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Abstract The first general Zagreb index M (G) of a graph
G is equal to the sum of the ath powers of the vertex
degrees of G. For « >0 and k > 1, we obtain the lower and
upper bounds for M}(G) and M}(L(G)) in terms of order,
size, minimum/maximum vertex degrees and minimal non-
pendant vertex degree using some classical inequalities and
majorization technique, where L(G) is the line graph of G.
Also, we obtain some bounds and exact values of
M3(J(G)) and M*(L*(G)), where J(G) is a jump graph
(complement of a line graph) and L*(G) is an iterated line
graph of a graph G.
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1 Introduction

The graphs considered here are finite, undirected, without
loops and multiple edges. Let G = (V,E) be a connected
graph with |V(G)| = n vertices and |E(G)| = m edges. The
degree dg(v) of a vertex v is the number of vertices adja-
cent to v. The edge e connecting the vertices u and v is
denoted by e = uv. The degree of an edge e =uv is
denoted by dg(e) and similarly defined by
dg(e) = dg(u) + dg(v) — 2. The vertices and edges of a
graph are said to be its elements, [1, 2].

A molecular graph is a graph in which the vertices
correspond to the atoms and the edges to the bonds of a
molecule. A single number that can be computed from the
molecular graph and used to characterize some property of
the underlying molecule is said to be a topological index or
molecular structure descriptor. Numerous such descriptors
have been considered in theoretical chemistry and have
found some applications, especially in QSPR/QSAR
research, [3, 4].

The first Zagreb index was introduced by Gutman and
Trinajsti¢ [S]. It is an important molecular descriptor and
has been closely correlated with many chemical properties.
The first Zagreb index of G is defined as

Ml(G) = Z dg(u)2 or

ueV(G)

> ldo(u) +dg(v))-

uveE(G)

M,(G) =

For their history, applications and mathematical properties,
see [6—-13] and the references cited therein.

Li et al. [14, 15] introduced the generalized version of
the first Zagreb index defined as
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ZdG )

ueV(G

where o is an arbitrary real number. This graph invariant is
also known as “general zeroth-order Randi¢ index,”
[16, 17].

Following M, (G), the forgotten topological index (also
called F-index) was introduced by Furtula and Gutman
[18] and is defined as

- > e -

veV(G)

Z [dG(M)2 + dG(V)z]-

uveE(G)

Shirdel et al. [19] introduced the first hyper-Zagreb index
of G, which is defined as

HM\(G) = Y [da(u) + do(v))*.

uveE(G)

Clearly, we note that MY(G) = n, M} (G) = 2m, M}(G) =
M;(G) and M;(G) = F(G) and M}(G) = HM,(G).

2 Bounds on M{(G)

First, we prove a lower bound for M{(G) in terms of order
n and size m. For this purpose, we recall the following
facts.

If a real-valued function f(x) defined on an interval has a
second derivative f (x), then a necessary and sufficient
condition for it to be strictly convex on that interval is that
f (x) > 0. For a positive integer k, if f(x) is strictly convex,
then by Jensen’s inequality, we have
f(zl . k) <z Ly™*  f(x;) with equality if and only if
X]=xp = = xi, and if —f(x) is strictly convex, then the
inequality is reversed.

Theorem 1 Let G be a simple graph with n > 3 vertices
and m edges. Then, for all «> 1,
2*m*

M)z =

Further, equality holds if and only if G is regular.

Proof Let G be a simple graph with n >3 vertices and m
edges. We have M{(G) =3,y da(v)", for all a>1.
Since f(x) = x* is strictly convex for x > 0. By Jensen’s
inequality, we have

Z fxi >kf<lz; )

Therefore,

~| &
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o

M{(G) >n

dGM
5 dolw

ueV(G)

)
>n|—
n

O

Corollary 1 For any (n, m)-simple graph G with n>3
vertices and o = 2,
4m2

=M (G) > —

Mi(G) p

Theorem 2 Let G be a connected graph with n>3
vertices and m edges. Then, for all « > 1, we have

n

I (e()”

ueV(G)

