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INTRODUCTION  

Under a prior NSF program (CBT-8414906) measurements were attempted of 

two troublesome turbulence correlations by a combined use of Rayleigh 

scattering, laser velocimetry (LV) and dynamic Pitot tube baraometry. These 

correlations are the pressure-strain and pressure-scalar gradient 

correlations. They enter in a description of turbulent stress transport and 

scalar transport when calculating turbulence fields at the level of second 

order closure. While the PI was able to show some time ago that 

pressure-velocity and pressure-scalar correlations could be measured directly 

by such techniques, the rate of strain field and scalar gradient field 

require the measurement of a spatial derivative. It was found that the 

accuracy of measurement in the gradient was simply not great enough to 

extract the desired information. 

The pressure fluctuation, however, exactly obeys a Poisson equation 

which may be solved in terms of the density and velocity fluctuations and the 

mean flow field quantities. In principle, therefore, only velocity and 

density measurements are required to determine the pressure and its 

correlation against any quantity of interest. The fundamental problem, 

however, is that the solution comes out as an integral of a Green's function 

times space-separated correlations of density against itself, density against 

velocity and velocity against itself; the integral is over all of space. The 

questions of a) time required to conduct the necessary measurements, b) 

convergence of the integral in light of the fact that it contains a 

singularity, and c) accuracy of the result needed to be addressed in order to 

proceed with an ambitious program. 



Another issue concerned usual commercial laser equipment. These laser 

velocimeters always want the probe volumes of two independent velocity 

components to intersect. Consequently, a device had to be invented to space 

separate the beams and still retrieve the signals. The development of such a 

device was started on the prior program and completed on this program. 

RESULTS 

All objectives were achieved on the program. Appended to this report is 

a paper submitted to the 23rd Symposium (International) on Combustion which 

contains all the results of the program. The following results were 

achieved: 

(1) A device to space-saparate and arbitrarily rotate any component of the 

LV was developed and demonstrated; 

(2) Using a cold turbulent round jet, it was demonstrated that, in fact, 

only a few space-separated correlations of the velocity measurement were 

needed for acceptable accuracy; 

(3) No convergence problems of the integral occured, and, in fact, the fact 

that it is a singular integral actually helped in extracting results; 

(4) Unexpectedly, new, powerful models for the pressure-velocity correlation 

emerged; 

(5) The role of the density fluctuation in forcing a pressure fluctuation 

became clarified. 

The appended paper is intended as the final report. The results suggest 

that the pressure-strain and pressure-scalar gradient correlations in hot 

flow can now be attacked. 
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ABSTRACT 

Examination is made of the correlation between pressure and velocity 
fluctuations in both cold and reacting turbulent flows. This correlation which 
accounts for pressure diffusion in turbulence transport equations, is shown to be 
extremely important physically and not well treated in the past. Experiments on 
confined and unconfined cold flows and unbounded premixed flames are examined and 
found to suggest new modeling approaches to this correlation. These suggestions 
are completely borne out by analytical examination of the Poisson equation for 
pressure which exactly describes the pressure fluctuation. 	Under certain 
restrictions on the flow type, new models are developed for the correlation of 
interest. These models are shown to compare favorably with experiment and a new 
experimental technique for nonintrusive pressure measurement is presented. 
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INTRODUCTION  

In the analysis of turbulent flows at the level of two equation closure or 

stress transport modeling, there always appear correlations between pressure and 

velocity and their gradients which give modeling difficulty
1
. The most primitive 

form of the correlation and its most often seen expansion into three terms is 

e 	= 	!(vi P I) + 	- pl av i 
i ax 	ax 	 1 ax 

a xj  

The first term on the right side of Eq. (1), the gradient of the pressure 

velocity correlation, often suffers outright neglect in modeling; however, it has 

long been known in free shear flows 2 ' 3  and has been shown in recent years in 

premixed flames
4

'
5
, that this term cannot be neglected. Moreover, in direct 

numerical simulation, albeit at relatively low Reynolds numbers, it has been 

shown that this term can play a dominant role in energy transport in reacting 

flows
6,7

. The quantity pie
' 
 the pressure velocity correlation, is the item of 

interest in this paper. While the correlation has been known to be important 

there appear to be no reliable models for it in the literature, and its 

measurement has been difficult. 

