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MECHANICS OF ELASTIC-PLASTIC SHELLS 	-5  ohrn Rd. .216 /72 C  

A summary of progress on research sponsored by the National Science Founda-

tion under grant ENG-CME-7918420. 

Introduction  

The mechanics of elastic shells had attained a remarkable status with the 

definitive works of Love in the past century (see Referencel). Numerous 

refinements during the ensuing years have resolved inconsistencies and have 

extended the theory to include nonlinear problems of finite rotations. Much of 

the dynamics and kinematics is applicable to inelastic shells, but the consti-

tutive equations of inelastic shells remain in relatively primitive forms. The 

formulation of consistent, yet practical, theories and computational methods for 

elastoplastic shells is the objective of the present effort. 

Two recent developments present alternative approaches to the problem: the 

direct formulation of Bieniek [2] applies classical plasticity, concepts of flow 

and hardening, to obtain a simple relation between the incremental stresses and 

strains of the shell (forces and moments versus strains and curvatures). The 

theory of Wempner [3] utilizes the relations for the three-dimensional body to 

derive the equations for the two-dimensional shell. Both viewpoints are currently 

under consideration to evolve a consistent theory which can be effectively 

implemented in practical computations. 

Another facet of the entire problem is the development of a discrete model 

of the shell to effect the computations. Since the elastoplastic problem requires 

incremental procedures, as well as additional variables (e.g. stresses and 

hardening parameters), a simple model is particularly desirable. To this end, 

the most rudimentary, yet admissible, approximations are currently under exami-

nation. 
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Specific features of the current research toward the development of the 

theory and computational tools follow: 

Elastoplasticity of the Shell  

Two studies are currently in progress: The first is an effort to develop 

a theory for hardening materials. The intent is to incorporate essential features 

of the Bieniek theory [2] and also strain hardening according to the classical 

concepts of plasticity. A formulation has been programmed and is currently under 

examination. 

The second effort is an attempt to develop a theory in terms of the stresses 

employed in the derived theory [3]. That theory involves two integrals (M 2 , M3 ) 

of the stress distribution, in addition to the customary force and moment 

(40 , M 1 ). These higher moments are workless under the hypothesis of Kirchhoff-

Love; that implies certain relations between the dissipation and residual 

elastic energy, associated with the distribution of stress after unloading. 

Hopefully, these observations and our knowledge of the initial and subsequent 

conditions will be sufficient to devise the requisite equations of evolution. 

Discrete Model of the Shell  

Our objective is the simplest discrete approximation which is particularly 

suited to the elastoplastic problems. A finite element must be simple enough 

to admit a fine gridwork in regions of elastoplastic behavior, to accommodate 

the transition and abrupt gradients which may arise in such regions. Moreover, 

the model is to be cast in the context of shell equations, in order to take full 

advantage of the established theories, analogies and simplifications. For example, 

a century of experience has established the validity of the Kirchhoff-Love 

hypothesis. Some specific features of our formulation follow: 

The simplest continuous displacement of a quadrilateral finite element was 

included among "new concepts for finite elements of shells" [4]. The trilinear 
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approximation imposes severe transverse shear strain which must be accommodated. 

This shear strain fluctuates from positive to negative values at alternate 

corners and vanishes at an intermediate point, in accordance with our observa-

tions of the mathematical and physical phenomenon. A straightforward formulation 

according to the principles of virtual work leads to unwarranted stiffness. The 

apparent difficulties can be circumvented by invoking a discrete counterpart of 

Kirchhoff's hypothesis, as proposed in the original work [4]. More recently, 

computers have circumvented the problem by including only a mean value of the 

shear energy, specifically by using only the central value which is nearly zero 

in thin shells. The latter device has been termed "reduced integration". In 

our current model, the earlier difficulty is entirely eliminated by a consistent 

formulation which briefly follows: A general functional including all primitive 

variables, stresses, strains, rotations, and displacements, provides all the 

differential equations and boundary conditions as the stationary (Euler) equa-

tions. These variables are approximated in the simplest forms: The stresses 

and strains, but not their derivatives appear; therefore, these are approximated 

by piece-wise constant forms. The rotations and displacements are approximated 

by trilinear forms to give full compatibility. With the resulting algebraic 

equations, the stresses and strains are eliminated to obtain the equations in 

displacements alone. The latter are governed by a symmetrical positive-.definite 

matrix as the equations of the minimum potential. The formulation is consistent 

and shows great promise in terms of simplicity and accuracy. The procedure has 

been tested in simple cases and is now undergoing further computational testing. 

An important innovation in our discrete formulation is the adherence to a 

natural system in the "assembly". The assembly is accomplished in the manner 

of an intrinsic theory of shells; the variables and equations are expressed in 

the directions of the normals and tangents to the surface. Consequently, the 
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orientation, in a fixed global frame, enters only if a prescribed traction is 

so specified. Like the differential equations of the continuum theory, the 

algebraic equations contain no rotation, only the small relative rotations of 

contiguous elements. Specifically, the crucial terms in the nonlinear continuum 

theories and in buckling are products of forces and curvatures; in analogous 

fashion, the counterparts in the discrete approximation are forces and relative  

rotations. 

Summary of Activities and Progress  

The investigator was advised of the present grant in March, 1980, and work 

was initiated immediately. Funds and time were allocated for full-time research 

in the summer 1980 and efforts were initiated to recruit assistants. The re-

cruitment efforts have led to prospective candidates who could effectively support 

the development during the coming year. 

Certain facets of the discrete approximation have been explored jointly 

with Dr. D. Talaslidis of the Ruhr University, who has extensively examined the 

questions of "mixed models" which entail approximations of stresses and dis-

placements. Plans for the coming year include a period of collaboration when 

Dr. Talaslidis works, as a post doctoral fellow, at the Georgia Institute of 

Technology. 

Important concepts of the elastoplasticity have been set forth and employed 

in preliminary formulations: The direct theory of Bieniek [1] has been reformu-

lated to include simple forms of hardening. A program has been prepared with 

the modified equations and computations are currently in progress to assess the 

validity of these modifications. 

A consistent, simple, discrete approximation has been completely developed. 

