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One of the lowest-order corrections to Gaus-
sian quantum mechanics in infinite-dimensional
Hilbert spaces are Airy functions: a uniformiza-
tion of the stationary phase method applied in
the path integral perspective. We introduce a
“periodized stationary phase method” to dis-
crete Wigner functions of systems with odd
prime dimension and show that the π

8 gate is
the discrete analog of the Airy function. We
then establish a relationship between the stabi-
lizer rank of states and the number of quadratic
Gauss sums necessary in the periodized station-
ary phase method. This allows us to develop
a classical strong simulation of a single qutrit
marginal on t qutrit π

8 gates that are followed
by Clifford evolution, and show that this only
requires 3 t2 +1 quadratic Gauss sums. This out-
performs the best alternative qutrit algorithm
(based on Wigner negativity and scaling as ∼30.8t

for 10−2 precision) for any number of π
8 gates to

full precision.

1 Introduction
This paper aims to bridge the gap between efficient
strong simulation qubit methods, which use low sta-
bilizer rank representations of magic states, and odd-
prime-dimensional qudit methods, which have relied
on Wigner negativity in past studies. We introduce a
strong simulation odd-dimensional qudit algorithm that
is more efficient than the current state-of-the-art algo-
rithm based on Wigner negativity.

A strong simulation refers to the computation of a
quantum probability. This differs from weak simulation,
which refers to the computation of sample outcomes of
a quantum probability distribution. Strong simulation
of quantum universal circuits up to multiplicative error
is #P -hard [1–3]; the cost of classical strong simulation
is expected to not only scale exponentially but to also
be harder than tasks that can be performed efficiently
on a quantum computer. However, this does not mean
that there do not exist efficient methods in particular

cases, such as those frequently covered in introductory
textbooks on quantum mechanics.

For instance, by representing quantum circuits
through the path integral perspective, efficient approxi-
mation schemes can be formed by only including lowest-
order terms in ~. It is known that quantum circuits re-
quire terms at orders greater than ~0 for them to attain
quantum universality [4–6]. In the continuous-variable
setting, this corresponds to requiring non-Gaussianity
as a resource. The “minimal” non-Gaussianity that can
be added takes the functional form of Airy functions,
and these can be treated within the path integral for-
malism with just one more order of correction in terms
of ~: O(~1) [7]. Perhaps a similar systematic expansion
in orders of ~ is also possible in the discrete case, and
can result in a more efficient treatment of some univer-
sal gates.

In the discrete case, non-Gaussianity has been stud-
ied in other ways not explicitly dependent on orders of
~. Such past work on efficient classical simulation has
utilized the negativity of Wigner functions or contex-
tuality [8, 9] as a resource of non-Gaussianity. More
formally, the resource theory of contextuality in finite-
dimensional systems has also been explicitly considered
recently [10, 11].

For quantum states ρ̂, the Wigner function [12, 13]
ρ(x) is a non-negative function for stabilizer states.
Since Clifford gates take stabilizer states to stabilizer
states, classical simulation of stabilizer states under
Clifford gate evolution using this discrete Wigner for-
mulation can be accomplished in polynomial time and
has been shown to be non-contextual [4].

However, Clifford gates and stabilizer states do not
allow for universal quantum computation. The exten-
sion of this set by π

8 gates or magic states to allow for
universal quantum computation introduces contextual-
ity into ρ(x), which means that they can also take nega-
tive values [14–17]. Since the contextual part of a clas-
sical simulation is solely responsible for its transition
from polynomial to exponential scaling, it is useful to
treat contextuality as an operational resource [18] that
can be added to a polynomially-efficient backbone in
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the appropriate amount to allow for a quantum process
to be simulated. The goal of such a contextuality injec-
tion scheme is a classical computation cost that scales
as efficiently as possible with the contextuality present.

Previous attempts at developing a framework for clas-
sical algorithms for simulation of qudit quantum circuits
that leverage contextuality have done so indirectly by
using Wigner function negativity [19]. Recently, there
have also been some more direct approaches [11]. In
continuous systems, a historically successful approach
of leveraging contextuality efficiently is to use semiclas-
sical techniques that rely on expansion in orders of ~.
The relationship between contextuality and higher or-
ders of ~ in the Wigner-Weyl-Moyal (WWM) formalism
has been recently established [4–6]. Previous derivation
of WWM in odd dimensions [20–22] were not able to ac-
complish this because they began by using results from
the continuous case of the WWM formalism. In the con-
tinuous regime, the stationary phase method is applies
in its traditional form, and must then be “discretized”
and “periodized”. Following that approach does not al-
low for the derivation of higher order ~ corrections be-
cause anharmonic trajectories cannot be obtained by
“periodizing” to a discrete Weyl phase space grid [22].

Here we are able to develop a method that in-
cludes such higher order terms for discrete odd prime-
dimensional systems. Without appealing to the con-
tinuous case, we use a periodized version of Taylor’s
theorem to develop the stationary phase method in the
discrete setting. We explain how this “periodized” form
of the stationary phase method differs from the contin-
uous version of the stationary phase method.

This stationary phase method allows us to derive the
WWM formalism with asymptotically decreasing order
~ corrections to a subset of unitaries that include the
T -gate and π

8 gates. These serve as contextual cor-
rections to non-contextual Clifford operations. We ob-
tain a new method for classical simulation of quan-
tum circuits involving Clifford+π

8 gates for qutrits. To
demonstrate the effectiveness of our resultant method,
we calculate its computational cost compared to a re-
cent study that introduced a method to sample the same
odd-dimensional Wigner distribution using Monte Carlo
methods [19]. The stationary phase method scales as
3 t2 +1 for calculations to full precision while the best
alternative qutrit algorithm scales as ∼30.8t for calcu-
lations to 10−2 precision. This allows the stationary
phase method to be more useful for intermediate-sized
circuits

Related approaches include recent proposals to use
non-Gaussianity as a resource in continuous (infinite di-
mensional) quantum mechanics such as optics [23–25],
as well as the well-established field dealing with semi-
classical propagators in continuous systems [7, 26, 27].

This paper is organized as follows: in Section 2 we
review the stationary phase method in continuous sys-
tems. In Section 3 we briefly introduce aspects of the
WWM formalism and develop its quantum channel rep-
resentation of gates. We introduce closed-form results
for quadratic Gauss sums in Section 4 and this mo-
tivates the introduction of the periodized stationary
phase method for discrete odd prime-dimensional sys-
tems in Section 5. Section 6 compares and characterizes
this discrete stationary phase method with its continu-
ous analog and uniformization. The periodized station-
ary phase method is then used to evaluate the qutrit π/8
gate magic state in Section 7. We then establish a re-
lationship between stabilizer rank, Wigner phase space
dimension and number of critical points in Section 8.
These results allow us to produce an expression with
3 t2 critical points for t states in Section 9. We discuss
future directions of study in Section 10 and close the
paper with some concluding remarks in Section 11.

2 Stationary Phase in Continuous Sys-
tems
The stationary phase method is an exact method of
reexpressing the integral of an exponential of a function
in terms of a sum of contributions from critical points:∫
D[x]e i~S[x] =

∑
j

∫
D[xj ] e

i
~ (S[xj ]+δS[xj ]+ 1

2 δ
2S[xj ]+...),

(1)
where S[xj ] is a functional over xj , and the sum is in-
dexed by critical “trajectories” j defined by

δS[x]
δx

∣∣∣∣
x=xj

= 0, (2)

and we have chosen to exercise our freedom to factor
out the term i

~ from S, for later clarity. These contribu-
tions from critical points correspond to Gaussian inte-
grals, or Fresnel integrals in the general case, which can
be analytically evaluated, or higher-order uniformiza-
tions corresponding to two or more critical points. In
general, the higher order contributions asymptotically
decrease in significance. When S is the classical action
of a particle, Eq. 2 defines the critical points as classi-
cal trajectories that satisfy the Hamiltonian associated
with S. (In this case, S is functional of x because it is
the integral of the Lagrangian over time, the latter of
which is a function of x and ẋ).

Terminating Eq. 1’s expansion of S[x] at second order
corresponds to making a first order approximation in ~:∫
D[x]e i~S[x] =

∑
j

(
− ∂2Sj
∂x∂x′

2πi~

)1/2

ei
Sj(x,x′)

~ +O(~2).
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where the sum is over all classical paths that satisfy
the boundary conditions ∂S

∂x = ∂S
∂x′ = 0. The subscript

j in Sj(x,x′) indexes the generally infinite number of
classical trajectories that satisfy the initial x and final
x′ conditions (i.e. x and x′ are not generally sufficient
to define the functional S[x(t)] ≡ S(x, x′)).

Here we will be interested in the double-ended prop-
agator, or quantum channel—the amplitude from one
state to another state. Thus, we will discuss the station-
ary phase approximation in reference to two integrals.
We will also be interested in the case that the action
S can be expressed as a polynomial in its arguments
and thus becomes a bona fide function. Given functions
ψ(x′′) and ψ′(x′′′) that represent these states, and an
action S that represents the system of interest (usually
this is an integral of the system’s Lagrangian and so
is related to its Hamiltonian), the propagator between
them can be written as

U(ψ,ψ′, S)

=
∫ ∞
−∞

dx′′
∫ ∞
−∞

dx′′′ψ∗(x′′)U(x′′,x′′′, t)ψ′(x′′′) (3)

=
∫ ∞
−∞

dx′′
∫ ∞
−∞

dx′′′ψ∗(x′′)eiS(x′′,x′′′;t)/~ψ′(x′′′)(4)

=
∑
j

(
S2
j

)1/2
eiSj/~ +O(~2)

where the action S is assumed to be a polynomial in
C[x′′1 , . . . ,x′′n,x′′′1 , . . . ,x′′′n ] (a complex-valued function
of x′′i and x′′′n ), Sj corresponds to the action evaluated
at the jth zero of ∂S

∂(x′′,x′)—the jth “critical point” of
S—and S2

j is a function of the second derivative of S
evaluated at the jth critical point.

As an example, if one chooses to represent the prop-
agator in terms of initial and final position, 〈ψ| = 〈q|
and |ψ〉′ = |q〉′ respectively, then the above equation
becomes

U(q, q′, S)

=
∫ ∞
−∞

dq′′
∫ ∞
−∞

dq′′′ 〈q|q′′〉 eiS(q′′,q′′′;t)/~ 〈q′′′|q′〉 (5)

=
∑
j

(
∂2S

∂qj∂q′j

)1/2

eiS(qj ,q
′
j ;t)/~ +O(~2),

where the sum is over the critical points qj and q′j of
the polynomial action S function. The first term is often
called the Van Vleck propagator or, more precisely, the
Van Vleck-Morette-Gutzwiller propagator [28–30].

However, we have purposely been general with our
choice of representation ψ and ψ′ because instead of
the position representation, we will employ the “center-
chord” representation. This “center-chord” representa-
tion is more suitable for discrete Hilbert spaces [22] and

produces the Wigner-Weyl-Moyal (WWM) formalism.
Using this representation with the stationary phase
method means that stationary phase expansions must
be made around the centers x and x′. We briefly de-
velop aspects of this formalism that are pertinent to
gate concatenation in the next section.

3 Discrete Wigner Functions: Wiger-
Weyl-Moyal Formalism
The discrete WWM formalism of quantum mechan-
ics is equivalent to the matrix and path integral rep-
resentations [21, 31]. A complete description of the
odd-dimensional WWM formalism can be found else-
where [20–22]. Here we introduce the basic formalism
of Weyl symbols of products of operators or gates, which
will be necessary in order to develop a propagator-like
treatment.

3.1 WWM Formalism Basics
We consider the case of d odd. We will later restrict
this further to d = ph for p odd prime and h > 0, not
to be confused with the reduced Planck’s constant. We
set ~ = d

2π .
We label the computational basis for our system by

j ∈ 0, 1, . . . , d− 1, for d odd. We identify the discrete
position basis with the computational basis and define
the “boost” operator as diagonal in this basis:

Ẑδp |j〉 ≡ ωjδp |j〉 , (6)

where ω ≡ ω(d) = e2πi/d.
We define the normalized discrete Fourier transform

operator to be equivalent to the Hadamard gate:

F̂ = 1√
d

∑
j,k∈Z/dZ

ω−jk |j〉 〈k| . (7)

This allows us to define the Fourier transform of Ẑ as
the “shift” operator:

X̂ ≡ F̂ ẐF̂ †, (8)

which acts as
X̂δq |j〉 ≡ |j ⊕ δq〉 , (9)

where ⊕ denotes mod-d integer addition. The Weyl
relation holds for X̂ and Ẑ:

ẐX̂ = ωX̂Ẑ. (10)

Consistent with [20–22], we define the symplectic ma-
trix

J =
(

0 −In
In 0

)
, (11)
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for In the n-dimensional identity.
The Weyl symbol (Wigner function) of an operator ρ̂

can be written

ρ(xp,xq) (12)

= Tr

d−n ∑
λ∈(Z/dZ)n

e
i
~λ

TJxe−
i

2~λp·λq ẐλpX̂λq ρ̂

 ,

where x ≡ (xp,xq) is a 2n-vector corresponding to a
conjugate pair of n-dimensional center momenta and
positions while λ ≡ (λp,λq) corresponds to its dual
chord momenta and positions.

The Weyl symbol of a unitary gate is in C and any
function in C can always be written in the form

U(x) = exp
[

2πi
ph

S(x)
]
, (13)

where S(x) ∈ C[x] and
∑
x U(x) = 1. Given x ∈

(Z/dZ)n we can make this more precise by restricting
S(x) to be a polynomial in the ring C [(Z/dZ)n] where
deg(S) < d (without loss of generality). We call S(x)
the center-generating action or just simply the action
due to its semiclassical role [20].

3.2 Weyl Symbols of Quantum Circuits
We are interested in the Weyl symbol of products of
operators because quantum circuits evolve by products
of operators corresponding to elementary gates. The
Weyl symbol of a product of an even 2N number of
operators Â2N , . . . , Â1 has a phase determined by this
symplectic area for the odd number 2N + 1 of centers:

(A2N · · ·A1)(x) = (14)
1

d2nN

∑
x1,...,x2N

A2N (x2N ) · · ·A1(x1)

× exp
[
i

~
∆2N+1(x,x1, . . . ,x2N )

]
.

The generalized symplectic matrix for N degrees of free-
dom can be defined through the introduction of the ma-
trix JN and HN [20]:

JN =


J 0 0 . . .

0 J 0

0 0
. . .

...
. . .

 , (15)

HN =


0 −1 −1 . . .

1 0 −1
1 1 0
...

. . .

 . (16)

The product of JN and the inverse of HN is

JNH−1
N = H−1

N JN =


0 J −J

. . .

−J 0 J
. . .

J −J 0
. . .

. . . . . . . . . . . .

 .

(17)
The symplectic area for an odd number of centers is

defined to be

∆2N+1(x,x1, . . . ,x2N ) (18)
= (x1 − x, . . . ,x2N − x)H−1

2NJ2N (x1 − x, . . . ,x2N − x).

Notice here the convention of associating a factor of
d−n to every sum over xi ≡ (xpi ,xqi). This is a conven-
tion that we will continue to use throughout this paper.
For instance, we expect

d−n
∑
x

A(x) = 1, (19)

for any quantum gate Â = Û or density matrix state
Â = ρ̂.

For example, the Wigner function of two operators
Â2Â1 can be written:

(A2A1)(x) (20)

= 1
d2n

∑
x1,x2

A2(x2)A1(x1) exp
[
i

~
∆3(x,x1,x2)

]
,

where

∆3(x,x1,x2) = 2xTJ (x1 − x2) + 2xT1 Jx2, (21)

is the symplectic area associated with three centers x1,
x2 and x3.

Proceeding with a propagator-like treatment, here we
will be interested in propagating from some state ρ̂ to ρ̂′
and so will be interested in extending these definitions
to capture four operators—ρ̂′Û ρ̂Û†. By Eq. 14, this
requires the symplectic area for five degrees of freedom:

Accepted in Quantum 2021-05-21, click title to verify. Published under CC-BY 4.0. 4



∆5(x,x1,x2,x3,x4) = (x1 − x,x2 − x,x3 − x,x4 − x)TH−1
4 J4(x1 − x,x2 − x,x3 − x,x4 − x) (22)

= 2xT2 J (x3 − x1)− 2xT4 J (x3 + x1) + 2xT4 Jx2 + 2xTJ (x3 + x1 − x4 − x2) + 2xT3 Jx1.

