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ABSTRACT

The effects of wind and density (gravity) currents on the thermal
structure and surface heat loss characteristics of cooling lakes are
considered in this report. A closed-form solution for laminar density
currents in cooling lake sidearms 1s presented and verified with lab-
oratory data. A surface wind stress directed toward the dead end
of the sidearm is added to the density current problem formulation
and the governing momentum and thermal energy conservation equations
are solved numerically. The numerical results are used to develop a
surface heat loss relation for a combined wind-driven and density
current circulation in a cooling lake sidearm, The surface stirring
effect of wind on developing stratification in a cooling lake is
also considered. A computer simulation model is developed to include
the effects of wind mixing, vertical advection due to cooling water
circulation, and surface heat loss on determining daily vertical
temperature profiles in the cooling lake. The model is applied to a
field cooling lake after being calibrated on an adjacent natural lake.
The simulation model results are compared to field temperature data,
and the dominance of vertical advection over wind mixing is clearly
shown. Dimensionless parameters for assessing the relative influence
of wind mixing and vertical advection are suggested. These research
results provide an aid to future comprehensive modeling efforts which
include the various effects of wind and density currents on the thermal
structure of cooling lakes.
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1. INTRODUCTION

National concern for conservation of existing water resources suggests
the possibility of utilizing multiple-purpose reservoirs and lakes as cooling
water sources for the dissipation of waste heat from steam generation of
electric power. Existing lakes and reservoirs could conceivably be used
conjunctively with wet cooling towers to obtain an optimum cooling system
which makes the most efficient use of existing water resources subject to
environmental constraints. Scherer (1975) has suggested that the least-
cost cooling system may consist of utilizing a lake for "once-through"
cooling up to a critical condensor flow rate, at which the marginal costs
of lake and cooling-tower systems are equal, and then passing the condensor
flow rate in excess of the critical value through cooling towers. Giquinta
et al. (1980) studied the economics of several hybrid cooling svstems
at river sites and concluded that the hybrid systems, which incIuded both
once~-through river cooling and cooling towers, were economically superior
to once-through cooling alone.

- If cooling towers are used conjunctively with cooling lakes for

the dissipation of power plant waste heat, the impact of such a system
on the environment must be considered. Not only must thermal water quality
standards be met at the cooling water discharge point in the lake, but
the effect of the cooling system on the long-term thermal structure of
the lake, and hence the effect of this water use on other beneficial uses
and on the lake biota, must be evaluated. If, for example, the
thermocline is deepened by cooling water circulations in the lake, the
thermal niche of certain types of fish may be adversely affected. This
becomes an environmental constraint which must be satisfied in the op-

timization of the hybrid cooling system.



Evaluation of thermal envirommental constraints for a cooling
lake requires a thorough knowledge of the physical mechanisms re-
sponsible for the thermal structure of a cooling lake. In a natural
lake, the establishment of the depth of the thermocline depends upon
an energy balance between the kinetic energy supplied by wind and the
buoyant potential energy of density stratification. Coooling water
discharges and withdrawals from a lake by a power plant tend to have
an additional important influence on the location of the thermocline
and hence on the size and temperature of the epilimnion. This in-
fluence is manifested by two separate physical mechanisms: (1) the
vertical advection of heat caused by heated discharges near the lake
surface and withdrawal from lower, cooler layers; and (2) the dis-
persion of heat at the lake surface by wind-induced currents, through-
flow:currents, and density currents. The manner in.which heat is dispersed
at the lake surface is linked to the amount of surface heat loss and thus

also to the balance between wind kinetic energy and buoyant potential energy.

The research reported herein specifically considers the inter-
action of wind-driven and density currents as well as the direct
influence of wind in establishing the vertical thermal structure of a
cooling lake. Density currents develop in sidearms of cooling lakes
as a.result of the horizontal temperature gradients, and hence density
gradients, that are sustained in the sidearm by surface cooling.

The resulting gravitational circulation acts as a heat pump which
delivers heat from the main body of the cooling lake into sidearms
where it is lost to the atmosphere. The heat pump is self-sustaining

because surface cooling maintains the horizontal temperature gradient



necessary for its existence. If a surface wind stress is superimposed
on this density current, the amount of heat carried into the sidearm
by longitudinal advection is affected. At the same time, the wind
also influences the rate of heat loss from the water surface and

thus affects the magnitude of the driving buoyant force. A third
influence of the wind is manifested by the kinetic energy generated

by surface stirring that becomes available for deepening of the
thermocline. In this manner the wind affects the vertical temperature
profile in the main body of the lake and at the entrance to.the sidearm.
These three influences of wind on irhe thermal structure of a cooling
lake are studied in detail in this report.

First, the density-current (gravity current) problem is formulated
for the case of laminar flow and nc surface wind stress. A cliosed-
form solution is. obtained for this case, and the results are compared
to experimental results from previous research. Second, the problem
is reformulated with an imposed surface wind stress directed toward the
dead end of the sidearm. 1In this case, the governing equations are
solved numerically, and the results are compared te: the closed-form
solution. 1In addition, the results are applied to develop the concept
of a limiting wind speed beyond which the wind-driven currents over-
power the gravity currents, Third, a daily computer simulation model is
developed to.model the influence of wind on the daily mean vertical
temperature profile in a cooling lake which receives power-plant condensor
discharges both directly from the condensors and indirectly through a

cooling tower system. Finally, the simulation model is applied for a set of



field temperature data measured in two adjacent lakes, one of which

is used as a cooling lake, on the University of Notre Dame campus.



2. LAMINAR GRAVITY CURRENTS

2.1 Introduction

In this chapter and in following chapters, the term gravity current
is used synonymously with the term density:.current. The latter term
is used often in the Civil Engineering literature, but the former is
preferred because it is more descriptive of the causative force driving
such flows. The distinguishing characteristic of gravity currents is
that they are driven by a buoyancy which is the result of a density
gradient in a gravitational field. The gravity currents of interest
in this report are associated with thermally-induced density gradients
that occur in cooling lakes. These gravity currents are of particulax
interest in dead-end channels, or sidearms, that form a portion of a
natural lake used for cooling water. The gravitational cirenlation
tends to draw heated water inio "stagnani!: areas of .thel 'lake where it
undergoes surface cooling that sustains the circulation. ‘The gravity
current problem is formulated in this chapter without consideration
of wind stress, and a closed-form solution is obtained that was found
useful in interpreting the results in the following chapter where wind
stress is considered.

Benjamin (1968) has clearly demonstrated the role of gravity in
generating a streamwise pressure gradient where there exists a difference
in fluid density in the direction of flow. This manifestation of the
gravity force is distinct from its role as'a body force.- Ewven though
the channel slope is zero with a resulting zero component of the body
force in the direction of flow, buoyancy can drive a circulation as in
the familiar example of lock-exchange flow between fresh-water and

saline-water canals (Keulegan, 1957).



The work by Phillips (1966) on the gravitational circulation of the
Red Sea showed that a similarity solution of the turbulent equations of mo-
tion is possible when the surface buoyancy flux due to salt and heat flux is
considered to be independent of the streamwlse coordinate. Imberger (1974)
studied laminar gravitational circulation experimentally, but in his case
the end walls of the channel were differentially heated and the flow was con-
fined at the top by an insulated 1id. In a companion theoretical investiga-
tion of this problem, Cormack, Leal, and Imberger (1974) applied an asymptotic
analysis to the case of fixed Rayleigh number with the aspect ratio of the en-
closed cavity approaching zero. Their analysis indicated the existence of a
parallel flow structure in the core of the cavity.

The essential aspect of the gravity currents considered herein is the
continuous change in the thermally-induced density gradient in the direction
of flow as controlled by the heat transfer :process at the free: surface. This
type of gravitational circulation depends upon the .coupling between the equa-
tions of motion and the equation of thermal energy .comnservation. The surface
heat flux is not only a component in the thermal energy balance but determines
the horizontal pressure gradient in the equations of motion as well.

Gravity currents which are the result of thermally-induced density gra-
dients that are diminished by surface heat flux have been studied experimentally
by Brocard, Jirka, and Harleman (1977) and by the author (Sturm, 1976). The
analytical work by the author (Sturm, 1976) led to a numerical solution of
the governing equations of motion and thermal energy for both laminar and turbu-
lent circulations. The occurrence of the laminar regime in the laboratory
provided the impetus to seek a closed-form solution for the laminar case which
could be compared with solutions including surface wind stress as given in the

following chapter.



2.2 Formulation

The problem is formulated with reference to the dead-end channel
sketched in Figure 1. The channel is assumed to have a horizontal bottom,
a uniform width b, length L, and depth D(x), where the coordinate system
is defined in the figure. At the entrance to the chanmnel (x = 0), there
is a vertically nonuniform temperature profile with a surface temperature
TS = Ti and a bottom temperature = To' Based on the experiments of the
author (Sturm, 1976), which will be discussed subsequently, it can be
assumed that the temperature reached by the surface inflow current at the
dead end of the channel becomes equal to the constant temperature T0 of
the bottom outflow current.

The surface heat-loss rate, ¢n, depends on the water surface tempera-
ture, TS, and decreases with x as surface cooling occurs in the inflow
current shown in Figure 1. If essentially parallel flow is comnsidered to
exist in a central regionkof the channel, then a comparison of the hydro-
static pressure distributions at each end of this central region reveals
a net fprce directed toward the open end of the channel. This force
propels the bottom outflow current in Figure 1. Continuity requires an
equal but opposite inflow current which rides over the top of the outflow
current. The inflow current must be driven by a drop in the free surface
toward the dead end of the chanmnel. The central region of the channel is
bounded by a flow-establishment region near the chanmel entrance in which
inertia and buoyancy forces are dominant, and a dead-end regiomn which is
characterized by a large vertical downflow as the inflow current is turned.
The analysis herein is concerned primarily with the central region of a
dead-end channel with large length-to-depth ratio in which the flow is

nearly parallel and govermed by buoyancy and viscous forces.
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The equations of motion and thermal energy conservation are simpli-
fied by making the following assumptions: (1) the flow is laminar; (2) the
dead-end channel has a large length-to-depth ratio (small aspect ratio);

(3) the rate of surface heat loss, ¢n’ can be related linearly to the excess

surface temperature relative to an equilibrium temperature, Te’ e.g., ¢n
—K(TS-Te); (4) the vertical temperature profile shape is known and can be
expressed by 0 = (T—TO)/(TS—TO) = fT(n) where n=y/D; (5) the temperature
vs. density relation is approximately linear over the surface temperature
range, (Ti—TO); and (6) the Boussinesq assumption applies.

