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RESUMO

Titulo: Estudo da transferéncia ressonante de energia de Forster em amostras coloidais de
pontos quanticos de PbS, emissores no infravermelho préximo.

A transferéncia ressonante de energia de Forster (em inglés, Forster resonance energy
transfer, ou, simplesmente, FRET) é um mecanismo de transferéncia de energia ndo
radiativo presente entre duas unidades fluorescentes, como dois pontos quanticos
ou duas moléculas. Neste mecanismo, um dador excitado (por exemplo, um ponto
quantico ou uma molécula) transfere a sua energia de excitacdo para um aceitador
(outro ponto quantico ou molécula) com o qual se encontre em ressonancia, por
acoplamento dipolo-dipolo. O FRET é um mecanismo dominante entre emissores
distanciados entre si a uma ordem dos nanémetros. Outros fatores dominantes que
influenciam a eficiéncia deste mecanismo de transferéncia sdo a sobreposi¢do do
espetro de emissdo do dador com o espetro de absorc¢do do aceitador e a orientagdo
relativa do momento dipolar de ambas as particulas. Este mecanismo tem também um
papel fundamental em processos bioldgicos como a fotossintese em plantas e bactérias.
Algumas aplicagdes de FRET podem ser encontradas em sistemas fotovoltaicos, na
analise de distancias e interacdes moleculares, e no armazenamento de informacao

quantica.

O objetivo principal desta tese de mestrado é a detecdo do mecanismo de FRET
numa mistura coloidal de duas amostras pontos quanticos de PbS (simbolo quimico
para Galena, ou sulfeto de chumbo) com diferentes tamanhos, que sdo unidas por
processos de quimica de superficies. Estes processos quimicos promovem, neste caso
especifico, ligacdes cruzadas fisicas entre dois, ou mais, pontos quanticos, a uma
distancia da ordem dos nanémetros, que promove a presenga de FRET. A detecado
de FRET em sistemas de pontos quanticos que emitem no espetro infravermelho
préoximo (isto é, com comprimentos de onda entre 0.7 — 1.4um), como os pontos
quanticos de PbS, ndo é amplamente encontrada na literatura, a qual foca na detecdo
de mecanismos de FRET em pontos quanticos que emitem no espetro visivel, como
pontos quanticos de CdTe ou CdSe. O espetro infravermelho préximo permite, como

exemplo, aplicagdes em cristais fotonicos, aonde o mecanismo de FRET é predomi-
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nante pela inibi¢do da emissao radiativa espontanea, assim como a aplicacdo em lasers
que emitem no infravermelho e absorcdo de luz no infravermelho em sistemas foto-
voltaicos. De forma a detetar a presenca de FRET nas amostras de pontos quanticos,
foram medidos espetros de emissdo e cinéticas fotoluminescentes, estas obtidas por
técnicas de resolugdo temporal de fotoluminescéncia como TCSPC (em inglés, Time
Correlated Single Photon Counting).

Em conjunto com os resultados experimentais obtidos, é apresentado nesta tese o
estudo estatistico das cinéticas fotoluminescentes das amostras de pontos quanticos
PbS, cujas cinéticas foram obtidas pela técnica de TCSPC. A partir desta andlise es-
tatistica, é possivel de avaliar e comparar vdrias propriedades das cinéticas, tais como
o tempo médio de decaimento, o erro quadratico médio e a medida da assimetria da
cinética obtida. De forma a compreender os resultados obtidos, alguns modelos de
decaimentos do dador foram desenvolvidos e estudados, em conjunto com outras
funcoes de decaimento que sdo encontradas na literatura. De forma a sustentar os
modelos tedricos de decaimento, é também apresentado um tratamento teérico do

mecanismo de FRET.

Palavras-chave: Pontos quanticos (QDots, ou QD), Transferéncia ressonante de
energia de Forster (FRET), Sulfeto de chumbo (PbS)



ABSTRACT

Forster resonance energy transfer (FRET) is a non-radiative energy transfer mech-
anism between two light-emitting systems, such as two quantum dots (QDots) or
molecules. This mechanism involves an excited donor fluorophore (e.g., a QDot or a
dye molecule) which transfers its energy of excitation to an acceptor (another QDot or
molecule which is in resonance with the donor), via dipole-dipole coupling. FRET
is the dominant type of energy transfer between emitters at a nanometre proximity.
Other factors that influence the efficiency of this energy transfer mechanism include
the spectral overlap of the donor emission spectrum and the acceptor absorption
spectrum and the relative orientation of the dipole moment of both particles. In
nature, for instance, FRET plays a dominant role in the energy transfer in photosyn-
thetic apparatus of plants and bacteria. Some interesting applications of FRET can be
found in photovoltaics, probing of molecular distances and molecular interactions,

and storage and transfer of quantum information.

The main goal of this master thesis lies in detecting the presence of the FRET
mechanism when two different colloidal QDot samples of PbS (short for Lead Sulfide),
with different QDot size, are linked together via surface chemistry. This chemical
procedure activates carboxyl or phosphate groups, which promote the binding of
primary amines of organic glutathione QDot shell molecules. In other words, it
promotes a cross-linkage between the organic shells of two, or more, quantum dots
at a distance at which FRET is present. Using PbS quantum dots, which emit in the
near-infrared (NIR) region of the light spectrum, these experiments can be reported
as one of the first attempts to find The FRET mechanism in a near-infrared system
of QDots. Most previous reports of FRET mechanisms were concerned with QDots
which emit in the visible range, such as CdTe and CdSe QDots. The NIR spectral
range, for instance, promotes interesting applications in photonic crystals, where
FRET can be enhanced by spontaneous emission inhibition, in photovoltaics, in order
to greatly absorb infrared light, and in the production of near-infrared QDot lasers.
In order to find evidences of the presence of the FRET mechanism, emission spectra
and time-resolved measurements, using the time correlated single photon counting
technique (TCSPC), of cross-linked colloidal PbS QDot solutions have been performed

vii
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and will be shown in this master thesis.

Along with the experimental results, a study of statistical moments of the PbS
quantum dot photoluminescence kinetics will be presented in this thesis, which ex-
perimental kinetics were acquired with TCSPC. With this statistical analysis, it is
possible to evaluate and compare various decay properties, such as the average decay
time, the mean-squared value of the decay and the measure of asymmetry of the
time-resolved distribution. In order to understand the obtained results, some donor
decay models were developed and studied, alongside with other decay functions
found in the literature. A theoretical description of the FRET mechanism will be

presented in order to understand the proposed decay models.

Keywords: Quantum dot (QDot, or QD), Forster resonant energy transfer (FRET),
Lead Sulphide (PbS)
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INTRODUCTION

1.1 SEMICONDUCTOR QUANTUM DOTS (QDOTS)

Quantum Dots (QDots or QDs, in abbreviation) are small semiconductor crystallites,
on the nanometre scale, which have properties intermediate between bulk semicon-
ductors and discrete atoms or molecules. QDots are often referred to as artificial
atoms, emphasizing their singularity, having bound, discrete electronic states, even
though they consist of many (around 10%) atoms [17, 18, 19]. These effects arrive
from carrier confinement in all three dimensions, which drastically changes the elec-
tronic density of states (DOS) near the band-edges, by confining electrons or holes,
or both. Figure 1 shows the effect of quantum confinement in different structures,
from bulk (3 dimensions), quantum well (2 dimensions), quantum wire (1 dimension)
and quantum dot (0 dimension). A three-dimensional confinement, which leads to
zero-dimensional structures, restrains the electronic DOS for bulk semiconductors
into Dirac-delta type of peaks!, comparable to what is predicted for isolated atoms.
Carrier confinement also produces an increase on the band-gap energy. This increase
of energy is inversely proportional to the size of the QDot, i.e., the smaller the QDot
the higher the band-gap energy. The effective band-gap energy depends on factors
such as size, shape, materials and impurities of the QDots.

Due to the discrete electronic states, these semiconductor nano-particles show a
distinctive peaked emission spectra. The peak emission wavelength increases with
increasing QDot average size. In Figure 3 this trend is found on emission spectra of
different sized CdSe QDot samples. The width of the transmission spectra arises from
QDot size dispersion on fabricated samples with the know techniques.

The effects of size quantization appear when the carrier motion is limited in a layer
of the thickness of the order of the carriers” de Broglie wavelength, which wavelength

depends on the effective mass of the carrier and on the temperature [20]. The exciton

1 Note that, in real quantum dots, the size distribution leads to a broadening of this line function.



2

Chapter 1. Introduction

Fnlzlaltkerial quantum film quantum wire quantum dot
3D oD

D(E) (%b) D(E) (2D) (D)
A A =" -1

Figure 1: Schematic illustration of the changes in the density of states (DOS) of the conduction
band with increasing number of dimensions of carrier confinement. Schematic figure
adapted from figure of reference [1].

Bohr radius rp, defined as the distance between the electron and a hole 2 sets a
threshold for carrier confinement. It is defined as:

oot
B= g2 my  my )’

where ¢, 11, and e are the static dielectric constant, reduced Planck’s constant and

(1.1)

the charge of an electron, respectively, and m; and m; are the electron’s and hole’s
effective masses, which differ between different materials. If the dimension of the
QDot, R, approaches rp, i.e.,, R = rp, or if R < rp, the motion of the electrons and
holes is strongly spatially confined to the dimension of the QDot [18]. For R > rp
one has the weak confinement regime, where the electron-hole Coulomb interaction is

predominant.

Semiconductor QDots have the property of presenting an energy shift between the
absorption spectrum and the emission spectrum. This shift is called the Stokes shift,
and it is an effect where the peak of the emission band lies at a smaller energy than
the lowest maximum of the absorption band. In most cases it is caused mainly by
the size distribution in the measured ensemble of QDots. However, a smaller Stokes
shift is also present for individual dots, which comes from the particular structure of

Exciton stands for the electron-hole pair, produced when an electron from the valence band is excited
to the conduction band and leaves a /ole in the valence band, considered as a positive charged particle.



1.1. Semiconductor quantum dots (QDots)
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Figure 2: Schematic representation of the exciton states of CdSe nanocrystals involved in the
Stokes shift. Figure obtained from reference [2].
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Figure 3: On top: variation of emitted colour with increased crystalite size of CdSe colloidal
QDots, when excited with a near-ultraviolet lamp. On the bottom: Photolumines-
cence spectra of different sized QDots. As on the top figure, when bigger the QDot,
the bigger is the peak emission wavelength. Figure obtained from reference [3].

the exciton energy levels inside the nanocrystal QDot [2]. The fine structure of the
excited state consists in several degenerate states, whose degeneracy is lifted due to
a symmetry reduction as, for instance, non-spherical shape of the dot or hexagonal
structure of the underlying material. Figure 2 presents these states for CdSe QDots.
Some states, called "bright", of higher energy, are optically allowed states to which
electrons are excited, while another state, called "dark", of lower energy, is optically
inactive because of symmetry-dictated selection rules. Relaxation occurs via phonon
emission from bright states to the dark state and radiative recombination occurs,
yielding a lower energy photon. This energy difference is of the order of 10-15 meV in
isolated QDots.
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Figure 4: Stages of monodisperse colloidal quantum dot synthesis, from initial nucleation to
particle growth stages. Figure obtained from reference [4].

1.1.1  Colloidal quantum dots

Colloidal QDots are semiconductor nanocrystallites that are suspended throughout
a liquid substance, obtained from the chemical process of precipitation of a solid
phase from a solution. The fabrication of colloidal QDots relies one two main steps:
nucleation and particle growth stages [4, 21, 22]. Figure 4 presents these precipitation
stages. The nucleation stage starts when the solution is supersaturated with precursors,
i.e, the semiconductor particles. In this stage, stable self-organized nuclei are formed
due to the instability of the supersaturated solution. The uniformity of size distribution
of these nanocrystals is obtained by a short nucleation period. As nucleation reduces
the solution’s saturation by molecular addition, the nucleation process stops when the
concentration drops below the critical level of the solution’s solubility, and particles
proceed growing by molecular addition until the equilibrium concentration of the
precipitated crystallites is reached. If the chemical reaction is not stopped, the size of
the crystals can extend into the micrometre regime on the saturated stage [4]. During
the particle growth stage, there is a stage when there is a broad size distribution,
named Ostwald ripening or defocusing [22]. If the reaction is stopped at this stage,
there will be two size regimes, a bigger one and a smaller one.

In order to finally produce stable nanoparticles, the produced crystallites are sur-
rounded during the reaction by adding organic ligands or inorganic capping materials.
The use of organic ligands to stabilize the nanoparticles comes from the diverse use of
colloidal quantum dots in biomedical applications [23, 24]. The systematic adjustment

of the reaction parameters, such as the reaction time, temperature, concentration, and
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the selection of the reagents and surfactants are used to control the size, shape and
quality of the colloidal QDots.

1.2 SIZE-DEPENDENT PROPERTIES OF COLLOIDAL PBS QUANTUM DOTS

Lead Sulfide (PbS) is an inorganic compound, appears in nature as the mineral Galena,
and it is a natural group IV-VI semiconductor [25]. Bulk PbS has a direct band gap of
0.41 eV at 300K, it has a rock-salt structure, with lattice constant a = 5.936 A[S], and
has a large exciton Bohr radius of 18 nm [8, 26, 27]. Due to such a large Bohr radius,
colloidal QDots of PbS are characterized by the strong confinement regime [8, 28],
and can be produced with a band gap in the Near-Infrared (NIR) spectral range [8].
PbS nanocrystals have an electron effective mass, m; equal to the hole effective mass,
my, with the value of 0.085m,, where mj is the electron rest mass [29]. PbS QDots
have been estimated to have a static dielectric constant ¢y = 14.5 + 1.8 [30]. Colloidal
PbS quantum dots can be controlled to absorb light in the range of 600-3000 nm [31].
These QDots maintain their rock-salt crystal structure even when the size is decreased
from bulk down to the nanoscale [8, 32, 33].

In the work by Moreels et al [8], colloidal PbS quantum dots are shown to be
non-stoichiometric, with an excess of Pb over Sulphur ion, S~2. With Rutherford
backscattering spectrometry experiments, the ratio of Lead and Sulphur Pb/S has
been found to vary between 1.23 and 1.37. The work presents as well an experimental
sizing curve of the QDots by correlating the band gap Ey with the QDot size d as

1
0.0252 d? +0.283 d

where the size range was 3.9 < d < 13.3 nm. The experimental sizing curve agrees

Eo = 0.41 + (1.2)

well with tight-binding calculations [32]. The molar extinction coefficient of a colloidal
solution of PbS QDots, ¢, scales with the QDot volume and the molar extinction

coefficient at the band gap was found to scale as d'* [8].

For a semiconductor QDot, the temperature dependence of the energy band gap
is proportional to the size of the nanocrystallite. For PbS QDots the same trend is
found, where, for bigger PbS QDots, around 16 nm, dEy/dT approaches the bulk PbS
semiconductor value (~ 5001eV/T), and for smaller 2 nm to 4 nm sized QDots the
temperature dependence is nearly zero [34].

The Stokes shift on PbS QDots has been reported by Liu et al and Voznyy et al to
reach energy shifts of around 200 meV, which is considerably greater than, e.g, CdSe
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QDots [35, 36]. The main arguments presented by the authors to understand this shift
are QDot defects and QDot aggregation.

Walsh et al [37] has shown the theoretical effect of the elongation of PbS QDots
on its electronic and optical properties. Using the k - p method with the rock-salt
crystal structure [38], Walsh et al shown that the elongation of a spherical PbS QDot
along the longitudinal (z) and/or the transverse (x or y) directions yields a lower
band gap. Due to the incremental change in the confinement volume, the geometrical
symmetry breaking increases the number of optically allowed transitions and moves
the absorption cross section peaks to lower energies.

PbSe QDots, another well known lead chalcogenide, present similar properties to
PbS QDots, regarding crystal structure, but a slightly smaller bulk band gap energy
of 0.28 eV and a larger Bohr radius of 46 nm, where the latter property gives stronger
quantum confinement effects [13, 34, 38, 39]. Both types of QDots can achieve stronger
quantum confinement 3 than the most common CdSe QDots and other II-VI and III-V
semiconductor materials [34]. PbSe QDots show similar QDot size dependence to the
band gap Ej as found with PbS QDot, although PbS QDots are typically larger than
PbSe QDots for a given Ej [8, 39]. Due to their similar properties and sharp emission
spectra in the near-infrared spectral range, PbS and PbSe QDots are of great interest
for studies of nanophotonic control over spontaneous emission of light in strongly
interacting silicon photonic crystal structures [40, 41, 42, 43].

PbS QDots have been applied in photovoltaics due to low energy band gap, high
absorption coefficient 1 — 5 x 10°cm ! and large exciton Bohr radius [31, 44, 45]. Other
known applications are in bioanalysis [46], photonic crystals [40, 41, 42, 43] and lasers
[47]. Together with other lead chalcogenides, they are amongst the most promising
materials for quantum emitters in the infrared spectral range [34, 48].

1.3 FORSTER RESONANCE ENERGY TRANSFER: MAIN CONCEPTS

The FRET mechanism, short for Forster resonance energy transfer or fluorescence
resonance energy transfer, is a mechanism which describes non radiative energy trans-
port between two quantum dots, or fluorescence molecules. It was first theoretically
described by Forster in 1948 [49], and still forms the basis of most of the work in the

domain of nonradiative energy transfer. This mechanism involves an excited donor

Strong quantum confinement effects occur when the QDot radius, R, is much smaller the the exciton
Bohr radius, ap. In lead chalcogenide QDots the ratio (R/ap) can reach small values around 0.02,
whereas, e.g, in CdSe QDots the minimum possible value is around 0.16 [34].
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fluorophore (e.g., a quantum dot or a dye molecule) which transfers its energy of
excitation to an acceptor fluorophore via dipole-dipole coupling, i.e, by dipole-dipole
resonance. In a quantum mechanical description, the energy transfer is mediated
by virtual photons, i.e., intermediate quantum mechanical states which describe the
interaction of the entangled donor-acceptor system [5]*. FRET is one of the main types
of energy transfer between emitters at a nanometre proximity. It can also act as a
mechanism of non-radiative de-excitation of a QDot if the energy is transferred to a

dissipative environment [50].

Figure 5 shows a Jablonski diagram, i.e, a diagram of molecular electronic states,
in case of a FRET mechanism. At first, the donor molecule is excited to a higher
energy level S; °. Typical relaxation to the state of least vibrational energy occurs,
with a decay rate of the order of picoseconds [51]. The non-radiative FRET mechanism
mediates the donor electron’s excited energy into the acceptor molecule, which excites
the acceptor into its excited level, and then finally decays into the ground state. Thus,
FRET introduces a new decay channel for the excited state, which, without FRET,

predominantly decays via the donor radiative mechanism (displayed in green in

Figure 5).
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Figure 5: Jablonski diagram of the Forster Resonance Energy Transfer (FRET) between a donor
and acceptor molecules. The black lines indicate the transfer of virtual photons,
which are intermediate quantum mechanical states which describe the interaction of
the entangled donor-acceptor system [5]. Figure reproduced from reference [6].

Detailed consideration of the dipole-dipole resonance interaction for quantum dots, in a quantum-
mechanical description, is found in Chapter 2.3.

In a Jablonski diagram, the energy levels, namely Sy and Sy, are arranged vertically and divided into
multiple vibrational energy levels. See reference [51] for further explanation.
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As previously mentioned, adding a acceptor into the donor’s environment intro-
duces FRET as a new energy decay channel to the fluorescent system. Therefore, the
total decay rate, I'pa, of a FRET coupled donor is I'py = I'p + I'pret , where I'p is the
total decay rate of an isolated donor. Since the latter is the sum of the radiative rate
I',,4 and the non-radiative rate I'y,, I'p = I'y,7 + 'y, the FRET efficiency, #prgT, can be
written as follows:

_ TERET I'p

TFRET = TrReT + Urad + Tnr - I'pa 13)
By measuring the decay rates I'ps and I'p one can find evidence of the presence of
FRET by studying its efficiency 77grgT. The donor-acceptor decay rate I'pa should be
higher or equal comparing with the isolated donor decay rate I'p, in order to yield
efficiencies below or equal to one. The decay rate values can be determined with
a statistical study of the arrival time of emitted photons from excited quantum dot
samples, such as the Time-Correlated Single Photon Counting (TCSPC) technique (See
chapter 3.1).

The rate of energy transfer, I'rre, from a specific donor to a specific acceptor, in the

strong confinement regime, is given by

1 (Ro\°®
I'rreT = = <f0> , (1.4)

where Ry is the Forster distance, i.e. the distance between donor and acceptor where
the efficiency is 50%, i.e, where the transfer rate equals the rate of emission, 1p = 1/I'p
is the lifetime of the donor in absence of the acceptor and R is the distance between the
two entities [12, 49, 52]. The mechanism’s efficiency depends on the inverse 6th-power
law of the distance R, due to the dipole-dipole interaction of these particles.

FRET strongly depends on three main parameters, which are the following;:

1. Distance R between donor and acceptor;

2. Spectral overlap of the donor emission spectrum and the acceptor absorption

spectrum,;

3. The relative orientation of the transition dipole moment of the donor and the

acceptor.



1.4. Objectives of this work and outline of this thesis
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Figure 6: Effect of FRET on the emission spectrum of PbS colloidal quantum dots. The legend
indicates the concentration of chemical linker, the ion Zn?*, that binds quantum dots
at nanometre distance. The higher the Zn*" concentration the more redshifted is the
emission spectra. This is an evidence of the FRET mechanism between quantum
dots. Figure obtained from reference [7].

Since, in quantum dots, the emission spectrum is redshifted in comparison with
the absorption spectrum (the Stokes shift), the optimal spectral overlap occurs when
the donor quantum dots are smaller (i.e, higher band-gap energy) than the accep-
tor quantum dots (i.e, lower band-gap energy). This condition yields higher FRET
mechanism efficiency and, in a emission spectrum, the energy transfer translates
into a redshift of the emission peak, comparing with QDots with no FRET mecha-
nism. In Figure 6 this effect is found on PbS colloidal quantum dots, by increasing the

concentration of a chemical linker that binds QDots together at nanometre distance [7].