M{(G)>n

Proof Let f(x) =logx. Clearly, log(x) is concave in
(0,00). By Jensen’s inequality, we have

log Z M >— Z log(dg(u

ueV(G) n uEV
1
> — log H do(u
n ueV(G
1
>log H dg(u
uGV
Therefore,
1
1 o
= > do(u)* > H de(u

ueV(G) ueV(G

[T oo

ueV(G) ueV(G
Thus, the upper bound follows. O

In order to prove our next result giving lower and upper
bounds for M{(G) in terms of order n, minimum degree
0(G) and maximum degree 4(G) of a graph G, we apply
the well-known Diaz-Metcalf inequality.

Theorem 3 [20] Let (a1,az,...,a,) and (by,ba,...,by)
be two n-tuples consisting of positive real numbers satis-
fying the condition

ra; < b; < Ra;
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for 1 <i<n. Then,

Zb? —|—rRZa?§ (r—|—R)Za,~b,~

i—1 i—1 i—1

Equality holds if and only if b; = Ra; or b; = ra; for
1<i<n.

Theorem 4 Let G be a simple graph with n >3 vertices
and m edges. Then, for all «> 1,

nd(G)" <M} (G)<nA(G)".

Further, both left- and right-hand side equality holds if and
only if G is regular.

Proof Letbh; =dg(u)% a; = 1 and r = 6(G)%; R = A(G)-.
Clearly,

0(G)? <dg(u)? < A(G):.

By the Diaz—Metcalf inequality, we have

> aoler 3

uEV uEV
s<o‘<c>%+A<G>%> 3 d(;(u)z ’
ucV(G)
and hence,

M%(G) +nd(G)? < (3(G): + A(G))n A(G):.

A
Therefore, we have dg(u)!<A(G)! for all ue V(G).
Hence, we can write

M3(G) < (8(G)} + 4(G))n A(G): —n8(G)}
and
M?(G) <nd(G) 4+ nA(G): —nd(G): = nA(G)™.

Thus, the upper bound follows.
Let b; = dg(u)*; a; = 1 and r = §(G)"
the Diaz—Metcalf inequality, we have

2, dal PN

ueV(G ueV(G

< (5( Z dg(u

ueV(G

; R=4(G)". By

and

i} 1
9= Ger ater)

1
=BG+ 4(G))

1
=BG+ 4(G))

[na(c)z“ + né(G)“A(G)“]

Thus, the lower bound follows.

n8(G)'[8(G)* + A(G)"] = nd(G)™.

Equality is attained if and only if G is regular. O
The following results are immediate from Theorem 4.

Corollary 2 For any graph G with n>3 vertices and
=2,
M?(G) = M, (G) <n A(G)*.
Corollary 3 For any complete graph K, with n>3
vertices and o = 2,
M3(K,) = n(n—1)%.

Our next result gives lower and upper bounds for M?(G)

in terms of size m, minimum degree 6(G) and maximum
degree A(G) of a graph G.

Theorem S Let G be a simple graph with n > 3 vertices
and m edges. Then, for all o> 0,
2md(G) ' <M*(G) <2m A(G)"

Further, both left- and right-hand side equality holds if and
only if G is regular.

Proof Let fbe a positive function defined on nonnegative
integers. Then,

ZfdG

ueV(G ueV(G) uveE(G
B fdg(w))  fdg(v))
‘%( dolu) )

dg(v)
where X(G) is any degree-based topological index of a
graph G.

dGM

Gu

Defining f(dg(u)) = (dg(u))”, we have
MG) = Y [(dolw) ™ + (de()].
uveE(G)

Since for all u € V(G), §(G) <dg(u) < A(G). Hence, we
have

> 266) <Mi(G)

uveE(G)

2 m §(G)' <M*(G)

Equality is attained on both sides if and only if G is
regular. O

Now, to obtain another result for the lower and upper
bounds for M?(G) in terms of order n, minimum degree
0(G) and maximum degree A(G) of a graph G, we apply
the Polya—Szego inequality as follows.

Theorem 6
(bl 3 bz, .

