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Chevalley groups over Dedekind domains and
some problems for K,(2,Zg)

Jun MORITA

Abstract. We review Chevalley groups over Dedekind domains and
associated Ky groups. We also recall some old results on K5(2,Zs).
Then, we show here several new examples and computations.

1. Introduction

Let Z be the ring of rational integers, and S a set of prime numbers. Put

Zs = Z|-]qes - We are interested in the following problems.
q

Problem 1. Determine the group structure of Ko(2,Zg) for a new set S

of prime numbers.

Problem 2. Find a new set S of prime numbers such that
K5(2,Zs) ~Z ® Uyes(Z/qZ)* .

Problem 3. For a given prime number p, find a set S = {q1,--- ,q-} of

prime numbers, satisfying (x) below, as small as possible.

Q<qg<--<g-1<g =Dp,
(*) 5
Ky(2,Zg) ~ 7 & yes(Z/qZ).
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Let p; be the i-th prime number. That is,

p1=2,p2=3, p3=25, - .

If we take p = p, and choose S = {p1,p2,p3, - ,pr}, then S is the largest
set satisfying () above (cf. Theorem 5.4 or [19]).

To discuss these problems, we will review Chevalley groups over Dedekind
domains in Section 2, and their presentations in Section 3. In the same
Section 3, we will also review Ko(®, - ), where @ is the root system corre-
sponding to a Chevalley group. We will specify SL(2, - ) in Section 4, and
we will recall several old results on K2(2,Zg) in Section 5. Then, we will
introduce a criterion, in Section 6, to have new examples. In Section 7, we

will mention several facts on Schur multipliers and loop groups, and so on.

2. Chevalley groups

Before explaining details, we just want to see what is interesting:

e A Chevalley group is a functor from the category of commutative rings
to the category of groups. We can discuss rings and groups at the same
time, which means that it is interesting to find a good relation between

rings and groups.

e Tits systems, presentations and universal central extensions are very
important in group theory. We discuss these topics for some algebraic
groups over Dedekind domains. Then, we frequently obtain such interesting

structures.

e Loop groups are Chevalley groups over Laurent polynomial rings, which
are finite dimensional algebraic groups. Also, loop groups can be viewed as
affine Kac-Moody groups, which are infinite dimensional algebraic groups.

We can approach in two ways.

e It is interesting to find a certain property of each prime number if one
takes Zg as a Dedekind domain. Many relations in K5(2,Zg) are dependent
on the choice of prime numbers in S. We can study prime numbers using

Steinberg symbols.
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In this sense, we can draw the following historical flow:

Eiichi Abe Nagayoshi Iwahori Robert V. Moody
Hopf Algebra p-adic Algebraic Group  Kac-Moody Theory
Chevalley Group Iwahori Subgroup Infinite Root System
Algebraic K-theory Iwahori-Hecke Algebra Quasicrystal
N\ 3 vd

Chevalley Group over Dedekind Domain
* Loop Group (= oo Dimension)
* Tits System (BN-Pair)
* Presentation ((A), (B), (B), (C))
* Universal Central Extension
+ K5 group (Symbol {-, -})
* Heredity Theorem (D = D[1/p])

The author is deeply obliged to great professors, named E. Abe, N. Iwahori
and R. V. Moody, to study Chevalley groups over Dedekind domains.

Let ® C V be a reduced irreducible root system in the sense of Bourbaki
(cf. [3]), satisfying:
(RS1) |@| < o0, (P)y=V, 0 & .
(RS2) RanN® = {+xa} for all a € P.

(RS3) 04 (®) = @ for all a € P.
(o, B)

(Rs4) 2,73

€ Z for all a, 5 € ®.

(a, v)

(@, @)

allv € V (~ R"). We also assume that & is reduced and irreducible. Let g

« for

Here V is an n-dimensional Euclidean space, and o4 (v) = v — 2

be a finite dimensional complex simple Lie algebra of type ® (cf. [6]). For
a finite dimensional faithful representation p of g on V| we obtain an affine
group scheme G,(®, - ), that is a representable covariant functor from
commutative rings to groups. This is simply called a Chevalley scheme and
represented by a Hopf algebra Hy over Z, i.e. G,(®, - ) = Algy(Hz, - ),
(cf. [1],[4]). A representation p is called simply connected if its weight
lattice is full. We fix a fundamental system (or a base) II of ® (cf. [3],[6]).
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For example, if ® is of type A, then g = sl(n + 1,C). If p is simply
connected (or p is a natural action on C"*1), then we obtain G,(A,, - ) =
SL(n+1, - ) and Hy = Z[&;]/(det(&;) — 1), where 1 < i,j <n+1 and
A(&j) = SR ik ® &y

For a commutative ring R, we call G(®,R) = G,(®,R) a Chevalley
group over R of type ® associated with p. For each a € &, there is
an “exponential” homomorphism z, of the additive group R™ to G,(®, R).
That is, x4 (t) = exp p(teq) € GL(VR) for t € R and e, is a part of a fixed
Chevalley basis of g, where Vg = R® V7 and V7 is an addmissible lattice in
V' (cf. [6],(25]). Put E(®,R) = E,(®,R) = (z4(t) | « € ®,t € R), which is
called the elementary subgroup of G,(®, R). If p is simply connected, then
we write Gg.(®, R) and E,. (P, R) respectively. If R is a field, a local ring,
or a Euclidean domain, then G4.(®, R) = Eq(®, R), (cf. [1],[24],[25]).

In E,(®,R) C G,(®, R), we obtain the following:
(A) z4(8)xa(t) = zo(s + 1),
(B) [za(s),z4()] = I1 iB+jyed Tigtjy(Np 55,
1,7 >0

(B) wa(u)za(t)wa(—u) = z_a(—u?t),

(C) ha(u)ha(v) = ha(uv)
for all a, 8,7 € ® (B+~v #0), s,t € R and u,v € R*, where wq(u) =
T (W) _o(—u V)20 (u), ha(u) = wo(w)wa(—1), and Ng. ;. € Z (structure
constants), and where R* is the multiplicative group of R (cf. [1],[24],[25]).

Let D be a Dedekind domain, and we choose p € D as a nonzero prime

element. Suppose that D* — (D/pD)* is surjective. Then, we let

(Wo(u) | € ®,u € D[%]X),

= (halu) | a € ®,uc D[;]¥),

= (ho(u) | @ € ®,u € D),

N/T : “Weyl Group”,

= N/To~W x Q@ : “Affine Weyl Group”,

= T/Ty ~Z", where n =dimV = rank(®) = rank(g),

= {wa(1) [ a € T} U {w_a,(p)},

WO TSNz
I
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where ag € ® is the highest root. Set Q4 = > .yZ>ox and Q_ = —Qy,
and put ®* = ® N Q+. Then, ® = d* U~ and &~ = - (cf. [3],[6]).
Let B be the subgroup of E,(®, D[%]) generated by

za(t), ha(u), z_a(pt)

for all o € ®*,t € D and u € D*. This B is called an Iwahori subgroup,
which is usually denoted by By (cf. [7],[24]).

