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1 Introduction

First order phase transitions (FOPT) in the early universe are very interesting phenomena
which can lead to a plethora of cosmological observations, i.e. production of stochastic gravi-
tational wave signals [1], matter-antimatter asymmetry [2, 3] or primordial magnetic fields [4].
During the FOPT the change of phase of the system occurs due to the bubble nucleation and
it becomes crucial to understand the dynamics of this process. In this paper, we will focus
on the dynamics of the bubble wall expansion and on the friction effects which are induced
due to the interaction with the hot plasma (for the previous studies see also [5–10]).

Ideally, in order to answer this question one has to perform the out-of-equilibrium
quantum field theory calculation. However in the case of very relativistic bubbles with a very
large Lorentz factor, γ � 1, a quasi-classical calculation can provide reliable results [11–15].
To avoid dealing with complicated quantum out-of-equilibrium effects, in this study, we thus
consider only the bubble expansions with γ � 1. We will review the results by [11, 12]
and show that, in the presence of new heavy particles, there is an additional unsuppressed
contribution to the friction which can prevent the runaway behaviour of the bubble, which
is the main result of this paper. We demonstrate the importance of this effect using a two-
scalars toy model with FOPT. Next we move on to the discussion of the Next-To-Leading
Order (NLO) friction effects along the lines of [12] and present an alternative derivation using
Equivalent Photon Approximation (EPA) [16–19], which we believe offers more intuitive
understanding of the friction.

The manuscript is organized as follows: in the section 2 we review the LO friction
following [11], then in the section 3, we derive the friction from the heavy particles and
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Figure 1. Cartoon of a bubble wall interpolating between the values of the VEV of the scalar field in
the symmetric and in the broken phase. The domain wall hitting the plasma in the symmetric phase
induces a A→ X transition.

provide an example where this can lead to observational effects. In the section 4 we discuss
NLO effects and in the section 5 we finally conclude and summarize our main results.

2 Transition pressure

Let us start by reviewing the origin of the friction effects focusing on the bubbles which are
expanding relativistically γ � 1. Our discussion will follow closely the presentation in [11–
13]. Let us suppose that we are looking at the effects coming from a particle A hitting
the wall and producing a X final state (which can perfectly be a multiparticle state) (see
figure 1), then the pressure will be given by

PA→X =

∫
pzd

3p

p0(2π)3
fA(p)×

∑
X

∫
dPA→X

(
pZA −

∑
X

pZX

)
, (2.1)

where the first factor is just a flux of incoming particles and the second includes the differential
probability of the transition from A to X, dPA→X , as well as momentum transfer to the wall
(pZA −

∑
X p

Z
X). Note that the equation above is valid if only the mean-free-path of the

particles is much larger than the width of the wall, so that we can ignore the thermalization
effects inside the wall and consider individual particle collisions with the wall [14]. The
probability of transition can be calculated as follows

dPA→X =
∏
i∈X

d3ki
(2π)32k0

i

〈φ|T |X〉〈X|T |φ〉, (2.2)

where φ is the wave-packet building the one-particle normalized state

|φ〉 =

∫
d3k

(2π)32k0
φ(k)|k〉, 〈p|k〉 = 2p0(2π)3δ3(p− k)∫

d3p

(2π)32p0
|φ(p)|2 = 1. (2.3)

Combining all of this and using the energy and transverse momentum conservation we arrive
at the following expression for the pressure from A→ X transitions [12]

PA→X =

∫
d3p

(2π)32p0
fp
∏
i∈X

∫
d3ki

(2π)32ki0
(2π)3δ2

(
p⊥−

∑
i∈X

k⊥

)
δ

(
p0−

∑
i∈X

k0
i

)
|M|2

(
pZA−

∑
i∈X

kZi

)
(2.4)

– 2 –
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where we have ignored the high density effects for the final particles and M is defined as
follows

〈p|Hint|k1 . . . 〉 = (2π)3δ2

(
p⊥ −

∑
i∈X

k⊥,i

)
δ

(
p0 −

∑
i∈X

k0
i

)
M,

M =

∫
dzχp(z)

∏
i∈X

χi(z)V. (2.5)

Armed with this expression we can proceed to the calculation of the friction effects.

2.1 Leading order (LO) friction

In this first section, we review the Leading-Order (LO) effects i.e. when the initial and the final
state contain one particle (1 → 1 transition). We will be focusing on the very relativistic
bubble expansions and, in particular, on regimes where the WKB approximation is valid,
which is when

pzL� 1, (2.6)

where L is a typical width of the wall and pz is the momentum of the incident particle. Let
us suppose that the mass m1, in the symmetric phase, changes when passing through the
wall to m2 in the broken phase, m1 → m2. According to eq. (2.3), the matrix element for
this transition is equal to

〈p|k〉 = 2p0(2π)3δ3(p− k)⇒M1→1 = 2p0. (2.7)

Then the pressure for the relativistic particles is equal to:

P1→1 =

∫
d3p

(2π)3
fp(p

z
s − pzh) '

∫
d3p

(2π)3
fp ×

m2
2 −m2

1

2p0
=

∫
d3p

(2π)3
fp ×

∆m2

2p0
(2.8)

where we have expanded the momenta in m2
1,2/p

2
0 and defined ∆m2 ≡ m2

2 − m2
1. ps(ph)

denotes the momentum of the particles on the symmetric (broken) side of the bubble wall.

