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SUMMARY

The objective of the research is to design a general blind deconvolution framework that
can effectively utilize all available information, tackle severe degradations and be applicable
to a wide-range of applications, degradations, signal types and dimensionality with small
adaptation. The particular application of greatest interest is the problem of autofocusing in
synthetic aperture radar (SAR) and in inverse SAR (ISAR). The motivation comes from the
awareness that most of the blind deconvolution schemes available in the literature can only
deal with relatively mild degradations [1-8]. This limitation arises from the fact that most
schemes cannot easily incorporate all of the information that is available to them.
Furthermore, most can guarantee convergence only to a locally optimal solution. For more
severe degradations, there are more unknowns and more locally optimal solutions exist;
therefore, converging to a globally optimal solution becomes much more difficult. A
common remedy to ease the problem is to incorporate known information about the point
spread function causing the degradation. Unfortunately, in most cases only very limited
information of the point spread function is available, which is not enough to steer the

solution to the global optimum.

In this work, we have identified the potential of the Bussgang blind deconvolution
framework [1-4] to converge to the globally optimal solution despite its other limitations.
As shown by the Benveniste-Goursat-Ruget theorem [2], the Bussgang blind
deconvolution framework converges to a globally optimal solution as long as the
probability density function of the input signal is non-Gaussian and the support size of the
equalization filter size tends to infinity. While it is not possible to have an infinitively long
equalization filter support, intuitively, if the signal can be processed in frames instead of in
an infinite stream, the support size of the equalization filter should not need to be greater
than the frame size. In addition, in the multi-channel case, the attribute of the
deconvolution noise on which the Bussgang blind deconvolution framework relies
becomes easier to realize. Unlike the requirement of an infinite support size for the
equalization filter, the multi-channel implementation is, in fact, both practical and feasible.
For example, in the optical imaging case, multiple degraded shots can result from the
motion of the targeted subject, or in the synthetic aperture radar (SAR) imaging case,
multiple similar flight paths can result in similar, but differently degraded, SAR images.
Furthermore, the Bussgang blind deconvolution framework also achieves the goal of
having one framework that is applicable to multiple applications. A different application
with a different probability density function (pdf) only changes the nonlinearity in the
Bussgang blind deconvolution framework. Therefore, we utilize the multi-channel

Bussgang blind deconvolution framework as our fundamental building block for the design



of a blind deconvolution procedure that can cope with severe degradations and a wide

variety of applications.

To achieve our goal, two obstacles associated with the Bussgang blind deconvolution
procedure need to be overcome. These are the requirement that the probability density
function (pdf) of the original signal be known and that the original signal be white, which
can greatly limit the applicability of the technique.

In this research, we relax the iid requirement and modify the multi-channel Bussgang blind
deconvolution framework to allow the pdf of the original signal to be estimated iteratively.
We call our proposed modification of the multi-channel Busssgang blind deconvolution
framework the self-correcting multi-channel Bussgang (SCMB) blind deconvolution
framework. The modifications include a non-conventional feedback mechanism,
parameterization of the pdf utilizing a Gaussian mixture model, and parameter estimation
using the expectation maximization (EM) algorithm that iterates simultaneously with the

original multi-channel Bussgang estimator.

In the dissertation, we demonstrate the effectiveness of the proposed SCMB blind
deconvolution framework on two very different problem: the binary image restoration
problem and the SAR/ISAR autofocus problem. In the binary image restoration case, our
approach recovers severely blurred binary images flawlessly. In the SAR/ISAR autofocus
case, our approach outperforms popular autofocus algorithms including phase gradient
algorithm (PGA) and minimum entropy autofocus consistently, especially in the ground
moving-target ISAR autofocus scenario with both significant translational and rotational

motion.

Xi



1 Introduction

The blind deconvolution or blind equalization problem seeks to undo the convolution
between an input signal x() and the impulse response of a linear shift-invariant system
h() when only the convolved output signal y() is available. The term “blind” is used

when the impulse response of the system is unknown.

It is assumed that the observed signal y(-) can be modeled as
y() =h()*x()+v(), (1.1)

where * denotes the convolution operation and v(-) is additive measurement noise. The
arguments of the functions in this equation have been intentionally omitted, since they vary
with the application. In some cases the signals are one-dimensional time functions; in
others they might be two-dimensional images, for example. A linear system (impulse
response) h(-) is adequate for modeling a wide range of physical phenomena including
superpositions of signals in multipath communications systems, linear communication
channels, and optical degradations such as out-of-focus blurs and motion blurs. In
telecommunications applications the problem is often called blind equalization. This is
merely terminology; the two problems are the same, although equalization typically requires

a “real-time” implementation.

A slightly more complicated model might be needed to account for nonlinear physical
phenomena such as channel saturation or the nonlinear sensitivity of film. In these

situations, the convolved output signal y(-) with a nonlinearity might be modeled as

y() = g{h() *x()}+v(), (1.2)
where g{} is a pointwise nonlinearity and * again denotes convolution.

Applications of blind deconvolution arise in a number of diverse fields including
communication signal transmission, digital microscopy, reflection seismology in oil
exploration, acoustic reverberation cancellation, photographic image restoration and
astronomical image restoration and autofocusing in synthetic aperture radars. This latter

application is of particular interest in this dissertation.

From equation (1.1), it is quite obvious that if both h() and x() are completely
unconstrained, there will be infinitely many solution pairs for h() and x() that satisfy
the model and yield the same output signal y(-). The same is true for the nonlinear case in

(1.2). To limit the space of possible solutions in blind deconvolution or blind equalization,



some constraints on X(-) or h(-) or knowledge of the statistics of the inaccessible input
x() are assumed. Even when the solution is constrained, however, the solutions may still
not be unique. If it is unique, iterative procedures for finding it may converge to a local

optimum rather than a global one.

Many blind deconvolution algorithms have been presented in the literature. Some of these
procedures are completely general and are not tied to any particular application. Popular
blind deconvolution or equalization techniques include, but are not limited to, a maximum
likelihood approach implemented using the expectation maximization (EM) algorithm [5, 0]
for photographic image restoration, the bispectrum iterative reconstruction algorithm
(BIRA) [7] also for photographic image restoration, the tricepstrum equalization algorithm
(TEA) [8, 9] for communication channel equalization, Sato’s algorithm [10, 11] and
Godard’s algorithm, both of which are treated as special cases of the Bussgang algorithm [4,
12-17] for communication channel equalization, and finally, stochastic gradient-based blind
deconvolution using different figures of merit including minimum entropy [18, 19] and

minimum kurtosis [16, 20].

All these algorithms work well when certain assumed conditions are met but, nevertheless,
have their limitations when applied to general image restoration. The expectation
maximization (EM) algorithm often becomes trapped at a local optimum, especially when
the assumed support size of the blur impulse response is large (severe blur); there is no
guarantee that the algorithm will converge to the global optimum. Also, the EM algorithm
can only work with blurs and input signals that are real because its cost function does not
depend upon phase. With the bispectrum iterative reconstruction algorithm (BIRA), the
distortion must be one-dimensional. That method also cannot deal with phase distortion.
The tricepstrum equalization algorithm (TEA), explicitly assumes that the samples of the
unknown are independent and identically distributed (iid). Thus, this algorithm is not
applicable to image restoration where this assumption does not hold. With blind
equalization using the Bussgang framework, the unknown input signal is again assumed to
be iid and its probability density function (pdf) is assumed to be completely known. This is
unrealistic for the image restoration problem. Blind image deconvolution utilizing criteria
such as minimum entropy or minimum kurtosis assumes that the image blur is a form of
lowpass filtering of the original image that results in an increase in the entropy or
Gaussianness of the blurred image, so that the pdf of the blurred image will have heavier
tails than the pdf of the original image. Thus, minimizing the entropy or kurtosis reverses
the blurring process and steers the solution in the right direction. However, there is no
inherent stopping mechanism with these criteria. Convergence to the right solution
depends solely on the available knowledge of the impulse response h(-) or the availability

of additional constraints that can be imposed.



Our goal is to place multiple classes of image restoration (autofocus) problems under one
framework, from two-level (binary) images to complex gray-level (SAR) images and for
potentially very severe distortion. By understanding the limitations of the algorithms
mentioned above, we have decided to base our approach on the Bussgang framework with
relaxed constraints. The reasons are the following: (1) Different classes of images can be
handled by changing the pdf. (2) The direct inverse filter solution in the Bussgang
framework avoids the ill-conditioning problems that are associated with the other methods.
This enables it be appropriate for a wider class of distortions. (3) The
Benveniste-Goursat-Ruget Theorem [2] guarantees that the algorithm will converge to the
global optimum under some mild conditions. This is important for the severely blurred
case. (4) Finally, the nonlinearity inherent in the Bussgang framework provides the
necessary hook for dealing with the nonlinear blind deconvolution problem as formulated

in (1.2), even though that is beyond the scope of this dissertation.

In this dissertation, we propose a self-correcting multi-channel Bussgang blind
deconvolution framework that is theoretically applicable to a wide variety of applications.
This proposition can be better explained by breaking it down into a number of smaller

theses as listed below:

(1) We propose that the independent and identically distribution (iid) requirement on the

samples of the input signal with the Bussgang algorithm can be removed.

(2) We propose that the complete knowledge of the probability density function (pdf) of
the input signal can be relaxed by simultaneously estimating the pdf and cancelling the pdf

estimation error through a feedback structure.

(3) We propose using maximum likelihood implemented using the expectation
maximization (EM) algorithm and a Gaussian mixture model to iteratively estimate the pdf

parameters of the input signal within the Bussgang framework.

(4) We propose extending the algorithm to the multi-channel case. This improves upon the
zero mean, white Gaussian noise requirement on the deconvolution noise and outperforms

the single channel case.

(5) We propose applying the self-correcting multi-channel Bussgang blind deconvolution

framework on blurred binary images.

(6) We propose applying the self-correcting multi-channel Bussgang blind deconvolution

framework to the complex synthetic aperture radar (SAR) autofocus problem.



(7) We propose applying the self-correcting multi-channel Bussgang blind deconvolution

framework to the complex inverse synthetic aperture radar (ISAR) autofocus problem.

The remainder of the dissertation is organized as follows: Chapter 2 gives some
background on blind deconvolution and techniques that we employ in this thesis. It also
provides some background on SAR/ISAR image formation and autofocus. Chapter 3 lays
out the self-correcting mult-channel Bussgang (SCMB) blind deconvolution algorithm that
we propose. Chapter 4 applies our algorithm to the specific problem of blind binary image
restoration, while Chapter 5 applies it to the SAR/ISAR autofocus problem. Chapter 6
concludes the thesis and gives suggestions for future work. Finally, Chapter 0 is an

appendix, containing some of the mathematical details that lie behind the algorithm.



2 Background

In this section, we give a brief history of blind deconvolution and blind equalization and
state the similarities and differences between the two problems. We divide blind
deconvolution and blind equalization approaches into two classes: the impulse response
estimation methods and the direct inverse impulse response estimation methods. We then
address issues related to each class and their remedies. A representative example for each
class will be given and discussed. Finally, some common impulse responses (PSF) grouped

by applications are presented, which mark the end of this section.

2.1 Blind deconvolution and equalization

The name blind deconvolution was first used by Stockham [21] for the restoration of old
acoustic records in 1975 and the first example of blind equalization was the algorithm
proposed by Sato [10] for multilevel amplitude-modulated data transmission in the same
year. In both the blind deconvolution and blind equalization problems, the input data is
unknown except for its statistics. Only the measurable output and possibly some crude
information about the impulse response is accessible depending on the individual
algorithm. While blind deconvolution is not tied to a particular application or field, blind
equalization usually refers to a data communication application, which is one-dimensional,
and where the input data values are assumed to be independent and identically distributed
(iid). The iid assumption in data communication is a reasonable one since sequences of
independent symbols are typically transmitted in a communication system. Higher order
statistics (HOS) approaches, specifically polyspectral-based approaches such as the
tricepstrum equalization algorithm (TEA) which relies on the iid assumption explicitly, are
not suited to problems like blind image restoration because images rarely have a white
spectrum. Furthermore, for HOS-based methods, the complexity increases rapidly with the
increase in the dimensionality of the problem. Notwithstanding the similarities and
differences between blind deconvolution and blind equalization, we can always classify
these approaches into those that estimate the impulse response or the point spread
function (PSF) and those that do not.

2.2 Blind deconvolution methods that estimate the

impulse response (PSF)

Blind deconvolution or blind equalization algorithms that explicitly solve for the impulse
response or the point spread function (PSF) are referred to as impulse response (PSF)

estimation-based methods. Some form of inversion of the impulse response is required to



deconvolve the observed signal in order to estimate the unknown input. This inverse
process is problematic when the impulse response inversion is ill-posed. An ill-posed
condition arises when there are deep nulls in the spectrum of the impulse response.
Different classical deconvolution algorithms have different ways of dealing with this
ill-posed condition, but most can be viewed as some form of regularization technique that

trades fidelity for stability.

2.2.1 The ill-posed condition

The mathematical term “well-posed problem” stems from a definition given by Jacques
Hadamard in 1902. He believed that mathematical models of physical phenomena should
have the properties that: 1) A solution exists, 2) The solution is unique. And 3) the solution
depends continuously on the data in some reasonable topology and, therefore, is
well-posed. However, the backward (inverse) problem of such a well-posed problem may
well be ill-posed.

For example, a data communication channel can be modeled using the linear model (1.1) in

one dimension and written as
y(n) = h(n) *x(n) +v(n), 2.1)

where * denotes convolution, h(n), x(n), v(n) and y(n) are respectively the channel
point spread function (PSF), input data, channel additive noise and channel output data.
This linear communication channel model (2.1) can also be written in matrix-vector form

as,
y=Hx+v, 2.2)

where y, x, v are Nx1 vectors and H is an NxN Toeplitz matrix. Here N is the

data length.
y(0) x(0) v(0)
y@) x(1) v(l)
y= : , X= : , V= S , and
y(N'—l) x(N'—l) v(N.—l)
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Note that M is the length of the channel point spread function (PSF) and H becomes a

block-Toeplitz matrix in the two-dimensional case.

The physical phenomenon that yields the channel output vector y from the inputs x
and v is a well-posed problem. However, the inverse problem of solving for the channel

input vector x is often ill-posed. That problem can be stated as

x=H'y-H'v. (2.3)

b

Depending on the propetties of the inverse matrix H™, a bounded perturbation
introduced by the noise v can result in an unbounded perturbation in the solution x.
The degree of ill-posedness can be measured by the condition number of H; the higher
the condition number, the more ill-posed the inverse problem. When the |, -norm is used,

a common definition for the condition number of H, x(H), is

Omin (H) lmin (HH H) ’ '

and A, are the

where o, and o, are the largest and smallest singular values, 4,

largest and smallest eigenvalues and the superscript H denotes the Hermitian transpose

of a matrix.

The degree of ill-posedness can also be measured in terms of the magnitude spectrum of
the impulse response h(n) when its support is small compared to the data length,
M << N . In this case, the Toeplitz matrix H can be approximated by a circulant matrix,

so that
FHF" =D, (2.5)

where F is the NxN one-dimensional discrete Fourier transform (DFT) kernel and D
is a diagonal matrix with the diagonal entries equal to the DFT coefficients of the impulse
response h(n). By recognizing F as the matrix of eigenvectors of H and D as the
diagonal matrix of eigenvalues of H, it is clear that the condition number can be evaluated

as



_ max{|DFT, (h(n))}

w(H) = min{|DFT, (hM)}t

2.6)

where the DFT can be evaluated efficiently using the fast Fourier transform (FFT)
algorithm. Thus, it can be observed that the whiter the magnitude spectrum of the impulse
response, the smaller the condition number and the more well-posed the inverse problem

becomes.

2.2.2 Regularization techniques

Regularization is a well-studied method for solving ill-posed problems. It turns an ill-posed
problem into a well-posed one by sacrificing some fidelity of the solution for stability
(Hadamard’s third condition). Incorporating prior knowledge about the input data is the
main idea behind regularization. Depending on how the prior knowledge is being utilized,
there are two types of regularization methods: deterministic regularization techniques and

stochastic regularization techniques.