[21] Let a=(ay,as,...,a,) and b=
. by) be two n-tuples of positive numbers. If
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O0<y<g;<A<oo and 0<f<b;<B<oo for each
i€{l,2,...,n}, then
>, _ (yB+AB)
S 3o A ()
The equality holds iff p—nA/( + and q =

ﬁ/( + ) are integers and p of the numbers
ai,az,...,a, are equal to y and q of these numbers are
equal to A, and similarly if q of the corresponding numbers
b; are equal to B and and q of them are equal to f5.

Theorem 7 For any (n, m)-connected graph G withn >3
vertices and o> 0, we have

2n8(G)* A(G)\?
(0(G)" + A(G>°‘z) <5(G))
<3 (%) (5(6) + a(6)") "

Further, both left- and right-hand side equalities hold if
and only if G is regular.

Proof Let a; =dg(u)? and b; =
mequahty Clearly, y=90(G)?, A=
= 1. We have

<M{(G)

2

1 in the Polya-Szego
A(G)f, f=1 and

o( 2
T

ueV(G)

M}(G) < (jig)( ;)j(( G))) [n* 4(G)’]
<% (%f(a(e)% +aGR)

Thus, the upper bound follows.
Let a; = dg(u)” and b; = 1 in the Polya-Szego inequal-

ity. Clearly, y = 6(G)", A= 4(G)", f=1and B= 1. We
have
" 4n (56(G)4(G))”
Ml (G) o ac 2 Z dG
(6(G)" + 4 G) wev(G)
>

Thus, the lower bound follows.
Equality is attained on both sides if and only if G is
regular. O

In order to prove our next result giving another upper
bound for M¥(G), this time in terms of the size m of the

@ Springer

graph G. We make use of the following well-known
majorization technique, [22].

Let a = (ay,ay,...,a,) and b = (by,by,...,b,) be two
non-increasing n-tuples of real numbers. Then, we say that
a is majorized by b denoted by a < b if

. ay+ay+-+ar<b;+by+--+b for
1<k<n-1

2. ay+ay+-+a,=b +by+-+b,.

Lemma 1 [23] Suppose a = (ay,ay,...,a,) and b=

(by,by,...,b,) are two non-increasing n-tuples of real
numbers. If a < b, then for any convex function f,

> fla) < 3 f)

Theorem 8 For any (n, m)-connected graph G with n >3
vertices and for all o > 1 or 0 <0, we have

M2(G) < 2% m*.

Proof We prove this result by means of the majorization

technique.  Clearly,  (dg(u1),dc(u2), . . .,dg(un)) <
(2m,0,...,0) and f(x) =x* is convex for all & > 1 or
o« <0 and x > 0. By the above lemma, we have
(dG(Ml)M + dg(uz)“ +--+ dg(un)“)
<(2m)*+0+---40) ’
and hence,
> de(w)” < (2m)*.
ueV(G)
Thus, the upper bound follows. O

Corollary 4 For any (n, m)-connected graph G with
n>3and oo =2,

M3 (G) < 4m?.

To prove our next result, we make use of the following
definitions and observations:

A vertex v € V(T) is called a branching vertex of a tree
T, if degy(v) > 3. If degy(v) = 1, the vertex v is named a
leaf (or a pendent vertex) of 7. Further, the path with n
vertices, of which exactly two are leaves, is denoted by P,
and the star graph with exactly n — 1 leaves and one
branching vertex is denoted by S, or K ,—; ; n > 2 vertices.

It is easy to see that every tree on n vertices has at least
two leaves and at most % branching vertices.