It is well known that the quantity d3p
p0

is invariant under boost, which allowed the authors
of [11] to conclude that the Leading-Order friction is independent of γ and scales as

P1→1 '
∆m2T 2

24
. (2.9)

Let us make a few comments about this result. For simplicity, let us assume first that m1 = 0
then it is obvious that the value in eq. (2.9) will be reached only for the γ factors satisfying

γ &
m2

T
, (2.10)

otherwise initial particles simply will not have enough energy to pass through the wall (see
more details in the appendix A as well as [15] for analytical results). Now let us look at
the scenario when the initial mass as well is non-zero, m1 6= 0. In this case the particle will
contribute only if its mass is smaller than the temperature

m1 . T (2.11)

– 3 –
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otherwise the contribution of this particle to the pressure will be exponentially suppressed
by a Boltzmann factor (see appendix A).

At last let us comment on the recent papers [15, 20] which have calculated the friction
assuming local thermal equilibrium (LTE) around the wall and where a friction scaling like
∝ γ2 was found. We would like to stress that our calculation applies only to the ultrarela-
tivistic bubbles where LTE is not valid any more, since the diffusion process is efficient only
for moderate velocities, as was emphasized in [15]. Even more in the case of ultrarelativistic
bubbles the ref. [15] finds a saturation of the friction (this limit is dubbed “ballistic”), which
is in agreement with the results of [11] (i.e. eq. (2.9)).

3 Friction from mixing

In the context of a very relativistic bubble, in the rest frame of the wall, the particles
colliding it can reach very high energies ∼ γTnuc, much larger than the temperature of the
transition ∼ Tnuc and the symmetry breaking parameter ∼ 〈s〉. In such circumstances, it
becomes interesting to investigate whether new degrees of freedom, absent in the low energy
lagrangian describing the phase transition, can play a role in the dynamics of the bubble
acceleration. The simplest example where this phenomena can occur is the following: let us
consider the lagrangian of a massless fermion mixed with another heavy vectorlike fermion

Lfermion = iψ̄/∂ψ + iN̄ /∂N +MN̄N + Ymixingsψ̄N (3.1)

where s is a field developing a VEV via the phase transition, ψ is the light fermion and
N is the heavy fermion. In the regime M � 〈s〉 ∼ Tnuc, then at the temperature of the
transition, the species N can be ignored (they are Boltzmann suppressed and are not part
of the plasma), so their contribution to the pressure näıvely should be zero. However let
us consider a process of ψ hitting the wall. We suppose that the energy of the incident ψ
particles is much larger than the mass of the heavy species N ; E � M ⇒ γT � M . Note
that the mass eigenstates inside and outside of the bubble are different due to the VEV of
the 〈s〉 and in particular there will be mixing between the ψ field and the heaviest mass
eigenstate in the broken phase. The mixing angle θψN is approximately given

sin θψN ∼
Ymixing〈s〉

M
. (3.2)

From this mixing angle, we can deduce that, if the transition is satisfying the condition
∆pzL� 1, (where L is the width of the wall) there will be a probability of transition ψ → N
of the form

P (ψ → N) ∼ sin2 θψN ∼
Y 2

mixing〈s〉2

M2
. (3.3)

Using the terminology of the neutrino oscillation in matter [21] (see for review [22]), to find an
unsuppressed transition, we need to be in the regime of non-adiabaticity. In the opposite case,
when the transition is adiabatic and ∆pzL � 1 is satisfied, the incoming ψ remains in the
lightest mass eigenstate so that the process ψ → N will be strongly suppressed.1 Intuitively
the adiabatic regime corresponds to the situation when the evolution of the mixing parameter
is so slow that system can instantaneously adapt and the state remains in the same energy

1We thank the referee of JCAP for emphasizing this effect to us.
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level. We can estimate the pressure due to this mixing using the results of the previous
section. We obtain

Pmixing ∼
∫

d3p

(2π)3
fp︸ ︷︷ ︸

Incident ψ density

P (ψ → N)︸ ︷︷ ︸
Probability of transition

× M2

2E︸︷︷︸
momentum transfer

∼ Y 2
mixing〈s〉2

∫
d3p

(2π)3E
fpθ(E −M)θ

(
E −M2L

)
∼ Y 2

mixing〈s〉2T 2θ(γT −M)θ(γT −M2L) (3.4)

= Y 2
mixing〈s〉2T 2θ(γT −M2L),

where the θ-functions have appeared in order to impose that the initial particle is energetic
enough to produce the heavy state and that the process is non-adiabatic, we have also
assumed that M � L−1, so that the first θ function becomes redundant. In the next section,
we will derive more accurately the condition of non-adiabaticity, by explicitly looking at the
transitions with a finite wall width. Note that this new contribution to the pressure is not
suppressed by the large M mass and can be present even if M � 〈s〉.

3.1 Friction from mixing: more details

One can derive the expression for the friction force in eq. (3.4) using the master equation
eq. (2.4) for the ψ → N transitions. Indeed, in the WKB approximation, the solutions for
the wave functions are given by

χ(z) '

√
kz,s
kz(z)

exp

(
i

∫ z

0
kz(z

′)dz′
)
, (3.5)

where kz,s is the z component of the momenta on the symmetric side of the wall. As we have
seen above in the adiabaticity discussion, the wall width should play a role in the computation
of the pressure effect. As an illustration, let us approximate the wall using a linear ansatz

〈s〉 =


0, z < 0

vs
z
L 0 ≤ z ≤ L

vs z > L .

