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Abstract

We construct integrable spin chains with inhomogeneous periodic disposition of the
anisotropy parameter. The periodicity holds for both auxiliary (space) and quantum
(time) directions. The integrability of the model is based on a set of coupled Yang—
Baxter equations. This construction yields P-leg integrable ladder Hamiltonians. We
analyse the corresponding quantum group symmetry and present Algebraic Bethe Ansatz

(ABA) solution.
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1 Introduction

In an attempt to formulate the Chalker—-Coddington model in the action formalism
with coherent states [J], one is led to the use of Manhattan Lattice ML [P, B]. One has
also to consider the R-matrices of the X X model with alternating shifts of the spectral
parameter. Therefore the idea of a Zs staggering of the spaces along the chain and time
directions naturally rises up.

Initiating this fact in a series of articles [[, H, @, [{] the authors have proposed a
technique for constructing integrable models where the model parameter A (the anisotropy
parameter of the X X Z and anisotropic ¢t — J models) have a staggered disposition of the
sign along both chain and time directions. Due to the staggered shift of the spectral
parameter also considered there, these models have led to Hamiltonians formulated on
two leg zig-zag quasi-one dimensional chains.

The technique is based on an appropriate modification of the Yang—Baxter equations
(YBE) (B, H]) for the R-matrices which are the conditions for commutativity of the
transfer matrices at different values of the spectral parameter. The transfer matrix is de-
fined as the staggered product of R-matrices, which have staggered sign of the anisotropy
parameter A and staggered shift of the spectral parameter of the model along the chain.
The shift of spectral parameter in a product of R-matrices was considered in earlier works
of several authors [[[T], [T, by use of which they have analysed the ordinary X XZ model
in the infinite limit of the spectral parameter. Later, in the article [IJ], this modified
transfer matrices has been used in order to construct integrable models on the ladder.

Integrable models on ladders were also constructed in various articles [[[3, [4, [3, [[d], [7]]
but our construction essentially differs from those because it contains an inhomogeneity
of the anisotropy parameter along the chain.

In the article [i] we have analysed the quantum group structure behind of our con-
struction and have shown that it is a tensor product W ® U, ;(gl(2)) of a Weyl algebra
and a two parameter (¢ and i) deformation of U(gl(2)).

In the present article we go further in this direction by presenting the corresponding
modification of our technique to consider and construct P-leg integrable models, based
on the SL(2) group (the generalisation of the 2-leg X X Z case).

In the Section 2 we present the basic definitions of our construction, namely the R-
matrices, the shifts of the spectral parameter, the transfer matrix and the corresponding
modified Y BE as the conditions of commutativity of the transfer matrix for different
values of the spectral parameters. We also present the solution of the coupled Y BE for
the XX Z case.

In the Section 3 we calculate the Hamiltonian of our model, showing that it can be
considered on the P-leg ladder. We first prove that our transfer matrix at zero value of the
spectral parameter is proportional to the identity operator (in the braid formalism). The
Hamiltonian, as usual, is defined as the linear term in the spectral parameter expansion
of the transfer matrix.



In Section 4 we analyse the quantum group structure behind of our Yang-Baxter
equations. We show that the algebra defined by the RLL relations [I§] derived from the
set of coupled Yang—Baxter equations can be regarded as direct product of a Weyl algebra
and the g-deformed U, (sl(2)).

In Section 5 we present Algebraic Bethe Ansatz solution of our model.

2 Basic Definitions and the Yang—Baxter equations

Let us now consider Zp graded quantum V; ,(v) (with j = 1,..., L as a chain index)
and auxiliary V,,(u) spaces, where p,oc = 0,1,...,P — 1 are the grading indices. We
consider R-matrices which act on the direct product of spaces V, ,(u) and Vj ,(v), (o, p =
0,1,..., P—1), mapping them on the intertwined direct product of V, ,.1(u) and Vj ,41(v)
spaces (we impose periodic boundary conditions P = 0)

Rajop (u,0) 1 Voo(u) @ Vj,(v) = Vi1 (v) @ Vg (u). (2.1)

Definition 2.1 We introduce two transmutation operations vy and to with the property
P =1L =id for the quantum and auxiliary spaces correspondingly, and mark the operators
Ry op as follows

P-1
_ — pu — p4u

Ryjoo = Raj, Ry = Ra]’ Rajop—1) = Raj )