In variable density flows an exact Poisson equation for the pressure 

fluctuation may be developed from the continuity and momentum equations
1

' 8 . It 

is 

LEI - 
at 
ILL 2  a 2 (p 1 7.0) a 2  (p 1 7.

1
7) 

axax ax.ax.J 	ax.ax.2 
J 	 j 

a 2 (pev"  - pev"1 	221k-e) 
J 	jf - 2 

ax.ax. 	 ax.ax3  
1 	j (2) 

The only approximation in Eq. (2) is that viscous terms have been neglected for 

good cause; pressure is primarily influenced by the large energy containing 

eddies of a turbulent flow whereas viscous action occurs at small scales. 

(1) 

2 



(4) 
I 2 

Equation (2) is formidable, and working with it has been avoided by modelers 

because of its complexity
1 . However, recent experience by the authors in 

evaluation of past data and in the generation of new data suggests a return to 

use of Eq. (2), because in some flows it appears that only a few terms (in fact, 

one term) are important. The use of Eq. (2) to generate new models for the 

pressure velocity correlation is one purpose of this paper. The second purpose 

is to verify these models by examination of past and new experimental results. 

Along the way a new nonintrusive method of measuring the pressure velocity 

correlation will have been demonstrated. 

ANALYSIS  

Flows far away from boundaries will be considered such that a solution to 

Eq.(2) may be written in terms of the free space Green's function 

G(x i ,y i )=1/(47R), 	R=[(x i -y i )(x i -y i )] 1/2  

with the summation convention employed. The solution for p' is then multiplied 

by v i " and averaged to yield the pressure velocity correlation 

plv 11 = jrdV(y i ) G(x i ,y i ) [F p (y i ) + 	x/(x i ) 	 (3) 

with F being the first three terms on the right of Eq. (2) and F
v 

being the last 

two terms. This generally separates the correlation into parts involving 

the density fluctuation and velocity correlations, although, for completeness, 

the fourth term should also be split because p stands alone and is equal to p + 

P t  

p' 2 (x i ) = 	VO(yi ) G(x i ,y i ) [Fp (y i )+Fv (y i )] 

With the x i  values specified, y i  are the variables over which the integration is 

being taken, so space separated two point correlations of density-velocity, 

velocity 

3 



and density are required to evaluate Eqs. (3) and (4). Double and triple 

correlations are required. 

In general, for a variable density flow, Eqs. (3) and (4) are very 

complicated. However, because they will apply to the experimental flows to 

follow, consider a flow with the following restrictions: 

a. 	The correlation terms involving density fluctuations against the 

velocity are small compared with terms involving only velocity 

correlations. 

b. 	The turbulence intensity is sufficiently small (say 10%) so that triple 

correlations of velocity are small compared with the product of a mean 

velocity and a double velocity correlation. 

c. 	The flow has a dominant single flow direction (say, a jet). This 

direction is direction 1. 

In such a case, Eq. (3) reduces to a single term, where the position point x i 

 will be taken as the origin without loss of generality. After noting a fortuitous 

property of Favre averaging that p'v = ply.; and vvi = vivi, the result is 

. 
p'v!(o) = 2 jidV(y i ) G(o,yi) 

a 	ayi(v1 (y1)v( 
 J 	

1o))1 
J 

' 

1,37, 2 
3  

In the above, use has been made of the fact that continuity makes Tw i 

 divergence-free. The mean square pressure equation will only so simplify if,in 

addition, the density fluctuation is small, in which case 

2 
7 a 	l. 

p' 2 (o) = 	jrcIV(y i ) G(0,yi) a 	r;, ..g yl  v s] (y 1 j1 
J j  

(6) 

These expressions can be evaluated if the shape of the correlation curves are 

known. Notice immediately, however, that the expressions are dimensionally 

homogeneous with respect to length. The result can depend on shape but not on 

any turbulent length scale, per  se. 