Theorem 2.1. (cf. [2]) Notation is as above. Then, (E(CD,D[%]),B,N, Sa)
is a Tits system, and

E(@,D[l]): U BwB  (disjoint).
weW,,

Remark 2.2. (cf. [7]) If D = Z, and D[%] = Zp[%] = Qp, then we obtain

an original Iwahori-Matsumoto decomposition.

3. Presentations and Ky (®, - )

Let St(®,R) be the group generated by #,(t) for all « € ® and t € R
with the defining relations corresponding to (A), (B), (B’). It is called

a Steinberg group. There is a natural homomorphism ¢ of St(®, R) to
Gse(®, R) such that ¢(Z4(t)) = za(t), (cf. [1],[24],[25]).
Put Ko(®,R) = Ker[St(®,R) 2 G4(®,R)], and note Eyo(®,R) =

Im[St(®, R) N Gse(®, R)]. For a € ® and u € R*, we put

Wo (1) = Zo (U)o (—u~")Za(u),

ha(u) = We (u)We(—1).
For a fixed long root o € ®, we define

{u, v} = {u, v}a = ha(u)ha (v)ha(uv) 1,
called a Steinberg symbol. Let C'(R) be the subgroup of St(®, R) generated
by {u,v} for all u,v € R*. Then, C(R) is central, and C(R) C K2(®, R).

Let E,(®, R) be the group generated by Z,(t) for all « € ® and t € R
with the defining relations corresponding to (A), (B), (B’), (C). Then, the

following two conditions are equivalent:
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e Ky(®, R) = C(R);
e B, (P R) = E.(®,R).
A commutative ring R is called universal for ® if K5(®, R) = C(R).

Theorem 3.1. (cf. [2]) Let D be a Dedekind domain, and p € D a nonzero
prime element. Suppose that D* — (D/pD)* is surjective. If D is
universal for ®, then D[%] s also universal for ®.

Hence, we obtain the following two interesting topics:

e Surjectivity of D* — (D/pD)*, and Tits System;

e Surjectivity of D* — (D/pD)*, and Heredity of Universality.
Suppose that R is universal for ®. If R satisfies some ideal or unit condition
(for example, there exists a unit u € R* such that u?> —1 € R* for A;
type), or if rank(®) >> 0, then St(®, R) is a universal central extension of
Es(?, R), and K2(®, R) is the Schur multiplier of F,.(®, R). Note that if
D* — (D/pD)* is surjective, then Kg(@,D[%}) = Ky(®,D), - C(D[%]),
where Ky(®, D), = Im[K3(®, D) — KQ((I),D[%])], (cf. [2],]19],[24],]25]).

Example 3.2. We obtain the following picture starting from Z.

/‘ .
Z[%v %] -
/" N
Z) T
e N\ AREEE
Z Zii 5 - “perfect”
N\ /" N
Z[%] — el ]
N\ AR
Z[%’%] -
N -
Namely, D = Z[qil,--- ,qin] (n > 0) appeared in this picture is univer-

sal for ®, where we assume that D* — (D/pD)* is surjective in every

step D — D[%]. Here p is a prime number (see Theorem 3.1 above),
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and the word “perfect” means that SL(2,D) is perfect, i.e. SL(2,D) =
[SL(2,D),SL(2,D)]. Note that SL(2,D) is perfect if and only if 2,3 €
{q1,--+ ,qn} (cf [25]). That is, we can see that 22 — 1 = 3 € D* and
SL(2,D) = [SL(2,D),SL(2,D)] if 2,3 € {q1,--- ,qn}, and we can also
see that D/p'D ~ Z/p'Z and SL(2,Z/p'Z) # [SL(2,Z/p'Z),SL(2,Z/p'Z)],
implying SL(2,D) # [SL(2,D),SL(2,D)], if p = 2 or 3 and if p' &
{q1, -+ ,qn}. We also notice that D =7 and p = 2,3 if n = 0.

4. SL(2, - ) and K»(2, - )

The standard stable K> is given by
K>(R) = Ker[St(R) — SL(R)] = lim Ka(n, R),

(cf. [25]), where
St(R) = lim,, St(n, R), St(n,R)= St(A,_1,R),
SL(R) = lim, SL(n,R), SL(n,R) = Gsc(Apn-1,R),
Ks(n, R) = Ket[St(n, R) -2 SL(n, R)] = Ka(An_1, R),
and the symbol lim,, means an inductive limit by inclusions SL(n, R) <

SL(n + 1,R) or homomorphisms St(n,R) — St(n + 1,R). Note that
St(n, R) is not necessarily a subgroup of St(n + 1, R).

Let S be a set of (finite or infinite) prime numbers, and put

1

Then, as is well-known,
Ko(Zs) = Ka(n, Zs) ~ L/2Z ® Nges(Z/qZ)"

for all n > 3 (cf. [24],[25]).
For a commutative ring R, we define the Steinberg group St(2, R), as
before, by the generators
Z12(t) and Z9i(t) forallt € R
and the following defining relations

(A) Zij(s +1) = @i5(s)2i (1),
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(B') thij (u)i; (t) s (—u) = &ji(—u?t)
for all s,t € R and v € R*, where 1 < i # j < 2 and w;(u) =

245 (w)Zji(—u" )25 (u), and where R* is the multiplicative group of R.

There is a canonical group homomorphism
¢:St(2,R) — SL(2,R) C GL(2,R)
defined by

1 ¢

d(Z12(t)) = z12(t) = ( 01 ) ;o O(Z21(t) = 221(t) = < 1 (1) ) ‘

Put K2(2,R) = Ker(¢) and E(2,R) = Im(¢). If R is a field, a local ring,
or a Euclidean domain, then E(2,R) = SL(2, R).

For u,v € R*, put
{u, ’U} = ing(u)ing (U)]Allg(uv)fl,

which is called a Steinberg symbol, where hio(u) = w12(u)iwi2(—1). Then,
{u,v} € K2(2,R), and {u,v} is central. Set

C(R) = ({u,v} | u,v € R*),

and Fy(2,R) = St(2,R)/C(R). Then, we obtain the following Matsumoto
relations (cf. [10], Section 7.3).

Theorem 4.1. (cf. [10]) Notation is as above. Then:
(M1) If t,u,v € R*, then {t,u}{tu,v} = {t,uv}{u,v}.
(M2) If t,u € R, then {t,u}{t,—u='} = {t,—1}.
(M3) If t,u € R*, then {t,u} = {u=1 t}.

(M4) If t,u € R*, then {t,u} = {t, —tu}.

(M5) If t,u,v € R, then {t,u?v} = {t,u?}{t,v}.

(M6) If t,1 — t,u € R*, then {t,u} = {t,(1 —t)u}.
As easy direct consequences, we obtain:

(M7) If t € R*, then {t?,—1} = 1.
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(M8) If t,u € R* and t+u =1, then {t,u} = 1.
(M9) If t,u € R* and t +u = 1, then {t,u*} =1 for all k € Z.
(M10) If t,u,v € R*, then {t?,u}{t?,v} = {t?, uv}.

By [2], we can reach the following two theorems.

