑
n=1

∂n(EL)i
∂xj1 · · · ∂xjn

Qij1···jn
E +

|B|2

8π

]

+∇ ·

[∑
a

∫
d3v Fa

{
1

2
mav

2
∥ + µB + ea(ΨE1a

+ΨE2a)

}
uax +

c

4π
E×H− 1

4π

∂ϕD

∂t
ET + ϕ

∂(PG)T
∂t

]
+

∂

∂xi

[ ∞∑
n=1

n−1∑
k=0

(−1)n−k ∂k(EL)jn
∂xjn−k · · · ∂xjn−1

× ∂n−k

∂xj1 · · · ∂xjn−k−1

(
∂Qij1···jn

∂t

)]
=
(
JT − c

4π
∇×B

)
·E+

∑
a

∫
d3vKa

×
{
1

2
mav

2
∥ + µB + ea(ΨE1a +ΨE2a)

}
, (F7)

or

∂

∂t

[∑
a

∫
d3v Fa

(
1

2
mav

2
∥ + µB

)
+

|EL|2

8π
+

EL ·PD

2

+
1

2

∞∑
n=1

∂n(EL)i
∂xj1 · · · ∂xjn

Qij1···jn
E +

ET ·DL

4π
+

|B|2

8π

]

+∇ ·

[∑
a

∫
d3v Fa

{
1

2
mav

2
∥ + µB + ea(ΨE1a

+ΨE2a)

}
uax +

c

4π
E×H+

1

4π
ϕD

∂ET

∂t
+ ϕ

∂(PG)T
∂t

]
+

∂

∂xi

[ ∞∑
n=1

n−1∑
k=0

(−1)n−k ∂k(EL)jn
∂xjn−k · · · ∂xjn−1

× ∂n−k

∂xj1 · · · ∂xjn−k−1

(
∂Qij1···jn

∂t

)]
=
(
JT − c

4π
∇×B

)
·E+

∑
a

∫
d3vKa

×
{
1

2
mav

2
∥ + µB + ea(ΨE1a +ΨE2a)

}
, (F8)

where the longitudinal (irrotational) part of the elec-
tric displacement vector [see Eq. (73)] is denoted by
DL ≡ (E + 4πPG)L ≡ −∇ϕD and the magnetic in-
tensity field H is defined by H ≡ B − 4πM with the
magnetic induction field B and the magnetization vector
field M [see Eq. (114)]. Equations (F7) and (F8) take
the conservative form including no other terms than the
time derivative of the total energy density and the di-
vergence of the total energy flux when the right-hand
sides vanish. The effect of the collision (or source)
term on the total energy balance is shown by the in-
tegral term which appears on the right-hand sides of
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Eqs. (F7) and (F8). This term vanishes when Ka repre-
sents the collision operator which conserves the summa-
tion of the gyrocenter kinetic and polarization energies∑

a

∫
d3v{ 1

2mav
2
∥+µB+ea(ΨE1a+ΨE2a)}. In addition,

the right-hand sides of Eqs. (F7) and (F8) contain the
difference between the transverse current density JT and
(c/4π)∇ × B which vanishes if the self-consistency con-
dition ∇ × B = (4π/c)JT is imposed as is done in the
Darwin model62 and in our previous work by including
the magnetic energy with the minus sign into the La-
grangian for the drift kinetic system with self-consistent
fields.30 We also find from Eqs. (F7) and (F8) that the
terms including ET appear on their left-hand sides in the
way consistent with the case of the energy conservation
law for the Vlasov-Poisson-Ampère (or Vlasov-Darwin)
system shown in Eq.(22) of Ref.39.

All the kinetic energy, the electric energy, and the mag-
netic energy with the polarization including the dipole
and other multipole moment effects are described in
Eqs. (F7) and (F8), where the energy flux contains the
kinetic energy flow due to the gyrocenter motion, the
Poynting vector, and the extra energy flux due to elec-
trostatic turbulent fluctuations with wavelengths of the
order of gyroradius.

Appendix G: THE LOCAL CONSERVATION LAW OF THE
CANONICAL MOMENTUM IN THE DIRECTION OF
SYMMETRY

It is shown in this Appendix how the local conserva-
tion law of the canonical momentum in the direction of
symmetry can be derived for the gyrokinetic system con-
sidered in the present paper. We start from Eq. (105) for
which the gyrokinetic equation including the collision (or
source) term Ka [see Eq. (89)] is used. Equation (105) is
rewritten as