Although the assumption of laminar flow may be unrealistic except in
laboratory situations, it is made in order to gain some insight into the
more complex dynamics of turbulent gravity currents, which occur in cool-
ing lakes. 1In the central region of the flow, which is relatively very
long in comparison to the depth as supposed by assumption (2), boundary-
layer-type simplifications become possible in the equations of motion and
thermal energy. The linear relation. for ¢n in assumption (3) is based on
an equilibrjum temperature, Te’ such that when TS = Te’ there is no net sur-
face heat flux. The coefficient, K, and Te are functions of meteorological
conditions and the surface temperature at x=0, Ti' They can be determined
by the empirical relations summarized by Ryan et al. (1974) for the
relevant processes of heat transfer at the air-water interface. Assumption
(4) concerning the temperature profile shape is similar to that employed in
the Kdrmidn-Pohlhausen type of boundary layer analysis in which the integral
properties of the flow in the vertical direction are retained to effect a
solution with respect to the horizontal, streamwise coordinate.

With the above assumptions, the coupled equations of motion and thermal

energy become:
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in which G is a reference density corresponding to the temperature, To’
and a is the slope of the density vs. temperature relation. The thermal
energy equation, (3), has been written in integral form by applying the
continuity equation and integrating over the depth with a boundary condi-
tion of zero heat flux at y = 0, and with the heat flux being given by the
assumed linear relation at the air-water interface (y = D).

The inertia terms have been retained in (1) based on a preliminary
order—-of-magnitude analysis, while the horizontal diffusive terms have been
neglected in (1) and (3) ‘in.comparison-wich the corresyonding vertical con-
tributions because L/D>>1. A.closer examination of the horizontally-
elongated central region of the dead~end channel, however, reveals that
the iﬁertia terms may make a sufficiently small contribution to equation (1)
to be neglected as a first approximation. ' If the channel is:very long (i.e.,
sufficiently long that all excess heat is lost to the atmosphere), the long-~
itudinal gradient of horizontal veiocity is quite small as is the magnitude
of the velocity itself. For a shorter channel which still has a large
length-to-depth ratio, much of the inertia of the -inflow currert might be
expected to be lost within a horizontal distance of a few depths from the
dead end of the channel. 1In this end region, which is very short, the
inertia of the inflow current is lost rapidly as the dead end is approached
and the free surface rises. The inertia is regained as the outflow current

accelerates from the dead end and flows in a direction opposite to that of
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the inflow current. Thus, in the central region of essentially parallel
flow, the inertia terms may be sufficiently small, when compared to the
buoyancy and viscous forces, to be neglected. This assumption cannot be
verified a.priori because a careful estimate of the velocity scale can only
be made after a solution of this free convection problem has been obtained.

Buoyant flows for which the formulation is given by (1)-(3), excluding
the inertia terms in (1), have been classified by Turner (1973) as viscous
diffusive flows. Turner points out that this type of flow can be character-
ized by a single dimensionless parameter, the Rayleighvnumber, which reflects
the importance of diffusion as well as viscous and buoyancy forces. Such a
formulation corresponds to Koh's (1966) zeroth order approximation for the
problem of viscous stratified flow towards a sink. As another example of
this type of flow, data for free~convection heat transfer from horizontal
cylinders in several different fluids are well corxrelated wiih the Rayleigh
number as the only independent parameter (Kreith, 1373).

As a first approximation, then, it is not without precedent nor lacking
in at least some intuitive justification.to neglect the inertia terms in
(1) for the problem under consideration.:.. This is done in.the following sec-
tion of this paper in which a closed-form solutiéon of (1)-(3) is presented.
The limitations of this assumption will be analyzed in more detail in §2.4.
2.3 Solution

The solution of (1), (2), and (3), with the inertia terms neglected in
(1), proceeds by substituting the temperature profile function‘fT(n) into

(2) and eliminating the pressure p from {1) and.(2) to obtain:
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Equation 4 is integrated with the boundary conditions u=0 at y=0 and 3u/3y = 0

at y=D to produce the velocity distribution:

- agD3 d(Ts_To)
H dx

fu(n) (5)

where dD/dx has been expressed in terms of the temperature gradient,
d(TS—TO) /dx, by applying the continuityfcondition, glu dn = 0.

The function fu(n) in (5) is a velocity profile function determined
solely by the choice of the temperature profile shape, fT(n)a In Figure
2, fu(nj is shown for fT(n) = n? and ff(n) = n* . The postulated counter-
flow is readily evident from the shape of.fu(n).. The elevation of zero
velocity between the inflow and outflow currents is relatively insensi-
tive to the choice of fT(n), but the magnitude ofAfu(n) decreases at all
elevations with an increase in the degree of the temperature profile poly-
nomial, fT(n).

The solution given by (5) for the velocity u was obtained solely from
momentum and continuity considerations, and it involves the surface temper-
ature gradient, d(TS—TO)/dx, as an unknown parameter. This parameter cou-

ples the momentum equation to the thermal energy. equation. 1If (5) is

substituted into (3), which is the thermal energy equation, along with the
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assumed temperature profile fT(n), then there results an ordinary differen-
tial equation in the unknown (TS— To). In dimensionless form, the equation

to be solved is:

2 2
o 20 +(des) -6, - 21% (6)
S ax°? dx® (1-6,)
where

o _ X, = I -T . - (T -T_ )

X = BS (s 0); 60 = o e :
(T; -To) (T;-T)
A 2
B = ‘1 ; Ra = ( pe/pe)gDi

Ra  (1-8)
m 0 vK/pecp

and where an i subscript refers to values at x=0; v is kinematic viscosity;

K is the local surface heat transfer coefficient; cp is specific heat; g

- .1is gravitational acceleration; Cl is a temperature profile constant defined
in the appendix; Ape = p(Te) - p(Ti); Pe = P (Te); and the various tempera-

tures are defined in Figurel.

The governing dimensionless parameter in (6) is a modified form of
the Rayleigh.number, Ram, in which the thermal conductivity has been
replaced by KD,. The. local coefficient of heat transfer K[= -¢n/§TS—Te)]
characterizes all the heat transfer processes at the air-water interface
including evaporation, conduction, and radiation. The modified Rayleigh
number can be considered to be a product of the Grashof number and a

modified Prandtl number given by pcp/KDi. The additional parameter
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appearing in (6) is 90, which is the unknown temperature boundary condition

at x=L, where L is the channel length. It will be shown below that 60 can
be determined as a function of L, Di’ and Ram.

An exact solution can be obtained for (6) by making the substitution
of variables y = st/dx0 with es becoming the independent wariable and ¥
the dependent variable. Exact integration of (6) with the boundary con-
ditions 6_ = 1 at x° = 0 and des/dx° finite as B; approaches zero provides

the solution for the dimensionless temperature, velocity, and depth:

- 2
Bs = Ts To = Bl x° - B2 x° +1 N
T, -T 6
1 O
v o= Y% = 1-B1 g (8)
s 3B
Usi 2
D(x) =1-0C, %P xe (B, - B1xe (9)
5 = 2 —=2 2 - =¥
D, 6
1 Q
where
1
2702 ¢
B, =f 1M o+ P4 )
bl
36 3 L°?

and. where L° = L/Di; C., is a temperature profile constant defined in the

2
appendix; Apo = p(To) - p(Ti); and the other variables are as defined
previously. The solution given by (8) for U is determined by differen-

tiating (7) with respect to x° and substituting the result into (5). The

continuity condition and the integrated form of (4) provide the necessary
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relation between dss/dx° and d&§/dx® from which (9) is obtained.

The solutions given by (7), (8), and (9) are not complete without
the boundary values of the surface velocity at x=0, Ugss and the surface
temperature at x=L, To' These must be determined from the imposed physical

conditions of channel length, depth, surface temperature at the channel

entrance, and meteorology.

The unknown boundary condition 60 for a channel of given length L
is determined by setting T, = T0 at x=L in (7) and expressing the result

in terms of the ratio y = L/Le, where Le is an equilibrium length:
%
60 =14 2y%Z - v(6 + 3y2) (10)

The equilibrium length is defined to be the length of channel required
for the surface temperature TS to become equal to Ty the equilibiium
temperature, at which the net surface heat exchange is zero. The equilibrium

length is determined from (7) as the value of x for which Ts= T0 = Te:'

Ly =(6 Ram)‘/z (11)

It is now apparent from (10) and (11) that the dimensionless boundary
value given by 80 is a function only of L/Di’ the Rayleigh number; and

the profile constant Cl.

The inlet surface velocity, u ., is easily determined from (5) and

si
(7):
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si = Cj 2 7 (12)

where C3 is another temperature pfofile constant defined in the appendix,
and B2 and Bl are as defined before. For the purpose. of later comparison
with experimental data, it is more convenient to use an expression for the

inflow per unit width into the channel, q;:

o = 94 - ¢, B (13)
i o 4
B.L
e le.
(pecp)
where C, is defined in the appendix and L;"= Le/Di° It can also be shown

that BZ/B1L°e and hence qi are functions only of y = L/L_ just as for 8,

Although the solution of (1), (2), and (3) is now complete, one of
the quantities of interest may be the total rate of surface heat loss from
the channel, which can be determined from the foregoing development. If

the total rate of surface heat loss Hp from a channel of equilibrium length

and width b is defined as

L
Hp = b fe ¢ dx = 'HC b L, (T;-T)), (14)
0
it is readily shown that Ec = K/3 from a substitution of (7) into (14).
For a channel of specified length L, the ratio of surface heat-loss rate
HL to that from the equilibrium channel of length Leis formed and found

to be a function of y = L/Le:
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[
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1
u 2 2 3 K]
3y 1+ Y5 - (Y“ + -3—;_(— -6+ 3Y2);§) (15)

The solutions for 80, q£9 and H' are shown in Figure 3 as a function of v.