P-1
J— L2 J— L1L2 —_ L2ty

Raj,lO = aj? Raj,ll = Raj Raj,l(P—l) = Raj ’

(2.2)
L2P_1 L1L2P_1 L1P_1L§_1
Rejpno = Ry o Reje-mn =Ry® o Rajpoaypo1) = Ry

The introduction of the Zp grading of quantum spaces in time direction means, that we
have now P monodromy operators 7, p = 0,1, ..., P — 1, which act on the space

L
Vo(u) = [T Vio(w) (2:3)
j=1
by mapping it on V,1(u) = Hle Vi pt1(u)
Lo—u) V)= Vs u), p=0.1,.P 1. (2.4

It is clear now, that the monodromy operator of the model, which is defined by trans-
lational invariance in P-steps in the time direction and determines the partition function,
is the product of P monodromy operators

T(u) =[] Z,(u). (2.5)

o=0
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The Zp grading of the auxiliary spaces along the chain direction besides the ¢ oper-
ations defined upper contained also a shift of the spectral parameter. Let us define the
following shift operations on the spectral parameter u

i=tY=0+e, -, P =0+ea*Y k=012, P (2.6)

where € = e?™/F is the P root of unity and 6 is an additional model parameter. It is
easy to prove that a¥) = g© = u.

By use of this shift operations we define the T}, (u) monodromy matrices according to
the following

Definition 2.2 We define the monodromy operators T,(u),o = 0,1,2..., P—1 as a prod-
uct of the Rqj,(u) matrices:

L/P

L1 _(P—

To(u) = H<R07PJ'<“) ZQ,PJH@L) o 'RaQ,ijLPfl(u(P 1))),

§=0

L P—1
I (u) - H<R21,Pj (a)Rg{ng(a@)) o 'Ral,lngqu(a(P)))a

j=0

(2.7)
T APYRIEE (D) qig o HP-)
Tp(u) = H(Ral,Pj(u P )Ral,Pj+1(U ) 'Ral,]gj—i—P—l(u b ),

j=0

p=0,1...P—1.

We will consider this monodromy operators in this paper and analyse their commuta-
tivity next.

As it is well known in Bethe Ansatz Technique [§, fl], a sufficient condition for the
commutativity of transfer matrices 7,(u) = TrT,(u) with different spectral parameters is
the Yang-Baxter equation (Y BE). In order to have a commutativity of transfer matrices
(B-H) for different values of the spectral parameter we demand the commutativity of trans-
fer matrices (.7). Then the standard so called railway arguments yields the following set
of P equations

Ris(t — )Ry (@) Rog(v) = Ry (v)Rus(a) R (@ — v)
Ry (@ = o) Ry (@) RG(0) = Rag? (o) Ry (@) R (@ - 0)
: (2.8)

~(P— _ _(pP— L1L§71 _ wP=1, _(p— L1L§71 _(pP— Pt _ _
RE V(@™ —o@PRY> @Ry @Yy = Ry (0P V)RE T (@) Ris(a — v).



It can be seen easily that, defining > and R® as

R?(u) = R“(e'u),
RP(u—v) = RY(u—-v), p=1,..,P—1, (2.9)
all the equations (B.§) are compatible and reducing to the first one.
Now, in order to solve this equation for the R(u) above, we follow a procedure which
is the inverse of the Baxterisation (debaxterisation) [[9]. R(u) can indeed be written

1
Riofu) = o (zR12 — 2 'Ry)") (2.10)

with z = ¢™ and the constant R, and R;' matrices are spectral parameter independent.
Then the Yang-Baxter equations (B.§) for the spectral parameter dependent R-matrix
R(u) and R"(u) are equivalent to the following equations for the constant R-matrices