(3.6)

In the notations of [12], the M matrix takes the form

M =

∞∫
−∞

dze
i
z∫
0

pψz (z′)dz′

e
−i

z∫
0

pNz (z′)dz′

V (z) ≈
∞∫
−∞

dzeip
ψ
z ze−ip

N
z zV (z) =

∞∫
−∞

dzei∆pzzV (z) (3.7)

where we defined ∆pz ≡ pψ,inz − pN,out
z , the difference of momentum, and we safely neglected

the change of momentum due to the modifications of the masses induced by the VEV, since
these effects are largely subdominant with respect to the heavy mass M ,

Y 2
mixing〈s〉2

E
� M2

E
. (3.8)

– 5 –
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Energy and transverse momentum conservation dictate that pψ,Nz are different on the two
sides of the wall, leading to an effective non-zero ∆pz. Performing the integral, the matrix
element splits into three different pieces

M = Mbefore wall +Minside wall +Mafter wall (3.9)

= Vh
1− ei∆pzL

iL∆p2
z

+
Vs
i∆pz

,

where the h, s subscripts denote the interactions and momenta inside and outside of the
bubble. The process under study is only possible on the broken side of the wall and thus
Vs = 0, Vh 6= 0. We obtain

|Vh|2 = 2Y 2
mixing〈s〉2pψz ∆pz. (3.10)

Combining the expression for the matrix element eq. (3.9) with the expression for the vertex
eq. (3.10), the matrix element squared becomes

|M|2 ≈
V 2
h

∆p2
z

(
sinα

α

)2

= 2
〈s〉2pψz
∆pz

(
sinα

α

)2

Y 2
mixing, α =

L∆pz
2
≈ M2L

4E
, (3.11)

with ∆pz = pψz −
√

(pψz )2 −M2
N . Plugging it in the master eq. (2.4), we obtain the following

estimate for the mixing pressure2

Pmixing =

∫
d3p

(2π)3
fp ×

Y 2
mixing〈s〉2

2
√
p2
z −M2

N

×
(

sinα

α

)2

. (3.12)

As
(

sinα
α

)2 → 0 for α� 1, we can see that the pressure is suppressed for α� 1, so that the
suppression regime is given by

M2L

E
� 1 ⇒ E �M2L ∼ M2

〈s〉
, (3.13)

where we have assumed that the width of the wall L, in the wall frame scales like the inverse
of the VEV. Using the fact that the energy of the incident particles is approximately equal
to ∼ γT we obtain a necessary constraint on the masses of the heavy particles which can be
produced

γT &
M2

〈s〉
, M .

√
γT 〈s〉 (3.14)

which exactly corresponds to the regime where the passage of the particle through the wall
cannot be treated adiabatically. We can see also that, in the limits α � 1 and α � 1, the
suppression factor of eq. (3.12) behaves effectively as a θ-function, reducing to the estimate
in eq. (3.4).

We would like to emphasize that the pressure from the mixing is not suppressed by the
mass of the heavy particles and in general can be present even if we treat our theory as an
effective field theory (EFT) with heavy degrees of freedom integrated out.

2The integral below is assumed to be taken for the values of pz > MN , otherwise the process is forbidden.

– 6 –



J
C
A
P
0
1
(
2
0
2
1
)
0
5
8

One can also ask what could be the maximal pressure from the mixing in this case. We
can estimate it by using unitarity arguments on the maximal value of the mixing coupling
Y max

mixing ∼ 4π. So that, the maximal pressure from mixing is

Pmax
mixing '

T 2

48
(16π2)〈s〉2θ(γT −M2L). (3.15)

In the appendix B, we give other examples of friction induced by the otherwise decoupled
particles in the theories with only scalars.

3.2 Importance of friction from heavy particles

One can wonder whether this friction from mixing can be phenomenologically important,
since in any case we are looking at the very relativistic bubble expansion velocities v → 1.
However, it is known that relativistic bubbles in runaway regime have all their energy stored
in the wall kinetic motion, while bubbles which have reached a terminal velocity have vanish-
ingly small fraction of energy stored in the wall and most of the energy released in the phase
transition is transferred to the sound waves (plasma motion) [23–25]. This different distribu-
tion of energy has important phenomenological consequences on the spectrum of stochastic
gravitational wave background since the bubble wall collisions signal Ωφ and plasma motion
signal Ωsw lead to different shape of the spectrum (see for example [26]). Namely, the most
obvious difference is the fall of the signal at high frequencies;

Ωsw,f→∞ ∝ f−4 (terminal velocity), Ωφ,f→∞ ∝ f−3/2 (Runaway). (3.16)

In order to understand whether the friction from mixing can indeed prevent the runaway
bubble case, let us consider the following toy model ([27, 28]) described in the infrared region
by the lagrangian

LIR =
1

2
(∂µφ)2 +

1

2
(∂µη)2 −

m2
φφ

2

2
−
m2
ηη

2

2
−
λφ
4
φ4 − λη

4
η4 −

λφη
2
φ2η2 + iψ̄/∂ψ. (3.17)

We will assume that at high energies this lagrangian is UV completed to

LUV =
1

2
(∂µφ)2 +

1

2
(∂µη)2 −

m̃2
φφ

2

2
−
m̃2
ηη

2

2
−
λ̃φ
4
φ4 − λ̃η

4
η4 −

λ̃φη
2
φ2η2

+iψ̄/∂ψ + iN̄ /∂N −MN̄N − (Ymixingψ̄φN + h.c.), (3.18)

where all of the parameters m̃2
φ,η, λ̃φ,η,φη are the parameters of UV theory and m2, λ in the

eq. (3.17) are the parameters of IR effective theory obtained by matching after integrating
out the heavy fermion N . We will assume that IR lagrangian is defined at the scale of the
symmetry breaking of the theory, which is much smaller than the mass of the fermion N ,
〈s〉,mφ,mη �M . This introduces the usual tuning into the model, which is analogous of the
Higgs boson hierarchy problem in the presence of heavy new physics. However we will not
bother about a solution to this hierarchy problem and take eq. (3.17) as a toy, very fine-tuned
example to illustrate the effect of the friction from the mixing.

