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Abstract

A local dual of a Banach space X is a subspace of the dual X* which can
replace the whole dual space when dealing with finite dimensional subspaces.
This notion arose as a development of the principle of local reflexivity, and it is
very useful when a description of X* is not available.

We give an exposition of the theory of local duality for Banach spaces, includ-
ing the main properties, examples and applications, and comparing the notion
of local dual with some other weaker properties of the subspaces of the dual of
a Banach space.
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1. Introduction

In Banach space theory, it is usual to describe the properties of a given
Banach space X in terms of its dual space X*, but many times a representation
of the dual space is not available. This is the case for the space Lo (1, X) of
the essentially bounded, measurable, X-valued functions. However, Lo, (u, X)*
contains a natural copy of Lj(u, X*) which can replace the whole dual space
for many purposes, like norming the elements of Lo, (u, X ), or representing the
duality on finite dimensional subspaces of Lo, (¢, X). Finding those concrete
subspaces of the dual space and describing their properties is the aim of the
theory of local duality for Banach spaces.

As far as we know, the investigation in local duality began with the princi-
ple of local reflexivity (P.L.R. for short) which establishes that, when working
with finite dimensional subspaces, it is possible to replace the bidual X** by
the original space X. The first version of that principle was obtained by John-
son, Rosenthal and Zippin [43], and the current form is due to Lindenstrauss
and Rosenthal [51]. The P.L.R. has found many applications in Banach space
theory. For example, it implies the existence of a basis for all separable £,-
spaces [51] and for spaces whose dual has a basis [43]. It has also been applied
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in approximation theory [58], in the study of local complementation of tensor
products [10] and in the study of the L-structure of Li(u) [38, A.6]. For an
illuminating account of applications of the P.L.R., we suggest [18, Chapter 8],
especially its final comments.

Proofs of this principle are given in [4], [15], [54] and [68]. Further operator
versions can be found in [7] (see also [6]), [8], [55], and [61]. Moreover, the P.L.R.
has been also translated to different contexts like that of Banach lattices [9],
modules [14], duality of cones [24], operator ideals [60], spaces of compact op-
erators [49] and other non-commutative settings ([22], [42], [62] and [66]).

A closed subspace Z of X* is a local dual of a Banach space X if for every
€ > 0 and every pair of finite dimensional subspaces E of X* and F' of X, there
exists an operator L: F — Z satisfying the following conditions:

(A) 1L = llz*[l] < ella*|| for all 2* € E,
(B) L(z*)|r =a*|F forall z* € E,
(C) L(z*)=z*forallz e EN Z.

The principle of local reflexivity exactly says that X, as a subspace of X**,
is a local dual of X*. A similar result, independently obtained in [46] and [70],
is the principle of local reflexivity for ultrapowers which says that for every
ultrafilter 4, the ultrapower (X*)y is a local dual of the ultrapower Xy. Note
that X = X** if and only if X is reflexive, and (X*)y = (Xy)* for all & if
and only if X is superreflexive. Further proofs and variations on the P.L.R.
for ultrapowers can be found in [5], [40] and [47]; certain ultrapower operator
versions can be found in [56] and [20].

The notion of local duality was inspired by both principles of local reflexivity,
and has been developed in several papers like [16], [26], [32], [34], [35], [36], [37]
and [67]. For a brief account of these developments we refer to [29].

The purpose of this paper is to present a detailed exposition of the theory
of local dual spaces, including many examples and some applications, and em-
phasizing the relation between the three conditions (A), (B) and (C) that define
the concept. In order to do that, we will make a parallel study of several weaker
properties that a subspace Z of X* may have: Z norming for X, Z locally
1-complemented (or ideal) in X*, and X* finite dual representable in Z. For
most of the results, we include proofs that are simpler and more natural than
those given in the original papers.

The paper is organized as follows. Section 2 includes some technical results
that are useful to work with e-isometries, a characterization of the norming
subspaces of the dual of a Banach space, and some consequences of the Hahn-
Banach separation theorem that will be applied in the proof of the principles
of local reflexivity. In Section 3, we introduce the concept of local duality and
the other auxiliary concepts in terms of exact conditions, and give characteri-
zations in terms of approximate conditions. Since the P.L.R. and the P.L.R. for
ultrapowers provide important examples of local dual spaces, we give a proof
of both results. We also present here several concrete examples of local dual
spaces, and give other examples that allow us to distinguish local duality from



65

70

75

80

85

90

95

100

the weaker properties. In particular, we show that X* finite dual representable
in an ideal Z does not imply that Z is a local dual of X.

The local characterizations of Section 3 are applied in Section 4 to obtain
characterizations in terms of ultrapowers, and in turn these ultrapower charac-
terizations are applied in Section 5 to obtain characterizations of global charac-
ter of the properties of subspaces of a dual space that we consider.

In general, the local characterizations are more effective than the global ones
in the task of identifying examples, while the global characterizations are more
efficient in finding counterexamples and in understanding the general properties
of the concepts.

One important consequence of the global characterizations (Theorem 5.8)
reveals a hidden symmetry in the concept of local duality: Z is a local dual
of X if and only if Z* contains a copy of X which is a local dual of Z. This
result is a source of examples of local dual spaces and puts in context some
natural dualities, like that between C[0,1] and L;[0,1]. Another consequence
is the existence of the smallest local dual space for any space that does not
contain copies of £1. Moreover, it is proved that a dual space X* has a smallest
local dual if it has a smallest norming subspace, in which case both smallest
subspaces coincide with the only predual space of X*. Besides, it is shown that
every subspace Y of X* is contained in a local dual Zy of X whose density
character equals the maximum of those of Y and X.

Section 6 includes technical characterizations for finite dual representability
and local duality, respectively called polar property and strict polar property.
Both characterizations are of local character, and are useful in situations (like
in the study of the principles of local reflexivity) where the e-isometries satisfying
(A), (B) and (C) cannot be constructed, but only shown to exist. Moreover,
it is proved that if Z is a local dual of X* then the conditions (A), (B) and
(C) hold for every & > 0, every finite dimensional subspace F of X* and every
reflexive subspace F' of X.

A consequence of the strict polar property is that given an ultrafilter # and
an operator T: X — Y, the kernel of (T*) is a local dual of the cokernel of
Yu/R(Ty). This result generalizes the principle of local reflexivity for ultrapow-
ers. Besides, it entails that the kernel of (Ty)* is finite dual representable in
that of (T™*)y, allowing to derive some duality results for operator semigroups
associated to certain operator ideals. Of course, the strict polar property also
produces a proof of the principle of local reflexivity.

Let X and Z be a pair of Banach spaces. Recall that if the dual of X
contains an isometric copy of Z which is a local dual of X, then the dual of Z
contains an isometric copy of X which is a local dual of Z (Theorem 5.8); i.e.,
the relation being a local dual is symmetric.

The following table contains the main examples of pairs of Banach spaces in
local duality that appear in the paper.
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I3 C10,1] Ex. 3.11
C(T) L,(T) Prop. 3.15
L1[0,1] co,1] Prop. 3.15
Ly(p, X*) Loo(p, X) | Thm. 3.17
Loo (i, X*) Li(u, X) | Thm. 3.17
Ba[0,1] with 1 < o < wy M[0,1] | Thm. 3.18
0(X*) loo(X) Prop. 5.9
C(A) L,00,1] | Ex. 5.12

X*®.Y* (X* with MAAP) | X®,Y | Prop. 5.13
X* @, Y* (X* with MAAP.) | X®.Y | Prop. 5.13
X* ®e Loo(p) (p finite) Li(p,X) | Remark 5.14
X* @, M(K) (K compact) | C(K,X) | Remark 5.14

We will use standard notation like in [2] and [52]. An operator will be a
continuous linear map between Banach spaces, and Bx and Sx will be the
unit ball and the unit sphere of the Banach space X. The class of all bounded
operators acting between X and Y is denoted B(X,Y). We will introduce
additional notation along the paper.

Since ultraproduct techniques play an important role in this paper, we recall
some notions about ultrapowers of Banach spaces and introduce some notations
(see [40] for additional details). Let I be an infinite set and let 4 be a collection
of subsets of I satisfying the following properties:

(i) 0¢4,

(i) if Ae Mland B € U then ANB € 4,

(iii) if A€ Yand A C B C I then B € §,

(iv) for every A C I either A€ lor I\ A € 4;

If the properties (i), (ii) and (iii) are satisfied, 4l is said to be a filter, and if
moreover (iv) holds, il is said to be an wultrafilter. The Axiom of Choice implies
that every filter is contained by an ultrafilter.

The collection § of all co-finite subsets of I is called the Fréchet filter. Any
ultrafilter extending § is called a non-trivial ultrafilter on I. An ultrafilter
i is said to be principal or trivial if there exists ¢ € I such that i € A for
all A € 4. Obviously, every ultrafilter on I is either principal or non-trivial.
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The ultrafilter 4 is said to be countably incomplete if there exists a countable
partition {I,}22 ; of I disjoint with {{. Henceforth, all ultrafilters in this paper
are countably incomplete. If I is endowed with a partial order =<, the order filter
on I is the family of all subsets {i € I : j < i}.

Given a topological space S, a family (z;);cr of elements of S converges to
xo € X following il if for every neighborhood V of z, the set {i € I: z; € V}
belongs to 4; it is denoted limg x; = zg or x; - %o A subset K of S is relatively

compact only if each family (z;);e; contained in K is convergent following §1.

The ultrapower of a Banach space X following an ultrafilter 4 on I is the
quotient space Xy := loo(I, X)/Ny(X) where {o (I, X) is the set of bounded
families (x;);er C X and Ny(X) is the subspace of families that converge to zero
following $I. The element of Xy with representative (x;);es is usually denoted
[x;]; or [z;] for short; its norm is ||[z;]|| = limy ||2;||. The space X is isometrically
contained in X by means of the canonical embedding Jx x, that maps each
x to the constant class [z]. Note that if X is finite dimensional then Jx x,
identifies X with X isometrically. The witraproduct following i of a family
{Ci}ier of subsets of a Banach space X is the subset (C;)y of Xy formed by all
elements x for which there exists J € il and a representative (z;);er such that
x; € C; for all i € Jy; if there is J € il such that C; = () then (C;)y = 0. For
instance, for every Banach space X, Bx, = (Bx)yu-

The ultrapower (X*)y is isometrically contained in the dual space (Xg)* by
means of the embedding Jx-, x,~ that maps each [z}] to x* € (Xg)* defined by
(x*, [z4]) = limy(x}, x;). Usually we will omit the canonical operators Jx x,, and
Jx+ . xy*; 50 we will write z = [z], and we will understand that [z] € (Xy)*.

The ultraproduct following 4 of a uniformly bounded collection of operators
(T})ier acting between X and Y is the operator (T;)y: Xy — Yy that maps
each [z;] to [T;(x;)]. An operator T: X — Y is extended by its ultrapower
Ty: Xy — Yy following 4, which is defined as Ty = (T')y and its norm equals
7).

2. Preliminaries

Given a real number € > 0, an operator T: X — Y is said to be an e-
isometry if 1 —e < |T(z)|| < 1+¢ for all x € Sx. Let us recall that a space X
is said to be finitely representable in Y if for every finite dimensional subspace
E of X and every € > 0 there exists an e-isometry L: E — Y.

The following results are useful to work with e-isometries. The first two of
them show that in order to estimate the norm of an operator L: £ — X, it
is enough to know the value of the norms of L(x;) for a suitable net {x;};cr in
Sk.

Lemma 2.1. Let X be a Banach space and take any a-net {x;};cr in Bx with
0 < o < 1. Thus for every x € Sx, there is a sequence (x;,)5 1 in the net and
a scalar sequence (A,)S2, such that, for every positive integer n,

(i) 0 <\, <"1, and
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(it) Iz = 325 =1 Amwi,, | < ™.
Its proof can be found in [38, Lemma A .4.8].

Lemma 2.2. Let L: E — X be an operator, let {x;}icr be an a-net in Sg
with 0 < a < 1 and consider a real number § > 0:

(i) if ||L(x:)|| <1+ 6 for alli € I then |[L|| <1+ ‘1”5

ii) if 1—8 < ||L(x;)|| < 1438 for alli € I then L is a (a+0)(1—a)~t-isometry.
(i) if y

Proof. (i) Let x € Sg. By Lemma 2.1, there are a scalar sequence ()52

n=1
and a sequence (z;,)%2, in the net {z;};e; such that z = > >, \,@;, and
0 <\, <a™ ! Thus, as L is bounded,

> 1+5 a+4é
L(z; < =1 . 1
Z nll L(i,) || > t1 4 (1)

I1L(x

(ii) By (i), we only need to prove ||L(x)| > 1 — (a+d)(1 —a)~! for any
z € Sg. To do so, given x € Sg, we choose x; in the net so that ||z — z;|| < a.
Thus, by (1),

149 a+d
IL@) 2 IL) ] = ILl e =25l 21 =0 = s ——a =1~ 17—

and the proof is done. O

Lemma 2.3. Let E be a finite dimensional subspace of X* and let € > 0.
Then there ezists a finite dimensional subspace F' of X such that (1 —¢)||z*| <
SUp,es,. (2", x) for all 2* € E.

Proof. Since E is finite dimensional, given 0 < § := £/3, Sg contains a finite
0-net {z}}7—,. For every z}, let &; € Sx so that 1 — ¢ < (z},x;). Consider
any norm one element z* € E. Selecting an element z of the net so that
la* — ¥]| < d, we get

L= 2™ < [la7ll + 2" — 27l <20 + (27, 24)

Thus 1 — ¢ < (z*,2;), and for F := span{z;}.; C X, we have 1 — e <
SUpP,eg, (¥, ), which proves the lemma. O

Lemma 2.4. Let E be a n-dimensional Banach space and let Eq be a subspace
of E with dim Ey = m. Then there exists a biorthogonal system (z;, f;)i—, of
E x E* with Ey = span{x;}7%, |lzi]| = 1 for all 1 < i <mn, ||fill < 1 for all
1<i<mand ||fi|| <14+m foralm+1<i<n.
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Proof. By Auerbach’s lemma [52, 1.c.3|, there exists a biorthogonal system
(4, 9:) in Ep with [|z;|| = ||g;|| = 1 for all 1 <4 < m. For every g;, consider
a Hahn-Banach extension f; € E*. Let P: E — FE be the projection that
maps each = to Y ;- (fi,z)x;. Note that |P|| < m, Ey = R(P) and E; :=
N(P) = NyN(f;). Thus E = Ey @ E;. Again by Auerbach’s lemma, there
is a biorthonormal system (z;,9;)j-,,; in E1 x Ef. Consider the functionals
fir=gio(Ig—P)fori=m+1,...,n. It follows immediately that (z;, fi)_,
is a biorthogonal system of E x E* satisfying the required conditions. O

Given a Banach space X, a subspace Z of X* is said to be norming if for
every x € X, ||z]| = sup,.cp, (", z). Two important examples of norming
subspaces concerning local duality are the following ones:

Lemma 2.5. Given a Banach space X and an ultrafilter 31 on I, the following
statements hold:

(i) the natural copy of X in X** is a norming subspace;
(i) the natural copy of (X*)y in (Xy)* is a norming subspace.

Proof. Part (i) is straightforward. For part (ii), given a norm one element
x € Xy, choose a family (z;);er C Sx such that [z;] = x, and for every x;, take a
norm one functional x; € X* such that (x}, ;) = 1. Clearly, z* := [2]] € S(x+),
and (z*,x) = limg(xf, z;) = 1.

Lemma 2.6. [36] A closed subspace Z of X* is norming if and only if for every
finite dimensional subspace F' of X and every € > 0 there exists a normalized
basis {x;}—y of F and o set {xf}}_; in (1 +¢)Bz such that (x},x;) = 6;; for
all i and j.