Theorem 9 For any nontrivial tree T of order n with
a>1,

M (Py) <M{(T) < My (Sp)-

Proof We prove the result by using the majorization
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technique. Clearly, for the degree sequence of any tree 7T,
we have

dr(uy),dr(uz),....dr(u,)) < (n—1,1,1,...,1).
(dr(wr), dr(uz) r(un)) < ( )
(n—1)—times
Let f(x) = x*. Clearly, f(x) is convex in (0, 00). Then,
S odr)<(n—1)"+1+1+4.. +1
—_————

ueV(T) (n—1)—times

<(n—1)+(n-1)"

But, for a tree, we have m = n — 1, and therefore, we have
M3} (T) <m+ m*. Thus, the upper bound follows.
Now, the degree sequence of any tree T satisfies

(1,2,2,...2,1) < (dr(u1),dr(u2), ..., dr(uy)).
Therefore,

1“4 2% 4 4274 1%< Z dr(u)”,
ueV(T)

where f(x) = x* is convex for all o > 1. Hence,
M{(Py) =2+ (n—2)2* <M{(T).
Thus, the lower bound follows. O

Now, we obtain some lower and upper bounds for
M} (G) in terms of the number of pendent vertices and
minimal non-pendent vertices of G.

Theorem 10 For any (n, m)-connected graph G with y-
pendent vertices, minimal non-pendent vertex degree 6,(G)
and o> 0,

N+ (m—n)01(G)" <M{(G) <n + (m —n) 4(G)".

Further, equality in both lower and upper bounds are
attained if and only if G is regular.

Proof For any o >0, we have

M{(G) = ) lde(u)”

ueV(G)
= 2 U+ > sl
ueV(G);dg(u)=1 ueV(G);dg(u)#1

<n+ (m—n) A(G)".
Similarly,
M{(G) Zn+ (m—n) 61 (G)".
Hence, the desired result follows.

Further, the equality in both lower and upper bounds is
attained if and only if G is regular. O

Nordhaus and Gaddum [24] gave tight bounds on the
sum and product of the chromatic numbers of a graph and
its complement. Since then, such type of results have been

derived for several other graph invariants. Here, we derive
such a relation for M} (G).

Theorem 11 For any (n, m)-connected graph G with
o >2 and n>4 vertices having a connected G, we have

L2 (n—1)" <MF(G) + M{(G) <n(n—1)",
2. n2 <MF(G) x M(G) <nP(n— 1)

Proof

1. Sincem+m= @, we have dg(u) +dg(u) =n—1
and dg(v) + dg(v) = n — 1. Hence, we have
M} (G)+M{(G) = > do(w)™" +dg(v)"
uveE(G)

+ > dgw) T +dg(v)*!

w¢E(G)
<m[2(n— 1)“71] +m[2(n—
<2(m+m)(n—1)""

1)0171}

Thus, the upper bound follow_s.yBy Theorem 1, we have
M*(G) > 2 and M%(G) > 2" Therefore,

- pr- n7—l

o

2
M3(G) + M) =

[ + 7).

Since m* is convex for all o>2, then by Jensen’s
inequality, we have

MA(G) + MAG) > —— 2<M>

nol 2
2%+ g (n—1)*
2 noc—l 22@ :

Thus, the lower bound follows.

2. Since 1<6(G)<4(G)<n—1 and
1<8(G)<A(G)<n—1 for both G and G are con-
nected with n >4 vertices, by Theorem 4, we have the
desired results.

O

3 Line Graphs

The line graph L(G) is the graph with vertex set V(L(G)) =
E(G), and whose vertices correspond to the edges of
G with two vertices being adjacent if and only if the cor-
responding edges in G have a vertex in common. As
L(G) is defined on the edge set of a graph G, isolated
vertices of G, if there is any, play no role in L(G),
[8, 25, 26].

Ranjini et al. [27] obtained the first and second Zagreb
indices of the line graphs of the subdivision graphs. Here,
we obtain some lower and upper bounds for M} (L(G)) in
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terms of the size m, minimum degree 6(G) and maximum
degree 4(G) of a graph G.

Theorem 12 Let G be a simple connected graph with
n >3 vertices and m edges. Then, for all « >0, we have

2m (8(G) = 1)" <MY(L(G)) <2*m (4(G) —1)".

Further, both left- and right-hand side equalities holds if
and only if G is regular.