Let us consider the potential for the scalar fields of the model. On the top of the tree-
level potential, at one loop, the usual Coleman-Weinberg potential is generated [29] for the
fields φ, η (in MS scheme) (we are using the IR lagrangian of eq. (3.17))

VCW =
∑
i=η,φ

m4
i

64π2

[
log

m2
i

µ2
R

− 3

2

]
. (3.19)

– 7 –
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The thermal corrections can be taken into account by adding the thermal potential VT defined
as follows

VT =
∑
i=η,φ

T 4

2π2
J

(
m2
i

T 2

)
, J(y2) ≡

∫ ∞
0

dxx2 log
[
1− exp

(
−
√
x2 + y2

)]
. (3.20)

Higher loop corrections due to the daisy diagrams can be taken into account using the
truncated full dressing procedure [30]

V (φ, η, T ) = Vtree(φ, η) +
∑
i=η,φ

VCW(m2
i + Π2

i ) + VT (m2
i + Π2

i ). (3.21)

In the case of the model (3.17), the thermal mass corrections are given by

m2
φ + Π2

φ = m2
φ + 3λφφ

2 + λφηη
2 + T 2

(
λφ
4

+
λφη
12

)
, (3.22)

m2
η + Π2

η = m2
η + λφηφ

2 + 3ληη
2 + T 2

(
λη
4

+
λφη
12

)
. (3.23)

Generically we have to analyze the phase transition in the (φ, η) field space, however the
discussion simplifies if we put the coupling λφ = mφ = 0. Indeed in this case, along the
line η = 0, the tree-level potential is vanishing and only the one loop potential will be
controlling the phase transition. The tree-level η4-potential is stabilizing the η-direction,
thus it is obvious that the tunnelling must happen along η = 0 direction. The calculation
becomes even simpler if we set mη = 0 then the only mass parameter in this construction is
the renormalization scale µR ≡ λφηw which fixes the value of the VEV of the field 〈φ〉 ∼ w.

The transition from the false to the true vacuum, separated by the potential barrier,
can be calculated using the usual bounce action (see [31–33])

Γ(T ) ∼ max

[
T 4

(
S3

2πT

)3/2

Exp(−S3/T ), R−4
0

(
S4

2π

)2

Exp(−S4)

]
. (3.24)

However the phase transition in the early universe will occur when the rate of transition be-
comes comparable to the expansion rate of the universe. This condition defines the nucleation
temperature Tnuc and is approximately given by

Γ(Tnuc) = H4(Tnuc),

H2 ≡ ρrad + ρvac

3M2
pl

=
1

3M2
pl

(
π2g∗
30

T 4 + ∆V

)
, (3.25)

where Mpl ≡ 2.435× 1018 GeV is the reduced Planck mass.
We are prepared now to discuss the friction effects. The bubble will have runaway

behaviour if the LO friction, which in our model is equal to

PLO '
T 2

nuc

24
λφη〈φ〉2θ(γT − 〈φ〉

√
λφη), (3.26)

cannot overcome the potential difference, providing the driving force for the expansion of the
bubble. This amounts to the condition [25]

∆V > PLO (runaway condition). (3.27)

– 8 –
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Figure 2. Left- the potential difference and various contributions to the pressure as a function of the
coupling λφη. The scale of the symmetry breaking was fixed to be w = 105 GeV so that 〈φ〉 ∼ 105 GeV.
Right- The maximal mass of the heavy particle defined by the eq. (3.32) as a function of λφη. As a
typical width of the wall, we considered L ∼ 1/〈φ〉.

At the same time, as we have seen, there can be an additional friction induced by the mixing
effect

Pmixing '
T 2

nuc

48
Y 2

mixing〈φ〉2θ(γT −M2L), (3.28)

which can prevent the runaway behaviour. Now if the condition

PLO + Pmixing > ∆V > PLO (3.29)

is satisfied we are in the situation when the mixing pressure is preventing the bubbles from
the otherwise runaway motion. To analyse the Pmixing effects in our model we have deferred
from performing the full parameter scan and instead have fixed the symmetry breaking scale
to be 105 GeV and the mixing coupling Ymixing = 1. Then the region of the parameter space
where the mixing effect is important is displayed on the figure 2.

In order to find the upper bound on the masses of the states which can be produced
in mixing we need to estimate the maximum value of the Lorentz γmax factor that would
have been reached if the bubbles kept accelerating till the moment of the collision. It can be
estimated from the ratio of initial and final radii of the bubble and is approximately equal
to [24, 28]

γmax '
2R∗
3R0

(
1− PLO

∆V

)
. (3.30)

The initial bubble radius and the bounce solution can be found numerically, while the final
radius can be estimated according to [34] by the derivative of the bounce action:

R∗ =
(8π)1/3

β(Tnuc)
, β(T ) = HT

d

dT

(
S3

T

)
, (3.31)

where H is the Hubble constant. Then the friction from mixing can be generated only by
the states satisfying

M < Mmax = min

[
γmaxTnuc,

√
γmax

Tnuc

L

]
. (3.32)