More generally, we will be interested in an even num-
bers of operators: ρ̂′Û1 · · · ÛmρÛ†m · · · Û1. To accom-
plish this, we can extend the definition for the Weyl
symbol of the product of 2N operators given in Eq. 14
to an odd number (2N − 1) of products by consid-
ering the Weyl symbols of 2N products of operators
and setting Â2N = Î, which has the corresponding
Weyl symbol I(x) = 1. This leaves the x2N variable
alone in the argument of the exponential, free to be
summed over to produce a Kronecker delta function.
The remaining exponentiated terms are defined to be
∆2N (x,x1, . . . ,x2N−1).

Finally, consider the Weyl symbol of the product of
the four operators ÎÂ3Â2Â1:

A3A2A1(x) =
1
d2n

∑
x3,x2,x1∈(Z/dZ)2n

A3(x3)A2(x2)A1(x1) (23)

×δ(x3 − x2 + x1 − x) exp
[
i

~
∆4(x,x1,x2,x3)

]
,

where

∆4(x,x1,x2,x3) = 2xT2 Jx3 − 2xT1 Jx3 (24)
+2xT1 Jx2 + 2xTJ (x1 + x3 − x2).

Notice that the prefactor fell by d2n compared to Eq. 14
since that is the dimension of the vector inside the Kro-
necker delta function. This agrees with our established
standard of a factor of d−n for every sum over xi since
after the Kronecker delta function is summed over, the
resulting expression involves only a double sum over
phase space and so we expect two factors of d−n.

With the WWM formalism for the Weyl symbols
of products of operators thus established, we move on
to consider quantum channels, which are double-ended
propagators.

In general, past treatment of the quantum propaga-
tion of a state ρ̂ by a unitary Û in the WWM formalism
have been content with Eq. 23, setting Â2 = ρ̂′, and
Â3 = Â†1 = Û [20, 21]. However, such a treatment in-
timately ties the propagator to the initial state, ρ̂′, and
to act on a final state necessarily involves using Eq. 20
setting Â2 = ρ̂, the final state, and Â1 = ÎÛ ρ̂′Û†. This
leaves an intermediary phases ∆3 to sum over and as a
result does not produce a self-contained double-ended
propagator (a quantum channel) that acts on states by
summation without any additional functions or phases,
as in Eq. 3. A double-ended propagator form is often
both more familiar and more useful for generality.

Using the additional general formulae defined in this
Section, notably Eq. 14, we can develop such a double-
ended propagator or quantum channel.

3.3 Weyl Symbols for Quantum Channels
We define UU∗(x,x′) to be the Weyl symbol of a quan-
tum channel that can take any initial state ρ′ to a final
states ρ by summing over their phase space variables:

(ρUρ′U†)(x) ≡ 1
d2n

∑
x,x′∈(Z/dZ)2n

ρ(x)UU∗(x,x′)ρ′(x′).

(25)
To obtain UU∗(x,x′), we use Eq. 14 for 2N = 4.

We set A4(x4) = 1 and sum x4 away, set A2(x2) = ρ′

but then discard it along with its sum over x2, and set
A3(x) = A∗1(x) = U(x). Relabelled the variables of
summation, this produces:

UU∗(x,x′) ≡ 1
d2n

∑
x1,x2,x3∈(Z/pZ)2n

U(x1)U∗(x2)

× exp
[

2πi
d

∆5(x3,x,x1,x
′,x2)

]
,(26)

where we also used the identity ∆5(x,x1,x
′,x2,x3) =

∆5(x3,x,x1,x
′,x2). This is equivalent to using Eq. 23

for A2(x2) = ρ′(x2) and discarding the sum over x2.
Notice in Eq. 26 the inclusion of the full phase ∆5 in

the expression. As a result, acting on ρ(x) or ρ′(x′) by
UU∗(x,x′) as in Eq. 26 simply involves summing over
x or x′ respectively; there is no intermediate phase ∆3
as in Eq. 20 that must also be summed over.

Our choice of normalization in Eq. 26 allows us
to continue the standard of including a factor of
d−n to every sum over a pair of conjugate phase
space degrees of freedom in Eq. 25. This means
that d−2n∑

x,x′∈(Z/dZ)2n UU∗(x,x′) = d2n while
d−n

∑
x∈(Z/dZ)2n UU†(x) = dn = Tr(Û Û†).

The notation UU∗(x,x′) for the Weyl symbol of this
propagator is perhaps clunky, since it can be mistaken
for the Weyl symbol of Û Û†, UU†(x). But as Eq. 26
denotes, it is the Weyl symbol of a double-ended prop-
agator and so has two arguments, x and x′1

1To avoid any confusion, we point out that UU∗(x,x′) 6=
UU†(x) = 1; UU†(x) is the Weyl symbol of ÛÛ† = Î and so
is a function of only one variable, x; UU∗(x,x′) can most appro-
priately be associated with the Weyl symbol of the superoperator
�Û • Û†, where � and • denote the operators the superoperator
acts on, and so is a function of two variables, (cont’d on pg. 7)
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For Clifford gates Û , the associated Weyl symbol
U(x) is a non-negative map; U(x) takes non-negative
states to non-negative states. This is clearer for
UU∗(x,x′), which becomes a non-negative real func-
tion: UU∗(x,x′) ≥ 0. This parallels the non-negativity
of Wigner functions ρ(x) of stabilizer states ρ̂. The ex-
tension of this set by π

8 gates or magic states to allow for
universal quantum computation introduces contextual-
ity into UU∗(x,x′) and ρ(x), respectively, which means
that they can now also have (real) negative values.

In the next section we will explore how the non-
negative real function UU∗(x,x′) produced by a Clif-
ford gate can be described by a single Gauss sum.

4 Gauss Sums
We now restrict to d = ph for p odd prime and h ∈ Z.

Consider, a simplified definition of the Gauss sum
from [32, 33]:

Gh(A,v) = pnh/2
∑

x∈(Z/phZ)n
exp

[
2πi
ph

(
xT
A

2 x
)]

× exp
[

2πi
ph
vTx

]
, (27)

forA ∈ Zn×n, v ∈ Zn, and where for h ≤ 0, Gh(A,v) =
pnh/2.

The result of evaluating this sum can be simplified
and summarized in the following list [32]:

Proposition 1 Gauss Sums

(a) If detA 6= 0 and h is large enough that A′ =
phA−1 has entries in Z/pZ. Then Gh(A,0) is
p

1
2 vp(detA) times a fourth root of unity, where vp(α)

is the highest exponent such that pvp(α) divides α.

(b) If ∃u ∈ Z/pnZ such that v = Au then Gh(A,v) =
Gh(A) exp

(
− πi
ph
utAu

)
. Otherwise, Gh(A,v) =

0.

(c) Either G1(A,v) = 0 or it is p(n−r)/2 times a root
of unity as in (a), where r is the rank of A.

There is a more broad application of this result to p-
adic number theory, a topic that is briefly introduced in
the Appendix A, but is beyond the scope of this work.

A simple case of this result produces one of the most
often used equations in this paper:

Corollary 1 (Kronecker Delta Function)

p−n
∑
x∈

(Z/pZ)n

exp
(

2πi
p
v · x

)
=

n∏
i=1

δ(vi mod p) ≡ δ(v),

(28)

Proof A = 0 and so by Proposition 1(b), the sum is
equal to 0 if v 6= 0 since there does not exist any u ∈
Z/pnZ such that Au 6= 0. On the other hand, if v = 0,
then Proposition 1(b) states that the sum is equal to
p−3n/2G1(0) exp

(
−πip u

tAu
)

= 1×exp
(
−πip v

tv
)

= 1.
This is the definition of the Kronecker delta function.
�

We now give an example of the application of this
Proposition to Clifford gates.

4.1 Gauss Sums on Clifford Gates
As we saw in Eq. 13, the Weyl symbol of a unitary
gate such as a Clifford gate is U(x) = exp

[
2πi
ph
S(x)

]
.

Clifford gates have actions that fall into a subring of
C [(Z/dZ)n]: S(x) ∈ Z/dZ [(Z/dZ)n] where deg(S) ≤
2 [22]. We can write the action for a Clifford gate as:

S(x) = xTBx+αTJ Tx, (29)

where B is a 2n× 2n symmetric matrix with elements
in Z/dZ.

This simpler form makes Clifford gates act on states
in a correspondingly simpler manner. Namely, Clifford
gates transform Wigner functions by a linear symplectic
transformation [22]. One way to see this is by deriving
functions that act as Hamiltonians from the above ac-
tion, which can be transformed into the computational
basis by Legendre transform [22]. These Hamiltonians
are similarly harmonic and so their effect on states can
be described that the action of harmonic Hamiltonians
acting on continuous degrees of freedom can be: by rigid
symplectic transformations. In the discrete case, this
translated to taking Wigner arguments (x) to them-
selves while preserving area (a symplectic linear trans-
formation). We proceed to see how this is manifested
from the perspective of the double-ended propagator
UU∗(x,x′).

Let us evaluate UU∗(x,x′) from this perspective:

UU∗(x,x′) = 1
p2n

∑
x1,x2,x3∈(Z/pZ)2n

U(x1)U∗(x2)

× exp
[

2πi
p

∆5(x3,x,x1,x
′,x2)

]
,(30)

where U(x) = exp
[

2πi
p

(
xTBx+αTJ Tx

)]
.
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Applying Proposition 1 produces

UU∗(x,x′) = G1(A,0)
∑

x3∈(Z/pZ)2n

exp
[
−πi
p

(
xT3A

′x3 + 2v′Tx3 + 2c′
)]
. (31)

where A′ = 0, 2v′T = (2x′ + (α mod p))T (4J )(JB − I)−1 + 4(x+ x′)TJ , and 2c′ = 4x′T [4βJ − 4βJB−1J −
J ]x+ 8αTβJ [1−B−1J ]x for β = − 1

2J T (B −JB−1J )−1 (see Appendix B).

We can define a symplectic matrix M by relat-
ing it to the symmetric matrix B through the Cayley
parametrization:

M ≡ (1 + JB)−1(1−JB) = (1−JB)(1 + JB)−1.
(32)

By Corollary 1, since A′ = 0, the sum over x3 is non-
zero if and only if v′ = 0 (see Appendix B):

x = M
(
x′ + α

2

)
+ α

2 . (33)

Or, in other words, we are presented with the usual
plane wave sum identity for a Kronecker delta function.

For values of x′ and x that satisfy x = M(x′+ α
2 ) +

α
2 , UU

∗(x,x′) = d2n. There is only one solution x
given x′, and so d−2n∑

x,x′∈(Z/dZ)2n UU∗(x,x′) = d2n.
This result affirms that the Clifford gate symplectically
transforms Wigner functions by point-to-point symplec-
tic (area-preserving) permutation as discussed in the
beginning of this Section.

Note that this approach is no longer suitable if S(x)
has powers higher than quadratic, or, if even though it
is quadratic, B and α do not have elements in Z. This
is because the Gauss sum results from Proposition 1
cannot apply in these cases. To handle a more general
form for S(x), the the Gauss sum results of this section
must be extended. We explore such a generalization in
Section 5 where we develop the discrete and periodic
stationary phase method.

5 Stationary Phase
We will now proceed to momentarily consider the more
general case of a sum over an exponentiated polynomial
S(x) that lies in Qp[x1, . . . , xn], the field of p-adic num-
bers (see Appendix A), instead of in Z/pZ[x1, . . . , xn],
(cont’d from pg. 5) denoted x and x′.

As added incentive, UU∗(x,x′) is naively a simpler function
to deal with than the Weyl symbol of a unitary operator, U(x).
UU∗(x,x′) is real-valued just like the Weyl symbols (ρ(x)) of
density functions (Wigner functions), while U(x) is generally
complex-valued. Also, UU∗(x,x′) resembles traditional propa-
gators more closely in that it can be said to take states from x′

to x, whereas U(x) requires pairing with U∗(x) and summation
over intermediate values with the appropriate phase as in Eq. 23,
to act on a state.

but such that ∂S(x)
∂x still has coefficients in Zp. We do

this so as to make use of a result from this more general
treatment since, in this case, we can no longer derive
a simple Gauss sum result. However, if we split the
sum up, we can obtain a closed form in terms of several
Gauss sums or sums of higher order with arguments in
Z/pZ[x1, . . . , xn] again.

To accomplish this we express the sum, I, in terms
of local terms Ix̄:

I =
∑

x∈(Z/pmZ)n
exp

[
2πi
pm

S(x)
]

(34)

=
∑

x̄∈(Z/pjZ)n


∑

x∈(Z/pmZ)n

x mod pj=x̄

exp
[

2πi
pm

S(x)
]

≡
∑

x̄∈(Z/pjZ)n
Ix̄,

where j < m.
So far this is simply a reorganization of the order of

terms in the summation. However, since these local
terms are over coarser periodic domains, their polyno-
mial power can be reduced in much the same way that
polynomial powers can be lowered in proximal Taylor
series expansions over a continuous domain. In this
case, since we are dealing with a periodic discrete do-
main, such a simplification relies on the “polynomial
version” of Taylor’s theorem [34],

S(a+ pjx) =
∑
α

1
α!

∂α

∂xα
[S(x)]x=a · p

j|α|xα, (35)

where the sum is over the components of 0 ≤ αi ∈ Zn
such that |α| ≡

∏
i(αi!). Using the polynomial ver-

sion of Taylor’s theorem, Fisher proved the following
Lemma [33]:

Lemma 1 (Fisher1) Given positive integers j and k, a
polynomial S(x) ∈ Qp[x1, . . . xn], and a point a ∈ Znp ,
let S(<k)

a (x) denote the Taylor polynomial of degree k−
1 for S(a + x). Assume that ptS(x) and the partial
derivatives have coefficients in Zp, for some integer t,
and let

ε = εk = min{t, blog k/ log pc}. (36)
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Then S(a+ pjx) = S
(<k)
a (pjx) mod pjk−ε as polynomi-

als in x.

We express the quadratic Taylor polynomial of S(x)
at a as S<3

a (x) = S(a) +∇S(a) · x+ 1
2x ·Ha · x, where

Ha = ∂2S
∂xµ∂xν

∣∣∣
x=a

is the Hessian matrix of f at a.
We proceed as follows:

Theorem 1 (Fisher2) Let S(x) ∈ Qp[x1, . . . , xn] such
that ∇S(x) = ( ∂S∂x1

, . . . , ∂S∂xn ) has coefficients in Zp. De-
fine εk as in Eq. 36. Given integers m ≥ j ≥ 1 and
a point a ∈ Znp with reduction ā ∈ (Z/pjZ)n, define
Iā = Iā(f ;Z/pmZ) as in Eq. 34. Then:

(a) The local sum Iā vanishes unless ∇S(a) ≡
0 mod pmin(j,m−j).

(b) If m ≤ 3j − ε3 and ∇S(a) ≡ 0 mod pmin(j,m−j),
then

Iā = pnm/2e2πiS(a)/pmGm−2j(Ha, p
−j∇S(a)).

(37)

(c) Assume that det(Ha) 6= 0, and choose an integer
h such that phH−1

a has coefficients in Zp. Assume
that j > h and 2j + h ≤ m ≤ 3j − ε3. Then the
following are equivalent:

(i) Iā 6= 0,
(ii) ∇S(a) ∈ pjHa · Znp , i.e., pjHa|∇S(a),

(iii) ∃α ∈ Znp : ∇S(a) = 0 ∈ Znp and α ≡ a mod pj,
and Iā = pnm/2e2πiS(α)/pmGm(Hα, 0).

As an example consider S(x) = x3 + 2x2 over Z/32Z:

I =
∑

x∈Z/32Z

exp
[

2πi
32 (x3 + 2x2)

]
. (38)

We reexpress this as a sum of local terms Ix̄:

I =
∑

x̄∈Z/3Z

Ix̄, (39)

where

Ix̄ =


∑

x∈Z/32Z
x mod p=x̄

exp
[

2πi
32 (x3 + 2x2)

] . (40)

Since S(x) ∈ Zp it follows that t = 0 and so ε = 0.
0 mod 3 = ∇S(x) = 3x2 + 4x has solution x = 0.