Proof. The ‘if’ part is trivial. For the ‘only if’ part, assume Z is a norming
subspace of X*. By Auerbach’s lemma [52, 1.c.3], there exists a pair of subsets
{a;}-y C S and {f;}}~; C Sp~ such that (f;,z;) = d;; for all  and j. Let
J: F — X be the embedding of F' into X. Note that J*(Bx~) = Bp+. Thus,

. . . . . ey ———)
since Z is a norming subspace of X*, By is w*-dense in Bx«, so J*(Bz) =

Bp«, and as F* = X*/F* is finite dimensional, it follows that J*(Bz) is norm-
dense in Bp«. Thus, Lemma 2.1 let us take a family {z}}?, in (14 ¢)Byz such
that J*zf = f;.

Since it is clear that (z},z;) = (z},Jz;) = (fi,x;) = 0i;, the proof is
complete. O

An application of Lemma 2.5 yields the two following separation lemmas.

Lemma 2.7. Given an operatorT: X — Y, a vectory € Y and a real number
n > 1, the set T~ (nBy +y) is o(X*, X)-dense in T** " (By+ +y).

Proof. Assume there exists 2** € T**~!(By« +y). Then L := T~ (nBy +v)
is not empty. Otherwise, we would have n < ||T(z) — y|| for all z € X and, by
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the Hahn-Banach theorem, there would be a norm one functional y* € Y* such
that
n<(y",T(z)—y) forall zeX,

*

w

and as T**(z**) e R(T

~

n < (T (@) =y, y7) < T (™) = yll,

a contradiction. B}

Once it has been proved that L # @, assume z** ¢ L . The Hahn-Banach
theorem gives a norm one functional z* € X* and real numbers a and b such
that .

(z**,2*) < a <b<inf (z*, L" ).
Let W :={x € X: (z*,2) < a}. Obviously, WNL =10, so ||T(w) — y|| > n for
all w € W. Therefore, there exists a norm one functional y* € Y* such that

n<(y*",T(w)—y) forall weW. (2)
But z** EVT/w*, so formula (2) leads to
n < (T (2"™) =y, ") < IT7 (=) — |

in contradiction with z** € T**~!(Bx.. + ). O

Note that Lemma 2.7 may fail if the value n > 1 is replaced for n = 1.
Indeed, given the operator T': ¢co — f that maps each x € ¢q to itself, and
given y := (2 — 1/n) € s, we have that T~ (B, —y) = 0 but (1,1,1,...) €
T***I(Bg;g — y). This observation points out a technical difference between
Lemma 2.7 and its following ultrapower analogue:

Lemma 2.8. Let T: Y — X be an operator, let 3 be an ultrafilter on I, and
let w* denote the o((Xy)*, Xy) topology. Then for each y* € (Y*)y, the set

L= B(X*)u n (T*)al(B(y*)u —+ y*)
is w*-dense in A := Bx )« N (Tu)*fl(B(yu)* +y*).

Proof. Let (y})icsr be a representative for y*. If A = (), there is nothing to be
proved. Assume there exists v* € A. Then we claim that L # 0:
indeed, if we assume for a while that L = ), we would get that, for all
X" € Bixe)y
< (T u(x") =yl (3)

let (K,,)2, be a decreasing sequence of elements of 4 such that NS, K,, = 0,
and for every n € N, consider the subset

Jp =K, N{ie€l: 3z; € Bx~ such that 1 +1/n > [|[T"(z]) — y; ||}



If J,, € Y for all n then (J,)52; would be a decreasing sequence of elements of $
such that N2, J,, = @ and therefore, for every m € N and every i € Jp, \ Jim1,
picking zf € Bx~« so that 1+ 1/m > ||T*(zf) — y;||, we would have

1 o0
el 14+ — > ||T7(2) — v Je\ g1 =Jn €U
fere Lz i) > U s = e

which means that 1 > limy |77(2) — y7|| = [(T")u([z]]) — ¥y, but [2] €
B(x+),, a contradiction with (3). Therefore there exists m € N such that
Jm ¢ 3L, Thus, for every i € I\ J,,

1
14+ — < ||IT*(z") —y;|| for all 2 € Bx-
m

and by the Hahn-Banach theorem, for every i € I\ J,, there would exist x; € Sx
such that

1
1+ — < (T*(z") —y;,z;) forall * € Bx-~
m

and in turn, as T\ J,,, € 4,

SA((T)u(x™) —y*, [2i]) for all x* € Bixy,.

1
1+—
m

*

But by part (ii) in Lemma 2.5, (Ty)*(v*) GR((T*)H)W , SO
1< {(Tw)*(v*) =", i),

hence v* ¢ A, a contradiction which proves that L # ().

Once we know that L # (), assume x* ¢ EW*. Then the Hahn-Banach
theorem provides u = [u;] € Sx, and real numbers a and b such that

*

(x*,u) <a<b<inf(L"  u).
Thus, defining W; := {z* € X*: (z*,u;) < a} for every i € I, we have that
Wim (Wi = {2" € (X")u: (2", u) < a}
hence W N L = (), which leads to
L <|[[(T*)u(z") —y*|| forallz* € WN Bx-,- (4)
For every n € N, consider the subset
J :=K,Nn{iel: 3zf € W;N Bx- such that 1+ 1/n > [|T*(z}) — y/||}.

If every J!, belongs to il, then using the same argument that proves L # (), we
would obtain an element [z}] € (W;)yNB(x~), such that 1 > [[(T*)u([z]]) =y,
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in contradiction with (4). Therefore, we conclude that J), ¢ 4 for some m. Let
J:=T\J,, €lland n:=14 1/m. Thus, for every i € J,

n <||T*(z*) —y;| forall z* € W; N Bx~,

hence, using again the Hahn-Banach theorem, for every i € J there exists
g; € Sy such that

n < <T*(w*) — y;7gi> for all w* € W; N Bxx.
and as x* €WW*, then
1<y < ((Tw)" (") = y", [g:]) < [(T)" (x7) = y7|l

which implies that x* ¢ A, finishing the proof. (]

3. Local dual spaces and related concepts

Let Z be a closed subspace of the dual X* of a Banach space X. Given finite
dimensional subspaces E of X* and F' of X, a number € > 0, and an operator
L: E — Z, we consider the following conditions:

(A) 1—e <|L(z")| <1+e¢ forall z* € Sg,
(B) (L(z*) —a*,z) =0for all z* € Fand all z € F,
(C) L(z*)=a* forall z* € EN Z.

Definition 3.1. Let Z be a closed subspace of X*. We say that X* s finite
dual representable (f.d.r. in short) in Z if for every pair of finite dimensional
subspaces E of X* and F of X, and every € > 0 there exists an operator
L: E — Z satisfying conditions (A) and (B) with respect to F and €.

The notion of local complementation was introduced in [44] as follows:

Definition 3.2. Given a > 1, a closed subspace Z of Y is said to be locally
a-complemented in Y if for every finite dimensional subspace E of Y and every
€ > 0 there exists an operator L: E — Z such that |L|| < a+¢ and L(y) =y
forallye ZNE.

The subspace Z is said to be locally complemented in Y if it is locally «-
complemented in'Y for some a > 1.

The subspace Z is said to be an ideal in'Y if it is locally 1-complemented in

Y (see [28] and [64]).
Remark 3.3. A subspace Z of X* is an ideal in X* if and only if for every

finite dimensional subspace F of X* and every € > 0 there exists an operator
L: E — Z satisfying ||[L|| <1+ ¢ and (C).

10
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Remark 3.4. The construction of an operator L: E — Z fixing F' N Z entails
to extend the identity operator on £ N Z to an operator E — Z. In fact, if
P is a projection on E onto E N Z with kernel G, then L = P + L(Ig — P).
Obviously, the norm of L is at least one, but its exact value depends very much
on the constant of complementation of £E N Z in E. Therefore, the choice of
a =1 in Definition 3.2 is certainly special.

Remark 3.5.

(i) if X5 is locally a-complemented in Xo and X5 is locally S-complemented
in X3 then X is locally af-complemented in X3;
(ii) if X7 is a-complemented in X5 then X is locally a-complemented in Xo;

(iii) if X* is f.d.r. in Z then X* is also f.d.r. in any subspace of X* containing
Z.

The notion of local duality arises merging the notions of finite dual repre-
sentability and local complementation.

Definition 3.6. A closed subspace Z of X* is said to be a local dual of X if
for every pair of finite dimensional subspaces E of X* and F of X, and every
e > 0 there exists an operator L: E — Z satisfying conditions (A), (B) and
(C) with respect to F' and €.

Local duality of Z with respect to X implies both finite dual representability
of X* in Z and local 1-complementation of Z in X*. Nevertheless, as we shall
see in Example 3.13, the converse of that implication fails.

As we mentioned in the Introduction, there are two examples of local duality
which are fundamental in local theory of Banach spaces: the P.L.R. and the
P.L.R. for ultrapowers. The most popular proof of the P.L.R. is the one given
by Dean in [15], based on the properties of tensor products (see a detailed
version in [18, Chapter 8]). Moreover, Heinrich gave a proof of the P.L.R. for
ultrapowers in [40, Theorem 7.3] based on the ideas of [15]. Next we give a
proof of both principles based on the ideas of [54].

Theorem 3.7 (Principle of local reflexivity). Given a Banach space X, its
natural copy in X** is a local dual of X*.

Proof. Let E and F be a pair of finite dimensional subspaces of X** and X*
respectively, and fix any real number € > 0. Let dimF =n, dmENX =n—k
and take a biorthogonal system (y;*, h;)j_; in E'x E* such that [y;*|| = 1 and
span{y;* i—k+1 = ENX. Let us denote y; := y;* for K+ 1 < j <mn. Thus the
inclusion operator Jg: E — X** satisfies

k

T = 3 e+ 32 (o™

j=1 j=k+1

11
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Note that any operator of the form

k n
L(m**):Z<hj,x**>vj+ > (g2, (5)

j=k+1
satisfies (C) automatically. Thus the proof will be done as soon as we find
vectors vy, ... v, in X so that the operator L in (5) also satisfies (A) and (B)
with respect to I’ and €. To do so, fix @ > 0 and 6 > 0 small enough so that
0< (a+4)/(1—a)<e, and pick

{e;f*}f\;l, an a-net in Sg, and

such that |le**] < (1 — a)*% supy <<y [{€7, uj)| for all e € F, and {u] ;V_I
contains a basis of F'. Let AJ be scalars such that

Z&yr + Z My, 1<j <N,
r=k+1

let K := maxi<j<n Y on_q |M|, let W :=¢* (X), and consider the subset

c::{@cs)’:_le( + /2B HZMS -3 M

<1, 1<j<N}.
s=k+1

Identifying W** with /X (X**), Lemma 2.7 yields that )j | € CU(W** W )

(y;
Consider the operator S: W — R*Y that maps each (905)S 1 to (< xs>)§:1§,\7:1_
Thus, as R(S) is finite dimensional, it follows that S**( ) 1) € 5(C) and
R(S) = R(S) = R(S**). Hence, given 0 < 3 < a/(2K), there exist (cj);?:l eC
and (bj)?zl € BBy such that

57 ((y;")5=1) = S ((¢)f=1) + S ((0)5=1)-

Clearly, since the set {u}‘}ﬁvzl contains a basis of F', the choice v; := ¢; + b; for
1 < j < k makes the operator L in (5) to satisfy (B) with respect to F. Hence,
for every 1 < j < N,

1 L(e;")] = Sup (L(ej"),u;) = sup (ej",u;) >1—a. (6)
<i<N 1<i<N

and as L(y;*) = ¢, + b, for 1 <1 <k, it follows for all 1 < j < N,

k
IL(e! H<HZAJCJ+ Z )\ry]H+H;)\iij§1+g+5K§1+a. (7)

Therefore, (6), (7), Lemma 2.2 and the choice of o and ¢ show that L satisfies
(A) with respect to e. O

12
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Theorem 3.8 (Principle of local reflexivity for ultrapowers). Given a
Banach space X and an ultrafilter L on I, the natural copy of (X*)y in (Xy)*
s a dual local of Xj.

Proof. 1t is similar to that of Theorem 3.7. Fix a real number ¢ > 0 and a
pair of finite dimensional subspaces E and F of (Xy)* and Xy respectively. Let

dim E = n, dim EN (X*)y =n—k and (x}, h;)j_; C E x E* be a biorthogonal
system such that [[x}[| =1 for all 1 < j <nand EN (X")y = span{xj}7_, ;.
For k+1 < j < n, we will denote y; := x}. Thus, any operator T': £ — (X*)y

of the form i
T(x") =Y (hy, X)W + ) (b, x")x]. (8)
=1 =kt
satisfies (C). A sensible choice of vectors v7,. .., v} in (8) will make the operator
T to satisfy (A) and (B) with respect to F' and «.
Fix real numbers a > 0 and ¢ > 0 such that 0 < (o +0)/(1 — a) < € and

choose
{e*}j an a-net in Sg, and
Jjti=1 ’

{uj}é'vzl in BXu

such that {uj}j-vzl contains a basis of F and [le*|| < (1—a) ™" sup; <y [(e*,u;)]
for all e* € E. For every u;, fix a representative (u/)ic; so that u; = [u]]. Let
M. be real numbers so that

n

e;f:Z)\iijr Z Myi, 1<j<N

r=1 r=k+1
and let K = maxi<j<ny Y ., |[M|. Note that given W := ¢¥(X), (W*)y is
isometrically identified with ¢% ((X*)g) and (Wy)* with €5 ((Xy)*). Bearing

in mind both identifications, consider the subset

k n
o *\k Q . Y j ok
C = {(zs)s_1 € (1 + 2>B(W*)u. ’Z_; Nzi+ Y Ny

s=k+1
For every i € I, consider also the operator S;: R¥Y — (¥(X) given by

Si((a7)ili5=1)) = (i aljug)

Thus its conjugate can be identified with the operator S} : ¢% (X*) — REN

that maps each (x;‘)f:l to (((mj,ui})?zlf\il) and ((Si)u)*i (Wy)* — REN

maps each (X;f)?:l to (<x§7ul))§:1f\;1. Let us denote S := (S;)y. Obviously,
(S7)st =S [ we)y -

<1, 1§j§N}-

k

=1

13
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Lemma 2.8 yields that (x;f);?:l belongs to the o ((Wy)*, Wy )-closure of C.
Thus, since S* has finite dimensional range, it follows that S*((x?);?:l) €
(S¥)u(C), and R(S*) = R(S*) = R((S7)u). Hence, given 0 < 8 < a/(2K),
there exist (c})%_, € C and (b})5_, € SBw such that

S((65)5=1) = (SDsu((€))f=1) + (S7)u((b])5-1)-

For every 1 < j < k, define vj = ¢} + bj: thus the operator T' of (8) satisfies
(B) with respect to F' for the vectors v;. The proof that T also satisfies (A)
with respect to ¢ is formally identical to the argument given in Theorem 3.7 for
the operator L. O

Let us state the following weak versions of conditions (A), (B) and (C):

(A) ||L(z*)|| < 1+¢ for all z* € Sg
(B) |<L($*) - x*a17>| <eforall z* € Sg and all x € Sk,
(C) ||IL(xz*) — 2*|| < € for all norm one elements z* € EN Z.

We will show that Definitions 3.1, 3.2 and 3.6 can be equivalently rewritten
replacing (A), (B) and (C) by (A’), (B’) and (C’) respectively.

Proposition 3.9. Let Z be a subspace of a dual space X*. Then we have:

(a) X* is f.d.r. in Z if and only if for every pair of finite dimensional sub-
spaces E of X* and F of X, and every € > 0, there exists an operator
L: E — Z satisfying conditions (A’) and (B’) with respect to F' and €;

(b) Z is locally 1-complemented in X* if and only if for every pair of finite
dimensional subspaces E of X* and F of X, and every € > 0, there exists
an operator L: E — Z for which conditions (A’) and (C’) hold with
respect to F' and &;

(¢) Z is a local dual of X if and only if for every pair of finite dimensional
subspaces E of X* and F of X, and every € > 0, there exists an operator
L: E — Z satisfying conditions (A’), (B’) and (C’) with respect to F'
and €.