The simplicity of the formulation serves to reduce storage requirements and 



computational expenses. Consequently, the formulation shows great promise as 

a practical tool for computations, especially in problems involving inelastic 

behavior. Several programs have been prepared to test the formulation in appli-

cations to simple problems. The numerical results from these tests have been 

remarkably good in view of the simplicity of the computations, the minimal storage, 

and ease of handling data. In general, the progress in the initial phases has 

been quite satisfactory. The continuation of support is expected to produce 

the complete computational machinery for practical problems of elastoplastic 

shells. 
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A SIMPLE FINITE ELEMENT FOR ELASTIC-PLASTIC 
DEFORMATIONS OF SHELLS 

Demosthenes TALASLIDIS 
Ruhr University, Inst. fiir Konstr. Ingenieurbau, 4630 Bochum, West Germany 

Gerald WEMPNER 
Georgia Institute of Technology, Atlanta, GA 30332, U.S.A. 

The quadrilateral element of this paper is especially suited to the behavior of elastoplastic shells. It 
combines the simplicity needed in nonlinear analyses with a competitive accuracy. The elemental 
approximation shares some common features with an earlier one applied to hookean shells [1], but 
incorporates an important modification which leads to further simplifications and provides a mechanism 
for the progressive yielding within an element. The element is derived via the Hu—Washizu functional, 
which admits independent approximations of all basic variables. The elimination of strains and stresses 
results in a displacement formulation with all the desired properties, a positive-definite matrix and 
convergence. Some properties of the elemental matrices are outlined and special considerations are 
given to plasticity. Numerical tests upon plates and shells demonstrate the efficiency of the element. 
Finally, some distinctions are drawn between our model and certain 'mixed' elements. 

1. Introduction 

The analysis of elastoplastio,stiells .flemands incremental proqdures with the attendant costs 
of repetitious computations. The accurate description of local yielding also calls for a finer 
assembly of elements, additional storage and further expense. Consequently, a simple element 
is needed which can accommodate a broad class of practical problems in an expedient and 
economical way (see e.g., [2, 3]). 

The quadrilateral element of a recent article [1] provides a simple and efficient ap-
proximation of elastic shells. Like that element, the present model is developed entirely from 
consistent mechanical concepts without recourse to ad hoc numerical schemes. The current 
element incorporates an important modification which achieves further simplifications and also 
provides a mechanism for the progressive yielding of elastoplastic elements. 

The basis of the present formulation is the general functional of Hu—Washizu, which admits 
independent approximations of displacements, strains and stresses, and provides consistent 
relations between the discrete parameters. The strains and stresses have piecewise constant 
approximations which are just sufficient to accommodate the various deformational modes. 
The subsequent elimination of the strains and stresses leads to a final system which involves 
only displacements. This elimination requires no inversion of submatrices and very simple 
integrations. Since stresses are constant within subregions, homogeneous yielding occurs 

0045-7825/82/0000-0000/$02.75 © 1982 North-Holland 
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within such regions, which then provide a consistent mechanism for a stepwise progression of 
yielding through the entire element. Consequently, plastic deformations are more accurately 
represented by relatively fewer elements. 

In the present paper two alternative approximations are described; both are consistent and 
offer the advantages previously cited. The tangent moduli of the stiffness matrix are given ie 
Appendix A. The structure and the properties of the derived matrices reveal the advantages 
of the proposed element in the analysis of elastoplastic shells. Some distinctions are drawn 
between the present element and certain mixed elements based on the Hellinger—Reissner 
theorem. Finally, numerical tests upon plates and shells serve to demonstrate the effectiveness 
of this simple elemental approximation. 

2. Basic features 

A typical element of the shell is shown in Fig. 1; it is bounded by the top (S +) and bottom 
(S_) surfaces, and by the edges (0' = a" ± 1"). Also shown is an intermediate surface (S), the 
origin (0) of local normalized coordinates. = (0" — a")11", = 03/h, and a typical nodal 
point N on surface S. 

The normal stress is again neglected (5' 3  = 0) so that extension of the normal line (e) is 
immaterial. Then the tri-linear approximation expresses the displacement in terms of the 4 
nodal displacements (WKM ) and rotations Wm ). Since the latter have but two components, 
the element has altogether twenty degrees of freedom. The form follows: 

V = ( WKM + 	).3,Km (e,  

y,„ s4(1 + eKe)( 1 + ae) r 

Here majuscules signify nodes, K = -±1 are the nodal coordinates, and WKM = V( K, al,  0). 
The formulation of the elemental approximations follows the identification of 20 modes, 

which are uncoupled in the rectangular element of a plate: 6 rigid motions and 8 homo- 

Fig. 1. Hexalateral shell element. 
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geneous strains are represented by the linear terms in the components of displacement: 

Wa 	VT'a f-Li i3e9  Ea/3e3 
	

(2a) 

.73= 	 , 
	 (2b) 

C° P'eak, 	 K«06 °  . 
	 (2c) 

The coefficients i ,T„ Vi)i„ and (5,, = (5 2,, represent rigid motions. The coefficients e aR , k,,0  and ey,, 
represent the homogeneous extensional, flexural and transverse shear strains, respectively. 
The 6 higher modes of deformation are 2 extensional modes, 2 flexural modes and 2 shear 
modes as depicted in Fig. 2. The 2 extensional modes correspond to the displacements: 

(3a) 

The 2 flexural modes correspond to the rotations 

= —K a 	 (3b) 

One shear mode is a torsion about the normal: 

ct." 	—tea . 	 (3c) 

The final mode is a warping of the surface (S): 

W3
= 	 (3d) 

EDGE VIEWS - 

Fig. 2. Higher order deformational modes. 
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In the earlier element [1], the approximations of the strains consisted of 6 homogeneous 
strains. augmented by 6 linear terms which inhibit the higher deformational modes, (30

—(3d), 
of Fig. 2. Now we introduce alternatives which are more effective in the elastic and elastoplastic 
element. For the sake of brevity and comparison we denote the extensional strains (of surface 
S) and flexural strains (changes of curvature) by €(,'„ and €,', o ; as before, transverse shear strain 
is denoted by ya . The forms of approximation follow: 

E 	 + 

E22 	 e32g(e), 

6 72 	E72 ei2g(6 1 )+ E...' 12g(e) , 

(4a) 

(4b) 

(4c) 

(5a) 

(5b) 

Y1 = l 1 + 

Y2 	il2g(e) ,  

n = 0, 1 . 

  

In the previous element [1] the function g was simply gW') = 	Now, we set g(e)= H( e), 
the unit step (H = 0,e < 0; H = 1, 	> 0). 