Deterministic regularization techniques limit or regulate the possible solution space using
deterministic constraints. One deterministic constraint that is often used in image
restoration is a smoothness constraint, which imposes the prior knowledge that the original
image is dominated by its low-frequency content. In the classical deconvolution problem
where the impulse response is assumed to be known, deterministic constraints like a

smoothness constraint are often included as a Lagrange multiplier as shown below
X= arg{mxin{]|y - Hx||2 +k ||Cx||2}}. (2.7)

Here k is the Lagrange multiplier, or regularization parameter, and C is a regularization
operator. One example of a non-optimal choice of the regularization operator C for the
image restoration problem is the discrete Laplacian operator which is the sum of the
second spatial derivatives in the horizontal and vertical directions. The larger the

regularization parameter k, the smoother the solution becomes.

Stochastic regularization techniques limit or regulate the possible solution space using a
stochastic model of the input data. Like its deterministic counterpart, the stochastic model
constrains the feasible solution to a smaller set of candidates. In most cases, a stochastic
model of the input data is not available and must be estimated from the output data or
from prototypical training data. One example of such a stochastic model commonly used

in image restoration is an auto-regressive (AR) model



X=Ax+w, (2.8)

where A is a block-Toeplitz matrix representing a two-dimensional linear shift invariant
filtering operation and w is a white Gaussian noise vector. The matrix (I-A) can be

interpreted as a regularization operator while the inverse of the variance of w, o,

w b

can
be interpreted as the regularization parameter. The larger the variance of w, the AR
modeling error, the smaller the regularization parameter and, therefore, the less effective is

the constraining effect of the AR model (regularization operator).

2.2.3 The expectation maximization (EM) algorithm

The expectation maximization (EM) algorithm is a popular approach for solving the blind
deconvoluton problem which belongs to the category of impulse response or PSF
estimation-based methods. The impulse response h() is iteratively and explicitly
estimated (together with other parameters). Each iteration consists of two steps. At the
k-th iteration, the expectation step (E-step) estimates the input data x()* or x", and the
maximization step (M-step) estimates the parameter set ¢* which includes the impulse

2 (k)

response h(-)", the noise vatiance o, and possibly other parameters. In the E-step, the

conditional mean of the input data is estimated using the parameter set from the previous

iteration x" = E{x|y;¢"“™}; in the M-step this estimate is used to update the parameter set.

The expectation maximization (EM) algorithm is an iterative computation of the

maximum-likelihood (ML) estimate of x(-). The output data y is viewed as incomplete
data that is related to some complete data z through a non-invertible many-to-one
transformation T{}, y=T{z} . One possible choice of the complete data is a
concatenation of the input and output data, z=[x"y']". The EM algorithm iteratively
chooses the parameter set ¢ so as to maximize the logarithm of the likelihood
(probability density) function of the complete data, log(p(z;¢)) . However, since the
complete data is not accessible, the conditional expectation of the log-likelthood function

Q(#|¢" ™) is maximized instead, as shown below.

Q(¢14“™) = E{log(p(z:#)) |y;:¢“ ™}, (2.9)

and
g = arg{mq?x{Q(¢ 1" )3} (2.10)

Convergence of the EM algorithm is guaranteed if Q(¢|¢*™) is continuous with respect

to both ¢ and ¢“? at each iteration. However, it does not necessarily converge to the



global maximum. The larger the number of parameters in the parameter set ¢, the more
likely the algorithm is to converge to a local maximum. In the blind image restoration
problem, constraints such as the conservation of energy, symmetry and smoothness are
commonly used to reduce number of parameters and hence the likelthood of converging to

a local maximum.

When the probability density function (pdf) of the complete data z has a multivariate
Gaussian distribution, the EM algorithm has a closed-form solution. Therefore, no
numerical optimization technique of any kind is required. In this case, the algorithm
becomes extremely efficient. The complete data z has a multivariate Gaussian
distribution if the following conditions hold: 1) The noise term of the blind deconvolution
model v in (2.2) is white and Gaussian. 2) The complete data is chosen as z=[x"y']".
3) The input data model in (2.8) is employed for which the input data modeling noise w is

white and Gaussian.

2.3 Direct inverse impulse response estimation-based

blind deconvolution

Blind deconvolution or blind equalization algorithms that solve for the inverse impulse
response or equalization filter directly are referred to as direct inverse impulse response
estimation-based methods. Unlike the impulse response or PSF estimation-based methods,
no inversion of an estimated impulse response or PSF is involved. Therefore regularization
techniques that limit ill-posedness by trading fidelity for stability, both of which arise from
the inverse problem, can be avoided. Algorithms belonging to this category include
stochastic gradient-based methods with different figures of merit such as minimum
entropy [18, 19] and minimum kurtosis [16, 20]. Sato’s algorithm [10, 11] and Godard’s
algorithm, under the umbrella of the Bussgang algorithm [1, 12, 15] for communication

signal equalization, also belong to this category.

2.3.1 Adaptive filtering

Adaptive filtering is a recursive procedure for estimating the filter coefficients so that the
filter’s output signal matches the known desired signal. Unlike the optimal Wiener filter, it
is possible for the adaptive filter to perform this task without knowing the statistical
characteristics of the input data. An adaptive filtering algorithm starts with an initial guess
of the filter coefficients and iteratively converges to the optimal Wiener solution in a
statistical sense. For a streaming input signal with nonstationary statistics, adaptive filtering

acts as a tracker. The Bussgang technique for streaming input data can be viewed as an
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extension of the adaptive filtering technique with the desired signal generated by a

nonlinearity function that utilizes available statistical characteristics of the input data.

2.3.2 Bussgang technique

The Bussgang technique is a member of the class of nonlinear blind equalization
algorithms. It is a very popular blind equalization framework that iteratively and directly
estimates the inverse impulse response. Different choices of the cost function for the
Bayes’ risk result in a different Bussgang zero-memory nonlinearity. Popular algorithms for
the data communication blind equalization problem including Sato’s algorithm [10],
Godard’s algorithm [22] and the constant modulus algorithm (CMA) [23-25], all of which
result from different choices of the cost function. Thus, they can all be viewed as special

cases of the Bussgang blind equalization algorithm.

vin)

Oy O 1o P o |

X(

A 4

v

e(n)

A 4

LMS

Figure 2-1  Functional block diagram of Bussgang blind equalization

Figure 2-1 shows a general block diagram of Bussgang blind equalization where the

nomenclature is as follows:

x(n) - Unknown input data.

h(n) - Unknown impulse response or point spread function (PSF).
v(n) - Additive noise.

y(n) - Measurable output data.

f(n) - Inverse filter impulse response or equalization filter.

x(n) - Deconvolved output.
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g{} - Zero-memory nonlinearity.

x(n) - Output of the Bussgang algorithm (estimate of x(n))

(the desired signal in the context of adaptive filtering).
e(n) - Estimation error (in the context of adaptive filtering).
LMS - Least mean square adaptive algorithm.

The goal of the Bussgang blind equalization algorithm is to match the distribution (pdf) of
the output of the Bussgang algorithm (the recovered input signal), X(n), with the pdf of
the unknown input signal x(n). The name “Bussgang” comes from the fact that the
procedure converges in the mean to the desired result when the deconvolved output X(n)
is a so-called Bussgang process. A Bussgang process is a stochastic process whose
autocorrelation is equal to its cross-correlation with the output of the zero-memory

nonlinearity g{} as shown below:
E{X(n)X(n+m)}=E{X(n)g{X(n+ m)}}. (2.11)

Bussgang blind deconvolution can also be viewed as an adaptive filtering [26] problem
which in the context of adaptive filtering theory has an unknown desired output. The
absence of the desired output is addressed by a zero-memory nonlinearity designed to

estimate the signal which most closely matches the distribution of the input signal.

Bussgang blind equalization assumes and requires 1) that the input signal samples x(n) are
independent and identically distributed (iid) with a white power spectrum and 2) that pdf
of those samples is known and non-Gaussian. In the data communication application,
since a sequence of independent symbols is usually transmitted, the iid assumption is
generally appropriate. Furthermore, a non-Gaussian distribution, such as a uniform
distribution, usually models the input sequence in that application quite well. However,
these restrictions severely limit the applicability of the Bussgang algorithm in other

applications.

2.3.2.1 Nonlinearity

The zero-memory nonlinearity g{} in the Bussgang algorithm results from the Bayesian
estimation of the unknown input data. It depends upon 1) the non-Gaussian probability
density function (pdf) of the unknown input data, 2) the deconvolution noise, w(n),
having a zero mean, white Gaussian distribution, and 3) the choice of the cost functional

C() for the Bayes risk J(X). The expression for the Bayes risk is given by

I(R) :”C(x-X(X;d)))pxyi(x,x)dxdi, (2.12)
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Here @ is the vector containing the parameters that model the pdf of the unknown input

data and the variance of the deconvolution noise, o,’. The output of the Bussgang

algorithm, which minimizes the Bayes risk, is
>2:g{X;@}:arg{mgn{J()2()?;(1)))}}, (2.13)

where x, X and X are respectively the random variables of the unknown input data, the
nonlinearity input and the nonlinearity output x(n), X(n) and X(n). C() is the cost
functional for the Bayes risk, J(X), and p,,(x,X) is the joint probability density function
of x and X.If the cost functional is chosen to be the I,-norm, that is, C()=||-|, then

Bayesian estimation becomes identical to minimum mean square error (MMSE) estimation.

The deconvolution noise w(n) in the context of Bussgang blind deconvolution is defined
as the output of the equalization filter X(n) minus the unknown input data x(n), that is,
w(n) =x(n)-x(n). The pdf of the deconvolution noise w(n) is used in deriving the
nonlinearity g{} of the Bussgang algorithm. The requirement of the input data samples
to be independent and identically distributed ensures that the deconvolution noise will be
zero mean, white Gaussian noise. Thus, the only free parameter associated with w(n) is

its variance.

The adaptation of the equalization filter f(n) can be achieved using any of a variety of
well-studied approaches including the steepest descent algorithm, the stochastic gradient
algorithm from adaptive filtering (LMS, NLMS, RLS) or Wiener-based algorithms [27].
LMS is particularly popular for a one-dimensional signal stream because of its simplicity
and its low memory requirement, since no correlation matrix or matrix inverse calculation

is needed.

In 1980 Benveniste [2] derived sufficient conditions for the global convergence of the
Bussgang algorithm for an infinite length equalizer. The Benveniste-Goursat-Ruget
theorem states that global convergence of the Bussgang algorithm is guaranteed if the pdf
of the unknown input data sequence x(n) is sub-Gaussian distributed (shorter tail than
the Gaussian distribution) and the second detivative of the estimation error e(n), e'(n), as

defined in Figure 2-1 is negative. As shown in the pdf

v
X

p)=Ke” | (2.14)

for v>2, x is sub-Gaussian distributed and for v—>o, x is uniform distributed.
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2.4 Gaussian mixture estimation using the EM

algorithm

Assume that we have multidimensional data, z, that can be modeled by a multivariate

Gaussian mixture model, as shown below:
C
P,(2) =Y Do (2/%) Py (%), (2.15)
c=1

where x is a hidden variable and x=x, when the data point z is generated by the c¢™
component of the mixture. The conditional probability density function, p,, (z/x.), is
the probability of the data point z given that it is generated from the ¢™ Gaussian

component. It has a Gaussian form. Thus,

B (/%)= ‘ZﬂAxc -3 e—%(z—uxc) Ay 71y (2.16)

bl

where p, and A, are, respectively, the mean vector and the covariance mattix for the

¢™ component. Moreover, the weights (probabilities) of the C components add to one,

so that
we £ py (%), 2.17)
c c
and W=D Py (xp)=1. (2.18)
c-1 c-1
Therefore (2.15) can be written as
c
p,(2)= > W, b, (2/%,) - (2.19)
c-1

The expectation maximization (EM) algorithm, as described in Section 2.2.3, can be used
to estimate the parameters of the Gaussian mixture. Using the terminology of the EM
algorithm, the available data z is the incomplete data and together with the hidden data

x forms the so called complete data. The parameter set in this case is
$= {WC,HXC,AXC } Ve e[l C]. By taking the derivative of the conditional expectation of the

log-likelihood function Q(#|¢™), as defined in (2.9), with respect to the parameter set, we

generate the update equations for the E-step and the M-step as follows:
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E-step:

. T 1
O = ® 2 A B[ ORI )

(2.20)
M-step:
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e ==y 2.21)
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i=1
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N
> y@®
i=1

where k 1is the iteration number and N is the number of available multidimensional data

points z.

2.5 Synthetic/Inverse synthetic aperture radar

(SAR/ISAR)

In a conventional radar, resolution in the azimuth (cross-range) direction improves as the
antenna aperture or the radar central frequency increases, and resolution in the range
direction improves as the radar signal bandwidth increases. A radar in motion can combine
echoes from multiple pulses transmitted at different spatial locations to improve azimuth
resolution. This signal synthesis can achieve an azimuth resolution that would require a
much larger antenna aperture in a conventional radar. This concept is called synthetic
aperture radar (SAR) [28, 29]. Alternatively, instead of having the radar moving and the
target stationary, as in the SAR mode, the inverse synthetic aperture radar (ISAR) mode
operates with the target moving and the radar stationary. While the signals are similar in
both cases, image formation in the ISAR mode is more challenging simply because the
motion of the target is not known. The motion of the radar platform in SAR mode can be
estimated quite well when an inertial measurement unit (IMU) and/or global positioning

system (GPS) are available.
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Figure 2-2 Synthetic aperture radar (SAR) in spotlight mode

Figure 2-2 shows the operation of a synthetic aperture radar (SAR) in spotlight mode. The
size of the synthetic aperture increases with a longer flight path. The larger the synthetic
aperture, the finer the azimuth resolution becomes. In spotlight mode, the radar constantly
points to the scene center from pulse to pulse. The scene center is the center of the SAR

image that is formed.

2.5.1 The SAR image formation process (IFP)

SAR image formation consists of the processing operations required to produce an image
from a SAR signal and flight path information. This data processing includes IMU and
GPS data processing to extract the flight path information, matched filtering and
demodulation processing to obtain the baseband in-phase and quadrature phase (IQ)
signals, motion compensation to ensure that the signal is referenced to the desired scene
center correctly and that the coherence between echoes is correct, image formation from
the 1Q signal (for example using the polar format algorithm (PFA) or back projection
algorithm), and SAR autofocus to compensate for motion error from the IMU and GPS,

which is more apparent for high frequency band radars [28, 29].

2.5.2 SAR autofocus

SAR autofocus corrects the defocused SAR image by compensating for phase errors from

pulse to pulse. This phase error can be created by uncompensated motion between the
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SAR antenna phase center (APC) and the scene being imaged, algorithm approximations,
hardware limitations and jitter in the demodulation timing. For high resolution SAR
imagery, tight tolerances are required for flight platform positioning errors which may not
be achievable even with today’s technology. Furthermore, some sources of phase error
such as atmospheric turbulence can cause the demodulation timing error to become
independent of the precision of the onboard IMU and GPS. The use of autofocus
techniques in SAR imaging eliminates the significant hardware cost associated with the
ultra-high-accuracy navigation system needed to keep the flight platform positioning error
down. At the same time, it can also take care of other sources of defocusing error. As a

result, SAR autofocus is an indispensable part of the SAR image formation process.