For a wall length L ∼ 1/〈φ〉, the condition simplifies to

M < Mmax =
√
γmaxTnuc〈φ〉. (3.33)
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We report the value Mmax on the figure 2. In our model, we can see that states as heavy
as 1010 GeV, 105 times heavier than the scale of the transition, can lead to non-vanishing
friction effects. Generically, one can estimate Mmax as follows

Mmax =
√
γmaxTnuc〈φ〉 ∼

√
R∗
R0
Tnuc〈φ〉. (3.34)

The values of the initial and the final radii are very roughly equal to:

R0 ∼
1

Tnuc
, R∗ ∼ H−1 ∼

Mpl

scale2 , (3.35)

where “scale” refers to the energy scale of the potential ∼ 〈φ〉. Combining all of this together
we can find the estimate for the maximal mass to be

Mmax ∼ Tnuc

(
Mpl

scale

)1/2

. (3.36)

Of course this estimate is valid only for the theories where the bubbles are runaway without
the friction from mixing.

In the next section however we will review the NLO effects from the gauge field which
generically prevent bubbles from infinite acceleration.

4 NLO effects (review of [12])

So far we have been looking at the effects appearing in 1→ 1 transition, now let us move to
the 1→ 2 transitions (we closely follow the discussion in [12]). Again we will assume that we
are in the regime where the WKB approximation is valid i.e. pzL� 1, where L is the width
of the wall. The calculation of the 1 → 2 splitting simplifies in the limit when kz � m, k⊥
and, in this case, it becomes easy to find the solution for the free wave functions

χ(z) '

√
kz,s
kz(z)

exp

(
i

∫ z

0
kz(z

′)dz′
)
. (4.1)

Using the following notation for the initial and final momenta

p =

(
p0, 0, 0,

√
p2

0 −m2
A(z)

)
k(1) =

(
p0(1− x), 0, k⊥,

√
p2

0(1− x)2 − k2
⊥ −m2

C(z)

)
k(2) =

(
p0x, 0,−k⊥,

√
p2

0x
2 − k2

⊥ −m2
B(z)

)
, (4.2)

the product of three wave functions in 1→ 2 splitting is equal to

χA(z)χ∗B(z)χ∗C(z) ∼ exp

[∫ z

0

(
m2
A(z)

2p0
−
m2
B(z) + k2

⊥

2k
(1)
0

−
m2
C(z) + k2

⊥

2k
(2)
0

)]
. (4.3)
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Then the matrix element is equal to

M = Vs

∫ 0

−∞
exp

[
iz
As
p0

]
+ Vh

∫ ∞
0

exp

[
iz
Ah
p0

]
= 2ip0

(
Vh
Ah
− Vs
As

)
A = −

k2
⊥

x(1− x)
+m2

A −
m2
C

1− x
−
m2
B

x
, (4.4)

and the matrix element squared becomes

|M|2 = 4p2
0

∣∣∣∣ VhAh − Vs
As

∣∣∣∣2 . (4.5)

The reference [12] has studied various splitting effects and it was shown that only the pro-
duction of the vector particles gaining the mass during the phase transition can lead to a
friction effect growing with the Lorentz factor γ. Let us apply this formalism for the case of
the QED-like theory. In other words let us consider the process ψ → Aψ, where the fermion
splits into a vector boson and the fermion. This process, which is obviously forbidden by
momentum conservation in the absence of the wall, can happen when the wall is present.
For the production of transversely polarized vector bosons during transition ψ → ψAT , the
matrix element takes the form

Vh = Vs =

√
2k⊥
x

,

|MV |2 =
8p2

0k
2
⊥

x2

∣∣∣∣Ah −AsAhAs

∣∣∣∣2 =
8p2

0m
4
V

(k2
⊥ +m2

V )2k2
⊥
. (4.6)

Focusing on the limit k⊥ ∼ m� k0 ∼ kz, we recover the following expression for the pressure

Pψ→Aψ '
∫

d3p

8p2
0(2π)6

fp

∫
dk

(2)
0

k
(2)
0

∫
d2k⊥|M|2

k2
⊥ +m2

V

2p0x
. (4.7)

Plugging in our expression for the matrix element (4.6) we get:

Pψ→Aψ '
∫

d3p

8p2
0(2π)6

fp

∫
dk

(2)
0

k
(2)
0

∫
d2k⊥

8p2
0m

4
V

(k2
⊥ +m2

V )2k2
⊥

k2
⊥ +m2

V

p0x

=

∫
d3p

p0(2π)6
fp

∫
dx

x2

∫
d2k⊥
k2
⊥

m4
V

(k2
⊥ +m2

V )

'
∫

d3p

p0(2π)6
fpπm

2
V log(m2

V /(eT )2)×
[∫

dx

x2
=

p0

mV

]
'
∫

d3p

(2π)3p0
fp

[mV p0

8π2
log(m2

V /(eT )2)
]
. (4.8)

Let us make a few comments regarding this expression. We can see that in the wall frame
the pressure is proportional to ∆P ∝

∫
d3pfp, however d3p is not invariant under the boost

and in the plasma frame it will lead to the additional γ factor

∆P ∝ γT 3mV . (4.9)
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Another important point we would like to stress is that the minimal value of the transverse
momenta is cut in the IR at the scale kmin

⊥ ∼ eT , due to the screening of the long wavelength
modes by the temperature effects (e is the gauge coupling). We can see that the pressure
is dominated by the emission of the soft photons, which provides the γ enhancement. Note
that this transition is dominated by the transverse momenta k⊥ ∼ mV , so that momentum

transfer always satisfies ∆pzL ∼
m2
V

p0x
L ∼ mV

p0x
. 1. Thus the finite width effect will not lead

to additional suppression of the transition. In the next subsection we will rederive the same
result using semi-classical equivalent photon approximation.