The profile constants that appear in the solution are given in Table 1
for several polynomial temperature profile shapes. The shapes chosen are fT (n)
= n™ where m varies from one to five. These functions were selected for ease
of integration. Other functions are possible, and the resulting constants
can be evaluated from the expressions given in the appendix. Because of the
way in which the surface heat transfer boundary condition is specified in
the integral solution approach, it is unnecessary for the assumed temperature

profile shape to have the correct slope at the free surface.

2.4 Discussion of Solution

Introduction of the equilibrium length Le provides a useful generali-

zation of the dimensionless solutions for surface temperature, velocity,
and depth in (7), (8), and (9), in which the independent variable is x/Dij
If the solutions are plotted vs. x/Le instead of x/Di, they become universal
in form as shown in Figure 4. The terms involving only Bl’ B2, and x°
in (7), (8), and (9) can be shown to reduce to functions of x/Le and L/Le}
The dependence on Ram and the temperature profile shape is embedded ii Le
such that specifying L/Le establishes the complete solution for dimensionless
temperature and velocity in Figure 4. The solution for the dimenéionless
depth in Figure 4 further requires the value of Apo/po as can be observed from
(9). Although Ap/pO can be determined from (Ti-To), the relation between 80
and L/Le is insufficient to obtain (Ti—To). The value of (Ti—Te) is also

needed because of the nondimensionalization inherent in the definition of
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20

Table 1 - Solution Profile Constants and Velocity
m
Functions for fT(n) =7

)
O
=
N
~J
=

n- 20
576 0.275 7.20 1.60 -~ 24 Y80 T 120
’ 5 2
_n . in® _ n
800 0.217 6.67 1.50 60 T 120 ~ 30

6 3ﬂ2 3n

-0 -
1200 0.179 7.14 1.57 170 + YA 140

7 27n%  5n

— n -
. 1764 0.152 7.88 1.68 210 T 1120 ~ 336

8 3502 1ln

2509 0.132 8.71 1.82 Ay

336 ' 2016 1008

48

40

40

42
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80. For the nondimensional depth solution, then, (Ti—Te) must be specified
in addition to L/Le. This does not decrease the generality of the solution
because (Ti—Te) must also be known to calculate Ram and hence L/Le' The
equilibrium temperature, Te’ depends only on meteorological conditions,
while Ti is the surface temperature at the entrance of the channel and

must be specified.

The solutions for L/Le = 1.0 and 0.5 are compared in Figure 4. As
the channel length is decreased while holding constant all other variables,
the velocity at x=0 increases due to reduced overall friction 4in spite of the
decrease in the hydrostatic force as TO increases. Simultaneously, the
horizontal temperature gradient at x=0 becomes larger negatively so that
heat conservation is satisfied; the net heat flux into the channel must
equal the total heat flux from the water surface at steady state. The
boundary values To.and u_ g adjust themselves as the channel length decreases

such that both the thermal energy and momentum equations are satisfied.

Thé solutions shown in Figure 4 are affected by the choice of tempera-
ture profile shape only through a change in equilibrium length Le' It was
shown in Figure 2 that as the degree n of the temperature profile polynomial
increases, the resulting velocity polynomial, fu(n), decreases in magnitude
over the full depth of filow. For a channel of given length and specified
value of Ram, the surface velocity at x=0, Uggs becomes smaller as n increases
because of the decrease in the buoyant force arising from the hydrostatic
pressure force.difference between the entrance and the dead end of the
channel. Consequently, there is a decrease in the net heat transported into

the channel and a greater surface temperature drop, (Ti—TO), over the full
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length of the dead end channel. These effects are reflected in Figure 4 by

a decrease in the equilibrium length.

The depth decreases toward the dead end of the channel as shown in
Figure 4 in order to drive the inflow current as postulated in §2.2. Although
the depth change is very small, it makes a significant contribution to the
horizontal pressure gradient and thus to the magnitude of the velocity at
any x. As the contribution of the horizontal temperature gradient to the
pressure gradient goes to zero for x/Le approaching 1.0, so also does the
contribution of the depth gradient. For a channel of given length L < Lé9
the depth will increase with x as the surface temperature Ts approaches To
so that the velocity can be forced to zero as the dead end is:¥eached. This
depth increase will occur over a relatively short reach of the channel near

the dead end. Over this short reach, the farmulation zad solutions pre-

sented herein are not applicable.

The solutions for 80, qi

» and H' in Tigure 3 dindicate how the boundary
conditiqns and heat loss vary with the ratio~L/Le° The solutions themselves
are practically insensitive to-the temperature profile shape.(see Table 1
for variation in C4 which appears in (13)); but the value of Le is quite
dependent on fT(n). The heat-loss rate increases very rapidly with v.
Approximately 83 percent of the maximum' possible rate of heat loss and 80
percent of the maximum surface temperature drop occur in a channel which has
a length that is only 50 percent.of the equilibrium length. .As & result,
the value of qi changes very little for L/Lé > 0.5. For L/Le < 0.5, qi
increases gradually with-a decrease in channel length..as discussed previously.
The curve for 80 in Figure 3 should not be interpreted as the rate at which

the surface temperature decreases with x for a given channel length, but rather

as the locus of boundary values, To’ for channels of variable length.
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The concept of an equilibrium length was developed because of the
generality it provides in the presentation of the solutions in Figures 3
and 4, It is not intended to obscure the controlling dimensionless para-
meter of the free convection in the dead-end channel. This parameter is
the modified Rayleigh number, Ram, which emphasizes the dominance of the
buoyancy and viscous forces and the importance of surface heat transfer
in a central region of the dead-end channel for which L/D>>1. Decreasing
the fluid viscosity in a channel of given length, for example, increases
Ram and Le/D and as a result, the inflow velocity increases while the sur-
face temperature drop, (Ti-To), decreases. On the other hand, increasing ihe
surface heat transfer coefficient K decreases Ram, and (Ti-To) increases.
Thus, the modified Rayleigh number measures not only the relative impor-
tance of buoyancy and viscous forces but also the rate at which the driv-

ing buoyancy force is being lost by surface heat transfer to -tiue atmosphere.

The limitations of neglecting the inertia terms in (1) can be examined
in light of the closed-form solution which has been obtained. I¥f the closed-
form solution is utilized to provide a first-order estimate ‘of -the magnitude
of the inertia terms, their relative importance when compared with the buoy-
ancy and viscous terms in (1) can be assessed. The ratio of inertia to
buoyancy forces is given by the following definition of densimetric Froude

number, F:
2 _ usi(Aus/L) (16)

D
8lax’ |

i
in which ug is the surface velocity at x=0; Aus is the decrease in surface

velocity from x=0 to the end region (assumed to be very short) where x=L;

and (dD/dx)i is the slope of the free surface at x=0. The evaluation of
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F2 has been chosen at a point where the inertia forces can be expected to
have their maximum value. The buoyancy force at the free surface, where
the inertia terms are evaluated, is contributed solely by the slope of the
free surface that is necessary to balance the effect of the horizontal den-

sity gradient integrated over the depth.

If u Aus, and (dD/dx)i are evaluated by the closed-form solution,

si?

2
the following expression is obtained for F :

2
CF? - ﬁ%— (03 ) : (17)
m 3C102 _

in which Cl’ C2, and C3 are profile constants given in Table 1, and Pr_ is

a modified Prandtl number defined by ucp/KD, where K is the local coefficient
of surface heat transfer; D is the degth; Cp is spceific heat; and u is
absolute viscosity. If the inertia terms are indeed €mall, then F2 << 1
which requires that Prm >> 8x10—2. The choice of m=3,4, or 5 in Table 1
gives virtually the same limiting value of Pr . Using typical values of
K=2x10_3 w/cmz—oC and D=20 cm for laboratory conditions with water as the
fluid, Prm has a value of approximately 1.0, which is at least one order of
magnitude larger than the limit at which the inertia terms must be considered.
Thus, it seems that for Prm sufficiently large, it is possible to neglect

the inertia terms in (1), at least as a first approximation.

On the other hand, the convective terms in the thermal energy equation,
(3), cannot be neglected. The heat that is lost through the free surface
must be balanced by the net logitudinal convection of heat. The vertical heat
diffusipn terms, which supply the heat to the free surface, must be much larger
than the horizontal diffusion terms if L/D >>1 and, as a result, must be of the

same order as the longitudinal convection terms.
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2.5 Comparison of Solution with Experimental Results

For the purpose of comparison with the closed-form solution, the
experimental results of Brocard et al. (1977) as well as those of the
author (Sturm, 1976) are considered. The experiments by Brocard et al.
(1977) were conducted in a 10.7-m long flume with a head tank which
was wider than the flume and into which heated water was introduced
through a radial diffuser. An equal discharge of water was withdrawn
through a multiport outlet device in the head tank. The resulting
stratified temperature profile at the entrance to the channel produced
a gravity circulation in the channel similar to that for the author's
experiments in which an electrical resistance heating rod served as
the. heat source.

The distribution of surface temperature.along the channel cbtained
from the closed-form solution is compared with the author's.experimental.
run B and with experimental run 14 of Brocard et.al. (1975).in Figure 5.
For both runs, the temperature profile polynomial has been assumed to
be fT(n) = n5 because the temperature profiles were similar in shape.
The height of the inflection point in the temperature profile (measured
,above the channel bottom) was 0.75 times the depth for run B and 0.70
times the depth for run 1l4. Only the downstream 13 m of the channel
in run B are included in the central region due to the vertical currents
that occurred in the region of flow establishment. It can be seen in
Figure .5 that the agreement with the closed-form solution is much better
for run 14 than for run B. A portion of the discrepancy in run B may
be attributed to a surface heat-loss relationship which was highly

nonlinear.
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In Figure 3 the closed-form solution for 60 is compared with
the author's data and selected data of Brocard et al. for which the
height of the point of inflection in the temperature profiles
measured from the channel bottom varied from 0.55 to 0.65 times the
depth. This allowed each data set to be plotted according to a single
temperature profile shape, which was chosen to be fT(n) = n4 for the
selected data of Brocard et al. and fT(n) = n5 for the author's data.
The influence of the chosen temperature profile shape appears in the
value of Le and hence in the plotting position of the experimental
data along the horizontal axis in Figure 3. The solution curves for
60 and H' are unaffected by temperature profile shape.