Therefore, by Theorem 1(a),

I = I0̄. (41)
Furthermore, by Theorem 1(b), since 2 = m ≤ 3j−ε3 =
3, it follows that

I = I0̄ = 3e2πiS(0)/32
= 3. (42)

Therefore, due to Theorem 1, we are able to simplify
the sum, I, to just one term, I0̄.

5.1 Diagonal Unitary Example
An important subset of non-Clifford gates include diag-
onal gates with rational eigenvalues. These can always
be written as Û = exp

[
2πi
ph
S(q̂)

]
where S(q̂) ∈ Q[q̂].

Hence, their Weyl symbols are U(xq) = exp
[

2πi
ph
S(xq)

]
.

As an example, we consider an action that encom-
passes the generalized π

8 -gates for qutrits [35, 36]:

S9(x) = Cx3
q +Bx2

q +αJ Tx, (43)

where C,B ∈ Z and α ∈ Zn. We consider S9 as
a polynomial over Z/32Z so that its Weyl symbol is
U9(x) ≡ exp

( 2πi
32 S9(x)

)
. We note that though the co-

efficients of this polynomial are still in Z as the actions
were in Section 4, it is cubic and thus must be treated
by the method of stationary phase instead of as a single
quadratic Gauss sum.

It is easy enough to verify that this corresponds to a
unitary operator (see Appendix C):

(U9U
∗
9 ) (x) =

(
1
32

)2 ∑
x′,x′′∈(Z/32Z)2

U9(x′′)U∗9 (x′) exp
(

2πi
32 ∆3(x,x′,x′′)

)
= 1. (44)

So we now consider the double-ended propagator corresponding to S9:

U9U
∗
9 (x,x′) = 1

92

∑
x1,x2,x3∈(Z/32Z)2N

U(x1)U∗(x2) exp
[

2πi
p

∆5(x3,x,x1,x
′,x2)

]
(45)

= 9
∑

{x̃2q} mod 3

3 exp
[

2πi
32 S(x̃2q)

]
,

where S(x̃2q) is a cubic polynomial shown in Appendix C.
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For some values of A, B, and α, some phase space
points (x,x′) produce three Gauss sums while others
produce none. This can be found by seeing which values
of (x,x′) cause ∂S(x2q)

∂x2q
to equal zero. Examples of this

can be found in Appendix C. This illustrates the useful-
ness of the periodized stationary phase approximation
in not only formalizing the number of Gauss sums that
are necessary, but also in providing an easy way to find
this number (i.e. finding the zeros of ∂S(x2q)

∂x2q
).

For general diagonal gates, the coefficients in their
action polynomials with fall in Q instead of Z. We
will develop a technique in Section 7 that will show
how to change the domain of summation from Z/phZ
to Z/ph′Z, where h′ > h, such that the resultant equiv-
alent action has coefficients in Z thereby allowing for
its treatment by the method of periodized stationary
phase developed here. But first, let us characterize and
discuss this periodized stationary phase method.

6 Uniformization
The discrete “periodized” stationary phase method in-
troduced in the Section 5 has many similarities to the
stationary phase approximation in the continuous set-
ting. This is discussed in more detail in Appendix D.
One of the properties of the continuous stationary phase
approximation is that the number of Gaussian integrals
it produces can be decreased by increasing the expan-
sion in the exponentiated action to a higher order than
quadratic. This produces a smaller number of higher
order integrals, such as Airy functions (corresponding
to a cubic expansion) and the Pearcey integral (cor-
responding to a quartic expansion). This procedure
is called uniformization. Though this produces fewer
terms, these integrals are correspondingly more difficult
to evaluate compared to Gaussian integrals.

A similar uniformization procedure can be applied
with the discrete “periodized” stationary phase method.
As we shall see here, this reduces the number of
quadratic Gauss sums that the method produces into
a fewer number of higher-order Gauss sums.

According to Theorem 1, the discrete stationary
phase method drops the size of summation by a fac-
tor of pm−dm/3e and changes the summand to a sum of
quadratic Gauss sums with closed-form solutions multi-
plied by phases. However, the stationary phase method
can also decrease the domain by a larger multiple of
p, but the resultant sum is over terms that are them-
selves sums with higher than quadratic order; they are
no longer quadratic Gauss sums.

To prove part (b) of Theorem 1, Fisher appealed
to Lemma 1 to show that if m ≤ kj − εk = 3j − ε3
and ∇S(a) ≡ 0( mod pmin{j,m−j}), then for any x ∈

(Z/pm−jZ)n,

S(a+pjx) = S(a)+pj∇S(a)·x+ 1
2p

2jHa(x) ∈ Qp/pmZ.
(46)

This implies

Iā =
∑

x∈(Z/pm−jZ)n
e2πiS(a+pjx)/pm (47)

= e2πiS(a)/pm
∑

x∈(Z/pm−jZ)n
e2πi[p−j∇S(a)·x+ 1

2Ha(x)]/pm−2j
,

which can be rewritten in terms of the Gauss sum no-
tation as above in Theorem 1 (b).

This trivially generalizes to higher order polynomials:

Theorem 2 (Generalization of Fisher2 (b)) Let S(x) ∈
Qp[x1, . . . , xn] such that ∇S(x) = ( ∂S∂x1

, . . . , ∂S∂xn ) has
coefficients in Zp. Define εk as in Eq. 36. Given in-
tegers m ≥ j ≥ 1 and a point a ∈ Znp with reduction
ā ∈ (Z/pjZ)n, define Iā = Iā(f ;Z/pmZ) as in Eq. 34.
Then: If m ≤ kj − εk and ∇S(a) ≡ 0 mod pmin(j,m−j),
then

Iā =
∑

x∈(Z/pm−jZ)n
e2πiS(a+pjx)/pm =

∑
x

e2πiS<k(a)/pm−j .

(48)

Proof The same proof as Fisher’s can be used here. �

In particular, for k = 4,

Iā = e2πiS(a)/pm
∑
x

e2πi[p−2j∇S(a)·x+ 1
2p
−jHa(x)+ 1

3!Aa(x)]/pm−3j
,

(49)
where

Aa =
∑
i,j,k

∂3S(x)
∂xi∂xj∂xk

∣∣∣∣
x=a

xixjxk. (50)

Completing the cube for n = 1 by setting x′ =(
∇3S

) 1
3
(
x+ p−j∇2S/∇3S

)
this can be rewritten as:

Iā = e2πi(S(a)+Γ)/pm
∑
x′

e2πi[Ξx′+x′3]/pm−3j
, (51)

for

Γ = −p−3j∇S(a)(∇2S)/(∇3S) + 1
2p
−3j(∇2S)3/(∇3S)

−1
6p
−3j(∇2S)3/(∇3S)2, (52)

Ξ =
(
∇3S

)− 1
3
[
p−2j∇S(a)− p−2j(∇2S)2/(∇3S)

+1
2p
−2j(∇2S)2/(∇3S)

]
. (53)

(Note that
(
∇3S

) 1
3 is well-defined for prime dimension.)
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This is a discrete sum analog to the Airy func-
tion [37].

Similarly, for k = 5, setting

x′ =
(
∇4S

) 1
4
(
x+ (p−j∇3S/∇4S)

)
for n = 1 allows the equation to be rewritten as:

Sā = e2πi(S(a)+Γ)/pm
∑
x′

e2πi[Ξx′+Υx′2+x′4]/pm−4j
, (54)

for

Υ =
(
∇4S

)− 1
2

[
1
2p
−2j∇2S

−1
4
(
p−j∇3S

)2
/
(
∇4S

)]
, (55)

Ξ =
(
∇4S

)− 1
4

[
p−3j∇S − 1

6p
−2j(∇3S)2/(∇4S)

−
(
∇4S

) 1
2 2p−j(∇3S)/(∇4S)Υ

]
, (56)

Γ = −( 1
24∇

4S)(p−j∇3S/∇4S)4 − (p−j∇3S/∇4S)2Υ

−(p−j∇3S/∇4S)Ξ. (57)

This is a discrete sum analog to the Pearcey inte-
gral [38].

Higher order instances can be similarly developed
leading to discrete sum analogs to integrals familiar in
catastrophe theory [39].

For n degrees of freedom with a domain of summa-
tion of Z/pmZ (as might be produced by, for instance,
n pm-dimensional qudits), the naive numerical summa-
tion involves a sum over pnm terms. Using the Gauss
sum k = 3 simplification or appropriate uniformization
level for k > 3, this sum can be reduced to a sum over pn
terms involving Gauss, Airy, Pearcey etc. sums, which
number

∏
j p

m−j and can be pre-computed and stored
for use during the summation. These terms can perhaps
also be approximated numerically instead of tabulated,
thereby eschewing the exponential cost in storage. This
is the current approach with Airy functions and Pearcey
integrals in the continuous case in computation, for in-
stance [40].

We note that including non-Clifford gates within the
WWM formalism was not possible under the previ-
ous derivation of the formalism in terms of powers of
~ [20–22]. This is because earlier derivations of the
discrete WWM formalism begain with the continuous
case, where the stationary phase method is able to be
applied in its traditional form, and then “discretized”
and “periodized” the final propagator. As a result, the
propagator could only be written to order ~, which just
includes Clifford propagation, and higher order correc-
tions could not be derived because anharmonic trajec-
tories cannot be obtained by “periodizing” to a discrete

Weyl phase space grid. In this way, this paper finally
accomplishes this extension to higher orders of ~ by in-
stead using this different “periodized” stationary phase
method, thereby solving this old problem for the first
time. Just as in the old derivation, it finds that Clifford
propagation is captured at order ~0, but unlike the old
derivation it is able to formally ascribe a power of ~
required to include (diagonal and their Clifford trans-
formations) non-Clifford gates in a formal Taylor series,
as discussed in Section D.

7 Application to universal gatesets
The T -gate is a non-Clifford single qudit gate. It ex-
tends the Clifford gateset to allow for universal quan-
tum computation [35]. Generalizations of the T -gate to
qudits are frequently called π/8 gates.

Here we will show how the discrete “periodic” sta-
tionary phase method can be applied to the Wigner
function of the qutrit π/8 gate magic state to obtain a
summation over quadratic Gauss sums:

ρπ/8(x) = (58)
1
32

∑
x2q∈Z/32Z

exp
{

2πi
32 S

′′
π/8(x2q, xq, xp, x

′
p=0)

}
,

where S′′π/8(x2q, xq, xp, x
′
p=0) = (−x2q + 2xq)3 − x3

2q +
2× 3(x2q − xq)xp.
π/8 gates differ for dimension p = 3 and p > 3 [35,

36]. For p = 3, with ζ = e2πi/9,

Uv =
2∑
j=1

ζvj |j〉 〈j| (59)

where

v = (0, 6z′ + 2γ′ + 3ε′, 6z′ + γ′ + 6ε′) mod 9. (60)

Despite these differences, these π/8 gates are all diag-
onal with entries that are rational powers of e2πi/p. This
means that their Weyl symbol actions Sπ/8(x) /∈ Z[x]
but lie in Z[x] when the dimension ph of the system is
increased to ph

′
.

Here we will show how to perform this change in the
domain of summation for a gate from Z/phZ to Z/ph′Z,
where h′ > h, such that the resultant equivalent action
will go from having coefficients in Q to Z. This is a
useful technique for general diagonal gates, since the
coefficients in their action polynomials will generally fall
in Q instead of Z. Reexpressing their Weyl symbols in
this way will allow for their evaluation by the method
of stationary phase. Though we will only show this for
the qutrit π/8 gate as an example, this technique can be
equivalently applied for all diagonal gates with rational
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coefficients, as well as their Clifford transformations,
which only symplectically permute the action.

To demonstrate this we examine a particular π/8 gate
for qutrits and its corresponding magic state.

Let z′ = 1, γ′ = 2 and ε′ = 0 so that

Uv(0, 1, 8) =

 1 0 0
0 ζ 0
0 0 ζ8

 . (61)

The corresponding Weyl symbol is

Uπ/8(xq) = exp
[
−2πi

3
2
3(xq + 3x2

q)
]

(62)

≡ exp
[

2πi
3 Sπ/8(xq)

]
,

for xq ∈ Z/32Z and xq1 ∈ Z/3Z.
Sπ/8(x) /∈ Z[x] but it does lie in Z[x] when the do-

main is increased from 3 to 32; we want to consider the
sum over xq of Uπ/8(x) = Uπ/8(xq) and reexpress it in
terms of an exponential such that it is a sum over the
larger space Z/32Z of a polynomial with integer coeffi-
cients (see E):∑

xq∈Z/3Z

exp
[

2πi
3

(
−2

3

)
(xq + 3x2

q)
]

(63)

= 1
3

∑
xq∈Z/32Z

exp
[

2πi
32 x

3
q

]

≡ 1
3

∑
xq∈Z/32Z

exp
[

2πi
32 S

′
π/8(x)

]
.

Notice that the first line consists of a sum of an expo-
nentiated polynomial with coefficients in Q while the
second line is a sum over a larger space, but this time
of an exponentiated polynomial with coefficients in Z.
Thus, we have accomplished what we set out to do.

Since we will not be performing the sum above in
isolation but with other exponentiated terms, so it is
important to establish a slightly more general result:

∑
xq∈Z/3Z

exp
{

2πi
3

[
−2

3(xq + 3x2
q) + f(x)

]}
(64)

= 1
3

∑
xq∈Z/32Z

exp
{

2πi
32

[
S′π/8(x) + 3f(x)

]}
,

where f(x) ∈ Z[x1, . . . , xn].

Applying this identity to Uπ/8U∗π/8(x,x′) transforms it into an expression with exponentiated polynomials over a
larger domain of summation and whose coefficients are in Z. This result is now amenable for the discrete “periodized”
stationary phase method result given by Theorem 1. This produces (see Appendix E):

Uπ/8U
∗
π/8(x,x′) = 1

32

∑
x1,x2,x3∈(Z/3Z)2

Uπ/8(x1)U∗π/8(x2) exp
[

2πi
3 ∆5(x3,x,x1,x

′,x2)
]
, (65)

= 1
3

∑
{x̃2q} mod 3

exp
[

2πi
32 S

′′
π/8(x̃2q)

]
G0(Hx̃2q , 3−1∇S′′π/8(x̃2q)),

where S′′π/8(x̃2q) = 3
[
2(xp − x′p)x2q + (xp + 3x′p)x′q − (3xp + x′p)xq

]
, Hx̃2q = ∂2S

∂xµ∂xν

∣∣∣
x=x̃2q

, and G0 is defined in

Eq. 27.

We are interested in the magic state of this gate, which corresponds to it acting on Ĥ |0〉 = |p = 0〉. The
Wigner function of |p = 0〉 is ρ′(x) ≡ 1

3δxp,0. Hence,
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ρπ/8(x) ≡
∑
x′

Uπ/8U
∗
π/8(x,x′)ρ′(x′) =

{
1
32

∑
x2q∈Z/32Z exp

[
2πi
32 S

′′
π/8(x2q, xq, xp, x

′
p=0)

]
if x′q = xq (mod 3),

0 otherwise
.

= 1
32

∑
x2q∈Z/32Z

exp
{

2πi
32

[
(−x2q + 2xq)3 − x3

2q + 2× 3(x2q − xq)xp
]}

, (66)

(where, again, details are shown in Appendix E).

If we let S(xp, xq) be the phase, we note that ∂S
∂xp

=
∂S
∂xq

= 0 mod 3 and ∇2S ≡ H = 0 mod 30 ∀xp, xq.
Hence, evaluation at any phase space point, or linear
combination thereof, requires summation over the three
reduced phase space points x̃2q ∈ Z/3Z since they are
all critical points.

7.1 Application
We consider as an example, computation of the qutrit
circuit outcome:

P = Tr
[
〈0| ÛCÛ⊗kπ/8Ĥ

⊗k |0〉⊗n
]
. (67)

This corresponds to the probability of the outcome
|0〉 〈0| after k qutrit magic states are acted on by a ran-
dom Clifford circuit UC on n ≥ k total qutrits.

A recent study introduced a method to sample this
distribution using Monte Carlo methods on Wigner
functions [19]. Results were demonstrated for one to ten
magic states, in a system of 100 qutrits, that required
105 to > 108 samples, respectively, to attain precision
(Psampled − P ) < 10−2 with 95% confidence [19].