RisRisRos = RyzRusRy) (2.11)
Ry RisRyy = RasRiyRis (2.12)
Riy (R) ™ By — (Rn) " Riy (Re2) ™ = Ry (Ran) ™ Rih — (Rg) ™ Bas (B)) 7 (2.13)
Ry (Ra) ™ Ry — (R3) ™ Rus (Rih) ™ = Ros (B) ™ Ria — (Ra) ™ Ry (Ba1) - (2.14)
If this modified YBE’s have a solution, then one can formulate new integrable models
on the basis of existing ones. We will hereafter give solutions of these YBE’s based on
U,(sl(2)) R-matrices.
A solution of (2.11)-(B.14) is then given by

g 0 00
01 00

R=1g e 10| (2.15)
00 0 ¢
g 0 0 0

s |0 e 0 0

RY = 10 gt er o | (2.16)
00 0 ¢

where (.17) is the usual R-matrix of U,(gl(2)).
The solution obtained in [[] in connection with the staggered XXZ model for P = 2,
can then be generalised to a solution of (B.§) given by

sin(A+wu) 0 0 0
B 0 sin(u) e ™sin(\) 0
Rw) = 0 e™sin()\) sin(u) 0 ’ (2.17)
0 0 0 sin(A + u)



sin(A+u) 0 0 0

P B 0 e’ -sin(u) e ®sin(\) 0
R (u) = 0 esin(\) P -sin(u) 0 ’ (2.18)
0 0 0 sin(A + u)

(Notice that we introduced here the off-diagonal factors e™ and e~* not present in [ to
allow the decomposition (B.I(). They are nothing more than a rescaling of the states or
a simple gauge transformation.)

Following the technique developed in the article [P one can fermionise the R-matrix of
the XX Z model by using for the V,, and Vj , spaces the Fock space of the Fermi fields

¢, ¢ with basis vectors |0); and |1);, for which

(X))i = ( t=mi o ) : (2.19)

& n;

is the Hubbard operator. Then the fermionic R-operator is defined by use of (B.17)

Ry = (_1)p(a1)p(j2) (Raj )™ x oy
Q j a2”"J2

@)/ a1
= a(u) [=nyng 4+ (1 = ny)(1 = ng)] + b(w) [n;(1 = nk) + (1 — ny)n
+ c(u) [cjck + e, (2.20)
where a(u) = sin(A +u), b(u) =sin(u), c(u)=sin(A).
The corresponding expressions for the R4 (k=1,---,P — 1) operators are
Lk —
Ry = alu) [—nmny 4+ (1 —ny)(1 —ng)] + b(w) [e knj(l —ng) + (1 — n])nk]
+ clu) [cfa+ o). (2.21)

3 Hamiltonian for the P-leg model

Usually in order to calculate the Hamiltonian in an homogeneous chain we should
expand the transfer matrix around the point where it becomes identity operator (in the
braid formalism). But since we have different shifts of the spectral parameter in our
model it is impossible to find a value of the spectral parameter such that all the R-
matrices become identity. Therefore we choose u = 0 as an expansion point, where only
some of the R-matrices become identity, while the others contain scatterings. This is the
origin of the appearance of the next to nearest neighbour interaction terms (NN N)in
the Hamiltonian and of the formulation of the model on the P-leg quasi-one dimensional
chain.

We should calculate the transfer matrix at the point w = 0 and the linear term of its
expansion over u.



Proposition 3.1 The transfer matriz T(0) in the braid formalism is proportional to the
identity operator

T(0) =1 (3.1)

Proof: The proof is based on the use of YBE at the point © = 0 and graphically
represented in Figure ] in the P = 3 case.

RO RY (¢20) RY(—0) RO

RO R (0) R (—eb) RO

RO ) RY (e0) R'(—€20) RO

Figure 1: Transfer matrix at u =0 for P =3

T(u) is a product of R-matrices that can be written in several ways, simply using the
trivial commutations of matrices that have no indices in common. On way to write 7'(0)
is A

P j-1

=11 H | ) H H Ry (e —e0)  (32)

j=2 i=1 j=1 i=j+1
where ' = /(1 —€) and ¢ = ¢;. The first terms of this product are RjsRi3Rs3 (with
convenient arguments and powers of ¢), for which we use the Yang—Baxter equation. Rjs
meets then Ri4R34 and R;3 meets R14[34. And so on, until all the R;; matrices are in
the middle (between the double products), so that

i—1 P-1 P
7(0) =] ]Hjo"'“‘l(( —He) H | H RS — e
j=3 i=2 j=1

(3.3)



P+j—1

The R;; terms present in the last double product precisely cancels the product H R

7=2,..,k
by unitarity property, so that
P j-1
P—j+i— P— 1 ;
=TI IIR; " '« H H Ry (7 =€) (3.4)
7j=3 =2 7j=2 i=75+1

The powers of ¢+ have changed in the remaining part. Following a straightforward recursion,
we get

P-1

H HRLP A (P D) I 557" (7 —ehe)  (35)

j=l+1 =l 7=l i=j+1

and finally 7(0) = 1 (up to some translations).