One possible application of the FRET mechanism in quantum dots is to create a
quantum information system, by embedding the quantum dots in a photonic bandgap
crystal. The photonic bandgap crystal, such as a inverse woodpile photonic crystal
[13, 53, 54], inhibits the radiative decay of quantum dots, thus increasing the efficiency
of the FRET mechanism.

14 OBJECTIVES OF THIS WORK AND OUTLINE OF THIS THESIS

The main objective of this work was to detect the presence of the FRET mechanism

in ensemble of colloidal PbS quantum dots, where the quantum dots act as both

9
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the donor and acceptor entities. Experimental techniques, such as emission spectra
acquirement and Time-Correlated Single Photon Counting (TCSPC), were used to
study photoluminescence properties of the QDot samples. By introducing a chemical
linker, namely using the EDC/NHS surface chemistry®, the QDots were binded at a
fixed length, at a nanometre distance. This binding allows to detect changes on the
emission and decay properties of the QDot samples, which can be related with the
appearance of new energy decay mechanism, such as the FRET mechanism. In order
to further understand the experimental results, theoretical studies were performed,
followed by an analysis of the statistical moments of some empirical and derived
decay functions.

The use of colloidal PbS QDots leads to the study of FRET in QDots emitting in the
near-infrared (NIR) part of the light’s spectrum. Most studies of FRET mechanisms in
colloidal QDot systems use QDots emitting in the visible light spectrum.

Similar experimental techniques were used by Wang et al [7], where the authors
reported signals of the presence of energy transfer. According to them, it occurred by
multi-step hopping of near-infrared excitons, within aggregates of PbS QDots capped
with glutathione and aggregated using Zn™2 cations. A redshift of the samples’
emission and absorption spectra with increase of the concentration of Zn*? cations
shown the increasing efficiency of the FRET mechanism, since it can be an evidence of
energy transfer from a larger gap (smaller sized) QDot to a smaller gap (larger sized)
one.

Experimental results obtained in the framework of this thesis, after a careful statisti-
cal analysis performed, also demonstrate that the FRET mechanism was present in
the samples. Such results give an insight of some expected photoluminescence results
of PbS QDot aggregations.

The thesis is consisted by this introduction (Chapter 1) and five chapters, with
appendices.

In Chapter 2 a theoretical background is presented for the study of FRET in semi-
conductor PbS quantum dots. Here are presented studies of the band gap energy
of confined excitons (Chapter 2.1), the study of spontaneous emission in two-level

quantum systems (Chapter 2.2), studies of the FRET mechanism, in a quantum electro-

The molecules EDC (1- Ethyl- 3- (3- dimethylaminopropyl) carbodiimide) and NHS (N-
Hydroxysulfosuccinimide) were the cross-linker molecules used to bind the PbS QDots. See Chapter
3.3 for further insight.
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dynamics description, between two model quantum dots (Chapter 2.3), the derivation
of the Forster radius (Chapter 2.4), the derivation of decay functions for 3-dimensional
QDot ensembles (Chapter 2.5) and a brief review of theoretical approaches to study
photoluminescence decay in QDots, including empirical decay functions, found in the
literature (Chapter 2.6).

In Chapter 3 the main experimental techniques and the experimental procedure
are introduced, used to develop the study of cross-linked ensembles of PbS QDots.
It is presented a description of the TCSPC technique (Chapter 3.1), along with the
experimental setup over an optical table (Chapter 3.2). Brief studies of the technique
of surface chemistry and the main interacting molecules for cross-link of QDots are
also present, including the chemistry procedure used for creating colloidal PbS QDot
aggregates (Chapter 3.3).

In Chapter 4 the main experimental results of this thesis are presented. Emission
spectra and time resolved photoluminescence measurements of cross-linked PbS QDot
samples and non-cross-linked ones are compared in order to detect evidences of FRET
due to the agglomeration of QDots. Data fitting time resolved measurements, with
empirical and derived decay functions is achieved in this chapter, finding possible evi-
dences of FRET for the studied samples, albeit the obtained results hold interpretation
struggles.

In Chapter 5 a study is developed of the statistical moments of the photolumines-
cence kinetics of the PbS QDot samples. Firstly, the statistical moments of empirical
and derived decay functions are studied (Chapter 5.1) and they are afterwards com-
pared with the statistical moments obtained from the data treatment of the studied
PbS QDot samples (Chapter 5.3). From the obtained results, evidences of FRET have
been found in the studied samples and an estimate of the Forster radius and the
average QDot agglomerate size is here presented.

In Chapter 6 a conclusion over the content of this thesis is presented, including the
summary of the main achievements of this work, as well as suggestions for improving
the viability of the experimental results for the further development of studying FRET

in colloidal QDot ensembles.
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THEORETICAL BACKGROUND

2.1 EFFECTIVE MASS APPROXIMATION FOR ELECTRON AND HOLE ENERGY LEV-
ELS

To describe the electronic spectrum of a quantum dot (QDot), let us assume a spherical
QDot with radius R. To a first approximation, the QDot’s involving material creates
an infinite height potential for both confined electrons and holes of the QDot. Such
an approximation is only valid if the surrounding medium has a band gap energy
much higher than the semiconductor QDot [19, 55, 56]. This approximation is valid
for colloidal PbS QDots in water 1. If considering, for instance, QDots embedded
in a crystal, one must take into account a finite potential Vj, for which analytical
solutions are difficult to produce. Nanda et al [55, 28] has developed a model for a
finite potential square-well model, which applied to determine the band-gap of PbS
and CuBr nanoparticles. On a more general study, many mathematical models, within
the effective mass and nonparabolic band theory 2, were developed in order to find,

using numerical approximations, the electronic structure of semiconductor QDots [58].

In this chapter a study is presented of the ground state (i.e, I = 0, m = 0) of
the electronic spectrum of a 0D semiconductor for an infinite barrier potential. By
calculating the ground state eigenvalues one evaluates the size-dependent band gap
of the QDot. One finds, as well, to a first approximation, the effect of the Coulomb

interaction between electrons and holes in the QDots.

The energy band gap of water is calculated as 7.3 eV in room temperature (300K) in the literature [57].
This energy is at least 7 times higher than the band gap of PbS QDots, considering equation 1.2 from
reference [8]. Thus, this approximation can be valid for colloidal PbS QDots in water, which means that
the QDot wave function extends negligibly outside the QDot.

Many other approaches, such as tight binding, configuration interaction, density functional theory
(DFT), multiband and one band, were developed to study QDot systems. As a guideline, see the
references metioned on the second paragraph of the introduction of reference [58].

13
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Using spherical coordinates, the Schrodinger equation which describes the electron

and hole wavefunction inside the spherical infinite potential well is:

Wwol1d/,d
—_— —_——— 1/‘ JR—
2m* | r2 dr dr

where m* is the electron (or hole) effective mass and Vgl ¢ 18 the angular part of the

+ Vi o ¥(r,0,¢) = E¥(r,6,0) 2.1)

Laplacian, with spherical harmonics eigenfunctions Y}, (0, ¢), and with eigenvalues:

Vi Yin(,0) = v 0.0). 22)

One assumes that one exciton is produced®. The exciton’s electron has an energy
E. > E;, where E. is the bottom value of the conduction band, and the exciton’s hole
has an energy E, < E;, where E, is the top value of the valence band. Since one
needs to find the ground state energy, one chooses I = 0. In this way, the Schrodinger
equations for the electron and the hole with wavefunctions ®, and ®;,, respectively,
read inside the QDot (r < R):

Wwol1d/,d
- [725 (r E)] Bo(r) + Eco(r) = Eobo(r) (2.3)
d? 2d )
= W@g(r) + ;EqDE(T) + keq)g(r) = O,
and
_r|1d Pd Dy (r) + Eu®y(r) = Ey®@y(r) (2.3b)
2my | r2dr \ dr h e R ’
d? 2, .d )
& Za®u(r) + (1) - ®u(r) — ky®u(r) =0,
with

2my, (Ey — Ep)
h2

zm:(Ee - Ec)

2 = k2 and

= k2; ko, kj, > 0. (2.4)

We shall call an electron-hole pair exciton for clarity, even if the electron-hole interaction energy is
small compared to the confinement energy. See chapter 2.1.1 for further development.
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The ground state solutions to equations 2.3a and 2.3b are the wavefunctions ®, and
d;, respectively, equal to:

CI)e(r) = A, jO(kere)/ (2.5a)
®,(r) = Ay jo(knrn), (2.5b)
iolkr) = sink(:cr),

where jj is the spherical Bessel function of first kind and A, and A}, are the respective

normalization constants. In this model it is assumed that A, = A;, = A.

At the boundary of the QDot, i.e, r = R, the wavefunctions must vanish, due to the

infinite barrier at the QDot’s radius:

®e(R) = @,(R) =0 (2.6a)

using the definition of the Bessel function jo:

sin(k.R) sin(kyR)
& R 0A MR 0 (2.6b)
Thus,
_ NeTt T

where 11, = 1,2, .... Since the ground state is to be studied, then n, = n;, = 1, since it

yields the lower energy state. Thus we have, in the ground state, that

2.7)
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The normalization constants of the electron and hole wavefunctions, equations 2.5a and
2.5b, respectively, can be calculated using the result of equation 2.7. The normalization

constant is the same for both wavefunctions and yields the following expression:

sin?
|A|/ k22 r=1
<:>|A|/ dgb/ sm@d@/ sin’ d =1
(:>|A|247'c( ) / dx sin?(
T
A=y 2re

where the variable substitution x = kr = %r was used. By inserting equation 2.7 into

(2.8)

equation 2.4 one obtains the energy E. of the ground state of the electron to be equal

to

h2k2 h2 2
E.=E =E. +—= 2.9
e=Eet o =Bt o (2.92)
h2 2
= Ee — EU = Eg + W
while, the hole’s energy is equal to
h2 2
_E =" 2.9b
Eh EZ) 2mZR2 ( )
This way, we find the ground state energy, AEg = E. — Ey, for the QDot to be
e (1 1
AEc(R) = E —+ — 2.1
6(R) = Eg + oy <m;+mh)+”C (2.10)

where U is the exciton Coulomb interaction energy between the electron and the

hole, which will be derived in the following subsection.
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2.1.1 Coulomb exciton interaction: Weak and strong confinement

The exciton energy spectrum strongly depends on the magnitude of the Coulomb
interaction between the electron and the hole, when compared with the typical value
of the energy gained by the particles due to their confinement (AE, = E, — E, for the
electron and AE;, = Ej, — E, for the hole). The typical energy of the Coulomb exciton
interaction between the electron and the hole U can be estimated to be [2, 19]

2

=—C €1_R (2.11)
where R is the QDot radius, e is the elementary electric charge, €; is the dielectric
constant of the QDot and ¢ is a coefficient of the order of the unity. By compar-
ing the energy Uc with the electron-hole energy gap AE = AE, + AEj,, one may
tind two different regimes, namely, the strong and weak confinement regimes. In
the strong confinement regime one has that AE > |Uc| or, equivalently, rpg > R,
where rp is the exciton Bohr radius [2, 19]. In this regime, the Coulomb interaction
can be considered to be a small perturbation comparing the confinement energy.
On the other hand, the weak confinement regime has AE < |U¢|, or rg < R. In

this case, the Coulomb interaction is predominant and creates strongly bound excitons.

Most reports regarding PbS quantum dots [8, 26, 59, 60] describe these QDots
as belonging to the strong confinement regime. Therefore, a strong confinement
description is hereby presented. The Coulomb interaction is considered as a small
perturbation. So, to a first approximation, the exciton wavefunction is the product of

the independent electron and hole wavefunctions:

Y (e, 1) = De(re) Py (17). (2.12)

The Coulomb correction is given, in first order perturbation theory, by the mean value

of the Coulomb potential:

Un ~ 2 B €2< 1 >
<= €1’re—rh| €1 ’re—rh’

== [ [ ot Pl

|Te

(2.13)
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The inverse modulus factor in equation 2.13 can be written in terms of Legendre
polynomials [61] as

!
1 Yoo r{%PI (cosy),if re <1y
— (2.14)

I, — 1 ! .
‘ e h’ E;"’:O rl%Pl(cos 'y),lf Te > Ty
h

where 7 is the angle between r, and r;, and P;(cos y) are the Legendre polynomials of
order /. Since in this problem we are only interested in studying the wavefunction
for the ground state, which is an s-state, if one deals only with s-states in equation
2.13 then the only dependence on angle, in the same equation, lies with the Legendre
polynomial obtained in equation 2.14. We have for the Legendre polynomials that

/ Py(cosy) dQ, =0, ifl #0. (2.15)

where d(Q), is the angular part of dr (dr = r2drd(),, in spherical coordinates). Due
to this definition, the only non-zero element in the sum in equation 2.14, if only
considering the exciton ground state wave functions, is for / = 0. In this way equation
2.14 is simplified as:

1 r, Vifre <y

¢ o Lifr, <.
This expression simplifies equation 2.13 such that the total mean potential Uc is a
sum of two regimes, r, < r; and r; < r,. Using equations 2.5a and 2.5b in equation

2.13, with the approximation from equation 2.16, gives:

R ‘ 1 [Te _ R ‘
Uc 16712A4/0 dre r.2jo(kre) - [1’_/0 dry, r%jo (kry,) +/ dry, rh]OZ(krh)]
e Ye

€1

62
= 6—167r2A4[11 + L],
1
(2.17)
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where ”
sin?(kr,) ["e sin(kry,)
h= / ey, / PR
5 (2.18)
~ 0.701389 (%) ,
and
I —/Rdr sin® (kr.) /R Sinz(krh)dr
2 — 0 e k2 " kzrh h
(2.19)

5
~ 0.701389 <§> .
T

Assuming that the normalization constant A is given by equation 2.8, then the average
Coulomb potential is given by:

2

Ue ~ —1.78607-—. (2.20)
e1R

Using the result of Equation 2.20 into Equation 2.10 gives the exciton ground state
energy of a strongly confined QDot to be

w2 (1 1 2
AE~(R) = E,+ -5 [ — 4 =) —1.78607-"— 221
s (L ) et e

A plot of this energy band gap function for PbS is produced using some known
constants. From Chapter 1.2, we have that, for PbS QDots, E; = 0.41eV, m; = m;, =
0.085mg, where my is the electron rest mass, €; = 14.5 and typical PbS QDot diameter
ranges between 4nm and 20nm. Figure 7 presents the plot of the energy band gap
of PbS QDots in funtion of QDot size, d = 2R, compared with the empirical sizing
curve presented by Moreels et al in reference [8], and presented in this thesis in
Equation 1.2 in Chapter 1.2. It is seen that the effective mass approximation prediction
greatly overestimates the energy band energy for small diameter PbS QDots. Such an
overestimation was also observed by Wang et al [29]. In this work, the overestimation
is corrected by developing a "cluster" model, with a tight-binding approximation
Hamiltonian. While the effective mass approximation gives, for this situation, too
high exciton energies, it is an interaction model which can produce a simple analytic

expression.
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Figure 7: Ground state exciton energy, AEgs, as function of QDot diameter, d = 2R, for PbS
QDots, as calculated with effective mass approximation (EMA) theory, compared
with the empirical sizing curve presented by Moreels et al, in reference [8].

2.2 SPONTANEOUS EMISSION AND PHOTOLUMINESCENCE IN TWO-LEVEL QUAN-
TUM SYSTEMS

A semiconductor quantum dot has a sharp peaked, Dirac-delta like, density of states,
as mentioned on Chapter 1.1. This property of QDots tells us that energy levels are
sharply quantized, similarly to atoms. Thus, when involving interaction with light,
the process of electronic excitation can be analogous to a two level quantum system,
with a ground state and an excited state. The properties of spontaneous emission on
these nanocrystals involve many variables, some of those are the band-gap energy

and the surrounding environment.

Let us derive the spontaneous decay rate of a two-level quantum system located
at r = ro, which we shall call here as an "atom". The atom set initially in an excited
state |i) will decay into a set of final states |f) with identical energies Ef. The set of
final states only differ by the mode k of the radiation field (see Figure 8). Since the
transitions are independent, we sum all the transition probability for each mode to

obtain the total transition rate. Here the polarization of the radiation field is neglected.
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Figure 8: Transition from a initial state to a set of final states. Figure taken from reference [9].

According to Fermi’s 2nd golden rule [62] the spontaneous decay rate -y is given as

7 =23 L |1 [ s - wp) 2.22)
f

where H; = —d - E is the interaction Hamiltonian in the dipole approximation, where
d is the dipole moment operator and E the vacuum electric field operator. The initial
energy is solely determined by the atom’s excited state energy E, = hiw; *. On the
other hand, the final energy is described by the atom and the field as iwy = Eg + T,
where E, is the energy of the ground state and 7iwy is one quantum of electromagnetic
radiation (photon), which is close to the exciton energy of the QDots. Therefore the

delta function is a statement of energy conservation, by assuming, for w; = wy, that
Ee - Eg = ha)().

Let us find the matrix elements of (f|Hj|i). One can write E in terms of the operators
of the harmonic oscillator 4 and 4:

BE=Y {E;ak(t) + Egalt(t)} , (2.23)
k

where E/ and E_ are the positive and negative parts of the complex electric field Ey,
respectively, and the time-dependent harmonic oscillator operators are equal to

af (1) = af (0) exp(ict) A g (t) = 4y (0) exp(—iwyt). (2.24)

We neglect the zero point energy %hwo since we are only interested in energy differences.
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For a two-level atomic system with ground state |¢) and excited state |e), the transition
dipole moment operator can be rewritten as:

d—=d (f* + ?) , (2.25)

with 7T = |g) (e| and # = |e) (g|. Here, the transition dipole moment is taken to be
real, i.e., (g|d|e) = (e|d|g). Using the expressions for E and d, equations 2.23 and 2.25
respectively, the interaction Hamiltonian Hj is rewritten as:

A S

= —d-BE=-Yy,d- [E;ﬁak(t) + Bt (t) + By Pa (1) + Egﬁa{((t)] (2.26)
The initial and final states, |i) and |f) respectively, are defined as:
i) = le,{0}) = [e)|{0})
) =g {1a ) = 1) {1

where [{0}) stands for the zero-photon state and |{14,,}) stands for a one photon

(2.27)

state with a mode k' and frequency wy = (E, — Eg)/h. Operating the perturbation
d - E on the mentioned states gives:

(fld-Bli) = d- Y B el <g, {1%/} |g,{1wk}>, (2.28)
k

(ild-EB|f) =d- ZEIefiwkt <g, {1} 1 {1wk/}> : (2.29)
k

2
where Thus, the module squared ‘( fld- E|z>‘ is equal to:

’ f|d E| ‘ ZZ (d- Ek” ® E 'p)ei(wk_wk”)t .
(2.30)

(& Mo g T 1) (8 {1y g AT })

where we note that, as any dot product, d - E_ =E_- d, and E;(’,/ ®E. stands for the
outer product of the two vectors of the electric field (i.e, a 3 x 3 matrix in 3D space

with components E;E;). The matrix element 2.30 can be introduced in equation 2.22.
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2.2. Spontaneous emission and photoluminescence in two-level quantum systems

Expressing the sum of the final states as a sum over the modes K/, the transition rate
becomes

=2 n o (B o) a e
(2.31)
’ Z <g' {1wk//}|g, {1wk:}> <g, {1wk,}|g, {1601(}) ) (a)k — WO)

k/

Due to states” orthogonality, there are non-zero values in equation 2.31 only if k" =
k' = k. Thus, the transition rate becomes

7:%¥{d(E;®EE>d}5(wk—wo) (2-32)

If we rewrite Elf and E;_ in terms of their respective normal modes uy, such as® [9]

[27h [27h
B/ = ”elwk w A Ep = ”61“’1‘ u, (2.33)

where € is the effective dielectric constant of the surrounding medium, the decay rate

in equation 2.32 can be written as:

472w
3h€1

Y= |d‘2Pp (1'0, ny, (U()) ’ (234)
where ng = % is the unit vector of the transition dipole moment d, and pq is the
partial local density of states, defined as [9, 63]:

pa (ro,ng,wo) =3) [nd - (ug @ uy) - nd} 5 (wy — wop), (2.35)
k

The expression for the partial local density of states suggests that we need to integrate
over a finite distribution of available final frequencies. By writing the expression in

—
terms of a Green’s dyadic G, the sum becomes a trace®:

61> ©
Pd (ro,ng, wo) = N(C)Z [nd -Im {G (o, o; wo)} 'nd] : (2.36)

CGS units are used in the following equations. The normal modes uy have dimensions of (volume) -1z,

See Appendix A.1 for deduction of the Green function representation of the normal modes of the
electric field.
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where 17 = /€7 is the refractive index of the surrounding medium. With this equation
for the partial local density of states one can calculate the spontaneous decay rate of a
two-level quantum system in an arbitrary reference system. All one needs is to know

the Green dyadic for the reference system.

221 Local density of states (LDOS)

In equation 2.34 the partial local density of states function pq4(ro, np, wp) was intro-
duced. It corresponds to the number of modes per unit volume and frequency, at the
origin r of the (point-like) quantum system with dipole orientation ng4, into which a

photon with energy fiwg can be released during the spontaneous decay process [9, 63].