(5) 
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Now concentrate on the case where the velocity fluctuation is in the same 

direction as the primary flow velocity, v.I=v
1 
 '=u'. Make the following two 

restrictions in addition to those above: 

d. Shear stresses are small compared with normal stresses either because one 

is near an axis of symmetry or in a low shear region of the flow. 

e. The mean density and velocity product varies only weakly over the 

distance required for the integral to converge. 

The integrand of Eq. (5) will now only have one important term involving the 

velocity correlation, it is 

3 	 a 	. 
aym  PV1 	Vm(YOUI(0) 

A crucial move is to apply the divergence theorem once and move the ym  derivative 

to the Green's function and pull the mean density-velocity product out from under 

the derivative. The mean density-velocity product may then be pulled out of the 

integral under restriction e above. Now make the assumption of an axially 

symmetric flow, measurement near the axis of symmetry, and a two-scale Gaussian 

correlation function 

u'(y i )u'(o) = u2 (o) e aY 1  e - P ( Y 3+ 	 ( 7 ) 

experimentally realizable, as will be seen below. Using Eq. (7) in Eqs. (5), the 

result for the axial velocity-pressure correlation is 

p'u' = -2TATI  u 2  SK
u 
	 (8) 

where the shape factor is, for p/a >1, which is the usual case 

	1 1 	 1 	1-✓1-a/0  
S = 	[1 + 1/V 	ln 

	

1 - 0/a 	 1-a/0 	1+11=73 J 
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This is remarkable in its simplicity. The constant K
u' 

supposedly around unity, 

is intended as a calibration constant to be obtained experimentally and to 

account for errors introduced if Eq. (7) is not obeyed precisely. 

A remark is necessary concerning Eq. (8). While the left side is invariant 

to a Galilean transformation, the right side does not appear to be so, containing 

the mean velocity. In the flows to be considered, a Galilean transformation on 

the flow will require that the hardware also undergo the uniform translation that 

the fluid does. That is, for example, for a flame anchored on the end of a burner 

tube, the tube must be moved if the fluid is translated. Consequently, the mean 

velocity is a relative velocity measured with reference to hardware causing the 

flow. 

Although the manipulations are somewhat different for the transverse 

velocity -pressure correlation, similar calculations yield 

= - Kvpv i  u'v' 	 (9) 

so that this correlation should track the shear stress. It was, in fact, this 

observation from experimental data 2'3 that led the authors to pursue the above 

line of reasoning. Since the shear stress is not appreciable until one is 

substantially off the axis of symmetry, however, the assumptions made in deriving 

Eq. (9) are not as well satisfied as those made in deriving Eq. (8). Therefore, 

some greater error as compared with experiment can be expected. 

Equation (6) is very cumbersome to carry out in the same detail as with the 

pressure velocity correlations. However, if a=p, a tedious calculation yields 

for the mean square pressure in a constant density flow 

1 2 	8 - 2s'2 	2 p 	= 	p v l  (10) 

Since this manipulation started out as an equation for pressure, it is reasonable 

that the shape factor and the correction constant in Eq. (8) belong to the 

6 



pressure, and an ad hoc correction to Eq. (10) to account for a*I3 and possible 

inaccuracies in the approach is postulated as 

p' 2  = (KuS) 2 	P 201 u 2 	 (11) 

Under the constant density conditions necessary for both Eqs.(8) and (11) to 

be valid, a correlation coefficient may be calculated for the axial 

velocity-pressure correlation. Remarkably, and in accord with experiment below, 

it is a constant 

r p'u'  