Proof. We need to prove only the ‘if’ directions of the three statements for a
pair of finite dimensional subspaces E of X* and F of X, and € > 0. We denote
Ey:= ENZ. By Lemma 2.3, there is no loss of generality in assuming that F'
is large enough so that

(I —¢)|jz"|] < sup (z*,z) forall ™ € E. 9)
TESE
Lemma 2.4 gives a biorthogonal system (z}, f;)?_; in E x E* such that Ey =
span{z;}7, [lzf|| =1 and ||fi| <n+1forall<i<mn.
Let By := span{z}j",, .1, and let P: E — E be the projection with
R(P) = Ey and N(P) = E;. Denote M := max{Y .~ [\i|: || 1ie; Mizf|| =1}

14
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(a) Let p := dim F' and choose 0 < g1 < (1 + 2p)~!. By hypothesis, there
exists an operator L., : E — Z with || L, || < 1+ &; such that

[{(Le, (%) — z", x)| <epllz™||||z]| for all z* € E and all x € F.

By Lemma 2.6, there exists a normalized basis {z;}’_; of F and a system
{z:}¥_; in (1 4+ &1)Bz such that (z;,z;) = &;; for all i and j. Consider the
operator K1: E — Z given by Ki(z*) := Y% (¢* — L., (2*),2;)2. Note
that |K1]] < pe1(l +e1) < 2pey. Thus the operator L := L., + K satisfies

automatically condition (B) with respect to F. Therefore, for every z* € E,

[1L(z")I| = sup (L(z"),z) = sup (z",z) = (1 —e1)l|lz"[],
zESF z€SF
and as || L|| < ||Le, || + | K1l] < 14 (14 2p)e; < 1+, it follows that L is an
e-isometry. Thus condition (A) is also fulfilled by L.

(b) Take 0 < g9 < €/2M. By hypothesis, there is an operator L,: B — Z
satisfying (A’) and (C’) with respect to g, that is, || L, (z*) — 2*|| < ezf|z*|| for
all z* € Ey.

Define an operator Ko: E — Z by Ka(z}) = of — L,(zf) for 1 <i <m
and Ko(z}) =0 for m+ 1 < i <n. Clearly, L := Ly + K5 maps each z* € Ej
to itself, and || Kz|| < eaM, so ||L|| < 1+ ¢, and part (b) is done.

(c) Consider the decomposition E = Ey @ Ey and take 0 < e3 < /2(1+ M).
By hypothesis, there exists an operator Ls: E — Z satisfying (A’), (B’) and
(C’) with respect to F' and 3. By part (a), we get an operator K3: By — Z
such that | K3|| < e3 and L3 | g, + K3 satisfies (A) and (B) with respect to F'
and e3.

By part (b), there exists K4: Ey — Z such that ||[Ky|| < esM and Ig, =
L3|E0 + K4. Let L: E — Z be given byL = (L3+K3)O(IE1 —P)+P
Clearly, L satisfies (B) and (C) with respect to F'. Moreover, as

L:(Lg-l—Kg)O(IEl—P)+(L3+K4)OP:L3 +K30(IE1—P) + K 0P,

it follows that ||L|| < 14e3+e3(14+M)+esM = 14+2e3(1+ M) < 1+¢. Besides,
since L satisfies (B) with respect to F', formula (9) yields that ||L(z*)|| >1—¢
for all norm one element z* in E. Therefore, L also satisfies (A) with respect
to I and €. O

Remark 3.10. The weaker conditions (A’), (B’) and (C’) may help to under-
stand the way that local duality works in some situations. For instance, consider
a pair of finite dimensional subspaces E of /., and F of {1 and ¢ > 0, with F
large enough so that it norms F up to ¢, and for each n let L,,: {,c — ¢ be
the operator that maps (z,,)22, € E to (x1,22,...,%,,0,0,..%..). Essentially,
the e-isometry whose existence is claimed by the principle of local reflexivity is
L, | g for some n. Indeed, if n is large enough, then L,, | g satisfies (A), (B’)
and (C’). In order to obtain (B) and (C), it is sufficient to perturb L, | g adding
an operator of small norm as in the proof of Proposition 3.9. This procedure
will be used in Example 3.11.
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Clearly no Banach space X contains a proper subspace Z such that X™** is
f.dr. in Z. It is also immediate that if X C Z C X** then X** is f.d.r. in Z.
However, Example 3.11 shows that it may exist a subspace Z of X** such that
X**isf.dr. in Z and ZNX = {0}.

Example 3.11. There exists a local dual Z of €1 such that co N Z = {0}.

Proof. Let (t,) be a dense sequence in [0, 1] with ¢t; =0, to = 1, and t; # t; for
i # j. Let U: C[0,1] — £ be the operator defined by U(f) := (f(tk))iozl.
Clearly U is a linear isometry and Z := U(C[0,1]) is a closed subspace of £
such that ZN¢y = {0}. It only remains to show that Z is a local dual of ¢;. To
do so, fix € > 0 and a pair of finite dimensional subspaces E of ¢, and I of ¢;.

Since F is finite dimensional, an application of Lemma 2.2 provides n; € N
such that

Z |7k < e/2 for all (i) € Sp.

k:n1

For every integer n > 2 we consider the operator P, : o, — C]0,1] that
maps 8 = (k) to the polygonal function interpolating the nodes

{(tx, Bk) : k=1,...,n}.

Note that ||P,|| = 1 and [|Pr(8)]lcc — [|Bllec as n — oo. Since E is finite
dimensional, Lemma 2.2 provides ns > ny such that P,|g is a e-isometry for
n > ng. Moreover, it is not difficult to see that ||P,U(f) — f|lcc — 0 as n — oo.
Thus, arguing as before, we can find nz > ng such that [|[UP,(8)—5ls < €||Blloo
foreach € ENZ.

Let L,, : E — Z be the operator defined by L,, := UP,|g. By the previous
considerations, for each n > ng, L, is a e-isometry that satisfies (B’) and (C’),
and the proof is done. O

The following result shows that if ¢¢ C Z C £, then local complementation
implies local duality for Z.

Proposition 3.12. Fach ideal Z in l~ containing cy is a local dual of 1.

Proof. Let {e;}3, be the unit vector basis of ¢1, and let F,, be the subspace
of ¢1 spanned by the first n elements of this basis. Note that in order to prove
that Z is a local dual of ¢; it is enough to prove that given a finite dimensional
subspace E of £, and a positive number n, there exists an operator L: F — Z
satisfying (A’), (B) and (C’) with respect to F,, and 1/n. Thus, once E and n
have been fixed, as Z is an ideal in £, there exists an operator K: £ — Z
satisfying (A’) and (C) with respect to F, and 1/n, that is, ||K|| <1 4 1/n and
K(u) =uforallu € ENZ. Let P: o, — {x be the projection that sends
each (z;)52; to (y;)52, where y; ;= z,; for 1 <i <n and y; := 0 for ¢ > n, and
let I be the identity operator on {,. Thus L := P + (I — P)K satisfies

[1L]| = max{||P[l, [K]} <1 + 1/n
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and L(u) = u for all w € ENZ, so L satisfies (A’) and (C) with respect to 1/n.
Moreover, for every 1 < m < n and every u € E,

(L(u),em) = (P(u), em) = (u,em)

hence L also satisfies (B) with respect to F;,. The proof is done. O

Given a subspace Z of X*| it is straightforward that
Z local dual of X = X* f.d.r. in Z = Z norming subspace of X*.

However, Examples 3.13 and 3.14 show that the reverse implications fail. Even
more, in spite of Proposition 3.12, Example 3.13 shows that finite dual repre-
sentability plus local complementation does not imply local duality.

Example 3.13. The space 0%, contains a subspace Z satisfying the following
properties:

(i) €, is f.d.r. in Z;
(ii) Z is an ideal in €5 ;
(i1i) Z is not a local dual of leo.

Proof. Recall that €%, can be decomposed as
éZo =01 ® C(J)_. (10)

By Dvoretzky’s theorem, ¢y is finitely representable in cg. So we can choose a
finite dimensional subspace V of cg e-isometric to /5 withn >1and 0 <e <1
as small as we please (to be fixed later). Take a norm one element v € V' and
let us prove that Z :=span/¢; U {v} C £%_ satisfies properties (i), (ii) and (iii).
(i) Note that ¢; is a local dual of ¢, and ¢; C Z, hence £ is f.d.r. in Z.

(ii) Let f € £} be a norm one functional such that (f,v) = 1. Let E be
any finite dimensional subspace of £, . Choose a finite dimensional subspace
Eq of 0% such that E C Ey and admits a decomposition Fy = E; @ Es with
FEy Cty, By C c(J)- and v € E5. Next, define T': Ey — £, as follows: if u € F;
then T'(u) := u and if u € E3 then T'(u) := (f,u)v. Since the decomposition
(10) yields Ey = E7 @1 Es, it is straightforward that T fixes F7 and ||T|| = 1.
Therefore, T'| g satisfies conditions (A) and (C) which proves that Z is an ideal
in £%_.

(iii) Assume Z is a local dual of ¢% . Then there exists an e-isometry
L:V — Z such that L(w) = w for all w € V N Z. In particular, L(v) = v.

Since £ is e-isometric to V', L(V) must be 3e-isometric to ¢5. Moreover,
Formula (10) gives L(V) = span {v}®; W for some (n—1)-dimensional subspace
W of ¢1. But if € is small enough then span{v} ®; W cannot be 3e-isometric
to £, a contradiction. O

Example 3.14. [32] The space ¢} contains a norming subspace Z such that 5
is not finitely representable in Z, hence is not f.d.r. in Z.
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Proof. Consider the Rademacher-like sequence (z,,) in £, where
o =(1,-1,1,-1,1,-1,...)
and for n € N the sequence z,,41 consists of successive repetitions of the block
1,@"1,-1,@") 1.

Then (z,,) is 1-equivalent to the unit vector basis of ¢1. Let {A,: n € N} be an
enumeration of all the finite sequences of numbers in {1, —1} with card(A,,) <
card(4,,) if m < n, and modify each z,, in a finite number of coordinates so
that the initial segment of x,, coincides with A,,. Thus (z,) is still equivalent
to the unit vector basis of £1, and its closed span is a norming subspace Z of
{7 = l~. However, since ¢, is not finitely representable in ¢;, it is not finitely
representable in Z either. O

Next we give some examples of local dual spaces which are essentially dif-
ferent from those provided by the principles of local reflexivity. In fact, the
e-isometries fulfilling conditions (A’), (B’) and (C’) required by these examples
are found explicitly, while in the known proofs of the mentioned principles the
required e-isometries are only shown to exist by means of Goldstine’s theorem
or other related results.

Here T := {z € C: |z| = 1} is the torus of the complex plane, M|0, 1] denotes
the space of Radon measures on [0, 1] and {IF }z‘;ofil denotes the collection of
dyadic subintervals of [0, 1], where I := [0, 1] and for k > 1,

L
[ZQk ;,g) if1<i<2t -1

Ik =

[zk—1

57 ,1} if § =2k

so for each k, the collection {IF 1221 is a partition of [0, 1].

Proposition 3.15.
(a) C(T) is a local dual of Ly(T).
(b) L1(T) is a local dual of C(T).
(c) Let {vF zziu?;o C M(0,1] be positive, norm one measures with each vF
concentrated on the dyadic interval IF. Then the closed span Z of {vF} is
a local dual of C10,1].
(d) C[0,1] is a local dual of L1]0,1].

Proof. The proofs of (b) and (d) are respectively similar to those of (¢) and (a).

(a) Let {¢,}52, be a positive summability kernel on T [45, Definition 2.2]
such that v, (e*) = 9, (e=®) for all t € [0,27] and all n € N. The following
facts are well known:
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(i) [[¢m* f = fllx =0 for all f e Li(T),

(i) [[¢n * glloe < llglloo for all g € Loo(T),

(i) [|n *g — glloo — 0 for all g € C(T),

(iv)

Moreover statement (i), the symmetry of each 1), and Fubini’s theorem yield:

(V) (b xg, f) = (g, n % f) —= (g, f) for all g € Loo(T) and all f € Ly(T).

Thus, for every n € N, statements (ii) and (iv) allows us to define the norm
one operator T),: Loo(T) — C(T) as T,,(g) := ¢ * g. Fix finite dimensional
subspaces E and F of Lo (T) and L;(T) respectively, and fix ¢ > 0. Now, if
we take real numbers o > 0 and § > 0 small enough, and if we choose finite
a-nets {e;}¥; and {f;}¥, in Sg and Sr, Lemma 2.3 and statements (v) and
(iii) allows us to find a positive integer n large enough so that L := T, | g
satisfies conditions (B’) and (C’) with respect to F and . Obviously, ||[L]] <1
so (A’) also holds. We have just proved that C(T) is a local dual of L (T).

(c) For every k € N, define the norm one projection Gy: M[0,1] — Z by

v) ¥ xg € C(T) for all g € Loo(T).

2k
Gr(N) =Y AUt (11)
i=1
Let x* denote the indicator function of the dyadic interval Ik Given k € N,
f €C[0,1] and A € M[0,1], define M} := sup f(IF), m¥ := inf f(F) and
= Mk —mk .
pk(f) 122};" i m; (f)

Let us prove that [(X, f} — (Gr(A), f)] < ||AM|pk(f). Note that we can assume
that A is a positive measure.
Define the functions

2k‘
my(z) = > mf(f)xk(x)
i=1

and

2k
My(z) =Y MF(f)XE ().
i=1

Note that fol mysd\ = fol mys dGg(\) and fol My d\ = fol My dGj()). Moreover,

1 1 1
/mfdAg/ fd)\g/ Mgd), and
0 0 0

/Omfde(/\)S/o fde(A)g/O M; dGi(N).
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Therefore, we get

/0 fdA—/O fdakm‘s/o (017 = mg) n < 32 pu(AEE) = et

as we wanted to prove. Now, let us show that the following statements hold:

(1) lim,(Gn(A), f) = (A, f) for all A € M[0,1] and all f € C[0,1];
(ii) limy, [|Gn(N)] = ||| for all A € M0, 1].

To prove (i), choose A € Srqp0,1] and f € C[0,1]. By uniform continuity of f,
there is a positive integer ng such that p,,(f) < e. So, (A — Gn(A), f)| < € for
all n > ng.

For (ii), let A € M[0,1] and € > 0. Choose f € Bco,1) so that (A, f) >
Al — 27 te. By statement (i), there is ng such that [(G, A, f)] > |(\, f)| =27t
for all n > ng, so

Al =& < G, HI < NG < [IA]l-

Now, fix finite dimensional subspaces F and F' of MJ0,1] and C[0,1] and fix
e > 0. A similar argument of compactness as that applied in example (a)
combined with (i) and (ii) yields & € N large enough so that Gy | g satisfies
(A7), (B’) and (C’) with respect to F' and &, which proves that Z is a local dual
of C0,1]. O

Remark 3.16. By Proposition 3.15, both the natural copy of L1[0, 1] in M]0, 1]
and the closed subspace Y generated by {F ?ilk“;o, where 6¥ is the Dirac delta
associated with the middle point of IF, are local duals of C[0,1]. Therefore
C[0,1] does not admit a smallest local dual. Besides, ¥ and L;[0,1] are not
isomorphic because Y = /7.

Example 3.11 also gives two local duals of ¢; with intersection {0}, but
Proposition 5.18 will give a sufficient condition for the existence of a smallest
local dual of a given space.

Given any Banach space X and any probability measure p, the identity
Ly(p, X)* = Loo(p, X*) holds only when X* has the Radon-Nikodym property
with respect to p [19, Thm. 1 in page 98]. However, the following result shows
that Leo(u, X*) is always a local dual of Ly (u, X).

Theorem 3.17. [35] Given a Banach space X and a probability measure p, we
have:
(a) The canonical copy of L1 (p, X*) in Leo (1, X)* is a local dual of Lo (p, X).
(b) The canonical copy of Leo(p, X*) in L1(u, X)* is a local dual of Ly(p, X).