If there is no fixed dipole axis ng and the medium is isotropic and homogeneous,
the decay rate, given by equation 2.34 with partial local density of states given by
equation 2.36, is averaged over all directions, which implies:

(ng - Im {8 (r0, T0; wo) 'nd}>

= (nq - ngIm {8 (ro,ro;wo)}>
(2.37)

= (Ing|* Im {8 (rolro;wo)}>
— %Im {Tr[é (ro,ro;wo)]}

where (---) = n~ITr[- - -], where 7 is the number of elements of the vector. Inserting

this result in equation 2.35 defines the total local density of states p, given by:

6w 1 pad
p(ro, wp) = 2 glm {Tr[G (ro,ro;a)o)]}]

2 L d
— 26:[(;;27 Im {Tr[G (ro,ro;wo)]}] (2.38)

=Y Jur(ro, wo) |6 (wy — wp),
P
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where, in the last step, the following relation between the Green function and the

normal modes uy was used ”

2(00
NCZ Im G (ro, x0; wo) =Y _ uy(xo, wi ) (ro, wic )8 (wi — wp). (2.39)
k
In summary, the spontaneous decay rate is proportional to the partial local density
os states, which depends on the transition dipole between the two atomic states
involved in the transition. Only in homogeneous environments or after orientational
averaging can pq can be replaced by the total local density of states. In free space, for

instance, the LDOS is uniform and p is equal to

2.3

Wyl
Po="33 (2.40)

which, if # = 1, is the density of electromagnetic modes as encountered in, e.g.,
blackbody radiation [9, 63]. Using equation 2.40 in equation 2.34 gives the decay rate

for a homogenous environment written as

4F?
=5 —ap, (2.41)

where E = hiwy.

2.3 DIPOLE-DIPOLE RESONANCE INTERACTION BETWEEN TWO QUANTUM DOTS

In a wide range of phenomena in chemical physics, intermolecular interactions de-
termine the observed behaviour of a system. These interactions are stronger at small
distances, such that the molecule’s wave function overlap and electron exchange occur,
also known as electronic transfer [64, 65]. Nonetheless, inter-molecular interactions
still remain significant at greater distances, such that individual molecules can be
regarded as chemically distinct. The mechanism for these long-range interactions is
electromagnetic; in this regime lies the non-radiative energy transfer. Energy transfer
is different from electronic transfer in the sense that there is no net transport of charge;
the charge neutral excitation is transferred as an entity from the donor to the acceptor.

In this section a thorough theoretical description of the non-radiative energy transfer
mechanism is given, assuming the dipole approximation in the interaction Hamil-

7 See Appendix A.1 for the full derivation.
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Figure 9: Excitonic picture of the donor-acceptor quantum system. The horizontal arrow
shows the direction of the exciton transfer. There can be a distribution of allowed
final exciton states.

tonian between two QDots [5, 66]. The energy transfer process can be considered
using an excitonic (i.e, electron-hole) picture of the quantum system (see Figure 9).
Alternatively, the process can be described using the single-particle picture, as it has
been done in the classical work of D. Dexter [67]. This approach will be presented in
Chapter 2.4. If the QDots are in the strong-confinement regime (as reported for PbS
QDots [8, 26, 59, 60]), electron-hole interaction is negligible, and, thus, the exciton and
the single-electron pictures are completely equivalent.

Here we shall consider two quantum dots of the same size R in a homogeneous
dielectric medium with permittivity €;. In the beginning the donor particle, labelled
D, is photo-excited, being in state |Dnilimi>’ whilst the acceptor particle, labelled A, is
de-excited, being in state |Aground>- The initial state is described as the product of the
initial states of the donor and acceptor QDots, and photons with wave vector k and

polarization A,

|i> = |Dn1-ll-m,-> |Aground> |Nk,/\> ’ (2.42)
(D)
n;l;
excited state, the donor QDot in the ground state and the same number of photons,

with energy E; = E, ’ + Nhwy 8. The final state consists of the acceptor QDot in a

Ny ), of the system, with wave vector k and polarization A,

|f> = |Dground> |Anflfmf> |Nk,/\> ’ (2.43)

8 The energy of ground state is set to be zero, so there is no net contribution of |Aground) to E;.
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with energy Ef = E 1(:1)/: + Nhwy °.

Resonant energy transfer is promoted via an interaction Hamiltonian, described by

a electric dipole interaction approximation, which takes the form

16p = —dop - Exa (1), (2.44)

where &Q p is the electric dipole momentum operator, induced on the quantum dot
by the electric field measured in position r, Ey ) (r), which can be rewritten with the

construction and annihilation harmonic oscillators, dlt , and dy ) respectively, as

([ 27ha \ V2 : :
B (1) = i (@—e‘f“) {eamne ) — e \af ekl (245)

where ey and e, are the electromagnetic radiation polarization vectors, €; is the effec-
tive dielectric constant of the surrounding medium and V' is an arbitrary quantization

volume.

2.3.1 Energy transfer matrix element

In order to determine the system’s transfer matrix element M; , ¢, using second order
perturbation theory, two virtual intermediate states of the system are defined, which
involve the creation of virtual photons!?, such as

‘11> = |Dground> |Agr0und> |Nk,)L + 1>/'

|12> = |D?ll'll'm,'> |A

(2.46)

nflfmf> |Nk,)t + 1> 7

For the same reason as for E;, there is no net contribution of [Dgrouna) to Ey.

In Quantum Field theory, a virtual photon is presented as a particle which mediates the exchange of
momentum, i.e, mediates the interactions, between two electromagnetic fields. The term "virtual" arises
because these photons cannot be observed. Intermediate quantum states add virtual photons to the
quantum system, which could be wrongly understood as a violation of conservation of energy but,
due to its short term lifetime, the Heisenberg uncertainty principle tells us there is high uncertainty in
energy, and it can actually have the same energy as the initial and final states. Further intuitions over
the concept of virtual photons in Quantum Electrodynamics can be found on reference [68]. For a more
in-depth theoretical description of manifestations of electromagnetic fields consider reading Quantum
Field Theory books, such as Chapter 1.5 of reference [69].
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which have energies E, = (N + 1)hwy and Ej, = E( )+ E(fi‘ + (N + 1)hwy. The

quantum amplitude for RET, i.e. the matrix element M1_> r is calculated with the

following expression 1!:
{f|Hop|h) (h|Hooli) | (fIHop|L) (k|Hopli)
M, ., = + . 247
= kZA: { Ei - Ey Ei—Ep (247)

The acceptor QDot is located at position ra, whilst the donor is located at position rp.
The vector R defines the distance between the donor-acceptor pair, R = rp — 1p. If
the resonance condition is fulfilled, then the initial and final energies of the system
should be the same: E; = Ef = E;?l- = Eﬁ‘l

ili flf
losing generality, that the initial state of the system doesn’t have photons, i.e. Ny, = 0.
This way, the state energies are rewritten as: E; = E’S 1)' Ef = ;Sfl)f
Ej, = E; + Ef + hwy. Using this information, Equation 2.47 is rewritten as

= E,;. Let us assume, as well, without

Ep = hwy and

(g™ ) (BIAG,™ 1) (FIAg,™ 1R) (R, ™ I
D)

M r=Ypy (2.48)
! f ’ —hwk ;gili‘f’hwk ’

where H(QD a) and H(Qr;rD) indicate the position where the Hamiltonian is interacting
with the virtual photon.

Using the Hamiltonian defined in equation 2.44, writing the electric field as in

equation 2.45, the matrix element is written as 12,
1
M f = —d Tdp, (2.49)
€1
here dy = d{$) = (A, ;. |da|A ddp = d¥" = (Dyrounaldp|D
where da = d g = < nflfmf| A| ground> an D = Up = < ground| D| nilimi> are

the matrix elements of the transition dipole moment acting on the acceptor and the
donor, respectively, and the tensor T is defined as,

Tap = —0° | A (4R) dup + B (qR) nang| €%, (2.50)

This expression comes from using second order time-dependent perturbation theory on transitions
from discrete states into continuous states. In this chapter’s problem, the initial state corresponds to
the state |i) and the final state corresponds to the state |f). See, for instance, chapter 13.4 of reference
[70] for a development of this type of state transitions in time-dependent perturbation theory.

12 See Appendix A.2 for the full derivation.
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with A(x) = 1 + ﬁ — %, B(x) = —1 - % + %, q= %Enl, R is the donor-acceptor
distance vector, n, g = sz,ﬁ/ R is the unit vector of R, i.e., n = R/R.

In the near-field approximation, where energy transfer is mediated by a virtual
photon, gR < 1. Therefore, in this regime, the 1/(gR)? factors are the dominant
terms in A(gR) and B(gR) in equation A.33, which leads to an exciton transfer matrix

element given as:

Mioys = s {(da - do) = 3(da - m)(do )} @51)

2.3.2  Transfer rate

The exciton transfer rate, analogous with the non-radiative decay rate of the pair of
QDots, is given by the Fermi’s golden rule [62] in the form

27T
YDA = - Y Pyt | Mis ¢ |* 6(E; — Eg)
if

27 2 (D) A)
= 7 an,l,m,|M1%f| 5 (Enili - Enflf
if

The delta function in equation 2.52 shows the requirement of energy conservation

(2.52)

so that exciton transfer can resonantly occur. The function P, ;. is a distribution
function which states the probability of finding a QDot in the initial state {n;, I;, m;}.
Since the transient dipole moments are randomly oriented, it is valid to assume the

average of the modulus of the matrix element squared as an approximation. By using

equation 2.51, the average value of [M;_,¢|? is given as®:
2 2 21412
(M) = 55 ldalldo) (2.53)
1

Using this result on equation 2.52 yields:

47T

_ (f8)]*] 4(8-4)
’YD—>A - 3h€%R6 ;Pnilimi dA ’ ’dD

2
5 <E<D> - E%) (2.54)

I/lili nf

where we retrieved the notation simplification dp = dg’g ) and dp = d](Dg "i), for clarity.
Equation 2.54 is the general result for the transfer rate, regardless of the structure

of the quantum dots. It shows that the energy transfer rate is not dependent on the

13 See Appendix A.3 for the full derivation.
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density of optical states, contrary to some previous suggestions, and in agreement
with recent theory [54].

24 FRET RATE AND THE FORSTER RADIUS IN DEXTER'S THEORY

Forster showed that the rate of resonance energy transfer from an electronically excited
donor (D) to an acceptor (A) separated by a distance R decreases as R°, as it follows
from equation 2.54. He wrote this relation, as previously presented in Chapter 1.3, in
the form [49]

1 /Ro\®
=— (=, 2.55
YDA - (R) (2.55)

where Ry is the Forster radius, which defines the distance between two quantum
dots at which the probability of resonant non-radiative energy transfer is equal to
the probability of the internal decay of the donor quantum dot, via radiative or non-
radiative decay channels, and tp is the isolated donor lifetime, which is defined as the
inverse of the donor decay rate, i.e, 7p = 1/p. The value of Ry sets the length scale
of FRET for a given pair of emitters and depends on their spectroscopic properties
[49, 71]. The relation is written in numerical form, widely used by experimentalists,

as follows

2
§= 90?28251\?” of / Fp(A)ea(M)A%dA, (2.56)
where the integral accounts for the spectral overlap of the normalized donor fluo-
rescence spectrum Fp(A) with the absorption spectrum of the acceptor e4(A). The
Forster radius also depends on the isolated donor fluorescence quantum yield ¢y, in
units of area times energy, the refractive index 7 of the medium in the wavelength
range of spectral overlap, the Avogadro’s number Ny, and the orientation factor 2,
which depends on the angle between the transition dipole moments of the donor
(D) and acceptor (A) emitters 0p4, and the angles 6p and 64 between each of theses

dipoles and the vector connecting their centres [49, 71]:

x> = (cos(8pa) — 3 cosbp cos 9,4)2. (2.57)



14

2.4. FRET rate and the Forster radius in Dexter’s theory

For a single D-A pair, the value of x? is in the range between 0 and 4. For an ensemble

of D-A pairs, 2

is usually preaveraged over the distribution of all orientations to
give (k%) = 2/3 if the emitters undergo rotational motion faster than the fluorescence
lifetime 4, and (x?) = 0.476 if the dipoles are randomly oriented and do not rotate
on the time scale of fluorescence [71]. The expression for the Forster radius in equa-
tion 2.56 was firstly proposed for fluorescence molecules. For study of QDots, it is
commonly considered the overlap integral of the absorption and emission spectra of
QDot ensembles, broadened due to the usual size dispersion of the QDot samples.
Moreover, in QDot ensembles a sizeable Stokes shift is present between the emission
and absorption spectra, due to QDot aggregates and size broadening. However, all
these QDot ensemble effects are irrelevant to the interactions between individual
QDots. To understand the energy transfer between individual QDots the derivation
of Chapter 2.3 is better suited to study individual QDot interactions, and equation
2.54, from Chapter 2.3.2, describes the energy transfer between a pair of donor and

acceptor QDots .

A detailed derivation of equation 2.56, and overall resonant energy transfer mech-
anism, was performed by Dexter, arriving to the results introduced by Forster and
generalizing energy transfer for dipole-quadrupole, quadrupole-quadrupole and
higher order interactions of the electromagnetic field in crystals [67]. In Dexter’s
approach, single electron states describe the initial and final states of the energy
transfer, contrary to the exciton picture as considered in chapter 2.3 (see Figure 10).
The final states have a bandwidth of energies, Aw.

In the next subchapter a thorough derivation of equation 2.56 in the light of
the work of Dexter will be presented. The decay rate yp_, 4 will be derived as
previously in Chapter 2.3 (see equation 2.54 as the final result), but here accounting
for the spectroscopic properties of the donor and acceptor, and interactions with the
environment. Afterwards, relating with the phenomenological relation for the FRET
rate, equation 2.55, the derivation of formula for the Forster radius is complete.

241 Derivation of the Dexter expression for the Forster radius

Dexter developed a theory of light emission in crystalline phosphors, where the light

is absorbed by an impurity, called absorber, and then the energy is non-radiatively

This factor of 2/3 is the same as presented in equation 2.53 in chapter 2.3.2, as a result of averaging the
transition dipoles orientation.
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Figure 10: Electronic picture for the FRET mechanism in Dexter’s formulation. The horizontal
arrows describe the direction of electron transfer. The states are broadened due to
molecule interactions with the surrounding medium. It is assumed the same state
broadening of the excited (Aw’) and ground (Aw) states for the donor and acceptor.

transferred to another impurity, called emitter, both embedded in an insulating crystal
[67]. This theory is equivalent to the initial idea of Forster and the simple quantum-
mechanical consideration presented in Chapter 2.3. In our terminology, the absorber
impurity is a donor and the emitter impurity is the acceptor. One assumes as well
small concentrations of donors and acceptors, such that the transfer probability from
one donor to another donor is negligible and the probability of formation of either
donor or acceptor clusters is negligible. Therefore, one can consider a single donor-
acceptor pair as before, except for admitting a distribution of the electronic state

energies for both of them.

In Dexter’s theory, the donor and acceptor interact with the environment and their
states are broadened, as a consequence. Specifically, they are coupled to the surround-
ing crystal lattice where a continuum of acoustic phonons exists; consequently, the

15 Dexter

electronic states also form a continuum with a characteristic width Aw
considered FRET in the single-electron picture where the electrons are transferred

simultaneously in the opposite directions (See Figure 10).

Let us define the wavefunctions of our system. The initial wavefunction, ¥;, de-
scribes the configuration where the donor is excited, y,, with energy wp,, and the

acceptor is in the ground state, o, with energy wa. The final wavefunction, ¥,

15 During this chapter we consider w has dimension of energy.
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corresponds to the configuration where the donor is in the ground state, ip, with
energy wp, and the acceptor is in the excited state, ¢y, with energy w/,.

The electronic wavefunctions of continuum states are usually normalised to delta

functions. For the unexcited donor and acceptor states, the normalization is as follows

/l[]ik)(l‘l,‘wD,].)yDD(l‘l,'G)D,])dl‘l = (S(CUD — CTJD)(SJ-/]*,’ (258&)

/QIJ*A(I'z;wA,k)lPA(I'z; Wa, Iz)drz = (S(wA — CTJA)ékj( (2.58b)

where r; and r; stand for the donor and acceptor positions in space, respectively, and
indices j and k stand for the j-th and k-th degenerate state of {p and 14, respectively.
Similar normalization follows for the excited states labelled by wf, and w/,.

For transitions to a continuum of finite states, the Fermi’s golden rule is written as

27T 2
AYDa = S | (Bl Ha[¥ )| 8(E; — Ep)dvy (2.59)

where E; = wp, + wa and Ef = wp + wj, and dvy denotes the interval of values of all
quantum numbers necessary for the complete definition of the final states. If these
states are degenerate, labelling them just by their energies is not sufficient. In our case,
dvy is equal to dw) dwp plus a sum over these degenerate states, from 1 to gs = g\ gD

such as,
Sh 8D

/dvf =) Z/dwg/de (2.60)

K=1j=1

where g/, corresponds to the degeneracy of the excited acceptor states and gp to the
degeneracy of the lower energy (unexcited) donor states. Also, we will take an average
over the initial states, which also form a continuum (see Figure 10), in a similar way

by using the following expression

ga 8D

1
Y. ) / dwapa(wa) / dwppp(wp) — (2.61)
k=1j'=1 8§A8D

where pf,(wpy) and pa(wa) are probability functions which describe the probabilities
that the donor is in the particular (excited) energy state denoted by wf, and that the

acceptor is in energy (ground) state wa.
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Introducing equations 2.60 and 2.61 in equation 2.59 gives the transition probability
integrated over a continuum of finite states as

gArgD 8A/8D

’YD—>A— / dWDPD / dwp de
Aw’

, . 2
x [(Hi(wp, ', wa, k wp, j, i, K))|" 0 [(wp — wp) — (W) — wa)]

(2.62)
where (Hj) denotes the dipole-dipole interaction Hamiltonian’s matrix element be-
tween the initial state ¥;(r1, 12; wp, /', wa, k) and the final state ¥ f(rl, 12; Wp, J, Wy, k')
of two uncorrelated electrons!®. The delta function in Equation 2.62 removes one
integration, by defining E = «' — w, and we have

gA/gD gA/gD

')’D—>A— EdE/ dwapa wA/ des s (wh)

A

(2.63)

. . 2
X | (Hi(wp,j', wa, k;wp — E, j,wa + E,K'))|".

The interval of integration is the sum of broadenings of the ground and excited levels,
AE = Aw' + Aw; if the broadenings are different for donor and acceptor, the larger
one should be taken, in order to integrate over the broadest possible energy range at

which there is resonance between the donor and acceptor states.

Dipole-dipole interaction

In the dipole-dipole approximation we assume that the donor has an allowed transition,
so that the dipole term for the donor has the largest contribution, compared with
higher order interactions. As calculated in Chapter 2.3.1, in the case of discrete levels,
the matrix element (H;) would be equal to

(Hi) = [(da -dp) —3(da -n)(dp - n)] (2.64)

2R3

This means one can divide the states such as ¥;(r1, 1, wpy, /', wa, k) = ¢ (r1; wh, j') @ Pa(r2; wa, k) and
Y¢(r1, 125 wp, j, Wiy, k') = ¢p(11; wp, j) @ P (12, W)y, k).
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where R is the donor-acceptor distance, n = R/R, 1 = /€] is the refractive index of
the medium and da and dp are the transient dipole moments of the corresponding
discrete transitions.

For the case of continuum, due to the normalization of the wavefunctions, shown in

equation 2.58, we replace in equation 2.64:

da — P (wa, wa + E)
N (2.65)
dp — Pg Nwly, why — E)

where the quantities P can be interpreted as spectral densities of such dipole moments,

because of the wavefunctions have here dimensions of (energy x volume) /2. An-

) 2, as in the case of vectors dp and dp presented in Chapter

2.3.1, yields:

2

2 2 k,k/ 2 '/,~
<|<H1>| > - s \pg Nwa, wa + E)‘ PUY) (wh, wh — E)| . (2.66)
n*R
Substituting equation 2.66 in equation 2.63 yields
4
= E
TD=A =3 AR6 /AEd
SA 8a )
X 4 ZZ/ dwapa(wa) ‘ch’k)(wA,wA—FE)‘
k 1K = (2.67)
gD 8D 2
X ZZ/ dwppp(wp) P(] ])(w]/Dr wp — E)
/==

Now we shall show that the same squared moduli of Py and Pp of equation 2.67
appear in the absorption and emission spectra of the acceptor and donor, respectively.