The reader can appreciate our choice of these distributions by examining one of the 
deformational modes, e.g., the first extensional mode of Fig. 2 which corresponds to the 

Fig. 3. Piecewise constant approximations of strains. 
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displacement w, = 	e2 and the strains 

Ell = 	, 	 EI2 = 41e 

The mean values of these strains vanish and, therefore, the initial (constant) terms of (4a) and 
(4c) cannot inhibit such deformation. The addition of the second term in (4a) or the second 
term of (4c) serves that purpose. Because the elements are inherently stiff, we retain only 
enough terms to suppress the higher modes. Fig. 3 illustrates the piecewise constant ap-
proximations of (4a)—(4c) and (5a), (5b). By retaining the additional terms (g71, e212) of (4a), (4b) 
and omitting the underlined terms in (4c), we obtain an elemental approximation which we call 
Model 2 (see Fig. 3). In an alternative approximation (Model 3 of Fig. 3), we omit the 
additional terms (c',  e-32)  of (4a), (4b) but retain the additional terms (e72,  E12) of (4c). In both 
models the shear strains y„ take the form shown in Figs. 3g, 3h. Subsequent results show the 
adequacy of either choice. 

3. Variational formulation 

Again the basis of the formulation is the general theorem of Hu—Washizu in the form: 

H= f 
-1 -1 {U(€7

43 , y“)— m ,̀',13 [6:0  — 	O)] — q'[ya  — 	 (VA — F • WI 

x A(i;1 , 6.2) de de - f c IN • w ± m - 01 , n = 0, 1 . 	 (6) 

Here Ace , 42) deribtes'Ae metric of area 9,n, U the strain-energy density; mans , q' denote 
the stresses which are con • ate to f,7,0 , ,y„„ r pectively,,,,Pte external load F includes force Inkuct,  

	

applied upon the top (S,), b 	tn 0_4 surface, nd/or distributed through the shell; N and M 
are the force and couple upon the edge C of the element. The 4:perators Enco  and G. express 
the strains E,,no and yr, in terms of the displacements w' and rotations gYr; the linear or 
nonlinear kinematical equations are the Euler conditions that the bracketed expressions 
vanish, [• • •] = 0. For the incremental formulation of plasticity, the functional H is replaced by 
a quadratic functional, wherein each of the functions is replaced by the corresponding 
increment, e.g., the 'strain energy' is a quadratic form 

U2 = U2(ea/3 	) • 	 (7) 

The latter presupposes the availability of a plasticity theory of the shell; alternatively, a theory 
of plasticity is applied to layers: 

+1 
U2  = h fC'"k1 	de . 

-1 (8) 

I f I 

The function kt(e) is the ratio of the volume metric to the area metric of the reference surface 
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(S). Here the strain components are expressed according to the approximations (4) and the 
basic kinematical hypothesis of the shell: 

= 	e E 144 	 (9a) 

"Y.g(e) 
	

(9b) 

The latter can be taken in the form g(o= l - 4-2  or simply g(6)= 1, since the effects in thin 
shells are minimal. The integration through the thickness can be approximated with piecewise-
constant approximations of the strains (and stresses) in a number of layers. According to 
classical plasticity each tangent modulus Cnik' is the sum of the elastic modulus C'" and a term 
—B"" which accounts for plastic flow: 0"k1  = Ciikt Boa Specific forms are given in Appendix 
A, where the moduli are contained in the matrix C of (Al).. These are based upon the von 
Mises yield condition and associated flow, and include the effects of transverse shear stresses. 

In keeping with the 'limitation theorem' of Fraeijs de Veubeke [4], each stress is ap-
proximated in the form of the conjugate strain: 

m 	th in i g.(4.2) 

mn2 	ift  n2 	2,2 g  e 1) , 

m n12 • m- 	n12 g (1) 	th• n12 g (62) 

. 	+ 	8, (6 2)  

47 2 42 ± 42w1) 

   

Under the similar, piecewise cohstant, approximations of strain (4), (5) and stress (10), (11), 
those terms of the functional' 6) which contain only stresses and,strains require no integration. 
Let the 4 quadrants of the elliment be labeled as shown in Fig. 3. Then 

	

f+1 f +1 	 4 
U Aw. de' de = E A N U(€Z,  

	

-1 	 N=I 
(12) 

Here the majuscule signifies the quadrant and the component within that quadrant is given in 
accordance with (4), (5). The reduction of the functional H of (6) to a function of the discrete 
nodal displacements, constant stresses and strains requires only the following integrals: 

E::;q3 
	JAN 

E :t3 ( W,  0 " )14 (6 1,  62 ) d' de, 
	 (13a) 

G,P:1 	IAN 
G,(vi , (I)" )A(6 1  '2) de de

AN 

	 (13b) 

where the operators E„p, 	and the metric A( ', 4 2) depend upon the surface and choice of 
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coordinates, and the functions w' and irp' are given by (lb). In some instances (rectangular or 
circular plates or cylindrical shells), the integrations are trivial. In other instances, numerical 
approximation is needed. 

The discrete counterpart of the functional (6) is a function of the form 

4 
N IN 	 A 	 nN 

1-1 	 nN Lc al3 	cx13 (vv KM (1, 7(M)] 

N 

— ANqgl[y i,v, Gnw'icm, 0704)11 F j, cm  Wicm — MrCkm 	 (14) 

Now, the variations of nodal displacements w 2Km  and rotations 0704  give the 20 equations of 
equilibrium: 

4
a 	 a .13    	N 	i E {In nis/  aw ilcm  E43(WKM, 4) KM) ± N aw iKA, 	(w Km, 0701)1= F!‘" , 	(15a) 

N=1 

4 	 a  E tin% ao..E7:Aw'Km, (Km) + 	 G1:(WKA4, 07o4)} = 	. 	(15b) 
N = I 

Variation of the independent parameters of strain K a , 	'M give the stress—strain 
relations. By the piecewise constant approximations, homogeneous stresses are expressed in 
terms of the constant strains in the region of definition, e.g., 

2 

m nno-.-2) 	  E AN 	U(Erol, 
1 + A2 N=1 	3E7, 

in A i +A2 , 

4 
11  rzN 	N 

M 	  E 	 

	

4 	
AN af „, 	(E 0, , y o,), 

	

"' 	3 	1  
in A3 + A4 / (16) 

Variation of the independent parameters of stresses (ri en°  , m n  , 	Cr) provides the expres- 
sions of strains in terms of nodal displacements; e.g., 

1 	
2 

E 71 (1+2) = 

	

A1 + A2 E ANE7"j( 	, 0cm) , in A1+ A2, 	 (17) 
N =1 

Eq. (15) can be formulated in matrix notation for Model 2 as follows: 

	

(011/10 + (EVNI I + G`Q = P 	 (18) 

where E", G are (5 x 20)- and (4 x 20) matrices, respectively. The elements of these matrices 
are obtained by evaluating the integrals on the right sides of (13). The elements of the vectors 
Mt, and Q are given in Appendix A in (A.2) and (A.3), respectively. Relationships (16) 
take the form 
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with 

Q 

= 

y 1 =A 

A • 

•G•u. 