4.1 Equivalent photon approximation

It is well-known that the effect of the soft and collinear photons can be taken into account
using the equivalent photon approximation (EPA) [16–19] (see for review [35–37]). In other
words, an initial fermion state can be thought as a state made of photons and fermions with
the photons distributed according to the Weizsacker-Williams parton distribution function

fγ(x) =
e2

8π2
log

m2
V

(eT )2

[
1 + (1− x)2

x

]
, (4.10)

where we are using the information from eq. (4.8) that the pressure is dominated by the
k⊥ . mV and the minimal value of transverse momenta scales as ∼ eT .3 We also know that
a photon with a phase-dependent mass going through the wall will lose (deposited in the

wall) z-momenta, of the order ∆pz ∼
m2
V

2Eγ
. Then the pressure can be trivially estimated to be

Peq. γ1→2 =

∫
d3p

(2π)3
fp︸ ︷︷ ︸

incident fermions

∫ 1

mV /p
dxfγ(x)×

m2
V

2px︸︷︷︸
momentum transfer

=

∫
d3p

(2π)3
fp ×

[
e2

8π2
mV

]
log

m2
V

e2T 2
(4.11)

which leads to the exactly same result as the expression in eq. (4.8). Intuitively the γ factor
in the pressure comes from the two following effects: both the photon distribution function
as well as momentum transfer to the wall are enhanced by the factor 1/x, which together
allows to enhance the pressure by the additional factor p0/mV ∼ γ. One may wonder what
will be the effect of the particles which do not have enough energy to pass through the wall,
since for them the photon distribution function will be even larger. However, in that case
the momentum transfer to the wall will scale as p0x, so that the pressure will scale as

Preflection
1→2 =

∫
d3p

(2π)3
fp

∫
dxfγ(x)× 2p0x

=

∫
d3p

(2π)3
fp ×

[
e2

2π2
(xmax − xmin)p0

]
log

m2
V

e2T 2
(4.12)

xmin ∼ k⊥/p0 ∼ T/p0, xmax ∼ mV /p0 (4.13)

leading to the pressure from reflection

Preflection
1→2 '

∫
d3p

(2π)3
fp

[
e2

2π2
mV log

m2
V

e2T 2

]
. (4.14)

3One can also argue that k⊥ . mV by noting that in the limit px, k⊥ � mV four momentum is approxi-
mately conserved, which should strongly suppress the splitting.
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We have again the friction effect growing with the Lorentz factor γ. However, note that our
calculation becomes questionable in this regime, since we need p0xL� 1 in order to remain
in the WKB validity range.

We can generalize the eq. (4.11) for arbitrary splitting and the resulting pressure will be

PA→BC =

∫
d3p

(2π)3
fp

∫ 1

mB/p
dx
m2
B

2px

α

2π
log

m2
B

e2T 2
PB←A(x) (4.15)

where B is the soft particle and PB←A(x) are Altarelli-Parisi [38] splitting functions. Then
it is obvious that a friction proportional to ∝ γ can appear only from the splitting when the
splitting functions scale as 1/x for small values of x. This is the case only when the soft final
state is a vector boson, which confirms the results of [12].

The expression of the pressure in eq. (4.15) was derived assuming single soft vector
boson emission, and it corresponds to the solution of the DGLAP equations [38–40]

dfB(x,Q)

d logQ
=
α

π

∫ 1

x

dz

z
PB←A(z)fA

(x
z
,Q
)
, (4.16)

up to the order O(α2) starting with initial conditions at the scale Q = eT

fB(x, eT ) = 0, fA(x, eT ) = δ(x− 1). (4.17)

The multiple emissions can be taken into account by solving the system of the DGLAP
equations, however these will lead to only higher order in O

(
α log mV

eT

)
corrections. We

observe that in absence of log-enhancement log mV
eT ∼ O(1), any multiple emission will be

suppressed by powers of the coupling α with respect to the single-emission result.

4.2 Another calculation of the NLO friction effects

Recently there was another calculation [41] of the friction which tried to take into account
effects of the soft emission. The resulting friction pressure for the fermion emitting soft vector
bosons was found to scale as

P [41] ∼ αγ2T 4. (4.18)

However note that eq. (4.18) does not have the correct mψ,mV → 0 limit (vanishing masses
of the fermion and the vector boson). Indeed in the case when both mψ,mV = 0 the
particles do not interact with the wall and it becomes completely transparent. However
the particles which do not interact with the bubble wall cannot induce any friction so that
P friction|mψ ,mV→0 → 0. This signals the inconsistency of the eq. (4.18). On general grounds
the inconsistency of eq. (4.18) can be seen directly by noting that there is no dependence on
the order parameter differentiating two phases separated by the bubble wall.

5 Summary

In summary, we recapitulate the main results of this paper. We have studied the friction forces
acting on the relativistically expanding bubble at leading and next-to-leading order in the
coupling α. We have shown that generically new heavy particles, even if they are completely
decoupled at the scale of the phase transition, can provide a significant contribution to the
friction force. This effect can significantly modify the dynamics of the bubble wall expansion
and in particular it can prevent the runaway behaviour of the bubble expansion, which results

– 13 –



J
C
A
P
0
1
(
2
0
2
1
)
0
5
8

in different stochastic gravitational backgrounds. We have illustrated the effect using a toy
model example where we show that new states being . 105 heavier than the scale of the
symmetry breaking, can be active source of friction and prevent the infinite acceleration of
the bubbles.