Hamiltonian for the 3-leg model
We will restricts ourselves to P = 3 in the parts of this article concerned with the cal-
culation of the Hamiltonian (the section concerned by the underlying algebra deals with
general P).

The transfer matrix 7T'(u) = To(u)T1(u)T2(u) for P = 3 is defined by formulae (B.7)

containing only three lines

L/3
To(u) = H(Ra,?)j (U)RZQ,?,j—i-l(a)RZQ,?,j-i—Q(ﬂ(Q)))v
3=0
L/3 ,
Ti(u) = H( 21,3]‘ (a)RZI,:%H(ﬁ(z))R;t;?m(u))a (3.6)
§=0
L/3 2 2,2
Ty(u) = H(Rzzl,:sj(“(2))Rélgjﬂ(u)R;l,;?Jrz(ﬂ))-

J=0

For convenience let us use the graphical representations of the R-matrices as it is defined
in the article [[] and represented in Figure J.

Later we will pass to the so called coherent state basis for the R-matrices represented
via Grassmann variables ¢, by which the corners of the square in the picture are labelled.
The transfer matrix T'(u) = Ty(u)T1(u)Ts(u) defined by formulae (R.7) contains only three
lines and can be drawn as in Figure [3.

In order to calculate the Hamiltonian one should take the expansion over the spectral
parameter u of the R-matrices in the expression (B.f) of the transfer matrix, and extract






the linear term. As one can see from Figure fJ, we have nine R-matrices forming a block,
by translation of which the whole transfer matrix can be reproduced. By use of T'(0) ~ I
proved before one can obtain the following expression for the contribution of one block to
the Hamiltonian

T(u) = aag---ag(l+ uHoizsa),
2
Hoioza = 7'{0123.4 + H(()1)234v
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where the notation 0%, k = 1,2 means @*) at u = 0 defined by the formula (). In this
P9
expression H;}LQ are the linear terms of the expansions of the corresponding R-matrices
and we will write down their explicit expressions later.
The formulae (B.7) and (B.§) show that we need the expressions of nine R-matrices,
as well as their derivatives, at u = 0. Instead of using in the future the long upper scripts

8 it looks convenient to introduce the following numeration for those nine R-matrices
(see Figure )

(@) =R, R2a®)=R,, Ru)=R;
R (@) = R,, R"2(a®) = R;, R"3(u) = Rs, (3.9)
5 M) = Ry, R4 (a®) = Rg, R'i=

with the corresponding numerations for the a(0), b(0) parameters(the parameter c is the



same for all of R-matrices and equal to ¢ = cos \.

a; =sin(e20 + \) ay =sin(0 + )  az =sin(ed + \),

by = sin(e?0) by = sin(6) by = sin(ed),
ay =sin(—0 + \) as =sin(—ef + \) ag = sin(—€0 + \), (3.10)
by = sin(—0) bs = sin(—eb) bg = sin(—e20), '
a7 = sin(\) ag = sin(\) ag = sin(\),
b7 =0 bg =0 bg =0
and for their derivatives a/(0), &'(0)
ay =cos(e20 +\) dy=ecos(0+N)  ay=e*cos(ed + \),
V| = cos(e*0) b, = ecos() vy = €% cos(eh),
(3.11)

ay = cos(—0 + \) ag =ecos(—ed + \) ay = € cos(—e*0 + \),
by, = cos(—0) by = e cos(—eb) by = €2 cos(—€%0).

The Hamiltonian (B.7-B.§) can have a following simple interpretation. We are taking
the logarithmic derivatives of the nine R-matrices of the constituent block, but instead
of ordinary sum we should take the braided sums of this terms. The meaning is clear
from Figure [, where the square box represents H and where crossings of lines represent

Figure 4: Some terms of the Hamiltonian

First one should make the permutations of neighbouring nodes with the correspond-
ing R*2(0) matrix and after the interaction via the local Hamiltonian permute them
back to their original order with the inverse matrices (R“*2)~1(0). This interpretation
is interesting from the mathematical point of view and would need further investigation.
Nevertheless it looks necessary to write down explicitly the expression for the Hamiltonian
in terms of fermionic creation-annihilation operators.