The phase gradient algorithm (PGA) [29-31] is the most popular and widely utilized
algorithm for SAR autofocus. Unlike other SAR autofocus approaches, which depend
upon a low-order phase error model such as a quadratic or cubic phase error model, PGA
does not use any phase error model. Thus, it can deal with an arbitrarily high-order phase
error. The theory behind the PGA uses a range profile model in the range-compression
(range-azimuth, range-pulse or range-doppler) domain. It makes the following assumptions:
(1) the range profiles of two adjacent pulses are the same; (2) the phase error is range
invariant or pulse dependent only; (3) white additive complex Gaussian noise adequately
models the range profile noise. Apart from these, in the algorithm a circular shift in the
cross-range dimension of the SAR image is performed so that the strongest scatterer at

each range gate is aligned at the center. Under these conditions, we have,

g(r, p)=a(r)e"*® +n(r, p)

| (2.24)
gr,p+1) =a(r)ePV 4 n(r, p+2)

where r and p are, respectively, the range and pulse indexes, a(r) is the ideal range
profile, #(p) is the phase error for pulse p, n(r,p) is two-dimensional white complex

Gaussian noise and  g(r, p) 1is the actual measured range profile. Define

_{ a(r,p)
X =

g‘(r,p+1)} and Ag=¢(p+1)-d(p). (2.25)

We see that x has a zero-mean bivariate complex Gaussian distribution. By maximizing

the log-likelihood function, In(p,(x;A¢)), with respect to the phase gradient, Ag, we have

~ N *
Ady (p+1) = A{Z g(r.p) g(r, pﬂ)] (2.20)

r=1
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Correction of the phase error using the phase gradient A&ML(p) can focus the SAR image
but a constant phase error across all pulses can still exist. This can cause a shift in the SAR
image. PGA autofocus works well if the error that causes the defocusing can be adequately
modeled by pulse dependent phase errors across pulses only. In general, this condition

does not apply in the ISAR autofocus case.

Minimum entropy autofocus [19, 32, 33] assumes that the entropy of a focused SAR image
is lower than the entropy of a defocused one. This is equivalent to the assumption that the
spikiness of a focused SAR image is higher than the spikiness of a defocused one, since
minimizing the entropy is equivalent to increasing the spikiness of a SAR image. Based on
this reasoning, minimizing the entropy is expected to bring the SAR image in focus.
Minimum entropy autofocus is applied in the complex image space, where the entropy

H is defined as follows:

H= Z p(r,c)In {—p(: c)} ) (2.27)
and
2
p(r,c) = () (2.28)

Z:|x(r,c)|2 '

In these expressions, r and c are, respectively, the range and cross-range indexes of a
pixel in the image, x(r,c) is the complex intensity of a pixel, and p(r,c) is the
normalized power of a pixel. The normalization is such that the power of all pixels in the
image sums to one. As a result, the normalized power, p(r,c), has the attributes of a
probability associated with pixel (r,c). Unlike PGA, where the calculation of the phase
gradient of each pulse depends only on two adjacent pulses as shown in equation (2.20),
with minimum entropy autofocus the phase corrections along the entire cross-range data
set have to be found simultaneously. Because there can be hundreds to thousands of phase
corrections (unknowns) which have to be solved simultaneously depending on the
cross-range dimension of the SAR image, the method is often not feasible. One remedy
that is frequently implemented is to fit the phase corrections with a low-order polynomial
or basis functions so as to drastically reduce the number of unknowns as shown below
¢(5,kc):ZN:b(i)kc‘ , (2.29)
i=0

18



where N is the order of the polynomial, b(i) and b are respectively the i-th
coefficient and the coefficient vector of the polynomial, and k, is the index of the
k -space in the cross-range dimension. The coefficient vector b, obtained by minimizing

the entropy of the SAR image H(x) becomes

b, = arg{mbin{H (F ’1{X(kr,kc)ej¢(ﬁ'k°) }j}} , (2.30)

where F ™ is the two-dimensional inverse Fourier transform and X(k, k) is the IQ

signal on the k -space rectangular grid.

2.5.3 ISAR autofocus

ISAR autofocus [34, 35] forms a focused SAR image of a moving target instead of a static
scene as in the SAR case. On the surface, the ISAR autofocus problem should be very
similar to the SAR autofocus problem since it is only the relative motion between the radar
and the target (scene) that matters and it doesn’t depend on which one is actually moving.
What makes the ISAR autofocus problem more difficult than the SAR autofocus problem
is the uncertainty of both the translational and rotational motion of the target, which
results in uncertainty of the azimuth angle with respect to the target body axis for each
radar pulse. The azimuth error is depicted in Figure 2-3, where the red line is the actual line
of sight (LOS), the blue line is the estimated line of sight, and the azimuth error is the angle
difference between the red and the blue line for each pulse.
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Figure 2-3  Illustration of azimuth errors w.r.t. the target body axis from pulse to pulse (the

red line is the actual LOS and the blue line is the estimated LOS).

This means that, in general, the ISAR autofocus problem not only has to compensate for
the range errors (phase error) as in the SAR autofocus problem, but it also has to
compensate for this azimuth error. Depending on the complexity and characteristics of the
target motion within the dwell time, the azimuth error corresponding to a constant speed
linear target motion might be no more than a simple azimuth scaling, which should not
create any defocusing other than a scaling error of the ISAR image itself. In general,
however, ISAR autofocus requires a two-dimensional phase and amplitude error

compensation.

2.6 Characteristic of the point spread function (PSF)

In the blind deconvolution or blind equalization problem, the point spread function (PSF)
or impulse response of the degradation process is estimated either directly or implicitly, but
nevertheless simultaneously, with the unknown input data. Different applications naturally
have different point spread functions associated with the underlying physical process. Here,
we list a few of the common ones encountered in the fields of data communication,

photographic imaging and synthetic aperture radar (SAR) imaging.
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2.6.1 PSF in data communication

Data communication generally deals with complex signals, where both the transmitted data
sequence and the point spread function are complex. An example of a complex
communication signal is a quadrature amplitude modulated (QAM) signal. The point
spread function describes the communication channel dispersion, which is a
one-dimensional signal that is usually non-minimum phase and is ill-posed. This channel
dispersion is typically a lowpass process that satisfies the conservation of energy as shown

below

> [hmf =1, (2.31)

neSy

where S, 1is the support of the point spread function h(n). Conservation of energy here
means if the channel has a white noise input, channel dispersion that satisfies equation

(2.31), guarantees the channel output is also white noise with the same energy.

2.6.2 PSFs in photographic imaging

In photographic imaging, common degradations are due to out-of-focus, diffusion and
motion. Out-of-focus degradations result from focusing to the wrong depth. Diffusion
degradation is caused by imperfection of the lens or by atmospheric turbulance. Finally,
motion degradation is the result of relative motion between the camera and the subject in
the picture during the integration time of the sensor. The point spread functions or
impulse responses of out-of-focus, diffusion and motion are all two-dimensional, real

signals satisfying the unity D.C. gain constraint given by

> h(m,n)=1. (2.32)

(m,n)eS,

The impulse response of out-of-focus blur is often modeled as a pillbox-shaped function,

l ; 2,12 _ 2
hmmy={xk T mrm<r 2.33)
0 elsewhere

The impulse response of diffusion blur, is often modeled as a Gaussian blur,

h(m,n) = Gj e{m;n ) , 2.34)
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and the impulse response of motion blur with an angle @, a directional blur is,

1
h(m,n) =4k
0 elsewhere

. 2,02 _ 2 =i
if m*+n®<r® & n=integer{tan(6) m} (2.35)

In these expressions k is a normalizing factor so that the unity D.C. gain in (2.32) is

satisfied and r is the radius of the blur.

Pillbox-shaped out-of-focus blur Diffusion blur

x10 gt

Motion blur

Figure 2-4  Examples of impulse responses of (a) pillbox-shaped out-of-focus blur, (b)
diffusion (Gaussian) blur and (c) motion (directional) blur at 25 degrees.

Example of impulse response of pillbox-shaped out-of-focus blur in (2.33), impulse
response of diffusion blur in (2.34), and impulse response of motion blur in (2.35) are

depicted, respectively, in (a), (b) and (c) of Figure 2-4.

2.6.3 PSF in SAR autofocus

The point spread function in SAR [28, 29] is naturally defined in the spatial frequency
(angular wavenumber) domain or so called the k -space. The k -space for
two-dimensional SAR imaging has two orthogonal axes, say k and k , which are
frequency variables for range and cross-range respectively. The PSF for the SAR autofocus

problem [31, 32, 36-40] in the spatial frequency domain is expressed as
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H(k, k) =e"®) (2.36)

Note that the point spread function in SAR autofocus is generally phase only and in the
cross-range dimension. However, for inverse synthetic aperture radar (ISAR) autofocus, a

more general model is usually required due to non-uniform target rotation.

2.6.4 PSF in ISAR autofocus

In Section 2.5.3, we described the ISAR autofocus problem. This interpretation suggests
that in order to capture both the azimuth and range(phase) error the point spread function
can be modeled by a two-dimensional complex impulse response in the spatial domain,

h(r,c) , with finite support. In the spatial frequency domain, this PSF can be expressed as
H(K, k) = Ak, k ) etk 2.37)

where A(k,,k.) is the amplitude and ¢(k,,k,) is the phase component of the PSF in the

spatial frequency domain.

This error model is crucial for our proposed ISAR autofocus approach. It justifies our
belief that the Bussgang deconvolution framework is fundamentally applicable to the ISAR

autofocus problem.
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3 Self-correcting multi-channel Bussgang

(SCMB) blind deconvolution

In this chapter, we introduce the idea of extending the Bussgang blind deconvolution
framework to applications that do not meet both the independent and identically
distributed (iid) and known probability density function (pdf) requirements on the input
signal. We start by investigating the possibility of relaxing the iid requirement and then
follow by modifying the original Bussgang algorithm by adding a feedback loop and a pdf
parameter estimator so as to remove the known pdf requirement. The input signal is
modeled using a Gaussian mixture model; the expectation maximization (EM) algorithm is
used for the parameters estimation. In addition, a link between the multi-channel Bussgang
algorithm and the longer equivalent equalizer length is established which suggests that the
multi-channel Bussgang blind deconvolution algorithm converges more reliably to the
global optimum [2] than its single-channel counterpart. We call the resulting design the
self-correcting multi-channel Bussgang (SCMB) blind deconvolution algorithm. Its

functional block diagram is shown in Figure 3-1 below.

— PO ¢ [
Vl () 4 Error cancellation
X(- y() | AX(C) | kil o~ e
() 4’@%1 > f,() ) ] ( RhE
" X() X() | pdfesmation
v 3 R

Vi(') ¥ P () o, 4@1 oy H2 )
O ) y ()

f T Normalization N onlinearii'&\
L ()

\4
A 4

A

Filter update |[€¢— z*

Figure 3-1  Functional block diagram of the self-correcting multi-channel Bussgang
(SCMB) blind deconvolution algorithm
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The variables in the functional block diagram of the self-correcting multi-channel Bussgang

(SCMB) blind deconvolution algorithm in Figure 3-1 are as follow:

x() - Unknown input data.

h () - Unknown impulse response or point spread function (PSF) at channel i .
v (+) - Additive noise at channel i.

Y. (") - Measurable output data at channel i.

f.() - Inverse impulse response or equalization filter at channel i .
%) - Deconvolved output before normalization.

X(-) - Deconvolved output with unity variance.

AX(?) - Feedback signal for pdf error cancellation.

g{} - Zero-memory nonlinearity.

K{} - Process for estimation of pdf parameters using EM algorithm.
P{} - Feedback mechanism for pdf parameters error cancellation.
X() - Output of the Bussgang algorithm (estimation of x(n))

(the desired signal in the context of adaptive filtering).
z - Unit frame (iteration) delay.

Note that in the SCMB blind deconvolution algorithm, as shown in the above functional
block diagram, the error cancellation feedback loop, the pdf estimation and, of course, the
Bussgang nonlinearity will vary with applications. More application-specific details of these
modules will be discussed in later chapters. In Chapter 4, details specific to the binary
image restoration problem will be discussed, and in Chapter 5, details specific to the
SAR/ISAR autofocus problem will be discussed.

3.1 Relaxing the iid requirement for Bussgang blind

deconvolution

The independent and identically distributed (iid) requirement of the input data, x(n), is
imposed in implementations of the Bussgang algorithm discussed in the literature [1, 12,
41], so that the deconvolution noise, w(n)=X(n)-x(n), will be zero mean, white and
Gaussian. We suggest here that while the iid requirement on the input data is a sufficient
condition, it is not a necessary one. Therefore, it can be relaxed. We illustrate our assertion

for the single channel case with no additive noise, as shown in Figure 3-2, for simplicity.
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Figure 3-2  Functional block diagram for generating the deconvolution noise for the single
channel case with no additive noise

Note that f°(n) is the ideal inverse impulse response such that h(n)* f°(n) = §(n), where
* represents convolution and &(n) represents the unit impulse function with &(0)=1

and &(n)=0 forall n=0.We can then express the deconvolution noise as

win)= > V({)x(n-1), (3.1)

1=k+i
ke[0,L; -1]
i<[0, L, 1]

where V(I)=[f(k)- f°(k)]h(i) is a noise-like equalization residue, L, is the filter length
of the inverse impulse response and L, is the filter length of the impulse response. For
sufficiently long filter lengths L, and L,, when close to convergence, we propose to
approximate the noise-like equalization residue V(I) by a zero-mean white Gaussian
distribution. This is a weaker assumption than the iid assumption on the input data x(n)
that is found in the literature. Instead, we view the input x(n) as deterministic. Therefore,
from (3.1) the deconvolution noise w(n) is a linear combination of zero-mean white
Gaussian random variables V() which means that it is zero mean, white, and Gaussian.
As a result, Bussgang blind deconvolution should be applicable to a non-white, correlated

input signal.

3.2 Dealing with the unknown pdf in Bussgang blind

deconvolution

In digital communication, the pdf of the transmitted signal can quite often be adequately
modeled by a uniform distribution, because the transmitted symbols are independent and
identically distributed (iid). In this case, the pdf can be completely known. However, for
applications other than digital communication, such as image restoration, the pdf of the

input data won’t be completely known and will vary from application to application. To
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demonstrate the problem of an unknown pdf in Bussgang blind deoconvolution, we apply
the algorithm to a binary image restoration problem for which the pdf of the original
binary image is not completely known. Even though the pdf of the binary image can be
expressed in the form p,(x) = p,d(x)+(1—p,)d(x—a) with the pixel value of either 0 or
a, the probability of the background p, will not be known, since the original, undistorted
image will not be available. In this example, the original binary image has a background
probability of p, =0.913 and is blurred by a 7x7 and a 9x9 out-of-focus point spread
function (PSF) as defined in (2.33), respectively, in channels one and two, as shown in
Figure 3-3(a) and Figure 3-3(b). The multi-channel Bussgang algorithm is applied with
different guesses for p, and the restored images are shown in Figure 3-3 (c-f). In Figure
3-3 (c), we show that the multi-channel Bussgang blind deconvolution algorithm restores
the original image flawlessly as in the literature [42] when the correct value of p, is
known. However, this is actually not very meaningful or useful, since, we will not know
what the background probability p, should be in reality. Guesses with deviations of 0.213,
0.113 or even as little as 0.027 from p, =0.913 give bad restoration results as shown in
Figure 3-3 (d-f), respectively. As a result, we conclude that Bussgang blind deconvolution

cannot be applied to binary image restoration without modification.
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(@) Blurred image in channel 1 (b) Blurred image in channel 2

Binary image blind
restoration experiment. This
image will be degraded with
different kind of degradations
and the performance of the
recovered images will be
measured in terms of ISNR.
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(c) Recovered image p, =0.913 (d) Recovered image p, =0.7

50 100 150 200 250 50 100 150 200 250

(e) Recovered image p, =0.8 (f) Recovered image p, =0.94

Figure 3-3  Problem of unknown pdf in Bussgang blind deconvolution
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3.3 Design of a feedback mechanism for the Bussgang

algorithm

In Section 3.2, we illustrated the problem of the multi-channel blind deconvolution
algorithm, when total knowledge of the pdf of the input signal is not available, using a
binary image restoration example. In fact, most blind deconvolution problems do not have
complete knowledge of the pdf of the input signal. Therefore, despite the many theoretical
advantages of the Bussgang blind deconvolution algorithm, its popularity is very limited.
To change this picture, we attempt here to remove the known pdf limitation by designing a
feedback loop to cancel out, or self-correct, the output error caused by the incomplete
knowledge of the pdf. The intent of this feedback mechanism is to estimate the pdf
simultaneously and harmoniously with the estimation of the equalization filters in the
original Bussgang algorithm without jeopardizing its convergence. To explain the concept
more precisely, let the pdf of the input signal be paramterized by a vector ®. The

Bussgang nonlinearity can then be expressed as,

X() = g{X(); @5 . 3.2)

An estimation etror in @ at iteration i, A®", will result in a nonlinearity output error
AX()Y . That is,

2()+AX()? = g {X(); @+ ADD (3.3)

Therefore, we introduce the negative feedback term, AX()", in an attempt to cancel out

the nonlinearity output error such that,
%) = g{X() =X ;> + A"} (34)

The question now is how to find the negative feedback signal AX(-)". This unconventional
feedback loop design is application dependent. A more detailed discussion of the design
for the binary image restoration problem and for the SAR/ISAR autofocus problem are

postponed to Chapters 4 and 5, respectively.
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3.4 Gaussian mixture pdf modeling and estimation

using the EM algorithm

In the SCMB blind deconvolution algorithm, a Gaussian mixture model is used to
parameterize either a portion of or the whole pdf of the input signal depending on the
application. For example, in the binary image restoration problem, the binary image is
modeled by a two-component Gaussian mixture model, while in the SAR/ISAR autofocus
problem, the logarithmic amplitude of the complex SAR/ISAR image is modeled by a
three-component Gaussian mixture model. Therefore, estimating the unknown pdf is
reduced to estimating the parameters of the Gaussian mixture model. The general formula

for the pdf of a Gaussian mixture model of random variable z is

pz (Z) - ;Wc |:{\/§O'C € > (3'5)

where

Sw, =1 (3.6)

c=1

The number of Gaussian components, C, depends on the application. The parameters of
the Gaussian mixture model are the means, standard deviations and weights respectively
4., o, and w,. They are estimated utilizing the expectation maximization (EM)

algorithm as described in Section 2.2.3.