A 

0 	A 

0 

E' 	u, 

0 

0 

A 

C00 

sy mM. 
C1, 

CO3- 

 C13 

C33 

E
0 

E l  

'7 3  

(19) 

(20a) 

(20b)  

The matrices A and A are diagonal matrices containing the areas of the subregions ((A.4) and 
(A.5)) and the elements of vector u are the nodal displacements (wK,,,,, (K m ). The matrices C,, 
(i, j = 0, 1, 3) are obtained from the matrix C of (A.1) after multiplying by 

( 3 ) 1± -1  for i -= 0, I ; j = 0, 1 , 	( 3)'g( 3) for i = 0, 1 ; j = 3 , 

g(e) • g( 3 ) for i = j = 3 , 

and integrating through the thickness. Finally, the vectors E", y 3  contain the strains, curvatures 
and shear strains of each subregion, respectively. The elements of these vectors are the strains 
of the shell and are conjugate to the elements of Ain  and Q. The direct substitution of the 14 
strains (17) into the right sides of (16) and the direct substitution of the 14 stresses (16) into the 
20 equations (15a), (15h) produces the stiffness matrix of the element. Observe that no 
inversions are required and the only integrations are those of (13). Moreover, the result is a 
positive definite symmetric matrix. The element is a model in terms of displacements, but less 
stiff than the model drawn from the usual potential, because only Ow essential strains (and 
energies) are retained (homogeneous strains are modified only enough to inhibit the higher 
modes). 

4. Numerical examples 

Some examples serve to demonstrate the efficiency and accuracy of the elemental ap-
proximation. First, we compare the results obtained with the earlier element (Model 1) in the 
hookean shell [1] with results obtained with the present element (Model 2 and Model 3). In 
other examples elastoplasticity is accommodated by piecewise constant stresses and strains in 
seven layers through the thickness. The incremental approximation of the nonlinear problem 
is implemented with a modified Newton—Raphson procedure, wherein the tangent stiffness is 
revised in the first iteration of each increment and maintained during subsequent iterations. 
Any imbalance in equilibrium is corrected at each step to inhibit drifting from accumulative 
errors. Also, the stresses are re-adjusted at the end of an iteration to avoid violations of the 
yield condition. Although the formulation provides for hardening, ideal elastoplasticity is used 
in the examples, since the latter imposes the more severe test of the elemental formulation and 
the computational procedures. 
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EXAMPLE 1 (Cylindrical shells under radial forces with free ends). Since the deformations of 
the 'pinched cylinder' are predominantly flexural, this problem has been used to test the 
bending behavior of the elements. The table of Fig. 4 shows a good agreement with the results 
obtained by all three models. As expected, the radial displacements of Model 1 are slightly less 
than the others. The table indicates monotonic convergence. The crude approximation of the 
four elements (32 d.o.f.) allows a reasonable approximation of the flexural behavior of the 
cylinder. Results are also given for the 'thin' shell (R/t = 320), which poses a more severe test. 
Though numerous finite elements give satisfactory results for the 'thick cylinder', only the 
more sophisticated provide satisfactory results for the thin problem. Our results indicate a 
rapid convergence from below. 

t 	= 	0.094 	in. 
P 	= 	100 	lb. 

I 	= 	0.0155 in 
P 	= 	0.100 	lb. 

Mesh D.O.F. Model 	I Modell Model 3 Model I Model 2 

.0214 

Ix 8 64  10 78 . 1083 — . 0236 .0237 

2x8 105 .1089 .1092 	156 .0237 . 0237 
2 x16 209 . 	1117 . 1120 	1188 .0243 . 0243 

RADIAL DEFLECTION AT C (in) 
,r 

Fig. 4,1  Pinched cylinder—radial deflectido ender 

)14, 

EXAMPLE 2 (Cylindrical shell under radial forces with simply supported ends). If the ends of 
the cylinder are constrained against radial displacement, then membrane forces predominate. 
Accordingly, this circumstance poses a distinctly different test than the previous one. 

Fig. 5a depicts an octant of the cylinder. Uniform meshes have been used, though a finer 
mesh in the vicinity of loading would produce better results. Fig. 5b shows two plots of the 
edge displacement, as obtained with different meshes. 

Fig. 6 and Fig. 7 serve to exhibit the stepwise approximation of stresses according to Model 
2. In each case, whether the mesh is finer (10 x 10) or coarser (6 x 6), each level represents an 
appropriate mean value within that element. Refinement of the mesh leads to a corresponding 
improvement in results, more accurate portrayal of the actual continuous distribution and, 
particularly, the peak stresses in regions of steep gradients, as occur at point C. 

Fig. 8a indicates that the piecewise constant shear (m o 2) and twist (m1 2) also provide 
appropriate representations of these stresses. 

A comparison of one stress (mU) according to the Model 1 and Model 2 is depicted in Fig. 
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Fig. 5. Pinched cylinder with simply supported ends— 	Fig. 6. Supported pinched cylinder—distribution of 

axial displacement distribution. 	 stress resultants. 

Fig. 7. Supported pinched cylinder—distribution of stress resultants. 
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8b. Again, the ramps of the former follow, but in smoother form, the constant steps of the 
latter. 

EXAMPLE 3 (Analysis of an elastoplastic simply supported square plate). Fig. 9 displays the plot 
of load versus deflection at the center of a uniformly loaded plate. The limiting load compares 
favorably with the established bounds [6] and with other results in the literature [7, 8]. Despite 
the simplicity of our approximation (12 and 48 d.o.f.), values of the displacement are very 
satisfactory throughout the elastoplastic deformation. The plan view at an intermediate stage 
shows the partial yielding of elements. 

EXAMPLE 4 (Analysis of an elastoplastic cylindrical roof). The cylindrical roof of Fig. 10 has 
been used for numerical studies by numerous investigators. Our procedures appear relatively 
insensitive to the size of increments, until the load approaches the limit. The accuracy of a 
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Fig. 9. Elastoplastic analysis of a simply supported plate. 
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Fig. 10. Elastoplastic analysis of a cylindrical shell roof—progressive yielding. 
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coarse mesh (6 x 6) is exhibited in Fig. 10. The progress of yielding is depicted by the views at 
two different stages; partially yielded elements are seen in both states. 