The choice of profile constants made for each set of experimental
data seems to have produced: reasonable :zgreement -between .the experimental
and calculated values of 60 in Figure 3. The values of K needed in the
calculation of Ram were determined as K = - ¢ni/(Ti - Te), where ¢hi
is the rate of surface heat loss per unit area at x = 0. Empirical
relations for ¢hi are necessary to determine K, and those relations
suggested by Brocard et al. were used for their data in Figure 3.

For the authar’s data, the relation for evaporative heat flux was
altered slightly to satisfy a heat balance for the flume.
2.6 Summary

It has been shown in this chapter that a closed-form solution of
the ‘coupled equations of motion and thermal energy reproduces the
essential aspects of laboratory results for thermally-induced gravity

‘currents in the laminar regime. The governing dimensionless parameter
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of the problem is a modified Rayleigh number, which was shown to
determine not only the solutions for temperature, velocity, and
depth, but also the initially unknown velocity and temperature
boundary conditions. The resultg of the closed-form solution are
limited by the assumption of laminar flow. and - the relatively simple
shapes chosen for the temperature profiles, but this line of in-
vestigation was found to be very fruitful in determining the inter-
action of wind-driven and gravity currents as.discussed in the

following chapter.



30

3. WIND STRESS INTERACTION
WITH GRAVITY CURRENTS

3.1 Introduction

The closed-form solution for laminar gravity currents given in the
previous chapter.forms a convenient starting point for evagluation of the
interaction of an imposed wind stress at the water surface with a
gravitational circulation. If the wind stress is assumed to be steady,
uniform, and directed toward the dead end of a cooling lake sidearm,
two effects will occur. First, wind will increase the forced convecticn
component of evaporative heat loss from the water surface. This in-
creases the driving buoyant force of the gravitational ciréulation, and
the overall surface water temperature drop from the sidearim entrance to
its dead end will be greater. Second, as the intensity of “he wind
stress increases, wind-driven surface currents. can be expected to
develop. These currents would tend to-carry heated water iuto the
sidearm from the main body of the cooling lake, and could conceivably
become so large that the entire water surface temperature-in the side-
arm is nearly equal to the surface temperature in the laks at the
entrance of the sidearm. 1In this.case, the sidearm surface area is
equally as effective as the surface area of the main body c¢f the lake
in transferring excess heat to the atmosphere. 7In this chapter, these
two effects of a constant wind stress on gravity currents in a cooling
lake are investigated by an extension of: the fermulation and cl§sed—
form solution for laminar gravity currents as given in the previous

chapter.
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Some previous research has dealt with the analysis of wind-driven
currents alone. Liggett and Hadjitheordorou (i969) and Lee and
Liggett (1970) present solutions to the governing equations of motion
for three-dimensional wind-driven circulations in shallow, homogeneocus
lakes and in stratified lakes for a steady, uniform wind. With the
exception of the inclusion of Coriolis forces, the governing equations
used in these studies are similar to those developed for laminar
gravitational circulations presented in the previous chapter. The
inertia forces and the horizontal diffusion of momentum in the equations
of motion are neglected, and the vertical pressure distribution is
assumed to be hydrostatic. Horizontal gradients in density, however,
are not considered. A constant eddy viscosity 1s assumed to exist
throughout a homogeneous lake, and different constant values are
assumed in each of two layers for a stratified lake.

Banks (1975) has solved the equations of motion for wind-driven
circulation in the vertical plane only with the Coriolis force neglecied.
He obtains a velocity distribution similar to what would be expected
for a combined Couette-Poiseuille laminar flow between parallel plates.
A return flow opposite in direction to the wind exists below the surface
wind-driven current with the point of zero velocity. crossover at a
distance of 2/3 the depth measured upward from the bottom plate.

Wind-driven currents have been studied in laboratory ex%eriments
by Wu (1973), Baines and Knapp (1965), and Hidy and Plate (1966). Wu's
experiment was céncerned primarily with turbulent entraimment by a wind-
driven current in a stratified flow. He showed that the change in

potential energy of the mixing layer due to entrainment is proportional
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to the rate of work done by the wind on interfacial mixing. This
result will be discussed more thoroughly.in a succeeding chapter of this
report. The experiments by Baines and-Khapp (1965) in a homogeneous
fluid clearly showed the return flow expected from a Couette -Poiseuille
flow analysis but found that velocity concentrations like jets occurred
close tothe surface and the bed. They attributed this behavior to the
existence of large eddies in the central region of the flow which were
inhibited by viscosity near the surface-and bed: The experiments by
Hidy and Plate (1966) were concerned primarily with wave generation by
wind in a laboratory channel, but they do present an experimental
relation for determining the wind shear.stress for drift currents.

This relation will be referred to again later in this chapter.

"3.2 - Formulation and Solution

The formulation of the. problem is:identical- to that in the
previous chapter with the exception of the boundary condition at the
free surface where the shear stress, Ts’ becomes:

- T = u du = C A : : (18)

dy
in which CD is a coefficient of drag; Oa'is the density of air; and
'VW is the wind speed. Neglecting the inertia terms in the horizontal
 momentum' equation and assuming a hydrostatic pressure distribution
"in the vertical direction are assumptions consistent with the for-

mulation for laminar gravity currents alone, as justified in the
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pfevious chapter, and with previous research on wind-driven currents.
The problem to be solved then is the combination of a laminar gravi-
tational circulation in a dead-end channel as shown in Figure 1 with
the wind-driven circulation due to a nonzero surface shear stress
imposed at the free surface toward the dead end.

Following the development of Equation (5) from the equations of
motion for gravitational circulation alone, the addition of the

wind stress boundary condition given by Equation (18) results in:

%DBd(T -T) T D

u == ek MG MO (19)

in which fw m) = (3/4)n2 - (1/2)n. The additional velocity polynomial
in (19) given by fw(n) has a zero at two-thirds the depth from the
bottom of the channel. It does not depend on the chosen temperature
profile shape as does fu(n). The value of TS is taken to be a known
constant in (19) and in the following development but will be related
to the wind velocity subsequently when the solution results are
applied.

The expression for the velocity distribution given by (19) is
substituted into the thermal energy equation, (3), as before, and a new
ordinary differential equation is the result:

%o a8\ fc. s d8 c. s? B.6
8 §+ _f L v _._f__ 3_1 v + B. {8 ___Q____ 0
S 4x® dx C0 Apo/p0 dx C Apo/ o /s (1- 80)

0

(20)
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In Equation (20), which has been cast in dimensionless form, SW =

Tg/YD; Apo = p(TO)—p(Ti); Py = p(TO); and CO is a profile constant
given by:
. 1 1 -1
Chy = [fw(n)fT(ﬂ) dn (21)
0 .

Values of CO are given in Table 1. Two additional terms in Equation
(20) in comparison to Equation (6) are apparent and are the result

of the wind stress boundary condition. Unfortunately, the addition

of the third térm on the left hand side of Equation (20) precludes the
closed-form solution that was obtained for gravitational circulation
alone.

Equation: (20) was solved numerically using the Runge-Kutta
method: . Thessolurion was found tp:be.gquite stable and reduced to the
closed—form~sgiution for SW = 0. The solution is started at the
closed end of the sidearm by specifying Ram, Sw’ (Ti-Te), and OO.

From the latter two variables, AF%/F% can be calculated, and then

all parameters in Equation (20) are known. The solution proceeds in
steps toward.the open end of the sidearm until es = 1.0, and the length
‘of sidearm required for the specified € becomes known. At each step

of the solution, es and deS/dx are determined by the Runge-Kutta
method,

From the solution for eé(x)g‘it is possible to determine the
. solutions for.velocity and depth for all.x. Equation (19) is solved

for the surface velocity ug by setting N = 1.0, In nondimensional
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form, we have:

u do SwRam(l - eo)fw(l)

s s
= -Ra (1 -0) f (1) = +
k/pcp m o/ Tu dx A po/ o

(22)

It is of interest to note that the contribution of the wind-driven
current to the surface velocity in the second term on the right hand
side of (22) is a constant, while the contribution of the density
(temperature) gradient varies with x. The solution for the depth
variation with x is obtained from the integration of Equation (&)
with 9u/dy = T_/u at y=D and from the continuity condition: i?dn = 0.
The result for the depth gradient in qondimensiOnal form, from which

the depth can be determined, is given by:

Ap db
d§ _ o s, 3
dx° C2 0, dx° + ZSW (23)

in which § = D/Di; Di is a reference depth; and C2 is a profile constant
for which values are given in Table 1.
¥inally, the rate of surface heat loss from the dead-end channel

is determined from:

L
HL = Kb f (TS—Te) dx (24)
0

In nondimensional terms, Equation (24) can be written as:

L/D

o
Hy, ./;] eedx 25
KbL (Ti—Te) L/D
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in which CL = (Ts_Te)/(Ti_Te) and is related §irectly to Cg by
&) = 0 (1-6) + 6 (26)
e ) o 0

The left hand side of Equation (25) is the ratio of the actual surface
heat loss rate to that which would prevail if the surface temperature
' were equal to Ti for all x in a channel of length L and width b.

The integral in (25) was evaluated by the trapezoidal rule from the

Runge-Kutta solution for CL(X).

3.3 Results and Discussion

Because the introduction of equilibrium length as a reference
length conveniently nondimensionalized the solutions for gravity
currents alone, it is also useful ‘to consider the effect on the
equilibrium length of adding a surface wind stress. Because of the
additional dimensionless parameters which appear in Equation (20),

it can be inferred that:

Le Ap'é
—_— = f (Ram, 5 [y SW’ Cl) (27)

in which Le is the equilibrium length and C, is a temperature profile

1
constant as before, and Ape = p(Te) - p(Ti). Note that for the
equilibrium case, To= Te and Apo = Ape. In comparison with Equation
(11), the equilibrium length is now a function of two additional

parameters: the density deficit ratio and the dimensionless wind

shear stress.
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Numerical results for equilibrium length are shown in Figure 6
for the temperature profile shape given by fT(n) = n4 and for various
values of SW and Ape/pe. Although it is not possible to increase
the windspeed and SW without also decreasing the Rayleigh number
because of increased surface heat transfer, it is apparent from
Fig. 6 and Equation (20) that the equilibrium length generally
increases with increases in windspeed due to increased horizontal
advection by the wind-driven current considered alone. Decreasing
the density deficit ratio, Ape/pe, results in reducing the relative
influence of horizontal advection by the gravity current compared to
that by the wind-driven current, and so the equilibrium length in-
creases.