3.5 Global convergence for the multi-channel case

The global convergence of the original Bussgang blind deconvolution algorithm was
proved by Albert Benveniste in 1980 [2] for an infinite length equalization filter. The
multi-channel Bussgang algorithm effectively increases the equalization filter length
compared to its single-channel counterpart and, therefore, can be expected to converge
better. The approximation of the deconvolution noise W(-) by a zero-mean, white
Gaussian distribution is also expected to be more appropriate in the multi-channel case,
since multiple noise-like equalization residues, V (I), are summed as compared to the
single-channel case in (3.1). In the one-dimensional multi-channel case, the expression for

the deconvolution noise becomes
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I=k+i

D [gvc(l)}x(n—l), (3.7)

ke[0,L; -1]
ie[0,L,-1]

where the equalization residue for each channel is

V() =] £, (k)= £.2(k) h, (D). (3.8)

3.6 Bussgang nonlinearity in SCMB algorithm

In the derivation of Bussgang blind deconvolution algorithm, the nonlinearity g{} results
from Bayesian estimation, in which the Bayes risk J(X), defined in (2.12), is minimized.

The nonlinearity depends on the choice of the cost functional C(-) in the Bayes risk.

3.6.1 Bayesian estimation with quadratic cost

In our self-correcting multi-channel Bussgang (SCMB) blind deconvolution algorithm, we

choose a quadratic cost functional for the Bayes risk. That is,
C(x-X(x)) = (x-%(X))°, (39)

where, x, X and X are the random variables for the unknown original signal (input
signal), the output of the equalization filters and the output of the Bussgang nonlinearity,
respectively. With the choice of a quadratic cost functional, the Bayesian estimate is also
the minimum mean square error (MMSE) estimation. By using variational calculus and

substituting (3.9) into (2.12), we have
R(%) = E{x| 33 = [ xp, (x| X)dx 2 g{x}, (3.10)

where p,,(x|X) is the conditional probability density function of x when X is known.

Therefore, the output of the SCMB blind deconvolution algorithm, which is the Bussgang

nonlinearity, g{X}, is the conditional mean of the inaccessible input signal, x, under the
condition that the equalization filter output X is known; its derivation is given in

Appendix Error! Reference source not found..
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3.6.2 Expressing the nonlinearity in terms of the pdf

The nonlinearity g{x}= E{x|X} in the previous section is more usefully expressed in terms
of the pdf of the input signal x and the pdf of the deconvolution noise, w. By using

Bayes’ rule, the definition of the deconvolution noise w=X-x, and the relationship of the

probability density functions p,(X)=p,(X)*p,(X) caused by the sum of independent

random variables X =w+ X, it can be shown that

[ %P (%) p,, (X~ x) dx
[ .00 p, (x=x)dx

0{X} £ E{x| X} = (3.11)

The derivation of the above fundamental Bussgang nonlinearity equation is given in

Appendix Error! Reference source not found..

3.7 Equalization filter updating in the SCMB

algorithm

The equalization filter update in the Bussgang algorithm usually employs a stochastic
gradient-based adaptive filtering technique. A stream-based digital signal processing (DSP)
technique such as the least mean square (LMS) algorithm is often used. The choice
between stream-based versus frame-based approaches for updating the equalization filter is
analogous to the direct convolution versus an FFT implementation of an FIR filter. The
price that frame-based approaches impose is that the output is delayed by a frame interval.
However, with the self-correcting multi-channel Bussgang (SCMB) algorithm, a
frame-based approach is more suitable, since the feedback mechanism already requires a
frame delay to exploit the statistics collected from the previous frame. Also for
frame-based applications, such as image or video processing, a frame-based approach fits

the problem naturally.

3.7.1 Estimated deconvolution noise

To develop an update rule for the equalization filter f (), it is reasonable to seck to
minimize the energy of the deconvolution noise w(-)=X()-x() . However, the
deconvolution noise is not computable since the input signal x(-) is always unknown.
Instead we minimize the energy of the so- called estimated deconvolution noise, &('), that

we define as
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e()=x()-%(), (3-12)

which is the difference between the normalized deconvolution output and the nonlinearity

Output.

By using variational calculus, the mean square error (MSE) E{e()&()} of the estimated
deconvolution noise is minimized with respect to the equalization filter coefficients under
the assumption that the equalization filters are independent of the estimated deconvolution
noise. We conclude that the estimated deconvolution noise is orthogonal to the input of

the equalization filter. That is, in the two-dimensional case,
E{y.(m-k,n—1)g(m,n)}=0, Ve (3.13)

where y (m,n) is the input of the equalization filter f (m,n) at the c-th channel.

3.7.2 Multi-channel Wiener filter

Beginning with the orthogonality principle in (3.13) and substituting for the estimated

deconvolution noise &(m,n),

g(mn)=>> f.(p.a)y.(m-p,n-g)-X(m,n), (3.14)

c pq

then after some minor manipulation of the equation the equalization filter coefficients that

minimize the estimated equalization error can be seen to satisfy the equations

C P Q
2 2 fpoar,, (m—p,n—q)}r;y, (m,n), (3.15)

=1 p=Pq=0Q

where the channel index i€[l, C]. The equalization filter coefficient indexes m and n
extend over the range me[-P,P] and ne[-Q,Q] , and the two-dimensional

cross-correlations are given by
.y, (p,@) = E{y.(mn)y,(m-p,n-0q)}, (3.16)
and

iy, (P,@) = E{X(m,n)y; (M~ p,n-0) }. (3.17)
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It is clear that solving for the equalization filter f, is equivalent to finding the solution for
the multi-channel Wiener-Hopf equation in (3.15). In the actual implementation, equation

(3.15) is expressed in a compact matrix form as shown below,
R,f=R,, (3.18)

where the dimension of R y is C(2P+1)(2Q+1)xC(2P+1)(2Q+1) and the dimensions of f
and Ry, areboth C(2P+1)(2Q+1)x1.

The multi-channel equalization filter vector f is formed by stacking the column scan of

the two-dimensional equalization filter f; from each channel as described below,

{(-P-Q -~ f(-P.Q) f
: - : , fj =Vec{fj},and f=|: (3'19)

f = : . :
fi(P.-Q) - f;(P.Q) o

]

where Vec{} represents the column scan of a matrix.

The multi-channel input correlation matrix R, used in the compact matrix form of the

multi-channel Wiener-Hopf equation in (3.18) is composed of a hierarchy of matrices as

shown below,

', 0Om-n r, (-Lm-n) - I,y (-2P,m-n) |
r,y m=n) r,,y (0,m—n) .y (F2P+1Lm-n)
R, (m-n)= : : (3.20)
_ryjyl(ZP,m—n) My 2P-Lm-n) -- ryjyl(O,m—n) |
(R (0 R;(D o Ry(2Q) |
Rij(l) Rij(o) Rij(_2Q+l)
R = : : and (3.21)
[R;;(2Q) R;(Q-1) - R;(0)
_Rll RlZ RlC_
R21 R22 RZC
R, =| : Dol (3.22)
_Rc1 R, Rcc_
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ﬁij(m,n) is a Toeplitz matrix, R;; is a block Toeplitz matrix and R, is a tiled block

Toeplitz matrix.

Similar to the procedure used to construct the multi-channel equalization filter vector f,

the multi-channel cross-correlation vector between the output and the input, R;,, is

Ry >

formed by stacking the column scan of the two-dimensional cross-correlation R, from

each channel as shown below,

el

rs?yc(_P!_Q) rxyc(_PlQ) Ry,
: | |, R, =VeofR,,} and R,=| i |. (323

R : . :
r?yC(P,—Q) rxyC (P,Q) Iif(yc

Ryc =

By solving the compact matrix form of the Wiener-Hopf equation using direct matrix

inverse of R, in (3.18), the multi-channel equalization filter update for the SCMB

algorithm can be accomplished.

3.7.3 Efficient multi-channel Wiener filter solver utilizing the

FFT

The update of the single-channel or the multi-channel equalization filter of the proposed
SCMB algorithm requires solving the Wiener-Hopf equation. When the support of the
two-dimensional equalization filter is large, especially in the multi-channel case, solving for
the equalization filter using (3.18) directly, which does not exploit the structure of the input
correlation matrix R, can be exceptionally costly in terms of both the memory and the
computation time required. For example, in some cases, it is desirable to have a

two-dimensional equalization filter with the support size as large as the image, say

512x512. Assuming a two-channel scenario, the matrix R, that needs to be inverted in

(3.18) would have a dimension of 524288x524288. Thus, it is obviously worthwhile to

pursue a more memory efficient approach to solving for the equalization filter.

In the single-channel case, the multi-channel input cotrelation matrix, R, in (3.18),
reduces to Ry, as shown in (3.22), which is a block Toeplitz matrix. Fast algorithms exist in
the literature that take advantage of the block Toeplitz structure [43-46]. Most of these fast
algorithms are deterministic, iterative methods that make use of both the matrix inverse
lemma and the fact that both the block Toeplitz matrix, R,,, and its inverse, R, are

block persymmetric matrices. That is,

‘](2P+l),(2Q+1) (Ru )T J(2P+l),(2Q+l) = (Rn) > (3'24)
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and

T
‘](2P+1),(2Q+1) (Rnil) ‘](2P+l),(2Q+1) = (Rllil) > (3'25)

where J 0.1 0. 18 the block exchange matrix as shown below,

0 0 e 0 - 0 1
: J 0 : 1
(2p+1) :
Jopay 20 = 0 K R P 0 - |- (3.26)
‘J(Zpﬂ) 0 0 | 10 -0
(2Q+1) (2P+1)

These fast algorithms can be generalized into the Trench algorithm and the reverse Trench
algorithm. In the Trench algorithm approach, the column scan of the two-dimensional
equalization filter f,, f,, of dimension (2P+1)(2Q+1)x1, starts with the dimension of a
single column of length (2P +1) and grows by adding (2P +1) elements to its length with
each iteration for 2Q iterations. In contrast, for the reverse Trench algorithm approach,
the algorithm first patches the block Toeplitz matrix R,, into a block circulant matrix,
R, , with a dimension of (2P+1) (4Q+1) x (2P+1) (4Q+1). Because of the block
circulant structure, its inverse Q,, is also a block circulant matrix, which can be efficiently
obtained by using the Fast Fourier Transform (FFT). The dimension of Q,, then shrinks

by a dimension of (2P+1) eclements with each iteration for 2Q iterations before

reaching the final solution.

In the single channel implementation of the equalization filter update for the SCMB
algorithm, both the Trench algorithm and the reverse Trench algorithm-based approaches
are utilized to reduce the required memory and computation time. We will first outline the
Trench algorithm-based approach here and will strip off the subscript representing the
channel number that we use in the general multi-channel case. Then, equations (3.21) and
(3.22) become

R(0) R(-1) - R(-2Q+1) R(-2Q) |
R(1) R(0) R(-2Q+2) R(-2Q+1)
Ry, = : : (3.27)
R(2Q-1) R(2Q-2) R(0) R(-1)
| R(2Q) R(Q-1) - R() R(0)
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Noticing that R, is replaced by R,y,;, we replace the subscript y with the number of

rows or columns of the Toeplitz matrices in R, to facilitate a nested structure

representation as shown below:

_ RZQ lgfzo
LA o2
where
R(0) R(-1) R(-2Q +1)
R,, - R:(1) R(0) ) R(—2Q+2) ’ (3.29)
R(2Q-1) R(2Q-2) R(0)
and
R(-2Q) R(2Q)'
N R(-2Q +1 - R(2Q-1)"
R o= PO R, - (QE ah (3.30)
R(1)’

li(;l)

The Wiener-Hopf equation in (3.18) can be expressed in the single channel case with the

channel number dropped,
R2Q+1 f= ﬁiy (3.31)
where,
f(1) R;, (D
- _ R, (2
f= f(:2) ,and Ry, = Xy:( ) . (3.32)
£(2Q +1) R, (2Q+1)

Note that f and Ry, are, respectively, the two-dimensional equalization filter and the

cross-correlation matrix, as defined in (3.19) and (3.23), with the channel subscript dropped
respectively. f(n)

Ry >

f(n) and R, (n) are the n-th column of the matrix f and R
such that,

Xy >

and Ry (n) are, respectively, the vectorized forms of f and R
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@) R, @)

f(2) R; (2)

fm=| | and Ry (n)= (3.33)

f(‘n) R;, (n)

Equations (3.28), (3.29) and (3.30) can be rewritten in their iterative form at the n—th

iteration, respectively as,

R, :P; R, } (3.34)
R, R(0)
R(O) R(-1) - R(-n+1)
R, = R:(l) R(0) ) R(-n+2) (3.39)
R(n-1) R(n-2) R(0)
R(-n) R(n)"
R - R(—r:1+l) R, - R(n:—l)T (3.36)
R(-1) R’

With the variables needed defined above, the Trench algorithm-based approach [46] used

to solve the Wiener-Hopf equation in (3.31) for the equalization filter in the SCMB
algorithm is given in the table below:

Initialization
w, = -R(0)R(-1)
v, =-R(0)" RO’
a, =R(0)+RQ)"w,
() =R(O) "R, ()

Main iteration for n=[1,...,2Q]

By =Y Ry (M)+R, (n+1) where,

f(n+1) = {ig])} + {V_V(In)}anlﬂn lg—n =Jpaaym l:{n
R(=(n+1)) = Jgp.y) R(=(n+1)
|

B =w R, +R(~(n+1)) J

(2P+1) I
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0 N
Wha = |~ |% +n
Wol |V,

2 .
B.=v"R._+R(n+D’

_ \_7n V_Vn -1
1 0 - | a, ﬂ—n

T T
gy =4, _ﬂ—n a, ﬂm

<>

Table 3-1 Iterative solution of a doubly block Toeplitz set of linear equations (Trench
algorithm-based approach)

It turns out that there is a typographical error in one of the key equations in the original

0 N
\Lvm-l = |:\Lvni|_|:\_7n:|an +n (337)

as shown in the table above, the paper erroneously has,

W, = {V(v) }—U }an . (3.38)

with 1= Jeeay ! replaced by |, We determined this by re-deriving all the equations in [46]

paper [46]. Instead of the step

and comparing the differences.

In the multi-channel case, the multi-channel input cotrelation matrix R, is a tiling of
block Toeplitz matrices R; but itself is not a block Toeplitz matrix. As a result, both the
Trench algorithm and the reverse Trench algorithm-based approaches are not applicable.
Therefore, we developed an extremely efficient gradient-based method that can handle
both the single channel and the multi-channel cases and does not require any matrix
operations with a dimension of C(2P+1)(2Q +1)xC(2P +1)(2Q +1) as required by the direct
method in (3.18). Instead, an FFT and an IFFT of dimension (2(2P +1)-1)x(2(2Q +1)-1)

are used.