5. Conclusion 

Some features of our approximation for elastoplastic deformations are noteworthy: 
(1) The concept of piecewise constant stresses and strains within the element leads to the 

appropriate moduli in subregions (quadrants) of the element. This provides a consistent and 
effective mechanism for the progressive yielding of the entire element. 

(2) The re-evaluation of the stiffness matrix at successive increments of deformation (and 
load) requires no additional integrations over the elemental area. In this respect, the element 
is simpler than comparable 'displacement' models. 

(3) The evaluation of internal forces is also simple and, consequently, the correction of 
Imbalances is readily achieved via the iterative process. 

(4) The element has relatively few degrees-of-freedom and also has a mechanism to similate 
progressive yielding. These features permit efficient discrete approximations of shells: the 
systems of equations are smaller and the bandwidths narrower than those for many elements 
of higher order. 

(5) In the elastic and especially in the elastoplastic case, the present element offers some 
advantages when compared to 'mixed' elements: the formulation does not require the 
inversion of stress—strain relations to obtain the stiffness matrix of the element. Also, no special 
procedures are needed (see e.g. [5]) to effect the solution of the equations, since the system is 
always positive definite. 
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Appendix A 

If the strains are arranged in a matrix E = [e ll , 	F Fl L -11, -221 -121 -131 -23:1 then the corresponding 
stresses are given by the product S = CE where C is a matrix of tangent moduli: C = C — B. The 
symmetric matrix C has the following form: 

cm II 	01122 2c,n12 2011 13 2C" 23  
C2222 2 !22 12 2 022 13 202223 

symm. 2C1212 20 213 201223 (A.1) 
2C 13 13  2C 13 23  

2C23 23  
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The elements Cm" are given by the formula Ca  = 	- B " 64  where 	are the elastic 
moduli of plane stress: 

C's" == 2(1+ v)(8'7813" + 8-180-Y 	
2v 8„,35,,,,,) 	Ca 303 c3co 3 	E 	8 ,43  

1— v 	 2(1+ v) 	• 

The elements 13 '64  depend on the moduli and deviatoric components of stress: 

BaP7" 	 13 43Y3  2S34,Sn C3g53- e/D 

Ba 3-Y3  = /3 3"3  4S,3,5,3C'3'73Cg 3Y3/D , 	D Gp + SaoS„C"P'''' + 4,S,3 ,503 Ca3° 3  

The scalar G, is a hardening parameter which depends on the properties of the material and 
history. The structures for the matrices n, Q, A and A in (19) are indicated below. 

	

_11 	22 	22 	12 
alior = t 1+2 n 3+4 n 1+4 ft 2+3 ni4-2±3+4] 	, 

	

IL 	-II-II 	12 	 12 

	

n 3+4 = n + n , 	n 1+2+3+4 — n , • • • • 

(2` = [q 1+2 q.3+4 

ft 
A = 	4 

0 1/EA, 
N=1 

+ A2) 	0 
L 	0 	1/(A-3 + A4)] 

11 .„. 	- 
t 1+2 - n , 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

2 
q2-1-3] q :±2 = 	, 

. 3± 4  = 411 + 4 1 , 
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A Simple and Efficient 
Approximation of Shells via Finite 
Quadrilateral Elements 

Introduction 
The approximation of shells via finite elements has at-

tracted the attention of many proponents of such methods. 
Peculiar difficulties can be traced to the special attributes of a 
shell, so thin that flexural and extensional deformations 
predominate while transverse stress and shear strain are in-
cidental. In short, the hypothesis of Kirchhoff-Love is indeed 
an accurate basis for the overall description of the continuous 
body. Consequently, early attempts to develop elemental 
approximations were founded on the Kirchhoff-Love 
hypothesis and were necessarily complicated: The simplest 
polynomial interpolation, which preserves the requisite 
smoothness, assigns 16 degrees of freedom to each 
quadrilateral element of a plate; at least eight more are needed 
to accommodate the extensional deformations of a plate or 
shell. Moreover, the hermitian interpolation requires a 
polynomial of sixth degree. The literature abounds with 
alternative elements. Many provide good approximations to 
certain problems but are unreliable or inaccurate in other 
circumstances. Others are quite accurate but too elaborate 
and uneconomical for the broad spectrum of practical 
problems. 

Our approximation by quadrilateral elements is very simple 
but retains the essential attributes of the shell, including 
effects of transverse shear. Moreover, the discrete ap-
proximation is drawn in a consistent manner from the general 
theory of the continuum and the mechanical behavior of the 
finite element, without recourse to special manipulations or 
computational procedures. The formulation is ultimately 
expressed in terms of displacements and rotations only, and 
exhibits the desirable attributes of such systems. Additionally, 
the stresses can be readily computed in accordance with 
consistent equations which are derived from the variational 
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procedure. Consequently, the model is adaptable to general-
purpose programs and is generally applicable to shells, thick 
or thin. 

Basic Features 
The essential step toward simpler efficient elements requires 

a departure from the earlier tradition of strict adherence to 
the Kirchhoff-Love hypothesis. Such relaxation of the 
kinematical basis was proposed by Wempner [1] and im-
plemented by Kross [2] in a rudimentary form. The main 
feature of the element is simple trilinear approximation of the 
displacement. The attendant features, apparent difficulties, 
and alternative means of accommodation are readily 
displayed by the example of simple flexure: The rectangular 
beam of Fig. 1 lies initially along the x axis. Under the action 
of end couples, the homogeneous beam is deformed such that 
the axis forms a circular arc. The best bilinear approximation 
of the elemental displacement produces identical trapezoids. 
If t I , t2  are local coordinates emanating from the midpoint 
of the Nth element, e11 and 7 12  the extensional and shear 
strains according to the elementary definitions, then 

712 	t I  
E2 

In a beam (plate or shell) the thickness h is small in com-
parison to lengths along the axis (surface). The length 1 of an 
effective element must be relatively large 1/h>1; it follows 
that the shear energy in our best approximation is much larger 
than the extensional energy 

712 2 de de  P = > >1 h2 

This does not mean that our approximation fails; in the limit 
(1-0, 712  —0) the approximation approaches the exact 
solution. It means that the unrefined approximation is im-
practical and some alterations are needed. 

The first proposal to modify the bilinear approximation 
and overcome the apparent difficulty was based on the 
Kirchhoff-Love hypothesis. Recognizing the validity of the 
hypothesis in the limit, Wempner [1] proposed a discrete 

f 11 
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counterpart, requiring the normality of an intermediate 
normal, insuring convergence to the Kirchhoff-Love theory 
and then suppressing the energy of shear at the onset. 
Alternative schemes are also possible to enforce a discrete 
Kirchhoff-Love counterpart and suppress the spurious shear 
energy [3, 4]. 