By analyzing a large number of results for equilibrium length,
it was observed that the results could be presented more simply as
shown in Figure 7, in which the independent variable is Raml/2
Sw/(Ape/pe). The ratio of the shear stress parameter to the density
deficit appears in the third term in Equation (20) and the Raml/2
dependence is the same as that found for equilibrium length in the
case of a gravity current alone. For small values of the independent
variable in Figure 7, the curve approaches a slope of minus one, and

1/2

the dependence on Ram alone for zero wind shear is recovered. As

the wind shear becomes large, the curve becomes horizontal and the
equilibrium length is proportional to RamSW/(Ape/pe).

In Figures 8 and 9, typical solutions for Oe, 8, and US/USi are
shown as a function of X/Le in analogy to the presentation of solutions
for a gravity current alone in Figure 4. The solutions in Figure 8

are for Ape/pe =3 x 10—3, and in Figure 9 are for Ape/pe = 1.5 x 10—3.
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Figure 6. - Equilibrium Length, Le’ for Combined Gravity and
Wind Driven Circulation (fT(n)=n4).
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1/2 3

In both Figures 8 and 9, fTOW) =ﬂ4 and Ram SW =1 x 10 °. The

same dimensionless solutions are produced for different values of

Ra and S as long as Ra 1/28
m w m

w is held constant. By comparing

Figures 4 and 8, the effect of the wind stress on gravitational
circulation is apparent. The surface velocity approaches the constant
value associated with the wind-driven current as x approaches Le'

In addition, the surface temperature decreases more rapidly with
respect to x/Le as a result of wind shear, but it must be recalled

that the wind shear also increases the equilibrium length. As x/Le
approaches one, the curve for dimensionless depth, S , indicates that
wind setup is occurring as expected. Also shown in Figure 8 are the
solutions for a channel of specified length, L/Le = (0.2, The solutions
for velocity and depth are practically the same as for the equilibrium-
length channel, but the surface temperature decreases more rapidly

for the channel of specified length. 1In Figure 9, Ape/pe has been
decreased to 1.5 x 10—3. This seems to increase the relative in-
fluence of the wind-driven current compared to the gravity current.

As in the case of gravitational circulation alone, the boundary
condition of @S = 90 at x = L is initially unknown, but it can be
determined from the numerical procedure developed herein for a
combined gravity and wind-driven circulation. The numerical results
for Oo are presented in Figure 10 as a function of L/Le. Thé
necessary parameters are Raml/zsw and A%/pe as in Figures 8 and 9.
In comparison with the curve in Figure 3 for 80, it is

apparent that the wind shear reduces 80 at similar values of

L/Le although the wind shear also increases Le' The curves in
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Figure 10. - Numerical Solutions for Dimensionless End
Temperature, Go(Ape/pe = 3.0 x 10-3).
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Figure 10 are useful for determining the amount of surface temperature
drop that might be expected in the channel for wvarious wind conditions.
The numerical results presented in Figure 11 can be used to

determine the total rate of‘heat loss from the sidearm, HL’ as a
fraction of the local surface heat transfer rate evaluated for the
known water surface temperature, Ti’ at the sidearm entrance. The

results are a function of Raml/2

S Ape/pe, and L/Le. The closed-

form sclution for a wind speed of zero is also shown in Figure 11,

and it is independent of Ape/pe. For very large wind speeds in a
sidearm of given length, the equilibrium length becomes very. large

and L/Le approaches zero. Thus, the rate of heat loss approaches

that which would occur if the water temperature were everywhere

. equal to Ti' In the other limiting case of zero wind speed, significant

heat loss still occurs due to the existence of the gravitational.

circulation alone.

3.4 Application of Results

The relative influence of wind speed on laminar gravity currents
can be illustrated with a séecific example in which the numerical
results presented herein are applied. Consider a laboratory sidearm
100 ft long with a depth of 0.5 ft. Air temperature is assumed to be
75°F, and the relative humidity is taken to be 75%. The surface
temperature at the sidearm entrance is maintained at a constant
elevation of 20°F greater than equilibrium temperature as the wind

speed is increased, and this gives a constant value of Ape/pe = 10—3.
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Figure 11. - Total Rate of Surface Heat Loss, HL’ from
Sidearm of Length, L(Ape/pe = 3.0 X 10_3).
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The wind shear stress is determined from a relation presented by

Hidy and Plate (1966) for a laboratory channel:

4 2
VW) oV, (28)

T, = (6.67 x 10
where the expression inside the parentheses assumes a linear variation
between C. and V_ with V_ in m/sec.

D w \'4
The surface heat loss rate is determined from the numerical
results for a series of increasing values of wind speed. The results
are shown in Table 2 and Figure 12. As the wind speed increases, the
local surface heat transfer coefficient, K, also increases and this

decreases the values of Ram as shown in Table 2. For given values of

Ram and wind shear parameter, Sw’ the equilibrium length is determined

1/2S , the

from Figure 7. Then with values of L/Le’ Ra > and Ape/pe

surface heat loss rate can be determined from Figure 11.

The results‘for surface heat loss rate in Figure 12 show that
the heat loss rate increases with wind speed slowly at first and then
increases more rapidly for larger wind speeds, eventually approaching
a linear rate of increase. This linear rate is due primarily to the
assumed linear form of the relation between evaporative heat flux and
wind speed for a given vapor pressure difference between the water
surface and air. In this region of higher wind speeds, the surface
temperature has approached its maximum value of Ti throughout the
sidearm, and the wind-driven current has overpowered the gravity
current. At small wind speeds, on the other hand, the increased
local surface heat transfer due to the wind reinforces the gravi-

tational circulation and it remains important.



Table 2. - Example Problem Results for Heat Loss Due to Combined

Gravitational and Wind Driven Circulations (D = 0.5 ft;

= . .= op . = 7. _ = °
L = 100 ft; Ta5y = 75°F; Rel. Hum. = 75%; T,-T_ = 20°F).

Va Te
ft/s °F

0 70.12
1.0 70.0
1.5 69.95
2.0 69.90
3.0 69.82
4.0 69.76
5.0 69.70

90.12

90.00

89.95

89.90

89.82

89.76

89.70

Ra
m

1.48x108

1.33x10°

1.27x108

1.21x108

1.11x108

1;O3X108
9055x10/

5, L
L
e
0 .282
-8
1.5%10 . .264
5.06x10'8 ,201
1.20x107  .132
4.05x10"7 . .0556
9.59x10°7  .0270
1.87x10°°  .0149

KbL(Ti—Te)

.710

.710

.721

744

.821

.891

-934
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Circulations.



49

3.5 Summary

These results cannot be extended directly to the turbulent
case for field cooling lakes because the assumption of a constant
eddy viscosity is not a good one for a stratified flow. The results
do support the conclusion, however, that gravity currents remain
quite important for low speed, intermittent winds which contribute
primarily to the processes involved in establishment of stratification
in the main body of the cooling lake rather than driving currents.
Additional research on the vertical distribution of turbulent eddy
viscosity in a stratified flow with applied wind shear is needed to
establish a limiting wind speed beyond which only wind-driven currents

are important.
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4, WIND-INDUCED VERTICAL MIXING

4.1 Introduction

In this chapter the effect of wind in generating turbulent kinetic
energy in a stratified cooling lake is considered. A portion of the
kinetic energy is utilized in achieving vertical mixing and deepening
of the thermocline. Wind stirring will be the primary deepening mecha-
nism considered rather than turbulent entrainment by large wind—ariven
currents. The stirring mechanism is considered to be of more importance
in small, sheltered lakes. A computer simulation model of the vertical
stratification in the lake is developed. The model has a daily time
step and includes the physical processes of surface heat transfer at the
water surface,vertical advection due to cooling water circulation, and
wind stirring. Furthermore, a framework for including gravity and wind-
driven currents in sidearms is suggested. The model is applied to two
small lakes on the University of Notre. Dame campus, one of which is used
for cooling water while the other is utilized only for recreational pur-
poses. Field data was gathered for these two lakes during the stratifi-
cation seasons of 1976 and 1978, and the model predictions are compared
with the field temperature data.

Previous modeling effofts related to natural thermal stratification
of lakes in temperate climates can be divided into two types. The first
type of model, exemplified by the work of Orlob and Selna (1970) and
Henderson~Sellers (1976), attempts to specify the magnitude and nonuni-
form distribution of the vertical turbulent thermal diffusivity as re-

lated to wind stress, current structure, and thermal stability. The
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thermal diffusivity is substituted into the transient, one-dimensional
form of the equation of thermal energy conservétion, which is solved
numerically. An alternative approach was suggested by the work of Tur-
ner and Kraus (1967) and was applied by Stefan and Ford (1975) in a lake
stratification model which discretizes the lake into horizontal, isother-
mal layers. In this approach, wind-induced vertical mixing is accounted
for in an integral, energy sense by computing the ratio of kinetic ener-
gy of the wind, which is applied to the lake surface, to the buoyant po-
tential energy of the density stratification. If this ratio exceeds
some critical value, the heat of the upper layers is convectively mixed
downward by entrainment of lower layers into the upper, well-mixed lay-
ers. Octavio, Jirka, and Harleman (1977) added a similar wind-mixing
routine to the M.I.T. Reservoir Model (Ryan and Harleman, 1971), which
formerly did not consider vertical turbulent diffusivity induced by
wind. One of the most comprehensive attempts at modeling the relevant
physical processes of heat transport in a lake is that by Imberger et
al. (1978). This model is a transient, horizontal-slab model which con-
tains a variable time step and a variable layer thickness to account for
the differing time and length scales of important physical mixing pro-
cesses, including wind stirring, wind shear production, penetrative con-

vection, withdrawal, river inflows, and hypolimnetic diffusion.

4,2 Description of the Numerical Model

The numerical model is a horizontal-slab discretization which is
built around four basic physical processes contributing to the heat

balance of a cooling lake: surface heat transfer, wind stirring, ver-
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tical advection due to inflows and outflows, and molecular diffusion.
The first process to be considered is that of heat transfer at the air-
water interface, including absorption of short wave radiation below the
free surface. The short wave radiation is distributed exponentially
with depth, and the extinction coefficient is determined from measured
Secchi disk depths. The empirical relations for determining net solar
radiation, atmospheric radiation, back radiation, and conduction as
summarized by Ryan and Harleman (1973) are incorporated into the model.