From equation 2.41 of Chapter 2.1, the spontaneous emission rate of a point emitter
located inside a medium with a refractive index # is given by

4E%7 | 0
E) = d|”. 2.68
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Equation 2.68 is valid in the case of a two-level system, with inter-level distance E. If
the levels are broadened, equation 2.68 can be generalized in the same way as equation
2.54, of Chapter 2.3.2, for the FRET rate and we need to introduce the emission spectral

density, W*™. Considering the broadened energy bands of the donor emitter, we have:

2
PUD (wh,wly—E)| . (269)

1 gD 8D 4E3
WE™(E) = L [" dwbpolw
gD] 1]/ 1 3h4 3

Notice that

/ WE™N(E)dE = 157, (2.70)

where 1 is the radiative lifetime of the excited donor.
The absorption cross-section, 0P is defined as [72]:

abs _ Wabs
(8]

where W2bs is the absorbed power and (S) is the time-averaged Poynting vector of

o (2.71)

the incident wave, with its the modulus equal to [72]

(8)] = g B @72)

abs

where |Ey| is the field amplitude. For a two-level system, c°° can be related to the

spontaneous emission rate as follows [9]

2
oS (E) = 13 (%‘;) v(E)é(w' — w — E) (2.73)

where «w’ and w denote the excited and ground state energies. One can generalize
equation 2.73 for a unexcited acceptor with broadened energy bands in a similar way

as equation 2.69, as follows

47‘[2E 1 gA gA
- 3y gAk 1k’ 1

Using the results of equations 2.69 and 2.74 in equation 2.67, we find

O'sz ( E

2
/ dwapa(wa) ‘P (wa, wa + E) (2.74)

3h4C4 Wem( ) abs (E)
= - _ . 2.75
YDA 47TR61’]4 AE dE E4 ( )




2.4. FRET rate and the Forster radius in Dexter’s theory

Following Dexter, we may introduce normalized dimensionless lineshapes of donor

emission, such as

S(E) =15 - WE(E) (2.76)
so that [ fg™(E)dE =1, and
F(E) = Q7' 0™ (E) (2.77)
where
Q= / o?s(E)dE (2.78)

is the area under the absorption curve of the acceptor. With these lineshapes we get:

34 4Q em(E)Pabs(E)
E-D : 2.7
T A= Ry / E? 279)
One can write equation 2.79, by defining the Forster radius, Ry, in the form
1 (Ro\°
= — 2.80
TD-A = o < R) (2.80)
with ‘s b
h em Fa S E
RS = 4nQ/d D (E) (2.81)
'

The formula for Ry of equation 2.81 it is precisely the form in which it is written in
reference [73]. In the case of QDots, however, this formula is of limited use. The
individual spectra of single QDots (or a very small number of them) are not obtained

in experiments; it is observed the broad emission and absorption spectra of large

ensembles of QDots, with size broadening and considerable Stokes energy shift. Thus,

the typical Forster radius calculation in QDot ensembles may induce errors and wrong
values for the calculated Forster radius.
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2.5 FRET IN 3-DIMENSIONAL QDOT ENSEMBLES

Let us assume a system of two quantum dots: a donor QDot at position rp and a
acceptor QDot at a position rs. Let us assume that the donor is at the origin of the
coordinate system, i.e, rp = 0. The rate of resonance energy transfer between donor

and acceptor QDots, 7(Ry), is given, as seen in Chapter 2.4 17, by

1 [ Ry\®
Ra)=— 1= ) , 2.82
1R = = () 28
where Ry = |rp — rp| = |ra|, T is the decay time of the isolated donor and Ry is the

Forster radius. The description of FRET in this system relies on the donor survival
probability, i.e, the probability of the donor QDot being in its excited state at time ¢,
which is given by [71]:

¢(t,Ra) =exp [—t-y(Ra)] - (2.83)

When N acceptors, for only one donor emitter, are included one introduces N possible
donor decay channels. If the acceptors behave independently from each other, then
we consider N two-particle systems. The excited donor survival probability is now

given by:
¢(5R1, Ry, ..., Ry) = e tr(R1) | p=t7(Ro) | ,—t7(RN)

N (2.84)
= [Texpl—t7(R)]
i=1

The number of acceptors for each site i (assuming that the distance between accep-
tors in each individual site is very small) may vary. For instance, the probability of
tinding one acceptor at r; may be small. Therefore, one must define a distribution
function g(r;, j), which defines the probability of having j acceptors at a distance r;.
Since the acceptors behave independently from each other, the distribution function
can be described by a Poisson distribution, with a mean equal to the mean number
of acceptors Anp(r;) (defined as Anp = dr;Ca(r;), where Cx(r;) is the number of

acceptors per unit volume):

i
e Ana(r) An“i—(rl). (2.85)

17 Unlike as it is presented in Chapter 2.4, here yp_, 4 = 1, for notation simplicity.
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The donor survival probability with j acceptors at same distance r; is given by:

Pir () = [e—f"Y(Rf)}j (2.86)

Introducing the distribution function g(r;, j) the donor survival probability is rear-
ranged, and it is given by the average of f(t) over all possible j-values, weighted by

g(ri, j):

[ee]

or,(t) = ) g(ri, j)¢jr, ()
j=0
o . (2.87)
= gty )
j=0

Finally, the contribution of all acceptors at different distances yields the donor decay

probability as
¢(t) = [ Toxr(t)
R;
~ ; (2.88)
=TT { e j) [ ®)]
R, \j=0
Using Poisson’s distribution, i.e, equation 2.85, in the equation 2.88 gives
_ o) e 1 (R
(P(t) :IRI {6 Anp( z)];)]_' [AnA(ri)e t'V(Rz):| }
11 {e—AnAm)eAnA(ri) exp[-7(R))] } (2.89)
R;

1

=exp {AnA(ri) Z [1 - eXP(—tV(Ri))] }

where, in the second step of the derivation the Maclaurin series e* = Zj xl/ j! was
used. Considering that the donor is inside a continuous restricted space with volume

V, the sum in equation 2.89 can be transformed to an integral form:

¢(t) = exp (— /Vdr Ca (1) {1 — exp {—t’y (|r|)] }) : (2.90)

This integral is performed over the volume of the sample containing acceptors with
concentration Cx (r). This donor decay probability will greatly depend on the con-
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centration of the acceptors and their distribution over the sample. To describe real
systems of colloidal QDots, one must determine the distribution of acceptors, which
is usually is not possible, so an assumption has to be made. Here two reasonably
possible distributions are presented. Other more complex structures were studied by
Farinha et al [71].

2.5.1 Homogeneous Distribution

If we consider a homogeneous concentration of acceptors in 3D space, Ca (r) = Co,
Equation 2.90 can be simplified, using spherical coordinates:

7T

¢ () = exp (—CO / ndq) /On do sinO/I: dr{l —exp[—(r)t]} r2> , (2.91)

where the lower limit R, is the donor-acceptor encounter distance, i.e, their minimum
approach distance, usually taken to be the sum of the donor and the acceptor van
der Waals radii [71]. Here we take the approximation R, — 0, assuming a particle
ensemble where interaction distances are much bigger than the QDot average radius.
Using Equation 2.82, the former equation yields:

00 6
¢ (1) = exp —47‘[C0/O dr{1—exp [_ (&) i] 2

4 E\'?
= exp —§7T3/2C0R8 <%> .

Using the last equation, the donor decay rate is given by:

(2.92)

f(t) = loexp (=t/w) - ¢(t)

t 4 t\ /2
= Io ex —_— — —71'3/2C0R3 — ’
P 3 0
™ ™ (2.93)

# 1/2 ¢ 1/2
() e
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where [y is the amplitude of the donor decay, which depends on the (assumed
homogeneous) 3D concentration of donor emitters, and Nj is the number of acceptors
in a homogeneous sphere with Forster radius Rg. This expression resembles the
stretched-exponential decay curve for fixed p = 1/2 (see chapter 2.6).

2.5.2 "Fixed-shell” Distribution

This distribution places the acceptors in a shell of radius a, with a single a single
donor in the centre of the sphere. Thus, the concentration Cx(r) is defined as

N

Cal(r) = 471a?

o(r—a), (2.94)

where N is the number of acceptors. Introducing equation 2.94 in 2.90, using spherical
coordinates, yields

Peell = €XP (—42;2 /jrdgo/ondesiné)/ooodr o(r —a) {1~ exp [~11(1)] } rz)

Ry 6 ¢
- (7) o
(2.95)

The donor total decay function for the fixed-shell distribution is then given by:

=exp | —N<{1—exp

In(t) = Iyexp (—t/w) - Pspen(t)

(2.96)

t
= Ipexp —%—N 1—exp

Ro\® ¢t
a ™
If one assumes that, for large volumes, the concentration of acceptors in a shell

distribution is approximately equal to the concentration an homogeneous distribution,
one can define the number of acceptors N as

4
N = —nCoa®,
37'[ oda
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where Cj is the homogeneous distribution of acceptors, as considered in chapter 2.5.1.
With this definition, equation 2.96 can be rewritten as

t 4 Ro\ °
In(t) = Ipexp R gnCoRg (70) 1—exp

()]
(8]

where Nj is the number of acceptors in a sphere of radius Ry, Ny = %NC()ROP’. These

(2.97)

t Ro\ °
= Ipexp —g — Ny (7()) 1—exp

definitions let us relate all parameters of the decay function of the homogeneous
distribution and the decay function of the "fixed-shell" distribution, and introduces
the parameter g, i.e, the distance of the shell of acceptors to the donor.

2.6 PHOTOLUMINESCENCE DECAY IN QDOTS

After a short laser pulse which excites QDots, they emit light, with decreasing intensity,
over a considerable time. This temporal evolution is called photoluminescence decay
kinetics. It is determined by the the light emission itself, i.e, the radiative decay, and a
number of non-radiative decay mechanisms, of which FRET is an example, because it
moves the excitation to another class of emitters, the acceptors. For historical reasons,

point emitters (such as QDots or dye molecules) sometimes are called fluorophores.

This chapter reviews the theoretical description of decay kinetics of QDots.

2.6.1 Decay time in fluorophores

A sample containing a fluorophore is excited with a infinitely sharp pulse of light,
i.e, a delta function [12]. This yields an initial population ng of fluorophores in the
excited state. The excited state population decays with a rate I 4- I, according, in
tirst approximation, to

dn(t)
dt

= ([ + Tn)n(t), (2.98)
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where n(t) is the number of excited QDots at time f after excitation, I is the emissive
decay rate and I';;, is the non-radiative decay rate. Emission is a random event, and

each excited fluorophore has the same probability of emitting in a given period of time.

The lifetime, i.e., the inverse of the decay rate, is the average time a fluorophore
remains in its excited state following excitation. This can be interpreted as the average
time in the excited state (t), which value is obtained by averaging t over the intensity
decay of the fluorophore, I(t), such as:

_ Jo tI(t)dt

g Jo I(t)at

(2.99)

In fluorescence experiments one does not observe the number of excited QDots.

Instead one sees the fluorescence intensity I(f). The decay of the fraction of excited
emitters n(t')/n(0) at time t' is described with cumulative distribution function

[1—n(t')/n(0)], where 1n(0) is the concentration of excited emitters at ' = 0 [74].

The concentration n(#') for ' — oo tends to zero, so the cumulative function varies
between 1 (for ' — oo) and 0 (for ¥ — 0). The reliability function and the probability
function, g(t), the former related with the decay curve, are related as follows:

t B n(t)
/O g(t)dt =1— ) (2.100)

Equation 2.100 shows that the decrease of the concentration of the excited emitters

at time t is equal to the integral of all previous decay events. So, the fluorescence

intensity is not necessarily proportional with the concentration of excited emitters.

2.6.2  Decay models

The decay behaviour of quantum dots may vary and depend on their environment.

Different types of QDots will have a different decay rate behaviour as well. Some
QDots, such as CdSe, have a single-exponential trend whilst other type of QDots show
a multi-exponential, or even non-exponential, decay over time. This will influence the

response function I(t).

In the literature there are several proposed decay functions, that include

1. Single-exponential decay;
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2. Bi-exponential decay;
3. Log-normal distribution of decay rates;

4. Stretched exponential decay, or Kohlrausch function.

SINGLE-EXPONENTIAL FUNCTION: A single-exponential decay function I(t) is

defined as,

I(t) = Iy e ™. (2.101)

As fitting parameters equation 2.101 has the scaling factor Iy and the decay rate I'.

BI-EXPONENTIAL DECAY: The bi-exponential model is written as:

I(t) =L e+ e 12, (2.102)

containing four fitting parameters, namely the scaling factors Iy and I; and the decay
rates I'1 and I',.

It is possible to generalize the behaviour of the last equations to an integral [74] and
use a distribution function ¢(I') to describe the scaling factor for each value of I'. The

expression is given by
I(t) = / dr ¢(T)e . (2.103)
0

LOG-NORMAL DISTRIBUTION OF DECAY RATES:  The log-normal distribution of
decay rates ¢ n(I') was successfully employed to fit decay decay curves from CdSe
quantum dots inside titania inverse opals (same found in PbS QDot suspension in
toluene) [13, 74]. The function ¢ n(T') is defined as

In?(T/T,,
¢n(T) = A exp —% , (2.104)

where I'y, ¢ is the most frequent decay rate and w is the dimensionless width parameter
which is related to the width of the distribution as its 1/e height AT via:

AT = 2T ¢ sinh(w). (2.105)
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Thus, the decay curve I N(t), i.e., the response function, for a log-normal distribution

is given by:

ILN(t) = /Ooo dar (pLN(F)e_“

(2.106)

00 In*(T/T )
—/0 dF exp _T —TIt

STRETCHED-EXPONENTIAL FUNCTION  Other widely decay model in the literature

is the stretched-exponential function, or Kohlrausch function [74, 75], defined as:

I(t) = exp (—(rt)ﬁ> exp(—Tt) (2.107)

where B is a stretch parameter, which varies between 0 and 1.

2.6.3 Non-exponential decay in QDots

Non-exponential photoluminescence decay profiles may come from the interaction
of QDot ensembles with the surrounding environment, which may lead to an infi-
nite distribution of rate constants. One way used to find the underlying probability
distribution function of rate constants is to calculate the integral equation for QDot
photoluminescence decays. Another approach is by choosing a known mathematical
function as the distribution function of rate constants. However, one must carry
special attention to the chosen mathematical function since, though it may fit well the
experimental decay profile of QDots, it may not show physical significance for the
system (log-normal distribution, for example) [75].

As presented in Chapter 2.6.2, one of the most conveniently used mathematical
functions for the distribution of rate constants is the Kohlrausch, or stretched expo-
nential, function. The stretched exponential function is reported to have firm grounds
in the description of the luminescence intensity decay in condensed matter [75], first
derived by Forster from models of luminescence quenching

t t\P
Ip(t) = exp (—%) exp [—P (%> ] , (2.108)
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where the first exponential term represents the exponential part of the kinetics, de-
termined by the intrinsic radiative and nonradiative transitions in the species under
study, and the second term accounts for the relaxation part, shaped by Forster resonant
energy transfer (FRET) or FRET-type mechanisms. In the former equation, equation
Tp is lifetime of the excited state of the donor in the absence of the acceptor (or
quencher), § is a stretch parameter, which varies between 0 and 1, and the parameter

P is proportional to the concentration of acceptors, and depends on the Forster radius.

Other implemented functions have in consideration the existence of trap states in
QDots, which may come from structural defects or dangling bonds. A model was
developed by Bodunov et al where a QDot ensemble is surrounded by N identical
traps (hole or electron traps) which can trap an electron (or hole) with a finite trapping
rate k1 and released afterwards to the QDot with rate k; [75].

A QDot ensemble is characterized by a certain distribution of quantum dot sizes,
where the size of the QDs relates with the band gap energy of this semiconductor
particles. This distribution can approximately be described by a Gaussian function,

such as

F(E) = ! exp (—(E_—EO)Z) (2.109)

27t 202

where Ej is the average energy of the QDots and ¢ is the width of the distribution.
One may argue that non-radiative transitions in the ensemble occur at a rate k, which
is a function of energy E, k = k(E). By averaging the luminescence decay contribution

of all QDots leads to a non-exponential behaviour

lop(t) = /Z exp (—% _ k(E)t) F(E)dE = exp (-%) Ioprel(£),

+o0
lopra(t) = | exp(~k(E))F(E)dE.

—00

(2.110)



MAIN TECHNIQUES AND EXPERIMENTAL PROCEDURE

3.1 TIME-CORRELATED SINGLE PHOTON COUNTING (TCSPC)

Time-Correlated Single Photon Counting (abbreviated as TCSPC) is a time-resolved
technique which fundamentally is based on the detection and timing of single emitted
photons. This single photon detection technique uses the fact that the light intensity
is so low that the probability of detecting one photon is very small. Thus, it is not
necessary to consider the possibility of detecting multiple photons in one signal period,
hence the single-photon detection nature of TCSPC [10]. The time from the emission
of the photon to the arrival to the detector is recorded and, this way, histograms of
counts as a function of the arrival time are produced after repeated photon detection
periods (see Figure 11). Since the single-photon probability detection is so low, there
is not detected any photon in many photon detection periods. Detection periods
with more than one photon are very rare [10]. TCSPC is an effective technique to
study photoluminescence properties of QDots. Some other applications of TCSPC are
fluorescence microscopy on biological macromolecules and cellular imaging [12].
The heart of this method is a time-to-amplitude converter (TAC), which can be
considered as a very fast stopwatch (see Figure 12). The sample is repetitively excited
using a pulsed light source, like a pulsed laser or flash lamp !. Each pulse is optically
monitored, using an high-speed photo-diode or photo-multiplier (PMT), to create a
start signal that triggers the voltage ramp in the TAC. The voltage ramp is stopped
when the first fluorescence photon from the sample is detected. The voltage ramp
produced in the TAC is proportional to the time between the start and stop signals?.

A multichannel analyser (MCA) converts the voltage into a time channel using an

Typical instrumentation for TCSPC uses high repetition rate mode-locked picosecond (ps) or femto-
second (fs) pulsed laser sources [12, 10] and pulsed LEDs [12].

In practice, the start and stop signals can be reversed, since the probability of a detecting an initial
laser pulse is much greater than the probability of detecting the single photon, thus guarantees that the
counting is stopped at each laser pulse.
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Figure 11: General principle of the Time-Correlated Single Photon Counting technique (TC-
SPC). Image obtained from reference [10].

analog-to-digital converter (ADC). As summing over many pulses, the MCA produces

a probability histogram of counts versus time channels [12].

The signal conversion by the ADC holds the voltage during a period of time at
which no other photon can be detected. This is known as the electronic dead time
of the detector. The dead time ranges between 10 microseconds in older systems to
around 120 nanoseconds in more recent TCSPC electronics [12]. Depending on the
desired accuracy, the light intensity must be limited to detect 0.1 to 0.01 photons per
signal period [10, 12], since the dead time in the electronics prevents detection of
another photon resulting from the same excitation pulse. If many photons arrive at
the same time, and only one is counted, the intensity statistics is distorted, which is

named "photon pile-up".

Another important feature in TCSPC is the use of the rising edge of the photo-
electron pulse, generated in the photomultiplier, for timing. This allows the PMT’s

phototubes with nanosecond pulse widths to provide sub-nanosecond resolution [12].

There are typically three components associated with an intensity decay. These are:
1. instrument response function L(#);

2. sample’s response function N(;);
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Figure 12: Operation principle of a time-to-amplitude converter (TAC). Image obtained from
reference [11].

3. calculated decay function N, ().

All three functions are described in terms of discrete times (t;) because the counted
photons are collected into channels/bins, each with a known time (t;) time and width
(At). The instrument response function L(t;) is the response of the instrument to
a zero-lifetime sample. This curve is typically collected using a dilute scattering
solution such as colloidal silica and no emission filter [12]. This decay represents
the shortest time profile which can be measured by the instrument. Afterwards, the
measured curve is the intensity decay of the sample itself N(t;), as it is recorded with
no prior signal processing. The last curve, N¢(#), is calculated data, which is the
modelled function. This curve represents a convolution of the instrument response
function L(t;) with the impulse response function I(t), which is the intensity decay
law. The fitted function is the time profile expected for a given intensity decay when
one considers the form of the instrument response function L(#). By choosing the

proper impulse response function I(t) one gets the form of N(#;) as close as possible.

3.1.1 Convolution integral

As mentioned, in TCSPC the measured intensity N (t) is a convolution of the instru-
ment response function L(t;) with the sample’s response signature I(f). In reality,

most instrument response functions are 0.5 to 2 ns wide [12]. We can consider the

49



50

Chapter 3. Main Techniques and Experimental procedure

A o &

Figure 13: Convolution of an instrument response function L(t;) with the sample’s response
signature I(f) to yield the measured data N(f;). Figure obtained from reference
[12].

excitation pulse to be a series of J-functions with different amplitudes. Each J-function

excitation is assumed to excite an impulse response at t;, such as:

L(F) = L(k)I(t — t)At, (3.1)

where L(f;) is the instrument response function, I(t — t;) is the sample response
function beginning at t = t;. The measured decay N(f;) is the sum of the impulse
responses created by all the individual -function excitation pulses created by all the

individual J-function excitation pulses occurring until #,

t=t; t=t;

N(t) = Y I(t) = ) L) I(t — ty) At (3.2)
t=0

t=0

For small values of At, we can re-write the equation as an integral:

N(t) = /0 CL(EVI(E— £t (3.3)

This expression says that the intensity measured experimentally at time ¢ is a sum of
the intensities of all /-function excitation pulse that occur until time t. The important
factor now is to find the impulse response function I(t) witch best matches the
experimental data. In Chapter 2.5 and Chapter 2.6 some theoretical background
regarding the adequate fit of impulse functions, or decay functions, for photoexcited
colloidal QDots is presented.

3.1.2  Working with near-infrared lasers on quantum dot samples

At near-infrared wavelengths it is useful to find the ratio Fyjr between the number of

detected quantum dot emission events, Nopg, and the number of excitation pulses, Nf.



3.2. Optical table setup for TCSPC and emission spectrum studies

Accounting the average background (B) for an TCSPC experiment with a measured
data set M(t;), Fxir is defined as [13]

Foro — NopE _ Li(M(t) — (B))
NIR =~ = Nr .

For good signal to noise ratios Fyr should be as large as possible [13]. However, too

(3.4)

large values will cause photon pile-up at the dead time of counting module. The upper
limit for Fyrr is determined by the dynamical behaviour of the system of interest. For
PbSe quantum dots, for instance, it was shown that for Fyr > 1% the goodness of
the fit deviates significantly from Xfe ; = 1[13]. For Fyjr < 1% it was observed that

2 ~
Xred ~ L

The X%e ; is defined as:

1, 1 i(Df(ti)—I(fi))z

X = (3.5)
N-p® N-p= o (t)

Xfed
Here, t; was chosen as the running parameter, N is the number of data point, p is the
number of adjustable parameters, D¢(t;) is the measured data of the i time bin, I(t;)
is the corresponding value from the fitting model and a%f(ti) is the variance of the
datum at time #;. If a model I(t) fits the experimental data well, then the equation 3.5
should result in X%e ;= L

3.2 OPTICAL TABLE SETUP FOR TCSPC AND EMISSION SPECTRUM STUDIES

In this chapter is presented a description of the experimental setup used to study
the photoluminescence properties of colloidal PbS QDots samples. The experimental
setup was made over an optical table, whose goal lied on acquiring sample’s emission
spectra and produce TCSPC measurements.

MAIN COMPONENTS OF SETUP

1. PicoQuant PL-800B laser driver + PicoQuant LDH-C 690 diode laser head (685
nm laser pulse - NIR spectral range);

2. HP Function Generator;

3. Piezoelectric XYZ stage sample holder;
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4. Thorlabs XYZ translation stage;
5. Small NA objective
6. Nikon High NA objective
7. Spectrometer Acton SP500i;
8. 85 grooves/mm blazed diffraction grating = 1.3 um;
9. 900 grooves/mm holographic diffraction grating = High IR;
10. PicoQuant PicoHarp300 TCSPC system;
11. Photomultiplier;

12. Liquid nitrogen cooled CCD 1D array dentector;

PULSED LASER  The pulsed laser beam is generated with the PicoQuant 800-B laser
driver with a 685 nm laser head. The laser driver is externally triggered using a
function generator, in order to produce pulsed beams with variable repetition rate. In
the work made on this report a range of repetition rates from 32 kHz until 200 kHz
was used.