Before the Clifford gates are applied, in the Wigner
picture the circuit can be described by k products of
Eq. 66 and (n − k) products of δxqj ,0. The random
Clifford gate can be described as an affine transforma-
tion by a symplectic matrix M and vector α [4, 41], as
described in Section 4.1, such that(

x′p
x′q

)
= M

((
xp
xq

)
+ α

2

)
+ α

2 . (68)

The form of the M and α for the Clifford gates are
given in [4]. The final contraction to |0〉 〈0| corresponds
to a sum over all n of the xpj and xqj except for the first
degree of freedom, which is only considered at xq1 = 0
(and all xp1).

We note that this is a strong simulation algorithm.
Therefore, it is interesting to compare the number of
terms produced by the stationary phase method that
must be summed over in this strong simulation with
the number of samples that must be taken in the prior
strong simulation by Pashayan et al. However, a di-
rect comparison of the two on an equal footing is a bit

blurred by the fact that the latter only reports results
based on a Monte Carlo sampling of their terms, pro-
ducing a result correct only up to a precision ε = 0.01.
Their explicit evaluation would produce a result cor-
rect up to precision ε = 0.0 and would likely scale far
worse (we estimate at least 32t for a naive evaluation of
the 2t dimensional Wigner function, see Fig. 1). Monte
Carlo calculation of finite sums reduce the number of
terms that must be evaluated for intermediate to large
sums, and we assume that is the case with Pashayan et
al.’s results. Thus we will proceed to compare the two
methods with the caveat that Monte Carlo sampling of
the sums produced by the stationary phase method will
likely also improve its performance for intermediate to
large values of t.

For k magic states in a 100-qutrit system, we
have k one-dimensional sums (integrals) over x2qj
and 100 sums over all the xpj and 99 sums over
all the xqj except xq1 , resulting in a total of (k +
199) sums. This can be concisely written by let-
ting x ≡ (xp1 , . . . , xp100 , xq1 , . . . , xq100) ≡ (xp,xq) and
ρπ/8(xi) ≡ ρπ/8(xpi , xqi) such that

P =
∑
x′∈D

 t∏
i=1

ρπ/8(x′i)
100∏

j=t+1
δ(x′qj )

 , (69)

for

D =
{
x′
∣∣∣∣ (M−1

(
x′ − α2

)
− α2

)
101

mod 32 = 0
}
(70)

where (M−1(x′ − α
2 ) − α

2 )i = xi for i ∈ {1, . . . , 200}.
There are 199 sums in Eq. 69 and the ρπ/8 contain k
more, for a total of (k + 199).

The restriction on the sum over x′ to be in D, defined
in Eq. 70, can be treated as an additional Kronecker
delta function modulo 32, δ(M−1(x′ − α

2 ) − α
2 )101),

multiplying the full sum over x′.
We can begin reducing the number of sums by first

summing out all δ(x′qj ) in Eq. 69, which will replace
all x′qj in this additional Kronecker delta function for
j ∈ {t + 1, . . . , 100}. We can then proceed to sum
away all x′pj for j ∈ {t + 1, . . . , 100} since they are not
present anywhere in the full summand and put in the
appropriate factors of 3. The additional delta function
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δ(M−1(x′ − α
2 ) − α

2 )101) can now only include terms
x′pi and x′qi for i ∈ {1, . . . , t}. Any such x′pi term can
now be chosen to be summed away, which replaces it on
the corresponding ρπ/8 state. The remaining (t−1) x′pi
terms can only be linear terms in the ρπ/8 exponential
functions. Thus, they can be summed away to produce
(t − 1) Kronecker delta functions that are linearly in-
dependent and so can be used to sum away (t− 1) x′qi .
There will remain left over one x′qi variable along with
the t x2qi variables—a remaining total of (t+ 1) sums.
This process is illustrated schematically in Table 1.

If the additional Kronecker delta function represent-
ing the restricted sum never had any remaining x′pi
terms then it could simply be used to sum away and
replace a x′qi term with other x′qis, and one could then
proceed as outlined before by summing away all x′pi to
produce Kronecker delta functions and summing away
all x′qi . This would result in only t remaining sums over
the x2qi .

Therefore, in the worst case, the total number of vari-
ables that will need to be summed in the t π/8 gate
magic states will be (t + 1) consisting of Gauss sums
and leading phases. This is worst-case scaling of 3t+1

terms in a sum. We show how this scaling compares to
the alternative algorithm in Fig. 1.

Acting ÛC on the ket instead produces M(x+ α
2 ) +

α
2 in the arguments for the initial stabilizers and ρπ/8
functions with a sum over x restricting xq1 = 0. The
preceding argument then can be made again since the
rows in the top half and bottom half of M(x+ α

2 ) + α
2

correspond to linearly independent equations and so can
be treated independently [4]. This results in a worst-
case of (t+ 1) sums again.

We have thus found that a π/8 gate (and magic state)
can be captured with only p critical points. This is com-
mensurate with its role as the “minimally” non-Clifford
gate [42] and that its direct products have the smallest
stabilizer rank [43].

We proceed to improve this scaling further by devel-
oping a relationship between state stabilizer rank and
the number of critical points necessary to represent that
state and then leveraging this result with the π/8 gate
magic state’s optimal stabilizer rank for two qutrits.

8 Stabilizer Rank and Stationary Phase
Critical Points
We will now see that a relationship can be established
between the stabilizer rank of this state and the num-
ber of these critical points. This is in contrast to the
relationship between the amount of negativity present
magic states and contextuality, which appear to be in-
versely related [44]. This suggests that negativity is
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Figure 1: Logarithm of the number of terms required to evalu-
ate single qutrit marginal after Clifford evolution of Eq. 66. The
number of samples needed for a full Wigner calculation (thin-
ner dashed curve) and the corresponding Monte Carlo integra-
tion based on negativity for precision < 0.01 from Pashayan et
al. [19] (thicker dashed curve) is included for reference. The
upper black curve (plotting 3t+1) illustrates the scaling of the
number of terms in the sum with the single qutrit π/8 gate
magic states (Eq. 65) and the lower black curve (plotting 3 t2 +1)
illustrates the scaling with the two-qutrit π/8 gate magic state
(Eq. 80). The latter illustrates that the stationary phase algo-
rithm for strong simulation (full calculation, i.e. with precision
0.0) is able to significantly outperform Pashayan et al.’s algo-
rithm based on negativity for any number of qutrits with a
performance gain that grows exponentially with the number of
qutrits.

not the most efficient way to introduce “magic” or non-
contextuality in a practical algorithm, and indeed we
find this to be the case here.

In the stationary phase method applied to the infinite
dimensional (continuous) case, the critical points corre-
spond to intersections between Gaussian manifolds, the
continuous generalization of stabilizer states [22]. How-
ever, in the “periodized” stationary phase method ex-
amined here, we cannot expect the same relationship
to hold. Nevertheless, a relationship can still be esta-
bilished between the number of stabilizer states that a
state can be expressed in terms of—its stabilizer rank—
and the number of critical points necessary to represent
that state:

Theorem 3 (Stabilizer Rank and Critical Points) Let
|Ψ〉 be a n-qudit odd-prime-p-dimensional state that
can be written as an equiprobable linear combination of
the pn logical basis states. If |Ψ〉 can also be expressed
as an equiprobable linear combination of pm (m ≤ n)
orthogonal stabilizer states, which can be written, after
some Clifford transformation ÛC , as products of m
orthogonal single-qudit stabilizer states {|φij〉} and
(n−m) single-qudit stabilizer states {|ψik〉} that are
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Step # Description Resultant Equation

0
∑[∏

ρ
linear in x′pi
π/8 (x′pi , x

′
qi , x2qi)ρrest

π/8(x′qi , x2qi)
∏
δ(x′qj )δ((Mx′)101)

]
1 Sum away all x′qj .

∑[∏
ρ

linear in x′pi
π/8 (x′pi , x

′
qi , x2qi)ρrest

π/8(x′qi , x2qi)δ((Mx′)101|∧x′qj=0)
]

2 Sum away all x′pj . 3100−t∑[∏
ρ

linear in x′pi
π/8 (x′pi , x

′
qi , x2qi)ρrest

π/8(x′qi , x2qi)δ((Mx′)101|∧x′qj=0)
]

3 Replace a x′pi′ term
using remaining delta function.

3100−t∑[∏
i 6=i′ ρ

linear in x′pi
π/8 (x′pi , x

′
qi , x2qi)ρrest

π/8(x′qi , x2qi)

× ρ
linear in x′p

i′
π/8 (x′, x2qi′ )ρ

rest
π/8(x′qi′ , x2qi′ )

]

4 Sum away remaining (t− 1) x′pi terms.
3100−t∑[∏

i6=i′ δ(x′pi , x
′
qi , x2qi)ρrest

π/8(x′qi , x2qi)

× ρ
linear in x′p

i′
π/8 (x′q, x2qi′ )ρ

rest
π/8(x′qi′ , x2qi′ )

]

5 Sum away (t− 1) x′qi .
3100−t∑[∏

i6=i′ ρ
rest
π/8(x′qi′ , x2qi)

× ρ
linear in x′p

i′
π/8 (x′qi′ , x2qi′ )ρ

rest
π/8(x′qi′ , x2qi′ )

]
Table 1: Step-by-step schematic illustration of the worst-case simplification of Eq. 69 to (t+1) sums described in the text. For clarity,
in the equations in the third column, ρπ/8(x′pi , x

′
qi , x2qi) is split up into its exponential part linear in x′pi , ρ

linear in x′pi (x′pi , x
′
qi , x2qi),

and the rest, ρrest
π/8(x′qi , x2qi), which is not dependent on x′pi . Furthermore, Kronecker delta functions are mostly written in short-

hand in terms of just their comma-separated arguments. It should be possible from the text to determine the domains of the sums
and products as well as the form of the functions listed.

not logical states,

ÛC |Ψ〉 =
pm−1∑
i=0

ci

m∏
j

|φij〉
n−m∏
k

|ψik〉 , (71)

where ci ∈ C and |ci|2 = |cj |2 ∀ i, j, then the Wigner
function of ρ̂ = |Ψ〉 〈Ψ|, ρ(x), can be expressed in terms
of ≤ pm quadratic Gauss sums of dimension pn−m (i.e.
ρ(x) can be written in terms of ≤ pm critical points of
dimension pn−m).

Proof For a fixed j, there must exist a one-qubit Clif-
ford transformation that takes |φij〉 to |0〉. It follows
after this transformation, for all other i, |φij〉 are also
orthogonal one-qudit stabilizer states and so must be
the other logical states on that qudit. Proceeding in
this manner on the remaining one-qudit {φij} produces
a Clifford transformation Û ′C such that

Û ′CÛC |Ψ〉 =
pm∑
i

ci |i〉
m−n∏
k

|ψik〉 , (72)

where |i〉 is the base p representation of a product of
single-qudit logical (stabilizer) states.

We can rewrite the (n−m) remaining qudits in the
base p representation:

pm∑
i

ci |i〉
n−m∏
k

|ψik〉 ,=
pm∑
i

pn−m∑
j

ci,j |i〉 |j〉 , (73)

where again |j〉 is written in base p representation.
|ci,j |2 = |ck,l|2 ∀ i, j, k, l since we are given that |ci|2 =
|cj |2 ∀ i, j and {|ψik〉} are single-qudit stabilizer states
that are not logical states, and so are equiprobable in
terms of logical states.

It follows that

ci,j = N exp
(

2πi
p
S(i, j)

)
, (74)

where S(i, j) ∈ R is some polynomial function of i and
j when they are broken up into their m and (n − m)
base p constituents, respectively.

Therefore, the Weyl symbol of the diagonal gate
Û that takes ρ̂′ =

∏pn

i=1 F̂i |0〉
⊗n to

∑pm

i ci |i〉 |ψi〉,
Û =

∑pm

i

∑pn−m

j ci,j |i, j〉 〈i, j|, is U(i, j) =
N exp

(
2πi
p S(i, j)

)
.

For fixed i,
∑
j ci,j |i〉 〈i| ⊗ |j〉 〈j| takes

|i〉
∏pn−m

i=1 F̂i |0〉⊗(n−m) to
∑pn−m

j ci,j |i〉 |j〉 = |i〉 |ψi〉,
and is thus a Clifford gate since it takes a stabilizer
state to a stabilizer state. Hence, for fixed i, S(i, j)
must be a quadratic polynomial in j.

Therefore, each i in the sum indexes a term made
up of a pn−m-dimensional quadratic Gauss sum. This
implies that the Wigner function has ≤ pm quadratic
Gauss sums of dimension pn−m, or equivalently, critical
points. �
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9 Two Qutrit π/8 gate magic States
A single qubit T -gate magic state is not a stabilizer
state and has a stabilizer rank of two. Two copies of
the qubit magic state are somewhat remarkable in that
they can also be written in terms of only two stabilizer
states: ∣∣A⊗2〉 = 1

2(|00〉+ i |11〉)

+eiπ/4

2 (|01〉+ |10〉), (75)

where each line consists of a stabilizer state.
In the qutrit case, a similar pattern holds. A single

qutrit T -gate magic state consists of at least three sta-
bilizer states. Moreover, two copies of the qutrit magic
state can also be written in terms of only three stabilizer
states:

Û⊗2
π/8F̂

⊗2 |00〉 = 1
3(|00〉+ |12〉+ |21〉) (76)

+e−2πi/9

3 (|02〉+ |20〉+ e2πi/3 |11〉)

+e2πi/9

3 (|01〉+ |10〉+ e−2πi/3 |22〉),

where again each line consists of a stabilizer state (F̂ is
the Hadamard gate or discrete Fourier transform).

Qubit strong simulation algorithms based on stabi-
lizer rank have been able to leverage this fact to halve
their exponential scaling of terms to O(20.5t) [43, 45].
The performance can be improved to O(2∼0.468t) by us-
ing the fact that six qubit T -gate magic states can be
written in terms of only seven stabilizer states [46].

The dependence of the number of critical points on
the intermediate values of x2q for the π/8 gate magic
state, means that generally the number of critical points

scales exponentially with number of π/8 gates. How-
ever, if this stabilizer rank for two qutrit π/8 gate magic
states can be used, the exponent is reduced by a factor
of 2.

Eq. 76 can be transformed into a more presentable
form by the action of the Clifford controlled-not gate,
C12, which adds the value of the low qutrit to the high
qutrit mod 3 and produces:

C12Û
⊗2
π/8F̂

⊗2 |00〉 = 1
3 (|00〉+ |02〉+ |01〉) (77)

+e−2πi/9

3

(
|22〉+ |20〉+ e2πi/3 |21〉

)
+e2πi/9

3

(
|11〉+ |10〉+ e−2πi/3 |12〉

)
,

We recognize this as a pointer state, in which the high
qutrit tells us the state of the low qubit. These states
are stabilizer states, and we may write:

C12Û
⊗2
π/8F̂

⊗2 |00〉 = 1
3 |0〉 F̂ |0〉 (78)

+ e2πi/9

3 |1〉 P̂ 2F̂ |0〉

+ e−2πi/9

3 |2〉 P̂ F̂ |1〉 ,

where P̂ = diag{1, 1, ω} is the Clifford phase shift gate.
This form satisfies the description of Theorem 3 and

so implies that the Wigner function of Û⊗2
π/8F̂

⊗2 |00〉
can be represented by three one-dimensional quadratic
Gauss sums, just like for Ûπ/8F̂ |0〉—the single π/8 gate
magic state.