 

= -.625 
Pu 

(p , 2) 0 u  

EXPERIMENTAL 

Four experimental flows will be considered - two cold and two hot. They 

are: 

#1. A fully developed turbulent pipe flow of air at nearly one atmosphere, the 

details of which are located in Refs. (9) and (10). Velocity and its fluctuation 

were measured by hot film anemometry and pressure and its fluctuation were 

measured by frequency-compensated dynamic Pitot barometry. Conditions for the 

above equations to be valid existed from the pipe centerline to the three-quarter 

radius point. 

#2. A premixed propane-air turbulent flame stabilized on a 2.54 cm diameter 

burner tube. The configuration is as shown in Fig. 1 and the equivalence ratio 

was 0.8. This flow is documented in Refs. (5) and (11). Velocity was measured 

by laser velocimetry (LV) and temperature was measured by frequency-compensated 

thermocouple thermometry as calibrated against Rayleigh scattering measurements. 

Pressure was measured by dynamic Pitot barometry, but here also compensated for 

probe tip temperature effects. The adiabatic flame temperature was 2000K, the 

tube (cold) exit plane velocity was 6.18 m/s and the surroundings were open still 

air. This and the #1 flow provide the dominant information on the pressure 

7 



velocity correlation. 

#3. The same burner as in flow #2, but with stoichiometric methane-air. The 

adiabatic flame temperature was 2250K and the exit plane velocity was 4.67 m/s. 

While velocity and pressure were measured as with flow #2, temperature (density) 

was measured by Rayleigh scattering. Reference (12) contains the details of 

measurement. This flow served primarily as a check flow on a conclusion below as 

to the weakness of the correlation between velocity and density, although some 

conclusions concerning pressure velocity correlation will be drawn from this 

flow. 

#4. The same burner hardware as in flows #1 and #2, but operated in cold flow. 

The mirror apparatus shown in Fig. 2 was built in order to rotate and 

space -separate the two LV probe volumes to measure the necessary space -separated 

correlations in Eq. (2). One component of the 5w Argon-ion laser was unmolested 

and velocity was measured in the backscatter mode while the molested component 

used forward scattering. 	This technique was to verify that a nonintrusive 

velocity correlation measurement could be substituted for the usual intrusive 

Pitot pressure measurement. The measurements were carried out about a volume 

centered on the axis at z/D=4 where the mean axial velocity was 3.69 m/s and the 

mean square axial velocity fluctuation was .119 (m/s)
2

. 

Consider first flow #1, where in Ref. (10), with a more rudimentary theory, 

a formula similar to Eq. (8) was derived. 	For a pipe flow the ratio of 

longitudinal to transverse integral length scales is about 4, so that the ratio 

of p to a is about 16 leading to a shape factor of about .07. 	Excellent 

agreement of theory and experiment is achieved with both Eqs. (8) and (11) for K u 

 about 2. This agreement extends over three fourths of the tube radius, after 

which wall effects become important. In these experiments p'v' was not measured. 

The correlation coefficient for p'u' was a remarkable constant of -0.6 (see the 

theoretical value above). One reason for the excellent agreement between theory 

8 



1 
and experiment for this flow is that it closely satisfies all restrictions in the 

development of the theory, and the axial velocity profile is quite flat over the 

transverse dimensions of agreement. 

Considering next hot flows #2 and #3, the profiles on the centerline for the 

mean axial velocity and mean density are shown in Fig. 3. For both flows most of 	3 
- 	 ' 

the heat release on the centerline takes place for z/D between 2 and 4. Both 

flames have the unconfined flame characteristic that the mean velocity on the 

centerline is almost a constant, because there is no strong axial pressure 

gradient. The density is highly variable, however. Using a result to be 

obtained later on flow #4, the longitudinal to lateral length scale is roughly 

about 2, yielding a shape factor of about .17. With K u=2 a comparison of p'u' 

computed from Eq. (8) is made with the experimental values in Fig. 4. 	The 	tkv  
agreement is quite good, even through the flame zone. 