The relation for evaporative heat flux is investigated in soﬁe de-
tail. Several equations based on the "mass-transfer approach" are tried
in the model. These equations take the general form:

¢e = w(es - ea) (28)

in which ¢e is evaporative heat flux; e, is the saturation vapor pressure
of air at the temperature of the water surface; e, is the air vapor pres-
sure at a distance of 2 meters above the water surface, andy is a coef-
ficient that may depend upon wind speed and the temperature difference
between the water surface and air. Proposed expressions for Y have been
summarized by Paily et al. (1974).

Meteorological data required for the surface heat flux component of
the model include daily values of air temperature, dewpoint temperature,
wind speed, and degree of cloudiness, which is used with clear sky solar
radiation tables for computation of daily incoming solar radiation. The
data required are readily available from a National Weather Service Class
A weather station in the U.S.

The second major component of the lake thermal model is the vertical
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mixing induced by wind. The energy approach suggested by Stefan and
Ford (1975) is utilized in the model. The wind kinetic energy (WKE)
applied to the lake surface is compared to the buoyant potential energy
(BPE) of the lake stratification which must be overcome for vertical
mixing to occur. The mixing criterion is formulated as:

WKE 2 r X BPE » (29)
for the vertical mixing routine to be initiated, where r. is some crit-
ical ratio determined by calibration. The wind kinetic energy is com-

puted by:

2 .3/2

_ _ 1/2
WKE = Tsu*ASAt = (CDF%VlO) ASAt/pw

(30)

in which T is the wind shear stress expressed in terms of a coefficient

of drag, CD’ and the wind speed at a 10-meter height, is the

friction velocity (TS/pw)l/Z; AS is the lake surface areaj; At is the

Vlo; u,

duration of the time period over which working by the wind is considered;
and pa and pw are densities of air and water, respectively. The coeffi-
cient of drag, CD’ is a weak function of wind speed at low speeds and is
affected by atmospheric stability and water depth. Because of the ex-
treme variability in CD which has been observed in many field studies,
its value is taken to be constant and equal to 1.3 x 10_3 as suggested
by Imberger in Fischer et al. (1979).

The change in buoyant potential energy, which will occur if the
lake is initially completely stratified and then is fully mixed from the
surface down to layer m, is given by:

m i

BE- DT eV - DA - p) G
i=1 j=1
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in which g is gravitational acceleration; Vj is the volume of layer ji;

Az is the layer thickness; is the density of the layer just below

Pit1
i layers which are fully mixed; and'ai is the fully-mixed density of 1
layers. As illustrated in Figure 13, the inner iteration sums the
buoyant potential energy of i fully-mixed layers relative to layer i+l,
which is to be entrained. For each daily time step, successive buoyant
potential energy changes are summed in the outer summation of Equation‘
(31) as each new layer is entrained into the mixed layer. The outer
summation starts with the surface layer as the only mixed layer (m=1)
and increments m until the mixing criterion of Equation (29) is satis-
fied. On days when m mixed layers already exist, the outer summation
still begins from m=1 because no contribution to the sum will be made
by the upper mixed layers.

The expression in Equation (30) is in reality the work dome by
the wind stress, all of which may not appear as kinetic energy avail-
able for vertical mixing. This is one reason for the need for calibra-
tion of the ratio r.- Stefan and Ford (1975) suggest that T, shbuld
have the value unity but in later work (Ford and Stefan, 1980) it 1is
recognized that r, may be variable and that it may be necessary to re-
duce AS to account for wind sheltering. It has further been suggested
by Octavio et al. (1977) that AS should be represented instead by the
surface area at the elevation of the thermocline where the actual wind-
induced entrainment occurs. Finally, the measured wind speed, which is
required to compute WKE, may be taken from a remote, land-based weather

station for which the equilibrium wind velocity profile is different
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than that for a small lake surface (Hicks, 1975). Because of all these
factors which influence the computation of wind kinetic energy available
for vertical mixing by stirring, the most prudent approach seems to be
to consider r,a coefficient which must be calibrated for each lake.

The third major component of the simulation model is the vertical
advection which results from inflows and outflows to the lake. The
inflows and outflows for the field cooling lake to which the model is
to be applied are due primarily to the cooling water circulation through
the lake. A portion of the lake inflow is a submerged discharge from
the cooling towers while the remainder is a surface discharge. The
power plant intake is the primary outflow from the lake, and it is
treated as a point of selective withdrawal.

The inflow-outflow subroutine first determines the volume change
in each layer due to inflow and outflow. A heat balance is required
for each layer from which the new layer temperature can be computed.

A mixing routine is then executed in which the layers are adjusted to
their original volumes while maintaining an overall heat balance and

assuming that each layer is individually fully-mixed. The total lake
volume is held constant due to the model application to be described,
but variable lake volume could be accommodated by a simple extension

of the mixing routine.

The outflow from the lake is considered to be a sink which in-
duces a distribution of horizontal velocity that is Gaussian in the
vertical direction and centered on the sink (Huber, Harleman, and Ryan,

1972). The standard deviation of the Gaussian distribution, 00, is
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computed individually for the density distributions above and below
the sink from the selective withdrawal formula of Elder and Wunderlich
(1969):

2 1/2

P, (32)
g(dp/dz)

o, = 1.28

in which q, is the outflow per unit width at the level of the intske;
o, is a reference density; and dp/dz is the appropriate vertical demsity
gradient either above or below the intake. From the velocity distribution
so determined, it is then possible to determine the volume withdrawn
from each layer during the daily time step. Some lower limit must be
placed on the value of o, to maintain a non-negative layer volume at
the level of the intake, as well as an upper limit defined by the
location of the free surface and bottom of the lake.

Submerged inflow to the lake is treated as a submerged buoyant
jet with entrainment. An entrainment coefficient is specified for
each layer, and the entrainment withdrawal from each layer is thus
known. A heat balance is computed for the jet until its temperature
and hence density is equal to the surrounding ambient density. At
this point the total jet flow, including the entrained flow, is
distributed by a vertical Gaussian distribution with Oi spec%fied
accordingvto the geometric jet characteristics. The entrainment
jet algorithm is applicable for either a positively or negatively
buoyant jet.

A small surface inflow occurs through a diffuser submerged just

below the water surface and located in a shallow discharge channel
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(3 ft. deep) in the lake to be studied. The field temperature
measurements, to be described subsequently, indicated nearly

complete vertical mixing in the discharge channel and agreed well
with a plug-flow model. At the outlet of the discharge channel into
the lake, the Froude number was not sufficiently large to indicate
any substantial surface jet entrainment. At this point, the computer
simulation model takes the predicted temperature output from the
plug-flow computation and uses a Gaussian velocity distribution to
generate inputs for the inflow-outflow subroutine described pre-

viously.

The fourth and final component of the simulation model is
vertical mixing due to molecular diffusion. This portion of the model
determines the daily vertical heat transfer between layers due to
molecular diffusion and adjusts the layer temperatures accordingly.
The addition of molecular diffusion was found to smooth the model
temperature profiles and to have some influence on the bottom temp-
eratures attained by late summer and early fall.

These four components of the lake heat balance are combined into
a sequential algorithm that is repeated on a daily basis as shown in
Figure 14. Stefan and Ford (1975) found that the order in which the
surface heat flux and wind-mixing routines are executed does not in
general affect the results for the daily mean thermal structure of the
lake. This was also found to be true for the inflow-outflow routine
added to the present model. If model results are compared to a single

daily measurement of temperature profiles, on the other hand, some
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discrepancies may result between measured data and model results
because of the hourly variation in wind speed and surface heat flux.
In spite of these discrepancies, a model of daily mean thermal
structure is often sufficient to make lake management decisions, and
so the additional difficulty of obtaining and using hourly meteor-
ological data was not considered to be warranted for the purposes

of this study.

4.3 Field Investigation

Temperature data were obtained in 1976 and 1978 for two small
lakes located adjacent to each other on the University of Notre Dame
campus. St. Joseph's Lake is used for swimming, sailing, and as a
cooling water source for the University power plant, which provides
both electric power and chiller air conditioning in the summer for
campus buildings. As shown in Figure 15, the cooling water intake is
approximately 25 ft deep and cooling water is discharged both
through mechanical draft cooling towers and a surface discharge
structure. A fixed discharge of 12,000 gpm 1s directed through the
cooling towers and back into the lake through a 4-ft diameter pipe
located approximately 8 ft deep in the east end of the lake. Any
excess cooling water fiow, which varies from 1000 to 2000 gpm, is
diverted to the surface discharge diffuser located in shallo; water
near one of the islands at the west end of the lake. This mode
of operation is followed throughout the air-conditioning season.

In winter, early spring, and late fall, however, cooling water is
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needed only for condensation of spent steam used in power generation.
During these time periods, the cooling towers are not operated and
the entire condensor discharge goes to the surface-discharge structure.

St. Joseph's Lake has a surface area of 26 acres and is located
adjacent to St. Mary's Lake, which has a surface area of 21 acres.
Both lakes are spring-fed and receive very little surface runoff.
Their water surface levels are nearly constant throughout the year.
The cooling water discharge in winter is sufficient to maintain a
small ice-free area near the islands in St. Joseph's Lake except in
the most severe winters.

Vertical temperature profiles were measured from a boat at the
locations shown in Figure 15 for St. Joseph's Lake from spring through
early fall in 1978 and throughout the summer and fall of 1976.
Measuring locations were identified by bottom-anchored, surface buoys.
Temperatures were also measured at a single location in St. Mary's
Lake during August, 1976. A battery-powered temperature indicator
and a thermistor probe were used to measure the water temperatures
with an accuracy of #0.5°C at 5-ft vertical intervals at each
measuring location. Daily meteorological data were obtained from
a Class A weather station located at the South Bend, Indiana airport
approximately five miles west of the lakes.