Proof Let G be a simple connected (n, m)-graph with
o> 0. Then,

MI(L(G) = Y ldg(u) +do(v) — 2)".

uveE(G)
Since for all u,v € V(G), §(G) <{dg(u),dc(v)} < 4(G),
we have
> (3(G) +8(G) — 2)" <M}(L(G))
uveE(G)
< Y UG +46) -2
uveE(G)
and therefore,
2"m (8(G) — 1)" <M}(L(G))

Further, both left- and right-hand side equalities hold if and
only if G is regular. O

We now give our next result giving a lower bound for
M7 (L(G)) in terms of the size m and the first Zagreb index
M (G).

Theorem 13 Let G be an (n, m)-connected graph with
n >3 vertices. Then, for all o> 1, we have
M,(G) — 2m)”
wr(ac) > PO 2
Further, equality holds if and only if G is regular.

Proof Let G be a (n, m)-connected graph with n>3
vertices and m edges. Clearly, |V(L(G))|=m and
|E(L(G))| = M\ (G) — m. Hence, we have
M{(L(G)) = 3 ev () 9r(6)(v)". For all 2> 1 and x > 0,
f(x) = x* is strictly convex. Hence, by Jensen’s inequality,
we have

o

Z dL((;) (u)

ueV(L(G))

>m<$2(%M1(G) - m))
. (Mi(G) - Zm)“.

M{(L(G)) =z m

moc—l

Further, equality holds if and only if G is regular. ]
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Corollary 5 Let G be an r-regular graph with n>3
vertices. Then, for all o> 1, we have

M (L(G)) =2""'nr(r—1)"

Let G be an (n, m)-connected graph. Then, G = L(G) if
and only if G = C,,; n > 3. Hence, we have

Corollary 6 For any cycle C, with n >3 vertices,
M7 (Cy) = M{(L(C,)) = n2*.

The following is an inequality for M{(L(G)) in terms of
M{~(L(G))’s.

Theorem 14 For any (n, m)-connected graph G with
n >3 vertices and o.> 0,

o

miL@) =Y (

i=0

O() (_l)i 2[ m7a+i+1 (Micft(G))

i

Further, equality holds if and only if G is regular.

Proof Let G be a (n, m)-connected graph with n>3 and
o> 0. Then,

MY(L(G)) = ) ldo(u) +da(v) — 2"
uveE(G)
= ( ) (1) [do(w) + do ()~ 2
=3 ()02 Y Mol +do
i=0 MVEE(G)
=(-1)"2"m
o—1
> (F)n2 Y o) +dev)
i=0 uveE(G)

By Jensen’s inequality as x* is a convex function for o > 1
and x > 0, we have

MY(L(G)) > (=1)"2%m
+ X ()
Z [dc(”);dG(V)] ”

uveE(G)

+> ()0 2w g 6)
23 ()

Further, equality holds if and only if G is regular. O

~.

i m—a+i+1 (Mi:—z(G) ) )
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Corollary 7 For any connected graph G with n>3
vertices and o = 2, we have

M;(G))*
m3(2(6) = m(1(6) > M) 4 am
Theorem 15 Let G be a r-regular connected graph with
o>0. Then,
o o—i o o—i ; " .
miwen =33 () ("] ) e m
=0 j=0

Proof Let G be an r-regular connected graph with o > 0.
Then,

MALG) = S ldo(u) +do(v) — 21"

uveE(G)

( Y12 o) + de(v)*
quE(G)

(O() o—1i
I J

Z (dg(u))*™" (dc( ).

uveE(G)

Since G is an r-regular connected graph as

dg(u) = dg(v) = r, we have

o—i

(e ()

i=0 Jj=0

M{(L(G)) =

> (do(u)™

uveE(G)

=SS (e () 3 S @t

ucV(G)
o a—i D

- (%) (“ , ’) (—1)2! M71(G).
- i j

O

Corollary 8 Let G be an r-regular connected graph with
o = 2. Then,

In order to prove our next result on M} (L(G)), we make
use of the following trinomial theorem. For more details,
we refer to [28].