More recently the trilinear approximation has re-emerged 
as a means of approximating shells [5, 6]. The aforemen-
tioned shear strain and associated energy has been suppressed 
by computational schemes known as "reduced" or "selective 
integration" [7]. The basis of the scheme and the explanation 
are again evident in the simple example: Observe that the 
shear strain of Fig. 1 oscillates in the manner of sawteeth 
about the mean, which is zero in simple bending, but 
otherwise small in most practical circumstances. The 
"reduced integration" of the shear energy employs an in-
termediate value (usually the median) to approximate the 
integral. In the spirit of the mean-value theorem, that ap-
proximation is indeed much better than the exact integral, 
e.g., in pure bending of the hookean beam, the exact shear 
energy exceeds the flexural energy by the factor 1 2 /h 2 , 
whereas the "reduced integration" provides the exact (zero) 
value. 

Some attributes of the simplest approximation emerge: The 
simplest element has a trilinear approximation of 
displacement. Transverse shear strain can be accommodated 
in terms of elemental mean values. From the practical 
viewpoint, the discrete approximation should be formulated 
in terms of displacements and characterized by a symmetrical 
positive-definite matrix. Moreover, our goal should be 
achieved through consistent approximations which are 
systematically derived from a proven theory of the continuous 
shell. To achieve the objective, we turn to the general theorem 
of Hu-Washizu [8, 9] wherein the functional admits in-
dependent approximations of all stresses, strains, and 
displacements. We cast the functional in the two-dimensional 
space of the shell with the accepted "plane-stress" assump-
tion (S33  = 0) and a relaxed version of the Kirchhoff-Love 
hypothesis, which admits independent turning of the normal. 
In this context, we found the elemental description upon the 
simplest admissible approximations of the two-dimensional 
fields: bilinear approximations of the displacement and 
rotation, and piecewise constant approximations of the 
stresses and strains. The homogeneous stresses and strains are 
augmented by specific terms which are introduced to ac-
commodate deformational modes of higher order. All are 
ultimately eliminated to achieve the desired formulation in 
terms of displacements. The essential details follow: 

Kinematic Features 
A typical hexilateral element is depicted in Fig. 2; it is 

bounded by top (S t ) and bottom (S_) surfaces, and edges  

(0" =a" ± 1"). Also shown is an intermediate reference surface 
(S), the origin (0) of local normalized coordinates, t" = (60' — 
a' )11", E 3  = B3  /h), and nodal points (N _,N,Nt ). 

Viewed as a three-dimensional finite element, the trilinear 
approximation of displacement V has the form 

V --“WNA/ t 3 ONm NA/ I  E2 ) 	(la) 
1 

( 1 + 	E l  )( 1  + EAl 2  E 2 ) 	 ( lb) 

where majuscule suffices signify the nodal values: 

Wm/ 	A4 2 , 0) 
In accordance with the first approximation, the transverse 

normal stress (S 33  = 0) and the associated work is neglected; 
then the small extension of the normal is also neglected, so 
that 

ctoNm =4,;vivi X N 

where N is the unit vector along the 0 3  line; (11)7,31  is the spin of 
that line. In the linear or incremental formulation, the 
relation applies as well to the small rotation as to the spin. The 
important feature is the reduction of freedom: Our element 
has 20 degrees of freedom that are, most naturally, the 
displacements W NA4 of the nodes N on the reference surface 
(5) and the two components of the rotation ONm• 

The effective implementation of our simple approximation 
follows the identification of 20 modes, which are all un-
coupled in the degenerate case of the plate: six degrees of 
freedom correspond to rigid motions and eight modes 
represent the homogeneous strains (three mean extensional 
strains c,(5 , three mean flexural strains ko , and two mean 
shear strains ie c). In the degenerate case, these 14 modes are 
expressed in the following displacements: 

W„ + 5)4  to + i„o e (2a) 
W3 = W3 + W3 c, " (2b) 

see., = 	— W3. — koe (2c) 
Here, the six constants, W,, al oct — W„0,  and 17173rx  represent the 
six degrees of small rigid motion (see reference [10], p. 62). 
The eight constants, andd ir o„ represent the 
homogeneous extensional, flexural and transverse shear 
strains. 

Evidently, six additional modes are present: two ex-
tensional modes are illustrated in Fig. 3 and correspond to the 
bilinear terms: 

	

Wa = 	e 	 (3a) 
Similarly, two flexural modes are depicted in the edge views 
and correspond to the bilinear terms in rotation: 

	

see,= — k e,V e 	 (3 b) 
Two additional modes cause transverse shear strain. One is 
the torsional mode shown in the top view of Fig. 3 and 
associated with the linear rotation: 

= _ 	 (3c) 
The consequences are shear strains: 

	

1'f —  tt 2 , 	= tt I 
The final mode is a warping of the middle surface, shown in 
the edge view of Fig. 3 and given by the displacement: 

	

14/3 = 	e 	 (3d) 
At a glance, it may appear that the warping mode (3d) im-
poses unwarranted shear strains and a "locking" of higher 
order: The strains of warping (3d) follow: 

=
2
,= 

However, our approximation of the rotation admits the 
simple form: 
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warping \-; 
oi =it', 	c62= —it' 

According to the usual linear equations, the combination 
produces the strains: 

71=72= 0  
1 

KI2 = [01,1 - 0)2,21= ir 

The warping alone produces shear energy 0(G 'h1 3 ) whereas 
the natural combination of warping and rotation produces 
twisting energy 0(Giy11 3 1) in accordance with the theory of 
Kirchhoff-Love. The latter statement is confirmed by the 
computation for the twisting of a thin plate. 