Measured temperature rises through the chiller and generator
cooling systems are shown in Figure 16. These data were obtained
from hourly power plant records. The computed discharges through

the generator and chiller cooling systems are shown in Figure 17.
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Figure 17. - Power Plant Condensor Discharges, 1978.
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Power plant records included data on butterfly control valve positions.
These valve positions were calibrated by measuring the corresponding
discharges through the overflow discharge pipe with a current meter.
The discharges and their temperatures from the generator and chiller
condensors were combined to produce daily values of fully-mixed
discharges of known temperature in the simulation model. When the
cooling towers were in operation, the simulation model diverted
12,000 gpﬁ through them with an assumed constant cooling range of
12°F and allocated the remainder to the surface discharge structure.
Measured input and output temperatures for the cooling tower during
August, 1976 indicated an average cooling range of 12°F + 2°F,

and so it was assumed constant in the model. Although it would be
possible to model the cooling range on.a daily basis as described by
Croley et al. (1976), the available input data was considered in-
sufficient to warrant this detailed approach. 1If a lake simulation
model such as that described herein were to be used in the detailed
planning and design stages of cooling tower additions to a cooling
lake, then detailed thermodynamic modeling should be included.

The applicability of a horizontal slab model as proposed herein
depends upon whether or not the isotherms can be considered essentially
horizontal throughout the stratification period. Isotherms determined
from measured temperatures are shown in Figures 18 and 19 for the
months of June and August 1976 in St. Joseph's Lake. Although a
small region of heat input is apparent near the islands, the isotherms

are approximately horizontal. Most of the artificial heat input is being
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dissipated to the atmosphere near the islands and horizontally
mixed by the cooling tower operation. In a conventional cooling
lake without "helper" cooling towers, the assumption of horizontal
isotherms cannot be made for a surface, heated discharge into the
epilimnion.

One of the major components of the model as described herein
is the wind-mixing routine, which considers the wind to be a surface
stirring agent that provides kinetic energy for vertical mixing.
The effects of shear production at the thermocline by strong winds,
as discussed by Imberger in Fischer et al. (1979), are not considered.
A classification of St. Joseph's Lake according to the scheme
proposed by Spigel (1978) confirms that this assumption is appropriate.
The lake falls into Spigel's regime A which is characterized by very
slow, turbulent erosion of the thermocline with a nearly horizontal

interface.

4.4 Numerical Model Calibration

As discussed previously, the several factors which affect the
computation of wind kinetic energy require calibration of the model,
or in other words, determination of r, in Equation (29). This
cannot be accomplished in St. Joseph’s Lake alone because the
effect of artificial heat input and vertical circulation due to
power- plant operation cannot be separated from wind effects to
determine T, The existence of a rather unique situation, in which

the adjacent St. Mary's Lake is nearly the same size and has
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approximately the same physical orientation to the prevailing wind,
enabled the determination of T, in St. Mary's Lake due to wind
effects alone. This value was then assumed to apply in St. Joseph's
Lake as well.

The simulation model was executed with daily meteorological
data for 1976 and an initial isothermal condition on April 1,
1976 with only surface heat transfer, wind-mixing, and molecular
diffusion routines included. The predicted temperature profiles
are compared with three measured profiles in St. Mary's Lake for
August, 1976 in Figure 20. The value of r. required to obtain the
fit shown in Figure 20 is 0.58 with Cy = 1.3 x 10~ in Equation (30),
and with no adjustment made to the wind speed or lake surface area.
The extinction coefficient has a value of 0.5 ft-l based on the
Secchi disk depth.

The results shown in Figure 20 are for two different evaporative

heat flux relations:

Yy = 16.2V, (33)
¥, = 43+ 14V, (34)

in which ¢bL is the Pretty Lake coefficlent (Ficke, 1972); d%

is the Zaykov coefficient (Paily, 1974); V2 is the windspeed'in mph

at a 2-m height; and ) is the coefficient defined in Equation (28)
with units of BTU/(ft2 - day - mmHg). The Zaykov formula includes

a free-convection component and tends to overestimate the surface heat

loss with a resultant lower surface temperature. Better agreement between



0 0 0
03 03 03
| R
E | |
J L L
3 t
Ay 5
A
! | L A
30! 301 3d o 8/24/76
Figure 20. - Comparison Between Measured and Simulated Temperatures in St. Mary's

Lake, r, = 0.58 (O = Measured Temperature;——Model Results, 1])=1])PL;
---Model Results, 1])=1])z).

0L




measured and predicted surface temperatures is obtained with the
Pretty Lake formula, which was developed from a detailed energy
budget of Pretty Lake, a small natural lake in northeastern
Indiana.

Predicted temperature profiles for different values of r,
are compared with St. Mary's Lake data in Figure 21. 1In each case,
the simulation model was started from an isothermal condition in
the spring. The temperature profiles are sufficiently sensitive to
r, to indicate that it is a useful parameter for characterizing
wind mixing.

The value of r, of 0.58 is slightly more than half the value
predicted by the laboratory experiments of Kato and Phillips (1969)
in which surface shear was produced by a rotating plate at the
surface of a fluid in an annular container. The experiments of
Wu (1973), in which a wind shear was developed at the water surface
in a very small laboratory flume, predict a value of r, which is an
order of magnitude smaller than the value based on the experiments of
Kato and Phillips. Wu's coefficient is recommended by Imberger et
al. (1978), but it seems doubtful that a single value of r_  can be
applied to all lakes. All of the factors involved in estimating the
production of kinetic energy by wind stress applied to a lake surface
are bound to show some variation and result in a variable vaiue of
r.. These factors include wind fetch, wind sheltering, and differences
between water surface and land roughness in the case of a land-based
meteorological station. Ford and Stefan (1980) have suggested a

correction to wind speed to account for fetch and surface roughness
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effects, but wind sheltering effects, which are especially important
for small lakes, can only be determined by calibration. The unique
opportunity offered by the field study of St. Mary's Lake is its
similarity to St. Joseph's Lake with respect to the factors which

cause r to be variable.

4.5 Results for St. Joseph's Lake

Because of the relatively small horizontal temperature gradients
existing in St. Joseph's Lake as discussed previously, the simulation
model results were compared with measured temperatures at station
C at the deepest portion of the lake (see Figure 15). These temp-
eratures were considered to be reasonably representative of the mean
vertical thermal structure of the lake. THe simulation model was
started from the isothermal condition in spring as for St. Mary's
Lake. The value of r, determined from the wind-mixing calibration
fo St. Mary's Lake was also used for the St. Joseph's Lake thermal
simulations. The model was similar to the St. Mary's Lake model
in all respects except for the addition of the inflow-outflow sub-
routine which included both surface and submerged cooling water
discharges. The complete set of temperature data gathered in 1976
and 1978 for St. Jospeh's Lake is summarized in Table 3 in the
appendix.

The simulation model results are compared with the measured
1978 temperature profiles at station C in Figure 22. The Zaykov
formula for Y to determiné evaporative heat flux, Equation (34), was

used in the computation of the simulation results which are shown in
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Figure 22 by solid curves. These results were essentially unchanged
by using the expression for § proposed by Ryan and Harleman (1973)
for cooling ponds. The predicted temperatures agree quite well with
the measured data. The dashed curves in Figure 22 indicate simulation
results without the inflow-outflow subroutine. The Pretty Lake
formula, Equation (33), is used in this case to simulate natural
lake temperatures.

Too much wind mixing by the model is apparent on May 4, but
the general development of stratification from April until mid-
May is modeled well. Beginning on June 3, a considerable dis-
crepancy develops between the modeled natural lake temperatures
and the actual temperatures resulting from cooling operations. The
reason for this discrepancy becomes apparent by referring to Figure
17, which indicates a significant rise in power plant discharges to
the lake in late May. This results in substantial mixing by
vertical advection and accounts for the deepening of the thermocline
on June 9, and the simulation results indicate that the model
adequately accounts for this effect by addition of the inflow-out-
flow routine. From mid-July until early September the measured
data and simulation results show a fairly stable temperature profile.
During this time period, the power plant discharges shown in Figure
17 are relatively constant. The simulation results indicate4that
power plant cooling operations have increased. the epilimnion thick-
ness from a natural value of 10 to 15 ft to a much larger value of
nearly 30 ft. The simulation model results were found to be

relatively insensitive to the jet entrainment coefficients for the
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cooling tower discharge, especially in the case of a positively
buoyant jet which essentially acted as an aid to full vertical
mixing of the upper portion of the epilimnion.

Simualtion model results for 1978 are also shown in Figure 22
with evaporative heat flux determined by the Pretty Lake formula.
Although it improves surface temperature predictions in spring when
power plant operations are minimal, it overestimates the epilimnion
temperatures in late summer and early fall. The Pretty Lake
formula contains no free-convection component and thus underestimates
the surface heat loss for low wind speeds.

Simulation results are compared with measured temperature data
for 1976 in Figure 23. The simulation model includes the inflow-
outflow routine, and 1976 power plant data and meteorological data
are used as inputs. The model is started from an isothermal
condition in early spring as for the 1978 data. The agreement
between predicted and measured temperature profiles is again quite
satisfactory.

A dimensional analysis for the depth to the thermocline is
instructive in emphasizing the relative influence of wind mixing
and vertical advection in St. Joseph's Lake. If h is defined as

the depth to the thermocline, we have:

h = £(OD, L, B, u,, g', Qo) (35)
where D = lake depth; L = lake length; B = the average width of the
lake at the outlet; u, = friction velocity due to wind currents;
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g' = (Ap/p)g; Ap = the density difference between the water surface
and the hypolimnion; and Qo = the lake withdrawal discharge. Di-

mensional analysis produces:

2
h _ L, B, g, Q (36)
D f1lp o u,?2 g'B2p3

in which g'D/u*2 represents a wind current Richardson number, Ri,;

and Qg/g'ﬁ%? is a withdrawal densimetric Froude number, F For a

D"
given lake, L/D and B/D are relatively constant, and only the
Richardson number and densimetric Froude number indicate the in-
fluence of wind, surface heating, and withdrawal on the development

of stratification. The variable Ap appears as an independent variable
in (36) but it is really determined by the surface heat transfer
processes and so it reflects their effects, relative to wind and
inflow-outflow effects.