Theorem 4.2. (cf. Theorem 2.1,[2]) Let D be a Dedekind domain, and
p € D a nonzero prime element. Suppose that the canonical homomorphism
of D* into (D/pD)* is surjective. Then,

E(2,D[;]): U B(pm v )B U B( _pom p;n )B,

mEeZ 0 p

where B is the Iwahori subgroup generated by

1t u 0 1 0
01)’ 0 ult )’ pt 1
forallt € D and uw € D*.

Theorem 4.3. (cf. [2

—

) Under the same assumption, we have:

U Bing B B’lf]u(pm)é,
meZ

@M—‘

where B is the Iwahori subgroup generated by

C(D[;]), F1o(t), ha(u), i (tp)

for allt € D and u € D*.
Furthermore, we obtain the following as in Section 3.

Theorem 4.4. (cf. [2],[19]) Under the same assumption, we have:
K»(2, D[X]) C B,
K5(2,D[})) = K2(2,D),, - C(D[F]),
K>(2, D[J]) = K»(2,D), - {{p,u} | u € D),

where K»(2, D), = Im[K2(2, D) — Ka2(2, D[}])].
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Proof. Put B’ = (i15(t), hia(u), Zo1(tp) | t € D, u € D*) C B, then B =
B’-C’(D[%]). By Theorem 4.2 and Theorem 4.3, we obtain K»(2, D[%]) c B.
Let z € KQ(Z,D[%]). Then, we can write & = §2 for some § € B’ and
2 € C(D[L]), which implies 1 = ¢(2) = 6(3)(2) = 4(3).

N A~

K»(2,D[1])) ¢ B=DB-C(D[}])) c Si(2,D[;]) — E(2D[))
1 T U
K»(2,D) C St(2,D) — E(2,D)

Then, there is an element §' € St(2,D) satisfying 7(9’) = § under the
canonical map 7 : St(2,D) — St(2,D[%]). Hence, 3 € K2(2,D) and ¢ €

K>(2,D),, which implies K(2, D[%]) = K3(2,D),- C(D[%]). In particular,

we have K»(2, D[1]) = K2(2, D), - ({p,u} | u € D). O

5. Old Results

By [19], we have the following additional relations (cf. Section 7.4, 7.5),

which are essentially obtained from Matsumoto relations in Theorem 4.1.

Theorem 5.1. (cf. [19]) Let R be a commutative ring, and let R* be the
multiplicative group of R. Then, in K2(2, R):

(1) If z,2',r,p € R* and 2’ = z + rp, then, (cf. Section 7.3),
(0,2} = {02 H o 1 MG 5} = oM 51 S,
(2) If t,u,1 —u € R*, then
{t,ul{t,1 —u} ={t,u(l —u)}.
(8) If t,u,v,1 —u € R*, then
{t,uvH{t, (1 —u)v} = {t, v}{t,u(l — u)v}.
(4) If 2,3, € R%, then
{t,=3}{t,2} = {t,—1}{¢,6}.
(5) If t,u,v,a € R* and u+ v = a?, then
{t,u}{t, v} = {t,uv}.
(6) If t,u € R* and t = u?+ 1, then
{t,-1}2 =1.
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(7) If 2,t,u € R*, k € Z and 2%t = u® + 1, then

{t,-1}2 =1.
(8) If 2,t,u € R* and t = 2u® + 1, then
{t,-1}2 =1.

(9) If t,u € R*, then
{t,+u*} | k € Z) = ({t, -1}, {t,+u}, {t,u?}).
(10) If t,u € R*, then the following two conditions (i) and (ii) are
equivalent.
(i) {t,ubt, ~1} = {t, —u}.
(ii) {t,u}{t,u=1} = 1.
(11) If one of the two conditions in (10) holds, then
{t,u*} = {t,u}*
and
ft,—ub} = {t,— 1}t uF} = {t, 1}t u}*
forallk € Z.
(12) If 2,t € R, then
{t,2}{t,—1} = {t,—2}.
(18) If 2,t € R, then
{L2He 4} = 1.
(14) If 2,t € R, then
{t, 2k} = {t,2}* for all k € Z.
(15) If 2,t € R, then
{t,—2F} = {t, —1}{t, 2k} = {t, —1}{t,2}* for all k € Z.
(16) If 2,t € R, then
({6,425} | k€ Z) = ({1, ~1}, {t,2}).

On the other hand, we already know the following two facts.
Theorem 5.2. (cf. [26],[19]) Let S be the set of all prime numbers. Then:

K5(2,Zs) = K2(2,Q) ~ Z ® Uyes(Z/qZ) ™.
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Theorem 5.3. (cf. [10],[12])

K2(27Z) = <{_17 _1}> =
Furthermore, we obtain the following results using previous relations.

Theorem 5.4. (cf. [19]) Let S = {p1,p2,p3,- - ,pn} be the set of the first

n successive prime numbers, that is, p1 = 2, po = 3, p3 = 5, ---. Put
Zs=7Z[x~, -, L]. Then:
p1 Pn

K9(2,Zs) ~Z ® Uyes(Z/qZ)™.

Theorem 5.5. (cf. [19]) Let S = {2,5}, {2,3,7}, {2,3,11}, {2,3,5,11},
{2,3,13}, {2,3,7,13}, {2,3,17}, {2.3,5,19}. Put Zs = Z[}]es. Then,

Ky(2,Zs) ~Z ® Uyes(Z/qZ)™.

Theorem 5.6. (Three Unit Formula, cf. [20]) Let t,u,v € R* and put
a=u+v—tec R. Then :
. R 1., ,au v at

To1(a)Z12(——)Z21(—)212( )21 (—— )1 (*)—{* ul{t, —v} .

U v tu v

Theorem 5.7. (cf. [20]) K2(2,Z[3]) =~ Z & (Z/3Z)*.
Here, we notice the following fact.

Theorem 5.8. (cf. [2]) Let p be a prime number. Then, the following four

conditions are equivalent.

(1) 2" - (Z/pZ)*;
(2) p=2,3;
(3) K2(2,Z[)) = C(Z[}));

(4) Eu(2,2[1)) > SL2 Z[2).

Proof. We can easily find (1) < (2) as well as (3) < (4). By Theorem 5.1,
we see (2) = (3). To prove (3) = (2), we suppose K2(2,Z[%]) = C(Z[%]).
Applying the surjection K»(2 Z[%]) — KQ(Z[ 1), (cf. [5]), we obtain

Z7]27

KQ(Z[;]) ~ 1222 & (Z/p2)" ~ {{-1,-1}, {p,—1}) ~ { 2276 1)L

which shows p = 2, 3. O
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6. New Examples

We may simply use a = b instead of a = b (mod K'). In this section, we

will have several new examples and computations.

Theorem 6.1. (Criteiron) Let g1, - , qn, p be distinct prime numbers. Put
D = Z[q%,--- ,qin]. Suppose that D is universal for ® = Ay, and that

D* — (D/pD)* is surjective. We also assume
K3(2,D) = C(D) ~Z® i<i<n(Z/GiZ) ",

which is naturally corresponding to K2(2, D) — K»(D). Put K' = K»(2, D),

= Im[K3(2,D) — K»(2, D[%])] If there exists u € D* such that

{p,u}P~t =1 (mod K')

and
K2, D[;D — K ({p.u}),

then we obtain:
Kg(z,p[;]) _ C(D[;]) ~ 2.6 (hcicn (Z/G2)) & (Z/pL)".