The outline of the derivation of our multi-channel gradient-based equalization filter update
is given below. For simplicity, the support of the equalization filter is assumed to be
D, xD, instead of (2P+1)x(2Q+1), and the support of the input of the equalization filter
is assumed to be N;xN,, such that N,>D, and N, >D,, without loss of generosity.

From the functional block diagram of the self-correcting multi-channel Bussgang (SCMB)
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blind deconvolution algorithm in Figure 3-1, we define the error between the deconvolved

output and the Bussgang nonlinearity output in the two-dimensional case as
e(nlinz)=)A((n1'n2)_)~((n1*nz)a (339)

where 0<n <N,-1 and 0<n, <N, -1, which can be more conveniently expressed in its

vector form given by
e=X-X. (3.40)

To update the equalization filter f, ™ of channel i at the n—th iteration, the costJ,
defined as the sum of the error energy samples, is minimized using a steepest descent

approach,

7 z 0J
(D_ F ()
f, "=, ﬂ{é‘f o } , (3.41)

where u is the step size and
J=e"e. (3.42)

The deconvolved output, X, can be written in terms of the input of the equalization filter,

y,(n,,n,), and the equalization filter, f,(n,,n,), in its matrix-vector form as

i:iY.f. (3.43)

i
i=1

Y, isa N;N,xN,;N,, block circulant matrix,

Y0  Y(N,-) - Y
Y, Yi'(l) Y, FO) o , (3.44)
: : . Y.(N, -1
Y(N,-) - - Y(0)
and Y,(s) isa N,xN, circulant matrix,
¥;(0,5) Yi(N;-1s) - y;i(Ls)
</ _ yi (11 S) yi (01 S)
Y, (s) = : E y (N, ~1s) | (3.45)
N-Ls) e y09)

N, terms

40



f isa N,N,x1 vector and is the column scan of the matrix F, formed by zero-padding

the equalization filter f;(n,,n,) from a support size of D,xD, to a support size of N,xN,

which can be expressed as

f =vec{F}, (3.46)
and
f.(0,0) f.(0,D,-1) 0]
F=|f (Dlz—l, 0) f.(D, —1 D, -1) o . (3.47)
o : 0
NN, matrix
Now substituting (3.40) and (3.43) into (3.42), we have
c H c
J=(i—;¥fj (x—;Yj?jj. (3.48)
By applying variational calculus on J , the gradient, Z—% , becomes
g—%z—2[x“i]+2[x“x]fi+z[n“s{j]ﬁ. (3.49)

j#i

Notice that Y'Y, from the expression above represents the two-dimensional circular

cross-correlation between y;(n,n,) and y;(n,n,), which can be expressed as

Yy, = BC{R,, },

—
N; N, <Ny N,

(3.50)

N XN,

where BC{} is the block circulant operator. The cross-correlation matrix and its elements

are respectively,

, (3.51)

Yi¥j

My, (0,0)

Oy, (( Nf)T ,0)

N xN, matrix
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and

My, (18) = E{yi(m,n) yj(m—r,n—s)}, (3.52)

i

where is the ceiling operator.

Similatly, Y'Y, and Y"X can be expressed as functions of the cotrelation matrices

R, and R;, which are

YiYi

Y"Y, =BC{R,, } (3.53)
NN, NN,
and
Y"'x =vec{Ry, }. (3.54)

Where the auto-correlation matrix R, . and the cross-correlation function R;, are

Yi

rylyl(—(%)7’_(%)7) ry,y,(_(¥)j10) ryly,(—(%)j,(%)j)

R, = ry.y.(O,—(”?l)T) w00 rylyl(o,(“;l)j) (3.55)

| ry.% ((leil)j,—(%)j) ry,y, ((%)7’0) ry]y[ ((lefl)j,(%)T)

N, xN, matrix

and

rgy,(_(le—l)T_(%)B rxy,(_(leil)j,O) rxyl(_(lefl)T’(%)T)

Ry =| 1 (0,—( “Z{l)j) r,, (0,0) Ly (0,( ”22*1)7) . (3.56)

() () () 0 () ()

N; xN, matrix

Substituting (3.50), (3.53) and (3.54) into (3.49), we have,

=-2vec{R;, }+2BC{R, }f +> BC{R, }, (3.57)

j#i

IE
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which can be written in terms of the 2D-DFT, F {} and its inverse F *{} as shown

below,

%:vec{—zRM +2F 2P (R, P (F}+3F ’1{F (R, |F {FJ}}} (3.59)

i j#i

From (3.58), the gradient needed for the steepest descent approach involves a few forward

and backward N, xN, 2D-DFTs of the correlation matrices. However, the gradient that

we really want is the gradient of the cost, J, with respect to f o)

1 b z b

with no

zero-padding and not g—% We incorporate the independence between the input of the

equalization filter, y;(n,n,), and the error between the deconvolution output and the
Bussgang nonlinearity output, e(n,,n,) into the steepest descent algorithm, that is,
E{y;(n, —k,,n, —k,)e(n;,n,) }=0,Vk,k,. As a result, only the center (2D, -1)x (2D, —1) terms
of the correlation matrices are needed. By reflecting this fact into (3.58), the expression

becomes

o
—
N3
-,
—_—~—
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|
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=5
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|NSR—

0J ~
F = VeC{CDl’D2 {_ZRQV. + ZS

(3.59)

where C, , {} is an operator to extract the center D,xD, submatrix, and S

. {}

2)'(%)

. . . —‘ —‘ . . ~
performs a down and right circular shift of [%] [%] . The correlation matrices,R;,

bl

R, and Ry,y,- are the center (2D,-1)x(2D,-1) submatrices of R;, , R, and R,,

Yi¥i Xy 2 Yi¥i

and finally F, isa (2D,-1)x(2D,-1) defined as

0 --- 0 0
F=/0 --- (0,0 - f(0,D,-1) (3.60)
0 - f(D,-10) - f(D,-1D,-1)

(2D, -1)x(2D, —1) matrix

In summary, our multi-channel equalization filter update approach as represented by
equations (3.41) and (3.59) in practice requires only a few (2D,-1)x(2D,-1) 2D-FFTs.

The order of complexity for our approach in the single channel case is
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0 {(2D, -1)(2D, -1) log[(2D, -1)(2D, 1)} times the number of iterations, while the order of
complexity in the direct method is 0{D:’D,’}. The number of iterations required in our
equalization filter update approach is small (15-35) since X, which is required in the
gradient calculation, is itself evolving in the outer loop of the SCMB blind deconvolution
algorithm. Our algorithm is also efficient in terms of memory usage: the memory storage
required is 0 {(2D, —1)(2D, -1)}, while the memory storage required for the direct method
is 0{D’D,?}. Finally, the run time for a typical ISAR autofocus problem using our
algorithm is about 17 times faster and the focused ISAR image is visually indistinguishable

from that of the direct method.

3.8 Self-correcting multi-channel Bussgang (SCMB)

So far we have explained the key elements of the self-correcting multi-channel Bussgang
(SCMB) blind deconvolution algorithm. Even though the general design philosophy
should apply to all classes of signal, the actual form of the feedback and the way the input
signal is modeled are application dependent. In Chapters 4 and 5, we go into more specific
details of the SCMB algorithm for the binary image restoration problem and the
SAR/ISAR autofocus problem respectively.
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4 Binary image restoration using SCMB blind

deconvolution

In this chapter, we present the details of the self-correcting multi-channel Bussgang
(SCMB) blind deconvolution that were not covered in Chapter 3 and which are specific to
the binary image restoration problem. They include the design of the feedback loop,
modeling the probability density function (pdf), and the Bussgang nonlinearity. Simulation
results applying the SCMB blind deconvolution algorithm to binary images that have been
blurred by point spread functions (PSF) including out-of-focus blurs, diffusion blurs and

motion blurs conclude this chapter.

4.1 Design of a feedback mechanism for SCMB blind

deconvolution

The purpose of the feedback loop is to cancel the output error, AX, caused by the
incomplete knowledge of the pdf. In the binary image case, each pixel in the image is
modeled by the pdf

Px (X) = p05(X)+(1— p0)5(x—a), (41)

where the two binary levels 0 and a correspond to the background with probability p,
and the foreground with probability (1-p,). &(x) is the Kronecker delta function.

With the choice of a quadratic cost functional for the Bayes risk in (2.12), the binary image
pdf model in (4.1) and the zero-mean white Gaussian model for the deconvolution noise,
from (3.11) the Bussgang nonlinearity for binary image becomes,

a(x-2 -1

%=0g{X, p}=E{x|X}=a 1+(1_Lje af | 4.2)

0

Equation (4.2) assumes that we know p, perfectly, which gives the correct nonlinearity

output, X.In reality, however, we have,

X+Ax = g{X, Po + AR}, (43)
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where the error in the pdf parameter, Ap,, results in the nonlinearity output error, AX.
Therefore, we perturb the nonlinearity input X with a feedback gain, AX, so that the

effect of the pdf parameter error will be cancelled out. Thus,
(4.4)

X=g{X+AX, p, +Ap,}-
The output error, AX, can be approximated from the partial derivatives of g{}. Setting

this approximated error to zero gives

A =| Q9K Pod | g 1O Pod [ s
OX apo

(4.5)

The gain, AX, is then equal to

{ég{i, po}}

_ op,
L ] 46
o0t po}} AP, (46)

%
Since the mean of the binary signal, X, is
X=al-p,), (4.7)
the mean of the nonlinearity output, %, with the pdf parameter error becomes
(4.8)

§: a(l_ Po _Apo) .

From equations (4.7) and (4.8), we can estimate the pdf parameter error, Ap,, from the
mean of the binary image, X, and the mean of the nonlinearity output, %

4.9)

x|
|
0|

By utilizing equation (4.2), the partial derivatives of g{X, p,} with respect to p, and X

are
. az-3) |7 ax-2) 1
o{x. P} __, 1{ P, Je of | o ok : (4.10)
0P, 1-po (1_ pO)
and
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_ a(x-4 a(x-4
0g{X, p,} —_al14| Po_|o @ e o [P0 |2 4.11)
ox 1 1 2 ) '

Dividing (4.10) by (4.11) gives

o9{X, P}
apo _o-wz
— = . 4.12
6g{x, po} a po (1_ po) ( )
OX

It is important to realize that the ratio of the derivatives in equation (4.12) does not depend
on the deconvolved ouput, X, which will vary as the Bussgang algorithm iterates. This

implies that the approach should be robust and independent of the initial guess.

Substituting equations (4.9) and (4.12) into (4.6) gives

o O'W2 X—X
sz(apo(l—po)]( " J (4.13)

By recognizing the variance of the binary signal, 0,2, as,

O-x2 = a2 Po (1_ po) > (414)

we substitute equation (4.14) into (4.13) to get,

%). (4.15)

SDNR =—*-. (4.10)
GW
Notice that the feedback gain equation (4.15) can then be rewritten as
AX:[Y_XJ. @.17)
SDNR

Since the SDNR is unknown and may vary from iteration to iteration, we replace SDNR
by 1/k and incorporate the iteration number, i.To improve the appearance of the result,

we also switch the symbol that we used for the mean from an overbar to E{}. With these

changes, the feedback gain equation becomes
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AxO = K(EQO}-E{ROY) . (418)

Note that AX? is a constant gain for the current frame (iteration), i, which requires the
expected value of the output signal, E{X()" ™} from the previous frame (iteration). Even
though the form of the feedback is known at this point, the gain, k, is not yet known and
the expectation of the input (original) signal E{x(-)} is not accessible.

Before we address these issues, it is helpful to look at how the feedback loop gain in (4.18)
fits into the rest of the Bussgang blind deconvolution framework. To better understand the
problem, we reorganize the block diagram in Figure 3-1 slightly in order to facilitate the
analysis in light of control theory, as depicted in Figure 4-1. However, because the
closed-loop transfer function involves mixing stream (samples within a frame) and frame
(iteration) information and simultaneously updating the nonlinearity and equalization filters,

the feedback loop design is a difficult and unconventional task.

48



A 4

X() h() _»@yl(') IR _l

v () /’ @—g(—)(a (Yo _,L)(I),

| Normalization

A 4
—
=

-~
~=

\ 4

o

o (i)g N 2(\0 ” )A(Q(i) gp{-}(” )A(Q(i)

A0)
Nonlinearify, | X()

Forward loop transfer function Plant

x() 0" 30 SLIIN e ()9

RO

A

K(EXO}-EZO"™Y [¢ 2

Feedback loop transfer function

Figure 4-1  Self-correcting multi-channel Bussgang (SCMB) blind deconvolution algorithm
in closed loop form
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With the help of the closed-loop model shown in Figure 4-1, we continue with the design
using a control theory context. The self-correcting multi-channel Bussgang (SCMB)
algorithm is a discrete dynamic system in terms of the iteration number, where the plant is
frame varying and nonlinear. The feedback loop gain AX®in (4.18), can be seen in the

steady state to satisfy the relation
lim E{R()“} = E{x()} (4.19)

Therefore, the steady-state feedback loop gain, AX*”, is equal to zero. Thus, in the steady
state the closed-loop system becomes an open-loop system and the self-correcting
multi-channel Bussgang (SCMB) algorithm becomes equivalent to the original

multi-channel Bussgang algorithm.

As mentioned earlier, even though the form of the feedback loop is clear, the gain k and
E{x()} are still unknown. By exploiting the fact that the deconvolution noise, w(-), is
zero mean, and assuming that the nonlinearity g{} has little affect on the mean at

convergence, thatis E{X(-)} = E{X(-)} at convergence, we conclude that
k=1. (4.20)

The derivation of this result is based on Figure 4-1. The deconvolution noise, w(-) is

known to be a zero-mean white Gaussian sequence, which by definition, is given by
w() =X()=x(). (4.21)

Since the output signal of the forward loop X()=%()/o, is, in fact, the normalized

deconvolution output, the normalized deconvolution noise
V() £ X(O)-x(), (4.22)

is also zero-mean white and Gaussian. From Figure 4-1, the input to the plant (Bussgang

nonlinearity), X(-), can be expressed as
X()O =X —k (E{x()}-EROY). (4.23)

By substituting (4.23) into (4.22) and adding the frame (iteration) index i to (4.22), we

have
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VD =XV +k (ELXOI-EROY) - x() . (4.24)
By taking the expected values of both sides of this equation at convergence, we have
EQv()™} = E{X()“}+k (E{X()} - ELR() ™} - E{x()}. (4.25)

By exploiting the fact that v(-) has a zero mean and rearranging equation (4.25), we get
0=E{x()}-kE{X()}+ (k-1 E{x()}. (4.26)

Therefore, with the assumption that the nonlinearity g{} does not change the mean value
significiantly at convergence, E{X()*}~ E{X()*}, from (4.26) we conclude that k ~1 as
stated in (4.20).

Note that the impulse response of the normalized equalization residue r()" in the system
is unknown and frame varying. There is no known control solution for this system.
However, with the aid of methods like root locus and using the concept of envelope design,
we can control the dynamic performance of the closed-loop system in Figure 4-1 so that
the system is stable and converges quickly to the solution. The resulting design gives the

optimal value of k tobe k=12.

In Figure 4-2 below, we give an example of the convergence of the algorithm for different
choices of the feedback gain, k, ranging from 0.7 to 1.8. For feedback gains between 0.8
and 1.5, the system is stable and converges to the  highest
signal-to-estimated-deconvolution-noise ratio (SEDNR). Also, in Figure 4-3, we show the
convergence of the background probability, p,, for different choices of the feedback gain.
Again for feedback gains between 0.8 and 1.5, the background probability, p,, converges
to the correct value of 0.913. This confirms that our choice of the feedback gain of k =1.2

is reasonable.

Now the unknown gain k has been resolved, in order to finish the feedback loop design,

we need to solve for the unknown expectation of the input (original) signal, E{x(-)}. When

the expectation of the input signal is expected to be small, we can just set it to zero and let

the feedback loop account for it. Otherwise, we can get an estimate of E{x()} using the
Gaussian mixture model and expectation maximization (EM) algorithm to estimate the

parameters of the pdf for updating the nonlinearity g{}".
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4.2 Gaussian mixture pdf modeling and estimation

using the EM algorithm

In the binary image case, the binary pixel value, x(-), is real and can be modeled by a

general two-component Gaussian mixture,

(x-t)
2 1 5
- 2 : 2o; 2
pX (X) P WC [[ 2 7[ . e J] b (4 7)

instead of the more obvious binary model used in (4.1). This is because the
two-component Gaussian mixture pdf model can fit both the perfect and distorted binary
images while the other cannot. As described in Section 2.4, the expectation maximization
algorithm is used to estimate the parameters of the Gaussian mixture model so that the

Bussgang nonlinearity, g{-}, can be updated.