ALIGNMENT In the laser setup, the incoming laser beam targets a small NA ob-
jective, positioned over a XYZ translation stage, which focus the laser beam into the
sample, held on a piezoelectric stage. The emitted light from the sample strikes a
collecting high NA objective, which produces a wide beam that strikes the spectrom-
eter. One of the most important stages in the laser setup alignment lies in aligning
the small NA objective with the XYZ stage in order to overlap the focus points of the
two objectives. The piezoelectric stage lets find the position of the sample where the
collected signal is maximum.

The beam collection is made in the spectrometer, using a 900 groves/mm holo-
graphic diffraction grating. This grating has a very small spacing between grooves,
and, therefore, most of the incoming light coming in different wavelengths will prefer-
entially be refracted to a specific angle. This way, all light is focused in a small amount
of pixels, being easier to detect a signal in the CCD sensor. The incoming data from
the CCD sensor is processed on a PC with the software WinSpec.
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Figure 14: Scheme of the setup for Time Correlated Single Photon Counting (TCSPC) experi-
ments. [13]

EMISSION SPECTRA  After alignment of the laser, to detect the emission spectra
of the samples it is used a 85 grooves/mm blazed diffraction grating inside the
spectrometer. To scan different wavelengths of incoming light the grating rotated
tilted. The diffracted wavelengths are targeted into the CCD sensor. Data is transferred
into a PC and collected in the software WinSpec.

COLLECTION OF TCSPC HISTOGRAMS  To produce time-resolved photon counting
measurements, the 85 grooves/mm blazed diffraction grating is used inside the
spectrometer, with the same procedure as with the collection of emission spectra. A
small mirror tilts the diffracted light into a photomultiplier (PMT), producing an 800V
amplification signal. The PicoQuant PicoHarp 300 TCSPC system (PH) has the built-in
time-to-amplitude converter (TAC), multichannel analyser and the analog-to-digital
converter (ADC).

The TCSPC system (see Figure 14) detects a small signal from the initial laser pulse,
using a photodiode (PD), which triggers the voltage ramp of the TAC. The signal
coming from the PMT stops the voltage ramp, and the TAC translates the voltage
ramp into a time gap. The collected data in the TSCPC system is further processed in
the software PicoHarp 300, proprietary of PicoQuant.

3.3 BINDING OF QUANTUM DOTS VIA MOLECULAR LINKERS

The chemical process of cross-linking QDots, also known as QDot binding, at nanome-
tre distance is of utmost experimental importance for introducing a non-radiative

energy transfer mechanism such as FRET into the QDot system. Thus, fundamental
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control of the cross-linking process is needed in order to proceed with experimental
TCSPC and emission spectra measurements.

The colloidal PbS QDot samples used in the experiments in this thesis are capped
with glutathione and were cross-linked with EDC and NHS molecules. Water-soluble
glutathione capped PbS QDots were reported by Deng et al [76] to have a high
quantum yield (> 30%), favourable storage stability, high photostability and low
cytotoxicity, i.e, low toxicity to biological cells. The interaction of EDC and NHS
molecules with the glutathione capping produce the QDot binding. In this chapter, a
brief description of the interacting molecules, as well as the chemistry procedure used
for the PbS QDot binding, are presented.

3.3.1 Interacting molecules

GLUTATHIONE  Glutathione (abbreviated as GSH) is an antioxidant in plants, ani-
mals, fungi, and some bacteria and archaea. Its molecular formula is C;oH;7N30¢S
[77]. It is a tripeptide with a gamma peptide linkage between the carboxyl group of
the glutamate side chain and cysteine. The molecular structure of GHS is presented on
Figure 15 with highlighted the aminoacids, the amide bond between both aminoacids
and the carboxyl groups, which stay on the edges of the molecule chain. These
carboxyl groups lay are the main functional groups which interact with neighbouring
molecules, along with the amide group.

Carboxyl group Amide bond S H Carboxyl group

O O O

H
o™ SN on

NH, H 0
G T Geme

Figure 15: The molecular structure of Glutathione. Figure adapted from reference [14].

EDC AND N-HYDROXYSULFOSUCCINIMIDE (NHS) EDC (1- Ethyl- 3- (3- dimethy-
laminopropyl)carbodiimide) is the most popular, water-soluble, carbodiimide used for

conjugating biological substances containing carboxylates and amines [15, 78]. It is
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used as a carboxyl activating agent for the coupling of primary amides to yield amide
bonds. Its application in particle and surface conjugation goes along with the use of
N-Hydroxysuccinimide (abbreviated as NHS). NHS enables the control and modi-
fication of carbodiimide crosslinking reactions involving activation of carboxylates

(—COOH) for conjugation with primary amines (—NH3) [16].

CH,
- ClI”
N

H™cH,

O

AN F
H,C N
HO—N
EDC
1-Ethyl-3-(3-dimethylaminopropyl)
Carbodiimide Hydrochloride
MW 191.7 O

(a) (b)

Figure 16: Cross-linker molecules: a) 1-Ethyl-3-(3-dimethylaminopropyl) carbodiimide (EDC),
and b) N-Hydroxysuccinimide (NHS). Figures obtained from references [15, 16].

3.3.2  Couvalent binding with carboxyl functionality: EDC/NHS coupling

The covalent conjugation of QDots and molecules appear when there is a reaction
of the correspondent functional groups. The most well-studied and easy-to-perform
method for attaching QDots together, having a biomolecular shell surrounding them,
makes use of the zero-length crosslinker carbodiimide such as EDC. A zero-length
crosslinker mediates the conjugation of two molecules by adding no additional atoms
[77, 78]. The molecular conjugation can happen by direct formation of an amide
bond between amide groups on the QDot, which in this experiment is surrounded
with a shell of glutathione, and the carboxyl groups on of another molecule (the
EDC molecule). In practice, this chemistry is usually applied in conjunction with the
addition of NHS to form a stable active intermediate by converting it in an ester and
greatly increase coupling efficiency [78]. This reaction is pH dependent and requires
a large excess of EDC due to the latter’s extremely rapid competing hydrolysis, i.e.,

chemical breakdown due to reaction with water.
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3.3.3  Chemistry procedure: Inter-particle linking of lead sulfide (PbS) quantum dots via
EDC/NHS chemistry

The goal of the chemistry experiments of this report is to perform an inter-particle
linking between two quantum dot suspensions. The organic shell on the quantum dots
is glutathione (GSH). Via EDC/NHS chemistry the quantum dots are cross-linked.
After the activation of the carboxylic acid groups to form the NHS-ester, the ester can
nucleophilic attack the amine groups within the glutathione ligand to form the amide.
The following experiment protocol here presented was provided by Andreas Schulz
MSc and the chemistry experiments were performed, with the essential guidance from
Richard Egberink BSc.

CHEMICALS AND QDOT-SUSPENSIONS:

e A - PbS-GSH-1100-20 (1072 nm emission max., 10 nmol/L);

B - PbS-GSH-1200-20 (1211 nm emission max., 10 nmol/L);

C - PbS-GSH-1300-20 (1261 nm emission max., 10 nmol/L);

¢ 1-Ethyl-3-(3-dimethylaminopropyl)carbodiimide (EDC), 155.25 g/mol for EDC,
and 191.70 g/mol for the Hydrochloride;

¢ N-Hydroxysuccinimide (NHS, 115.09 g/mol).

ANSATZ (EXAMPLE FOR COUPLING OF SUSPENSION A WITH SUSPENSION B)

1 x 100 "L of PbS-GSH-1100-20 (1 nmol);

1 x 100 "L of PbS-GSH-1200-20 (1 nmol);

1 x 1.9 mg of EDC;

1 x 1.15 mg of NHS.

EXPERIMENTAL PROCEDURE  From each of the two stock quantum dot suspensions
that are used for the coupling, 100 uL are filled via an Eppendorf-pipette into an
Eppendorf-flask (0.5 uL total volume capacity). In second flask 1.9 mg of EDC is
dissolved in 1 mL degassed milli-Q water and the solution is vortexed until the EDC
is completely dissolved. 10 uL of the EDC solution is added to the flask with the
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suspension mixture and is vortexed. In a third flask 1.15 mg of NHS is dissolved and
the solution is vortexed until the NHS is completely dissolved. 10 uL of the NHS
solution is added to the suspension mixture and is vortexed. The resulting suspension
is carefully filled into a (10 x 10) cm? acrylic cuvette and enclosed with a cuvette cap

surrounded by Parafilm.
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EXPERIMENTAL RESULTS AND DISCUSSION

To proceed with laboratory experiments, three PbS colloidal QDot samples, bought
from the company Mesolight, were used. Each sample was labelled with a corre-
sponding letter, A, B or C. The vendor provided information about the three samples
regarding the peak wavelength of the emission spectra and their full width at half
maximum (FWHM)!. These information are given in Table 1, and they serve as a

guideline to what to expect from the samples’ studies.

Table 1: Info provived by the company Mesolight regarding the emission spectrum peak
wavelength and full width at half maximum (FWHM) for each PbS QDot sample

used.
Peak position (nm) | FWHM (nm)
A - Mesolight1071 1071 130
B - Mesolight1211 1211 168
C - Mesolight1261 1261 130

With the obtained samples, several cross-linking experiments were made, using ED-
C/NHS coupling, with the method described in Chapter 3.3.3. Using the nomenclature
defined in Table 1, the following combined samples were made:

1. A+B
2. A+C
3. B+C
4. B+B

The study of different combinations of QDot samples in cross-linking experiments had
the goal to detect the most efficient sample setup for Forster resonance energy transfer

1 The typical emission spectrum of a well-manufactured QDot sample approximates a Gaussian-shaped
curve, resembling the ones presented on Figure 3 of chapter 1.1.
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(FRET) studies®. Emission spectra® (presented in Chapter 4.1) and time resolved decay
measurements, using TCSPC*, (presented in Chapter 4.2) were acquired for samples
with and without cross-link chemistry. The cross-linked samples were measured at

various QDot aggregation stages, in order to find evidence for FRET in these samples.

4.1 EMISSION SPECTRA
Samples with no cross-linking

The emission spectra of 3 samples of QDots, A, B and C are shown in Figure 17
(see page 61). Information, regarding the used laser average power and the laser
repetition rate, is found in the figure. Looking into the spectrum of sample B,
i.e., Figure 17b, one clear emission peak is observed. The position of this peak is
A = (1215.300 £ 0.004) nm or 7 = (8228.4+0.1)cm~! and the full width at half
maximum (FWHM) is (141 & 1) nm. This peak’s wavelength and its FWHM are quite
similar to the parameters provided in Table 1, thus being in good agreement with
the vendor’s data, which corresponds to the ground state exciton. Considering these
two observations, one can conclude that this sample is in good conditions to proceed
cross-linking experiments. Thus, only cross-linked samples based on sample B will
be presented, which shall be called as sample B+B. From the spectra of A and C
(Figures 17a and 17c respectively), it is noticeable in both spectra the presence of
three distinct peaks, which seem to appear in the same position in the frequency
spectrum. Recalling the information presented in Table 1, one should have found
a single peak for A (at A = 1071 nm or ¥ ~ 9337 cm~!) and for C (at A = 1261 nm
or 7 ~ 7930 cm1). Therefore, these spectra do not show the expected behaviour of
well-processed QDot samples. Since both spectra A and C are very similar, it is likely
that these samples degraded by the time when these experiments were made. Because
of this, the study of cross-linking with samples involving samples A and C will not
be further discussed, and further cross-linking studies will be focused in sample B.
Samples based in the sample B with and without cross-linker will be named as "Only

B" and "B+B", respectively, throughout this chapter.

As seen in Chapters 1.3 and 2.4, the necessary condition for FRET is that the donor’s emission and
acceptor’s absorption spectra overlap.The combination of different emission peak wavelength samples
in the experiment let us increase the spectral overlap in order to increase FRET efficiency.

The technique used for spectra measurements is presented in Chapter 3.2.

The Time-Correlated Single Photon Counting technique (TCSPC) is explained in Chapter 3.1 and
experimental setup is presented in Chapter 3.2.
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samples studied: a) Sample A, b) Sample B, ¢) Sample C.
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Sample B+B

In Figure 18 (see page 63) emission spectra of a B+B sample (i.e, a sample B with
cross-linker), collected at different aggregation times At after the start of the binding
chemistry, are shown. Two At ranges are shown in two distinct graphs - Figure 18a
for At = [13,80] minutes and Figure 18b for At = [80,900] minutes.

Figure 18a shows a consistent decrease in the peak intensity of the spectrum with
increasing At. Comparing with the trend found in Figure 18b, for At higher than
80 minutes, neglecting the spectra for At = 900 minutes, it seems that the emission
spectrum of B+B remained stable over the At = [80,114] minute range. So, the
At = [13,80] minute range is of greatest interest.

At At = 900 minutes (see Figure 18b) there is a considerable blue shift of the
emission spectrum. The second peak at 7 ~ 8900 cm ! becomes the highest emission
peak of the spectrum and the overall emission spectra reaches higher counts than
before. This may be a sign of sample degradation or secondary effects due to a
presumable high QDot agglomeration or even QDot deterioration.

From Figure 18a, it seems that the spectra of the B+B sample got broader for
At = 80 minutes, though there is no significant sign of increase of emission for lower
wavenumbers. The presence of increasing emission at lower wavenumbers could mean
the presence of a non-radiative energy transfer mechanism like FRET, but there is no

evidence for such behaviour in these experimental results.

In Figure 19 (see page 64) two spectra of the B+B sample collected at different
times At are overlapped with the spectrum of sample Only B (i.e, sample B with no
cross-linker). Comparing the 7 = [8200,9200] cm~! range, one can find a difference
between the spectra accounting for the overall increase in counts for the B+B sample
comparing with the Only B sample and a slight increase of the relative intensity
of the secondary peak at 7 ~ 8900cm~!. For the sample B+B, the main emission
peak shows a very slight red-shift, smaller than the length scale of the graph, and a
small spectrum broadening for lower frequencies. These very small variations are not
reliable to assume a change in QDot behaviour due to the cross-linker. On the other
hand, the secondary peak shows a blue-shift with increasing integration time At. This
shift can be considered as a side effect of the introduction of the cross-linker, due to
its interaction with the protecting glutathione cap of the QDots, which could lead to

increasing sample deterioration.
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Figure 19: Overlap of B+B Spectra with Sample B with no cross-linking (Only B).

A red-shift in emission spectra could mean an energy transfer related to the FRET
mechanism, since it would mean an increasing emission rate from the acceptors, at
lower wavenumber, and a luminescence quenching of donors, at higher wavenumber.
Figure 20 shows a graph of the wavenumber of the emission peak versus the time
At, in log-scale. The dashed red lines correspond to the emission peak measured
for Only B (See Figure 19), including upper and lower error. For lower At the peak
wavenumber are in the range of the peak wavenumber of Only B. For higher At, the
last two data points show a small decrease in peak wavenumber. However, considering
the significantly large error bar of the values, arriving from an insufficient signal to
noise ratio, the discrepancy is not sufficient to assume a systematic variation and, thus,
an evidence of FRET cannot be found with these results.

Concluding, the study of emission spectra shows that the cross-linker did not
produce significant and systematic changes in the main emission peak, thus not
revealing clear evidences of FRET, in the studied sample. On the other hand, it is
observed that the introduction of the cross-linker increases the sample deterioration,

increasingly observed for longer aggregation time at higher wavenumbers.
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Figure 20: Peak of B+B sample versus time At after the start of the cross-linking chemistry.
The dashed red lines correspond to the position of the emission peak measured for
sample B with no cross-linking - Only B (See Figure 19), including upper and lower
error.

4.2 TIME-RESOLVED DECAY: DATA FITTING WITH THEORETICAL DECAY FUNC-
TIONS

The decay rate observed in photoluminescence kinetics, the type of time-resolved
measurements here presented, is related to the total decay rate, which involves all
known decay mechanisms of the system [74]. For the cross-linked samples, the FRET
decay mechanism, I'rrgr, is a relevant contribution for the total decay rate. Recalling

Equation 1.3 from Chapter 1.3, the total decay rate I' can be written as the sum:

I' = I'ereT + L'ag + D, (4.1)

and the efficiency for FRET, #prgT, can be written as:

T T
FRET _,_Tb 42)
IereT + 1Liag + e I'pa

where I'py is the total decay rate of the donor-acceptor sample (here, the cross-linked

HERET =

QDot sample B+B) and I'p is the total decay rate of the only donor sample (here, the
non cross-linked QDot sample Only B), and

I'trer = I'dA — I'D. (4.3)
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Figure 21: Comparison between experimental photoluminescence kinetics from: a) Sample
Only B (with no cross-linker), and b) Sample B+B (with cross-linker). The y axis,
representing the number of single photon counts per bin, is set in the logarithmic
scale. Both kinetics were detected at the light wavenumber 7 = 8333 cm L.

In order to study the decay rate of the samples Only B (sample B without cross-
linker) and B+B (sample B with cross-linker), time-resolved measurements, using the
TCSPC technique, were performed. Data were acquired for various wavenumbers 7,

close to the emission peak wavenumber of the samples.

A first qualitative study can be done by comparing side-by-side the experimental
photoluminescence kinetics of a non-cross-linked QDot sample with a cross-linked
one. In Figure 21 it is presented a comparison between the photoluminescence kinetics
of sample Only B and sample B+B for the wavenumber # = 8333 cm ™!, where the y
axis, representing the number of single photon counts per bin, is set in the logarithmic
scale. Between the arrival times Ous and 1us, it is visible that sample B+B decays faster
than sample Only B, at an apparent non-exponential rate. This observation shows that
the QDot cross-linking is producing a change in the decay channels for the studied
samples, changing a exponential-shaped decay curve into a non-exponential one, and

it can be related to a possible presence of a FRET mechanism.

To yield a systematic study of the data, all experimental kinetics were adjusted with
a log-normal distribution decay function, using equation 2.104 of Chapter 2.6.2, and

a homogeneous acceptor distribution decay function, equation 2.93 of Chapter 2.5.1.
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The study of FRET efficiency with the obtained fitting results, by using equation 4.2,
lets us find possible evidence of FRET in the cross-linked QDot samples.

421 Log-normal distribution of decay rates function

Retrieving from Chapter 2.6.2, the log-normal distribution of decay rates decay func-
tion, I1N(t), is given by

oo 2
In(t) = A/ dl' exp —M —Tt (4.4)
0

W2
where A is a normalization constant, I, is the most frequent decay rate and w is the
dimensionless width parameter which is related to the width of the distribution as its
1/e height AT via:

AT = 2T, ¢ sinh(w). (4.5)

A custom Matlab fitting program was produced in order to find values of A, I';;r and
AT which match best the experimental kinetics.

In Figure 22 (see page 68) two time-resolved histograms of the number of photon
counts in function of the arrival time for the sample B+B are shown, each at different
wavenumbers. For 7 = 8333 cm~! (Figure 22a) the log-normal distribution matches
rather well. At 7 = 9091 cm™! (Figure 22b), the model also matches well and the
obtained width AT is very large since the decay is strongly non-exponential. It should
be noted that in the emission spectra of B+B (see Figure 18) the secondary peak lies
close to the wavelength # = 9091 cm~!. So, one can conclude that this secondary peak

doesn’t come from well behaved quantum dots.

Regarding the parameters found from the fits in Figure 22 we only consider the range
of wavenumbers under 7 = 9091 cm ™! to avoid complications from the secondary
peak. In Figure 23a (see page 69) we plot the most frequent decay rate, I';;r, as a
function of wavenumber, 7, for three different time-spans At, i.e. different QDot
aggregation stages. These results are compared with the behaviour of the sample Only
B. It is observed an overall systematic increase of I';,s for the cross-linked B+B sample

comparing with Only B, as well as an observable trend of increase of the overall decay
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Figure 22: Time correlated measurements of sample B+B for two different wavenumbers:

a) 7 = 8333 cm™! (A = 1200nm) (x® ~ 1.04), b) # = 9091 cm~! (A = 1100nm)
(x? =~ 1.02) . Log-normal distributions are fitted with red lines.



4.2. Time-resolved decay: data fitting with theoretical decay functions

A (nm)
1316 1250 1190 1136
3.5} a)
3F
—~ 2.
-
@)
=
|_~'E L B+B:

5
2
5
1 —&— At = [18-27] minutes
—O6— At = [46-74] minutes
0.5F —£— At = [120-148] minutes
0
76

—7—0Only B
00 8000 8400 8800
v(icm?)
A (nm)
1316 1250 1190 1136
of r r .
b) B+B:
—E— At = [18-27] minutes
1.5¢ —6— At = [46-74] minutes

—&— At = [120-148] minutes

[t

Ot
7600 8000 _ 8400 8800
v(cm™)
A (nm)
1316 1250 1190 1136
100f - - - =--—-- - - oo oo —
C) B+B:
g0l —&— At = [18-27] minutes

—O— At = [46-74] minutes
—£A— At = [120-148] minutes

Nerer (%0)
3

40}
20}
0 1
7600 8000 8400 8800
v(cm™)

Figure 23: Results from the fitting of the log-normal distribution decay function in kinetics of
sample B+B, in function of light wavenumber 7 for three different QDot aggregation
stages At: a) Most frequent decay rate, I';,. Here it is compared the behaviour of
sample B+B with the sample Only B (in purple); b) Measured FRET decay rate,
I'rreT; ©) Measured efficiency of FRET, ngrer. The grey horizontal dashed lines
indicate the upper and lower bounds of #grgt.
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rate for consecutive aggregation stages °. One must carefully argue the nature of
this difference between the sample B+B and the sample Only B. The study of FRET
decay rate and FRET efficiency, using equations 4.2 and 4.3, helps us understand the

experimental data.