Proof. Put G = KQ(Q,D[%]) and G' = KQ(D[%]), and let ¢ : G — G
be a natural homomorphism. Set H = K’ = K»(2, D), = Im[K2(2,D) —
KQ(D[%])], and H' = p(H). Then, G/H = ({p,u} mod H) and {p,u}P~! =
1 in G/H. On the other hand, G'/H' ~ (Z/pZ)*. Since ¢ is surjective

(cf. [5]) and induces a natural epimorphism
G/H - G'/H',

we obtain G/H ~ G'/H’, which means Ker ¢ C H and Ker ¢ = ({—1, —1}?).

Note that K»(2, D[%]) is a finitely generated abelian group. We also note

that there is a canonical homomorphism
1 A
v: K2, D)) 5 Ka(2,Q) > ({1, -1} = Z,
where v = Ao pu, and where ) is the projection (cf. Theorem 5.2) satisfying

(v,wy D1, {to,Fuw} D1, {—v,—w} D {-1,-1}
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for all v,w € Qsq (cf. [10],[12],]25]) and p is induced by the embedding

D[-] — Q. Using v and ¢, we can show
p

{p,u}P~! € Iy<;<n(Z/¢:7)* = the torsion part of K.

Hence, K2(2, D[%]) is a direct sum of a free abelian group X = ({—1, —1}) ~
Z and a finite abelian group Y. Using the fact Ker(p) C X, we have

Y ~ oY) = i<i<n(Z/GZ)" © (Z/pZ)™,
which implies

K2(27D[11)}) =X®Y ~Z& (i<i<n (Z/GZ)*) & (Z/pZ)*.

Theorem 6.2. Let S = {2,3,11,23},{2,3,5,7,29},{2,3,5,31}, {2, 3,37},
{2,3,5,7,41},{2,3,7,43},{2,3,7,11,43},{2,3,11,23,47}. Then,

K9(2,Zs) ~Z ® Uyes(Z/qZ)>.

Proof 1. Suppose S = {2,3,11,23}.

1 111
et 2( ) [23])7 [2a3711]7 p 3 and put
1
K' = K5(2, D)33 = Im[K>(2, D) = K5(2, D[])].
Then,
K = K’ ({-23,£2k3'11™} | k, 4, m € Z)
= K’ ({-23,+2F11%} |k, 0 € Z)

K' ({23, £2%} | k € Z)
= K'-({23,-1}, {23,2}).

-<
-
= K'-({23,4£2F11%} | k, £ € Z)
(
(
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Note 11 + (—2) = 3%, Then

{23,-1}% = {23,-1}{23,2}{23,-1}
= {23,11}{23,2}{23, -1}
= {23,11}{23, -2}
= {23,-22}
= 1

11 23 + 28 = 1. Then, we obtain
29,149} (25, 1) = (25,12 ).
(28,528, 3} = (23, R
(23,123, &) - (25,5 %)
{23, 2}{2?% 3t ={23, 2}

and
{23,2}{23,3} = {23,6}.
Hence,
{23,2}3{23,3} = {23,4}{23,2}{23,3}

= {23,4}{23,6}
= {23, 24}
= {245 23
= {24,-1}

1.

Note 28 = 256 = 11 - 23 + 3. Then,
{23,28} = {23, 3},
{23,2}% = {23,281 = {23,3} = {23,2} 73,
{232}t = 1.
Hence, we obtain {23, —2}!1 = {23, —1} and {23, —-2}?* = 1. Then,
K =K' ({23,—1},{23,2}) = K’ - ({23, —2})
and {23, —2}?2 = 1. Therefore,

Ks(2,7Z]

1 1
11723

w\H

1
9’

Proof 2. Suppose S ={2,3,5,7,29}.

) ~Z® (Z/3Z2)* & (Z/I1Z)* & (Z/23Z)*.
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1

Let K = K9(2,D
€ 2(5 [29

D), D="2Z]=,=,=, =], p=29 and put

N | =
W =
o] =
|~

1

K = KQ(Q, D)Qg = Im[K2(2, D) — KQ(Q, D[29])]

Then,
K = K'-{{-29,42F3%5m7"} | k, £, m,n € Z)
K" ({—29,£2k37™} | k, £, m € Z)
= K’ ({29,42F3'7™} | k, 4, m € Z)
K’ ({29, +£2%3%) | k, ¢ € Z).

Note % + % = 1. Then we obtain

{29, 2129, 5} = {29, 23},

{29, —2}{29, -33} = {29,2- 33},

{29, —21{29, —3}{29, 32} = {29,6}{29, 3%}
and

{29, —2}{29, -3} = {29,6}.
Here we notice {29, —2}{29,3} = {29, —6}.

Note % — % = 1. Then,

{29, T}{29, -2} = {29, 252},

{29, 2129, 1} = {29, &},
{29,25.3}{29,3} = {29,2°}{29, 32},
{29,6}{29, 3} = {29,2}{29, 3%},

{29, —21{29, —3}{29,3} = {29,2}{29, 3%},
{29, -1}{29,-3}{29,1} =1

and
{29, -1}2 = 1.

Since 211 =2-.5.7-29 4+ 232, we obtain
{29,211} = {29, 2. 3%} = {29,2}{29, 3%},
{29,210} = {29, 32},

Note 2° = 29 + 3. Then,

{29,2°} = {29, 3}.
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Since —2° = (—1) - 29 + (—3), we obtain

{29, -3} = {29,-25}
= {29, -1}{29,2°}
= {29,-1}{29,3}.

Hence,

K = K'-({29,42F3) | k, 0 € Z)
= K'-({29,—-1},{29,2}, {29, £3}, {29, 3%}, {29, £6})
= K'-({29,-1},{29,2}).
Note 3% =29 — 2. Then
29,33} = {29, -2} = {29, —1}{29, 2},

which implies

{29,214} {29, 2101{29, 24}
{29, 32}1{29, 24}
{29, 3}2{29, 2}*
{29,3}3{29,2} !

{29, -1}.

Therefore,
K =K' ({20,2})

and {29,2}* = 1. Hence,
Ka(2,Z[5, 3, %555 o))

~ 7.6 (Z)32)" & (Z/5L)° & (Z)TL)* & (Z/29Z)*.

Proof 3. Suppose S ={2,3,5,31}.