Sketch of the proof: Part (b) admits a similar proof to that of (a), so only (a)
is sketched.
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(a) Take a pair of finite dimensional subspaces E of Lo (i, X)* and F of
Loo(p1,X), and let € > 0. Let {¢;}._, be a basis of Ey := E N Ly(u, X*) and
{h;}%_, a basis of F. By Proposition 3.9, it is enough to find an operator
L: E — Ly(p, X*) satisfying conditions (A’), (B’) and (C’) with respect to
F and e. In order to obtain (C’), we approximate each ¢; by a function f; =
Yoo Xe, ®xf, € Li(p, X*) (with 27, € X*). Thus, if ||¢; — fi|| is small
enough and L maps ¢; to f;, then (C’) will be satisfied with respect to . In
turn, the measurable sets C,, must be taken small enough so that the functions
Gi = Yo  XCn @ Tin, € Loo(pt, X) (for a suitable choice of elements z;, € X)
approximate the functions h; in norm. Note that if the operator L satisfies (B)
with respect to span{g;}¥_,, and if ||h; — g;|| is small enough for each i, then L
will satisfy condition (B’) with respect to F and e.

Next, we consider the norm one projection P on Lo (1, X) given by

P(f) = ZM(Cn)_l)(cn ®/C fdp.

n=1

Given n € N and ¢ € Loo(u, X)*, we define (P*¢), € X* by

(P*®)n, ) = (¢, 1(Cn) 'xC, ® 1), w€X.
The action of duality of P*(¢) on every h € Lo (u, X) is

(P*(6).h) = (3" xcn @ (P*6)us ). (12)

Formula (12) implies R(P*) C L1 (u, X*). Moreover, P* maps each f; to itself,
so the restriction P* | g satisfies conditions (A’) and (C’) with respect to e.
Besides, for every ¢ € E and each g;, formula (12) also yields (L(¢), g;) = (¢, g;)
which means, that if the values ||h; — g;|| are small enough, then L satisfies (B’)
with respect to F' and e. O

Recall that C[0,1]* can be identified with the space M][0,1] of all Borel
measures on [0,1]. Let wy be the first uncountable ordinal. The Baire classes
B,[0,1], 0 < o < wy, are defined by transfinite induction as follows. The
class By[0,1] is C[0,1], and for each ordinal 1 < a < wy, B,[0,1] is the set of
all the bounded functions on [0, 1] which are pointwise limits of sequences in
Ug<aBg[0,1]. The class B,,, [0, 1] coincides with the space of all bounded Borel
measurable functions on the unit interval [3].

Each B,[0,1], endowed with the supremum norm, is a Banach space that
can be identified with a subspace of M[0,1]* = C[0,1]**, where the duality is
given by

1
(o) = [ Fau for f € BuyJ0.1] and e M[0,1]
0
These spaces were studied in [3, 12, 13].
Theorem 3.18. [38] For every ordinal 1 < a < wy, the Baire class By[0,1] is
a local dual of M[0,1].
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The proof is rather technical, and consists of two steps. The first one is a finite
dimensional version of a representation of M0, 1]* given by Mauldin [57]. This
version does not use the Continuum Hypothesis, unlike Mauldin’s representa-
tion. The second step is based upon the fact that the class B,[0,1] with o > 1
admits a dense (non-closed) subspace spanned by characteristic functions.

4. Ultrapower characterizations

A typical use of ultrapowers is the translation of local notions into global
ones. For instance, the fact that a space X is finitely representable in another
space Y is translated to the language of ultraproducts as follows: X is isomet-
rically contained in some ultrapower of Y. In a similar way, in this section we
will translate the local notions of finite dual representability, local duality and
local complementation to the ultraproduct language.

Given a subspace Z of a dual space X* and an ultrafilter { on I, we denote
by
Qzu : Zu — X*

the norm one operator that maps each [z;] to o(X™*, X)-limy 2;.

Theorem 4.1. A subspace Z of Y is locally a-complemented in Y if and only
if there exists an ultrafilter 0 and an operator L: Y — Zy such that ||L|| < «
and L|Z = JZ,Zm-

Proof. Assume Z is locally a-complemented in Y. Let U be an ultrafilter
refining the order filter on the set of all pairs i = (E;,&;) with E; a finite
dimensional subspace of Y and ¢; > 0, where j < ¢ if E; C E; and €; > «;.
By hypothesis, for every pair i = (E;,¢;) there exist an operator L;: E; — Z
such that ||L;|| < a+¢; and L;(2) = z for all z € E; N Z. Thus we define
J:Y — Zy by Jy = [z;], where

L= ] Ly, ity € By
‘710, otherwise.

Thus, if ||y|| < 1, then || Ly|| = limy ||2;|| < limy a+¢; = « and for every z € Z,
Lz = [2], concluding the proof of the direct implication.

For the reverse, assume there is an ultrafilter 4l and an operator L: Y — Zy
with ||L|| < « and L|z = Jzz,. Let E be a finite dimensional subspace of
Y, let {yx}p_, be a basis of E' with span{yx};_,,.; = £ N Z and fix ¢ > 0.
For every ys, let (2F) be a representative of L(yx); in the case when m + 1 <
k < n, the corresponding representative is chosen to be zf =y, for all 7. Let
L;: L(E) — Z be defined by L;([2F]) := z¥ and take £; > 0 small enough so
that ae; < e. By [40, Lemma 7.3] or [38, Lemma A.4.12], there exists A € 4l
such that for every i € A, L; is an gy-isometry. Thus, if i« € A, the operator
T := L;L satisfies ||T]| < (1+¢e1)a<a+ecand T(z) =z forall z€ ENZ. We
have just proved that Z is locally a-complemented in X*. O

The following theorem is partially proved in [36]. Part (d) for the particular
case of the P.L.R. was proved in [69, Theorem 6.14].
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Theorem 4.2. Given a subspace Z of X*, the following statements hold:

(a) Z is a norming subspace if and only if there exists an ultrafilter L such
that QZu(BZu) = BX*'

(b) X* is finite dual representable in Z if and only if there is an ultrafilter
L and an isometry J € B(X*, Zy) such that Qz,J = Ix~«.

(c) Z is an ideal in X* if and only if there exists an ultrafilter U and an
operator L: X* — Zy with |L|| =1 and L|z = Jz 2,

(d) Z is a local dual of X if and only if there is an ultrafilter 4 and an
isometry J € B(X*, Zy) such that Qz,J = Ix« and J|z = Jz z,.

Proof. (a) Assume Z is norming, that is, By is w*-dense in Bx-. We consider
the set I of triples o = (E,, Fo,e4) where E, runs over all finite dimensional
subspaces of X*, F, runs over all finite dimensional subspaces of X and ¢, runs
over all real numbers 0 < g, < 1; I is endowed with the order a < (8 defined
by Eo C Eg, F,, C Fg and £, > eg, and i is any ultrafilter refining the order
filter on I. Let x* € Bx-. For every index a we take a w*-neighborhood V,,
of x* such that Fj + eaBx+ C V,. Pick 2}, € Vo, N Byz. Since for all w*-
neighborhood V of z* there exists an index a such that V, C V, it is immediate
that Qz, ([z%]) = x*.

For the converse, take a norm one element x € X and choose a norm one
functional 2* € X* such that 1 = (z*,z). Following the hypothesis, there is a
family (24)acr C Bz such that Qz, ([x%]) = «*. Hence 1 = limy—5({x}, x), so
Z is norming.

Note that, by (a), in the proof of direct implications of (b) and (d) we can
assume Qz, (Bz,) = Bx~.

(b) Suppose that X* is finite dual representable in Z and consider the same
ultrafilter 4 of the ‘if” implication in the proof of (a). Then for every index «
there exists a e4-isometry J,: E, — Z that satisfies (B) with respect to F,.

We define J € B(X*, Zy) by Jo* := [(Jx*)a], where

| Jax*, ifxt € By
(J27)a = { 0, otherwise.

Clearly J is an isometry. Moreover, for every € X and z* € X*, we have

(Qz,Jz*, x) m ((Jz%)a,x) = (¥, ).

=l
a—i
Hence Qz,J = Ix~.

Conversely, assume that there is an ultrafilter 3 on a set A and an isometry
J: X* — Zy satisfying Qz, J = Ix-. Consider a pair of finite dimensional
subspaces E of X* and F of X, and 0 < € < 1. Since J | g has finite rank,
by [40, Lemma 7.3] or [38, Lemma A.4.12] there is a bounded family of operators
(La)aca from J(E) into Z such that J = [L,J], and moreover, there exists
Aq € U so that J, := L,J is an e-isometry for all o € Aj.
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By Lemma 2.4, there exist a normalized basis {z1,...,2,} of F and a
subset {z],...,2;,} in X* such that ||z}| < 1 and (z},x;) = d;; for all ¢ and
j in {1,...,m}, and besides, there exist a normalized basis {y7,...,y5} of E
and elements {y{*,...,y*} in X** such that Ey := EN Z = span{y;}¥_,,
ly;*ll < 1+mn and (y;,y;*) = d;; for all i and j in {1,...,n} (eventually, Ep
only plays a role in the proof of (d) as we will see). By the principle of local
reflexivity, we obtain {yi,...,yn} in (3/2)Bx such that (y;,y;) = d;; for all
and j.

Since Qz,J = Ix~, we can select o € Ay so that

Koyl — i, xi)| < m for all 7 and j.
Thus, for every y* € E and every z € F, as y* = > . (y*,y;)y and o =
Y@k, x)ay, we obtain [(Joy* — y*, x)| < e|y*[l|lz||, and applying Proposi-
tion 3.9, the proof is done.

(c) Take Y = X* and a = 1 in Theorem 4.1.

(d) For the direct implication, for every index a we choose a £,-isometry
Jo: Eq — Z satisfying conditions (A), (B) and (C) with respect to F,, and &,.
Proceeding as in the ‘if” part of (b), we get an isometry J: X* — Zy such that
Qz,J = Ix~. Moreover, since J,g = g for all g € ZN E,,, we get Jz* = [z*] for
every z* € Z.

For the converse implication, we consider the same ultrafilter Ll of the ‘if’
implication in the proof of (a) and proceed as in the converse of (b), but instead
of choosing « € Ay, we choose @ € Ay N Ay, where

AQ:{OzGA:|Jayfy2‘< ,1§i§k}.

2e
T D)
Notice that since J | z is the natural embedding of Z into Zy, then Ay €
3. Moreover, for every norm one element y* = Zf;l iyl € Ey, as |\] =
[(y* )] < 3(1+mn)/2 forall 1 < i <k, it follows that ||J,(y*) — v*|| < e.
Therefore, the e-isometry J, on E satisfies (B’) and (C’) with respect to F and
€. Thus Proposition 3.9 shows that Z is a local dual of X. O

Remark 4.3. Ultrapowers allow us to avoid tedious e- computations. For
instance, Theorem 4.2 can be applied in order to ease some steps in Proposi-
tion 3.15 as follows:

Let 4 be an ultrafilter on N and consider the operator J: Lo (T) — C(T)g
defined by J(g) := [Th(g)]. Statement (ii) gives ||J| < limg ||T5|| = 1, and
statement (v) yields Qc(r), J(9) = w*-limy T, (9) = g, s0 Qe(ry,J = Ir (1)
Therefore J is an isometry. Finally, for every g € C(T), statement (iii) shows
I7(g) — [g]l] = limg ||Tn(g) — g|| = 0. Thus Theorem 4.2 proves that C(T) is a
local dual of L;(T).

The ‘only if” implication of the following theorem was proved in [44, Theorem
4.1].
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Theorem 4.4. Let Y be a Banach space and 3 an ultrafilter on I. Given a
subspace Z of Y, Z is locally a-complemented in Y if and only if Zy is locally
a-complemented in Y.

Proof. Assume Zj is locally a-complemented in Yy. Thus, proceeding as in
Theorem 4.2, we obtain an ultrafilter 0 and an operator L: Yy — (Zy )y such
that [|L]| < a and L(z) = Jz, (2,)y (2) for all z € Zy. In particular, as (Zy)y
is isometrically identified with Zy g5, we can regard the restriction 7' := L |y
as an operator from Y into Zyxg satisfying ||T|| < a and T(z) = Jz z,, (%)
for all z € Z. Thus, acting again as in Theorem 4.2, we prove that Z is locally
a-complemented in Y.

Assume now that Z is locally a-complemented in Y, let E be a finite di-
mensional subspace of Yy and let e > 0. Let {e;}}_; be a basis of E such
that {e;}!™, spans E N Zy. Choose a representative (eg)jej C E of every e;
such that eg e ENZforall j € Iandalll<i<m. Forevery j € I, let
E; = span {e{ i~1; by hypothesis, there exists an operator L;: E; — Z such
that || L;|| < a+¢e and Lj(z) = z for all z € E; N Z. Typical ultraproduct
arguments yield that the ultraproduct operator L: E — Zy that sends each
[e]] to [L;(e])] satisfies ||L|| < a+¢ and L(z) =z for all z € EN Zy. O

A consequence of Theorem 4.4 is that Z is an ideal in Y if and only if so is
Zy in Yy. Compare this assertion with part (b) in the following theorem.

Theorem 4.5. Given a subspace Z of X* and an ultrafilter 4 on I, the follow-
ing statements hold:

(a) X* is finite dual representable in Z if and only if (Xy)* is finite dual
representable in Zy.

(b) Z is an ideal in X* if and only if Zy is an ideal in (Xy)*.

(¢c) Z is a local dual of X if and only if Zy is a local dual of Xy.

(d) Z is norming if and only if Zy is norming.

Proof. (a) The proof is essentially contained in that of (c).

(b) Tt follows directly from Theorem 4.4, the principle of local reflexivity for
ultrapowers and statement (i) in Remark 3.5.

(c) Assume that Z is a local dual of X and fix a couple of finite dimensional
subspaces F of (Xy)* and G of Xy, and 0 < & < 1. Since (X™*)y is a local dual
of Xy, there is an £/4-isometry Li: F — (X ™)y satisfying (B) and (C) with
respect to G.

Fix a basis {[f1],...,[f™]} of Li(F) and a basis {[z}],...,[27]} of G. For
every i € I, let F* :=span{f!... f’'} C X* and G* := span{z} ... 27} C X.

Now, for every i € I we select an ¢/4-isometry Li: F* — Z satisfying (B)
and (C) with respect to G*, and define an ¢/4-isometry Lo: Li(F) — Zy by
Lofi] = [L" fi].

Clearly L := LyLy: F — Zy is an e-isometry satisfying (B) and (C) with
respect to G. Thus Zy is a local dual of Xj.
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Conversely, assume that Zy is a local dual of Xg. Let FF C X* and G C X
be finite dimensional subspaces and fix 0 < ¢ < 1/2. Take 0 < &’ < 273¢ and
choose an ¢’-net {z}}_; in Br and an ¢’-net {z;}7_; in Bg. Note that {z}}"_;
includes a basis of F'. Since we can consider F' and G as subspaces of (X*)¢ and
Xy, there is an ¢’-isometry L: F — Zy satisfying (B) and (C) with respect to
G.

Since L has finite rank, by [40, Lemma 7.3] there exist a set A; € 4 and a
bounded family of operators (L;);es from F into Z such that L = [L;] and, for
each i € Ay, L; is an e-isometry. Moreover, there exists Ay € 4l such that, for
every i € Ao,

|(Lix}, xr) — (x}, zx)| < €'l|af| [|ox]| for all j,k =1,...,n, and

|Li(x}) — xfl] < €|} for all j =1,...,n.

We fix i € A; N Ay and denote T' = L;. Thus T is a e-isometry. Let us show
that T satisfies (B’) and (C’) with respect to G and ¢.

First, we take z* € Sp and « € Si. We pick z} and z; so that ||z — x| < &
and ||z — z;|| < &’. Thus, as

(I=T)a", x) = (I =T)a", w —m) + (I = T)(@" — ), @) + (I = Ty, x1)

we obtain [((I — T)z*, )| < 2(2+4¢")e’ + &’ < e. Second, we take x* € SpN Z,
and pick z} so that ||a* — x}|| < &’. Therefore

1T (@) — ™[l < | T(x") = T(@)| + 1T (@F) — 2f )| + [k — 27| < 26" +&"+¢" <e.

Hence T satisfies (A), (B’) and (C’) with respect to G and ¢, and the proof is
done.