In Figures 23b and 23c the FRET rate, I'rrgt, and the FRET efficiency, #prgT, are
plotted in function of light wavenumber 7, respectively. Most of the obtained values
of I'ergr range approximately between Ous—! < Tprer < 1lus~!, and most of the
calculated values of #prgt lie over the range of 0 < 77grpT < 40%. The obtained results
show evidences of FRET on the cross-linked samples. They also show, from efficiency
results, that FRET efficiency is higher for increasing light wavenumber, which agrees
with the idea that FRET occurs from small QDots to big QDots. There is also a
noticeable average increase of nprpr With increasing number of acceptors for a single
donor aggregation time, At, which can indicate that there is a increase acceptors due
to increasing QDot aggregation. However, the considerable data upper bound errors,
does not let us picture a very clear and precise description of the system. By fitting
the data with another decay function one might achieve better results.

4.2.2 Homogeneous acceptor distribution decay function

The homogeneous acceptor distribution decay function is derived in Chapter 2.5.1 by
assuming an homogeneous 3D distribution of acceptor QDots in a colloidal sample. It

is derived as:

4
ID(t) - IO exp (—Ft — 57'[3/2(:01{8 (rt)l/Z) )
(4.6)
= Ipexp {— (Iﬁf)l/2 [(Ft‘)l/2 + \/ENO] } ,
where I’ is the sample decay rate and Ny = 4/ 37TR8C0 is interpreted as the number

of acceptors inside a Forster sphere of radius Ryg. A custom Matlab fitting program
was produced in order to find values of I' and Ny which suit best the experimental

From Figure 23a it is also observed that the decay rate I';s is inversely proportional to the light
wavenumber 7, as seen with other experiments with lead chalcogenide QDots [13, 42]. This trend goes
against Fermi’s golden rule, which predicts a proportional relation. The origin of this phenomenon
is undetermined, although one may suggest that the trend can come from complex trap states of the
QDots.
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kinetics °.

In Figure 24 two examples of fitted kinetics for the sample B+B can be found.
Figure 24a presents a kinetics fit for light wavenumber 7 = 8333cm ™! and Figure 24b
presents a kinetics fit for # = 9091cm~!. As shown with the fitting with a log-normal
distribution in Figure 22 of Chapter 4.2.1, the fitting with the stretched exponential
was unsuccessful for 7 = 9091cm !, since the error values for I and Nj are higher than
the values themselves. Regarding the fitting of the kinetics for 7 = 8333cm ! (Figure
24a), the fitting of the homogeneous distribution was well implemented, yielding
normal values of I' and Ny. The same was found over the range of wavenumbers
bellow 7 = 9091cm ™! in the four experiments shown in this work.

The four data sets in comparison are the three measurements of sample B+B at
different aggregation times At and sample Only B, which results of kinetic fit of decay
parameters I' and N, in function of light wavenumber 7, are presented in Figures 25a
and 25b, respectively. First analysing the decay rate results (Figure 25a), the Only B
sample, i.e, the purple dotted line, shows consistent smaller values of the decay rate in
comparison with the B+B sample at different aggregation times in the range of smaller
wavenumbers 7 = ]7692,8196[ cm~!, while the opposite is observed in the range of
higher wavenumbers 7 = [8333,8772] cm~!. This change may indicate a change of
behaviour of the cross-linked QDots (B+B sample) for higher light wavenumbers.

Plotting the FRET decay rate and FRET efficiency (Figures 25c and 25d, respectively),
one observes that, for the region of higher wavenumbers, both I'rrgr and #7prer yield
negative values. These values do not hold physical meaning, since there negative val-
ues are not defined for FRET. On the other hand, the region for smaller wavenumbers
7 = ]7692,8196| cm~! has positive I'rrpr and #prer throughout its range. This may
indicate the sample B+B is well behaved only for lower wavenumbers.

It is observed that there is a decreasing of I'rrpr and #prpr With increasing wavenum-
ber. Since FRET efficiency is expected to be higher for higher energy QDots, this result
is difficult to interpret. On another hand, values of Ny for the same wavenumber range
(Figure 25b) imply that the number of available acceptors for FRET in a single donor
increases with increasing wavenumber. This way, there is a observable contradiction
between the results of Figures 25b and 25d, and thus, no clear image of FRET is

presented.

6 The Matlab code used for fitting the homogeneous acceptor distribution decay function is presented in
Appendix C.1.
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In conclusion, the results presented throughout this chapter hold interpretation
struggles and, therefore, are not conclusive. Firstly, the emission spectra of cross-
linked QDots has been shown to lack relevant differences comparing with the emission
spectra of non-cross-linked QDots. Secondly, the fitting of theoretical decay curves into
photoluminescence kinetics has showed to hold technical issues, mainly regarding the
adjustment of the decay curves. Here, the fitting of log-normal distribution function
yielded different results, although with greater error, to the ones presented with the
titting of the homogeneous acceptor distribution function. This analysis shows that the
fitting of the homogeneous acceptor distribution decay function holds interpretation
struggles, however it fitted parameters I' and Ny with average lower error than with
the log-normal distribution. The study of FRET efficiency has shown an evidence of
FRET in the studied samples using the log-normal distribution, however the obtained
results hold considerable error fluctuation. An alternative (statistical) analysis is

presented on Chapter 5.



4.2. Time-resolved decay: data fitting with theoretical decay functions
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Figure 24: Time correlated measurements of sample B+B for two different wavenumbers: a)
7 = 8333 cm~! (A = 1200nm) (x> ~ 1.03), b) # = 9091 cm~! (A = 1100nm) .
Homogeneous distribution decay functions are fitted with red lines. A graph of the
residuals of the data fit is shown.
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Figure 25: Results from the fitting of the homogenous acceptor distribution decay function
in kinetics of sample B+B, in function of light wavenumber 7 for three different
QDot aggregation stages At: a) Most frequent decay rate, I';,r. Here it is compared
the behaviour of sample B+B with the sample Only B (in purple); b) Number of
acceptor QDots Nj, inside a sphere of radius Ry; ¢) Measured FRET decay rate,
I'eret; d) Measured efficiency of FRET, #grer. The grey horizontal dashed lines
indicate the upper and lower bounds of #gRrgT.



STATISTICAL MOMENTS OF QUANTUM DOTS IN
PHOTOLUMINESCENCE KINETICS

From the results obtained by fitting a theoretical decay function into experimental
photoluminescence kinetics, it has been concluded that the reliability of such fitting is
low, for this experimental work; thus no clear evidence of the FRET mechanism has
been obtained. As an alternative approach, we shall compare the statistical moments

of the photoluminescence decays. The statistical moment of order # is given as:

(t") = b st (5.1)

Jo f(Bat’
where f(t) is the measured decay histogram and n must be a positive integer. The first
moment (f) is known as the average decay time, the second order <t2> is the mean
square-value of the decay, which is related to the second central moment, or variance
D, D = <t2> — (t)z [79]. The third momentum, <t3>, is described as the measure of
the skewness, i.e, the measure of asymmetry of the time-resolved distribution, and the
fourth moment, <t4>, is interpreted as the kurtosis, i.e, the measure of heaviness of
the tail of the distribution compared to the normal distribution of the same variance
[80]. Higher order moments are harder to interpret, but they give description of other
shape parameters. By studying the moments of the photoluminescence kinetics and
finding correlation with the moments of known theoretical decay curves one can attain

a more detailed knowledge of the way QDots bind together.

5.1 STATISTICAL MOMENTS OF THEORETICAL DECAY FUNCTIONS

First, a study of the statistical moments of the known analytical decay functions is

required, in order to draw a physical intuition of the experimental results. In this
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section some of the decay functions discussed throughout this thesis are analysed,
namely: the single-exponential function, the homogeneous distribution decay function,
the fixed-shell distribution decay function, and the log-normal distribution decay
function!. A relevant quantity to study is the ratio between different moments R,
defined as:

B <tn> / <tn—1> <tn> <tn—2> (5 2)

Ry <tn—l>/<tn72>: <t”—1>2 /

where n, n — 1 and n — 2 are required to be non-negative integers. As will be seen
below, this ratio gives a simple trend for each of the mentioned theoretical decay
functions, and it will be the main function studied during the hole chapter.

5.1.1 Single exponential function

For the single exponential function (f(f) = exp(—t/1p)), the moment of order n is

given by:

_ Jo dtexp (—%) t"
Jydtexp (—4) (53)

(")

= 1 1!

By using equation 5.2, the ratio R, is simply given by
n
R, = . 5.4
n= (5:4)

The red line in Figure 26 represents graphically the behaviour of equation 5.4, i.e, the

values of R, in the range n € [2, +oo[, where 7 is as a positive integer. In this range,
one easily finds that the values of R, are in the range R, € [2,1], with an asymptote
at R,, = 1. This result shows that the function R, for the single-exponential function
depends only on the order 7, and it does not depend on the decay time, 7p. Thus,
any time-resolved data which is well described by a single-exponential function must
show a behaviour of R, similar to Figure 26.

The homogeneous distribution and fixed-shell distribution decay functions are derived in Chapter 2.5,
and the single exponential and log-normal distribution decay functions are presented in Chapter 2.6.2.
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Figure 26: Ratio of moments R, for the single exponential function.

5.1.2 Homogeneous distribution decay function

In Chapter 2.5.1 a decay function for which it assumes a homogeneous spatial distri-

bution of acceptors around a donor was derived:

1/2
I(t) = Iyexp [—%—\/ENO( : ) ],

™
where Nj is the number of acceptors in a sphere of Forster radius Ry and Ij is the
amplitude of the function. This expression is similar to the one found in the literature,

known as the stretched-exponential function, with fixed f = 1/2 (see Chapter 2.6).

The moment of order n, (t") is given by:

o dtexp [_ (%) /7N (%
b dtew [_ (&) = v7No %)”2}

Analysing the integral in the nominator in equation 5.5 (here it is assumed P =

V7t Np):

N——

1/2}
tn

(5.5)

() =

/N
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where the substitution u = (t/1p)/? + P/2 was used, I'(z) is the Euler gamma
function and U(a, b, z) is the confluent hypergeometric function [81]. Since the de-
nominator of equation 5.5 is the same for (t"), (t"~1) and (t"~2), the ratio R, for the

homogeneous distribution decay function is simply given by:

2 2
I'(2n—2)T(2n+2) u<n—1,§,(ﬁf°) )U<”+1f%r(ﬁf°) )

Rn(NO) - 2
I'(2n)? U(n,%, (ﬁi\jo)2>

(5.6)

This equation can be simplified further noting that the Euler gamma function I'(s),
where s is a positive integer, can be written as I'(s) = (s — 1)!. Thus, the ratio R, is

rewritten as

Rn(NO) - (1 + 2n2—1 (5.7)

2\ 2 —1°
U(n,%,(ﬁi\[m) n—1

As for the single-exponential function, the quantity R, for this decay function does
not depend on the decay time 1p. On the other hand, this function depends on the
variable Ny, related with the number of acceptors in a sphere of Forster radius Ro.
The ratio R, for the homogeneous distribution function is proportional to the ratio
R, of the single exponential, equation 5.4, and for Ny = 0 the R, ratio coincides with

that for the single exponential function. Since the confluent hypergeometric function
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is a complicated function to analytically interpret, numerical calculations were used
to understand the influence of the variable Ny on the quantity R,. In Figure 27a and
Figure 27b (see page 81) one can observe that the increase of Ny leads to a stretch of

the function R,. However, the stretch saturates for values higher than Ny = 30.

5.1.3  Fixed-Shell distribution decay function

In Chapter 2.5.2, a decay function which assumes a distribution of acceptors on a

fixed-radius shell around a donor was derived:

t Ro\ > Ro\° t
oo {500 (%) o[- ()

= Ipexp {—Tt — Noa ™3 [1 — e_“Grt] } ,

where Nj again is the number of acceptors in a sphere of Forster radius Ry, a is the
radius of the acceptor shell, I' = 1/1p and & = Ro/a. In this model, since the variable
« is dependent of the ratio between Ry and a4, the experimental data fitting and the
study of statistical moments with this function can directly determine the average
interaction distance between a donor and a acceptor in a sample.

The statistical moment of order #n for this function is given by:

Jo dt t"exp {—Ft — Noa ™3 [1 — e*"‘m] }
(t") = : (5.8)
fo” dtexp {—Ft — Noa—3 [1 — e*"‘(’rt] }

The integral in the nominator cannot be calculated analytically. Therefore, numerical

integration was used by setting certain values of the constants I', Ny and «, in order to
study the ratio of moments R;,. Let us study each parameter mentioned, in order to
understand its influence on equation 5.8.

In Figures 27c and 27d (see page 81), the ratio of moments R, for varying number
of acceptors Ny, from Ny = 0 to Ny = 40, is plotted. Other parameters remained
constant, « = 1 and I' = 2;15‘1 2. For Ny = 0 one observes that the R, coincides
with that for the single exponential function, as it is expected for a QDot system
with no acceptors. For Ny < 5 (see Figure 27c) the left tail of the function increases

The value of T = 2 us~! is close to the decay rate of PbS QDots, thus it was the value chosen to test the
function. For the obtained values of I see Figure 23a and Figure 25a in Chapter 4.2.
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exponentially with the increase of Ny, whereas the right hand side of the function, that
is, for n > 8 does not vary considerably. Direct comparison with the homogeneous
distribution function can be made by looking at Figure 27a, where one can observe
that there is an overall increase of R,, with increasing Ny. For Ny > 5, a peak emerges,
lying over higher values of n and with increasing amplitude, by the increase of Np.
Its behaviour is considerably different from the R, function for the homogeneous

acceptor distribution decay function, for the same values of Ny (see Figure 27b).

In order to study the a parameter influence, the variation of R, with varying a was
calculated. In Figure 28 it can be seen that R, has a sharp peak around a ~ 1. To
the same end, relevant data, which can show intense presence of FRET, should lie
around values of & = 1 (remember that « = Rg/a, where a is the distance between
a donor and a acceptor QDot). Therefore, with this conclusion, the R, function has

been studied for values around « = 1.

In Figure 29 graphs of the ratio of moments R,, for different values of « € [0.80,1.20],
with fixed Ny and T' = 2us~! for each graph, are plotted. It can be seen that the
change of « yields different results for different values of Ny. For Ny = 5, (see Figure
29a and Figure 29b) the change of a leads to a change of the left tail of the function.
On the other hand, for Ny = 10 and Ny = 20 (Figures 29¢, 29d, 29e and 29f), the
value of & determines the position and the amplitude of the emerged peak of R;, for
intermediate values of n. For higher values of «, the peak position lies at lower values
of n and the peak amplitude is increased.

Concluding, the parameters Ny and a both influence the R, function for the shell
distribution in terms of the amplitude and peak position. However, the increase of «
leads to an inverse effect compared to that of Np, in terms of peak position. A careful
choice of the values of x and Nj is required to fit experimental data. Notice that this
R, is independent of the decay rate T .

5.1.4 Log-normal distribution decay function

The theoretical decay curve of the log-normal distribution is the following:

/ dT ex ( In(r/ rmf)>exp(—Ft), (5.9)

wz

3 Such observation comes from several trial numerical calculations performed with different values of I'.
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Figure 28: Variation of the ratio of moments R; in function of the parameter a, with Ny =1
and T’ = 2us~ 1.

where the integral is over different decay rates I' and I'yy¢ is the most frequent decay
rate. The equation for the n-th order statistical moment of the log-normal distribution
is:

Jo dTexp (—mz(l;)#mf)) [fooo dt exp(—I"t)t”}
(") = . (5.10)

2
o dT exp <—ln(i}+’”f)> [fooo dt exp(—Ft)]

The integrals in the denominator of equation 5.10 give the following result:

°° In*(T/Typ) \ [ [ 0 2(T/Tr)\ 1
/0 dTl’ exp <_a)2f> [/0 dtexp(—lﬁt)} :/0 dl’ exp <_c02f T
S 2
= /+ dx exp <—:;2>
—wVT

where, in the second step of the derivation, the change of variable x = In(I'/T',,¢) was

performed. The integrals in the nominator yield:



a) —0—a=0.80
3.5¢ —0—a=0.85]
—2—a=0.90

3.0F, —v—a=0.95]

3.5

3.0

——a=1

—o0—0=0.80
—0—0=0.85 ]
—A—0=0.90
" —v—0a=0.95
—o—a=1

N, = 10

n

in the range a € [0.80,1.20]

5.1. Statistical moments of theoretical decay functions

7 T T T T T T T T T T
b) ——a=1
6F —p>—o=1.05

—o—a=1.10
5k —#—q=115

—O0—a=1.20

7 L L] L] L] L] L] L] L] L] L]
Q
d) —l—a=1
6F —>—0=1.05
—Oo—a=1.10
SE* —f—qa=1.15
—O0—a=1.20
cal N, =10
o}

2 4 6 8

10 12 14 16 18 20
n

Figure 29: Ratio of moments R,, for the fixed-shell distribution decay function, for values of «
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where the same change of variable as for the denominator, x = In(T'/T,¢), was used.

This way, the moment of order n for the log-normal distribution is given by:

2,2
(") =T "exp (“’4” ) n! (5.11)

By inserting equation 5.11 into equation 5.2, one finds the ratio R;, for the log-normal
distribution, given by

—n (—n+2)
rm’g r

o w? n
Tniaexp{z {”2“”—2)2—2(”—1)2}}”_1

Rn:

mf

w? n
I NN

In Figure 30 the ratio R, versus the order n for equation 5.12 is plotted for multiple

(5.12)

values of width w. One can observe that an increase in w leads to an overall exponen-
tial positive shift in the ratio R,, which is equivalent to a shift of the R, ratio for the
single exponential function. By comparing equation 5.3 with equation 5.12 one sees
the latter equation is equivalent to eq. 5.3 multiplied by exp («?/2).
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Figure 30: Ratio of moments R, for the log-normal distribution decay function, for different
values of the width parameter w.

5.2 STUDY OF STATISTICAL MOMENTS OF EXPERIMENTAL DATA SETS

For data sets, the range of integration for equation 5.1 lies between the initial time bin
to, e.g., the time for which the number of arriving photons is maximum, and the final
time bin f s which is the maximum resolution of the experiment. So, equation 5.1 is
treated regarding its range of integration and assuming that f(¢) is now a data set of

histogram counts in discrete instants of time:

t
W f(tytdt

’ 5.13
ttof f(t)dt o)

(1) =

A way to calculate integrals in equation 5.13 is by using numerical integration via
Simpson’s rule, which approximates the function f(t) by a quadratic polynomial
over pairs of sub-intervals [82]. A custom Matlab code was implemented in order to
proceed with the numerical integration of the statistical moments using Simpson’s
rule (See Appendix C.2) and those results were used to calculate the ratio of moments
R, by using equation 5.2 (see Appendix C.3). In the following section, a discussion of
the results of calculating the R, ratio for the experimental decay measurements will

be presented.
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5.3 DISCUSSION OF THE STATISTICAL MOMENTS ANALYSIS’ RESULTS
5.3.1 Best fit distribution

In this sub-chapter, two of the PbS QDot samples will be studied and compared
regarding their statistical moments. The two samples are Only B (PbS QDots with
no cross-linking) and B+B (PbS QDots with chemical linker), for three different
aggregation times At 4. Thus, four sets of data are to be compared. Four different
emission wavelengths were studied in this work: 1140 nm, 1160 nm, 1200 nm and 1240
nm (see Figure 31) 5. For each wavelength, statistical moments were calculated for
each experiment using the respective time-resolved experimental data and applying
the numerical integration method described in Chapter 5.2.

A (nm)
1316 1250 1190 1136 1087

i1240 nm ilzoo nm

30

B+B
10.14 minutes
—— 80.12 minutes 4

Only B

Counts (s1)
S
Counts (s™?)

1 1 1 1 O
7600 8000 8400 8800 9200
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Figure 31: Emission spectra for the two samples studied - Only B and B+B - as shown in the
previous chapter. Here the four arrows mark four different regions of the spectra
for which statistical moments were calculated.

Figure 32 presents the ratio R, based on the four experimental results for the four
different wavelengths. In red, blue and green dotted lines are presented the values
of R, for the B+B sample for different aggregation times, At = [18 — 27] minutes,

4 See Chapter 4 for the sample’s nomenclature description.
5 Opposite to the study of the emission spectra and photoluminescence kinetics in Chapter 4, light
wavelength was preferred to light wavenumber in the description of the samples’ spectra.



5.3. Discussion of the statistical moments analysis’ results

At = [46 — 74| minutes and At = [120 — 148] minutes, respectively. The purple dotted
lines present the values of R, for the sample Only B.

Let us analyse each graph carefully. In Figure 32a, for wavelength 1140 nm, inte-
gration works well until n = 7, yielding negative values for bigger n. The reason
for this negative integral values is unclear. For small n, the values of R, of the B+B
sample are consistently higher comparing with the Only B sample. This rise correlates
with the increase of the number of acceptor molecules available for FRET, described
by the homogeneous acceptor distribution decay function. On the other hand, the
appearance of a small peak at n = 5 for the red dotted data can only be related to the
behaviour of the shell-type acceptor distribution function.

In Figure 32b, for wavelength 1160 nm, integration of data works well besides for the
red line between values of n € [6,8]. The dotted lines related with the B+B sample
display higher values of R, for n € [2,4] comparing with the Only B data, although the
same behaviour cannot be seen for higher n, where the sample Only B shows a slight
convexity and overall higher value of R, for n € [5,10]. The only studied function
that can explain this appearance is the shell-type distribution decay function, which
might mean that some energy transfer indeed have been occurring at this wavelength
for the studied sample.