1 111
Let K = K2(2,D[ﬁ]), D= Z[5, 3 5]’ p =31 and put

1

K/ = K2(27 D)31 = Im[KQ(Q, D) — KQ(Q, D[31

DI-
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Then,

K = K'-({31,£2"3/5™} | k,t,m € Z)
K" ({31,£2%3%} | k, £ € Z)
K- <{317 _1}7 {317 2}7 {317 j:3}7 {317 32}7 {317 :I:6}>

Note % — % = 1. Then,

{31, 83181, -1} = {31, 8- G},

{31, -6°}{31,6} = {31, 6%},

{31,6°}{31, —=1}{31,6} = {31, —6}{31, 6%},

{31,-1}{31,6} = {31, -6} = {31, —1}{31,2}{31, 3}
and

{31,6} = {31,2}{31,3}.
Since g—i + 3% =1, we obtain

2 2

{31’ _52}{31’ _6} = {315 52 : 6}5

{31, —1}{31,52}{31, -6} = {31,5?}{31,6},

{31, —1}{31, -1}{31,2}{31,3} = {31,6}
and

{31,-1}2 =1.
Note 10 — 32 = 1. Then,

{31,10}{31, —3%} = {31, -10 - 32},

{31, —13}{31,-1}{31,3?} = {31,3}.
Therefore, we have

{31, -3} = {31, —1}{31, 3},
{31,3}{31,37 1} = 1.

Since 33 = 31 — 22, we obtain

{31,3)% = {31,3%} = {31, -2} = {31 — 1}{31,2}%
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Note 25 = 31 4 1. Then,

{31,2})> = {31,2°%}
= {253i}
= {32, 4
{32,-1}
- {_1725}
= {-1,2}°=1.

Therefore,
{31,2} = {31,2}7
= {31,-1}72{31,3}76
= {31,3}°¢
and
{31,3}3 = {31,2}° = 1.

Hence,
{31,3}1° = {31-1}5{31,2}10
{31,-1}.
Thus, we obtain

K =K' ({31,3})

and {31,3}3° = 1. Hence, we obtain

I

K5(2,7] ) ~Z & (Z/3Z)* & (Z/5Z)* & (Z/31Z)*.

111
23’5

w

1

Proof 4. Suppose S ={2,3,37}.

1 11
Let K = K2(2,D[§]), D= Z[i’ g], p = 37 and put
1
K/ = K2(27 D)37 = Im[K2(2, D) — K2(2, D[ﬁ])]

Then, we obtain

K = K'- ({37,423} | k,0 € 7Z)
K’ ({37,—1},{37,2}, {37, £3}, {37, 3%}, {37, £6}).
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Note 37 — 1 = 36 = 62. Then,
{37, -1}2 = {37, —1}{37, -1} = {37,37}{37, -1} = {37, -37} = 1.
On the other hand,
{37,22}{37,3%} = {37,36} = {37, —1}.
Since 26 = 64 = 37 + 32, we obtain
{37,206} = {37,33}.
Note 3—67 — g—; = 1. Then,
6 3 6 _
(37, L 37, -5} = {37, % - ¥},
{37, -263{37,33} = {37, -26 . 33},
{37,—-1}{37,3} = {37, -3}.
Since {37,6} = {37, —%}, we obtain
{37’ 6}2 = {377 _%}2 = {375 6}{377 _%} = {377 _1}
Therefore,
{37a _1} = {377 _6}{377 %}
= {37,-1}{37,2}{37,3}{37,3}.
Hence, we obtain
{37,2}71(37.3)7" = {37. 4},
{37, 3137, 3} = {37, §}
and
{37,2}{37,3} = {37, 1 }{37, 1 {37, 22}{37, 3%} = {37, L }{37.6%} = {37.6}.
Hence,
({37, 42F3%) | k, £ € Z)
= <{37a _1}a {377 Q}a {377 i3}> {377 32}7 {377 j:6}>
= ({37,—1},{37,2},{37,3}).
Since {37,2}4{37,3}* = {37, —1}? = 1, we obtain
{37,2}° = {373,
{37,234 = {37,3}7L
Hence,

{37,2}2 = {37,3}7,
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{37,3}4 = {37,2}* = {37,3}*
and

{37,3}18 = 1.
Thus,

{37,2}1% = {37,2}'8{37,3}18
= {37,22}°{37,3%}°
= {37,-1}°

{37,—1}.

Since {37,3}Y = {37,2}'8 = {37, -1}, we obtain

{37,-1}{37,2}8 {37, -1}{37,2}5{37,2}?
{37, —1}{37,3}3{37,2}2
= {37,—-1}{37,3}{37,3}2{37,2}>

(37, —1}{37,3}{37, -1} = {37,3}.

Hence,
{37,2}2{37,3}2{37,2}® = {37,3},
{37,2}10{37,3}2 = {37, 3}

and
{37,3} = {37,2} 10,

Since

K =K' ({37,2})
and {37,2}%0 = 1, we obtain

E L))~ 76 (Z/32)% & (Z/372).

Ky(2,Z]=. =
2(2, [2’3’37

Proof 5. Suppose S ={2,3,5,7,41}.

1

41

—_
—_

Let K = K»(2,D[—]), D =Z[~,

5 |, p =41, and put

'7

| =
ot =

K’ = K»(2, D)ar = Tm[Ka(2, D) — Ka(2, D%m.
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Then, we obtain

K = K’ {({—41,42F3'%5m7") | k, 4, m,n € Z)
K" ({—41,4£2%3%5™} | k, £, m € Z)

K’ ({41, +£2%3'5™} | k,4,m € Z)

K- ({41,4£2%3% | k, L € 7).

2

Note % + Z—l = 1. Then,

{41, 3141, 57y = {41, 255,

{41, 5341, &} = {41, =}
and

{41,-1}2 = 1.
Since

{41, —1}{—41,u} = {41, —u}{—1,u},
we obtain

{—41,u} = {41, -1}{41, —u} for u € D*.
Note 3* = 81 = 2-41 — 1. This implies

{41,3%} = {41, -1}
and

{41,38%} = {41,31)}2 = {41, -1}2 = 1.
Since 2% = 32 = 41 — 32, we obtain

{41,2%} = {41, 3%} = {41, -1}{41, 3%},

{41,219} = {41, -1}2{41,3*} = {41, -1}
and

{41,229} = {41,219)2 = {41, -1}2 = 1.
Note —33 = —41 4 14. Then,

{41,33}{41, -1} = {—41,-3%}

{—41,14}
= {-41,%
= {41,-3}{41,-1}

and
{41,3%} = {41,3}{41,3%} = {41, —é}.
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Hence,
{41,3}%{41,3?} = {41,—3}{41,3}
= {41,-1}
= {41,3%}
{41, 3%}
Therefore,

{41,3)% = {41, 32},
{41,3}{41,1} =1,
{41, -1}{41,3} = {41, -3}.

On the other hand,

(41,21{41,3} = {41,—1}{41,2}{41, -3}
= {41, -2}{41, —1}{-41,3)
= {41,—-1}{-41,-6}
= {41,6}.

Note 2 + 7 = 32. Then,

{41,61{41,7}

{41,2}{41,3}{41,7}
{41,3}{41,14}

{41,3}{41, —1}{—41, —14}
{41,3}{41, —1}{—41, -1}
{41,3}{41, 3

1

Hence,

{41,6}%> = {41,2}%{41,3)?
{41,2%}{41, 3%}
{41,22}{41, 25}
{41, -1}{41,27}
{41,2193{41,27}
{41,2'7}
{41,273},

Therefore,

{41,6}1* = {41,272} = {41,271},
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{41,714 = {41,6} 714 = {41,2}

and
{41,710

{41, 7}y 41,7}~
{41,6}{41,2} !
{41, 3}.