In order to make the calculations it appeared to be convenient to pass from ordinary

matrix (R.17) or operator (.20-2.21]) expressions of the R-matrix to the so called coherent

10



state basis representation. Let us introduce the fermionic coherent states according to
articles [R1] and express the R-matrix in these terms as it is done in [B, .

(o) = P5H10),  (hyy| = (O]ec2 P (3.12)
for the even sites of the chain and

|thaj1) = (¢354 — 12j41)]0), (V2j41] = (O] (coj1 + toj41) (3.13)

for the odd sites.
These states are designed as an eigenstates of creation-annihilation operators of fermions
ci, c¢; with eigenvalues 1; and 1,

7 Y
Coj | Whaj) = —thoj | Was) , (o5 | €35 = —(thaj | oy, (3.14)
Coppn | Yaj1) = Yo [ o) 5 (Wi | o = — (Wi | Yoy
It is easy to calculate the scalar product of this states
(g | thoy) = e
R S A (3.15)

and find the completeness relations
/ dibjdis; | ;) (o | P55 = 1,
/di/_’2j+1d1/f2j+1 | Pj) (o | em¥ams = 1 (3.16)

Now let us pass to the coherent basis in the spaces of states [] ;i Vjo of the chain and
calculate the matrix elements of the Ry; ;1 1-0operators between the initial | ¢)q;), | @gjﬂ)

and final (¢, |, (¥}, | states. Using the properties of coherent states it is easy to find
from the formula (2.20), that

le 'ﬂﬁ/ i n T~ n
(R) g (W) = (@0, P55 | (Ri)jzjan | o, o)
6[a(u)%j¢2j+a(u)@2ji1%]~i1*b(u)@2ji1w2j+b(u)1/72j%jﬂ*W'gj%j%jﬂ%jﬂ]
k=1,2..09. (3.17)
where 0 = 2a(u)b(u)A and A = cos()) is the models anisotropy parameter.
By use of these coherent states we can replace all the ordinary matrix multiplications

in the expressions (B.1B.§) of the Hamiltonian by the Grassmann variable integration
with the measure

/ o ewﬂljidz/_}idwi (3.18)

11



as it is dictated by the formulae (B.1§). Then the calculation of integrals over Grassmann
variables simply reduces to the all possible Wilson-Polyakov’s contour integral countings
defined on a graph connected to the terms in the expression (B.7H3.1) by use of identifi-
cation of the Figure f] with the R-matrix.

The expression we have obtained for the H01234 is the following

H((]11)234 = cycr(tar + fang) + ¢f catia + frans) + 3 c3(tas + fasna) + ¢4 ca(tza + fzom1)
+ C;J{Cl (ts1 + faine) + CILC3(7513 + fisng) + diing + dagng + dsgng — dianing
+  disning — dagnang + diagningns, (3.19)

where the coefficients ¢;;, f;;, dij, ©,7 = 1,2,3 and d;93 are written down in the Appendix.

The expression for the second part of Hamiltonian H821)234 which consist of derivatives
of the R7(u), Rg(u), Ro(u) terms in the transfer matrix can be summarised as follows.

H01234 = H?,o : S?,l '82,2 + Hy o (S11))" - (Saz)y - Xzo

+ 07(S10)" S50+ X7y (Sip)y - (Hs)y, - (Ss0)f - X
+ (852)" (Ses)” - Hoa+ X7 - (S32)5 - (Ses)ys - (Hoa)w, (3.20)
where vector indices u, v,0 = 4+, —, 3 and can be taken up and down by the usual metric
0 20
tensor g,, = | 2 0 0 |, upper script 7" means transposition.
0 01
In the expression (B.20) other notations are defined as
H,(,),i = a, — (0. —a.)cle,
H:’fz = (b;" ;vaiﬂcla’r - <5I —|—CL )C CZ)
26,0 0
(Hy), = 0 —=2v. 0 |,
0 0 J
Xt = (¢, ¢f, 1—2n) r="1789 (3.21)
and
ng‘ = 2ardreci+ci, r=128,9
_2bra¢r6%ch 0 - \/ﬁ(ar - ar)ci
(Sri)y = 0 —b,apea i \/2(a, — ) (3.22)
—2/2b,.c/ —2v/2b,.¢; 2b2eci ¢
where subscript ¢ enumerates the lattice site. In the formulae (B23) a1 = ag, a2 =

a4, A3 = A5,04 = A2, U5 = a3, Ag = A1.