Beside this new result we have reviewed the NLO friction results of the ref. [12], where
it was shown that the soft vector boson emission leads to a new component of the friction
pressure which scales proportionally to ∝ γ. We have presented an alternative derivation of
this effect using the equivalent photon approximation, which provides an intuitive picture of
the origin of the friction ∝ γ as well as commented on the importance of the higher order
effects and the ways to include them in the calculation.

Acknowledgments

This work was in part supported by the MIUR contract 2017L5W2PT. We thank as well
A. Long and J. Turner for useful discussions concerning the results of [41].

A Transition pressure

In this appendix we will review, for the sake of completeness, the pressure from transition
of the particles through the wall. We will focus on the limit γ � 1 and will always assume
that the mean free path of the particles is larger than the wall width. In this case we can
treat particles quasi-classically and consider only individual interactions with the wall. This
discussion is not new and was already presented in the papers [13, 14] and recently reviewed
in [15] (where the analytical results for the pressure have been reported). The particle will
follow the usual thermal distribution, which in the frame of the wall becomes

f(E, p, T ) = f

(
pµu

µ

T

)
= f

(
γ(E + vpz)

T

)
, (A.1)

where we have assumed like in figure 1 that the wall moves along the positive z direction
with velocity v. We will assume that the particle is incident on the wall with mass m1 and
on the other side it has mass m2. The pressure on the wall is originating from the following
three processes (we follow closely the notations of [13]).

• Reflection from the wall, when the incident particle does not have enough momentum
or energy to pass through the wall:

∆Pr =
2

4π2

∫ m2

m1

dE

∫ 0

−
√
E2−m2

1

dpz

[
p2
zf

(
γ(E + vpz)

T

)]

+
2

4π2

∫ ∞
m2

dE

∫ 0

−
√
m2

2−m2
1

dpz

[
p2
zf

(
γ(E + vpz)

T

)]
(A.2)

in this case the momentum transfer to the wall is ∆pz = 2pz.

• Transition through the wall, the pressure is generated due to the change of momenta
of the particle with ∆pz = pz +

√
p2
z − (m2

2 −m2
1):

∆Pt+ =
1

4π2

∫ ∞
m2

dE

∫ −√m2
2−m2

1

−
√
E2−m2

1

dpz

[
pz

(
pz +

√
p2
z − (m2

2 −m2
1)

)
f

(
γ(E + vpz)

T

)]
(A.3)
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• Transition in the opposite direction with ∆pz =
√
p2
z +m2

2 −m2
1 − pz:

∆Pt− =
1

4π2

∫ ∞
m2

dE

∫ √E2−m2
2

0
dpz

[
pz

(√
p2
z +m2

2 −m2
1 − pz

)
f

(
γ(E + vpz)

T

)]
(A.4)

Let us start by considering the transition pressure eq. (A.3). Introducing the new variables

Y ≡ γ(E + vpz)

T
, k ≡ −pz

T
, (A.5)

the expression for the pressure becomes:

∆Pt+ =
T 4

4π2γ

∫ ∞
√
m2

2−m2
1/T

dkk

(
k −

√
k2 − (m2

2 −m2
1)/T 2

)∫ ∞
γ
(√

k2+m2
1/T

2−vk
) f(Y )dY

= −T
2(m2

2 −m2
1)

8π2γ

∫ ∞
√
m2

2−m2
1/T

dk

∫ ∞
γ
(√

k2+m2
1/T

2−vk
) f(Y )dY, (A.6)

where we have expanded the momentum difference
(
k −

√
k2 − (m2

2 −m2
1)/T 2

)
in the large

k limit. We can see that the integral is non-vanishing if the lower limit of the second integral
is small {

γ

(√
k2 +m2

1/T
2 − vk

)}
∼ k

2γ
+
m2

1

2T 2

γ

k
. O(1)⇒ m1 . T. (A.7)

Otherwise the pressure effects will be strongly suppressed by the Boltzmann factor exp
[
−m1

T

]
,

which is obvious, since the energy of the massive particle is always larger than its mass. On
top of this, looking at the lower limit of the k integration is we can conclude that

Y . 1⇒
√
m2

2 −m2
1 . γT, (A.8)

which is just the necessary condition for the particle to pass through the wall. Combining
these two conditions we observe that the friction is efficient if only

m2 < γT, m1 < T. (A.9)

Performing the integration we will obtain for the friction

∆Pt+|γT/m2→∞ =
m2

2 −m2
1

24
T 2. (A.10)

Using a similar analysis we can argue that the reflection pressure and the transmission from
the opposite side are vanishingly small in γ →∞ limit. Indeed setting m1 → 0 for simplicity
and using the same variable redefinition as in eq. (A.6) we will get

∆Pr = I1 + I2

I1 =
2

4π2

∫ m2

0
dE

∫ 0

−
√
E2−m2

1

dpz

[
p2
zf

(
γ(E + vpz)

T

)]

=
T 4

2π2γ

∫ m2/T

0
dkk2

∫ γ(m2/T−k)

k
2γ

dY f(Y ) ∝ γ−1 → 0

I2 =
T 4

2π2γ

∫ m2/T

0
dkk2

∫ ∞
γ(m2/T−vk)

f(Y )dY ∝ γ−2 → 0. (A.11)
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Figure 3. Illustration of the forward transmission pressure, the reflection pressure, the total pressure
and the LO order approximation. m2

T = 10, 2 respectively on the left and the right.