Thus, we obtain

K = K' ({41,+2%3%} | k0 € Z)
K'- ({41, -1}, {41,2}, {41,3})
= K'-({41,7})

and {41, 7}40 = {41,6} 740 = {41,2}% = 1, which implies
K2(27Z[§, ga 57 ?7 E])
~7& (Z/32) & (Z/52)* & (Z]T2)* & (Z/A1Z)™.

Proof 6. Suppose S ={2,3,7,43}.

1 111
Let K = Ko(2,D|—]), D =7Z|-, -, = =43 d put
€ 2( 3 [43])7 [2a 37 7]> b , and pu
1
K' = K3(2,D)43 = Im[K3(2, D) — K»(2, DI&DI

Then, we obtain

K = K'- ({43, £2k37™} | k,t,m € Z)
= K’ ({43,42F3%} | k.0 € 7).

Note % + % = 1. Then,
{43, 33143, 5} = {43. 255 ),
{43, —24}{43, -33} = {43,2* . 3%}
and
{43, -1}{43, -3} = {43,3}.
Since —62 = (—1) - 43 + 7, we obtain
{43, -6%} = {43, 7}
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and
{43,62}71 = {43, 5}
= {43,-1}{43,-62}7!
= {43,-1}{43,7} 71

= {43,-1}
{43,6}.
Therefore, we obtain
{43,6%} = 1.

Note —63 = (—6) - 43 + 42. Then, we have

{43, -1} = {43,42}
= {43,-6%}
= {43,-6}{43,6%}
= {43, -1}{43,2}{43,3}{43,6%},
which implies
{43,2}{43,3}{43,6%} =1,
{43,2}{43,3}{43,63} = {43, 6}
and
{43,21{43,3} = {43,6}.
In particular, we obtain
{43, -1}{43,6} = {43, —1}{43,2}{43,3} = {43, —6}.
Since 2 - 6% = 72 = 2 - 43 — 14, we calculate
{43,1} = {43,-14}
= {43,2-6%}
= {43,2}{43,6%}
= {43,2}{43,6} 71
and
{43,2}{43,3?} = {43,3}{43,6}{43,3%}
= {43,3}{43,6}
= {43,3}2{43,2}.
Hence, we obtain

{43,312 = {43, 32},
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{43,3}{43,4} =1

and
{43, -1}{43,3} = {43, -3}.
Thus,
{43,-1}% = {43,-1}{43,7}{43, -1}
= {43, -1}{43,7}{43,6}
= {43,7}{43, -6}
= {43,-42}
= 1
and

({43, £2"3%} | k, 0 € Z) = ({43, -1}, {43, 2}, {43,3}).
Note 26 = 64 =43 +3-7. Then,

{43,256} = {43,21} = {43, -1},
{43,27} = {43, -1}

and
{43,2}1 = 1.
Therefore,
{43,2}3{43,3}3 = {43,22}{43,2}{43,3%}{43,3}
= {43,62}{43,6}
= {43,6%}
= 1.
Thus,
{43,23}5{43,33)° =1,
{43,2}14{43,2}{43,3}1° =1
and

{43,2} = {43,3} 715,
which shows

{43,3}42 = {43,3}3M = {43,2} M = 1.
Hence, we obtain

K = K'-({43,—1},{43,2},{43,3})
= K'-({43,3})
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and {43,3}42 = 1. Thus,

K»(2,7] ]) ~7® (Z/32)* & (Z]TZ)* ® (Z]A3Z)*.

»lk‘,_‘

11
3T

N |

Proof 7. Suppose S ={2,3,7,11,43}.

Let D = Z[%, %, %, ﬁ] 5 p = 43. Then, we already know by Proof 6,

=

= K’ ({—43,42F3'711"} | k, £, m,n € Z)
K" ({—43,£2F3'7™Y | k. £, m,n € Z)

K’ ({43, £2¥37™} | k, 4, m,n € 7)

(

(

(

K'- ({43, 4£2%3%) | k, L € Z)
K'- ({43, -1}, {43,2},{43,3})
= K'-({43,3})

and {43,3}*2 = 1. Hence, we obtain

1111 1
Ko(2,Z[=, =, =, —
@237 1)

~7&® (Z/3L) & (Z)T2)* & (Z/11Z)* & (Z/43Z)*.

Proof 8. Suppose S ={2,3,11,23,47}.

1 111 1
LetK—Kg(Q,D[Z,?]), = [2 310 23] p =47, and put
1

Then, we obtain

K = K’ ({—47,42F311m23"} | k, £, m,n € Z)
K'- ({—47,£2F1123™} | k, 4, m € Z)

(

(

= K'-({47,4£2F11%23™} | k, 4, m € Z)
= K’ ({47, £2F11°) | k, ¢ € 7).

Since

+11 = +47 F 62, £22 =42-47F2-62, 11?2 =11 -47 — 62 - 11,
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we obtain

{47, 11} = {47, -6}, {47, —11} = {47,6°},

{47,22} = {47, —2}{47,6%}, {47, 22} = {47,2}{47,6%},

{47,112} = {47, 6% - 11} = {47, —11}{47, 6%} = {47,6%}.
Note % + % = 1. Then,

(47, 2} (a7, 3 = (47, 42),

{47, -24}1{47, 23} = {47,24 - 23},

{47, —6}{47,2%}{47, 1} = {47,22}{47,6 - 23},

{47, -6}{47, 5} = {47, -3},

{47, —1}{47,2}{47,3}{47, 1} = {47, -3}

and
{47, -1}{47,3} = {47, -3}.
On the other hand,
{47, —13{47, —11} = {47, —1}{47,6?} = {47, —6°} = {47,11}.

Note 23 — 22 = 1. Then,
{47,23}{47, —22} = {47, -23. - 22}

and
{47, — 3147, —22} = {47,11}.
Therefore
{47, —1}{47,—22} = {47, —%}{47, 2}{47, —22}
= {46,11}{47,2}
= {47, —1}{47,—11}{47,2}
and

{47, —22} = {47,2}{47, —11}.
Note 11 — 2 = 32. Then,

{47,111{47, —2} = {47, —22} = {47,2}{47, 11}
and

{47, —1}{47,11} = {47, —11}.

Hence, we obtain
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{47, —1}2{47,11} = {47, —1}{47, —11} = {47,11}
and
{47, -1}2 =1.
Note +2-11 = +2-47 T 2 - 62 again. Then,
{47, 42 - 11} = {47,F2 - 6%},
and
{47,22} = {47, -2 - 62} = {47, —1}{47,2}{47, 6%}
= {47,2}{47, 62} = {47,2}{47,11}
Recall
{t,2}{t, -3} = {t, —1}{t,6}.