Theorem 16 Let x, y, z be three real numbers and n be a
whole number. Then,

nl .
(x + y + Z)n = Z W x’y’zk.
i, k> Ot jrh=n U 1

Theorem 17 Let G be an r-regular connected graph and
let o be a whole number. Then,

MG =5 Y (2 M G)

k!
k> 0T ks R

Proof Let G be an r-regular connected graph and let o be
a whole number. Then,
MY(L(G)) = Y lda(u) +da(v) — 2"

uveE(G)

uveE(G)
ol

W (dG(”))i (dG(V))j (_2)k

i,j k> 0sitj+k=a
d! k
= D o (72)
- ~ ijl k!
i,j k> 0si+j+k=a

> (dg(u)) (do(v))'.

uveE(G)

Since G is r-regular, dg(u) = dg(v) = r, and hence, we

have
ol 1 i
IR S D S T
i,j,k > 0si+j+k=o ueV(G)
1 ! "
- Y o (—)f M)

1Nl
k> Otk DR

O

The following results are immediate from the above
theorem.

Corollary 9 For any r-regular connected graph G with
o =2, we have

= M,(L(G)) -1 2 (=2)F M (G)

i3 k)
ik > O k=2 BT k!
=2nr(r — 1)

M;(L(G))

Corollary 10 Let G be an r-regular connected graph and
let oo be a whole number. Then,

1. M}(L(G)) =3 M{(G) for i=2,j=0,k=0 or
i=0,j=2,k=0,
2. MY(L(G)) =1 M)(G)=nfori=0,j=0,k=2,

: )
3. MI(L(G))=-2M(G)=mfori=1,j=0,k=1or
4. M3(L(G))=M3(G)=nfori=1,j=1,k=0.

Theorem 18 Let K, ; be a complete bipartite graph with
1<r<s, and let oo be a whole number. Then,
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1 o!
M?(L(Km)) =5 Al
ij, k> Oitjk=a U

(—2)" P gt

Proof Proof is similar to that of previous theorem. [

The following results are immediate from the above
theorem.

Corollary 11 Let K, ; be a complete bipartite graph with
1<r<sand let o = 2. Then,

M3(L(K,,)) = rs(r+s — 2)°.

Corollary 12 Let G be an r-regular connected graph and
a be a whole number. Then, the sum of all coefficients of
MG in the expansion of M?(L(G)) is equal to zero.

Corollary 13 Let G be an r-regular connected graph and
o be a whole number. Then, the number of terms in the
expansion of M#(L(G)) is (*}?).

Let 0;(G) be the minimal degree of non-pendant ver-
tices. Now we obtain lower and upper bounds for
M}(L(G)) in terms of the number of pendent vertices and

31(G).

Theorem 19 For any (n, m)-connected graph G with n
pendent vertices and minimal non-pendant vertex degree

01(G),
(01(G) = 1)"[n + (m — n)27]
<MI(L(G)) < (4(G) = 1)’[n + (m — n)2"].
Proof For any o >0, we have
M{(L(G)) = Z(: )[dG(”) +dg(v) - 2"
weE(G
= Z [de(v) — 1]
weE(G)dg (u)=1,dg(v)#1
+ > dg(u) +da(v) — 2]
uv€E(G)idg (u)#1,dg (v)#1
<n(4(G) = 1)"+ (m —n)(24(G) - 2)".

Thus, the upper bound follows. Similarly,
M{(L(G)) > (61(G) — 1)*[n + (m — n)2”].
Hence, the desired result follows. ]

Remark 1 The bounds in the above theorem are attained
if and only if dg(u) =ds(v) = 4(G) = 61(G) for each
uv € E(G) with dg(u) #1, dg(v) #1 and dg(v) =
A(G) = 6,(G) for each uv € E(G) with dg(u) = 1.
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4 Jump Graph

The complement of the line graph is called the jump graph
J(G) of a graph G, i.e., J(G) = L(G). For more details, we
refer to [29, 30].

Theorem 20 For an (n, m)-connected graph G withn > 4
and o> 0, we have

o

M) =3 (

i=0

o

) (1) m = 1) M(L(G)).

1

Proof Let G be an (n, m)-connected graph with n >4 and
o> 0. Then,

Mi(J(G) = > [dia(w)

ucV(J(G))

= Z [(m -1)- dL(G)(”)ra
ueV(L(G))
since dp(g)(u) + d;j()(u) = m — 1. Hence,

o

m0@) =3 ()= m=1" Y i)

1

i=0 ueV(L(G))
=> ()= - mwo.
i=0

O
By the above result, we reach to the following results.