In Figure 32c, for wavelength 1200 nm, since it lies closer to the peak emission of
the samples, one could expect more consistent results. It can be observed that the
experimental values of R, lie over the minimum value of R,, = 1, which is the same
trend found for the theoretical distributions studied. It can be seen as well that the
Only B data lies within the range R, € [1,2]. This is a sign that the Only B results
can be approximately described by a single-exponential function, which means that
there is no relevant energy transfer before introducing the chemical linker. As in the
Figures 32a and 32b, sample B+B shows considerably higher values of R, for small
n (n € [2,4]) comparing with the values for the Only B sample, while the opposite
is observed for higher n (n € [5,10]). This change for higher n could be explained
for the shell-type acceptor distribution function, which might indicate a change of
donor-acceptor distance. The blue and green dotted lines, At = [46 — 74| minutes and
At = [120 — 148] minutes respectively, are considerably overlapped through the whole
range of n, which might indicate that the linked QDot system did not considerably
evolve during the interval between the two aggregation times, for this particular
wavelength.

In Figure 32d, for wavelength 1240 nm, it is noticeable a convexity on the red dotted
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line, sample B+B for At = [18 — 27| minutes, for values of n € [4,10]. As before, the
shell-type acceptor distribution function is suitable to explain such maximum. Let
us focus on the blue and green dotted lines, which refer to two different aggregation
times of sample B+B. The green dotted line shows higher R, comparing with the blue
dotted line, for n € [2,3], while the opposite is observed for n € [4,10]. The reason
could be that the acceptor distribution might have changed over time. In the top right
corner of Figure 33 a comparison between the theoretical functions is presented, with
Np = 3, where an intersection can be observed. Another possibility could be that the
donor-acceptor distance, which alters the parameter «, has changed over time. As it
can be seen in Figure 33, the change of « promoted an intersection between different

R, plots.

From the previous qualitative analysis regarding Figure 32, one can select one of
the theoretical functions, analysed in Chapter 5.1, which best describes the ratio R,
experimental results. The single exponential decay corresponds to a function of R,
which does not depend on other parameters and only lies in the range R, € [2,1]
for n € [2,+c0]. In the majority of the studied situations, this function was better
suited to describe the data for the Only B sample (i.e, without QDot cross-linker). In
Figure 33 one example is shown, where we can observe that the single exponential
function compares well with the purple dotted line, for the Only B sample. The
homogeneous acceptor distribution decay function can explain the stretch of the R
function, although it cannot model the maximum seen in some experimental data
for the B+B sample. On the other hand, the shell-type acceptor distribution function
can predict the appearance of this new peak, alongside with the stretch of the left
tail of the R, function and the intersection of two "experimental" R, curves. Finally,
the log-normal distribution has a function of R, which introduces an exponential
positive upward shift with the increasing width parameter w, shifting the position of
the asymptote n = 1. Such an effect is not present in the obtained data.

Therefore, here it is concluded that the shell acceptor distribution decay function
is the only one among the considered theoretical functions that can describe most
of the experimental results. It is adjustable, since it has two parameters, a« and N,
and allows for a clear physical interpretation. It is also the only studied function that
models the peak in the R, function for higher number of acceptors, Ny. In Figure
34 the shell-type distribution function was adjusted to reproduce the experimental
data, which had a maximum (the same data as the red dotted line in Figure 32d), and

the same experimental trend was found, on the contrary to what was observed with
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Figure 32: Calculated R, for four different emission wavelengths: a) 1140 nm, b) 1160 nm, c¢)
1200 nm and d) 1240 nm. Error bars, though proportionally small to the values
of Ry, are presented in each dot. In figure b), for n € [6, 8] the red curve presents
negative values, which are not presented in the plot.
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Figure 33: Experimental results for the ratio R, for A = 1240nm. In the top right corner some
R, functions based on theoretical decay functions are presented.

the homogeneous acceptor distribution function, for the same number of acceptors,

Np. By finding suitable values of & and Ny one can track the average donor-acceptor

distance and the acceptor concentration at the time-stages of the experiment. Knowing

that Np =4/ 37TC()R8 and « = Ro/a, where Cj is the acceptor concentration per unit

volume, the Forster radius Ry and the donor-acceptor distance a can be calculated as
3 3 Ro

Ry = 17Co Np and a= = (5.14)

In order to find the values of Ry and a, one has to estimate first the acceptor

concentration Cy on the QDot system, which will be done in the next sub-section.

5.3.2 Determining the experimental Forster radius and the average donor-acceptor distance

From the information provided in Chapter 3.3.3 regarding the purchased solution of
PbS QDots, one can determine the concentration of PbS QDots of the stock sample C;:

~_Inmol 1077-6 x 10%
1004 1077m3

=6x10'm™ (5.15)
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Figure 34: Comparison of data curve obtained from experimental results with theoretical
decay models.

Due to the addition of the EDC and NHS chemicals, the solution was 10 % diluted.
Thus the concentration of PbS QDots Cpyg is
Ci 213
Cpps = 11 ~55 x 10 m (5.16)

Of course, not all of these QDots can serve as acceptors for a given donor QDots.
Only the QDots that resonantly match the donor’s emission spectrum can effectively
participate in FRET. For a single donor QDot of radius Rp, QDots of a certain range
of radius, ARy, are suitable acceptors matching the exciton transition energy of the
donor. The centre of this interval is slightly shifted to larger R due to the Stokes
shift between the emission and absorption, although this shift is not very large for an
individual QDot. The acceptor range ARa can be estimated in the following way:

AE, (5.17)

where E is the QDot exciton energy, AE = AEp + AE, is the width of the energy

interval where the donor emission spectra and the acceptor emission spectrum overlap



Chapter 5. Statistical moments of quantum dots in photoluminescence kinetics

and Rj is the centre of the interval of the size range of suitable acceptors, AR,. E is

given by

12
E(R)=E;+ R Z>—pR! 1
(R) = Eg+ o R2—pR, (5.18)
where E, is the bulk band-gap energy, y is the exciton’s reduced effective mass and j
is a constant. The last term represents the electron-hole Coulomb interaction®. Rx can

be defined as

AFE; (5.19)
R=Rp

where AE; is the Stokes shift for the donor QDot.

_ dE| ™!
Ro=Rp+ | o=
A D"“dR

The acceptor concentration, Cp, can be evaluated as

Co = Cpps - f(Rp)AR4y, (5.20)

where f(Rp) is the normalized distribution function of QDot radius. The Gaussian

function approximates this distribution, and it is defined as

OR

_\ 2
f(R)=%exp —% (R_R> , (5.21)

where oy is the QDot size dispersion, i.e, standard deviation and R is the most

probable QDot radius, which determines the absorption peak.

A rough estimate of Cy can be performed. Neglecting the last term in Equation 5.18

7 one has:

_r o= [Eg — E(R)} . (5.22)

6 The exciton effective mass was defined by assuming m; = m;, as seen for PbS QDots. See Chapter 2.1
for the derivation of the elements of Equation 5.18.

7 In Chapter 2.1 it was affirmed that PbS QDots lie on the strong confinement regime. Thus, neglecting
the exciton Coulomb interaction is a valid approximation.
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If the Stokes shift is also neglected, one has from Equation 5.19 that R ~ Rp. Using
the result of Eq. 5.22 in Eq. 5.17 assuming negligible Stokes shift, one has that

ARs ARy 2 -1 1
SRA U2RA T 2 B ER AE.- —
Ra Rp {RD [ 8 (D)” Rp

(5.23)
AE
2 [Eg - E(RD)]

This ratio depends on the excitation wavelength, which determines Rp. Using Egs.

5.21 and 5.23 in Eq. 5.20 defines the acceptor concentration Cy as

Co = 171(Rp)Cpps (5.24)
where 9
R 1/R-R AE
N(R) = —2— exp -3 ( - ) . (5.25)
/2702 R 2 [E(Rp) — Eg|

For instance, for donors being the most probable sized QDots, Rp = R. Thus, from
Eq. 5.25,

R AE

(5.26)
2032 |E(R) — Eg |

n(R) =

Now, one has to estimate the values of R, E(R) and og from experimental data,
namely for sample Only B. Assuming AE ~ 1meV we find that # ~ 1072 and,
therefore, Cyp ~ 1072 Cpg =~ 5.5 x 10~ 8nm 2 8. This value means that the average
distance between uniformly distributed QDot acceptors (and also their typical distance
from a donor) is rg ~ C; /3 ~ 263nm, which is too large to have non-radiative energy
transfer such as FRET in the QDot system. This is expected in a sample of homogenous
dispersed colloidal QDots (e.g. the sample Only B, studied in this chapter). The
average distance, 1y, is reduced with the aggregation of QDots, stimulated by adding
the chemical linker (e.g. the sample B+B, studied in this chapter). Such an aggregate
(or cluster) must have a size large enough to include N QDots, of which about
17 Nap ~ 5 x 1073N will be suitable acceptors for the donor dot located in the centre of
the sphere (see Figure 35). In this case, of course, the donor-acceptor separations are
not the same for all acceptors in the cluster, but, if the aggregate is compact, typical

donor-acceptor distances, Ry = |rp — rp|, are of the order of the cluster radius, a.

8 The calculation of 77 can be found in Appendix B.1.
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. /%gAcceptors

-

Figure 35: 2-dimensional schematic of a QDot spherical cluster, with radius a.. In the centre
of the sphere, in an orange circle, lies the donor QDot and, surrounding this donor,
in vivid red circles, are presented several acceptor QDots.

Indeed, we can calculate the average donor-acceptor distance, (Ra), in a spherical

cluster of volume V., = %na? as

[ RadV,
(Rp) = = V. C
C

(5.27)
_ j‘oﬂc RA3dRA _ §
- 2/3 4

Since, from Eq. 5.27, (Rp) is of the range of the cluster radius, the fixed-shell model

ac

can still be used in our estimates.

Based on the fixed-shell acceptor distribution function, in a sphere of radius a, =
R/« there should be

N = No (5.28)

Ul
QDots (where 7 is given by equation 5.26) , of which Ny will be suitable acceptors for
the donor located in the centre of the sphere. Here it is assumed the interpretation of
Figure 35, where a. is now the typical QDot cluster size. We can write N as all the

QDots packed inside a sphere of radius a, as it follows:

N = 3% FF (5.29)
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where FF is the filling factor, which describes the volume fraction occupied by QDots
in an agglomerate. For instance, for hexagonal close packing of spheres (assuming
spherical QDots), FF = 0.74. Combining Eqgs. 5.28 and 5.29 we have that

_ Ny
— 3
a. =R T (5.30)

By using 1 ~ 1072, the value of Ny = 7.3 and a = 0.85, found with the fit of the
shell acceptor distribution function (presented in Figure 34) and assuming R ~ 2.1nm
(calculated in Appendix B.1) gives an estimate of the cluster radius of a4, ~ 21nm.
From the result of Eq. 5.27, the average acceptor distance is estimated as (Ra) ~ 16nm.
Since Rg = aa,, the estimated Forster distance for the PbS QDot sample is around
Ry ~ 18nm.

One can compare this estimate with values of Ry reported in the literature. Clark et
al [83] estimated the Forster radius of (8.0 & 0.7)nm and a QDot separation distance
around 5 — 6nm in oleic acid caped PbS QDots tightly packed into glass films. Bose et
al [84] estimated the Forster radius of 12 — 13nm for a QDot separation distance of
10nm in PbS QDots solids over silicon wafers. Both estimates, as the authors affirm,
were calculated based on QDot absorption and emission spectra and using the formula
presented in equation 2.56 of Chapter 2.4. The estimate here presented for the Forster
radius in colloidal PbS QDots is just slightly higher than the ones found by Clark et al
and Bose et al. Further studies on statistical moments of photoluminescence kinetics
of QDot aggregates should consider a modification of the fixed-shell distribution

function in order to increase the accuracy of the obtained parameter values.

Further study of this experimental data could also include the fitting of the (modi-
tied) fixed-shell distribution function onto the remaining data presented on Figure 32,
including other stages of the QDot binding process, in order to detect with detail the
fluctuation of cluster size and the influence of FRET with increasing aggregation time.
However, one can observe from the results that FRET is more efficient during the
stage of aggregation At = [18 — 27| minutes, due to the presence of a R,, peak, which
is strongly correlated with a greater number of acceptors at a distance R < R from
the donor, Ny. For further aggregation stages, the efficiency of FRET is considerably
lower, related with a decrease of Nj.
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CONCLUSION

This research project had the goal to detect the evidence of FRET mechanism in a
colloidal solution of cross-linked PbS quantum dots, which emit light in the infrared
range of the light’s spectrum. The experiments here described are one of the first
known attempts to study this non-radiative energy transfer mechanism in an infrared
system of colloidal quantum dots.

Measurements of emission spectra of three PbS quantum dot samples, with different
QDot size distributions, from company Mesolight, labeled here as samples A, B, and
C, showed a rather broad emission band with the broadening related with particle
size dispersion (the results are presented in Chapter 4.1). This broadening was high
enough to conclude that there was contamination in samples A and C. Further study
was focused on sample B that showed a single exciton band in its emission spectrum,

and it was used to produce cross-linked QDot samples using NHS/EDC Chemistry.

For the cross-linked QDot samples, numerous emission spectra were collected at
different QDot aggregation times At, which results are presented in Chapter 4.1.
The evolution of the sample with increasing At showed fluctuating peak intensities,
which might have come from slight density fluctuations in the sample spectra, and a
negligible change in the peak position of the spectra. The FRET mechanism would
represent an energy redistribution of the emitted light, since larger gap smaller sized
QDots would transfer their energy to smaller gap larger sized ones by dipole-dipole
coupling mechanism, which would produce a red-shift in the emission spectrum.
Therefore, the FRET mechanism is not readily observable in our steady-state emission

spectra.

The fit of the samples” luminescence kinetics (see Chapter 4.2) has shown different

results by using two different theoretical decay functions. The fitting of data with a
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phenomenological log-normal distribution of decay rates showed an increased decay
rate for the cross-linked QDot sample compared with the non-cross-linked sample.
From this result the FRET efficiency, nprgr, was estimated in the range of values
0% < nrrer < 40%, for several light wavenumbers studied. This result indicates an
evidence of FRET in the cross-linked QDot sample, and presented increasing FRET
efficiency for longer aggregation times. However, a considerable error fluctuation of
the measured efficiency caused reasonable uncertainty in the obtained results. The fit
with a homogeneous acceptor distribution decay function (the stretched exponential
function), which function was derived in Chapter 2.5.1, produced fitted values of
decay rate with overall smaller error fluctuation. However, for light wavenumbers,
the FRET efficiency yielded negative values, which result does not hold physical
meaning. Including other contradicting results from this decay function fit, the overall
obtained picture of FRET in the cross-linked samples is unclear, which increases doubt

concerning the data obtained by the fitting of the luminescence kinetics.

Yet, it seems to have been possible to get a evidence of FRET processes taking place
in the studied system, where the QDot cross-linking introduces correlations in spatial
positions of QDots, and some of these correlated dots may form donor-acceptor pairs.
The developed analysis of statistical moments of the emission decay kinetics, applied
to several model functions (such as single- and stretched-exponential decays) and
also to the experimental data, allowed for showing, in Chapter 5, that the linking
does affect the emission decay kinetics. The found changes in the distribution of
the statistical moments of the experimental is compatible, at a certain stage of QDot
cross-linking, with the formation of a small cluster of acceptors around a donor
QDot, approximately reproduced by a shell model. With this decay model, further
understanding of the QDot system has been found including estimates of the aver-
age donor-acceptor distance and the Forster radius. While from the decay function
titting a clear picture of FRET was not found, the study of statistical moments of
the decay kinetics proved to be a promising alternative data treatment approach as

demonstrated in the study of cross-linked PbS colloidal QDots performed in this thesis.

Some considerations and suggestions for future experiments can be pointed out. A
possible cause for low evidence of FRET is the excitation laser wavelength used (685
nm red laser), since the incoming light is strongly absorbed for virtually all sizes of
PbS quantum dots of the solution. This way, in the cross-linked QDot system, both

donor and acceptor can be in excited states. This may reduce the possibility to observe



the FRET mechanism. Embedding PbS QDots in films of multiple layers (as described
by C.Blum et al [85]) could be a better strategy to excite selectively the donor quantum
dots and increase the likelihood to observe the FRET mechanism. Other limitation
from the experiment might have been the option of cross-linking QDots only from
one sample with a specific QDot size distribution. Due to Stokes’ shift, the overlap
of the emission spectrum and absorption spectrum might not have been optimal in
the experiments performed, which might have lowered the efficiency of the FRET
mechanism.

Regarding the cross-linked sample production, different concentrations of the used
linker (EDC/NHS) could be studied, in order to better understand the linker’s role
on the change of the emission spectra of the samples and on the number of decay
channels of the QDot aggregates. Other studies can be made by placing PbS QDots at
higher density media, for instance on a substrate. From the data analysis perspective,
further studies of the statistical moments of photoluminescence kinetics can be made

by considering decay functions related with different donor-acceptor geometries.
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DERIVATION OF SOME THEORETICAL RELATIONS USED IN
THE THESIS

A.l DESCRIPTION OF ELECTRIC FIELD NORMAL MODES IN TERMS OF GREEN
FUNCTION DYADICS

This derivation aims to describe the partial local density of states in terms of the
Green’s function 8 This function, applied on electric fields, gives the electric field
at position r due to a point dipole (described by a delta function) at position rq [63].
Thereafter, this expression is used to describe the spontaneous decay rate 7y of a two-
level quantum emitter in terms of a Green dyadic !. From chapter 2.2, the spontaneous
decay is expressed as

_ Antw

')’ - 3h€1 ‘d‘zpp (rOI nd/ (UO) ’ (A]-)

where p,, is the partial local density of states, defined as:

op (ro,ng,wp) =3 [nd (g @ uy) - nd] S (wx — wo), (A.2)
k
where nq is the unit vector of the transition dipole moment d, and uy are the normal
modes of the electric field Ey. In this appendix the relation between these normal
modes and its Green’s function will be derived.
The electric field’s normal modes n;, are position and frequency dependent, and
they satisfy the wave equation:
w2

V x V xuyg (r,wy) — C_zkuk (r,wy) =0, (A.3)

1 A dyad is a second order tensor.
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and they fulfil the orthogonality relation

/ dr ukul’i, = 5k,k’ (A4)
1%

where the integration runs over all mode’s volume V and Jy i is the Kronecker delta.

d
One can expand the Green’s function G in terms of the normal modes [9]:

8 (rr,w) =Y Ax(r, w)u(r, wy), (A.5)
k

where r’ is the electric field source position and r is the position where is measured the
electric field. The vectorial coefficients Ay are still to be determined. The definition of

the Green function is given by the Helmholtz equation [9, 63]:

2
w* < <
=1

VXVX(H}(r,r’;w)—C—ZG(r,r’;w) (5(r—r’), (A.6)

<~
where I is the unit dyad. Introducing the expansion of equation A.5 into equation

A6 gives:

w? ©
Y Ax(r,w) |V XV xu(r,wy) — C—zuk(r,wk) =1 6(r—7)
K

(A7)
/ -w12< w? < /
:>§Ak(1‘,w) 2 Z w(r,wi) =1 6(r—7r),

where in the last step the relation of equation A.3 was used. Multiplying both sides of
the equation by ui‘;,(r’ ,w)) and integrating over the whole mode volume gives:

2 —
Y Ax(r, w) [%‘ - ‘;’—22] Jdruw), (¢, wop)ug(rw) =1 [dré(r—1)u(rwp)  (A8)

By making use of the orthogonality relations, i.e, using equation A.4, the coefficients

Ay (¥, w) can be defined as:

(A.9)
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One can use the result of equation A.9 in equation A.5 by substituting k' = k, and it
yields

$

ui (Y, w w
(5,150 :ZC o (Y, wi) ug (1, wy)
wk—w2

(A.10)

_Z ¢ —uyg (v, wy) u (1, wy) 1 + 1

= 2wy WK —w Wit w
One can introduce an imaginary part with positive modulus value # in the frequency,
i.e, w = w + i1, and set the Green function as the limit to which # goes to zero, as
follows

2

E(rr LW —hmz uk(r wy) u (1, wk)< ! L

wx —w — i1 +wk+w+i17
(A.11)
To proceed one uses the following mathematical identity, named as the Sokhotski-

17%0

Plemelj formula, which can be proved by complex integration [86]:

1 1 ,
%iil’(l] (xiin) =P (;) Fintd(x) (A.12)

where P(1/x) is the Cauchy principal value and 7 is a positive real number. With this

formula one can divide the Green function of equation A.11 into two parts: real-valued
part and the imaginary-valued part of the Green function. Thus, using equation A.12
in equation A.11 one can obtain the imaginary part of the Green function as

Im G (r,1;w) =Y 5 uk (¥, wi) uk (v, wy) [6(w — wi) +6(w+wyi)].  (A.13)

In the previous equation, the Dirac delta restricts all values of wy to w, which let us
remove the wy of the denominator out of the sum. If only assuming positive mode
frequencies the d(w + wy) terms is not considered, and equation A.13 reduces to

A d
Im G (r,7;w) Z—ZJ Y ug (Y, wi) u (1, wy) 6(w — wy). (A.14)

k

105



106

Chapter A. Derivation of some theoretical relations used in the thesis

Now one has to relate equation A.14 with the partial local density of states in equation
A.2. If the Green function is evaluated at the origin of the source, i.e, forr =r' = r,
and w = wy:
66(]() pug *
—2 Im G (1o, 10;w0) = 3 ) uj (1o, wid)ui(ro, i) (wic — wo). (A.15)
k
Therefore the partial local density of states can be rewritten as function of the imagi-

nary part of the Green function, which gives the final result:

6wor> <
pp(ro, wo) = 712127 [np : {Im G (ro, ro; wo)} -np] , (A.16)

where c is redefined as ¢ = ¢/#, where 7 is the refractive index of the propagating

medium.



A.2. Energy transfer matrix element derivation

A.2 ENERGY TRANSFER MATRIX ELEMENT DERIVATION

This derivation is reproduced form the dissertation of Filipa Peres, reference [66].