Therefore, we obtain

({47, +£2F11%} | k, 0 € Z)
= ({47, -1}, {47,2}, {47, €11}, {47,112}, {47, +22})
=

(

(47, —1}, {47, 2}, {47,11})
{47, —1},{47,2},{47,3})

Note 27 = 47 4 3%, Then,
{47,27} = {47,3}.

Recall

{47, u} = {47, -1}{—47, —u} for all u € D*.
Then,

(47,3} = {47,-1}{—47,-3}
= {47, -1}{-47, -3}
{47,2}74.

Therefore,

{47,223 = {47,2}16{47, 2}7 = {47,3} 47,3} =1
and

{47, 2123 = {47, -1},
which implies

{47, —2}%6 = 1.
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Hence,

= K'-({47,—1},{47,2},{47,3})
K'- ({47, —1},{47,2})

K’ ({47,-2})

and {47, —2}46 = 1, which shows

K
K

111 1
231147
~7& (Z)32)* & (ZJ11Z2)* & (Z/23Z)* & (Z/ATZ)>.

Ks(2,7Z]

7. Appendices
7.1. Schur Multipliers

A group epimorphism 1) : G’ — G is called an extension of G. It is called
a central extension if Ker(t)) is central. If a central extension uniquely
dominates all other central extensions, then it is called a universal central
extension. For a universal central extension 1]1 : G — G, the Schur mul-
tiplier of G is given by M(G) = Ker(&). For a group G, there exists a
universal central extension of G if and only if G = [G,G], i.e. G is perfect
(cf. [25]).

Fact 1. (cf. Theorem 6.2 and [19]) Let S = {2,3,7}, {2,3,11}, {2,3,5,11},
(2,3,13), {2,3,7,13}, {2,3,17}, {2,3,5,19}, {2,3,11,23}, {2,3,5,7, 29},
(2,3,5,31}, {2,3,37}, {2,3,5,7,41}, {2,3,7,43}, {2,3,7,11,43}, {2,3, 11,
23,47}. Then, St(2,Zg) is a universal central extension of SL(2,Zg), and
the Schur multiplier of SL(2,Zs) is as follows.

M(SL(2,Zs)) ~ Z & yes(Z/qZ)

Fact 2. (cf. [19]) Let S = {p1,p2, -+ ,Pn}, where p; is the i-th prime num-
ber, i.e. p1 = 2, po =3, p3 =5, -+ etc. Suppose n > 2. Then, St(2,Zs)
is a universal central extension of SL(2,Zg), and the Schur multiplier of
SL(2,Zg) is as follows.

M(SL(2,Zs)) ~Z ® lyes(Z/qZ)
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Fact 3. (cf. [25],[26],[19]) Let S be the set of all prime numbers. That is,
Zs = Q. Then, St(2,Q) is a universal central extension of SL(2,Q), and
the Schur multiplier of SL(2,Q) is as follows.

M(SL(2,Q)) ~ Z & Uyes(Z/qZ)™

7.2. Loop Groups

Let F be a field, and F[¢,£71] the ring of Laurent polynomials in & over F.
If D=F[¢] and p=¢& € D, then D is a Dedekind domain and p € D is a

nonzero prime element. Using this setting, G, (®, D[%]) =G,(®,F[¢,¢71))

is a loop group, which is a Kac-Moody group (cf. [2],[15],[21],[22],[23],[27]).
We already know Iwahori-Matsumoto decompositions and universal central
extensions of loop groups (cf. [16],[18]). Note that loop algebras are related
to affine Kac-Moody Lie algebras (cf. [8],[14]). Recently we also discussed
some word maps in Kac-Moody setting (cf. [9]).

Using Witt rings and Kac-Moody groups, we obtain the following two

exact sequences.
Fact 4. (cf. [11],[26])
0— I3(F) = K3(2,F) = Ko(F) = 0
Fact 5. (cf. [21],[22])
0— IP(F) @ I*(F) = K2(2, F[§,67"]) = Ka(FIE,€71]) = 0

Here I(F') is the fundamental ideal of the Witt ring W (F), (cf. [13]).

On the other hand, twisted loop groups are also important (cf. [17]),
since they are affine Kac-Moody groups.

7.3. Matsumoto relations

We compute the following relations.
(M1):
{t, up{tu, v}
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= hyo(t)hia(u)hyo(tw) " hyg(tu) hio(v)hio (tuv) !

= hio(t)hia(u)hia(v)hig (tuv) !

= 1o (t)h12(w)hia(v) - hia(uv)~ hig(uv) - hyg(tuv) ™!

= hya(t) - {u, v} - hio(uv)hig(tuv)~?

= hya(t)hia(uv)hyz(tuv) ™t - {u, v}

= {t,uv}{u,v}.
(Remark):

W1a(t) = Wi2(t) W1 (t) 12 (—t) = oy (—t71).
(Remark):

W1o () Wi (u)bia(—t) = oy (—t2u) = wi2(tPu™1).
(Remark):

F19(t)To1 (=t N Z12(t) = Wia(t) = a1 (—t71) = Toy (=t~ D Z1a(t) @ (—t71).
(Remark):

Wi (t) b (u)idna(—t)

= W12(t)W12(w)w12(—1)w12(—1)

= wlg(t u” )wlg( )

= i2(t?u) - wip(—1)wia(1) - wiz(—t?)

= hio(tPu=")hyp(t2) 7
(Remark):

haa(t)hia(u)hyo(t) !

= Wiz (t)12(—1)hiz(u)b12(1)d12(—t)

= w12 (t)h1z(u™ )bra(—t)

= hyo(t2u)hio(t2) L.
(Remark):

{t,u} = hio(t)hia(u)hio(tu) ™" = hyg(u)hia(tu) " hia(t) = hia(tu)  hia(t)hiz(uw).
(M3):

{t,up{u=t t}1

= hia(t)haa(w)haz(tu) ! - {ut, e}

= h1g(t) - {ut, t} 71 - hig(u)hya(tu) ™!

= h1a(t) - (hia(u™)haz(t)haa(u™tt) ™)L - hyg(u)hao(tu) !

= hio(t) - (hio(tu™1) " Thig(u Y hia(t) ™1 - hig(u)hya(tu)

= hia(t) - hyg(t) Fhio(u™ 1) " Thia(tu™t) - hig(u)hia(tu) ™t



Chevalley groups over Dedekind domains and some problems for K2(2,Zs)

= Elg(ufl)flhm (tu’l)ﬂlg(u)ﬂlg(tu)’l
W12(1)b12(—u™ b2 (fu= 1) w12(—1) - r2(u)r2(—tu)
= W12(—u) Wi (t ™ u)bro (u) 2 (—tu)

wig(tu)wio(—tu) = 1.

(M4):

{t, —tu}~1{t, u}
= @12(t)ﬁlg(—tu)ﬁlg(—tzu)’l)’l - hao(t)haa(u)hig(tu) !

= hag(—t2u)hia(—tu) "Lhaa(t) 7 - hua(t)hao(w)hia (tu)

= hia(—t2u) hna(—tu) "Thig(w)haa(tu) L
= 12( t2 ) wlg(tu)wlg( )wlg(—tu)
= W12(—t?u)r2(t?u) = 1.