To see how this is true in the Wigner representa-
tion, we consider two copies of the magic state given
by Eq. 66:

ρ⊗2
π/8(x1,x2) = 1

32

∑
x2q1∈Z/32Z

exp
{

2πi
32

[
(−x2q1 + 2xq1)3 − x3

2q1
+ 2× 3(x2q1 − xq1)xp1

]}
(79)

× 1
32

∑
x2q2∈Z/32Z

exp
{

2πi
32

[
(−x2q2 + 2xq2)3 − x3

2q2
+ 2× 3(x2q2 − xq2)xp2

]}

We are allowed to transform x2q1 and x2q2 by a symplectic transformation since the sum over these variables
is invariant to symplectic transformations; the sum over a finite field of an exponential polynomial function that
is linearly transformed merely changes the order of summation. However, to calculate the full trace as in Eq. 69
involves summing over x as well, which involves terms that are also exponential polynomial functions but over
a subset of the full domain D given by Eq. 70. A symplectic transformation does not leave this restricted sum
invariant, it additionally transforms the restriction (Eq. 70) by some matrix M and vector α. Fortunately, we
consider all such transformations of the restriction in our analysis above due to already considering any Clifford
transformation on the π/8 gates. Therefore, we are free to further symplectically transform the x variables within
our analysis.
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The two-qutrit Ĉ12 controlled-not gate transforms (xp1 , xp2 , xq1 , xq2) to (xp1 , xp2 − xp1 mod 3, xq1 +
xq2 mod 3, xq2) [22]. Acting on both x and x2q1 and x2q2 with (Ĉ12)2 produces:

ρ⊗2
π/8(xp1 , xp2 + xp1 mod 3, xq1 − xq2 mod 3, xq2) (80)

= 1
32

∑
x2q1 ,x2q2∈Z/3Z

exp
{

2πi
32

[
8x3

q1
+ 7x3

2q1
+ P (x2q1 , x2q2 ,x)

]}
, (81)

where

P (x2q1 , x2q2 ,x) = 3x2
q1
xq2 + 6xq1x

2
q2

+ 6x2
q1
x2q1 + 6xq1xq2x2q1

+6x2
q2
x2q1 + 6xq1x

2
2q1

+ 3xq2x
2
2q1

+ 3x2
q1
x2q2 + 3xq1xq2x2q2

+6xq1x2q1x2q2 + 3xq2x2q1x2q2 + 6x2
2q1
x2q2 + 6xq1x

2
2q2

+ 3x2q1x
2
2q2

+xp1(6x2q1 + 3xq1) + xp2(6x2q2 + 3xq2).

We can see that for each of the three values that x2q1

takes in the sum, the exponent is a quadratic polyno-
mial for x2q2 for fixed x with coefficients in Z/3Z and
so is a quadratic Gauss sum. We further see that the
xq1 are similarly cubic and that for each value of xq1

the exponent is a quadratic polynomial for xq2 for fixed
x2q1 and x2q2 . xp1 and xp2 are both linear terms just as
before, and therefore the same arguments for the scaling
of the marginal trace hold here.

Thus, the end result is a sum of three one-dimensional
Gauss sums, exactly the same number of Gauss sums
as we found for a single π/8 gate in Section 7.

Thus the number of critical points is reduced to 3t/2+1

so that the cost of simulation of the example in Section 7
is O(3t/2). This can be seen by the lowest black curve
in Figure 1.

This performance is better than the Monte Carlo al-
gorithm of Pashayan et al. [19] and is achieved for an
algorithm with no Monte Carlo sampling error. Use of
Monte Carlo would further improve this scaling. It is
interesting to note that weak simulation of qutrits by
the method of [47] scales as 30.32t and so it is perhaps
possible that Monte Carlo could improve this strong
simulation algorithm to be more efficient than weak sim-
ulation.

10 Future Directions
One of the central pillars of the stationary phase method
used here is that non-contextual operations are effi-
ciently classically simulable. This means that the Weyl
symbols of Clifford gates reduce to a Gauss sum and
affect simple symplectic transformations in Weyl phase
space. Furthermore, stabilizer states have non-negative
Wigner functions that characterize functions of affine
subspaces of the discrete phase space.

For a similar approach to work for qubits, the same

operations must be non-contextual in order to be able
to be free resources. This requires the WWM formalism
to be extended from two generators, p and q, to three
generators that become Grassmann elements [5]. The
resultant Grassmann algebra cannot be treated over dis-
joint states in phase space [48], such as we have done
here, and so a Grassmann calculus must be used. It
would be interesting to see if such the stationary phase
method can be applied to the Grassmann algebra and
produce a similar treatment of qubit π/8 gates.

Another interesting direction for future study regards
the mathematical relationship between π/8 gate magic
state stabilizer rank and the number of critical points
in exponentiated multidimensional polynomials. The
improvement in scaling found in Section 9 found by a
symplectic transformation of the x2q1-x2q2 plane is re-
ally due to the reduction in the cubic power of a polyno-
mial with respect to one degree when it is reexpressed
as an inseparable polynomial with the second degree
of freedom. Theorem 3 strongly suggests that a simi-
lar simplification holds for higher numbers of π/8 gate
magic states that are known to have lower stabilizer
ranks [43]. The form of this relationship may be help-
ful in finding such lower stabilizer ranks for even higher
numbers of π/8 gate magic states than are currently
know, as well as establishing concrete bounds.

A related interesting question regards approximate
stabilizer rank of magic states instead of their exact sta-
bilizer rank. This is sufficient for weak simulation and
frequently leads to a more efficient algorithm since we
can get away with introducing error in the probability
distribution we are sampling that is supposed to repre-
sent the exact probability distribution. A weak simula-
tion result for qudits has recently been developed [47].
However, it would be interesting to see if there is a sim-
ilar result to Theorem 3 that deals with approximate
stabilizer rank and if there is some such “approximate”
analog to the discrete stationary phase method that is
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useful for weak simulation.

11 Conclusion

This paper established the stationary phase method as
a way to understand the order ~0 non-contextual Clif-
ford subtheory in the WWM formalism, producing sin-
gle Gauss sums, and higher order ~ contextual exten-
sions of the subtheory, in terms of uniformizations—
higher order sums—that can be reexpressed in terms of
a sum over critical points or Gauss sums. This firmly
tracks with the same relationships that exist in the con-
tinuous infinite-dimensional Hilbert space treatment of
Gaussianity and non-Gaussianity, even though the sta-
tionary phase method introduced here for qudit systems
differs in that it is a “periodized” stationary phase.

We discussed these differences and similarities be-
tween the continuous and discrete case. This involved
comparing this measure of non-contextuality to nega-
tivity. We found that the usage of higher order ~ uni-
formizations through the stationary phase method is
more efficient than using negativity for π/8 gate magic
states, at least in the manner that has so far been tried.
This also seems to have been noticed in the discrete
community, which has turned to favor stabilizer state
decomposition of magic states [43, 45]. By relating the
stabilizer rank of magic states to the number of critical
points necessary to treat them, this paper falls in line
with this latter approach in treating non-Clifford gates.

We found that we are able to calculate a single qutrit
marginal from a system consisting of t π/8 gate magic
states that are then evolved under Clifford gates, with a
sum consisting of 3t+1 critical points corresponding to
closed-form Gauss sums when the magic states are kept
separable. This scaling improves to 3 t2 +1 when pairs of
magic states are rotated into each other in accord with
the optimal two-qutrit π/8 gate magic state stabilizer
rank. We showed that the latter scaling improves upon
the current state-of-the-art.

All of this taken together establishes the usefulness of
contextuality for practical application of classical simu-
lation of qudit quantum algorithms through the venue of
semiclassical higher order corrections in ~ accomplished
by the stationary phase method.

Acknowledgments

Parts of this manuscript are a contribution of NIST, an
agency of the US government, and are not subject to US
copyright. PSL acknowledges support from NSF award
PHY1720395.

References
[1] Greg Kuperberg. How hard is it to ap-

proximate the jones polynomial? Theory
of Computing, 11(6):183–219, 2015. DOI:
10.4086/toc.2015.v011a006. URL http://www.
theoryofcomputing.org/articles/v011a006.

[2] Keisuke Fujii and Tomoyuki Morimae. Com-
muting quantum circuits and complexity of ising
partition functions. New Journal of Physics,
19(3):033003, Mar 2017. DOI: 10.1088/1367-
2630/aa5fdb. URL https://doi.org/10.1088%
2F1367-2630%2Faa5fdb.

[3] Dominik Hangleiter, Juan Bermejo-Vega, Martin
Schwarz, and Jens Eisert. Anticoncentration the-
orems for schemes showing a quantum speedup.
Quantum, 2:65, May 2018. ISSN 2521-327X.
DOI: 10.22331/q-2018-05-22-65. URL https://
doi.org/10.22331/q-2018-05-22-65.

[4] Lucas Kocia, Yifei Huang, and Peter Love.
Discrete Wigner function derivation of the
Aaronson-Gottesman tableau algorithm. En-
tropy, 19(7), 2017. ISSN 1099-4300. DOI:
10.3390/e19070353. URL http://www.mdpi.com/
1099-4300/19/7/353.

[5] Lucas Kocia and Peter Love. Discrete wigner for-
malism for qubits and noncontextuality of clif-
ford gates on qubit stabilizer states. Phys. Rev.
A, 96:062134, Dec 2017. DOI: 10.1103/Phys-
RevA.96.062134. URL https://link.aps.org/
doi/10.1103/PhysRevA.96.062134.

[6] Lucas Kocia and Peter Love. Measurement con-
textuality and planck’s constant. New Jour-
nal of Physics, 20(7):073020, Jul 2018. DOI:
10.1088/1367-2630/aacef2. URL https://doi.
org/10.1088/1367-2630/aacef2.

[7] E.J. Heller. The Semiclassical Way to Dynam-
ics and Spectroscopy. Princeton University Press,
2018. ISBN 9781400890293. URL https://books.
google.com/books?id=c59HDwAAQBAJ.

[8] Robert W. Spekkens. Negativity and contextuality
are equivalent notions of nonclassicality. Phys. Rev.
Lett., 101:020401, Jul 2008. DOI: 10.1103/Phys-
RevLett.101.020401. URL https://link.aps.
org/doi/10.1103/PhysRevLett.101.020401.

[9] Nicolas Delfosse, Philippe Allard Guerin, Ja-
cob Bian, and Robert Raussendorf. Wigner
function negativity and contextuality in quan-
tum computation on rebits. Phys. Rev. X,
5:021003, Apr 2015. DOI: 10.1103/Phys-
RevX.5.021003. URL https://link.aps.org/
doi/10.1103/PhysRevX.5.021003.

[10] S. Abramsky, R. S. Barbosa, and S. Mansfield.
Contextual Fraction as a Measure of Contextual-

Accepted in Quantum 2021-05-21, click title to verify. Published under CC-BY 4.0. 17

https://doi.org/10.4086/toc.2015.v011a006
https://doi.org/10.4086/toc.2015.v011a006
http://www.theoryofcomputing.org/articles/v011a006
http://www.theoryofcomputing.org/articles/v011a006
https://doi.org/10.1088/1367-2630/aa5fdb
https://doi.org/10.1088/1367-2630/aa5fdb
https://doi.org/10.1088%2F1367-2630%2Faa5fdb
https://doi.org/10.1088%2F1367-2630%2Faa5fdb
https://doi.org/10.22331/q-2018-05-22-65
https://doi.org/10.22331/q-2018-05-22-65
https://doi.org/10.22331/q-2018-05-22-65
https://doi.org/10.3390/e19070353
https://doi.org/10.3390/e19070353
http://www.mdpi.com/1099-4300/19/7/353
http://www.mdpi.com/1099-4300/19/7/353
https://doi.org/10.1103/PhysRevA.96.062134
https://doi.org/10.1103/PhysRevA.96.062134
https://link.aps.org/doi/10.1103/PhysRevA.96.062134
https://link.aps.org/doi/10.1103/PhysRevA.96.062134
https://doi.org/10.1088/1367-2630/aacef2
https://doi.org/10.1088/1367-2630/aacef2
https://doi.org/10.1088/1367-2630/aacef2
https://doi.org/10.1088/1367-2630/aacef2
https://books.google.com/books?id=c59HDwAAQBAJ
https://books.google.com/books?id=c59HDwAAQBAJ
https://doi.org/10.1103/PhysRevLett.101.020401
https://doi.org/10.1103/PhysRevLett.101.020401
https://link.aps.org/doi/10.1103/PhysRevLett.101.020401
https://link.aps.org/doi/10.1103/PhysRevLett.101.020401
https://doi.org/10.1103/PhysRevX.5.021003
https://doi.org/10.1103/PhysRevX.5.021003
https://link.aps.org/doi/10.1103/PhysRevX.5.021003
https://link.aps.org/doi/10.1103/PhysRevX.5.021003


ity. Physical Review Letters, 119(5):050504, August
2017. DOI: 10.1103/PhysRevLett.119.050504.

[11] Cristhiano Duarte and Barbara Amaral. Resource
theory of contextuality for arbitrary prepare-
and-measure experiments. Journal of Math-
ematical Physics, 59(6):062202, 2018. DOI:
10.1063/1.5018582.

[12] E. Wigner. On the quantum correction for thermo-
dynamic equilibrium. Phys. Rev., 40:749–759, Jun
1932. DOI: 10.1103/PhysRev.40.749. URL https:
//link.aps.org/doi/10.1103/PhysRev.40.749.

[13] William K Wootters. A wigner-function formula-
tion of finite-state quantum mechanics. Annals of
Physics, 176(1):1–21, 1987. ISSN 0003-4916. DOI:
https://doi.org/10.1016/0003-4916(87)90176-
X. URL https://www.sciencedirect.com/
science/article/pii/000349168790176X.

[14] Christopher Ferrie and Joseph Emerson. Framed
hilbert space: hanging the quasi-probability pic-
tures of quantum theory. New Journal of Physics,
11(6):063040, jun 2009. DOI: 10.1088/1367-
2630/11/6/063040. URL https://doi.org/10.
1088/1367-2630/11/6/063040.

[15] A. Mari and J. Eisert. Positive wigner
functions render classical simulation of quan-
tum computation efficient. Phys. Rev. Lett.,
109:230503, Dec 2012. DOI: 10.1103/Phys-
RevLett.109.230503. URL http://link.aps.
org/doi/10.1103/PhysRevLett.109.230503.

[16] Victor Veitch, Christopher Ferrie, David Gross,
and Joseph Emerson. Negative quasi-probability
as a resource for quantum computation. New Jour-
nal of Physics, 14(11):113011, nov 2012. DOI:
10.1088/1367-2630/14/11/113011. URL https:
//doi.org/10.1088/1367-2630/14/11/113011.

[17] Victor Veitch, Nathan Wiebe, Christopher Ferrie,
and Joseph Emerson. Efficient simulation scheme
for a class of quantum optics experiments with
non-negative wigner representation. New Jour-
nal of Physics, 15(1):013037, jan 2013. DOI:
10.1088/1367-2630/15/1/013037. URL https://
doi.org/10.1088/1367-2630/15/1/013037.

[18] Eric Chitambar and Gilad Gour. Quan-
tum resource theories. Rev. Mod. Phys., 91:
025001, Apr 2019. DOI: 10.1103/RevMod-
Phys.91.025001. URL https://link.aps.org/
doi/10.1103/RevModPhys.91.025001.

[19] Hakop Pashayan, Joel J. Wallman, and
Stephen D. Bartlett. Estimating outcome
probabilities of quantum circuits using quasiprob-
abilities. Phys. Rev. Lett., 115:070501, Aug
2015. DOI: 10.1103/PhysRevLett.115.070501.
URL https://link.aps.org/doi/10.1103/
PhysRevLett.115.070501.

[20] Alfredo M.Ozorio de Almeida. The weyl
representation in classical and quan-
tum mechanics. Physics Reports, 295(6):
265–342, 1998. ISSN 0370-1573. DOI:
https://doi.org/10.1016/S0370-1573(97)00070-
7. URL https://www.sciencedirect.com/
science/article/pii/S0370157397000707.

[21] A.M.F. Rivas and A.M. Ozorio de Almeida. The
weyl representation on the torus. Annals of
Physics, 276(2):223–256, 1999. ISSN 0003-4916.
DOI: https://doi.org/10.1006/aphy.1999.5942.
URL https://www.sciencedirect.com/
science/article/pii/S0003491699959420.

[22] Lucas Kocia, Yifei Huang, and Peter Love. Semi-
classical formulation of the gottesman-knill theo-
rem and universal quantum computation. Phys.
Rev. A, 96:032331, Sep 2017. DOI: 10.1103/Phys-
RevA.96.032331. URL https://link.aps.org/
doi/10.1103/PhysRevA.96.032331.