δLGKF =

∫
V

d3x

[
ξi
∑
a

∫
d3v

{
∂

∂t
(Fapai)−Kapai

}
+

1

c
J iδAi +

δLGKF

δϕ
δϕ+

1

2
Θijδgij

]
+B.T., (G1)

where we have used the canonical momentum of the sin-
gle gyrocenter, the electric current density, and the sym-
metric pressure tensor defined by pai ≡ ∂LGY a/∂u

i
ax,

J i ≡
∑

a eaΓ
i
a = c

∑
a δLGKa/δAi = c δLGKF /δAi, and

Θij ≡ 2 δLGKF /δgij , respectively, as shown in Eqs. (57),
(91), (113), and (108). Next, we use δLGKF /δϕ = 0,
which is equivalent to the gyrokinetic Poisson’s equation
[see Eq. (72)], and substitute δAi = −ξj(∂jAi)−(∂iξ

j)Aj

[Eq. (B8)], δgij = −∇iξj−∇iξi [Eq. (B10)] into Eq. (G1).
Then, Eq. (G1) is rewritten after performing partial in-

tegrals as

δLGKF =

∫
V

d3x

[
ξj
∑
a

∫
d3v

{
∂

∂t
(Fapaj)−Kapaj

}
+ ξj

1

c

{
∂i(J

iAj)− J i(∂jAi)
}
+ ξj∇iΘ

ij

]
+B.T., (G2)

where we can also write the last term of the integrand
as ξj∇iΘ

ij = ξj∇iΘ
i
j by using ξj ≡ gjkξ

k, Θi
j ≡ gjkΘ

ik,
and Eq. (A8). We now recall the invariance of the La-
grangian LGKF under an arbitrary spatial coordinate
transformation which implies that δLGKF = 0 for any ξj .
Consequently, the canonical momentum balance equation
is obtained from Eq. (G2) as

∂

∂t

(∑
a

∫
d3v Fapaj

)
−
∑
a

∫
d3vKapaj

+
1

c

{
∂i(J

iAj)− J i(∂jAi)
}
+∇iΘ

i
j = 0. (G3)

It is emphasized here that Eq. (G3) is valid for arbitrary
spatial coordinates (xi)i=1,2,3 in which the spatial posi-
tion vector in the Cartesian coordinate system is repre-
sented as r = r(x1, x2, x3).
Hereafter, we assume that the background magnetic

field has symmetry with respect to continuous isometric
transformations (spatial translations, rotations, or screw
motions generated by the combination of translations and
rotations) in a certain direction. Owing to the use of gen-
eral spatial coordinates, translation, rotation, and screw
(or helical) symmetries can be treated in a unified man-
ner. Under the symmetry assumption for the background
magnetic field, there exists a certain coordinate system
(xi)i=1,2,3 where all components of the magnetic field,
the vector potential, and the metric tensor become in-
dependent of one coordinate for which x3 is chosen here
without loss of generality,

∂3B
i = 0, ∂3Ai = 0, and ∂3gij = 0. (G4)

For example, such coordinate systems are given by Carte-
sian, cylindrical (or spherical), and helical coordinate sys-
tems for the cases of translation, rotation, and screw (or
helical) symmetries, respectively. Then, from Eq. (G3)
with j = 3, we have

∂

∂t

(∑
a

∫
d3v Fapa3

)
+

1

c
∂i(J

iA3) +∇iΘ
i
3

=
∑
a

∫
d3vKapa3. (G5)

Here, we define the basis vector e ≡ ∂r/∂x3 associated
with the coordinate x3. For translation symmetry, e rep-
resents the constant vector parallel to the direction of
symmetry while, for rotation symmetry, we have e = n×r
where n is the direction vector of the rotation axis. For
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helical symmetry, e is given by the combination of the two
types of the vectors described above. Then, the boldface
notation pa is used to represent the vector with the co-
variant components (paj)j=1,2,3, and the inner product of
the vectors pa and e is represented by pa·e = paje

j = pa3
where the jth contravariant component of e ≡ ∂r/∂x3 is

given by ej = ∂xj/∂x3 = δj3. Thus, pa3 is hereafter
treated as a scalar field produced by the inner product
of the vectors. In the same way, using A to represent
the vector with the covariant components (Aj)j=1,2,3, we
can write A3 ≡ A · e which is treated as a scalar field
produced by the inner product of A and e.

It is noted that, with respect to the spatial coordinate
transformation, the distribution function Fa is trans-
formed as a scalar density field [see Eq. (B12)], which
means Fa/

√
g is regarded as a scalar field. Since Fa en-

ters the definitions of J i [Eq. (112)] and Θij [Eq. (108)],
J i and Θij are the components of the contravariant vec-
tor density field and the symmetric contravariant ten-
sor density field, respectively. Correspondingly, J i/

√
g

and Θij/
√
g represent the vector field and the tensor

field. In the Cartesian coordinates where
√
g = 1, the

scalar, vector, and tensor density fields have the same
components as the corresponding scalar, vector, and ten-
sor fields so that we do not need to distinguish these den-
sity fields from the corresponding fields. Using the nota-
tion J to represent the vector field with the contravari-
ant components (J i/

√
g)i=1,2,3, we can regard J iA3/

√
g

as the ith contravariant component of the vector field
J(A · e). We also use Eqs. (A2), (A8), and the formula
Γi
ij = (∂j

√
g)/

√
g to write

∂i(J
iA3) =

√
g
{
∂i[(J

i/
√
g)A3] + Γi

ik(J
i/
√
g)A3

}
=

√
g∇i[(J

i/
√
g)A3] =

√
g∇ · [J(A · e)]