(d) Assume Z is a norming subspace of X*. Let [z;] € Xy and £ > 0. For
each i € I there is a norm one element x; € Z such that (xf,z;) > ||z;]| — e,
so ([xf], [z:]) > ||[=i]]| — &, which proves that Zy is norming. For the converse,
assume that Zy is a norming subspace of (X¢)*. Given z € X, there is [z]] € Zy
such that ||zf]] = 1 for all ¢ and ||z| = ([z}],[z]). Thus ||z| = lim;_g(z],z),
hence Z is a norming subspace of X*. O

Open problem 4.6. Let i be an ultrafilter and let X be a subspace of Y. If
Xy is complemented in Yy, is X complemented in Y ?

Local complementability is useful in finding complemented subspaces.

Proposition 4.7. If Z is a locally complemented subspace of Y and Z is com-
plemented in Z** then Z is complemented in'Y .

Proof. Let I be the set of all pairs ¢ = (E;, ;) where E; is a finite dimensional
subspace of Y and ¢ is a positive real number. Let us endow I with the order
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¢ =% j defined by E; C E; and €; > €. Let Y be an ultrafilter on I refining the
order filter on I induced by =.

For every ¢ € I, assume Z is locally a-complemented in Y. Then there
exists an operator T;: E; — Z such that ||T;|| < (1 + &;)a and Ti(z) = 2
forall z € E;NZ. Let T:' Y — Z** be the operator defined by T'(y) :=
o(Z**, Z*)-lim;_,y y; where y; := T;(y) if y € E; and y; := 0 otherwise.

Let P: Z** — Z** be a projection onto Z and let J: Z — Y be the
natural inclusion of Z into Y. Then, as PT'J is the identity operator on Z, it
follows that JPT is a projection on Y whose range is Z, and the proof is done.

O

A Banach space X is called ultrasummand [44] if for every ultrafilter i, the
canonical copy of X contained in the ultrapower Xy is complemented in Xj;.

Proposition 4.8. A Banach space X is complemented in X** if and only if X
s an ultrasummand.

Proof. Assume X is complemented in X**. Since X is an ideal in every ultra-
power Xy, Proposition 4.7 proves that X is complemented in all ultrapowers of
X.

For the converse, assume X is an ultrasummand. As X is a local dual of
X*, Theorem 4.2 provides an ultrafilter 4l and an isometry J: X** — Xy that
maps each € X to the constant class [x]. But X is an ultrasummand, so there
exists a surjection Q: Xy — X that maps each constant class [z] to . Thus
Q o J o Jx is the identity operator on X, hence Jx o Q o J is a projection that
maps X** on the canonical copy of X in X**. O

5. Global characterizations

The main results of this section are the global characterizations of the notions
of finite dual representability, local complementation and local duality given in
subsection 5.1. These characterizations play a preeminent role in understanding
the three mentioned local notions and their properties. Some of their applica-
tions is the discovery of a sort of local symmetry between Z and X when Z
is a local dual of X (Theorem 5.8). They are also useful in finding examples
of local duality (Subsection 5.2) and in certain results about the existence of
special local duals (Subsection 5.3).

Notations: Since biduals, third and fourth duals will occur very often in this
section, and as the notions of finite dual representability, local complementation
and local duality depend upon the intrinsic position of the subspaces inside X*,
it is necessary to introduce precise notations and conventions in order to avoid
misunderstandings.

The canonical embedding of X in X** is denoted by Jx: X — X**. Some-
times, we may write X instead of Jx (X) to denote the canonical copy of X into
its bidual; given x € X, we also may write x or x| x~ rather than Jx (z).
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The n-th dual of X for n > 3 will be denoted X and its elements by x(”),
y™... ete.

Given a subspace E of X, E* denotes the annihilator of E in X*, and E++
denotes the annihilator of E+ in X**. Given a subspace F of X*, F| denotes
the annihilator of F'in X.

Subspaces and their inclusion operators. Given a closed subspace E of
a Banach space F, let Jg: E — F and Qg: F — F/FE denote the corre-
sponding inclusion and quotient operators respectively. The conjugate Jg is
the restriction operator given by Ji(z*) = z* o Jg = z* | g for all z* € F™.
Moreover

Ji(Bp+) = Bp-, B+ = N(J) = R(Q), B+ = N(QF) = R(Jg") and

Jr(E) = B+ 0 Jp(F). (13)
Subspaces of dual spaces. The elements of a given subspace Z of X* will
be denoted by z (as element of Z) or by z* (as element of X*). Let Z be a
subspace of X*. Every z* € Z* can be written as Jj(2**) = 2**| z, for some
x** E X**.
Note that J3* is an isometry with range Z++ € X(®). The bijective isometry
from Z** onto Z1+ induced by J;* will be denoted Iz 711 and its inverse
will be denoted I11 guw := r}*,zu. Thus

j** = jziL o Iz**,zLL (14)

where J.. is the inclusion operator of Z++ in X®). As it will be explained
in below, the context of local duality does not admit the identification of Z**
with Z++.

Biduals as subspaces of fourth duals. As it has been already noticed, the
bidual of a space X is isometrically embedded in X* in two natural ways:
via Jx+«, which maps X** onto its canonical copy in X4, and via J¥, which
maps X ** onto Jx (X)1L. It is remarkable that both Jx . (X**) and Jx (X)*++
lay in different positions as subspaces of X4, Indeed, formula (13) yields
Jxoe (X)) N Ix (X)+ = Jxes (Jx (X)), the canonical copy of X contained in
the canonical copy of X** in X4,

The third dual of X is decomposed by the norm one projection Jx« o J% as

XO) = Jx. (X*) @ Jx (X)*. (15)

This decomposition applied to (X*)®) yields
X = Jxeue (X*) @ Jx- (X)L (16)
Besides, as JY o Jx« = Ix», then Jy. o JY* = Ix««, hence JY o Jk. is
a projection on X whose range is R(Jj"(*) = Jx(X)*+ and its kernel is

N(J%.) = Jx-(X*)*, giving a second decomposition of X®) as
XW = Jx(X)H @ Jx- (X)) (17)
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It follows from (16) and (17) that both subspaces Jx-«(X**) and Jx (X)*+ are
complemented in X * sharing a same complement in spite of the fact that they
lay in different positions inside X ). However, X** is a local dual of X®) while
formulas (15) and (17) show that X is not even f.d.r. in Jy(X)*+. Those
considerations should prevent the reader from identifying X** with Jx (X)*++.

Extension operators. Given a subspace Z of Y, an operator T: Z* — Y™
is said to be an extension operator if T(z*)|z = z* for all z* € Z*. In technical
words, if Jz is the embedding of Z into Y, T is an extension operator when
J,oT = Iz«. Since this paper is mainly devoted to local duality, we will restrict
ourselves to the case Y = X* although most of the results in this subsection
can be easily adapted to the general case.

Proposition 5.1. Given a subspace Z of X*, an operator T: Z* — X** is
an extension operator if and only if T* o Jx+« o Tz = Jz.

Proof. For the direct implication, let z* € Z and z** € X**. Then
@z, T"(@")) = (T(=" [ 2),27)
but as * € Z, then (T'(x** |z ), z*) = (™| z,2™) and therefore,
(x™[z,T*(2")) = (& |z, 27)
which proves that T*(z*) = x*.
Conversely, if 2** € X** and z* € Z then (T'(z**|z),z*) = («**, T*(2*)) =

(x**,2*) which shows that T(z** | z) |z = «* | z. In other words, T is an
extension operator. O

Lemma 5.2. For every extension operator T: Z* — X**, the following prop-
erties hold:

(i) |T(z*)| > ||z*| for all z* € Z*; in particular, T is injective;
(ii) if 2** € R(T) then z** = T(x**| z);
(ZZZ) T* |ZLL = IZLL7Z**.

Proof. (i) Trivial.
(ii) Let ** € R(T) and take y** € X** such that ** = T(y**|z). Since T
is an extension operator, ** | ; = y** | z. Thus T(a™* |z ) = T(y**| z ) = =**.
(iii) Since Jj o T = Iz~, it follows T* o J3* = I+, and applying (14), we
obtain

j—w< o jzlL o IZ**,ZJ‘J‘ - IZ**
which proves that T*| ;11 = Iz11 7« and the proof is done. O

Extension operators are associated with a particular type of projections.

Lemma 5.3. Given a subspace Z of a dual space X*, every extension operator
T: Z* — X** induces a projection P: X** — X** with kernel Z+ satisfying
T o J; = P and vice versa.
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Proof. Let T: Z* — X** be an extension operator. Then J; oT = I«; thus
it is clear that P := T o J is a projection. Moreover, since T is injective, it
follows that N(P) = N(J3) = Z+.

Let P: X** —s X** be a projection with N(P) = Z* and define an operator
T: 7Z* — X** as follows: given z* € Z*, choose an element z** € X** such
that z** | z = 2z* and let T(z*) := P(z**). Note that the identity N(P) =
Z+ makes the operator T well defined and injective. Obviously, the identity
T o J; = P holds by definition.

In order to see that T is an extension operator, we only need to see that
Jy oT = Iz«. Indeed, since P is a projection, we have

To(JzoT)oTdz=ToJy,

but T is injective and J; is surjective, so J7 oT = Iz~, as we wanted to prove.
O

5.1. Global theorems.

In this subsection, Theorems 5.4, 5.6 and 5.7 describes the local notions of
finite dual representability, ideal and local duality in global terms, that is to
say, involving operators defined on the whole spaces Z*, X**, X®) or X®
instead of using operators whose domains are finite dimensional subspaces. The
proofs of the aforementioned theorems offered in this article differ to a great
extent from their original sources ([44], [48], [23] and [34]). The main difference
between both approaches is that here, the translation from the local notions into
their global counterparts is made throughout the ultrapower characterizations
of Section 4. The aim of doing so is to separately trace the role played by the
different hypotheses that define the local notions.

Theorem 5.4. Given a subspace Z of X*, the following statements are equiv-
alent.
(1) X* is fd.r. in Z,
(2) there exists a norm one operator T: Z* — X** such that T(x|z) =z
for all x € X. In particular, Jx(X) C R(T),
(3) there exists a norm one operator V: X — XG) such that R(V) C Z++
and R(V — Ix) C Jx(X)*.

Proof. (1)=(2) By Theorem 4.2, there is an ultrafilter { and an isometry
J: X* — Zy such that Qz,J = Ix~. Thus the required operator is T' :=
J* o Jz+ 7.+, such as we will show now. First, note that for every z** |, € Z*,
the duality action of T'(z**|z) on a* € X* is

(T |2).2%) = ([ | 2], T (2")) = lim(a™, =) (18)

where J(x*) = [z;]. Thus, given x € X and z* € X* (with J(z*) = [2]), we
have

P (19)
= (@Qz,((5]) = (2,92, ") = (@."),
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hence, T(z|z) ==z, s0 L < ||T|| < |T*|| - 1Tz, 24+ ]| = 1.
(2)=(1). Let us assume there exists a norm one operator T': Z* — X** with
T(x|z)=uxfor all z € X. Let E and F be finite dimensional subspaces of X*
and X respectively, let € > 0, and let us find an e-isometry L: E — Z satisfying
conditions (A’) and (B’) with respect to F' and ¢ so that Proposition 3.9 yields
X*isfdr. in Z.

Let Fy :=T*(FE) C Z**. By the principle of local reflexivity, there exists an
e-isometry J: E; — Z such that

(J(z") = 2" 2|z)=0 forall 2** € F; and all z € F.
Thus, the desired operator is L := J o T* | g . Indeed, on the one hand we have
LI < T < 1 +e. (20)

which fulfills condition (A’) with respect to .
On the other hand, for every x* € E and every z € F', we have

(%) = (@*, T(x]2)) = (T"(2"), 2| z) = (JT"(2"), x| z) = (L(z7),2) (21)

which proves that (B) holds with respect to F. Thus X* is f.d.r. in Z.

(2)=-(3) Let us assume that (2) holds and prove that V := J}* oT* satisfies (3).
Indeed, it is immediate that ||[V|| = 1 and R(V) C R(J;*) = Z++. Moreover,
given 3 € X®) and z € X,

<jZ**T*($(3)),$> _ <T*(SE(3)),$|Z> — <$(3),T(x‘z)> _ <$(3)7x>

which means that V(z()) — 20 € Jx(X)* for all 2(3) € X©),

(3)=(2) Assume there exists an operator V: X — X©) satisfying (3). As
R(V) C Z++, the composition W := I;.. .. o V makes sense. We will prove
that statement (2) holds for T := J%. o W* o Jz-. Indeed, fix x € X. For every
ot € X*,

(T(x]z),2%) = (W"Jz+ (x| 2), Jx- ("))
= (Jz+ (x| 2), WJx-(2")) = (2, V (Jx-(2"))),
but by hypothesis, V (Jx- (z*)) — Jx- (z*) € Jx(X)*, so (T(z]z),z*) = (z*, x)

for all #* € X™*, hence T(z|z ) = x. Now it is clear that ||T'|| = 1, so the proof
is finished. O

According to Proposition 5.1, if the conjugate operator of T'in Theorem 5.4
fixes Z then T is an extension operator.

The following result is given in [44, Theorem 3.5], [48] and [23].

Theorem 5.5. Given a subspace Z of a Banach space Y and a real number
a > 1, the following statements are equivalent:

(1) Z is locally a-complemented in'Y,
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(2) there exists an extension operator T: Z* — Y™* such that ||T|| < a,

(3) there is a projection P: Y* — Y* with N(P) = Z+ and ||P| < a,

(4) there exists a projection Q: Y** — Y** such that R(Q) = Z*++ and
QI < a.

Since we are particularly interested in the case when the hypotheses of The-
orem 5.5 fit into the context of local duality, we will prove it only in the case
when Y is a dual space. The attentive reader will realize that the proof given
in the following theorem also works for the general case.

Theorem 5.6. Given a subspace Z of X*, the following statements are equiv-
alent:

(1) Z is an ideal in X*,

(2) there is an isometric extension operator T': Z* — X**,

(3) there exists a norm one projection P: X** — X** with N(P) = Z+,
(4) there iss a norm one projection Q: X3 — X©) such that R(Q) = Z++.

Proof. (1)=-(2) By Theorem 4.2, there exists an ultrafilter {[ and an operator
J: X* — Zy with ||J|| =1 and J| z = Jz z,. Given the natural inclusion
Jz+ 24+ Z* — Zy*, we will prove that the required extension operator is
T :=J*"oJz~ z,~. Indeed, for every z** € X** the duality action of T'(z**| z)
on z* € X* is given by

(T(@™[z),a%) = lim(z™, z),

where J(z*) = [#;]. Thus, given vectors z** € X** and z € Z, since J(z) = z
it follows that (T'(x** | z),2) = (x**,2), hence T(z** | z) |z = ™|z, s0 T is
an extension operator. Moreover, as ||T|| < ||T*]| - ||Jz+,z,+|| < 1, Lemma 5.2
shows that T is an isometric extension operator.

(2)=(1) Assume that T: Z* — X** is an isometric extension operator,
and take a finite dimensional subspace E of X* and ¢ > 0. We need to find
an operator L: E — Z satisfying conditions (A’) and (C) with respect to e.
To do that, let Ey := T*(E) C Z**. By the principle of local reflexivity, there
exists an e-isometry J: E; — Z such that

J(z)==zforall z€ E1NZ. (22)

Let L := JoT*|g. Clearly | L|| < ||[JIIT|l < 1+ ¢, so L satisfies (A’) with
respect to €.

In order to check (C), take z € EN Z. Note that (13) yields Z = Z++ N X*,
and Lemma 5.2 gives T*(z) = z € Ey; thus, by (22), L(z) = JT*(2) = z. The
proof is done.

(2)<(3) It is a consequence of Lemma 5.3.

(3)=(4) Just take Q := P*.

(4)=(3) Let Q: X©® — X©) be a norm one projection such that R(Q) =
Z+L Denote J := Jxwe, J := Jx« and R := J* (so R(z™¥) = 24 | 7(x*) )5
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and consider the quotient operator U: X** — X**/ZL and the operator
V. X7+ — X /7L that sends each z** 4+ Z+ to J(x**) + Z++L.
As N(Q*) = Z*+*, the operator S: X /Z+L — X® that sends each
z® 4+ ZH to Q* (2™) is well defined.