The agreement is somewhat surprising and probably arises because of one 

peculiar fact for these two flames. For these unconfined flames the correlation 

between density and velocity is exceptionally low
5,11,12

. While the density 

fluctuation itself may be of the order of 40% of the cold density, the 

correlation coefficient against velocity is only of the order of 0.1. This 

feature of the unconfined flame does not usually hold up in confined flames 

because there are strong mean velocity gradients. But here the correlation is so 

low that the theoretical assumptions made in throwing out the density fluctuation 

terms appear valid. 

It is not true, however, that p
72 
 can be computed from Eq. (11) for these 

flames. The density fluctuation effect does not disappear for this quantity, as 

mentioned above. To illustrate this fact experimental and theoretical (computed 

from Eq. (11)) rms pressure fluctuation results are shown on Fig. 5. While the 	N,r 
agreement is good upstream and downstream of the flame zone, there is a dramatic 

rise in p' in the flame zone. This can only occur because of the density 



fluctuation effects. Also shown in Fig. 5 is the density fluctuation for both 

flames (notice the scale change for the hottest flame which has substantially 

higher fluctuation in density than does the colder flame). There is a substantial 

displacement of the peak in density fluctuation from the peak in pressure 

fluctuation which is somewhat unexpected. However, this may arise from some 

peculiarity in the theory, if it could be carried out including the density 

fluctuation effects. This will be left for future work. 

In Fig. 6 is shown a theoretical-experimental comparison for the transverse 

velocity-pressure correlation. 	The theory uses Eq. (9) with Kv=1 and the 

experimental result is from flow #2. 	The agreement is quite good, but the 

comparison is made at z/D=6, which is quite far downstream from the flame zone. 

Although not shown, the p'v' correlation in the flame zone also tracks the shear 

stress, as demanded by Eq. (9), but K v  would have to be about 6. There must be 

some problem in the theoretical assumptions in the flame zone concerning the p'vl 

correlation, although at least the shape of the radial variation in this quantity 

appears to be correctly predicted. 

A problem in usual turbulence modelling' is now clear. 	The diffusion of 

pressure energy is at least as large as the usual modelling of the diffusion of 

turbulence kinetic energy and should be so considered. While the current results 

are gained under certain restrictions on the flow type and cannot be considered 

completely general, the fact remains that typical k-E modelling has to be 

modified. This conclusion is also drawn in Refs. (6) and (7). 

A final demonstration considers Flow #4, where a nonintrusive indirect 

measurement of the pressure velocity correlation is concerned. As demanded by 

Eq. (5), after simplification, what is required is a space separated two point 

correlation of the axial velocity fluctuation, if the p'u' correlation is 

required. Shown in Fig. 7 are the measurement points and general nomenclature 

10 



for the measurements on the axis of Flow #4. The mean velocity, as seen in Fig. 

3, has a very weak axial gradient, measurements are made on an axis of symmetry, 

the transverse velocity is very small, shear stresses are negligible, and, in 

general, all restrictions on the theory are met. Typical measurements of the 

radially separated axial velocity are shown in Fig. 8. A composite graph of 

axial and radial separations, as well as some points skewed to the radial and 

axial directions is shown in Fig. 9. The correlations are quite symmetric about 

the origin point, justifying the bi-directional Gaussian approximation to the 

correlation function used above. The primary contribution to the integral in Eq. 

(5) comes near the singularity (integrable) of the Green's function and the 

maximum in the correlation function. Consequently, a Gaussian is fitted to best 

match the experiments in this region. The result is that Oa =4, which is a 

value used above in determination of K.  It should be cautioned, however, that 

this flow is cold. 