12



4 Algebra

The underlying algebra of this model is defined by generators L and the following
set of RLL relations derived from the set of coupled Yang-Baxter equations following [[[§]

P iLP‘Fl 4P in+1 4P Pl
p Pt p _ptl |
Ri2Lf Ly =1L, LIL R, (4-2)

(with again ¢ = ¢;). Writing

» K. » 0 P KY YF
L-H _ ( +L1P o ) ’ L_L _ ( -1 » ) 4.3
EY  KY, 0 K%, (4.3)

these relations become

L1 4 4 L1
K—l—l K—l - K—l K—l—l
p+1 P p+1 D

A8 At
K Ky =e Ky K
(4.4)
K%K, = K, K"
1 2 — €A 1
KYOK9 = ¢ KU, K4
+1 -2 2 +1
e P - Lot p
p+1 1 P p+1 1 P
5t P —p P 51 P ptl, —1 P
KBS = gt K KR = et Rt R
L I p+1 P P p p+1 P
K% BY = e BA T KY K5 PR = etigpdt ) s
4.5
p+1 1 P p+1 1 P
51 P —p—1 —1 Pt 51 51 Lo op s 51
Ky E'" =e¢ qg B K Ky F'1 =elql" K,
p+1 +1 P p+1 1 P
K%, BEf=erlgpit K1, K%, Fi=eqg ' FTTKY,

p+1 p+1 P p+1 P

e? BN et pRT R = (g — ¢7Y) (K‘jl K} — K'Y Kig) . (4.6)

We further define

p—1 I ot -1 %4 -1 P
e’ = B4 (K i ) = Pl (K ;1) B (4.7)
pP— Lp—l -1 Lp -1 p
= (Kjl ) — (Kj1> fas (4.8)
P Pt po1 1 Bt
K= K (K;l ) - (Kg) K (4.9)

13



P Lzl)_l Lzl)_l -1 & -1 &
K= K", <K+1 ) :e(K+1) K,

p—1 p—1y\ —1 p\ —1 p
[ 51 51 _ 51 51
K = K9 (KH ) -y <K+1> K",

These operators fulfil the relations

! !
[N S —2 PP PP 2 piP P
kZie” =dpp ¢ €7k, Ko 1 = opp @7 7R
! /
PP —2 (PP PP 2 fiP 1P
k2 € = 0pp g € k2 k2 f - 5p,p’ q f kQ
! !
(2N LP 1.LP PP LP 1.LP
klge™ = 0pp € kL, Kool = Opp J" R

[e”, 7 } = G (2 —1) (K — K",k
and, together with K"

!
PP —p+1 P+l P
Kie" =0, € qge' Kj

K{prp/ = Opy € q_l prHK{p
K{pkﬂ - 5p7p/ k:flﬂKfp
KUK =6, ¢ k7K
K{pkf; = 5p7p/ € kgﬂKf

Proposition 4.1 The composite operators

P-1 P-1

1 1
£ = - Z Ef%p(pf?))qpebp’ F= - Z Eép(pfl)quflf

p=0 p=0

P—1 P—1 P-1
Ko=) k", Ko=) ks, Ko=) ek
p=0 p=0 p=0
satisfy relations isomorphic to those of U,(gl(2)), i.e.
K_€ = q’2 EX_ K_1F = q2 FK_4
Ing = q_2 SICQ Isz = q2 f’CQ
K_2& =EK_, K_2F =FK_,
1
&, F] = p—— (Ko — K_oK_1)

(K_o and KoKy being central.)
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(4.10)

(4.11)

(4.19)

(4.20)

(4.21)

(4.22)



Proof: By direct check. [

The supplementary operator

P—

(=>" ﬁ K (4.23)

=0 r=0,.,P—-1

—

hS]

(with by convention K {'HP) =K fa)) is central for odd P and it acts as “i" ” for even P,

i.e. it anticommutes with £, F and commutes with K_;, K15. This operator corresponds
for even P to the existence of another Cartan generator related to a second deformation
parameter ¢’ = i, as observed in []]. Most general multiparameter deformations were
considered in [2Z].