From chapter 2.3.1 we have the energy transfer matrix element, M; ., given by

GIASy™ )M AS™ 1) (FIAe™ 1) (I A ™ i)
(D)
E

nil;

Mi—)f — Zk,)\ ’ (A.17)

—hwy E’Silz)' +hwy

where rp and rp are the acceptor QDot and donor QDot positions, respectively, H (r a)

and H (=10) indicate the position where the Hamiltonian is interacting with the Vlrtual
photon The initial and final states, |i) and |f) respectively, and the virtual states, |I)
and |Ip), are defined as

|Z> = |Dn,-l,-m1-> |Agr0und> |Nk,/\>;

|f> = ‘Dground> ’Anflfmf> |Nk,/\>}

(A.18)
|Il> = ’Dground> |Aground> |Nk,A + 1>;
112) = [Dytm;) [Anpom,) [ Nigy +1)
FHEf
The Hamiltonian is defined as in equation 2.44 of chapter 2.3.1 as
"rQD = —&QD . ]AEk,A(r), (A19)

where &Q p is the electric dipole momentum operator, induced on the quantum dot
by the electric field measured in position r, By ) (r), which can be rewritten with the

construction and annihilation harmonic oscillators, 4{ , and dy , respectively, as

. [ 27than \ V2 ; ;

Ey\(r) =i ( v X ) {ek A e T e af i) } , (A.20)
% 61 7 % 9 9

where ey and ey are the electromagnetic radiation polarization vectors, €7 is the effec-

tive dielectric constant of the surrounding medium and V' is an arbitrary quantization

volume.
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Let us develop the bra-kets from equation A.17 using the definition of the Hamil-
tonean in equation A.19 with the electric field operator defined in equation A.20. The
bra-ket <f|ﬂg;rA) |I) yields

Ay (I=1 ; 172 3 A TA— 4 —i(krg—
FIASE™ 1) = =i () (flda - {erntipellemad) — e af eilkmaexd L) (A.21)

In the previous equation, the operator da only operates on the partial states |Aground)
and |A,, ;). The ladder operators, @, and &1‘: ) operate on the partial photon states

[Nia) such as aix [Niga) = /Nica [Niga — 1) and 2, [Nigp) = /Niga +1[Niga +1).
This way, equation A.21 is rewritten as

(1= . 27thewy 172 o
<f|H(QfDrA>|11) = ( - > (A1, 1Al Aground) -
' {ek,Aei(k'rA_wkt) (Nialdg [Ny +1) — ... (A.22)

e e Tt (N Jad [Niga 4+ 1) }

Only the first term of the curly brackets is non-zero. As in chapter 2.3.1, let us

assume, without losing generality, that Ni,, = 0. Defining, as well, dg'g') =
{ Anflfmf |El Al Aground>, equation A.22 is written as follows
A (r=r4) . 27hwy 172 d(f,v.) i(krp—wyt) A2
<f\HQD |I;) = —i Ve ( X -ek,A> e (A.23)

A similar procedure is taken for the remaining bra-kets of equation A.17. Thus, this

equation is rewritten as

(dg,v.) 'ek,A> ( d](jv.,i) .eb> e

27
M, r=—) hwy e
1—>f V€1 1& E’g?ll) _ hCUk
(A.24)
(857 00) (87 5,) o,
p— D) e ,
ET(iili — hwk
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where dI(DU ®) = (Dground|dp|Dy,1m;) and R = rp — 1p. The matrix elements dg”i) and
dg’g ) will be further written as dp and dj, respectively, for notation simplicity. The

sum over all polarizations is given by [5]

Y (da-en) (dp-efn ) = Y (0up — kakg)didd (A.25)
A wp
where IAc,X,[; = kyp/k and {a, B} = x,y,z. Introducing this result into equation A.24
yields

27T eik~R e—ik-R A 8
M, = -5 heoy . (6up — kakg)didl.  (A.26)
= e X {Eg;_hwk E,gguhwk}% o0 = Kok o

The sum over k can be transformed into a volume integral over the wavevector space,

as follows

\%
; = G / d. (A.27)

Using the dispersion relation, wy = k\/La, equation A.26 is now rewritten as

. 1 i ik-R —ik-R A ‘B
Miy = e, J dkk { iy E@%mﬁk} L plOup = kak) A3 (A289)
NG nil; /ey

If one takes that the vector R is aligned along the z axis, one has that k - R = Rk cos 0.

One can also make the change of variable —cosf = z and define the constant

g = LD

= i E,;; This way, the matrix element is equal to

1 2t pl 00 3 eikRz e—ikRz o 5
ot - Sup — kukeg)dsd
Mz—>f (27'[)261 /O /_1 /O d¢ dz dk k - . P 7 g( 4B . [3) “db

:L Oodkk—4/1dzeikRzZ(5 —IA(IAc)d”‘dﬁ
7ter Jo qz—kz 1 Y ap atB)HAMD

(A.29)
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The integral calculation of equation A.29 can be devided into two integrals,

I = L dk —k4 /1 dz kR Z(Saﬁdﬁd%
merJo g7 =k P (A.30)
_ _Mq?»ieitﬂ?,
€1 qR
and
I, = — 1 dk K /1 dzeikRZZI%IAc & P
ey g2 —k2 )4 (X’ﬁaﬁAD
3 . .
q i 1 1 3i 3 iR
=—"-<¢dp-dp — +dadpcosAcosD | —— — + el
€1 { ((qR)2 (qR)3> ( gR  (qR)*> ~ (qR)?
(A.31)

where A and D are the angles between the vector R and the dipole moment matrix
element of the acceptor QDot, da, and of the donor QDot, dp, respectively. Summing
the results form the two integrals, the energy transfer matrix element is in shorthand
written as

1
M ;= —dsTdp, (A.32)

where the tensor T is defined as,
Tap = —q° [A (4R) 6, + B (4R) nanﬁ} R (A.33)

with A(x) = L + ﬁ - %, B(x)=-1-34 5’—3, q= ‘é—?Eml and n,5 = Ry 5/R is the

— x
unit vector of R, i.e., n = R/R.
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A.3 AVERAGE OF THE ENERGY TRANSFER MATRIX ELEMENT

From equation 2.51 of Chapter 2.3.1, the resonant energy transfer matrix element

between a donor and acceptor in the near-field approximation is given by

Moy = o {(da-dp) —3(da - m)(do - m)} (A34)

where dp and d4 are the donor and acceptor transition dipole moments, respectively,
R is the donor-acceptor distance, n is the unit vector of R, such that n = R/R, and €;
is the dielectric constant of the surrounding medium. One assumes that the dipole

moments dp and d are randomly oriented in space. This is true for QDots made of

2
an isotropic or highly symmetric material. Consequently, in order to calculate ‘MH f‘

2
it is usually considered the average term <‘Mi_> f‘ >, as follows

<\Miﬁf)2> - elleé (|(da - dp) —3(d ) (dp ) [*) (A.35)

In this appendix we calculate the average in the right hand side of equation A.35. By

expanding the squared modulus term, one has

(|(da-dp) =3(da-n)(dp-n)[*) =
= ([(da-dp) = 3(d -n)(dp - n)] - [(di - dp) —3(d4 - n)(dp -n)] )
(A.36)
= ((da-dp)(di - dp)) — 3((d} - n)(d} - n)(da - dp))

—3((da -n)(dp -n)(dy - dp)) +9((da - n)(d4 -n)(dp - n)(dp - n))

As in Appendix A.2, it is assumed the vector R (and, therefore the unit vector n) is
aligned with the z axis. The same vector R makes an angle A with ds and an angle D
with dp. The angle between both dipoles d4 and an angle D with dp is 7y (See Figure
36).
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Figure 36: Schematic for the orientation of the transtion dipole moments ds and dp in relation
to the donor-acceptor distance vector R, aligned with the z axis.

Let us calculate all individual average terms that contribute to equation A.36. The
tirst term gives

((da - dp)(d - dp)) = |da[|dpl* ((cos 7)?)

o _ : (A.37)
~[daPldoP o [ dgy [ dy (cosy)?sinady = 51daPldpP
and the last term gives
((da-n)(di - n)(dp - n)(dp - n)) =|da|*|dp|* ( (cos A)?) ( (cos D)?)
1 1
= ’dA|2\dD\2 (§ X 5) (A.38)

1 214 12
— Z|da[?|d
9! Al7|dp|



A.3. Average of the energy transfer matrix element

The two middle terms ((d} - n)(dp -n)(da -dp)) and ((da -n)(dp - n)(d} - dp))
yield the same average value and, in order to relate oy with the angles A and D, we

have the relation [61]

cosy = cos A cos D + sin A sin D cos(¢pp — ¢p). (A.39)

This way, using the relation in equation A.39, each middle term yields

((dh -n)(d}-n)(da -dp)) =|da|*|dp|? (cos vy cos A cos D)

:|dA|2|dD|2{<(cosA) (cos D) >+<cosAsmAcostchos(cpA c,bD)>}

— |da[2ldb]? ( +o)

= 5ldadbl?.
(A.40)
Using results of equations A.37, A.38 and A.40 in equation A.36 gives
6
<‘(dA -dp) —3(da -n)(dp - n)| > =|da|?|dp|? (_ —5+ 1)
(A41)

200 204 12
= gldA| |dp|” .

Using the result of equation A.41 in equation A.35 gives the final result

<]MHf\ > 2R6|dA| o). (A42)
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CALCULATIONS FROM EXPERIMENTAL DATA

B.l CALCULATION OF THE ACCEPTOR CONCENTRATION AND THE AVERAGE

QDOT SIZE IN COLLOIDAL QDOT SAMPLE "ONLY B"

Here we present the calculation of the ratio of acceptors QDots and the total number
of QDots, described by the function 7, for the sample Only B. From Chapter 5.3.2, the
ratio 1, assuming the donor radius as being the most probable QDot radius, R, related
with absorption peak, is given by

R AE

VR = 2032 |E(R) — Eg |

(B.1)

where o is the QDot size dispersion, i.e, standard deviation, AE is the width of the
energy interval where the donor emission spectra and the acceptor emission spectrum
overlap, E(R) is the exciton energy for the most probable QDot radius and Ej is the
bulk band-gap energy.

The ratio R/oR is equivalent to find the ratio k/o, where k is the wavenumber, as
found on the experimental spectrum of sample Only B. In Figure 37 it is presented the
position of the peak wave number k and values of k; and k; such that the full width
at half maximum, FWHM, is given by FWHM = |k; — k;|. The FWHM is related
with the standard deviation as FWHM = 2,/21In(2)0. The estimated values of these
values are k ~ 8220cm !, k; ~ 7800cm~! and k, ~ 8760cm~!. This way the ratio k/ oy
is valued as

k 8220cm !
r_ 2,/21In(2) ~ 20.2 B.2
or (8760 — 7800)cm-1 n(2) (8.2
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Wavelength (nm)
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Figure 37: Estimation of the full width at half maximum an peak centre of the spectrum of the
PbS sample Only B.

The calculation of E(R) is equivalent to the calculation of E(k), and it is given, in
eV, by

1240 1240
E(R) = o = ~ 1.02¢V B.
(K) = 107%7 = 107 x (8220em 1)1 = 0% (8.3)

Using the results of Equations B.2 and B.3 into Equation B.1, assuming AE &~ 10~ 3eV
and E; = 0.41eV, i.e, the bulk PbS band-gap energy, we find the ratio  is estimated as

_202x1073
"= (102 - 0.41)

~ 0.007 ~ 102, (B.4)

The calculation of R is possible by using the experimental sizing curve presented in
Equation 1.2 in Chapter 1.2, defined as

1
0.0252 d? + 0.283 R’

where d = 2R, is the QDot diameter. Assuming E(d) = E(k) is known, R is calculated
by solving the quadratic formula

E(d) =041 + (B.5)

1

0.0252 d*> +0.283d — ——————— =0,
i E(F) — 041

(B.6)
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where, from Equation B.3, E(k) ~ 1.02eV. Solving Equation B.6 gives only one real

positive value which is

~ 2.1 nm (B.7)

N R






COMPUTATIONAL WORK

C.1 MATLAB CODE FOR FITTING PHOTOLUMINESCENCE KINETICS

function output = homFit(counts, us_bin, start_bin, end_bin)

o°

I(t) = A exp[-(Bxt)~(1/2)*((Bxt)~(1/2)+4/3+pixD)] + C
A - Amplitude

o°

o°

- Decay rate of donor emitter

o°

B
C - Background constant
D

o°

- C_0 *x R_.0"3 (should give the number of acceptors at the Forster

radius distance

o°

Formula used as derived in the thesis

% Generating array for all recorded time bins

time = (0:(end_bin - start_bin))’'xus_bin;

% Find number of analysed kinetics in a single run of the code, defined as N
if iscell(counts)

N = length(counts);

else

N=1;

counts = {counts}; % Convert array to cell, easier to loop

end

% Generating matrices for all parameters and confidence interval bounds
amplitude = zeros(N, 1); % A parameter

damplitude = zeros(N, 1); % A parameter 95% C.I.
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120 Chapter C. Computational work

o°

gam = zeros(N, 1); B parameter

o°

dgam = zeros(N, 1); B parameter 95% C.I.

tau = zeros(N, 1); % 1/B parameter

dtau = zeros(N, 1); % 1/B parameter 95% C.I.
background = zeros(N, 1); % C parameter
dbackground = zeros(N, 1); % C parameter 95% C.I.
NA = zeros(N, 1); % D parameter

dNA = zeros(N, 1); % D parameter 95% C.I.

chi2 = zeros(N, 1); % Chi reduced squared (fit quality)
coef = cell(N, 1); % All parameters [A, B, (]
conf = cell(N, 1); % All 95% C.I. for [A, B, C]

initials = cell(N, 1); % Initial fit parameters [A, B, C]

fit_out = cell(N, 1); % Output of fit function (debugging)

fit_gof = cell(N, 1); % Gof of fit function (debugging)
fit_fitobject = cell(N, 1); % Fitobject of fit function (debugging)
fprintf(’'Fitting %d datasets:\n’, N);

for i = 1:N

% Cutting counts by start and end bin

fit_counts = counts{i}(start_bin:end_bin);

n_background = round((end_bin - start_bin - 1)/10);
background_guess = mean(fit_counts(end - n_background:end));

%The code has two fitting stages: At first the B and D parameters are

fitted, and then all variables are fitted.

%Setting up initial parameters

Dinit = 4;

Cinit = background_guess; % First value of counts should be arround
the value of background

Binit = 1; % Initial one microsecond assumption

Ainit = mean(fit_counts(1:20)) - Cinit; % Peak amplitude above noise

%Setting options for the 1st fit

fo_init = fitoptions(’Method’, ’NonlinearLeastSquares’,...
'StartPoint’, [Binit, Dinit],

"Lower’, [0,0], ... % Important!

'DiffMinChange’, 1le-8,



C.1. Matlab code for fitting photoluminescence kinetics

"TolX’, le-6,

"TolFun’, 1le-6,

"MaxFunEvals’, 500,

"MaxIter’, 1000);

ft_init = fittype(@(B, D, x)
Ainit.xexp(-((B.*x).7(0.5).x((B.*x).”(0.5)+(4/3)*pixD))) + Cinit,

"options’, fo_init);

%Fitting

fitobject_init = fit(time, fit_counts, ft_init);

%Setting the fit results equal to the initial parameters
Binit = fitobject_init.B;
Dinit = fitobject_init.D;

if Binit > 20
Binit = 1;
end

% Adding initials to output

initials{i} = [Ainit, Binit, Cinit, Dinit];

% Fit options and equation for second and final fit
fo = fitoptions(’'Method’, ’NonlinearLeastSquares’,...
'StartPoint’, [Ainit, Binit, Cinit, Dinit],

"Lower’, [0,0,0,0], ... % Important!
'DiffMinChange’, 1le-8,
"TolX’, 1le-6,

"TolFun’, 1le-6,

"MaxFunEvals’, 500,

"MaxIter’, 1000);

ft = fittype(@(A, B, C, D, Xx)
A.xexp(-((B.*xx).~(0.5).%((B.*x).~(0.5)+(4/3)*pixD))) + C, 'options’,
fo);

% Fitting
[fitobject, gof, out] = fit(time, fit_counts, ft);
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coef{i} = coeffvalues(fitobject);

conf{i} confbounds (fitobject);

% Calculating chi squared.

chi2(i) = sum((fit_counts - fitobject(time)).”2./fit_counts)/...
(length(fit_counts) - length(coef{i}));

% Adding readable parameters
amplitude(i) = coef{i}(1);
damplitude(i) = conf{i}(1);

gam(i) = coef{i}(2);

dgam(i) = conf{i}(2);

NA(i) = coef{i}(4);

dNA(i) = conf{i}(4);

tau(i) = 1/gam(i); % tau = 1/B
dtau(i) = tau(i)”2xdgam(i); % dtau = (1/B)"2x*dB
background(i) = coef{i}(3);
dbackground(i) = conf{i}(3);

% Adding fitting output for debugging purposes
fit_out{i} = out;

fit_gof{i} = gof;

fit_fitobject{i} = fitobject;

% Increasing progress counter
fprintf(’'Fitted dataset %d/%d.\n’, i, N)

end

% Adding parameters to output struct
output.amplitude = amplitude;
output.damplitude = damplitude;
output.gamma = gam;

output.dgamma = dgam;

output.tau = tau;

output.dtau = dtau;

output.NA = NA;

output.dNA = dNA;

output.background = background;



output.
output.
output.

output

output.
output.
output.
output.

C.1. Matlab code for fitting photoluminescence kinetics

dbackground = dbackground;
chi2 = chi2;
coef = coef;

.conf = conf;

initials = initials;

fit_out = fit_out;

fit_gof = fit_gof;
fit_fitobject = fit_fitobject;

function cibounds = confbounds(fun, level)
%CONFBOUNDS Confidence interval bounds for the coefficients of a fit result

object.

o® o° o° o°

o°

o°

CIBOUNDS = CONFBOUNDS(FITRESULT) returns 95% confidence bounds for the
coefficient estimates, e.g. A = COEFFS(1) +- CIBOUNDS(1)

CIBOUNDS = CONFBOUNDS(FITRESULT,LEVEL) specifies the confidence level.
LEVEL must be between 0 and 1, and has a default value of 0.95.

Copyright 2001-2008 The MathWorks, Inc. Modified by Matthijs Velsink,

COPS, University of Twente.

if nargin < 2

level = 0.95;
end
if length(level) ~= 1 || ~isnumeric(level) || level <= 0 || level >=1

error(message(’curvefit:confint:invalidConfLevel’));

end

ci = confint(fun, level);
cibounds = (ci(2, :) - ci(1, :))/2;
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C.2 NUMERICAL INTEGRATION OF EXPERIMENTAL DATA

Using the Simpson’s rule, the integration of the function f(t), over a range g to tf, is
approximated in the following way:

ttff(t>dt = g fo+4(fi+fat+fs+ -+ fon1) F2(f2+ fat -+ fane2) + fou] . (CD)

The truncation error of the numerical integral I, A, i.e, the error due to the implicit
approximation with the Simpson’s rule is given by:

Al < (t5 — to)h*M /180, (C2)
where h is the width of the sub-intervals and M is the upper bound of the fourth

derivative of the function |f(?)(t)], in which t must be in the range t, to t £

The following Matlab code describes the manual implementation of the Simpson’s
rule in the experimental data, including the calculation of the truncation error of
equation C.2.

function output =simpsInt(X,Y)

%Manual implentation of Simpson’s rule to numerical integration

%Simpson’s rule is based on using a quadratic polynomial approximation to
the function f(x) over a pair of subintervals.

[
“

% Joao Martins 10/2019

if size(X)~= size(Y)
error(’'Dimensions should be the same!’);

end

m=size(X,1)-1; %size of fit must have an odd number of values
if (m/2)~=floor(m/2)
error(’'Value of m must be even!’);

end

h=(X(end)-X(1))/m;
c=ones(1,size(Y,1));
c(2:2:size(c,2)-1)=4;



C.3. Statistical moment calculation of experimental data

c(3:2:size(c,2)-2)=2;

I=h/3*cx*xY;

%Calculate maximum bound error

M=max (gradient(gradient(gradient(gradient(Y)))));
Ierror=(X(end)-X(1))x*h.”4xM/180;

output.I = I;

output.Ierror = Ierror;

c.3

STATISTICAL MOMENT CALCULATION OF EXPERIMENTAL DATA

function output = MomentFit(counts, us_bin, start_bin, end_bin,n)

if iscell(counts)

N = length(counts);

else

N=1;

counts = {counts}; % Convert array to cell, easier to loop

end

time = (0:(end_bin-start_bin))’*xus_bin;

decays = zeros(N,2xn);

for i=1:N

fits = counts {i}(start_bin:end_bin);

n_background = round((end_bin - start_bin - 1)/10);
background_guess = mean(fits(end - n_background:end));
fits = fits - background_guess;

for j=1:n

numerator = fits.x(time.”j);

denominator = fits;

%Using manualy implemented Simpson rule to numerical integration (see code

simpsInt)

int_num = simpsInt(time,numerator);
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126 Chapter C. Computational work

int_den = simpsInt(time,denominator);

decays(i,j) = int_num.I/int_den.I;

decays(i,n+j) = decays(i,j)*sqrt((int_num.Ierror/int_num.I)"2 +
(int_den.Ierror/int_den.I)"2); %error

end

end

decays;

output.gamma

output.decay = time;

The use of the Simpson’s rule on the studied experimental data over simpler meth-
ods of numerical integration, such as the trapezoidal rule, showed a very significant
increase in accuracy in calculating the ratio of moments R, which was found to be of
great importance when calculating higher order moments (see Figure 38).

20F ]
Method of integration:
18 —&— Trapezoidal rule
—O— Simpson's rule
16F ]
c
o 14F -
1.2F ]
10F 1 ]
2 3 4 5 6 7 8 9 10
n

Figure 38: Comparison of results for the ratio R, of an experimental decay curve for two types
of numerical integration: trapezoidal rule (in red) and Simpson’s rule (in blue). The
use of the Simpson rule for higher moments n shows a clear advantage to the use
of the trapezoidal rule, since it increases the accuracy of the numerical integration.
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