(M2):

{t,ul{t, —u=t} = {t,u}{—u,t} = {t,u}{—u, tu}
= {t,u}{tu, —u=} = {t,u(—u"") Hu, —u"1}
={t,—1}.

(M5):

{t,u?}~Ht,u?v}

= hyg(tu?)hio(u®) " hia(t) 1 - hia(t)hia(uv) hia (tuv) !

= hio(tu2)hio(u?) ™ - hyg(u2v)hig(u?) ™1 - hig(u?)his(tu?v) !
= hig(u) - hig(£)h1z(v)hia(tv) ™t - hig(u) ™!

= leg(u) At,v}- illg(u)_l = {t,v}.

(M6):

{t,u} = ItLlQ(t)ing(u);ng(tu)fl
= hlg(t)iblg(u)lf)lg(—tu)

= hia(t) - Z12(w)do1 (—u ) 12(w) - Wig(—tu)
= h1g(t)Z12() - Wi (—tu)Z12(t2u) 2o (—t2u™ 1)
= hlg(t)xlg(u)wlg(—tu)ﬁvlg(tzu)
XxZo1((1 — ) 1t~ =) doy (—(1 — )1t 207 1)
= hio(t)Z12(w)bio(—tu) 212 (t?u)
x @12 ((1 — t)tu)wio(—(1 — t)tu)d12((1 — t)tu) - $o1 (—(1 — ) "1t 2

= ing( ).ii'l U) U ( tu)ﬁclg(tu)
tu)d12((1 — t)tu) - o1 (—(1 — )1t 2u1)

w)iz(—tu) - T12(tu)
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(—

)2

(— (1 — t) =1y~ )xlz((l —t)u )’U)lg(—(l — t)tu)

= im(t)x o(1 = t)u)dor (1)

(—(1 =) M ) da((1 — t)u)wlg(—(l — t)tu)
t)

)

)

><132
= ing( 1’12((1 — t) )Igl( (1 — t) u- )1'12((1 — t)u)ﬁ;lg(—(l — t)tu)
= hio ()2 ((1 — t)u)ia(—(1 — t)tu)
= ha()hia((1 — )w)hia((1 — t)tw) ™ = {t, (1 — t)u}.
(MT):
{2, -1} = {t, t} " H{t, —t}{t, 1} = {¢t, -1} {t, 1}{t,—1} = 1.
(M8):
{tu}={t,1—t}={t,1} =1.
(M9):
{t,uy={t,A1—-t)F} = = {t,1 -t} = {t,u} = 1.
(M10):

{2, uv} = {2, u}{t?u, v} {u, v}~ = {t, > }H{t2, v}{t, v}t = {#2, u}{t?, v}

7.4. Remark on Theorem 5.1(1)

For ( € R*, we take 0[] € Aut(St(2, R)) defined by
U[C] . ‘%12(8) = £12(48)7
. To1 (3) — .@21((718).

Then, (cf. [19],[20]),
wlg (u) —> UI12(C’LL)
w21 (u) —> w21 (C u)

ha(w) = haa(Cu)hia(¢) 71,

{u,v} = {u, ¢} Hu, Cv}.
Let z,2/,r,p € R* and suppose 2’ = z + rp.

ro oz
First, note p— + — = 1. Then,
Z oz

T z
{P;,?} =
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Therefore, we obtain
.5} e S S =1
and
{p.re'} = {p.raH 5, S
Applying 0[%] to both sides, we have
1
O O O IO L e ey

which implies the following.

1

2 ry

Fact 6. {p,2'} = {p, Z}{;a -} {

z! T‘Z

Second, notice again pil + i, =1 and
Z oz
r oz
{p;, ;} =1
Applying o[2'] to the left hand side, we obtain
I B
{pyv'z} {pgaz}_]'
Therefore,
/ /
r ro, z , 2
{p—/,z} = {pgaz } and {Za ]77,} = {Z 7])77“
Applying a[ -] to both sides, we obtain
{z, *} Yz, *}—{ *} RES }

which implies the followmg.

Fact 7. {p.2'} = {p. 2}z 5} {2, 5

Using Fact 6 and Fact 7, we obtain

T B N S 2 *} e

z’ 7 2! ra!
Hence, we have the following.

r

r..rz r , T
Fact 8. {Zv ;}{77 ?} = {Z ) ;}{T‘, ?}

117
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In fact, there is a direct proof of Fact 8. Let us start from
T T r 1 ro,,.r 1
{Q’ —1} = {Q’ —r}{;, ;} = {;az }{;, ;}-

Then, we obtain the desired result as follows:

MGy =10,
{37%}_1{3,—2}{232}2{;,z’}:{33%}{3’2/2},
r 1, 4.7 2 Pl o 1
GG = GG
e R R !

7.5. Remarks on Theorem 5.1 (2) - (16)

We will make the following remarks.

(2):
{t,u} = {u,t™ 1 = {u, t 711 — )71} = {t(1 —u),u}
={t,1—u}~Ht, 1 —w)u}{l—u,u} = {t,1—u} " {t, (1—u)u} by (M1,3,6,8).

(3):

{t,oHt, (1 — wuv} = {t,v}{v, (1 —w)u} " Htv, (1 — w)u}{t,v}
={t,oH{v,1 —u} Yo, u} " Htv,1 — ul{tv,u}{t,v}
={t, (1 —w)v}{t,uv} by (M1) and (2).

(4):

{t,—1}{t,6} ={t,2}{t,—3} by u = -2 and v = —1 in (3).
(5):

{t,ua"2}{t,va=2} = {t,uva™*} implies {t,u}{t,v} = {t,uv} by (2).
(6):

{t, =132 ={t, -1 {t,t =1} = {t, - 1}H{t,u*} = {t,—u’} = {t,1 -t} =1
by (M5,6,8).

(7):

{t,—1} = {—1,t} = {—1,2Ft} = {2Ft, —1} implies {t, —1}2 = {2F¢, —1}?
=1 by (6).
(8):

{t, =132 = {t, —1}H{t, t — 1} = {t, —1}{t, 2u?} = {t, —1}{t, 2}{t, u?}
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= {t,—2H{t,u?} = {t,—2u?} = {t,1 — t} = 1 by (M5,6) and (2).

(9):

Note {t,+u*} = {t, +u*=2}{t,u?} by (M5).
(10):

This is true by {t,u}{t, —1} = {t,u}{t,u" }{t, —u}.
(11):

Note {t,u}? = {t,u}{t,u" }{t,u?} = {t,u?} by (M5) and (10)(ii). Then,
for k = 2m and k = 2m + 1, we see {t,u*} = {t,u}* and {t,—u*} =
{t, —1}{t, u}* by (10).

(12):
Since 2 — 1 =1, we have {t,2}{t, —1} = {¢t, -2} by (2).
(13):
We have {t,2}{t, 3} =1 by (11) and (12).
(14):
We have {t,2%} = {¢,2}* by (11).
(15):
We have {t, —2F} = {t, —1}{t,2}* by (10),(12) and (13).
(16):
We have ({t, £2%} | k € Z) = ({t, -1}, {t,2}) by (9),(14) and (15).
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