[23] Quntao Zhuang, Peter W. Shor, and Jeffrey H.
Shapiro. Resource theory of non-gaussian
operations. Phys. Rev. A, 97:052317, May
2018. DOI: 10.1103/PhysRevA.97.052317.
URL https://link.aps.org/doi/10.1103/
PhysRevA.97.052317.

[24] Ryuji Takagi and Quntao Zhuang. Convex re-
source theory of non-gaussianity. Phys. Rev.
A, 97:062337, Jun 2018. DOI: 10.1103/Phys-
RevA.97.062337. URL https://link.aps.org/
doi/10.1103/PhysRevA.97.062337.

[25] Francesco Albarelli, Marco G. Genoni, Matteo
G. A. Paris, and Alessandro Ferraro. Re-
source theory of quantum non-gaussianity and
wigner negativity. Phys. Rev. A, 98:052350,
Nov 2018. DOI: 10.1103/PhysRevA.98.052350.
URL https://link.aps.org/doi/10.1103/
PhysRevA.98.052350.

[26] D.J. Tannor. Introduction to Quantum Mechanics:
A Time-dependent Perspective. University Science
Books, 2007. ISBN 9781891389238. URL https:
//books.google.com/books?id=t7m08j3Wi9YC.

[27] M. Brack. Semiclassical Physics. CRC Press,
2018. ISBN 9780429982453. URL https://books.
google.com/books?id=jVNPDwAAQBAJ.

[28] John H Van Vleck. The correspondence principle in
the statistical interpretation of quantum mechan-
ics. Proceedings of the National Academy of Sci-
ences of the United States of America, 14(2):178,
1928. DOI: 10.1073/pnas.14.2.178.

[29] Cécile Morette. On the definition and ap-
proximation of feynman’s path integrals. Phys.
Rev., 81:848–852, Mar 1951. DOI: 10.1103/Phys-
Rev.81.848. URL https://link.aps.org/doi/
10.1103/PhysRev.81.848.

Accepted in Quantum 2021-05-21, click title to verify. Published under CC-BY 4.0. 18

https://doi.org/10.1103/PhysRevLett.119.050504
https://doi.org/10.1063/1.5018582
https://doi.org/10.1063/1.5018582
https://doi.org/10.1103/PhysRev.40.749
https://link.aps.org/doi/10.1103/PhysRev.40.749
https://link.aps.org/doi/10.1103/PhysRev.40.749
https://doi.org/https://doi.org/10.1016/0003-4916(87)90176-X
https://doi.org/https://doi.org/10.1016/0003-4916(87)90176-X
https://doi.org/https://doi.org/10.1016/0003-4916(87)90176-X
https://www.sciencedirect.com/science/article/pii/000349168790176X
https://www.sciencedirect.com/science/article/pii/000349168790176X
https://doi.org/10.1088/1367-2630/11/6/063040
https://doi.org/10.1088/1367-2630/11/6/063040
https://doi.org/10.1088/1367-2630/11/6/063040
https://doi.org/10.1088/1367-2630/11/6/063040
https://doi.org/10.1103/PhysRevLett.109.230503
https://doi.org/10.1103/PhysRevLett.109.230503
http://link.aps.org/doi/10.1103/PhysRevLett.109.230503
http://link.aps.org/doi/10.1103/PhysRevLett.109.230503
https://doi.org/10.1088/1367-2630/14/11/113011
https://doi.org/10.1088/1367-2630/14/11/113011
https://doi.org/10.1088/1367-2630/14/11/113011
https://doi.org/10.1088/1367-2630/14/11/113011
https://doi.org/10.1088/1367-2630/15/1/013037
https://doi.org/10.1088/1367-2630/15/1/013037
https://doi.org/10.1088/1367-2630/15/1/013037
https://doi.org/10.1088/1367-2630/15/1/013037
https://doi.org/10.1103/RevModPhys.91.025001
https://doi.org/10.1103/RevModPhys.91.025001
https://link.aps.org/doi/10.1103/RevModPhys.91.025001
https://link.aps.org/doi/10.1103/RevModPhys.91.025001
https://doi.org/10.1103/PhysRevLett.115.070501
https://link.aps.org/doi/10.1103/PhysRevLett.115.070501
https://link.aps.org/doi/10.1103/PhysRevLett.115.070501
https://doi.org/https://doi.org/10.1016/S0370-1573(97)00070-7
https://doi.org/https://doi.org/10.1016/S0370-1573(97)00070-7
https://doi.org/https://doi.org/10.1016/S0370-1573(97)00070-7
https://www.sciencedirect.com/science/article/pii/S0370157397000707
https://www.sciencedirect.com/science/article/pii/S0370157397000707
https://doi.org/https://doi.org/10.1006/aphy.1999.5942
https://www.sciencedirect.com/science/article/pii/S0003491699959420
https://www.sciencedirect.com/science/article/pii/S0003491699959420
https://doi.org/10.1103/PhysRevA.96.032331
https://doi.org/10.1103/PhysRevA.96.032331
https://link.aps.org/doi/10.1103/PhysRevA.96.032331
https://link.aps.org/doi/10.1103/PhysRevA.96.032331
https://doi.org/10.1103/PhysRevA.97.052317
https://link.aps.org/doi/10.1103/PhysRevA.97.052317
https://link.aps.org/doi/10.1103/PhysRevA.97.052317
https://doi.org/10.1103/PhysRevA.97.062337
https://doi.org/10.1103/PhysRevA.97.062337
https://link.aps.org/doi/10.1103/PhysRevA.97.062337
https://link.aps.org/doi/10.1103/PhysRevA.97.062337
https://doi.org/10.1103/PhysRevA.98.052350
https://link.aps.org/doi/10.1103/PhysRevA.98.052350
https://link.aps.org/doi/10.1103/PhysRevA.98.052350
https://books.google.com/books?id=t7m08j3Wi9YC
https://books.google.com/books?id=t7m08j3Wi9YC
https://books.google.com/books?id=jVNPDwAAQBAJ
https://books.google.com/books?id=jVNPDwAAQBAJ
https://doi.org/10.1073/pnas.14.2.178
https://doi.org/10.1103/PhysRev.81.848
https://doi.org/10.1103/PhysRev.81.848
https://link.aps.org/doi/10.1103/PhysRev.81.848
https://link.aps.org/doi/10.1103/PhysRev.81.848


[30] Martin C Gutzwiller. Phase-integral approxima-
tion in momentum space and the bound states of
an atom. Journal of Mathematical Physics, 8(10):
1979–2000, 1967. DOI: 10.1063/1.1705112.

[31] F.A. Berezin and M.S. Marinov. Particle
spin dynamics as the grassmann variant of
classical mechanics. Annals of Physics, 104
(2):336–362, 1977. ISSN 0003-4916. DOI:
https://doi.org/10.1016/0003-4916(77)90335-
9. URL https://www.sciencedirect.com/
science/article/pii/0003491677903359.

[32] Romuald Dąbrowski and Benji Fisher. A sta-
tionary phase formula for exponential sums over
z/pmz and applications to gl (3)-kloosterman
sums. Acta Arithmetica, 80(1):1–48, 1997.

[33] Benji Fisher. The stationary-phase method
for exponential sums with multiplicative char-
acters. Journal of Number Theory, 96(1):
201–224, 2002. ISSN 0022-314X. DOI:
https://doi.org/10.1006/jnth.2002.2790. URL
https://www.sciencedirect.com/science/
article/pii/S0022314X02927903.

[34] Nicolas Bourbaki. Elements of mathematics: Alge-
bra ii, chapters 4–7. translated from the french by
pl cohn and j. howie, 1990. IV, Sect. 1, No. 4.

[35] Earl T. Campbell, Hussain Anwar, and Dan E.
Browne. Magic-state distillation in all prime di-
mensions using quantum reed-muller codes. Phys.
Rev. X, 2:041021, Dec 2012. DOI: 10.1103/Phys-
RevX.2.041021. URL https://link.aps.org/
doi/10.1103/PhysRevX.2.041021.

[36] Mark Howard and Jiri Vala. Qudit ver-
sions of the qubit π/8 gate. Phys. Rev.
A, 86:022316, Aug 2012. DOI: 10.1103/Phys-
RevA.86.022316. URL https://link.aps.org/
doi/10.1103/PhysRevA.86.022316.

[37] FWJ Olver. Chapter 9 airy and related functions.
NIST Handbook of Mathematical Functions, pages
193–214, 2010.

[38] T. Pearcey. Xxxi. the structure of an electromag-
netic field in the neighbourhood of a cusp of a caus-
tic. The London, Edinburgh, and Dublin Philosoph-
ical Magazine and Journal of Science, 37(268):311–
317, 1946. DOI: 10.1080/14786444608561335.

[39] R. Gilmore. Catastrophe Theory for Scien-
tists and Engineers. Dover books on advanced
mathematics. Dover Publications, 1993. ISBN
9780486675398. URL https://books.google.
com/books?id=HbuecPcWxJUC.

[40] C. Chester, B. Friedman, and F. Ursell. An
extension of the method of steepest descents.
Mathematical Proceedings of the Cambridge Philo-
sophical Society, 53(3):599–611, 1957. DOI:
10.1017/S0305004100032655.

[41] David Gross. Hudson’s theorem for finite-
dimensional quantum systems. Journal of math-
ematical physics, 47(12):122107, 2006. DOI:
10.1063/1.2393152.

[42] P.O. Boykin, T. Mor, M. Pulver, V. Roychowd-
hury, and F. Vatan. On universal and fault-tolerant
quantum computing: a novel basis and a new con-
structive proof of universality for shor’s basis. In
40th Annual Symposium on Foundations of Com-
puter Science (Cat. No.99CB37039), pages 486–
494, 1999. DOI: 10.1109/SFFCS.1999.814621.

[43] Sergey Bravyi and David Gosset. Improved
classical simulation of quantum circuits dom-
inated by clifford gates. Phys. Rev. Lett.,
116:250501, Jun 2016. DOI: 10.1103/Phys-
RevLett.116.250501. URL https://link.aps.
org/doi/10.1103/PhysRevLett.116.250501.

[44] Mark Howard and Earl Campbell. Applica-
tion of a resource theory for magic states to
fault-tolerant quantum computing. Phys. Rev.
Lett., 118:090501, Mar 2017. DOI: 10.1103/Phys-
RevLett.118.090501. URL https://link.aps.
org/doi/10.1103/PhysRevLett.118.090501.

[45] Sergey Bravyi, Dan Browne, Padraic Calpin, Earl
Campbell, David Gosset, and Mark Howard. Sim-
ulation of quantum circuits by low-rank stabi-
lizer decompositions. Quantum, 3:181, September
2019. ISSN 2521-327X. DOI: 10.22331/q-2019-
09-02-181. URL https://doi.org/10.22331/
q-2019-09-02-181.

[46] Sergey Bravyi, Graeme Smith, and John A.
Smolin. Trading classical and quantum com-
putational resources. Phys. Rev. X, 6:021043,
Jun 2016. DOI: 10.1103/PhysRevX.6.021043.
URL https://link.aps.org/doi/10.1103/
PhysRevX.6.021043.

[47] Yifei Huang and Peter Love. Approximate sta-
bilizer rank and improved weak simulation of
clifford-dominated circuits for qudits. Phys. Rev.
A, 99:052307, May 2019. DOI: 10.1103/Phys-
RevA.99.052307. URL https://link.aps.org/
doi/10.1103/PhysRevA.99.052307.

[48] Lucas Kocia and Peter Love. The non-disjoint ontic
states of the grassmann ontological model, trans-
formation contextuality, and the single qubit sta-
bilizer subtheory. Journal of Physics A: Mathe-
matical and Theoretical, 52(9):095303, Feb 2019.
DOI: 10.1088/1751-8121/aafca7. URL https://
doi.org/10.1088/1751-8121/aafca7.

[49] Dennis S Bernstein. Matrix mathematics: Theory,
facts, and formulas with application to linear sys-
tems theory, volume 41. Princeton university press
Princeton, 2005.

Accepted in Quantum 2021-05-21, click title to verify. Published under CC-BY 4.0. 19

https://doi.org/10.1063/1.1705112
https://doi.org/https://doi.org/10.1016/0003-4916(77)90335-9
https://doi.org/https://doi.org/10.1016/0003-4916(77)90335-9
https://doi.org/https://doi.org/10.1016/0003-4916(77)90335-9
https://www.sciencedirect.com/science/article/pii/0003491677903359
https://www.sciencedirect.com/science/article/pii/0003491677903359
https://doi.org/https://doi.org/10.1006/jnth.2002.2790
https://doi.org/https://doi.org/10.1006/jnth.2002.2790
https://www.sciencedirect.com/science/article/pii/S0022314X02927903
https://www.sciencedirect.com/science/article/pii/S0022314X02927903
https://doi.org/10.1103/PhysRevX.2.041021
https://doi.org/10.1103/PhysRevX.2.041021
https://link.aps.org/doi/10.1103/PhysRevX.2.041021
https://link.aps.org/doi/10.1103/PhysRevX.2.041021
https://doi.org/10.1103/PhysRevA.86.022316
https://doi.org/10.1103/PhysRevA.86.022316
https://link.aps.org/doi/10.1103/PhysRevA.86.022316
https://link.aps.org/doi/10.1103/PhysRevA.86.022316
https://doi.org/10.1080/14786444608561335
https://books.google.com/books?id=HbuecPcWxJUC
https://books.google.com/books?id=HbuecPcWxJUC
https://doi.org/10.1017/S0305004100032655
https://doi.org/10.1017/S0305004100032655
https://doi.org/10.1063/1.2393152
https://doi.org/10.1063/1.2393152
https://doi.org/10.1109/SFFCS.1999.814621
https://doi.org/10.1103/PhysRevLett.116.250501
https://doi.org/10.1103/PhysRevLett.116.250501
https://link.aps.org/doi/10.1103/PhysRevLett.116.250501
https://link.aps.org/doi/10.1103/PhysRevLett.116.250501
https://doi.org/10.1103/PhysRevLett.118.090501
https://doi.org/10.1103/PhysRevLett.118.090501
https://link.aps.org/doi/10.1103/PhysRevLett.118.090501
https://link.aps.org/doi/10.1103/PhysRevLett.118.090501
https://doi.org/10.22331/q-2019-09-02-181
https://doi.org/10.22331/q-2019-09-02-181
https://doi.org/10.22331/q-2019-09-02-181
https://doi.org/10.22331/q-2019-09-02-181
https://doi.org/10.1103/PhysRevX.6.021043
https://link.aps.org/doi/10.1103/PhysRevX.6.021043
https://link.aps.org/doi/10.1103/PhysRevX.6.021043
https://doi.org/10.1103/PhysRevA.99.052307
https://doi.org/10.1103/PhysRevA.99.052307
https://link.aps.org/doi/10.1103/PhysRevA.99.052307
https://link.aps.org/doi/10.1103/PhysRevA.99.052307
https://doi.org/10.1088/1751-8121/aafca7
https://doi.org/10.1088/1751-8121/aafca7
https://doi.org/10.1088/1751-8121/aafca7


A p-adic Numbers
For prime p, we define the p-adic order or p-adic valu-
ation, νp(n), of a non-zero integer n to be the highest
exponent ν such that pν divides n and set νp(0) =∞.
p-adic numbers Qp can be written as:

∞∑
i=k

cip
i, (82)

for ci ∈ {0, 1, 2, . . . , (p− 1)} and k is an integer. p-adic
integers, Zp, are p-adic numbers where ci = 0 for all
i < 0.

Let us define the absolute value of a p-adic number
n, |n|p, to be the inverse of p taken to the power of its
valuation: |n|p = 1

pνp(n) . Hence, we can define the met-
ric |n−m|p to denote the distance between two p-adic
numbers m and n. Notice that this means that m and
n are “close” together if their distance is a large power
of p, which is the opposite expected from the Euclidean
metric. As a result, this p-adic formalism presents an
alternative way to complete the rational numbers to the
real numbers R; completing the rationals with respect
to the p-adic metric, (Q, |•|p), produces the p-adic num-
bers.

The results presented in this paper come from p-adic

number theory. However, it should be clear from this
brief presentation that positive integers and positive ra-
tional numbers with terminating base p expansions will
have terminating p-adic expressions (Eq. 82) that are
identical to their base p expansions. Since these are
primarily the cases we will be concerned with in this
paper, a more thorough understanding of p-adic theory
is not really strictly necessary.