The results from Eq. (8), using the space separated measurements, and those 

from use of the Pitot probe with LV are as follows, with K u=2: 

p'u' 

r , 	, 
p u 

Space separated 

-.34 Pa m/s 

-.6 Pa m/s 

Pitot-LV 

-.35 Pa m/s 

-.48 Pa m/s 

These results give a renewed confidence in the use of intrusive Pitot barometry. 

The space separated measurements are extremely time consuming, but act as a check 

on the intrusive measurements. For the general case in which density 

fluctuations play a strong role, velocity and density measurements and their 

correlation would be required by the indirect method, giving strong motivation to 

use of the intrusive method of measurement. 
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CONCLUSIONS  

1. The pressure velocity correlation in both hot and cold turbulent flows is as 

strong as any other turbulence energy transport term in the physics of energy 

transport and cannot be neglected. 

2. Contrary to popular opinion, the pressure velocity correlations are of the 

order of the mean velocity times either a normal or shear stress, depending on 

the direction of the velocity of interest. 

3. An indirect, nonintrusive method of measurement of the pressure velocity 

correlations has been developed as an adjunct method to check the results of 

Pitot barometry, LV and Rayleigh scattering. 	The method rests upon space 

separated measurements of velocity fluctuations, and, in the general case, space 

separated measurements of density fluctuations and density -velocity correlations. 

4. Under several 	restrictions on the flows, 	simple models for the 

pressure-velocity 	correlation 	have 	been 	theoretically 	developed 	and 

experimentally verified. While the models are not completely general, they 

should be applicable to several simple flows, and, in particular, reacting 

turbulent flows. 
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NOMENCLATURE  

burner diameter 

F
p
, F

V 	
grouping of density and velocity terms in Eq. (3) 

G 	free space Green's function 

K
u' 

Kv 	
constants in pressure velocity correlationS 

p 
	

pressure 

r 
	

correlation coefficient 

R 
	

distancebetweenx.and y. 

S 	shape factor 

u 	axial velocity 

V 	volume 

v i 	velocity in ith direction 

v,w 	transverse velocities 

x., y. 	Cartesian coordinates 

z 	axial direction coordinate 

length scale constants in Gaussian correlation 

p 
	

density 

rms axial velocity turbulence intensity 

rms transverse velocity turbulence intensity 

Superscripts  

ordinary fluctuation 

Favre fluctuation 

average 

Favre average 
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LIST OF CAPTIONS  

Figure 1. Burner schematic for Flows #2 - #4 

Figure 2. System of mirrors used to rotate and shift one of the two laser beams 
used for velocity measurements. 

Figure 3. Measurements of mean quantities in Flows #2 - #4. ■ Mean velocity for 
Flow #2. NI( Mean velocity for Flow #3. X Mean density for flow #2. 
0 Mean density for Flow #3. —0—Mean velocity near Z/D = 4 for Flow 
#4. Velocities are made dimensioro less by the exit plane value. 

Figure 4. Dimensionless axial velocity-pressure correlation, p'u'/pu 3 . 
Comparison of theory (X) and experiment (II). Flow #2. 

Figure 5. Dimensionless correlations vs axial distance for Flows #2 and #3. 

■ Mean square pressure, (p 12 )0/7! T.1 2 , on the axis of Flow #2 

(p 12 )42 / 17) for Flow #2. 0 (p'70/7 = 10 for flow #3. N( Theoretical 

— — 
(p 12 )-w/p u 2  neglecting density fluctuation. 

Figure 6. Transverse velocity-pressure correlation, p'v'/p u 3 , vs radial 
distance at z/D = 6 for Flow #2. X Theory. mlExperiment. 

Figure 7. Experimental configuration for space-separated velocity measurements. 

Figure 8. Radially separated correlation measurements of the axial velocity and 
the Gaussian fit to the data used in the theory. 

Figure 9. Two dimensional fit to the axial and radial space-separated axial 
velocity correlation. 
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