1/2

The values of Ri*— and FD were determined on a daily basis
from the computer simulation model and are shown in Figures 24 and 25.
Decreasing values of these parameters indicates increasing stability
relative to vertical mixing. In early summer, there is a very
apparent increase in FD due to cooling tower operation and a marked
decrease in Ri;l/z. This indicates a greater stability with respect
to wind but decreased stability due to power plant cooling water

circulation. The response of the thermal lake structure is a

relatively abrupt deepening of the epilimnion as shown in Figure 22.
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4.6 Combining Gravity Current and Lake Stratification Models

The structure of the computer simulation model developed
herein is such that the effects of gravity and wind-driven currgnts
can be easily added in the surface heat loss subroutine to account
for sidearm heat losses. The analysis in Chapter 3 suggests that a
limiting windspeed can be determined beyond which only wind-driven
current effects need be considered in the sidearm. For smaller
wind-speeds, a model similar to that developed in chapter 3 is
needed with the consideration of turbulent flow rather than laminar
flow. Because much additional research is necessary to define the
vertical distribution of eddy viscosity due to combined wind shear
aﬁd bottom production of turbulence, and further because sidearm
effects were not important in:the fieid lake studied, these effects
have not been incorporated into the simulation model application

described in this chapter.

4.7 Summary

A simulation model of the vertical thermal stratification of
a cooling lake has been developed in this chapter. The model includes
the effects of surface heat transfer, wind mixing, vertical advection
due to inflows and outflows, and molecular diffusion. When applied
to a field cooling lake after having been calibrated on a natural
lake, the model clearly indicates the dominant effect of cooling
water circulations on establishment of the epilimnion thickness.
The epilimnion is shown to be significantly thicker due to cooling

water circulations. This occurs despite the fact that the cooling



towers adequately dissipate most of the excess heat before discharging
to the lake. The relative influence of wind mixing and vertical
advection on lake stability for a particular lake is illustrated

by the introduction of two dimensionless numbers: a wind Richardson
number and an outflow densimetric Froude number. Finally, it is
suggested that a turbulent model of combined wind and gravity

currents be added to the simulation model discussed in this chapter

to determine sidearm heat losses when appropriate.
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5. SUMMARY AND CONCLUSIONS

A closed-form solution for laminar gravity currents in dead-end
channels has been presented and verified with laboratory data. 1In
practice, these currents are the result of thermally-induced buoyancy
and would be expected to occur in cooling lake sidearms. The closed-
form solution provides an estimate of the total rate of surface heat
loss from the sidearm gravitational circulation. Using the same
problem formulation, a surface wind stress directed toward the dead
end of the sidearm has been added as a boundary condition at the
free surface. A numerical solution of the resulting equations clearly
shows the interaction between wind~driven and buoyancy-driven cir-
culations. Relations for surface heat loss for a combined circulation
are developed from the numerical results. By means of an
example, it is shown that as wind speed is increased, a
limiting wind speed is reached beyond which the wind-driven
current becomes dominant and the surface heat loss rate in the side-
arm is the same as in the cooling lake at the sidearm entrance.

The effect of wind stirring onhthe development of vertical stra-
tification in a cooling lake is also investigated. A computer sim-
ulation model is developed using an energy approach to vertical mixing
by wind. The model also includes vertical advection of heat due to
inflows and outflows from the lake, The model is applied to a natural
lake and to an adjacent cooling lake, for which field data were
obtained, and it is concluded that vertical advection is primarily
responsible for the observed thermal structure of the cooling lake.

A dimensionless Richardson number and Froude number are proposed

to show the relative influence of wind mixing and vertical advection.
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Inclusion of gravity and wind-driven currents was not necessary

to predict the observed mean thermal behavior of the field cooling

lake

area

that

loss

studied; however, in other cases in which significant sidearm
occurs and artificial heat inputs are large, it is concluded
these currents are quite important to the overall surface heat

rate. The present structure of the thermal lake simulation model,

and the presentation of the results for surface heat loss rates

for combined wind-driven and gravitational circulations in sidearms,

would allow incorporation of these heat loss rates into the simulation

model. Additional research is needed, however, on the vertical

distribution of turbulent eddy viscosity in a stratified flow with

both wind and bottom-generated turbulence before this step is taken.
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Appendix - Definition of Profile Constants

1 -1
C, - / f.(n) £,(n) dn

0

1 n ‘
C, =3 f [fl(n) - £, (1)] dndn

0 0O
C3 = leu(l)

1
C4 = C1 d/. fu(n)dn
fy

D

n n

f / fT(n)dndn
0 1

n n n

> C ’
2 5
—f j f fT(n) dndndn - — n° + Cyn
(4] 1 1

where fl(n)

fu(n)



89

Appendix: Table 3.-Measured Temperatures in
St. Joseph's Lake

{a) 1976 Data; Temperatures in °C.

Station Degth* 6/29 7/27 8/3 8/10 8/17 8/31 9/21 10/19
b

Al 10 27.0  25. 23.5 23.0 23.5 22.0
5 28.0 25. 23.5 2h.0 23.5 22.0
0 28.5 25.5 24.0 24.0 23.5 22.0
B 38 11,0  14.0 12.0 13.0 13.5 14.0 14.0 16.0
35 12.0 14,0 12.0 13.0 14.3 14.0 20.0 16.0
30 15.5 21.0 22.5 22.0 22.0 22.5 20.5 16.0
25 23.0 24.0 23.5 23.0 23.0 23.0 21.0 16.0
20 23.5 26.0 2k.5 23.0 23.5 23.0 21.5 16.0
15 2h.5  26.0 25.0 23.0- 2.0 23.5 22.0 16.0
10 25.0 27.0 25.0 23.5 24.0 23.5 22.0 16.0
5 25.0 27.0 25.0 24,0 24.0 24,0 22.0 16.0
0 25.5 28.0 25.0 24.0 24.0 24.0 22.0 16.0
v 39 .9:0 10.0 12.5 11.0 12.0 10.0 13.0 16.0
35 9.5 11.5 13.0 12.5 14.0 14,0 18.0 16.0
30 15.0 20.0 22.0 22.0 22.0 22.0 20.5 16.0
25 22.0  25.0 24.0 23.0 23.0 23.0 21.0 16.0
20 23.5 26.0 24.5 23.0 23.5 23.0 21.5 16.0
15 2h.0  26.5 25.0 23.0 23.5 23.5 22.0 16.0
10 24.5 27.0 25.0 23.5 24,0 23.5 22.0 16.0
5 25.0 27.0 25.0 23.5 24.0 24.0 22.0 16.0
0 25.5 28.5 25.5 24,0 24.0 24.0 22.0 16.0
D 30. 24.5 24,0 23.0 23.5 23.0 21,0 16.0
25 . . 25.5 24,0 23.0 23,5 23.0 21.5 16.5
20 24,0 28.5 24,5 23.0 23.5 23.0 22.0 16.5
15 26,0 27.0 25.0 23.0 24.0 23.0 22.0 16.5
10 2b.5 27.0 25.0 24.0 24.0 23.5 22.0 16.5
5 25.0 27.5 25.0 24.0 24.0 24.0 22.0 16.5%
0 26.5 29.0 26.0 25.0 25.0 24.0 22.0 16.5
H b 25.5 29.0 25.5 24.0 25.0 24.0 22.0 17.0
2 27.0  29.0 26.0 24.5 25.0 24,0 23.0 17.0
0 28.0 31.0 27.0 27.0 26.0 26.0 23.0 17.5
I b 26.0 29.0 26.0 24.5 25.0 24.0 23.0
2 26,0 25.0 26.5 25.0 26.0 25.0 2.0
0 28.0 33.0 28.0 28.0 27.0 27,5 24.5 17.5

E:3
Surface temperatures measured at a depth
of approximately 4 in.
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{b) 1978 Data; Temperatures in °F.

Dates

Station D;gth 4/25  s5/4 5/10  6/3 6/9 7/17 8/8 9/6
A2 23 51.0 66.0 70.5 75.5 76.0 76.0
20 52.0 74.0 72.0 75.5 76.0 76.5
15 55.0 75.5 72.5 76.0 76.0 77.0
10 56.0 76.0 74.0 76.5 77.0 77.0
5 56.0 76.0 75.0 78.0 78.0 78.0

1 v 56.0 77.0 77. 80.0 79.0 78.
o} 39 Lih,5 L4.0 45,0 47.0 47,0 49.0 51.0 52.0
35 Lt.s L4.0  45.0 47.0 47.0 50.5 s54.0 6.0
30 4.5 44.0 45.0 47.0 48.0 64.5 70.0 72.0
25 46,0 46.5 46.5 55.0 66.0 72.0 74.0 74.0
20 49.5 50.0 53.0 71.0 69.5 73.5 74.0 74.5
15 50.0 55.0 55.0 73.0 71,0 75.0 74.5 75.0
10 50.0 55.0 . 55,0 74.0 72.5 75.5 75.5 75.5
5 54.0 55.5 55.0 75.0 73.0 76.5 76.0 76.0
1 54.0 55.5 56.0 76.0 76.0 78.0 78.0 76.5
D 29 45.0 50.0 51.0 71.5 73.0 74.5
25 4.0 56.0 67.0 4.5 75.0 76.0
20 53.0 72.0 71.0 75.0 75.5 76.5
15 55.0  74.0 71,0  76.0 76.0 76.5
10 55.0 74,5 72.0 76.5 76.5 77.0
5 55.0 75.0 74,0 77.5 77.5 77.0
1 I56.0  ¢7.0 6.0 v9.0 79.0 78.5
E 24 52.0 54,0 75.0 75.5 76.0
20 54.0 73.0 72.0 76.0 76,0 76.5
15 55.0 74.0 72.5 76.5 76.0 77.0
10 56.0 7.0 73.0 77.0 77.0 77.0
5 56.0 75.0 75.0 77.5 77.5 77.5
1 57.0 76.0 77.0 79.0 79.0 78.0
F 24 52.0 71.5 76.0 76.0 76.5
20 54,0 73.5 72.0 76.0 76.0 76.5
15 55.5 76.0 72.5 76.5 76.0 77.0
10 56.0 76.0 73.0 77.0 77.0 77.0
56.0 76.0 75.0 78.0 78.0 77.5
1 57.0 77.0 77.0 80.0 79.0 78.5
G 3 58.0 77.0 76.5 79.0 78.5 78.0
1 58.5 81.0 78.5 82.0 81.0 78.0
H 4 57.0 58.0 77.0 76.0 79.0 78.0 79.0

2 58.0 58.0 78.0 _

1 59.0 59.0 81.0 78.5 82.0 80.0 79.0
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