The operators £, F and K_;, K.y are more clearly understood when written in a
matrix form reflecting the Zp-grading

P () W fO 0
(1) : (1)
e=| 0 F=| 0 (4.24)
e(P=1) T
and similarly for C_q, K4o. B
We finally need to introduce the operators Ky and X defined by
P—2
= P _ N — P2 _
Ki=Y Ky + (K) (K& )T (4.25)
p=0
and
P-1
xX=Y eI1d, (4.26)
p=0
i.e., in matrix form:
P—2 1
0 0 11 Kfp)
p=0 1 0
- KO 0
Ki=] "t X X = ‘ (4.27)
0o KW
. P-1
K" 0

Proposition 4.2 The operators B, FV, Kfl’g generate an algebra isomorphic to W ®
U, (9l(2)), where W is a e-Weyl algebra, i.e.

KP=xf=1 XK, =e K1 X (4.28)
U,(gl(2)) being understood with the supplementary operator £ ({.23)).
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Proof: First one checks that
[Ki,E] =0 (K1, Kia] =0
K1, F]=0 (Ki,K_1]=0. (4.29)

X also obviously commutes with £, F, K15 and K_;. B
Then it remains to write all the generators £, F*", Kfm, in terms of £, F, K4o, £, K1
and X', which can be done using polynomials of X for projections on V,, and then inverting

the relations ([.7)—(E.11).

5 Algebraic Bethe Ansatz (ABA) solution of the model

The Algebraic Bethe Ansatz (ABA) technique, called also Quantum Inverse Scattering

Method (QISM), was essentially developed in the works of Baxter [§] and of Leningrad
group [d].

In order to carry out ABA it is convenient to work in the conventional (not braid)
formalism and use the Y BE for R-operators in the form of formulas (£.§) and (B.21)). Let

us first define the L-matrix as

()’ = ol RE @)= 0pe) (Rhw)” X2 (5.1
< a(u)(1 —ny) + e Pb(u)n; c(u)c] )
c(u)c —a(u)n; + eb(u)(l —nj) )’

which is a matrix in the horizontal auxiliary space with operator value entries acting on
quantum space V;. The matrix elements between auxiliary states | ') and (a | of the
monodromy operators T,(\, u) defined in (B.7)

(To(w)” = (d' | Ty(w) | a) = ( éEZ; g% ) L s=01,.P-1  (52)

can be expressed as a product of the L-matrices as follows
L/P

P—1
To(u) = H(ij(u)LﬁjH(@) . 'L1§j+P—1(ﬂ(P_1))),
=0
L/P .
Ti(u) = H(L%j(ﬂ)Lgéil(ﬂ@)) .. 'L;;i-P—l(ﬂ(P)))a
=0
(5.3)
o P p p,P—1
T,(u) = H(L;j(a(p))ngjil(ﬂ(pH)) DR, (@YY,
=0

p=01.,P—1.
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By use of equations (B.§) one can obtain the graded Y BE for the monodromy matrices
15, p=0,1,...P —1 as follows

(~D) PO R, (0 — ) (To)g (u) (T1)yr (v)
= (=[P (L), (0) (Th)g (w)(R) i (00 — ),

: (5.4)
(=) FHEPEDEC R, @F D — a)) (T,)1, (u) (Tyia)y (0)
= ()POAPOEO (T (0) (T )y () (R (007D — ).
Now, following the procedure of ABA, let us define empty fermionic state
L
) =110 (5.5)
i=1

as a test vacuum of the model and demonstrate that it is the eigenstate of the transfer
matrix 7(\, u) = Hf;ol TN\, u) = TrT(\ u).

The expression (b.1]) for L-matrix shows that its action on | 0); produces upper tri-
angular matrix, therefore the action of the monodromy matrix (7, p)zl on | Q), defined by
the formulas (p.2) and (B.3), will also have upper triangular form and can be calculated

easily as

L/P
5;01 a's (@ By(u
iy oy - [ ) Y e e
0 [szo b (ﬂ(k))]
(5.6)
L/P
Pl bk (g®) B, (a
oy oy = | ) e
0 [ b bblbz(g(k))]
where
a’s(u) = a'l (e Pu), a‘t (u) = a(u),
b u) = b (e Pu), b (u) = €b(u),
c'2 b2 (e Pu), c(u) = c(u). (5.7)