At last the pressure from the transition in the opposite direction ∆Pt− is always suppressed
since the argument of the distribution function is always larger than one ∼ γm

T � 1. We
confirm these estimates using our numerical calculation illustrated on the figure 3, where we
plotted the various contributions to the total pressure. For the various contributions to the
pressure the following approximate relations are true in the mass range m

T ∼ 1–10:

Prz ≈ Pt+z ≈ 0.4× Pγ→∞ for γT = m0 (A.12)

Pt−z ≈ Prz ≈ 0, Pt+z ≈ 0.9× Pγ→∞ for γT = 10m0. (A.13)

B Examples of the friction induced by the heavy particles

In section 3, we have shown that the mixing of a light and a heavy fermion can lead to the
friction, which we called mixing pressure. We can find a similar effect in the theories with
scalars fields only. In this appendix we will present two such examples of the non-vanishing
pressure from the heavy fields.

B.1 Pressure from scalar mixing

Let us start by considering the following model:

L =
1

2
(∂s)2 +

1

2
(∂φ)2 −Bs2φ− M2φ2

2
, (B.1)

where the phase transition occurs along the s field direction and there is a hierarchy between
the VEV of the s field and the mass of the φ, M � 〈s〉. In this case, following the lines of
section 3 the mixing between the s field and the heavy mass eigenstate inside the wall will
scales as

θs−φ ∼
2B〈s〉
2M2

. (B.2)

This mixing leads to a pressure of the form

Pmixing ∼ T 2B
2〈s〉2

24M2
θ(γT −M2L). (B.3)

Note that the friction is suppressed by a factor B2

M2 with respect to the pressure induced by
fermionic mixing. This suppression disappears in the limit B → M , which is the maximal
value of B allowed by the technical naturalness arguments.
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B.2 Pressure from scalar 1 → 2 splitting

Another example of friction from heavy particles effect can be observed in the following
model:

L =
(∂s)2

2
+

(∂φ)2

2
− V (s)− M2φ2

2
− λφ2s2, (B.4)

where again we will be interested in the limit M � 〈s〉. We will consider the process s→ φφ,
where s is a field getting a VEV. The pressure will be now sustained by a s → φφ decay
in the wall. Following the procedure outlined in the section 4 we can work out the matrix
element:

A = −
k2
⊥

x(1− x)
+m2

s −
M2

1− x
− M2

x

Vh = λ〈s〉 Vs = 0,

⇒ |M|2 =
4p2

0λ
2〈s〉2

|A|2
∼ 4p2

0λ
2〈s〉2x2(1− x)2

(k2
⊥ +M2)2

, (B.5)

we used s(h) subscripts to denote the components on the symmetric side (on the broken
side). As already emphasized in section 3.1, this computation is too näıve and ignores the
width of the wall. As in section 3.1, to illustrate the effect of the non-negligible width of the
wall, we consider a linear profile. Using the WKB phases and the notations of [12], the M
matrix in this case writes

M =

∞∫
−∞

dze
i
z∫
0

psz(z′)dz′

e−iq
φ
z ze−ik

φ
z zV (z) (B.6)

with psz(z) =
√
E2 − k2

⊥ − (z/L)2m2
s ≈ E the momemtum of the incoming s particle and

kφz , q
φ
z the momentum of the two φ outgoing particles. The matrix element becomes

M =

∞∫
−∞

dzeip
s
zze−iq

φ
z ze−ik

φ
z zV (z) ≡

∞∫
−∞

dzei∆pzzV (z), (B.7)

where we defined ∆pz ≡ psz − q
φ
z − kφz ≈ M2

2E , the momentum exchange. The integral along
the wall direction naturally splits into three parts

M =Mbefore wall +Minside wall +Mafter wall . (B.8)

The first term is zero, as the interaction is forbidden on the symmetric side, the second term
is given by (1− ei∆pzL) Vh

i∆p2
zL

+Vh
ei∆pzL

i∆pz
and the third term by Vh

i∆pz
(−ei∆pzL + ei∞). Putting

together the relevant pieces, we obtain

M = Vh
1− ei∆pzL

L∆p2
z

. (B.9)

The final matrix element is

|M|2 =MM? =
V 2

∆p2
z

(
sinα

α

)2

, α ≡ L∆pz
2

. (B.10)
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We observe again that to account for the width of the wall, we need to introduce the sup-

pression fctor
(

sinα
α

)2
. Then the pressure will be:

P1→2 '
∫

d3p

(2π)3p2
0

fp

∫
dx

32π2x(1− x)

∫
dk2
⊥

4p2
0λ

2〈s〉2x2(1− x)2

(k2
⊥ +M2)2

(B.11)

×
[
k2
⊥ +M2

2p0x(1− x)

]
×
(

sinα

α

)2

θ(p0 − 2M)

=

∫
d3p

(2π)3p0
fp

λ2

16π2
〈s〉2

∫
dx

∫
dk2
⊥

k2
⊥ +M2

×
(

sinα

α

)2

θ(p0 − 2M) (B.12)

where the θ function appears from the trivial requirement that we need enough energy to
produce the two heavy states. Thus the pressure becomes

P1→2 '
∫

d3p

(2π)3p0
fp

λ2

16π2
〈s〉2 ×

(
sinα

α

)2

θ(p0 − 2M) (B.13)

' λ2

16π2

〈s〉2

24
T 2 ×

(
sinα

α

)2

θ(γT − 2M). (B.14)

' λ2

16π2

〈s〉2

24
T 2 × θ(γT −M2L)θ(γT − 2M). (B.15)

So again, in the limit of small exchange momentum, the friction is not suppressed by the
large mass of the field φ.
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