B Gauss Sums on Clifford Gates
We define the Hessian

A = −2
(
−B mod p J
−J B mod p

)
, (83)

the vector

v(x,x′,x3) = J
(

2(x3 − x+ x′) + (α mod p)
2(x3 − x− x′) + (−α mod p)

)
,

(84)
and the scalar

c(x,x′,x3) = 2
[
x′TJx+ xT3 J (x+ x′)

]
, (85)

so that the sum can be rewritten to make use of Propo-
sition 1b:

UU∗(x,x′) = 1
p2n

∑
x1,x2,x3∈(Z/pZ)2n

exp

πip
( x1

x2

)T
A

(
x1

x2

)
+ 2vT

(
x1

x2

)
+ 2c

 (86)

=
∑

x3∈(Z/pZ)2n

exp
[
−πi
p

(
uTAu− 2c

)]
G1(A,0),

where u = A−1v, for [49]

A−1 = −1
2

(
−I B−1J

−B−1J I

)
(B −JB−1J )−1 = −1

2(B −JB−1J )−1

(
−I JB−1

−JB−1 I

)
, (87)

where we assume detB 6= 0. We drop the arguments on u, v, and c and such subsequent terms for conciseness.

Since B can be expressed with entries in Z/pZ it follows that (B − JB−1J )−1 ∈ Zp and so u ∈ Zp. Thus,
G1(A, 0) 6= 0∀x,x′,x3 ∈ (Z/pZ)2N by Proposition 1b.
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In preparation of the final sum over x3, we expand out the exponent’s phase:

uTAu− 2c = vT (A−1)TAA−1v − 2c (88)

=
(

2(x3 − x + x′) + (α mod p)

2(x3 − x − x′) + (−α mod p)

)T
JT −1

2
[(B − JB−1J )−1]T

(
−I JB−1

−JB−1 I

)
J

(
2(x3 − x + x′) + (α mod p)

2(x3 − x − x′) + (−α mod p)

)
−4[x′TJx+ xT3 J (x+ x′)]

=
{

[2(x3 − x+ x′) + (α mod p)]TJ T (B −JB−1J )−1−1
2 (−I)J

+[2(x3 − x− x′) + (−α mod p)]TJ T −1
2 (B −JB−1J )−1(−JB−1)J

}
[2(x3 − x+ x′) + (α mod p)]

+
{

[2(x3 − x+ x′) + (α mod p)]TJ T −1
2 (B −JB−1J )−1JB−1J

+[2(x3 − x− x′) + (−α mod p))TJ T −1
2 (B −JB−1J )−1IJ

}
[2(x3 − x− x′) + (−α mod p)]

−4[x′TJx+ xT3 J (x+ x′)].

Gathering powers of x3, we define the Hessian

A′ = 4J T −1
2 (B −JB−1J )−1(−I −B−1J )J (89)

4J T −1
2 (B −JB−1J )−1(B−1J + I)J

= 0,

the vector

2v′T = (2x′ + (α mod p))T (4J )(JB − I)−1 + 4(x+ x′)TJ , (90)

where we made use of the property that B, B−1, and (B −JB−1J )−1 are symmetric, J −1 = J T = −J , and

B −JB−1J = (∓JB−1 ± 1)(∓BJ ± 1)J = J (∓B−1J ± 1)(∓JB ± 1), (91)

and we define the scalar

2c′ = 4x′T [4JT (B − JB−1J )−1 −1

2
J − 4JT (B − JB−1J )−1 −1

2
JB−1J − J ]((1 + JB)−1(1 − JB)(x′ +

α

2
) +

α

2
)

+8αTJ T (B −JB−1J )−1−1
2 J [1−B−1J ]((1 + JB)−1(1−JB)(x′ + α

2 ) + α

2 ), (92)

for β ≡ − 1
2J T (B −JB−1J )−1.

In summary:

A′ = 0, (93)

the vector

2v′T = (2x′ + (α mod p))T (4J )(JB − I)−1 + 4(x+ x′)TJ , (94)

and

2c′ = 4x′T [4βJ − 4βJB−1J −J ]x+ 8αTβJ [1−B−1J ]x (95)

for β = − 1
2J T (B −JB−1J )−1.

This allows us to rewrite

UU∗(x,x′) = G1(A,0)
∑

x3∈(Z/pZ)2n

exp
[
−πi
p

(
xT3A

′x3 + 2v′Tx3 + 2c′
)]
. (96)
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By Proposition 1b, since A′ = 0, the sum over x3 is non-zero if and only if v′ = 0:

xT = (2x′ +α)TJ (JB − 1)−1J − x′T (97)
= x′TJ (2 + (JB − 1))(JB − 1)−1J

+αT 1
2J (1 + JB + 1−JB)(JB − 1)−1J

= −x′TJ (1 + JB)(1−JB)−1J

−αT 1
2J (1 + JB)(1−JB)−1J + αT

2

= (x′T + αT

2 )(−J M−1J ) + αT

2
=⇒ x = (−J M−1J )T

(
x′ + α

2

)
+ α

2
= −J (−J MJ )J

(
x′ + α

2

)
+ α

2
= M

(
x′ + α

2

)
+ α

2 .

Thus we find that the sum over x3 is non-zero i.f.f. x = M
(
x′ + α

2
)

+ α
2 and for these values the phase 2c′ is

equal to zero too. We can see this last fact by examining the quadratic, linear and constant parts of 2c′ w.r.t. x′
separately.

Quadratic terms in x′:

4x′T [2J (B −JB−1J )−1J − 2J (B −JB−1J )−1JB−1J −J ](1 + JB)−1(1−JB)x′ (98)
= 4x′TJx′

= 0.

Using the results from the same simplification from the work on the quadratic part to simplify the first two terms
in the linear part, we find:

2x′TJα+ 2x′TJ (B −JB−1J )−1J (1−B−1J )(1 + JB)α (99)
+4αTJ (B −JB−1J )−1J (1−B−1J )(1−JB)(1 + JB)−1x′

= 4x′T [−(J −JBJ )−1 + (J −JBJ )−1]α
= 0.

Constant terms:

2αTJ (B −JB−1J )−1J (1−B−1J )((1 + JB)−1(1−JB) + 1)α (100)
= −4αT (JBJBJ )−1α

Since ((JBJBJ )−1)T = −(JBJBJ )−1, it follows that

− 4αT (JBJBJ )−1α = 4αT (JBJBJ )−1α = 0. (101)

In particular, for these values of x and x′,
U∗U(x,x′) = d2n since the phase 2c′ is equal to zero
and G1(0) = d2n for a 4n dimensional summation vari-
able (x1,x2).

C First Non-Trivial Example
We verify that the operator with the action S9 corre-
sponds to a unitary operator:
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(U9U
∗
9 ) (x) =

(
1
32

)2 ∑
x′,x′′∈(Z/32Z)2

U9(x′′)U∗9 (x′) exp
(

2πi
32 ∆3(x,x′,x′′)

)
(102)

= 1
34

∑
x′,x′′∈(Z/32Z)2

exp
{

2πi
32

[
C(−x′q

3 + x′′q
3) +B(−x′q

2 + x′′q
2) +αJ (x′ − x′′) + 2xTJ (x′ − x′′) + 2x′TJx′′

]}

= 1
34

∑
x′,x′′∈(Z/32Z)2

exp
{

2πi
32

[
C(−x′q

3 + x′′q
3) +B(−x′q

2 + x′′q
2)− αp(x′q − x′′q )− 2xp(x′q − x′′q )

]}

× exp
{

2πi
32

[
(−2xq − αq + 2x′q)x′′p + (αq + 2xq − 2x′′q )x′p

]}
=

∑
x′q,x

′′
q∈Z/32Z

exp
{

2πi
32

[
C(−x′q

3 + x′′q
3) +B(−x′q

2 + x′′q
2)− αp(x′q − x′′q )− 2xp(x′q − x′′q )

]}
×δ
[(

2x′q − 2xq − αq
)

mod 32] δ [(−2x′′q + 2xq + αq
)

mod 32]
=

∑
x′q,x

′′
q∈Z/32Z

exp
{

2πi
32

[
C(−x′q

3 + x′′q
3) +B(−x′q

2 + x′′q
2)− αp(x′q − x′′q )− 2xp(x′q − x′′q )

]}
×δ
[(
x′q − x′′q

)
mod 32] δ [(2x′q + 2x′′q − 4xq − 2αq

)
mod 32]

= 1.

So we now consider

U9U
∗
9 (x,x′) = 1

92

∑
x1,x2,x3∈(Z/32Z)2N

U(x1)U∗(x2) exp
[

2πi
p

∆5(x3,x,x1,x
′,x2)

]
(103)

= 1
92

∑
x1,x2,x3∈(Z/32Z)2

exp

2πi
32

S9(x1)− S9(x2)−
(
x1

x2

)T (
0 J
−J 0

)(
x1

x2

)
+ 2

(
x3 − x+ x′

x3 − x− x′

)T
J
(
x1

x2

)
+ c

 ,

where we remind ourselves that

c = 2
[
x′TJx+ xT3 J (x+ x′)

]
. (104)

We first sum away the linear monomials in x1p and
x2p to produce Kronecker delta functions:
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U9U
∗
9 (x,x′) = 1

92

∑
x1,x2,x3∈(Z/32Z)2

exp
{

2πi
32

[
Cx3

1q +Bx2
1q − Cx3

2q −Bx2
2q + c

]}
, (105)

× exp

2πi
32

αTJ (x1 − x2)−
(
x1

x2

)T (
0 J
−J 0

)(
x1

x2

)
+ 2

(
x3 − x+ x′

x3 − x− x′

)T
J
(
x1

x2

)
= 1

92

∑
x1,x2,x3∈(Z/32Z)2

exp
{

2πi
32

[
Cx3

1q +Bx2
1q − Cx3

2q −Bx2
2q + c

]}
,

× exp
{

2πi
32

[
αp(x1q − x2q)− 2(x3p − xp + x′p)x1q − 2(x3p − xp − x′p)x2q

]}
× exp

{
2πi
32

[
−αq + 2(x2q + x3q − xq + x′q)

]
x1p

}
exp

{
2πi
32

[
αq + 2(−x1q + x3q − xq − x′q)

]
x2p

}
=

∑
x1q,x2q∈Z/32Z
x3∈(Z/32Z)2

exp
{

2πi
32

[
Cx3

1q +Bx2
1q − Cx3

2q −Bx2
2q + c

]}
,

× exp
{

2πi
32

[
αp(x1q − x2q)− 2(x3p − xp + x′p)x1q − 2(x3p − xp − x′p)x2q

]}
×δ
{[
αq − 2(x2q + x3q − xq + x′q)

]
mod 32} δ {[−αq − 2(−x1q + x3q − xq − x′q)

]
mod 32}

=
∑

x1q,x2q∈Z/32Z
x3∈(Z/32Z)2

exp
{

2πi
32

[
Cx3

1q +Bx2
1q − Cx3

2q −Bx2
2q + c

]}
,

× exp
{

2πi
32

[
αp(x1q − x2q)− 2(x3p − xp + x′p)x1q − 2(x3p − xp − x′p)x2q

]}
×δ
{

[−2(x2q + 2x3q − 2xq − x1q)] mod 32} δ {[2 (αq − x2q − x1q − 2x′q
)]

mod 32}
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We replace the x3q sum and sum away x3p:

U9U
∗
9 (x,x′) =

∑
x1q,x2q∈Z/32Z
x3∈(Z/32Z)2

exp
{

2πi
32

[
Cx3

1q +Bx2
1q − Cx3

2q −Bx2
2q + 2(x′TJx− x3p(xq + x′q))

]}
, (106)

× exp
{

2πi
32

[
αp(x1q − x2q)− 2(x3p − xp + x′p)x1q − 2(x3p − xp − x′p)x2q

]}
× exp

{
2πi
32 2(xp + x′p)x3q

}
δ
{

[−2(x2q + 2x3q − 2xq − x1q)] mod 32} δ {[2 (αq − x2q − x1q − 2x′q
)]

mod 32}
=

∑
x1q,x2q,x3p∈Z/32Z

exp
{

2πi
32

[
Cx3

1q +Bx2
1q − Cx3

2q −Bx2
2q + 2(x′TJx− x3p(xq + x′q))

]}
,

× exp
{

2πi
32

[
αp(x1q − x2q)− 2(x3p − xp + x′p)x1q − 2(x3p − xp − x′p)x2q

]}
× exp

{
2πi
32

[
2xq(xp + x′p)− (x2q − x1q)(xp + x′p)

]}
δ
{[

2
(
αq − x2q − x1q − 2x′q

)]
mod 32}

=
∑

x1q,x2q,x3p∈Z/32Z

exp
{

2πi
32

[
Cx3

1q +Bx2
1q − Cx3

2q −Bx2
2q + 2(x′TJx)

]}
,

× exp
{

2πi
32

[
αp(x1q − x2q)− 2(−xp + x′p)x1q − 2(−xp − x′p)x2q + 2xq(xp + x′p)− (x2q − x1q)(xp + x′p)

]}
× exp

{
2πi
32 2

[
−xq − x′q − x2q − x1q

]
x3p

}
δ
{[

2
(
αq − x2q − x1q − 2x′q

)]
mod 32}

= 9
∑

x1q,x2q∈Z/32Z

exp
{

2πi
32

[
Cx3

1q +Bx2
1q − Cx3

2q −Bx2
2q + 2(x′TJx)

]}
,

× exp
{

2πi
32

[
αp(x1q − x2q)− 2(−xp + x′p)x1q − 2(−xp − x′p)x2q + 2xq(xp + x′p)− (x2q − x1q)(xp + x′p)

]}
×δ
{[

2
(
−xq − x′q − x2q − x1q

)]
mod 32} δ {[2 (αq − x2q − x1q − 2x′q

)]
mod 32}

= 9
∑

x2q∈Z/32Z

exp
{

2πi
32

[
C(−xq − x′q − x2q)3 +B(−xq − x′q − x2q)2 − Cx3

2q −Bx2
2q + 2(x′TJx) + 2xq(xp + x′p)

]}
,

× exp
{

2πi
32

[
αp(−xq − x′q − 2x2q)− 2(−xp + x′p)(−xq − x′q − x2q)− 2(−xp − x′p)x2q − (2x2q + xq + x′q)(xp + x′p)

]}
×δ
{[

2
(
αq + xq − x′q

)]
mod 32} ,

=
{

9
∑
x2q∈Z/32Z exp

{ 2πi
32

[
C ′x3

2q +B′x2
2q + α′x2q + c′

]}
forxq = (−αq + x′q) mod 32

0 otherwise.

where
C ′ = −2C, (107)

B′ = −3C(2x′q − αq), (108)
α′ = (2x′p−2xp−2αp+(2x′q−αq)(2B−6Cx′q+3Cαq)),

(109)
and

c′ = −(2x′q−αq)(−x′p+xp+αp+(2x′q−αq)(−B+C(2x′q−αq)).
(110)

where in the last step we could have replaced x2q instead
of x1q with similar results.

This leaves a single sum over x2q of an exponentiated
cubic polynomial S(x2q) = C ′x3

2q + B′x2
2q + α′x2q + c′

with coefficients in Z. We proceed to find the exponen-
tial argument’s zeros {x̃2q}, the stationary phase points:

∂S

∂x2q

∣∣∣∣
x2q=x̃2q

= 0 = 3C ′x̃2
2q + 2B′x̃2q + α′, (111)

⇔ x̃2q =
[
−2B′ ±

(
4B′2 − 12C ′α′

)1/2] (6C ′)−1,

(112)
where all the arithmetic operations are understood to
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be taken mod 32.
Therefore, by Theorem 1(a) and (b),

U9U
∗
9 (x,x′) (113)

= 9
∑

x̄2q∈Z/3Z


∑

x2q∈Z/32Z
x2q mod 3=x̄2q

exp
[

2πi
32 S(x2q)

]
= 9

∑
{x̃2q} mod 3

3 exp
[

2πi
32 S(x̃2q)

]
G0(Hx̃2q , 3−1∇S(x̃2q)),

= 9
∑

{x̃2q} mod 3

3 exp
[

2πi
32 S(x̃2q)

]
,

where we remind ourselves that Hx̃2q = ∂2S
∂xµ∂xν

∣∣∣
x=x̃2q

.