We need to prove that P := RSVU is a norm one projection with N(P) =
Z+. To do so, note that for each 2** € X**,

Pa™) = Q" (Jx™) |y (x+) - (23)

Obviously, formulas (16) and (23) show N(P) = Z+t++n J(X*) = J(Z1).
In order to see that P is a projection, note that given any z*) € X&) if
@ | 7(x+) = 0 then @ € J7(Z)*; with the help of (16), that means

U(Q"(2™) | gx) = Q" (™) + T (2)".

Therefore

P2 (a™) = P(Q*(a™)| 7(x+))
= RSV(Q*(z™) + J(2)*) = RS(Q*(z™) + Z*++)
= RQ™(x™) = RQ"(z™) = Q" (J™") | 7(x+)

which shows that P2 = P in virtue of (23). We conclude that P is a projection
such that 1 < ||P|| < [|R|||ISIIIV]I||U]] < 1, and the proof is done. O

It follows from [40, Lemma 7.3] that a Banach space X is an ideal in each
ultrapower Xy;. This fact can be derived from Theorem 5.6. Indeed, it is enough
to realize that the operator T: X* — (Xy)* that maps =* to [z*] is a norm
one extension operator.

The proof of the following characterization of local duality follows the pattern
of the proofs of Theorems 5.4 and 5.6. Before giving it, some words of caution are
necessary. Theorem 5.7 may leave the false impression that the decomposition
(15) of X3 for a Banach space X produces a new proof of the principle of local
reflexivity. This is not correct because this principle is applied in the proof of
Theorem 5.7.

Theorem 5.7. Given a subspace Z of X*, the following statements are equiv-
alent:

(1) Z is a local dual of X,

(2) there exists an isometric extension operator T: Z* — X** such that
JX (X) - R(T)7

(3) there is a norm one projection P: X** — X** such that Jx(X) C R(P)
and N(P) = Z+.

(4) there exists a norm one projection Q: X3 — X©) such that N(Q) C
Jx(X)* and R(Q) = Z.
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Proof. (1)=(2) Since Z is a local dual of X, Theorem 4.2 provides an ultrafilter
i and an isometry J € B(X*, Zy) such that Qz,J = Ix- and J |z = Jz z,.
Since J gathers all hypotheses of the respective implications (1) = (2) of The-
orems 5.4 and 5.6, the operator T' := J* o Jz« z ~ satisfies the theses of both
implications, which means that 7" is an isometric extension operator from Z*
into X** such that X C R(T).

(2)=(1). Assume there exists an isometric extension operator T': Z* — X**
with X C R(T). Lemma 5.2 yields x = T(x | z) for all z € X, hence all
hypotheses of the respective implications (2)=-(1) in Theorems 5.4 and 5.6 hold
here. Thus, given a pair of finite dimensional subspaces F of X* and and F
of X and ¢ > 0, in order to find an operator L: F — Z satisfying conditions
(A7), (B’) and (C’) with respect to F' and e, we can proceed as in the mentioned
implications. We consider the subspace Fy := T*(E) C Z**. Since Z is a local
dual of Z*, we take an e-isometry J: F; — Z such that

(J(z") = 2", 2|z)=0 forall 2** € By and all z € F
J(z)==z forallz€ E;1 N Z.

Thus, taking L := J o T* | g, the arguments of both mentioned implications
(1) = (2) prove that L satisfies conditions (A’), (B’) and (C’) with respect to
F an €. We have just proved that Z is a local dual of X.

(2)=(3) It follows from Lemma 5.3.

(3)=(4) It is enough to observe that @ := P* is a norm one projection with
kernel N(Q) = R(P)*+ C Jx(X)* and range R(Q) = N(P)* = Z++.
3

(4)=(3) The projection @Q satisfies all the hypotheses of statement (4) in
Theorem 5.6 plus the additional hypothesis N(Q) c J(X)*. The proof of
(4)=(3) in Theorem 5.6 gives a norm one projection P: X** — X** with
N(P) = Z+. Since Jx(X)*++ C R(Q*) by (16) and (23), we obtain Jx(X) C

R(P), as we wanted to prove. O

There is a particular step in the implication (1)=(2) of the above theorem
that deserves some comments: the extension operator T satisfies that T'(z|z ) =

a for all # € X. This implies that T(Bz~) = Bx--, hence T(Z*) is a norming
subspace of X**. When Z is a subspace of Y and there exists an isometric
extension operator T': Z* — Y™* such that T'(Z*) is norming, Z is said to be a
strict ideal in Y (see [50] and [64]). Therefore, each local dual of X is a strict
ideal in X*.

While local complementation is transitive, local duality enjoys a sort of sym-
metry.

Theorem 5.8. Let Z be a local dual of X and let T := J;o0Jx: X — Z*.
Then Y(X) is a local dual of Z isometric to X.

Since Y(z) = z | z for every x € X and Z is norming, T: X — Z* is an
isometry. Moreover, by Theorem 5.7, there exists a norm one extension operator
T: Z* — X** such that X C R(T).
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Note that J is surjective and J; o T is the identity on Z*. Hence T o J
is a projection on X** with R(T o J3) = R(T). In particular T o Y = Jx.
Let us define ¥: T(X)* — Z** by

(Of,z"):=(T(2%),foX) forall feYT(X)* and 2* € Z*.
Obviously, || ¥|| < 1. Moreover, given f € T(X)* and z € X,

<\ij7T<x)> = <TO T(.’E),fo’r> = <JX<LE),fOT> = <f’T($)>

Hence ¥(f)|vx) = f, and ¥ is a norm one extension operator. Also Z C R(V),
because W(z* | y(x)) = Jz(z*) for each z* € Z C X*. Indeed, given 2* € Z*
we have

(W(" |[r(x)),2") = (T(2"), 2" [v(x) o 1) = (T(z"),2%) = (2", 27).

Thus Y(X) is a local dual of Z by Theorem 5.7. O

The spaces C(T) and L;(T) are an example of symmetric pair in the sense
of Theorem 5.8. Indeed, let J be the natural embedding of L (T) into M(T) =
C(T)*. As Li(T)* = Loo(T), the operator T = J*Je(ry: C(T) — Loo(T) maps
C(T) into its natural copy in Loo(T). Thus, as C(T) is a local dual of Lq(T)
(Proposition 3.15 (a)), Theorem 5.8 immediately yields that Ly (T) is a local dual
of C(T), which provides an alternative proof of part (b) in Proposition 3.15.

The Radon-Nikodym decomposition C(T)* = L1(T) &1 Msing(T) induces
a norm-one projection Q : C(T)** — C(T)** with N(Q) = Li(T)*+. This
projection is useless to show that L (T) is a local dual of C(T) because R(Q) =
Msing(T)* does not contain C(T) (see Theorem 5.7).

5.2. Identification of local dual subspaces.

Although the local techniques have proved to be very powerful in finding local
duals for Banach spaces (for instance, Propositions 3.15, 3.12, Example 3.11,
and in particular, Theorems 3.17, 3.18, the principles of local reflexivity and
the forthcoming Corollary 6.13), the global theorems of this section can be also
used in the same task. In particular, Theorem 5.8 and Proposition 5.13 provide
many examples (see Proposition 5.9 and the comments after Theorem 5.8).

Proposition 5.9. Given a Banach space X, the following statements hold:

(a) £1(X*) is a local dual of Lo (X),
(b) loo(X) is a local dual of £1(X™*).

Proof. (a) For every couple a = (E,F) of finite dimensional subspaces of
(X)), Lo (X ™), we select finite dimensional subspaces E,, of X* and F,, of
X**, so that E C ¢1(E,) and F' C {s(Fy,). We denote || := dim(E) + dim(F).

For every n, the principle of local reflexivity gives an |a|~!-isometry S& :
F,, — X so that (S2f,e) = (e, f) for every e € E,, and f € F,,, and S¥(f) = f
for every f € F, N X.
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Consider the non-linear map S : £oo (X**) — £ (X) given by S(z,) :=
(8%(zn)), if (z,) € F, and S*(z,) := 0, otherwise. Let 4l be an ultrafilter in the
set of all couples o = (E, F') of finite dimensional subspaces of £1(X*), £oo (X**)
refining the order filter.

We consider the operator A : £1(X*)* = loo (X**) — loo(X)** defined by

A(zp) == w™ lim S%(z,), (2n) € loo(X ™).
a—i
Note that A is an isometry and A(y,) = (yn) for every (yn) € loo(X**).
Therefore, A is an isometric extension operator. Moreover, A((z,)) = (z,),
if (zp) € loo(X). In particular A(leo(X™*)) D foo(X), and an application of
Theorem 5.7 proves (a).

(b) It follows from part (a) and the symmetry of local duality of Theorem 5.8.
(]

Recall that a Banach space X has the metric approzimation property (M.A.P,
for short) if for every e > 0 and every compact subset K of X, there is a finite
rank operator T'on X such that ||T|| < 1 and ||[Tx—z|| < € for every x € K. Note
that if X* has the M.A.P., then so does X [19, Corollary VIIL.3.9]. However,
the converse implication is not valid [52, Theorem 1.e.7].

Casazza and Kalton [11] proved that for every separable Banach space X
with the M.A.P., there is a sequence (7)) of finite rank operators on X such
that

(a) 1i_>m |Thz — x| =0 for all z € X,
(b) nh_{r;() IT] = 1 and
(C) T, Ty =T, T, = Tmin{k,n};

i.e., X admits a commuting 1-approzimating sequence (T,,) of finite rank oper-
ators. Using this fact, and applying an argument similar to that of Lemma I1.2
in [27], we can obtain a local dual of X.

Theorem 5.10. Let X be a separable Banach space with the M.A.P., and let
(T,,)22, be a commuting 1-approzimating sequence of X. Then |J,- R(T}) is
a local dual of X with the M.A.P.

Proof. Let 4 be an ultrafilter on N. We define a map P on X** by
Pz = w"-limp_ T} 2, z€ X™.

From T = T 10" = T5 1.y and the w*-continuity of the operators

Tr*, it follows that for every n € N, we have
TP =PI =1Tr". (24)

Hence P?z = w*-lim,yT*Pz = Pz. This fact and lim,, e [|T]| = 1 im-
ply that P is a norm one projection. Also, it follows from formula (24) that
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N(T**) D N(P), for every n € N. Since the intersection of the kernels N (T;*)
is contained in N(P), we obtain

N(P) = () N(T;).

In particular, N(P) is w*-closed. And clearly P(X**) D X.

The condition 70,7y = TxTy = Tin{r,n} implies that the ranges R(T);) =
N(T}*) ) form an increasing sequence. Therefore N(P), = J;2; R(T}), and it
follows from Theorem 5.7 that |Jo—, R(T}) is a local dual of X.

Since T} f is weak*-convergent for every f € X*, and a compact operator
takes weak*-convergent sequences to norm-convergent sequences, formula (24)
implies

Jim [T/~ £ = tim |73 (T5g — )] = 0.

for each f =T g € R(T}). Since (I}) is bounded, limy_, [|T% f — f|| = 0 for
every ,—; R(T}); hence |J,—; R(T}) has the M.A.P. O

Remark 5.11. When X has a monotone Schauder basis, the local dual of X
provided by Theorem 5.10 is the subspace generated in X* by the coefficient
functionals of the basis.

The following example concerning the space of continuous functions on the
Cantor set is obtained from Theorem 5.10. The Cantor set, usually denoted by
A, can be described as A := {0, 1} endowed with the product topology. For a
succinct description of A and its topology, see Remark 1.4.2 in [2].

Example 5.12. The closed span Z of {xni}>2o 21 in Loo[0,1], with Xn; the
characteristic function of the dyadic interval IT, is a local dual of L1[0,1] iso-
metric to C'(A).

Proof. Consider the projections P, on L1[0,1] defined by

on

i=1

It is not difficult to check that (P,) is a commuting 1-approximating sequence
in L1[0,1] and U, R(P}) is the subspace generated by the functions ;.

Let us prove that Z is isometric to C(A). For each dyadic interval I} with
n > 1 we consider the clopen J,j := {a1} x -+ x {a,} x {0, 1} of A, where
E=a12"' +a:2" 2+ .- +a,2° + 1. The map that assigns xo1 to xa, and
each xni (with n > 1) to x,, € C(A) induces a linear isometry between Z and
C(A). O

Observe that C'(A) is isomorphic but not isometric to C[0, 1].
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Next result applies the global techniques of Theorem 5.7 to find subspaces
of operators that are local dual spaces.

We denote X ®, Y and X ®, Y the injective and the projective tensor
product of X and Y, K(X,Y') the compact operators, and Z(X,Y) the integral
operators.

Proposition 5.13. Let X and Y be Banach spaces. Assume that X* or Y*
has the M.A.P. Then

(a) X* ®.Y" is a local dual of X @, Y,
(b) X* ®,Y" is a local dual of X ®. Y.

Proof. We assume that Y* has the M.A.P.

(a) The dual space (X ®; Y)* can be identified with B(X,Y*). More-
over, since Y* has the M.A.P., X* ® Y* can be identified with K(X,Y™),
and there exists a net (A,) of finite rank operators on Y* with [|A,] < 1
such that lim, ||A.g — g|| = 0 for every g € Y*. We can assume that (A,) is
o(K(Y*)**, K(Y*)*)-convergent.

Now, given T € B(X,Y*) and ® € K(X,Y*)*, the expression ®r(4) :=
O(AT) defines &7 € K(Y*)*. Thus, defining A : K(X,Y*)* — B(X,Y*)* by

(AD, T) := lim(®, A, T) = lim(A,, O7).
[e3 (e}
Note that for every f ® g € X* ®, Y* we have
(A, f @ g) = lim(®, (Aag) f) = (P, f @ g).

So A is an isometric extension operator. In an analogous way we can check that
for every s ® y € X ®,Y C B(X,Y*)*, we have A(z @ y | kxy+)) = @Y.
Thus X ®, Y C A(K(X,Y*)*), and it is enough to apply Theorem 5.7.

(b) The proof is analogous, identifying the dual space (X ®, Y)* with the
space Z(X,Y™) of all integral operators from X into Y*. O

Proposition 5.13 improves a result of Lima [48] which, using an argument
of Johnson in [41], shows that the space K(X,Y™) of compact operators is an
ideal in B(X,Y™).

Remark 5.14. (a) If we assume in Proposition 5.13 that Y* has the metric
compact approximation property (defined as the M.A.P.; using compact oper-
ators instead of finite rank operators), then we obtain that C(X,Y™) is a local
dual of X ®, Y.

(b) It follows from the results of Lima [48, Theorem 13] that if Y* has the
Radon-Nikodym property and Y** ®, Y* is a local dual of Y* ®, Y, then Y*
has the M.A.P. So it is not enough to assume in Proposition 5.13 that X or Y
has the M.A.P.

(c) Let p be a finite measure and let K be a compact space. Since L;(u)* and
C(K)* have the M.A.P., we can apply Proposition 5.13 to the spaces L;(u, X) =
X ®r L1(p) and C(K, X) = X ®. C(K).
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Note that X* ®. Lo () is identified with a (proper, in general) subspace of
Lo (py X*).

Given a Banach space X, let B1(X) denote the space of the first Baire class
elements in X**, that is, the weak™ limits in X** of sequences in X. Godefroy,
Kalton and Saphar asked in [27, Question 10] the following question:

Open problem 5.15. Let X be a separable Banach space. Is B1(X) an ideal
mn X7

The answer is known to be positive in the following cases:

(i) X is weakly sequentially complete, because B1(X) = X,
(ii) X contains no copies of ¢1, because By (X) = X** [59],
(iii) X = CJ0,1] (Theorem 3.18).
Observe that every separable space is a subspace of C[0, 1] and, for each subspace

M of X, B;(M) can be identified with B;(X) N M+ [17, Lemma XIIL7]. So
case (iii) suggests that a general answer to Problem 5.15 could be positive.