4.3 Nonlinearity of SCMB for binary images

The general form of the nonlinearity of the SCMB algorithm is given in (3.11) for an input
signal with an arbitrary distribution. For a binary signal the pdf is given by

P (X) =P, 6(X) +(1-p,)d(x-2a), (4.28)

where p, is the probability of x=0 (the background) and (1-p,) is the probability of

x=a (the foreground).

By using the zero-mean white Gaussian assumption for the deconvolution noise Ww("),

1wt
p, (W) = —— ez[%z]’ (4.29)
J2wo,
the nonlinearity for the binary signal becomes
X 1 -1
| o 2Jp,@p,)
p D VPo(-po)
o{x}= X 14{ ° Je SDNR , (4.30)
[\/ P, (1— po)] 1-p,
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where o, is the standard deviation of the input signal. Because of the normalization in the

functional block diagram of the SCMB algorithm shown in Figure 3-1, we can set o, =1.

2

The signal to deconvolution noise ratio is defined as SDNR =G—X2: 12 which reflects
GW w

how good the solution will be and how well the Bussgang process assumption holds. We
typically set  SDNR =100000 =50dB.

4.4 Simulation results

In this section, we experiment with the design of the self-correcting multi-channel
Bussgang (SCMB) blind deconvolution algorithm for binary images. The original
undistorted binary image, the “Text image”, used in the experiment is shown in Figure 4-4
and the sensitivity of the SCMB algorithm with respect to the blurred signal to noise ratio

(BSNR) for binary image restoration is shown in Figure 4-5 and Figure 4-6 below.

Binary image blind
restoration experiment. This
image will be degraded with
different kind of degradations
and the performance of the

recovered images will be
measured in terms of ISNR.

Figure 4-4 The original binary image used in the experiment, the Text image.
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Figure 4-6  Sensitivity of SCMB to BSNR for binary images (continue)

We conclude that, when the blurred binary images have a BSNR of 16 dB or greater, the
SCMB algorithm is extraordinarily robust and capable of dealing with exceptionally severe
blurs. The SCMB algorithm can recover information from seriously blurred images that are
visually unrecognizable. In the interest of brevity, we show experiments with only two
representative binary images here, namely the “Text image” (which has already been used
in the example in Section 3.2) and the printed circuit broad image, “PCB image” shown in

Figure 4-7 below.

In the experiments that we report here, we always process the whole image as shown in
Figure 4-7, but when showing the results, we often prefer to display multiple zoomed
portions of the recovered image to clearly demonstrate the performance of the algorithm.
Furthermore, we use a metric that we call the signal-to-estimated-deconvolution-noise ratio

(SEDNR) to measure the convergence of the SCMB algorithm. That ratio is

Figure 4-7  PCB image

2
Oy

2 b

&

SEDNR =

(4.31)

Q

where o; is the standard deviation of the nonlinearity output and o, is the standard

deviation of the estimated deconvolution noise &(-) as defined in (3.12). This metric can
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also reflect the performance of the SCMB algorithm. Typically with SEDNR>8 the

recovered image is visually almost indistinguishable from the original image.

The simulation results on the “Text image” and “PCB image” are shown respectively in
Table 4-1 and Table 4-2. The “Text image” is chosen to represent a type of binary image
that has a high percentage of background pixels or a small mean value E{x(-)}. Therefore,
as described in Section 3.3, we do not estimate E{x()} and instead set E{x()}=0 in the
feedback structure. The “PCB image”, however, represents a binary image that does not fit
that small mean value approximation and requires the explicit estimation of the mean
E{x()}at each iteration. In our experiments, we use the common optical point spread
functions defined in Section 2.6.2 for the testing. They are the out-of-focus (pillbox) blur,
the diffusion (Gaussian) blur and the motion (directional) blur with support sizes as large
as 17x17. The support size of the equalization filter is typically 25x25 but a maximum
support size of 31x31 is used in one case. In any case, the SCMB algorithm should work
with even higher support sizes for both the optical point spread function and the
equalization filter; what interests us particularly is the readability of the image before and

after the restoration under the severely blurred condition.

While it is not possible to show all the restored images used to generate Table 4-1
andTable 4-2, the blurred and restored images in Experiment #4 and Experiment #11 are
shown in Figure 4-9 and Figure 4-10, respectively. In both cases, the recovered images are
visually flawless. In addition, the estimated probability of background p, and the mean

E{x(-)} are correct despite the severity of the blur.

By comparing the result of Experiment #5 with #0, it is evident that the multi-channel
case outperforms the single channel case. Experiment #6 is identical to Experiment #5
except that channel #2 does not exist. The multi-channel case in Experiment #5 converges
faster, has a significantly better estimate of the background probability p, and a much
better estimate of the deconvolution noise ratio (SEDNR) than its single channel

counterpart.

Another important observation can be made by comparing Experiment #11 with
Experiment #12. Experiment #11 is identical to Experiment #12 except that the support
size of the equalization filter is significantly larger. For experiment #11, the support size of
the equalization filter is 31x31 while for Experiment #12 it is 25x25. Although in
Experiment #11, convergence requires more iterations to converge because of the 672
extra filter coefficients that need to be estimated, the algorithm nonetheless manages to
converge to the globally optimum solution. The equalization filters for both Experiment
#11 and #12 are shown in Figure 4-8.
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Channel #1 Channel #2 Channel #1

5 10 15 20 25

Experiment #11 Experiment #12

Figure 4-8  Equalization filters of Experiments #11 and #12
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0.8
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data
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Channel #1
Type of
impulse

response

Motion blur
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Diffusion

blur

Out of focus

blur

Out of focus

blur

Out of focus

blur

Out of focus
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Table 4-1

Channel #1
Support  of
impulse

response

11x11

15x7

11x11

15x15

13x13

13x13

Channel #2
Type of
impulse

response

Motion blur

@ 135°

Diffusion

blur

Out of focus

blur

Out of focus

blur

Motion blur
@ 6°

NA

Channel #2
Support  of
impulse

response

13x13

7x15

9x9

11x11

15x15

NA

Support  of
equalization
filter for all

channel

25x25

25x25

25x25

25x25

25x25

25x25

Number of
iterations
needed for

convergence

28

28

22

28

41
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0.913
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NA

NA
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PCB image
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Table 4-2

Channel #1
Support  of
impulse

response

19x11

15x15

9x9

15x15

15x15

15x15

Channel #2
Type of
impulse

response

Motion blur
@ 22°
Diffusion
blur
Diffusion
blur

Motion blur
@ 120°
Out of focus

blur

Out of focus

blur

Channel #2
Support  of
impulse

response

17x17

13x13

13x13

17x17

17x17

17x17

Support  of
equalization
filter for all

channel

25x25

25x25

25x25

25x25

31x31

25x25

Number of
iterations
needed for

convergence

42

18

18

49

51

31

Simulation results of SCMB algorithm on PCB image (k=1.2)
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0.8

0.797
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0.8

0.8
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Estimated
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0.5
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Figure 4-9  Blurred text image and SCMB results at different zoom levels. (a) [15x15]
Out-of-focus blur in channel #1, (b) [11x11] Out-of-focus blur in channel #2, (¢) SCMB blind
deconvolution output
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Figure 4-10  Blurred PCB image and SCMB results at different zoom levels. (a) [15x15]
Out-of-focus blur in channel #1, (b) [17x17] Out-of-focus blur in channel #2, (¢) SCMB blind
deconvolution output
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S SAR/ISAR Autofocus using SCMB Blind

Deconvolution

In this chapter, we present the details of the self-correcting multi-channel Bussgang
(SCMB) blind deconvolution algorithm that were not covered in chapter 3 and which are
specific to the SAR/ISAR autofocus problem. They are the feedback loop design, the
modeling of the probability density function (pdf), and the selection of the Bussgang
nonlinearity. We would like to point out that even though there are few differences in the
design of the SCMB blind deconvolution algorithm for the SAR and ISAR autofocus
problems, our primary interest is in the ISAR autofocus problem simply because ISAR
autofocus techniques that are applicable to scenarios with significant non-uniform
rotational motion estimation error are few and ineffective. Furthermore, the PSF model for
the ISAR autofocus problem as described in (2.37) fits quite well with the two-dimensional
non-separable complex equalization filters in the SCMB blind deconvolution algorithm.
Since the PSF model for the SAR autofocus problem in (2.36) is a special case of the PSF
model for the ISAR autofocus problem, the methodology should work for the SAR

autofocus problem as well.

5.1 Gaussian mixture pdf modeling and estimation

using the EM algorithm

To implement the Bussgang nonlinearity, the complex gray-level SAR signal is broken
down into two parts: the natural logarithm of the amplitude, Z(-), and the phase, 0(), as

shown in Figure 5-1,
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Figure 5-1  Non-linearity for SAR image
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where In(), Re{}, Im{}, j and e are, respectively, the natural logarithm function,

real part operator, imaginary part operator, +-1 and the exponential function.

In the SAR imaging case, the input signal x() =a()e’” is complex. The pdf of the phase
is modeled by a uniform distribution between 0 and 27z, without any unknown modeling

parameters as shown below

pg(é?):%, 0<0<2r. 5.1)

The pdf of the natural logatithm of the amplitude, z()£In(a(-)), is modeled using a

three-component Gaussian mixture model,

pz (Z) - ;Wc |:{\/§O'C € : (5'2)

It is the error in the estimation of the Gaussain mixture parameters (the weights, w; , the
means, g and the standard deviations, o;, where i is the Gaussian component number)

that the feedback loop is designed to remove.

Because of the way the input signals are modeled, the nonlinearity g{} decomposes into

the nonlinearities g,{}and g,{}, respectively, for the natural logarithm of the amplitude

and the phase of the input signal. Their relationship is as shown in Figure 5-1.

5.2 Nonlinearity of SCMB for SAR/ISAR images

The general form of the nonlinearity of the SCMB algorithm was given in (3.11), where the
nonlinearity output signal g(X) is the conditional expectation of the unknown input signal
x given the deconvolved output signal X. In the SAR/ISAR imaging case, the signal is
complex and can be modeled by a complex Gaussian distribution. This is equivalent to
modeling the magnitude by a Rayleigh distribution and the phase by a uniform distribution.
However, neither a Gaussian nor a complex Gaussian input signal is allowed in the
Bussgang technique. Thus, instead of using the complex Gaussian model for the input
signal x, we break down the nonlinearity into the two components as shown in Figure 5-1.
We use a Gaussian mixture distribution to model the magnitude of the input signal instead
of a Rayleigh distribution while retaining the uniform distribution model for the phase of
the input signal. This avoids the widely used complex Gaussian model for the SAR/ISAR
signal, which would result in a linear relationship between the deconvolved output signal
X and the nonlinearity output signal g(X), and violate the nonlinearity assumption in the

Bussgang framework. The performance of the resulting system justifies our model.
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With the magnitude of the input signal modeled by a three-component Gaussian mixture
as shown in (5.2) and the phase modeled by a uniform distribution as shown in (5.1), and
by defining the deconvolution noises for both magnitude and phase components

respectively as
> (5.3)
and

Wy =0-0, (5.4

where both deconvolution noises are assumed to be white and Gaussian distributed, we
use the Bussgang nonlinearity expressed in terms of the pdf as in (3.11) and apply it to
both the magnitude and phase signals. The derivation of the nonlinearity of the magnitude

signal begins below.

Applying the nonlinearity in (3.11) to the natural logarithm of the amplitude of x, z, as
shown in Figure 5-1, we have
4 A - z pz(z) pwZ (2_Z)dz
9.z} =E{z| Z}='[ (5.5)

[p.@)p, (2-2)dz
The pdf of the three-component Gaussian mixtures is

(Z’”l)z

pz(z)=i( \/%0' } 2ol (5.6)

and the pdf for the zero-mean, white Gaussian deconvolution noise for the magnitude is

1 722]122
W)= g 5.7
pwz( z) [\/EO‘WZ] ( )

Substituting the definition of the deconvolution noise for the magnitude from (5.3) into
(5.7), we have

(-2

. 1 720 2
7-2)= e T, 5.8
P, (Z2-2) [ %%J .8

Combining (5.6) and (5.8), the product of probabilities in the integrands of (5.5) becomes
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p,(2)p,, (Z-2)= 2[27[0 a]e 267 g 7w (5.9)

Now, substituting (5.9) into the amplitude nonlinearity g,(Z) equationin (5.5), we have

(-u)  (2=2)

20 2O'WZZ
I 2(27[0' GJ ¢ az

3 W. 7(2 “) (272)22 ‘
JZ[' Je 208 g 27w @7
o\ 270, O

We reorganize the expression in (5.10) by pulling the summation outside the integrals and

2=9,{7}=

(5.10)

combining the exponential terms. Then,

2 = — . (5.11)

To simplify the expression in (5.11) (specifically to remove the integration in both the
numerator and the denominator), we reorganize the powers of the common exponential

term inside the square brackets above by completing the square as

IR

2
2 2
o, W +o°7 lopler Oy M+ o, u+0°1
where a =———5—— b’ =—5——,and ¢ =—— - =
o, +o, o, +0; o, +0o o, +0

_{(Z*u;) +<z—ﬂ _;{(z—afm}
j(LJeZ o o dz:j(L]ez Yz (5.13)

We now try to write the integral as an integral of the pdf of a Gaussian distribution. This

gives
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2

2 1f ¢
1| (z-m)" (z-7) ol he 7-a;
J' VVI e_Z{ o’ ’ O-sz }dz _ Vvibie z{bl J 1 eié( b|2) dz
2z o, o V2r o, o; |7 N27h, .
Since the remaining integral is equal to 1, we have
2 N2 g
1) (=) (2-2) 257
.[ Wi e_z{ o " o’ }dz _| W bie Z(bi ]
270, O N2r o, o
Similarly we can write the integral in the numerator of (5.11) as
2 2 i
1) (-m) (2-7) 257 2-3)
w, 7{ " Uwz} wbe z(b' ] 1
jz e ©Jdz = J'z e dz.
2z o, O; V2r o, o; N2rh,

(5.14)

(5.15)

(5.16)

Notice that the integral on the right-hand side of (5.16) is the first moment or the mean of

1(z-a)’
l 75 b2

e ° % . Therefore,
V2rh,

z with p,(z)=

Now, substituting (5.18) and (5.15) into (5.11), we get
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7= . (5.19)

Finally, the expression for the nonlinearity of the amplitude is obtained by further

simplifying (5.19) by writing out b, explicitly and by definingd, = C—'z , such that

7= , (5.20)
—(L
Zs: w, e ()
i=1 ZE(GWZZ +0',2)
2 25 = 2
oy M +0; 2 Z— L . s
where a; = —= 2' '2 , di= ( 2/1,)2 , and o, 1is the standard deviation of the
w, O oy, +0; :

deconvolution noise for the magnitude of the input signal. w;, o; and g are,

respectively, the weight, standard deviation and mean of the ith Gaussian component.

For the nonlinearity of the phase, 6, shown in Figure 5-1, we have

[op,0)p,, ©-0)do

0,{0y2 E(0] 0} = (5.21)

[ ps(6)p,, (6-0)d6

As already mentioned, the pdf of the phase is modeled as a uniform distribution between

-7 and 7&,ie.,

0,(0)=—  —r<o<x. (5.22)
2z

1 o
P, <w9>=[ = }e = (523)
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Substituting the definition the deconvolution noise for the phase from (5.4) into (5.23), we

have

7(976
p%(5—9)=( L Je e (5.24)

Now, substituting (5.22) and (5.24) into (5.21) gives

. (0-0)

[oe 27" 49

0=9,{0}=————. (5.25)
j e 2 dg

-

We can simplify this expression by applying the identities below, respectively, to the

numerator and the denominator with a=6 and b=+/2 Oy "

][' ue (a;ZU)Z du = [%} ba{erf (aE”J—erf (a;ﬂﬂ +%[e[ﬁb”]z _ef[%ﬁ)z ] ,  (5:20)

jfef (a;;)z du= [%} b {erf (a;”j—erf [a_Tﬂﬂ , (5.27)

Here erf(u) = 4t is the odd error function, such that, erf(-u)=-erf(u). The

=l

final form for the phase nonlinearity becomes

0=0+ . - (5.28)
\/g[erf (\;%;i ]+ erf [\/7%;1 H

The derivations of the identities (5.26) and (5.27) are given in Appendix Errot! Reference

source not found..