In summary, the 20 modes of our element are the six rigid 
motions, the eight homogeneous states of strain („ 0 , K„0 , rya) 
and the six additional modes (E c„ k„, t, and ;')). If the origin of 
the elemental coordinates (t ,E 2 ) is at the center of a rec-
tangular element, then the deformational modes (3a-d) 
contribute nothing to the mean values of the strains, i.e., 

.y c v . It follows that our approximations of the strains (and 
stresses) must be augmented by six terms of higher order to 
provide the necessary resistance against the six modes (3a-d), 
which are otherwise uninhibited. Higher approximations of 
the extensional and flexural strains follow: 

Ell = ell ±5 2 

 E22 =e22 	e22 E '  

E12 	el2 	e12 E l 	2.1.E 2  

kilt K11 	 +Kilt 2  
ti 

K22 = K22 	̂22 5 	

tt 
KI2 = (4 12 + f( 12 E l  + 

(4a) 
(4b) 
(4c) 
(5a) 

(5b) 

(5c) 

The additional terms of (4a-c) and (5a-c) stem from the 
extensional and flexural modes of Fig. 2. In our subsequent 
formulation, we require only four terms that are enough to 
inhibit these four higher modes: It is enough to retain the 
additional extensional terms (iii  e22 ) of (4a,b) or the ad-
ditional terms (E12, E21) of (4c); likewise, it suffices to retain 

correspond to the torsional and warping modes follow: sk2it)hoaf 
(Sc). Higher approximations of the shear in that s(t iral2,  
the flexural terms (i ii , K22 ) of (5a, b) or the terms 

71 = ;11 + Y1 E 2  

72 = + R2E 1  

Variational Formulation 
The basis of the elemental approximation is the variational 

theorem of Hu-Washizu [8,9]. The Hu-Washizu functional of 
all stresses, strains, and displacements in the element assumes 
the following form: 

+1 
H= 

-1 J  -1 
ILI(6a139 Kat3, 7a) 

- nc 3 [€ - E 0,0  

tefi ko - 	(Ck

(WO]  

 W,)]  

TOP VIEWS - 

-q"[7„ - G„ (cA a ,W,)] 

- .c [N•W+M•tldt 	 (7) 

Here the function A(t 1  , E 2 ) is the metric of the area, U the 
strain-energy density; re°, m'o, qa are the stresses that are 
conjugate to the strains 60, Ko, 7,„, respectively. The applied 
load F acts on the surface; force N and couple M act on the 
edge C of the element. The operators Eco, Keo, and Gc,e  ex-
press the strains E„p, K o , and 7,, in terms of the displacements 
W, and rotations (t)a, i.e., the kinematical equations, linear or 
nonlinear, are the conditions that the bracketed terms vanish 
[ ] = 0. 

A crucial step in the formulation of our finite element, is 
the introduction of the simplest admissible approximations of 
each field. Accordingly, the displacement is expressed by the 
bilinear form (1). The approximations of the strains and 
stresses are also to be as simple as possible, yet consistent with 
established criteria: The so-called "limitation theorem" of 
Fraeijs de Veubeke [11] asserts that no advantages accrue 
from an approximation of a higher-order than one consistent 
with related fields. The patch test of Irons [12] requires that 
the element accommodate homogeneous states of strain. 
These criteria support our proposed approximations (4)-(6) of 
the strains. The eight constants represent homogeneous 
strains and the additional terms are only enough to ac-
commodate the six modes of Fig. 3, which otherwise possess 
no energy. The approximations of the stresses follow the 
forms of the conjugate strains: 

nII _, fiii 2 , --, (8a,b,c) 
m il ;n u 	t2 	 (9a,b,c) 

q i , 4 1 ± 41 t2 ,__; 	 (10a,b) 

It is important to note that the supplementary terms (marked 
by the tilda ) are higher order; specifically, if the gradient of 
the stress (or strain) is finite, then the supplementary term 
vanishes in the limit Oa -0). 

In the rectangular element of a plate or cylindrical shell, the 
constants in the approximations (4-10) are orthogonal to the 
linear functions. In a nonrectangular element, the ap-
proximations must also account for the metric A (E 1 ,E 2 ). 
Then the discrete counterpart of the functional (7) is a func-
tion of the form: 

ff= U(Ectii, ;O, 700 609 Kai39  

—fi 0o R ,„13 —Lo c 

—th' Ikap 	((kgim, 	Af)] 
1 _ 	_ 

- -3 ri'#  [ eco - Eco ( WNM)] 
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Here the factor 1/3 is the result of integrating the products 
(ZO) 2 . The function (11) is to be stationary with respect to 
each of the variables. The results consist of 

(a) 20 equilibrium equations in terms of the stresses 
m"' , q ", 	 thco, 4"), nodal forces (Fr), and couples 
(Ma NM). 

(b) 14 stress-strain relations. Because of the orthogonality 
of the functions, the equations of the isotropic hookean 
element are uncoupled. Specifically, 

ficy0 = C,“311 Ern  

h2  
mad = 	CO-0 kvl  

12 

4a = Cad 7y0 	 (12b) 

The coefficients are the usual moduli of the continuous 
theory (see Ref. [10], p. 590). 

(c) 14 strain-displacement equations that are also un-
coupled. Specifically, 

Ead = Ead  (W Nm) 

k,43 =  kui3(d)km, 	'Ai) 

	

Ya 	 0,0 (Ok m WIN m) • 	 (12c) 

The 14 equations (12c) can be substituted into the 14 
equations (12b) which can be substituted into the 20 equations 
(12a) in order to obtain the elemental approximation in terms 
of displacements only. 

Some features of the approximation are noteworthy: 

(1) The higher-order terms ( = ) vanish in the limit. The 
remaining constitutive equations are those written explicitly 
under (b) and these approach the equations of the continuous 
shell. Likewise, the remaining kinematical equations are these 
written under (12c) and these difference equations approach 
the differential equations of the continuous shell. 

(2) Five equilibrium conditions of the finite element 
emerge from the virtual work upon the three displacements 
and two rotations at each node. Like the continuum theory, 
rotation about the normal imposes a condition of symmetry 
upon the stresses (tico = no), which is inherent in our 
elemental approximation. 

(3) The evaluation of all coefficients requires only the 
integration of simple functions. All can be done exactly, or by 

Fig. 4 Radial deflection under load in inches 

any accurate numerical procedure, which might be expedient 
to the user. Moreover, the formation of the elemental matrix 
requires only direct substitutions. Consequently, the for-
mulation is exceedingly simple and economical. 

(4) The effects of extensional and flexural behavior are 
represented by comparable approximations. As our examples 
indicate, the formulation serves as well whether extensional or 
flexural effects predominate. 

(5) The final result of our formulation is a system of 
equations in terms of displacements alone. That system has 
the most desirable attributes of a displacement formulation: 
Specifically, the matrix is symmetric and positive definite. 

The omission of higher-order terms reduces the internal 
energy, so that the element is less stiff than the element 
derived via minimum potential and displacements alone. 
Provided only that the gradients remain finite, the effects of 
these higher-order terms diminish as the element shrinks and, 
therefore, convergence is assured. 

Some examples serve to demonstrate the effectiveness of 
this simple elemental approximation. 