5.3. Existence of special local dual spaces.

In this part we collect some results concerning the existence of local duals
satisfying certain additional properties.

Proposition 5.16. If X is a M-ideal in X** then X* is the only local dual of
X.

Proof. If X is a M-ideal in X** then X* is the smallest norming subspace of
X* (Corollary II1.2.16 in [39]), hence X* is the only local dual of X. O

In general, a Banach space does not have a smallest local dual (see Re-
mark 3.16). However there are some conditions that implies its existence.

Proposition 5.17. Assume X is isometric to a dual space and admits a small-
est norming subspace Zy,,. Then Z, is the smallest local dual of X, and moreover
it is the only isometric predual of X .

Proof. By Lemma 1.2 in [25], the smallest norming subspace Z,, does exist if and
only if Z- equals the set {z** € X**: ||z** — z|| > ||z|| for all x € X}. In that
case, X** = X ® Z;}- and Z, is the only predual of X (Theorem II.1 in [25]).
Clearly, there is a projection P on X** with kernel Z;- and range X satisfying
all the conditions of Theorem 5.7. Hence Z,, is a local dual of X, and it is the
smallest one because every local dual is norming. O

A second example was studied by Godefroy and Kalton [26].

Proposition 5.18. Let X be a Banach space containing no copies of £1. Then
there is a smallest local dual Zgq of X .

39



1055

1060

1065

1070

1075

1080

1085

Proof. Assume that X does not contain any copy of ¢;. Let Px denote the
family of all the subspaces Y of X** for which there is a norm one projection
on X** such that Y = N(P) and R(P) D X. It was proved in [27, Proposition
V.1] that Px consists of w*-closed subspaces of X**, and that Px has a largest
element L. Since, by Theorem 5.7, the local dual spaces of X are precisely
the subspaces Z of X* such that Z+ € Px, we conclude that Z; := L is the
smallest local dual of X. O

Let X be a separable Banach space containing no copies of ¢; such that X*
is not separable. It follows from Proposition 5.21 that the smallest local dual
space Z,4 provided by Proposition 5.18 is separable. Moreover, there is a smallest
norming subspace Z, in X* [25, Lemma 1.2 and Theorem I1.3], and clearly Z,
is contained in the smallest local dual Z;. Thus, the following question arises.

Open problem 5.19. [27, Remarks V.3] Let X be a Banach space for which
Zy and Zg exist. Does Z,, equal Z4?

The following result was obtained by Sims and Yost [67] (see [39, Lemmas
I11.4.3 and I11.4.4]). Here, dens X stands for the density character of the Banach
space X, defined as the smallest cardinal x for which X has a dense subset of
cardinality k.

Proposition 5.20. Let L be a subspace of Y and F a subspace of Y* with
dens F' < dens L. Then there is a subspace M of Y such that dens M = dens L
and M D L for which there is an isometric extension operator T : M* — Y'*
such that T(M*) D F.

We are ready to establish our next result on the existence of particular local
dual spaces.

Proposition 5.21. Fvery subspace L of X* is contained in a local dual Z;, of
X with dens Z;, = max{dens L, dens X }.

Proof. Given a subspace L of X*, it is easy to find a subspace Ly of X™* so
that L C Ly and dens X < densLg. If we apply Proposition 5.20 to L as
a subspace of X* and X as a subspace of X** we get a subspace Zj of X*
such that Z;, D L and dens Z;, = max{dens L, dens X }, for which there exists
an isometric extension operator T' : Z} — X** such that T(Z}) D X. By
Theorem 5.7, this is the desired local dual of X. O

6. Polar properties.

The local techniques have proved to be more powerful in finding examples
of local dual spaces because they consider a single pair of finite dimensional
subspaces E of X* and and F of X, while the global techniques derived from
Theorem 5.7 involve implicitly the consideration of all those pairs at once. In this
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sense, the local duality between Lj(u, X*) and Lo (i, X) is a remarkable exam-
ple: in fact, it was obtained in [34] using global techniques and the Continuum
Hypothesis CH, while the proof in [35] based on local techniques (Theorem 3.17)
does not need CH.

The local procedure can be roughly described as follows: in order to prove
that X* is f.d.r. in a subspace Z, we fix a finite dimensional subspace E of
X* and a real number € € (0,1), take an e’-net {xf}" ; in Sg, and look for
a family {z¥},ca so that 22 % xf and [|z8|| < 14 ¢ for all @ € A and all
1 < ¢ < n. Thus, if ¢’ has been chosen sufficiently small, and if for every «
the map x} — z{* agrees with a linear operator L,: E — Z, given any finite
dimensional subspace F' of X, we may select an index 5 € A so that Lg satisfies
conditions (A’) and (B’) with respect to F' and e. If moreover we want to get
condition (C’), then the &’-net {«}}? ; must contain a subset {z}7, such that
span{z]};2; = ENZ and La(x]) — o] for all 1 <i <m.

In all the examples of local duality offered until now, the e-isometry Lg is
explicitly found. However there are situations, like the proof of the principle of
local reflexivity, where Lg cannot be constructed but only proved to exist by
means of Goldstine’s theorem or a related result (see the proofs in [51], [15], [54]
or [68]). For those particular situations, the polar properties are powerful tools.

Let us begin with some technical definitions. Given an operator L € B(X,Y),
we denote by L™ the operator in B(X™,Y™) that maps (x;)?_, to (Lz;)_;. Also,
every k x [ scalar matrix A = (aij)leé-zl induces an operator Ax € B(X!, X*)

defined by Ax ((;)—,) = (22:1 aijz;)¥_;. Such operators are called matricial.

Proposition 6.1. Given a k x | scalar matrix A and a Banach space X, the
following properties hold:

(a) The matricial operator Ax- is the conjugate of the matricial operator
(A*)x, where A* denotes the transposed matriz of A.

(b) Given a subspace Z of X, Ax maps Z' into Z*.

(¢) For every operator L € B(X,Y), we have L¥ o Ax = Ay o L,

(d) Given an ultrafilter U, we have (Ax)u = A(xy)-

(e) The range of Ax is closed and complemented.

The proofs of properties (a), (b) and (c) are straightforward. For the proof of
(d), note that (X x .7. x X))y is isometrically identified with X x .7. x Xy. For
(e), it is sufficient to take into account that for any matrix A of dimension & x [
there exists a matrix B of dimension [ X k such that BAB = B.

Given a subset A of a Banach space X, ;1 denotes the norm interior of A.

Definition 6.2. We say that a subspace Z of X* has the strict polar property
if for every k,1 € N, every matricial operator T: f._(X*) — ¢~ (X*) and every
z €k (Z), the set

ELO(Z) ﬂT71 (Z —+ ée&(x»«))
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is o (0L (X*), 04 (X))-dense in T~! (z + B?glgo(x*)).

Remark 6.3. A version of the strict polar property was introduced in [37]
to characterize local duality, but the proof of the equivalence was not correct.
Fortunately, this mistake was not relevant for the other results contained in that
paper. Definition 6.2 is weaker than the one given in [37] and, as we will show
later, characterizes local duality.

Note that for any matricial operator T': £,_(X*) — ¢* (X*) and any sub-
space Z of X*, the identity

t(Z)ynT ! (z + éego(z)) =l (Z2)nT™! (Z + lg’ezo(xw)

holds, but it may fail if the operator T is not matricial.
The following result offers a convenient characterization of the strict polar
property in terms of closed balls and bounded sets.

Proposition 6.4. Let Z be a subspace of a dual space X*. Let k and [ be a
pair of positive integers, z € £ (Z) and T: £\ (X*) — €% (X*) be a matricial
operator. Consider the following four statements:

(1) ¢L (2) ﬂT‘l(z +Bge§o(x*)) is w*-dense in T_l(z + Bgﬁ’;(X*))f
(2) B(éo(z)mT_l (Z+BW§O(X*)) is w*-dense in BZLC(X*)QT_l(Z—FB@’;C(X*));
(3) for everyn > 1, the set £\ (Z)NT~1 (z + an’éo(X*)) is w*-dense in

71 (Z + B@ﬁc(x*));
4) for everyn > 1, the set Bu (; NT " 2+ 1B (x+ | is w*-dense in
% (2) 5 (X*)

Bfo)(X*) NnT1! (Z + BZ’;O(X*))

Thus, Z has the strict polar property as a subspace of X* if and only if any of
the above four statements holds for all T and all z.

Proof. Note that the validity of (1) for all T and all z is exactly the definition
of the strict polar property. To prove the remaining equivalences, we adopt
the following notations: given a matricial operator T': £._(X*) — (¥ (X*) and
z € 5 (Z), we denote

O(zT) =T " (2 + B (x+)) and P(z,T):=T (2 + Bp_(x+))-
Therefore, P(z,T) = (1,51 O(n~tz,n~'T), and when X\ # 0,
A0z, T) = O(2,A\T) and A 'P(2,T) = P(z,\T).

Moreover, denoting z := (0, z) € £._(X*) Do £*_(X*) and considering the matri-
cial operator T': £\ (X*) — €L_(X*) oo £% (X*) defined as T'(x*) := (z*, Ta*),
the statements (1) to (4) are respectively translated into the new notation as:

42



1150

1155

) the set £._(Z) N O(Z,T) is w*-dense in O(z, T
) the set £L_(Z) N O(Z,T) is w*-dense in O(z T);
) for every n > 1, the set ¢._(Z) N P(n~'z 77 ~17) is w*-dense in P(Z,JN“);
) for every n > 1, the set £._(Z) N P(n~'Z,nT) is w*-dense in P(Z,T).

I);
);

We will prove the equivalences (1’)<(2’), ( )< (4)) and (1')<(3’). First,
note that

O(=T) = |J nBu_ix-) N O(,T)

n=1

n (égf}o(x*) N O(z,nT)) = U nO(E, nf), (25)

1 n=1

|
(@

n

and with a similar argument,

fj (, nT (26)

If (1’) holds for all T and z, then (2’) can be regarded as a particular case of
(17), so (2’) also holds for all T an all z. For the reverse, assume (2’) is satisfied
for all T and all z. Thus, formula (25) and hypothesis (2) lead to

w™*

0(z,T) = [j nO(E,nT) cl (Z)n U nO(z nT) =0 (Z)n O(z,T)u)*,

n=1 n=1

and (17) is proved.
Given np > 1, the implication (3")=-(4’) is straightforward. Assume (4’) holds
for all matricial operator T' and all z. Then formula (26) yields

*

= U nP(z, nT Uél )NnP(n 13,n*1nf)w
n=1

w*

*

nP(n”Zn”nT) = L (Z)N Ptz 1T)"

(@

ci(Z)n

n=1

obtaining (3’).
For the equivalence (1’)<(3), fix n > 1 and assume (1’) holds for all T’ and
all z. Since
P(z,T) C O~ 2,0~ 'T) € P(n~ 2,0 ~'T),

hypothesis (1’) yields (3’) trivially.

Assume now (3’) holds for all T', z and n > 1. Fix T and z, and for z* €
O(z,T), denote 0 := ||T(z*) — z|| < 1. If § = 0 then the proof is trivial. If
6 > 0, then * € P(=12,071T). Thus, by hypothesis (3’), z* belongs to the
w*-closure of £ _(Z) N O(#9~12,0071T), and the proof is done. O
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Proposition 6.5. Given a reflexive subspace R of a dual space X*, the operator
T: X — Lo(Br) that maps x € X to ({f,z)) reny is weakly compact and has
closed range. Moreover, if X is the dual of a Banach space Y, R is a reflexive
subspace of Y and Z is a norming subspace of Y* then T is a conjugate operator

and T(Z) is closed.

Proof. Consider the factorization T = T o Q where Q: X — X/N(T) is the
quotient map. Since N(T) = R, , given z + R, we have

IT(z+ R.)| = sup (f,2), (27)
f€BR

and ||z + R_|| = SUDgeB x5 - (g,z). As R is reflexive, (X/R,)* = (R.)* =
R, hence ||z + R.|| = supep, (f, ), which shows, in view of (27), that T is
isometric. Thus 7 has closed range, and so has T. In order to prove that T
is weakly compact, observe that T' factorizes through X/R , which is reflexive
because its dual is isometric to R.

Let us assume now that X = Y™* and R C Y. Then it is easy to check that
T'=S*, where S: {1(Br) — Y maps every (ay)rer t0 D cp, arf.

In order to see that T'(Z) is closed, a similar argument to that proving T has
closed range works: let 77 := T'|  and consider the factorization 77 = lel
where Q1: Z — Z/N(T1) is the quotient map. If we prove that T, is an
isomorphism then the fact that Q1 is surjective will trivially yield that 7} has
closed range, and in turn, T(Z) is closed. In order to do so, first note that
N(Ty) = R* N Z. Thus, given z* € Z such that ||z* + N(T})|| = 1, the
hypothesis that R is reflexive yields

1= |lz" + N(Ty)|| = sup {(z*,9): g € (Z/R* N 2)", |lgll <1} (28)

= sup {(z**,2*): 2™ € (REn2)*, ||z < 1}
= sup{(a:**,x*): 2 eRIL 1 ZzL7T T lz**] < 1}

sup { (a**,a%): 0 € R4 25777 o) <1}

moreover, R C Y and Z is a norming subspace of Y*, hence Z, = {0} and
subsequently RN Z+ = RN Z, = {0}. Therefore, there exists a projection P
on R+ Z1 whose range is R and its kernel is Z+. Let K := ||P||. Given any
€ > 0, the identity (28) gives a norm one element z** in the o(Y™**, Y*)-closure
of R+ Z* such that 1 — ¢ < (z**,2*). Choose a pair of elements r. € R and
x¥* € Z+ such that ||r. + z2*|| < 1 and

1—2e < (re+a,x") = (re,z™).

Thus, as ||r.|| < K, denoting v := r./||r:||, we get

1—2¢
K

< (v, ") < Ta(z7)]
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hence 1/K < ||Ty(z*)||, which proves that T} is an isomorphism and the proof
is done. O

Observe that if R is not reflexive in Proposition 6.5, then T is not weakly
compact because the conjugate operator 7™ is an isomorphism on R.

The following theorem has two goals. First and most important, it shows
that the strict polar property and local duality are equivalent. Second, it proves
that in order to define local duality, it does not matter if we consider reflexive
subspaces instead of finite dimensional subspaces F' in condition (B). This fact
generalizes a result of Barton and Yu [4].

Theorem 6.6. For a closed subspace Z of X*, the following statements are
equivalent:

(1) Z is a local dual of X,

(2) Z has the strict polar property as a subspace of X*,

(3) for every finite dimensional subspace E of X*, every reflexive subspace F
of X and every € > 0, there exists an operator L: FE —> Z such that

(3a) L is an e-isometry,
(3b) (Lz*,x) = (x*,z) for allz* € E and all x € F,
(8¢) L(z) ==z forallz€e ENZ.

Proof. (1)=(2) Assume Z is a local dual of X. Let 2z = (2;)%_, € (£ (Z), and
T: 0 (X*) — ¢% (X*) be a matricial operator. Given an element (f;)\_, €

T_l(Z—FB?W;O(X*)), we must show that every w*-neighborhood V of (f;)!_, meets

L (Z) ﬂT*1(2+§£;;O(Z)). In order to do that, let 6 := ||T'((fi)!—,) — z||. Take
a finite subset {x;; }521;71:1 in X so that

Vo {(h)oy  [(fi —hi, i) <1, 1<i<l, 1<j<m}.

Consider the subspaces F' := span{z;; : 1 < i <1, 1< j <m} and E :=
span{f;, z; : 1 <i <[, 1<j <k}

Take e > 0 so that (1+¢) < 1. Thus, by the hypothesis of local duality, there
exists an e-isometry L: E — Z satisfying properties (B) and (C) with respect
to F. Hence (Lf;)\_, € VN (' _(Z). Moreover, since L*((z)%_,) = (z:)k,,
Proposition 6.1 yields

To Ll((fi)é:l) - (%‘)?:1 =L (T((fz)izl) - (Zz)le) )
IT o L'((fi)iz1) — )izl S ILIIT((fi)izy) = 2l < (1 +)0 < 1.