5.3 Design of a feedback mechanism for SCMB blind

deconvolution

The feedback design for the SAR imaging case follows the same philosophy as in the
binary imaging case. It tries to cancel the nonlinearity output error caused by the inaccurate
estimation of the pdf of the input data or errors in the estimated parameters of the pdf
model by altering the input to the nonlinearity with feedback. Although the philosophy
behind the feedback loop design is very similar for both the binary and the SAR imaging
case, the feedback design for the SAR imaging case is significantly more complicated than

its binary imaging counterpart.

We begin by looking at the relationship between the error of the nonlinearity output, AZ,

with respect to errors of the Gaussian mixture parameters, Aw;, Az, Ao and the change
of the nonlinearity input, AZ. To a first order approximation, this relationship is given

by the partial differential equation,

ZS:H o }AW {jﬂ }Ay, B;}Aai }+B—§}Ai. (5.29)

We then force this error, AZ, to zero by perturbing the nonlinearity input Az (the

feedback signal) as follows:

o, Lo, L
3
S ow, Ot do;i
A7 = _.2:1: [az} AW, + [az} At + PZ} Aoy b (5.30)
0z 0z 0z
The partial detivatives 2% , o , % and 6_5 can be obtained by taking the derivatives
a\Ni 8,u, 80'i oz

of (5.20) with respect to W, g, o; and Z respectively. These partial derivatives will
depend on the nonlinearity input, Z. Therefore, the feedback gain will be a function of the
nonlinearity input, Z, and will not be a constant feedback gain as it was on the binary
imaging case. Although these partial derivatives are realizable, the expressions and their
derivations are quite involved. Therefore, Mathematica was used for their derivation and

the results are presented separately in Appendix Error! Reference source not found..

Even with the partial derivatives in (5.30) available, we still need to estimate the Gaussian
mixture parameterization errors, Aw;, Az and Ag;, in order to calculate the feedback

gain function, Az(z). We proceed with the definition of the variance of the natural

logarithm of the amplitude of the SAR signal, o,?, given by,
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o2 = j (z—7)%p, (2)dz . (5.31)

By substituting (5.2) into (5.31) and using the identity

[ 2 0% 4 - om o (42 +07), (5.32)
we get
3
o2 +72 =) Wiy’ +0y). (5.33)

i=1

This relates the second-order statistics of the natural logarithm of the amplitude of the
SAR signal to all of the parameters of the Gaussian mixture model with no

parameterization errofs.

For the non-ideal case where there are parameterization errors, the second-order statistics
of the natural logarithm of the amplitude of the SAR signal are replaced by the
corresponding statistics of the nonlinearity output and all of the parameters of the

Gaussian mixture model are perturbed by the parameterization error. That is,
_ 3
ol +i% = Z(Wi + AW, )[(,ui +AL)? + (o +Aai)2] . (5.39)
i=1

By expanding the right-hand side of (5.34) and making the assumption that higher-order

terms formed by the products of Aw;, Ay and Ao; are insignificant and incorporating

the fact that the sum of the changes in the weights is constrained to be zero

3

> Aw =0, (5.35)

i-1
we conclude that

q=v'Ap, (5.36)
where

_ 3
qé022+22—Zwi(yi2+ai2)—(y32+o-32) (5.37)

i=1
T A
: (5.38)

2 2 2 2 2 2 2 2
H t0y —Hg —O03 [y +0, — [l _0'3]
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and
Ap" E[Amy Aoy Aw, Ao, Apy Aoy Awg Aw, | (5.39)

Therefore, the minimum mean-squared estimates of the Gaussian mixture

parameterization errors can be found by solving
Ap = (v v )_l v(Q (5.40)

AWy = —Aw, — AW, (5.41)

Equation (5.40) is the solution to (5.36) and (5.41) follows from (5.35). Notice that since

(v VT) is of rank one, the matrix inverse in (5.40) must actually be replaced by the

pseudo-inverse. Thus, the system of equations for solving for the Gaussian mixture
parameterization errors is underdetermined and a unique solution does not exist. Unlike its
binary imaging counterpart, this is not surprising, since the same second-order statistics for
the Gaussian mixture can be realized by more than one combination of Gaussian signals
when there is more than one Gaussian in the mixture. In any case, the feedback gain,
AZ(Z), for the SAR imaging case is found by using equations (5.30), (5.40) and (5.41).

5.4 Simulation results

5.4.1 SAR autofocus results

The following simulation results use the pdf model proposed for SAR as shown in Section
5.1, where the natural logarithm of the amplitude of the complex SAR signal is modeled by
a three-component Gaussian mixture model and the phase is modeled by a uniform
distribution model bounded between zero and 2z . The unknown parameters of the
Gaussian mixture model used in the simulation are static and are extracted by employing
the expectation maximization (EM)-based Gaussian mixture estimation technique as
described in Section 2.4. The prototype SAR image on which the EM-based Gaussian
mixture estimation technique is applied, is a synthetic SAR image generated from the back
scatter of a three-dimensional CAD model by the polar format algorithm (PFA) SAR
image formation technique. This prototype SAR image of a tank used in this simulation is
shown in Figure 5-2. In the simulation, the proposed self-correcting multi-channel
Busssgang (SCMB) blind deconvolution algorithm with the Bussgang nonlinearities as
derived in Section 5.2 is applied simultaneously on two Ku-band, real SAR images with
slightly different aspects. To the knowledge of the author, this is the first SAR autofocus

technique that can take advantage of multiple defocused SAR images.

72



|-'-Ir

; j‘l i ,,_Jf ‘“Hl‘-.u o
‘hi .5: ’E ! rt #’ﬁ

'.'

Range

Cross-range

Figure 5-2  The synthetic SAR image of a tank for pdf extraction.

The defocusing of the SAR image occurs naturally in the cross-range dimension (x-axis)
because of the range error from one radar pulse to another caused by the inaccuracies of
the IMU and GPS units onboard. This effect is especially important in high frequency
bands such as Ku-band. The two defocused SAR images are as shown below in Figure
5-3 and Figure 5-4.
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Figure 5-3  Defocused Ku-band SAR image #1.

Figure 5-4  Defocused Ku-band SAR image #2.

The resulting SAR image focused by our SCMB algorithm that takes advantage of both of
the defocused SAR images from Figure 5-3 and Figure 5-4 is shown in Figure 5-5.
Significant improvements in terms of the focusing, the contrast, and the signal-to-noise

ratio (SNR) of the resulted SAR image are observed.
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Figure 5-5  Focused Ku-band SAR image by SCMB with static prototype PDF.

It is logical to compare this result with that of the phase gradient algorithm (PGA), a
well-established SAR autofocus technique often considered the gold standard for SAR
autofocus. This method was described in Section 2.5.2. Since PGA can only be applied to
one defocused SAR image at a time, we applied PGA to the two defocused Ku-band SAR

images separately. The two focused images are shown in Figure 5-6 and Figure 5-7.

Figure 5-6  Focused image of defocused Ku-band SAR image #1 by PGA.
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Figure 5-7  Focused image of defocused Ku-band SAR image #2 by PGA.

In comparing the PGA autofocus results in Figure 5-6 and Figure 5-7 with that of SCMB
in Figure 5-5, it is evident that the SCMB blind deconvolution algorithm surpasses the
performance of PGA. In the SAR image focused by SCMB, the vehicles in the scene are
more pronounced with more solid edges and the prominent point scatterers on the
vehicles are more noticeable. The shadows cast by the vehicles, the building materials, and

the trees in the scene are also darker than on the PGA focused images.

In previous experiment we compared the two-channel SCMB blind deconvolution
algorithm with the PGA autofocus algorithm. Now we want to compare the performance
of SCMB blind deconvolution algorithm against itself. We zoom in on one of the vehicles
from the scene in the previous simulation and compare the autofocus performance of the
single-channel, two-channel and three-channel versions of the SCMB. The results are
shown in Figure 5-8, where (a) is the defocused image used for the single-channel case, (a)
and (b) were used for the two-channel case, (a), (b) and (c) we used in the three-channel
case. The autofocus results of the single-channel, two-channel and three-channel SCMB
autofocusing are shown respectively, in (d), (¢) and (f). We conclude from this experiment
that the two-channel case focused better than the single-channel case, while the

three-channel case is visually indistinguishable from the two-channel case.
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(d) (€) (f)

Figure 5-8  Focused Ku-band SAR images by SCMB with static prototype PDF, (a), (b), (c)
are the defocused images (d) Single-channel result, (e) Two-channel result and (f)
Three-channel result.

5.4.2 ISAR autofocus results

In this experiment, the SCMB algorithm was used to tackle the ISAR autofocus problem in
a single channel setup. Data collection was carried out using an X-band radar mounted on
a 300 feet high tower and pointing towards a moving vehicle at the scene center (the
origin). The depression angle formed by the line of sight (LOS) between the radar and the
scene center, at the center of the radar footprint, was about 17 degrees. The trajectory

formed by the moving vehicle with the scene center at the origin is as shown in Figure 5-9.
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Figure 5-9  Trajectory of moving vehicle (A or B) in the ISAR scenario.

The trajectory was obtained by the GPS installed in the vehicle which had a precision of 5
meters to approximate the position of the vehicle resolved by multiple radars. Two
different vehicles (A and B) were used in the experiment. The heading of the vehicle is
crudely approximated by the direction of the velocity vector which is calculated from the
first derivative of the position vector (the trajectory). The moving vehicle evidently entered
the radar footprint, made a turn, and left the radar footprint as observed from both the
trajectory and range compressed pulse diagrams respectively in Figure 5-9 and Figure 5-10.
In the range compressed pulse diagram, we select the pulses bounded by the two vertical
red lines which correspond to a center azimuth angle of roughly 25 degrees with respect to

the vehicle’s body axis.

To form an ISAR image, we first motion compensate the IQ signal to account for the
difference in range between the radar and the vehicle from pulse to pulse. Since phase is a
much more significant contributor than amplitude, we motion compensate by phase only
for simplicity. In order to show the importance of the motion compensation step, we show

the ISAR image before and after motion compensation for vehicle A, respectively in Figure
5-11 and Figure 5-12.
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Figure 5-10  Range compressed pulse versus pulse number (vehicle A).

It is evident that the ISAR image formed without motion compensation (Figure 5-11) has
much more distortion than the one with motion compensation (Figure 5-12). Even with
motion compensation, the ISAR image formed is expected to be defocused because of the

uncompensated range (phase) error as well as the rotational or azimuth error.

(HH)

y (m)

Figure 5-11  Non motion-compensated ISAR image before autofocus (vehicle A).
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SCMB is used to focus the motion compensated ISAR image of vehicle A in Figure 5-12.
We chose the size of the two-dimensional complex equalization filter that was used within
SCMB to be 121x15 in this example, where 121 is the filter support in the cross-range

dimension (y axis) and 15 is the support in the range dimension (x axis).

y (m)

Figure 5-12  Motion-compensated ISAR image before autofocus (vehicle A).

Cross-range (m)

Figure 5-13  ISAR autofocus using SCMB (vehicle A).
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The result of the SCMB focused ISAR image of vehicle A is shown in Figure 5-13, where
the point scatterers of the vehicle become apparent. For comparison purposes, we apply
PGA and minimum entropy autofocus [19, 47, 48] to focus the same motion compensated
ISAR image in Figure 5-12 and the results are shown, respectively, in Figure 5-14 and
Figure 5-15. PGA evidently performs better than minimum entropy, but both results are

inferior to the result of SCMB.
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Figure 5-14  ISAR autofocus using phase gradient algorithm (PGA), (vehicle A).

Entropy = 9.3857 (iter# = 263)
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Figure 5-15  ISAR autofocus using minimum entropy approach (vehicle A).
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We repeat the experiment as described above for vehicle B for a different radar pass with
the center azimuth angle of again roughly 25 degrees with respect to the vehicle’s body axis.
In Figure 5-16, the range compressed pulse diagram for vehicle B appears to be noisier
than that of vehicle A. Since the radar is stationary and the background does not change in
both cases, this observation suggests that vehicle A has stronger back scatter, possibly

caused by more and larger trihedrals than vehicle B.

Compressed pulses

Range (m) (relative to scene center)

1000 2000 3000 4000 5000 6000 7000 8000 9000
Pulse #

Figure 5-16  Range compressed pulse versus pulse number (vehicle B).

By comparing the two range compressed pulse diagrams, it is also noticeable that vehicle B
should be longer than vehicle A in the range dimension with the current orientation. The
ISAR image of vehicle B formed without and with motion compensation are shown in
Figure 5-17 and Figure 5-18 respectively. It is not surprising that much more distortion is
found in the ISAR image formed without motion compensation than in the one with

motion compensation.
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y (m)

Figure 5-17  Non motion-compensated ISAR image before autofocus (vehicle B).

SCMB was then used on the motion-compensated ISAR image of vehicle B in Figure 5-18.
Again, we chose the size of the two-dimensional complex equalization filter that was used
within SCMB to be 121x15, where 121 is the support in the cross-range dimension (y axis)
and 15 is the support in the range dimension (x axis). The resulting SCMB-focused ISAR
image of vehicle B is shown in Figure 5-19. Again the point scatterers of the vehicle

become apparent.
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Figure 5-18  Motion-compensated ISAR image before autofocus (vehicle B)
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Figure 5-19  ISAR autofocus using SCMB (vehicle B)
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We then apply PGA and minimum entropy autofocus to focus the motion compensated
ISAR image of vehicle B in Figure 5-18 for comparision. The results are shown,
respectively, in Figure 5-20 and Error! Reference source not found.. PGA again
out-performs minimum entropy, but nevertheless both methods are clearly vastly inferior

to the performance of the SCMB blind deconvolution algorithm.
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Figure 5-20  ISAR autofocus using phase gradient algorithm (PGA), (vehicle B).

Entropy = 9.5958 (iter# = 303)
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Figure 5-21  ISAR autofocus using minimum entropy approach (vehicle B).
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We conclude that the non-uniform turning rate of the vehicle in this experiment makes the
rotational (azimuth) error nontrivial comparing to the range (phase) error. Therefore, SAR
autofocus techniques like PGA and minimum entropy which do not address the rotational
error become quite unsuitable for the ISAR autofocus case when there is significant
non-uniform rotational error. Finally, by comparing the ISAR autofocus results using
SCMB blind deconvolution for vehicle A and vehicle B, respectively in Figure 5-13 and
Figure 5-19, we can clearly distinguish vehicle A from vehicle B by the dimensions of the
vehicle, and the characteristics and distribution of the point scatterers. That makes
automatic target recognition (ATR) and ground moving target imaging (GMTI) more

feasible when this method is used for preprocessing.
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6 Conclusion

In this dissertation, we present a unique multi-channel blind deconvolution framework

derived from the Bussgang algorithm which is applicable to multiple disciplines. We named

the algorithm the self-correcting multi-channel Bussgang (SCMB) blind deconvolution

algorithm.

6.1 Contributions

1. A practical binary image restoration technique which does not assume the

knowledge of the pdf of the original undistorted binary image.

We started our binary image restoration study focusing on Panci’s paper in
[42] because of its amazing binary image restoration results. However, on
closer study, we found that the pdf of the original binary images, which are
practically inaccessible, are used to produce those results. We presented
more realistic results obtained without knowing the pdf in Figure 3-3. In
order to make this Bussgang-based binary image restoration approach
work without prior knowledge of the pdf, we developed the SCMB blind

deconvolution algorithm described in Section 3.

2. The first known multi-channel binary image restoration technique applicable to

severely blurred binary images.

This is to our knowledge the first multi-channel binary image restoration
algorithm that can utilize multiple blurred binary images and restore
severely blurred images as shown in the examples in Figure 4-9 and Figure
4-10.