Example 1: Cylindrical Shell Under Radial Forces With 
Free Ends. The "pinched cylinder" of Fig. 4 has been used 
frequently for numerical testing of approximations. The 
radial displacement at the load is given in the table according 
to various authors. The deformation is predominantly 
flexural; indeed, the largest calculated value [13] is only 5 
percent greater than that based on inextensionality [14]. 

For most purposes, the measure of an approximation is the 
number of degrees of freedom (and equations) required to 
obtain satisfactory results. In this respect, our simple model 
excels. The models of Ashwell and Sabir [15] and Dawe [19] 
give comparable results with fewer degrees of freedom, 20 and 
30, respectively. However, the former is an element, which is 
especially tailored to the cylindrical shell; the latter is formed 
with a higher-order triangular element, which has 54 degrees 
of freedom based on a quintic polynomial. 

It is noteworthy that our elemental matrix possesses six, 
and only six, distinct zero eigenvalues, which confirm an 
accurate representation of the rigid modes. 

Example 2: Cylindrical Shell Under Radial Forces With 
Simply Supported Ends. If the ends of the "pinched 

t /R = 1/100 a  v = 0.30 

R 
n 

Fig. 5 
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cylinder" are supported by an inextensible diaphragm, then 
the flexure is suppressed and membrane actions prevail. 
Computations were made with the mesh illustrated in the 
octant of Figure 5(a), which provides 104 degrees of freedom. 
The radial displacement W3 at the load (C) and axial 
displacement W2 at the edge (A) are comparable to the results 
of Dawe [19] and Lukasiewicz [20], as follows: 

Et W3 /P(at C) 
Et W2 / P (at A) 
Degrees of Freedom 

[19] 
164 

4.11 
(366) 

Present 
152 

4.06 
(104) 

[20] 
155 

The number (366) of degrees of freedom is our count ac-
cording to the information given by Dawe [19]. The results 
given by Lukasiewicz were obtained with a few terms of a 
series solution; the number 155 for W3 is estimated from his 
graphical presentation [20, p. 397]. 

The plot of Figure 5(b) serves to exhibit the piecewise 
representation of the stress n" . The smooth curve is taken 
from the series solution, as displayed by Edwards and 
Webster [21]. 
Example 3: Spherical Shell Under Radial Forces. The 
spherical shell under diametrically opposed forces serves as an 
example in which the elements are nonrectangular. Moreover, 
an element at the pole degenerates to a triangle as depicted in 
the auxiliary view at 0 in Fig. 6. The consistent approximation 
of displacement and rotation in the triangular element has the 
form: 

w= 	w1 E1 w12 t1t2 

Each field is determined by the three nodal values and each is 
compatible with the approximation of adjoining elements. 
The triangular element has 15 degrees of freedom, six rigid 
modes, eight homogeneous strains, and one warping mode 
which requires one additional term (In t I ) in the ap-
proximation of shear: 

= = ;r2 Y2 t i  
Here the terms of the approximations are not orthogonal in 

the element, since A ( 1 )= sin IrE 1 /2n, where n is the number 
of elements in a segment of the hemisphere, as shown. 
Consequently, the linear approximations introduce coupling 
between the mean values ( ) and supplementary terms ( ). 
Otherwise, the formulation is unaffected. 

Once again, the elemental matrix exhibits six distinct zero 
eigenvalues corresponding to the rigid modes. 

In the numerical example, t/R = 50, v= 0.30. The 
displacement W at the pole is comparable to the result ob-
tained by Koiter [22]: 

ETW/ P= 21.2 Koiter [22] 
20.7 15 Elements (87) 
20.5 5 Elements (27)  

Here the shear modulus was amplified by a factor 0(10 3 ) to 
suppress the effect of transverse shear. The 15 elements were 
equally spaced along the meridian, whereas the five elements 
were unequally spaced in segments of 5 deg, 5 deg, 5 deg, 30 
deg, and 45 deg to take advantage of the local deformational 
pattern. For purposes of testing, two-dimensional elements 
were employed with a breadth of 9 deg. Again, the paren-
thetical numbers are degrees of freedom, but these do not 
reflect the capabilities of the approximation, since the 
numbers are reduced to (44) and (14), respectively, if the 
symmetry is invoked at the outset and the problem is treated 
as one-dimensional. 

Other examples of plates and arches also attest to the 
abilities of this elementary approximation to accommodate 
flexure. 

Conclusion 
From a practical viewpoint, the important attributes of this 

discrete approximation are the simplicity of the formulation 
and the economy of implementation. The latter is achieved 
without significant sacrifices in accuracy or reliability. In-
deed, the comparable approximations of extensional and 
flexural deformations produce an element that accommodates 
both actions with facility. The intermediate formulations of 
the kinematic and constitutive equations facilitate the 
treatment of interactions with supporting structures and/or 
adjoining media. 

From a theoretical viewpoint, the discrete model is derived 
in a consistent manner from the continuum. Each ap-
proximation is taken as simply as possible and founded en-
tirely on mechanical and geometrical concepts. Finally, the 
algebraic equations of the discrete model are analogous to the 
corresponding equations of the continuous shell and, indeed, 
reproduce their counterparts in the limit. 

Specific features (1)-(5), are enumerated in the "for-
mulation." 

Some distinctions between the present element and certain 
"mixed" elements are noteworthy: The present ap-
proximation is founded on an elaborate form (7) of potential 
energy, whereas most "mixed" elements are based on the 
functional of Hellinger-Reissner [23, 24], an elaboration of 
complementary energy. Our stiffness matrix has the 
properties of one derived from potential energy. No inversion 
is needed if the element is rectangular; otherwise, coupling 
between the constant ( — ) and higher ( = ) stresses and strains 
requires, at most, the inversion of 3 x 3 matrices. The 
elemental matrix of the "mixed" element requires an in-
version, since the complementary formulations express 
displacements in terms of stresses. 

The extension to finite deformations poses no inherent 
difficulties, but requires additional algebra and storage. The 
functional of Hu-Washizu [9] is generally available in terms 
of the Cauchy-Green components of strain and Kirchhoff-
Trefftz components of stress (see reference [10] p. 443); 
alternatively, a precise version is also expressible in terms of 
engineering components of strain and Jaumann components 
of stress [25]. By adhering to a local convected (Lagrangian) 
system, the essential nonlinear terms in the discrete for-
mulation are products of forces and relative nodal rotations, 
analogous to the products of forces and curvatures in the 
continuum theories of thin shells. Then, rigid rotations ap-
pear only where loads, surface or edge tractions, are 
prescribed in a fixed (Eulerian) system. Such extensions are 
currently under development, but beyond the scope of this 
initial presentation. 
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