= = ∇i[
√
g(J i/

√
g)A3] = ∇i(J

iA3). (G6)

From Eq. (A4) and ∂3gij = 0 in Eq. (G4), we find that
Γi,j3 = 1

2 (∂jgi3 − ∂igj3) = −Γj,i3, which is combined

with Θij = −Θji to obtain Γj
i3Θ

i
j = Γj,i3Θ

ij = 0.
We now use the notation Θ to represent the tensor
field with the contravariant components Θij/

√
g. Also,

the tensor-vector contraction Θ · e is used to represent
the vector field, the ith component of which is written
as (Θij/

√
g)ej = (Θi

j/
√
g)ej = Θi

3/
√
g. Then, using

Eq. (A7) and (A8), we obtain

∇iΘ
i
3 =

√
g∇i(Θ

i
3/
√
g) =

√
g∇ · (Θ · e)

=
√
g[∂i(Θ

i
3/
√
g) + Γi

ij(Θ
j
3/
√
g) + Γj

i3(Θ
i
j/
√
g)]

=
√
g[∂j(Θ

j
3/
√
g) + Γi

ij(Θ
j
3/
√
g)]] = ∂iΘ

i
3, (G7)

where Γi
ij = (∂j

√
g)/

√
g and Γj

i3Θ
i
j = 0 are used.

Using Eq. (G5)–(G7), the local canonical momentum
balance equation in the direction of symmetry is written

as

∂

∂t

(∑
a

∫
d3v Fapa3

)
+∇i

(
1

c
J iA3 +Θi

3

)

=
∂

∂t

(∑
a

∫
d3v Fapa3

)
+ ∂i

(
1

c
J iA3 +Θi

3

)
=
∑
a

∫
d3vKapa3, (G8)

in the spatial coordinates where x3 is the coordinate in
the direction of symmetry. Equation (G8) is also written
using the conventional vector and tensor notations in the
Cartesian coordinates (with

√
g = 1) as

∂

∂t

(∑
a

∫
d3v Fa (pa · e)

)
+∇ ·

[
1

c
J (A · e) +Θ · e

]
=
∑
a

∫
d3vKa (pa · e). (G9)

Finally, we clearly see that Eqs. (G8) and (G9) repre-
sent the local conservation law of the canonical momen-
tum conjugate to the coordinate in the direction of sym-
metry when the collision (or source) term Ka satisfies∑

a

∫
d3vKa (pa · e) = 0.

Let us compare Eqs. (G8)–(G9) with the result derived
from the conventional method explained in Appendix E.
In deriving Eqs. (G8) and (G9), after the invariance of the
Lagrangian under arbitrary spatial coordinate transfor-
mations is used to obtain the local momentum balance
equation, Eq. (G1), in the general spatial coordinates,
Eq. (G1) is represented in the special coordinates, one
of which is the coordinate in the direction of symmetry.
On the other hand, in Appendix E, the invariance of the
Lagrangian under not arbitrary but only translational
and rotational coordinate transformations are used to de-
rive the local linear and angular momentum equations in
Eqs. (E11) and (E14). In the case where the background
magnetic field has translation symmetry along the con-
stant direction vector e, the inner product of Eq. (E11)
and e results in the local canonical momentum conserva-
tion law,

∂

∂t

(∑
a

∫
d3v Fa (pa · e)

)
+∇ ·

[
1

c
J (A · e) +Πc · e

]
=
∑
a

∫
d3vKa (pa · e), (G10)

with the asymmetric pressure tensor Πc given by

Πc ≡
∑
a

∫
d3v Fauaxuax − (B ·M)I+BM

+
|EL|2

8π
I− ELEL

4π
+ΠΨ, (G11)

where Eqs.(57), (113), and e · ∇A = 0 are used, and the
term including Ka is still retained for comparison with
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Eq. (G9). When the background field has rotational sym-
metry around the axis which is parallel to the direction
vector n and passes through the origin of the position
vector r, A satisfies (n × r) · ∇A = (n × r) ×A. Then,
we can use the inner product of Eq. (E14) and n to de-
rive the local canonical angular momentum conservation
law which has the same form as shown in Eqs. (G10)–
(G11) where e is regarded as given by e = n × r. In
the same way, it can be shown that, for the case of heli-
cal symmetry, the local conservation law of the canonical
momentum in the direction of symmetry is written again
by Eqs. (G10) and (G11), where we put e = n+ αn× r
with a constant α to represent the direction of helical
symmetry. Now, it is clear that the difference between
Eqs. (G9) and (G10) is expressed by that between the
symmetric and asymmetric pressure tensors denoted as
Θ and Πc, respectively. It is not easy to find out the
well-known CGL tensor PCGL [Eq. (109)] in Πc while
PCGL naturally appears in Θ [Eq. (108)]. Incidentally,
the procedure of the Belinfante-Rosenfeld type is known
for derivation of the symmetric pressure tensor from the
asymmetric canonical pressure tensor39,40 although the
symmetric tensor is more directly derived by the present
method using the variational derivative of the Lagrangian
with the metric tensor.
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