3. 'The first known SAR/ISAR autofocus algotithm that can take advantage of

multiple similar radar passes when available.

Unlike mainstream SAR/ISAR autofocus algorithms, this is the only
algorithm that can take advantage of multiple similar radar passes to
improve autofocus performance. An example using real data is shown in

Figure 5-5

4. An innovative SAR/ISAR autofocus technique not based on cutrent popular

techniques such as prominent scatterer tracking, minimum entropy and phase

gradient algorithm (PGA) autofocus. Our algorithm was shown to out-perform

PGA and minimum entropy.

87



e A comparision with Ku-band radar data between our SCMB blind
deconvolution algorithm for SAR autofocus and PGA is shown in Figure
5-5, Figure 5-6 and Figure 5-7.

5. The first known ISAR autofocus technique validated with real data for ground

moving target imaging under significant translational and rotational motion.

e Results for ISAR autofocus that are validated with real data are quite
uncommon. The only ISAR autofocus result that deals with real data, to
our knowledge, is to focus a navy ship in linear motion with some mild
rolling [35]. However, the defocusing was mild in the particular case

presented.

6. A unified approach for both SAR and ISAR autofocus.

e Our SCMB blind deconvlution algorithm for SAR/ISAR autofocus is
effective for both the SAR and ISAR autofocus problems. A 1D
equalization filter support in the cross-range dimension is usually used for
the SAR autofocus problem while a 2D equalization filter support is used
in the ISAR autofocus problem, but the algorithm is the same in either

case.

6.2 Suggestions for future work

1. Exploring applications for the binary image restoration technique in text printing,

computer vision, or in communication with unknown or time-varying statistics.

e The SCMB blind deconvolution framework for binary image restoration is
a crucial step in our research for concept verification. However, unlike
SAR/ISAR autofocus, its application is limited. Therefore, we would like
to exploit any potential applications that can take advantage of the

technique.

2. Extending the technique to three-dimensional SAR formation with k -space

sparsity.

e For multiple radar passes with different depression angles it is possible to
form a three-dimensional SAR image or volume using all passes
simultaneously only if we can conquer the aliasing problem caused by
k -space sparsity, that is, not enough passes to cover all the depression

angles needed for the required dimensions of the imaged volume.
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3. Extending the technique to photographic image restoration.

The SCMB blind deconvolution framework can potentially apply to
photographic image restoration from multiple snap-shots to recover bad or
blurred images caused by over or under exposure, motion, out-of-focus

and more.

4. Investigate the benefit of introducing a spatial constraint into the SCMB blind

deconvolution framework such as an AR or ARMA model.

The SCMB blind deconvolution framework, like the original Bussgang
framework, constraints the solution in a statistical sense in the form of the
pdf or the Busggang nonlinearity. It will be interesting to investigate the

effect of further constraining the solution using some spatial constraints
when available such as an AR or ARMA model.
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Appendix
A.1 Partial derivatives for the feedback signal in the

SAR/ISAR case

We present the partial derivatives generated by Mathematica for equation (5.30). For

completeness, (5.30) is restated here:

]
fL0% 5o L (7.1)

In an actual implementation, it is more compact to have the feedback signal depend on the
variances of the Gaussian components instead of their standard deviations. Therefore, the

teedback signal, Az, can be rewritten as

{aﬂ {az} { o }
3 . .
=y ow | o, Lom A+ avpz(l) Avy ()

: (7.2)

where v (i) is the variance of the i-th component of the Gaussian mixture.

We also rewrite the Bussgang nonlinearity output, Z, for SAR/ISAR in (5.20) here for

completeness,
—(1)d.
: w8
2.|a —
i=1 27r(0'W +0; )
7= , (7.3)
—_(1)g
Zg: Wi e (2) i
i=1 27:(0'\,‘,Z +0; )
2 25 - 2
Oy M +0;L L— L . P
where a =— 2' '2 , O = ( Z,u,) > and o, is the standard deviation of the
Oy, +0 Oy, +0 :

deconvolution noise for the magnitude of the input signal.

90



To simplify the expression for the derivatives in (7.2), we define the variables, T1(i), T2(i),
T3(i), T4(i) and s(i) as follows:

T1(i) = 2 — u(i) (7.4)

T2() =v, (i) -0, (7.5)

T3(i) = u(i)og, + 7T 2(i) (7.6)
T1(i)?

T4(i)=e 0 (7.7)

s(i) = T 2(0) (7.8)

By taking the derivatives of equation (7.2) with respect to w,, gz, v (i) and Z using
Mathematica, we have the results in the following table in terms of T1(i), T2(i), T3(i),
T4(G) and s(i).
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TAQW(I) | TAQWR)  TARWE)

\/Vp(l) va (2) v, (3)

(02, T260) (2 - i)z + 302, )v, (NTL() + 2v, (i)’ J+ (T260)* - v, (®)v, ()

T4(iw(i
O T4)w(1)(2v, (1) -T1(M)o?, ) N T4(w(2)(2v,(2)-T1(2)o?, ) . T4@3)W(3)(2v,(3)-T1(B)o%, )
62‘ ) Vp (1)3/2 Vp (2)3/2 Vp (3)3/2
ov, (i) oy (i TAOW)(2v, (1) -TiM)0Z,) T4WER)(2v,(2)-TLR)0Z,) T4BWE)(2v,(3)-T1(3)oZ, ) ’
VP (I) Vp (1)3/2 + Vp (2)3/2 + Vp (3)3/2
1( T1(1)> T1(2)? T1(3)2] . ey
Vo 1) vy (2) vy (3) O'\iz [ezvp (2 W(3)Vp (2)3/2 (Tl(l)vp 3) —T1(3)Vp (1)) _e® w(2) (Tl(Z)Vp (1) —Tl(l)Vp (2))Vp (3)3/2J
o
ow()

Ta(Lw(1)(2v, (1) -TiM)os,) T4RWER)(2v,(2)-t120%,) TAGW()(2v,(3)-T1(3)o,) ’
Vp (1)3/2 + Vp (2)3/2 + Vp (3)3/2

Vp (1)3/2\/p (2)3/2Vp (3)3/2 [

Table 6-1  Partial derivatives for the feedback signal in the SAR/ISAR case generated by Mathematica.
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TAQW(I) | TAQWR)  TARWE)

\/vp(l) va (2) v, (3)

(02, T260) (2 - i)z + 302, )v, (NTL() + 2v, (i)’ J+ (T260)* - v, (®)v, ()

T4(iw(i
O T4)w(1)(2v, (1) -T1(M)o?, ) N T4(w(2)(2v,(2)-T1(2)o?, ) . T4@3)W(3)(2v,(3)-T1(B)o%, )
62‘ ) Vp (1)3/2 Vp (2)3/2 Vp (3)3/2
ov, (i) oy (i TAOW)(2v, (1) -TiM)0Z,) T4WER)(2v,(2)-TLR)0Z,) T4BWE)(2v,(3)-T1(3)oZ, ) ’
VP (I) Vp (1)3/2 + Vp (2)3/2 + Vp (3)3/2
1{ T1(1)? T1(2)’ T1(3)2] o oy
Vo 1) vy (2) vy (3) O-\f/z [ezvp (2 W(3)Vp (2)3/2 (Tl(l)vp 3) —T1(3)Vp (1)) _e® w(2) (Tl(Z)Vp (1) —Tl(l)Vp (2))Vp (3)3/2J
o
ow()

Ta(Lw(1)(2v, (1) -TiM)os,) T4RWER)(2v,(2)-t120%,) TAGW()(2v,(3)-T1(3)o,) ’
Vp (1)3/2 + Vp (2)3/2 + Vp (3)3/2

Vp (1)3/2\/p (2)3/2Vp (3)3/2 [

Table 6-2  Partial derivatives for the feedback signal in the SAR/ISAR case generated by Mathematica (continued).
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2

1[ T1(1)? T1(2)? T1(3)2]
2l T1(1)? T1(3)?
B0 @O [e”ﬂ“’w(%(lf”(T1(2)vp(3>—Tl(s)vp(2))—e”"“’w(l)(Tl(l)vp(Z)—T1(2)vp<1))vp(3)3’2J

oz
ow(2) B 5 _ 2 5 _ 2 5 _ 2 \)\?
vp(1)3’2vp(2)3’2vp(3)3’2[M(l)w(l)(jvz 1()13)/2 T1(1)0W2)+T4(2)W(2)(5vz 2()23)/2 T1(2)0WZ)+T4(3)W(3) (\jvz ;;)/2 T1(3)0'WZ)1
1( T1(1)’ T1(2)° Tl(3)2j s o
B @ v,E) o-vzvz[ezv"(l)w(Z)vp(l)3’2(T1(3)vp (2)—T1(2)vp(3))—e2v"(2)w(1)(T1(1)vp(3)—T1(3)vp(1))vp(2)3’2}
o2
ow@id)

TADW()(2v,(1)-TiM)oy, ) T4RW2)(2v,(-T1(Qok,) TABWE)(2v,3)-T1B)oy,) ’
Vp (1)3/2 + Vp (2)3/2 + Vp (3)3/2

Vp (1)3/2vp (2)3/2\/p (3)3/2 [

Table 6-3  Partial derivatives for the feedback signal in the SAR/ISAR case generated by Mathematica (continued).
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TGy, (i)[T4(1)W(1)(ivp 1)-T11)o2,) T4RWE)(2v,(2-T1R)scZ,) TABWE)(2v,(3) —T1(3)U;Z)J

/ + / + /
Vp(l)32 Vp (2)32 Vp(3)32

TAG)w(i)
U o TAOW)  TARWER)  T4E)WE)
- —((z - pu(i)z +awz)vp(l) ~-T1(i) GWZ)[ \/vp(l) + \/VP(Z) + \/vp(3) ]
ou(i) o[ TAOW()(2v,(1) -T1M)eZ,)  T4RWE2)(2v,(2)-T1(Q)ol,) TABWE)(2v,(3)-T1E)o?,) ’
VP (1) 3/2 3/2 + 3/2
vy (1) v, (2) v, (3)
_TITAMWE) _TIRTARMER) _ TIRTAEWE) |[ THOWD) (8, (1) -TiMoy,) T4@w)(2,d-T1@0,) TAGWE)(2v,@)-T1E)0%,)
Vp (1)3l2 Vp (2)3l2 Vp (3)3/2 Vp (1)3/2 Vp (2)3/2 Vp (3)3/2
TLOT4W) (T oy, — &, W)W ToTa@w(L) | TLAT4QWER)(TLD)0y, ~24,2))
_[T4(1)W(1) L T4 | T4(3)w(3)] v, (1) v, (1) v, (2
W@ @ @) )| TIE)TAGWE)(TIE)0L, - 2v,(3)) , T2Q)T4QWR) | T2(3)TAGW(E)
6_2 _ Vp (3)5/2 Vp (2)3/2 Vp (3)3/2
oz T4 (&, (1) -TiM)ol,) T4RWR)(2v,(2)-T1R)ol,) TABWE)(2v,(3)-T1B)oy, ) ’
Vp (1)3/2 + Vp (2)3/2 + Vp (3)3/2

Table 6-4  Partial derivatives for the feedback signal in the SAR/ISAR case generated by Mathematica (continued).
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A.2 Derivation of the Bussgang nonlinearity w.r.t. pdf

The Bussgang nonlinearity w.r.t. the pdf of the input signal and the deconvolution noise in
(3.11),

[ %P, () p,, (x=x)dx
[ .0 P, (x=x)dx

9{x} = E{x| X} =

is derived here.

The Bayes’ risk defined in (2.12) is rewritten as
IR = [ Cx-X(R)) Py (x,X) dxCX .

By choosing the Bussgang cost function C(x-X(X)) as the l,—norm, the Bayes’ risk

becomes the mean square error (MSE) and is given by
MSE = [ (x- 200)" (x-X(X)) P, (%) dx dx. (7.9)

The nonlinearity output X2 g{x} is chosen to minimize the MSE in (7.9). Therefore, we

have

OMSE

= =“_z(x—>”<(>z))pm(x,X)dxdxéo. (7.10)

The above equation can be written as
J’I R(X) Py 5 (X, X)dxdX = j I X P 5 (X, X)dxaX . (7.11)

By reorganizing the integral on the left-hand side and applying the Bayes’ rule on the

right-hand side, we have
[ X(X)[ [ Pec %0 dx}dx = [[ xPu(x1 0 p, (R ez . (7.12)
Again, by reorganizing the right-hand side of (7.12), it becomes
j)“(()'()“ By (%.X) dx}di - ”:JX By (X] X) olx}pX (X)dX. (7.13)
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Now, by evaluating the expressions inside the square brackets on both side of (7.13), it can

be more compactly written as
J.R(X) pX(X)dX:J.E{xli} Py (X)X . (7.14)

As a result, one feasible solution for (7.14) is to have the nonlinearity X equal to the
conditional expectation of x given the deconvolved output X. That is,

X=E{x|x}. (7.15)
We can write the conditional expectation in term of integral and then apply Bayes’ rule,

giving

X Py x (X, X)dx
E{X|X}=prxli(x|i)dx=J‘W. (7.16)

From the definition of the deconvolution noise w=X—x, we have the deconvolved output

X expressed as
X=W+X. (7.17)

The pdf of the sum of two independent random variables is equal to the convolution of

the pdf of the two random variables. That is,
P (%) = Pu(X)* Py (X) = [ P () Py (X~ X)0x . (7.18)

Notice also that
px,i (X, )V() = px,w(X!W) = Py (X) Pw (W) = px(x) pw()v(_ X) 5 (719)

since xand w are independent. By substituting (7.18) and (7.19) into (7.106), the

conditional expectation becomes

[ %P Py (X =) 0x
[ P00 putx—xax

E{x|x} = (7.20)

This concludes our derivation of the Bussgang nonlinearity in terms of the pdf of the input

signal and the deconvolution noise.
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A.3 Derivation of the identities used in SAR phase

nonlinearity

Proof of the identity in (5.26) as rewritten below,

Tﬂu e (a;)z du = [%J b a{erf (MT”) —erf (a_Tﬁﬂ + %[e(a;”]z - ei[%ﬂjz ] >

is given here.

First let t:% which implies dt = _dTu and by a change of variable from u to t in

the left-hand side of the equation above, we have

jue b? du:—bj(a—bt)e" dt. (7.21)

Now, by separating the right-hand side of (7.21) into two terms, it becomes

. (e e .
juef(Tdu:baJ' e“zdt—bZJ' te “dt. (7.22)

- b b

Now break down the right-hand side of each term of (7.22) into two terms so that the

lower limit of the integral is zero and apply the definition of the error function,

erf (u) = 4t . The resulting expression is given by

=l

Vs 7(a7u)2 — WT” 2 aT” 2
J'ue ¥ du=ba Jr erf (H—”)—erf a°7 | _p? J' te dt—J‘ te"dt|. (7.23)
2 b b ) )

-

In order to get rid of the integrals in (7.23) of the form jte’tzdt, we use the relation
0

dt? =2tdt as follows:

j;tetzdt :%J:. etdt? =—Ze : :—%[e’cz —1]. (7.24)

98



By substituting (7.24) into (7.23) and making use of the fact that the error function is an

odd function, we conclude that

T ue (a;)z du = [%} b a{erf (aJFT”j —erf (a_Tﬁﬂ + %[e(agﬂf - ei[%ﬂj2 ] . (7.25)

This concludes the proof of the identity in (5.20).

Proof of the identity in (5.27) as rewritten below,

is given here.

First let t:% which implies dt = _dTu , and by a change of variable from u to t in

the left-hand side of the equation above, we have

x _(au) 5
j e ¥ du= —bj e Vdt. (7.26)

Now break down the right-hand side of (7.26) into two terms, so that the lower limit of the

integral is zero,

V.4 (a_u)z % a%
j e ¥ du :—b[j e dt— I e‘tzdt] . (7.27)
- 0 0

This can be rearranged as

x (e = 5
jef v? du:—b(ﬁ}[ij' e"zdt—ij. e‘zdt]. (7.28)
0 0

By expressing (7.28) in terms of the error function, we conclude the derivation for identity

(5.27). That is,

{erf(agﬂj—erf(a;”ﬂ. (7.29)
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