Corollary 14 For any path graph P, with n > 5 vertices
and o = 2, we have

M3(J(P,)) = n* — 9n* + 28n — 30.

Theorem 21 Let G be a connected r-regular graph with
o >0. Then,

M{(J(G))

= (3) (0 2 = ) = 2)'

i—0 !

Proof Let G be a connected r-regular graph with o> 0.
Then,

M{(J(G)) =

0
NG CED s
)
(

; "ar ; i
—1) L T ()
) =5 27 = )
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By the above results, we obtain the followings.
Corollary 15 For any complete graph K, with n>3
vertices and o = 2, we have
nn—1)

8

Corollary 16 For any cycle C, with n >3 vertices and
o =2, we have

M3(J(C,)) = n® — 6n* +9n.

M*(J(K,)) = [n* — 10n° + 37n* — 60n + 36].

Corollary 17  For any complete bipartite graph K, ; with
2<r<sand o =2, we have

MU (K s)) = rs Z (f) (=) (rs = 1) (r+5-2)"".
i=0

5 Iterated Line Graph

If G is a graph and L(G) = L'(G) is its line graph, then
L¥G), k=2,3,..., defined recursively as L*(G)=
L(L*"1(G)), are named as the iterated line graphs of G. For
more details, we refer to [31-33].

Theorem 22 For any complete bipartite graph K, ; with
1<r<sand o>0, we have

rs(r+s—2)" fork = 1;
o Tk — . ;
MY(LH(Kyy)) = s (27 s —2) =20+ 1)]
C@ =D 212 fork L

Proof Let K,; be a complete bipartite graph with
1<r<s and o>0. By combinatorial methods, we find
that |V(L(K.,))| =rs and |E(L(K.;))| =5 (r+s—2).

i=0

Since the kth-iterated line graph of K,; is a
(21 (r + 5 — 2) — 28 + 2)-regular graph, we also obtain

rs fork = 1;
V(Lk(Kr.S)) =

rs {Hf:g (27 (r+s-2)-2"+ 1)} fork > 1
and

g(r%»S*Z) fork = 1;
ECKD) =1

oF [H ((r+s—2)—2"+1)| fork>1

Therefore, M(LX(K,y)) = Z%V(L,((Km)) [de(K,-_,v)(u):| .
Hence, the desired result follows. O

By the above results, we reach to the following.

Corollary 18 For any star graph K, with s>1 and
o>2,

s(s—1)* fork = I;
MILKLD) = 4 S[I1 @15 1) - 2+ 1)]
x (2 s—1)—2+2)"  fork > 1.

Theorem 23 Let G be a connected r-regular graph with
>0 and k> 1. Then,

k71 . . »
MAL*G)) =n lH @ =2+ 1) | (2" (r—2)+2)".

i=0

Proof Let G be a connected r-regular graph with « >0
and k> 1. Then,

M(LX(G)) =

Z [de<G)(u)]a.

ucV(L¥(G))

For a connected r-regular graph G with |V(G)| = n, we
have

k=1

VLG =n]] @ 'r—2"+1),

i=0

and
k n YT i+1
|E(LX(G))| = ﬁH (2'r — 21 +2).
i=0

Further, the kth-iterated line graph of a connected r-regular
graph is (Zkr AN 2) -regular graph. Therefore,

My(LAG) = D [dpe@)]”
ueV(L¥(G))
= > [r-2vt42)”
ueV(L*(G))
= > [er-2+2]
ueV(L¥(G))
k—1 ) )
—n [H @' =2 1) | (24 -2) +2)".
i=0

O

By the above results, we finally obtain the following
results.

Corollary 19 For any cycle C, withn>3 and o> 2, we
have

MA(L¥(C,)) = n2*.

Corollary 20 For any complete graph K, with n >3 and
o >2, we have
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Mi(L*(K,)) = n

~
|
-

27 (n=3)+1)| (2"(n—3) +2)".

Il
=}
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