Hence (Lf;)!_, e VNT (2 + ]%g:;o(z)) # (), and the proof of (1)=(2) is done.
(2)=(3) Assume that Z has the strict polar property. In particular, Z is a
norming subspace of X*. Let E be a finite dimensional subspace of X*, F' a
reflexive subspace of X and € > 0. After Proposition 3.9, it will be enough to
construct an operator L: E — Z satisfying ||L|| < 1+ ¢, (3b) and (3c¢).
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Let n =dim F and n—k = dim F N Z. By Lemma 2.4, E has a biorthogonal
system (y, h,)"_; such that ||y.|| =1 and ||h.|| < n+1forall 1 <r <n and
ENZ =span{y.},_, . Clearly, an operator L: E — Z satisfying (3c) can

be written as
k

Le ::Z ry€)Ur + Z (29)

r=1 r=k+1

Let us find vectors v1, ..., vy in Z so that L also satisfies (3b) and ||L]| < 1+-e.
To do that, we take a real number 0 < o < 1 (to be fixed later) and a finite a-net
{e;}M, in Sp. Let A\iy := (h,,e;) foralli € {1,...,M} and all r € {1,...,n},
50 [Air] <m+1 and

61:ZAiTyT for each i € {1,..., M} .

r=1

Let us consider the vector

Yyi=— (Z?:k—l—l )\zryr) € EM( )

and the operators U: ¢ (X*) — (M (X*) and S: (% (X*) — 0% (((BF))
defined by

fs s= 1 : Z/\zsfs and S((fs)lzzl) = <<f3’ >)s 1, x€BFp’

Notice that U is a conjugate operator because it is matricial (see Proposi-
tion 6.1) and as k < n, its norm is ||U]| < maxi<i<m 22:1 [Ais| < n(n+1).
Let 8 > 1 be a real number (to be fixed later) and consider the sets

D = BZ’;O(X*) n U_l(y—‘r Bg}o\g(x*)) and C = BZ’QO(Z) n U_l(y-i-ﬁBg%(X*))

As Z has the strict polar property, and as a consequence of Proposition 6.4, C'
is w*-dense in D. Therefore, since

HU((ys)f:l) - y|| = H(ez)z]\iln =1,

it follows that (y,)*_, € D c C" . But by Proposition 6.5, S is a weakly
compact, conjugate operator with closed range because F is reflexive. Hence,

* - -

SC" ) c85(C)" =5(0) (30)

and

S(By_ (xy) €S(Bu(z)) =SB (2)); (31)

moreover, since Z is a norming subspace of X*, Proposition 6.5 also yields that
S(th,(2)) is closed, s0 S(Byx (7)) €St (Z)) = S(¢E,(Z)) and in combination

with (31), we obtain
S5 (X)) =S5, (2)). (32)
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Therefore, since S| (z) has closed range, formulas (30) and (32) show that
given any v > 0, there exist (cs)*_; € C and (bs)*_, € YByx_(z) such that
S((QS)’;:l) = S((bS)};:l) + S(@S)?:l)'

Let us take vs := bs + ¢, for all s € {1,...,k} in the definition of L given in
(29). First, note that the identity S((ys)%_1) = S((vs)r_;) yields
(ys,x) = (v, x) for all s € {1,...,n} and all z € F,
so (L(e),z) = (e,x) for all e € E and all z € F, fulfilling condition (3b).
Moreover, for every e; € {e;},, we have

LGl = [|S2bos s (b + ) + Elos Aistis

E " M k M
S (Zs:l )\iscs + Zs:k‘+1 )‘isys>i:1 + (Zs:l /\isbs>_

=1

< U ((eo)iz) =yl + U (@)l
<1+ B4n(n+1)y=:3(n, 6,7).
Thus, by Lemma 2.2,

a+B+n(n+1)y
11—«

L] <1+

)

Therefore, as n and ¢ are fixed parameters, the values of o, f and ~ can be
chosen as small as we please in order to ensure that ||L|| <1+ ¢ and the proof
(2)=-(3) is completed.

The implication (3)=-(1) is trivial. O

Taking z = 0 in the definition of the strict polar property, we obtain the
polar property.

Definition 6.7. We say that a subspace Z of X* has the polar property if for
every k,1 € N and every matricial operator T: £ (X*) —s (% (X*), the set

(2 NT (B x))

is o (0L (X*), 04 (X))-dense in Tfl(églgc(X*)).

Recall that given a subset A of X*, the polar set of A in X is defined as
Ao = {z € X:|(z*,x)] <1 forall z* € A}. The polar property admits
several equivalent forms.

Proposition 6.8. For a closed subspace Z of X*, the following statements are
equivalent:
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(1) Z has the polar property as a subspace of X*;
(2) for every matricial operator T: €L_(X*) — (% (X*), the set

O (Z)NT (B (x+)

is 0 (L5 (X*),61(X))-dense in T~ (Bgr_(x+)-
(3) for every matricial operator T': £ (X) — £ _(X),

T(Br(x)) = (d)o(Z) ﬂT*fl(Bego(Z)))o-

The proof follows closely that of Proposition 6.4, taking into account that for
every convex symmetric subset A of X*, its o(X™*, X)-closure equals (A,)°,
where given a subset B of X, B® := {z* € X*: |(z*,2)] < 1 for all = € B},
the polar set of B in X*.

As it can be observed from the proof of Theorem 6.6, the role of the element
z occurring at the definition of the strict polar property is to get condition (C).
Thus, letting z = 0 in Theorem 6.6, we obtain the following characterization of
finite dual representability.

Theorem 6.9. For a closed subspace Z of X*, the following statements are
equivalent:

(1) X* is fd.r. in Z,

(2) Z has the polar property as a subspace of X*,

(3) for every finite dimensional subspace E of X*, every reflexive subspace F'
of X and every € > 0, there exists an operator L: E — Z such that

(3a) L is an e-isometry,
(8b) (La*,x) = (x*,x) for allz* € E and all x € F.

Theorems 6.6 and 6.9 must be understood in certain categorical sense: rough-
ly speaking, they are telling us that if every finite cartesian product ¢ (Z) is,
with respect to €2 (X*), a sort of object of the same kind as Z is with respect to
X* then Z is a local dual of X. This description is rather vague, but it becomes
precise in the proofs of the principles of local reflexivity given in the following
corollary. For example, the principle of local reflexivity is derived from the fact
that ¢ (X**) is the bidual of ¢X_(X).

Corollary 6.10 (Principles of Local Reflexivity). Given a Banach space
X and an ultrafilter 3, the two following statements hold:

(i) The canonical copy of X in X** is a local dual of X*.
(ii) The canonical copy of (X*)y in (Xy)* is a local dual of Xy.

Proof. Let Z := (% (X),Y := ¢ _(X) and let T: Z — Y be any matricial
operator.

(i) Since ¢&_ (X**) and £!_(X**) are respectively identifiable with the biduals
Z** and Y**  an application of Lemma 2.7 to T shows that X has the strict
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polar property as a subspace of X**, and by Theorem 6.6, X is a local dual of
X*.

(ii) Analogously, note that £¢_ ((Xy()*) and £%_ ((X*)y) are respectively iden-
tified with (Zy)* and (Z*)g, and the pair of spaces £, ((Xy)*), £ ((X*)y) are
respectively identified with (Yy)* and (Y*)y. Thus, as any matricial operator
from Y* into Z* is the conjugate of a a matricial operator T: Z — Y, an
application of Lemma 2.8 proves that (X*)y has the strict polar property as a
subspace of (Xy)* and therefore, Theorem 6.6 shows that (X*)y is a local dual
of Xy. O

Note that the proof of Corollary 6.10 only needs to apply Lemma 2.7 to
matricial operators. The full extent of Lemma 2.7 has been applied to the
investigation of duality properties of operator semigroups [65], [55], [56] and [38].

Theorem 6.12 below is an extension of the P.L.R. for ultrapowers, which can
be recovered by taking X =Y and T = 0. As in the proof of the P.R.L. (for
ultrapowers), a separation lemma is needed.

Lemma 6.11. Let 4 be an ultrafilter on a set I and let U: X — Y and
L:Y — Y be operators. Suppose that Ly mapsR(Uy) intoR(Uy), and consider
the operator

A:x+R(Uy) € Yy/R(Uy) — Ly(x) +R(Uy) € Yy/R(Uy)

induced by Ly. Then, for every g € N(U*y),

*

Byw-w) VA 1(g+ Byw-w) = Bywar) N A 7Hg + Bywar)):

where w* represents the o (N(Uu*) , Yu/R(Uu)> topology.

The proof is rather involved, so we refer the reader to [37].

Theorem 6.12. [37] LetT: X — Y be any operator and let 3 be an ultrafilter.
Then the kernel N(T*y) is a local dual of Yy(/R(Ty).

Proof. By Theorem 6.6, we just need to show that N(T*¢) has the strict polar
property as a subspace of N(Ty*) = (Yu/R(Ty))*. Let M be a matrix of order
k x | and consider the induced matricial operator

A= My ry-y: 5 (N(Ty*)) — € (N(TyY)).

By Proposition 6.4, we only need to show the next identity holds for every
g e N(T*y):

By (n(1y)) N AT + Bo_(nryry) =

. (33)

w

=B (N(r+u) NATHg + B (v(1+4)))
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where w* denotes the o (E’;o (N(Ty")), &% (Yu/R(Tu))) topology.

The proof is divided into three cases: k=1, k <l and k > [.

Case k =1. Let us denote U := T* € B(¢§(X),¢5(Y)). Since the operator
¢: 05 (Yy) — £5(Y)y that sends ([yf]l)le to [(yf)le]l is a bijective isometry
that maps R(Uy) onto R(Ty)¥, the induced operator

G(Y)y 0 (Yy)
o L — A -

(UM) R(Tu) /

=

is also a bijective isometry, and so is ®*: (% (N(Ty*)) — N(Uy"). Therefore
we can identify N(Uy*) with ¢& (N(Ty")), and N(U*y) with €% (N (T*y)).

Consider now the matricial operator L: ¢§(Y) — £¥(Y) associated to the
matrix M*, and the operator

defined by A(x+R(Uy)) := Ly(x) +R(Uy). Thus A*: N(Uy*) — N(Uy™), can
be identified with A (in fact, A* = &~ o A o ®*), showing that formula (33)
is equivalent to

*
w

Bnw+y) N A Ng+ Byw+y) = Bnwy) N A g+ By wy)), (34)

where w* denotes the o(N(Uy™), £4(Y)u/R(Uy) ) topology. But the operator
U satisfies all the conditions of Lemma 6.11, so formula (34) holds, which proves
the case k = [. The cases k < [ and k > [ are easily derived from the case k = [.

O

Given a local dual space Z of X and a separable, infinite dimensional sub-
space E of X*, in general there is not an e-isometry L: B — Z (0 < € < 1),
but there is an exception:

Corollary 6.13. Let T: X — Y be an operator and let 34 be an ultrafilter.
Then for every separable subspace E of N(Ty™) and every separable subspace F
of Yu/R(Ty), there exists an isometry L: E — N(T*y) such that (L(f)—f,x) =
0 for allf € E and allx € F, and L(f) =f for allf € ENN(T*y).

Sketch of the proof. It is a direct consequence of the local duality between
N(T*y) and Yy/R(Ty) shown in Theorem 6.12, combined with standard ul-
traproduct techniques: as E and F' are separable, there are two increasing se-
quences (F,)22 , and (F,,)22 ; of subspaces such that US? | E,, = E, U2 | F,, = F

and dim E,, = dim F,, = n. Since N(T*y) is a local dual of Yy/R(Ty), for every
n there exists a 1/n-isometry L,,: E,, — N(T™y) satisfying

(Lp(f) —f,x) =0 forall f € £, and all x € F,
L,(f)y=f for all f € E, N N(T™*y).
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We choose {[y"]; 122, in Yy so that {[yF]; + R(Ty)}?_, is a normalized basis
of F, for every n. In a similar manner, we choose a system {e;}32, in E such
that for every n, {e;}72, is a normalized basis of E,,. For every 1 < k <n, we
fix a representative {ef};cr of L, (ex). Let L*: E, — Y* be the operator that
maps each ey, to e~.

Notice that [f;] belongs to N(T*) if and only if ||7*(f:)|| 2L 0, that is, if
and only if

sup {f;, T(Bx)) —— 0

thus, for every n, typical ultraproduct arguments prove the existence of H,, € 4
such that for every i € H,,,

(i) L? is a 1/n-isometry,

(ii) sup{e,T(Bx)) < 1/n, for all e in the unit sphere of L} (E,),
(i) [(L2(fx), yl) — (Ln(fe), [¥1])] < 1/n, for all 1 <k <mn,all 1 <1 <n,
(iv) |ILP(f) — fill < 1/n, for all f = [f;] in the unit sphere of E,, N (Y™)y.

Since i is Np-incomplete, we may take a decreasing sequence (K,)5; of ele-
ments of Y with J, C H, and N2, J, = (), which yields a countable partition
{I,,}22, of I disjoint with 4l given by I := I'\ J; and I, := J,, \ Jp41 for n > 1.
Then we define the desired operator L on each f € US2, E,, as follows: if m is
the smallest integer for which z € E,,, then L(f) = [f;] with f; := L?(f) for
every n > m and every ¢ € I,,, and f; := 0 for the remaining indices. Next,
L is extended to the whole subspace E by continuity. Standard computations
show that condition (i) yields that L is an isometry, condition (ii) shows that
the range of L is contained in N((T%)y), and conditions (iii) and (iv) show
respectively that conditions (B) and (C) hold with respect to F. O

Corollary 6.13 was proved in [5] for the case when T is null on X.

Applications of the polar properties.

As it may be expected from Theorem 6.12, the scope of the strict polar
property goes beyond the mere unification of both principles of local reflexivity
given in Corollary 6.10. Given an operator T: X — Y and an ultrafilter i, the
fact that N ((T*)y) is a norming subspace of N ((Ty)*) solved some questions
on the duality between the semigroups of supertauberian and co-supertauberian
operators ([30] and [53]). In order to extend these results to other ultrapower-
stable semigroups, it was necessary to show that the kernel NV ((T*) u) is finitely
representable in N ((Tu)*) Recall that a class S of operators is ultrapower-stable
if Ty € S for all T € S and all ultrafilters 4.

Since N ((Ty)*) is not a bidual, and since N ((T*)y) coincides with the ul-
trapower N ((T*)),, if and only if T" has closed range (Proposition 15 in [31]),
neither the P.L.R. nor the P.L.R. for ultrapowers seem applicable on the ques-
tion of the finite representability of the kernels of (Ty)* and (7). Finally, that
question was positively solved in [32] by means of the polar property, which was
introduced as a way of identifying when a subspace Z of a dual space X* is
norming and, at the same time, X* is finitely representable in Z. Later, it was
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proved that N ((T*)y) has also the strict polar property [37], that is, N ((T™))

is a local dual of Yy /R(Ty).

The ultrapower-stable semigroups we are talking about are W"P U"P |
RYP L, WP _ UY"P_ and R"P_, which admit the following working definitions
(see [30], [32] and [33]):

(1) T e wuP if and only if N(Ty) is superreflexive,
2) T € U*P if and only if ¢y is not finitely representable in N (Ty),
3) T € R*P, if and only if ¢; is not finitely representable in N(Ty),
)
)
)

4) T € W¥P_ if and only if T* € W"P_ |
5
6

(
(
(
(5) T e y*?_ if and only if T* € U*P .,
(6) T e R¥P_ if and only if T* € R"P .

The most remarkable result about the duality of the above mentioned semi-
groups are the following: T € W"P, (resp. U"P,, R"P,) if and only if
T € W*_ (resp. U"Py, R*P,). Moreover, the ultrapower-stability of the
semigroups W"P_ U"P_ and R"P_ is easily obtained via the finite representabil-
ity of N((TL[)*) in N((T*)u)

Further investigation on the problem of the duality of semigroups was carried
out by means of operator finite representability (see [55] and [56]). In connec-
tion with finite representability of operators, see also [8] and [21]. For more
information about semigroups of operators and their relation to operator ideals,
see [1] and [38].
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