For instance, for C = −2, B = −4 and α = (0, 4),

∂S(x2q)
∂x2q

= 12x2
2q + 12(−4 + 2x′q)x2q − 2xp + 2x′p(114)

+(−4 + 2x′q)(−32 + 12x′q),

for xq = −αq + x′q mod 32, and so for x = (0, 0) and
x′ = (1, 4),

∂S(x2q)
∂x2q

mod 3 = [66 + 12x2q(4 + x2q)] mod 3 = 0 ∀x2q.

(115)
Therefore, x̃2q takes all values mod 3 and so

U9U
∗
9 ((0, 0), (1, 4)) (116)

= 9
{

exp
[

2πi
32 S(0)

]
+ exp

[
2πi
32 S(1)

]
+ exp

[
2πi
32 S(2)

]}
,

= 9
{

exp
[

2πi
32 5

]
+ exp

[
2πi
32 0

]
+ exp

[
2πi
32 4

]}
,

On the other hand, for x = (0, 0) and x′ = (2, 4),

∂S(x2q)
∂x2q

mod 3 = [68 + 12x2q(4 + x2q)] mod 3 6= 0∀x2q,

(117)
and so U9U

∗
9 ((0, 0), (2, 4)) = 0.

This example illustrates the usefulness of this pe-
riodized stationary phase method for evaluating non-
Clifford gate Weyl symbols and its potential for simpli-
fying or reducing the full sum.

D Comparison between the Discrete Pe-
riodized Stationary Phase Method and
the Stationary Phase Approximation in
the Continuous Case

The stationary phase method in the continuous case
can be described as representing a integral over a con-
tinuous domain by a set of discrete points {x̃i}. These
are the stationary points of the phase of the integrand.
The phase is expanded by Taylor’s theorem at these dis-
crete points {x̃i}, and if the expansion is truncated at
quadratic order, then Gaussian integrals result.

The notion of the stationary phase method differs
when there is no longer a proper Euclidean metric to
define continuous distances or areas for the integrand’s
domain. Similarly, the traditional version of Taylor’s
theorem does not hold. Instead, we must use the “pe-
riodized” version of Taylor’s theorem [34] in a “peri-
odized” stationary phase approximation. In this ver-
sion, the points {x̃i} where the phase’s derivative is
zero correspond to critical points where the “periodized”
phase is stationary, i.e., where the phase, taken every
xi points, slows down so that it ceases cancelling its op-
posing contributions around the unit circle with equal
weights.

In the discrete case we consequently look for station-
arity along equally-spaced periodic intervals that span
the whole summand, instead of at particular points of
the integrand; stationary phase points correspond to
“reduced” points representing periodic intervals of the
summand at which an expansion to second order in the
action is made producing quadratic Gauss sum contri-
butions.

E Qutrit π/8 Gate

Sπ/8(x) /∈ Z[x] but it does lie in Z[x] when the domain
is increased from 3 to 32; we want to consider the sum
over xq of Uπ/8(x) = Uπ/8(xq) and reexpress it in terms
of an exponential such that it is a sum over the larger
space Z/32Z of a polynomial with integer coefficients.
Hence, we want to find α, β ∈ Z s.t.

αx2×3
q + βx3

q mod 32 = −2
(
3(xq mod 3)2 + (xq mod 3)

)
mod 32. (118)
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Substituting in xq = 1 and xq = 32 − 1 = −1( mod 32)
we find the system of equations

4× (−2) mod 32 = α+ β mod 32, (119)

and

14× (−2) mod 32 = α− β mod 32, (120)

which has the solution α = 0 and β = 1.
Therefore,∑

xq∈Z/3Z

exp
[

2πi
3

(
−2

3

)
(xq + 3x2

q)
]

(121)

= 1
3

∑
xq∈Z/32Z

exp
[

2πi
32 x

3
q

]

≡ 1
3

∑
xq∈Z/32Z

exp
[

2πi
32 S

′
π/8(x)

]
.

Notice that the first line consists of a sum of an expo-
nentiated polynomial with coefficients in Q while the
second line is a sum over a larger space, but this time
of an exponentiated polynomial with coefficients in Z.
Thus, we have accomplished what we set out to do.

Since we will not be performing the sum above in
isolation but with other exponentiated terms, so it is
important to establish a slightly more general result:

∑
xq∈Z/3Z

exp
{

2πi
3

[
−2

3(xq + 3x2
q) + f(x)

]}
(122)

= 1
3

∑
xq∈Z/32Z

exp
{

2πi
32

[
S′π/8(x) + 3f(x)

]}
,

where f(x) ∈ Z[x1, . . . , xn].

We now consider

Uπ/8U
∗
π/8(x,x′) = 1

32

∑
x1,x2,x3∈(Z/3Z)2

Uπ/8(x1)U∗π/8(x2) exp
[

2πi
3 ∆5(x3,x,x1,x

′,x2)
]
, (123)

= 1
32

1
32

∑
x3∈(Z/3Z)2

x1p,x2p∈Z/3Z, x1q,x2q∈Z/32Z

exp
{

2πi
32

[
S′π/8(x1)− S′π/8(x2)

]}

× exp

2πi
32

−3
(
x1

x2

)T (
0 J
−J 0

)(
x1

x2

)
− 2× 3

(
x3 − x+ x′

x3 − x− x′

)T
J
(
x1

x2

)
+ 3c

 ,

where we remind ourselves again that

c = 2
[
x′TJx+ xT3 J (x+ x′)

]
. (124)

Simplifying, we find:

Uπ/8U
∗
π/8(x,x′) = 1

3
∑

x2q∈Z/32Z

exp
{

2πi
32

[
(−x2q + xq + x′q)3 − x3

2q
]}

(125)

× exp
{

2πi
32 3

[
2(xp − x′p)x2q + (xp + 3x′p)x′q − (3xp + x′p)xq

]}
×δ
[
2× 3

(
xq − x′q

)
mod 32]

≡

{
1
3
∑
x2q∈Z/32Z exp

[
2πi
32 S

′′
π/8(x2q, xq, xp, x

′
p)
]

if x′q = xq (mod 3),
0 otherwise

.
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Therefore, by Theorem 1(a) and (b), for x′q = xq (mod 3) (and j = 1),

Uπ/8U
∗
π/8(x,x′) (126)

= 1
3

∑
x̄2q∈Z/3Z


∑

x2q∈Z/32Z
x2q mod 3=x̄2q

exp
[

2πi
32 S

′′
π/8(x2q)

]
= 1

3
∑

{x̃2q} mod 3

exp
[

2πi
32 S

′′
π/8(x̃2q)

]
G0(Hx̃2q , 3−1∇S′′π/8(x̃2q)),

where G0 is defined in Eq. 27.

We note that Eq. 126 is 3-periodic in all of its argu-
ments, and so its simplification by Theorem 1 is a spe-
cial case: its sums can simply be restricted to be over
Z/3Z with the appropriate power of 3 added to com-
pensate. It is easy to find that Eq. 126 is precisely this
equation, since the preceding phase exp

[
2πi
32 S

′′
π/8(x̃2q)

]
is the only non-trivial part whenG0 = 1 and the domain
of summation is appropriately reduced.

As an example, consider xq = x′q = 0 and xp = x′p =
1:

∂S′′π/8(x2q, 0, 1, 1, 1)
∂x2q

= 6x2
2q, (127)

and we consider the critical points x̃2q when the above

is equal to 0 (mod 3). Hence, x̃2q = {0, 1, 2} and so

Uπ/8U
∗
π/8(1, 0, 1, 0) (128)

= 1
33
{

exp
[

2πi
32 S

′′(0)
]
G0
[
H0, 3−1∇S′′(0)

]
+ exp

[
2πi
32 S

′′(1)
]
G0
[
H1, 3−1∇S′′(1)

]
+ exp

[
2πi
32 S

′′(2)
]
G0
[
H2, 3−1∇S′′(2)

]}
=
{

exp
[

2πi
32 0

]
+ exp

[
2πi
32 2

]
+ exp

[
2πi
32 16

]}
.

The Gaussians above all are equivalent to G0(0, 0) = 1.
Therefore, as we can see, we are really just performing
the same sum as in Eq. 126 but over the smaller domain
Z/3Z and compensating by multiplying in the correct
powers of 3.

We are interested in the magic state of this gate, which corresponds to it acting on Ĥ |0〉 = |p = 0〉. The Wigner
function of |p = 0〉 is ρ′(x) ≡ 1

3δxp,0. Hence,

Uπ/8U
∗
π/8(x,x′) = 1

32

∑
x1,x2,x3∈(Z/3Z)2

Uπ/8(x1)U∗π/8(x2) exp
[

2πi
3 ∆5(x3,x,x1,x

′,x2)
]
, (129)

= 1
32

∑
x1,x2,x3∈(Z/3Z)2

exp
[

2πi
3 Sπ/8(x1)

]
exp

[
−2πi

3 Sπ/8(x2)
]

× exp

2πi
3

−( x1

x2

)T (
0 J
−J 0

)(
x1

x2

)
− 2

(
x3 − x+ x′

x3 − x− x′

)T
J
(
x1

x2

)
+ c

 ,

= 1
32

1
32

∑
x3∈(Z/3Z)2

x1p,x2p∈Z/3Z, x1q,x2q∈Z/32Z

exp
{

2πi
32

[
S′π/8(x1)− S′π/8(x2)

]}

× exp

2πi
32

−3
(
x1

x2

)T (
0 J
−J 0

)(
x1

x2

)
− 2× 3

(
x3 − x+ x′

x3 − x− x′

)T
J
(
x1

x2

)
+ 3c

 ,
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where we remind ourselves again that

c = 2
[
x′TJx+ xT3 J (x+ x′)

]
. (130)

We first sum away the linear monomials in x1p and x2p to produce Kronecker delta functions:

Uπ/8U
∗
π/8(x,x′) = 1

34

∑
x3∈(Z/3Z)2

x1p,x2p∈Z/3Z, x1q,x2q∈Z/32Z

exp
{

2πi
32

[
S′π/8(x1q)− S′π/8(x2q) + 3c

]}
(131)

× exp
{

2πi
32

[
2× 3(x3p − xp + x′p)x1q + 2× 3(x3p − xp − x′p)x2q

]}
× exp

{
2πi
32

[
−2× 3(−x2q + x3q − xq + x′q)

]
x1p

}
exp

{
2πi
32

[
−2× 3(x1q + x3q − xq − x′q)

]
x2p

}
= 1

32

∑
x3∈(Z/3Z)2

x1q,x2q∈Z/32Z

exp
{

2πi
32

[
S′π/8(x1q)− S′π/8(x2q) + 3c

]}

× exp
{

2πi
34

[
2× 3(x3p − xp + x′p)x1q + 23(x3p − xp − x′p)x2q

]}
×δ
[
−2× 3(−x2q + x3q − xq + x′q) mod 32] δ [−2× 3(x1q + x3q − xq − x′q) mod 32]

= 1
32

∑
x3∈(Z/3Z)2

x1q,x2q∈Z/32Z

exp
{

2πi
32

[
S′π/8(x1q)− S′π/8(x2q) + 3c

]}

× exp
{

2πi
34

[
2× 3(x3p − xp + x′p)x1q + 2× 3(x3p − xp − x′p)x2q

]}
×δ
[
−2× 3(−x2q + 2x3q − 2x′q + x1q) mod 32] δ [−2× 3 (−x2q − x1q + 2xq) mod 32]
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We evaluate the x3q sum and, as sum away x3p:

Uπ/8U
∗
π/8(x,x′) = 1

32

∑
x3∈(Z/3Z)2

x1q,x2q∈Z/32Z

exp
{

2πi
32

[
S′π/8(x1q)− S′π/8(x2q) + 2× 3x′TJx

]}

× exp
{

2πi
32

[
2× 3(x3p − xp + x′p)x1q + 2× 3(x3p − xp − x′p)x2q − 2× 3(xq + x′q)x3p

]}
(132)

× exp
{

2πi
32

[
2× 3(xp + x′p)x3q

]}
×δ
[
−2× 3(−x2q + 2x3q − 2x′q + x1q) mod 32] δ [−2× 3 (−x2q − x1q + 2xq) mod 32]

= 1
32

∑
x3p∈Z/3Z

x1q,x2q∈Z/32Z

exp
{

2πi
32

[
S′π/8(x1q)− S′π/8(x2q) + 2× 3x′TJx

]}

× exp
{

2πi
32

[
2× 3(−xp + x′p)x1q + 2× 3(−xp − x′p)x2q + 3(xp + x′p)(−x1q + x2q) + 2p2m(xp + x′p)x′q

]}
× exp

{
2πi
32

[
−2× 3(−x1q − x2q + xq + x′q)x3p

]}
δ
[
−2× 3 (−x2q − x1q + 2xq) mod 32]

= 1
3

∑
x1q,x2q∈Z/32Z

exp
{

2πi
32

[
S′π/8(x1q)− S′π/8(x2q) + 2× 3x′TJx

]}

× exp
{

2πi
32

[
2× 3(−xp + x′p)x1q + 2× 3(−xp − x′p)x2q + 3(xp + x′p)(−x1q + x2q) + 2× 3(xp + x′p)x′q

]}
δ
[
2× 3(x1q + x2q − xq − x′q) mod 32] δ [−2× 3 (−x2q − x1q + 2xq) mod 32]

= 1
3

∑
x2q∈Z/32Z

× exp
{

2πi
32

[
S′π/8(−x2q + xq + x′q)− S′π/8(x2q) + 2× 3x′TJx+ 2× 3(xp + x′p)x′q

]}
× exp

{
2πi
32

[
2× 3(−xp + x′p)(−x2q + xq + x′q) + 2× 3(−xp − x′p)x2q + 3(xp + x′p)(−xq − x′q + 2x2q)

]}
δ
[
2× 3

(
xq − x′q

)
mod 32]

= 1
3

∑
x2q∈Z/32Z

× exp
{

2πi
32

[
(−x2q + xq + x′q)3]}

× exp
{

2πi
32

[
−x3

2q
]}

× exp
{

2πi
32 3

[
2(xp − x′p)x2q + (xp + 3x′p)x′q − (3xp + x′p)xq

]}
×δ
[
2× 3

(
xq − x′q

)
mod 32]

≡

{
1
3
∑
x2q∈Z/32Z exp

[
2πi
32 S

′′
π/8(x2q, xq, xp, x

′
p)
]

if x′q = xq (mod 3),
0 otherwise

.

We are interested in the magic state of this gate, which corresponds to it acting on Ĥ |0〉 = |p = 0〉. The
Wigner function of |p = 0〉 is ρ′(x) ≡ 1

3δxp,0. Hence,
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ρπ/8(x) ≡
∑
x′

Uπ/8U
∗
π/8(x,x′)ρ′(x′) =

{
1
32

∑
x2q∈Z/32Z exp

[
2πi
32 S

′′
π/8(x2q, xq, xp, x

′
p=0)

]
if x′q = xq (mod 3),

0 otherwise
.

= 1
32

∑
x2q∈Z/32Z
x′q∈Z/3Z

× exp
{

2πi
32

[
(−x2q + xq + x′q)3]}

× exp
{

2πi
32

[
−x3

2q
]}

× exp
{

2πi
32 3

[
(2x2q + x′q − 3xq)xp

]}
δ
[
2× 3

(
xq − x′q

)
mod 32]

= 1
32

∑
x2q∈Z/32Z

× exp
{

2πi
32

[
(−x2q + 2xq)3]}

× exp
{

2πi
32

[
−x3

2q
]}

(133)

× exp
{

2πi
32 2× 3 [(x2q − xq)xp]

}
.

If we let S(xp, xq) be the phase, we note that ∂S
∂xp

=
∂S
∂xq

= 0 mod 3 and ∇2S ≡ H = 0 mod 30 ∀xp, xq.
Hence, evaluation at any phase space point, or linear
combination thereof, requires summation over all three
reduced phase space points x̃2q ∈ Z/3Z since they are
all critical points.

Again, we note that Eq. 134 is 3-periodic in all of its
arguments, and so its simplification by Theorem 1 is
again a particularly simple special case where its sums
can simply be restricted to be over Z/3Z with the ap-
propriate power of 3 added to compensate.
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