17



k=0 k=0
P-1 P-1
Pk Pk
vp(u) = [J] e @)%+ (T vt @*))"/7. (5.8)
k=0 k=0

One can see from the expressions (p.6) that the operators C,(u) act on | Q) as the
annihilation operators, while B,(u) act as the creation operators. That is why it is
meaningful to look for states

| v, V1, ...Un)0 = Bo(vo)B1(v1)...Bz(v) | Q) x = n(modP), (5.9)

as an n-particle eigenstates of 7(u) with spectral parameters v;, i = 0,...n. In order to
check whether this is true we do not need to have an exact form of operators B,(u), we
need only to know the algebra of operators A,(u), D,(u) and B,(u), which can be found
from the YBE (5.4) as follows

Aop(u)By(v) = —O—HBO(U)Al(u)—HBO(U)Al(U), (5.10)
A1) Ba0) = B (0) Ay a) = T B (1) Ay (1)

and
Do(u)By(v) = —i—%BO(v)Dl(u)jL EEZ:ZiB()(u)DI(U), (5.11)
DyfuByia(r) =~ =B (1) Dyia(o) = e By 0.

p=0,1,..P—1

The first terms in the right hand side of equations (p.1() and (5.11)) are so called “wanted”
terms and they are producing the eigenvalues v(u, vy, vo,..v,) of the state | vy, ve,...v5)0
as

P-1
v(u, vy, vs,..0,) = H vp(u, v1, Vg, ..0y),
p=0

18



1
[T, 0 (v —u)

- {H o = [ L@+ T (o= ) [ % <a<k>>1L/P} ,

VO(U7U17”'7UTL) -

1
Vp(U, vy, -+, 0p) = . (5.12)

z+
I ,,( ®))
) { a 11+p<’UZ- . a(p))[H aLgﬂ)(ﬂ( ))]L/P + 1+p (p _ v H bLk-H) L/P} ’
k=0

i=1 i=1

=0,1,..P—1.

But in order the state | vy, vq,...v,,) to be an eigenstate of 7(u) we need the cancellation
of so called “unwanted” terms, produced by the second terms in the right hand side of
equations (b.10) and (B.11). This gives us the restrictions on the spectral parameters
V1, Vg, ...U, in the form of Bethe Equations (BE)

[Hk Sy @ (a )] :_ﬁw j=1,.n, (5.13)

b0 U3 (@) iy @1 (v —v))
which completes the ABA solution of our model.

6 Appendix

tip =

- e{bg bybas + Vianbh — asth — Fracanbs | b
a1G6a30as Q4
 bibibsay —afby agbﬂ ’ (6.1)

40607 a3as5

t21 _ 671 |:bg b3b2 + 62a6b b — 55016011()3 X bll

a1060a30s5 ay
bl bl b4a6 — a’ b1 a' bg
o 5 5 + 6 ’ (62)
206071 a3as

¢ |:b£1 i bﬁ(aé — bébgaﬁ) _ a'1b4

a3ay Qg AoQy

laz =

- bl v -l o) | ), (63)

a1060204 as

bg(al, + bhbsa aib
t32_e‘1{b§1— 6(2+231)+14
a50a10a¢ A2y
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t13

t31

fi2

fa1

Jis

fa

fas

fs2

b4(bfa’5 — a1b4b’5) + a6(b’5 — 5éa1b4) 1 b_%:|

|

a1QaQoQy
_alzbgbﬁ + b’2b3a1 + (Sébgbg i b/1b4

Qs

Q10605

a2

a’5b4b1 + b%blaﬁ + 5éb:£)b4 + bgbg
ao010g as ’

¢ |:_ a,lzbgb(; - blzbga,ﬁ + (%bgbg 4 b/lb4

a1a¢0a3

Qg

a'5b4b1 — bl5b1(1,1 + 5gb:15b4 B b/Gbg
a4a10¢ as ’
alaﬁ(b’gbgal - béaﬁ - 5§a1a6b3) - agbé(a’gbg + béal)
6 p—
1060305

b_/l _ a'5b1 + b'5a6b1b4 + (%bl

ag

|

i (a% + 5é)b3

20106

aszas

|

_a1a6(b’2b§a6 + b’2a1 — (5&&1&663) + CL%b%(CLIngg — bIQCL(;)

1060305
b_,l 1 a%bl — b’5a1b1b4 + 5éb1 _ (CL,6 + 5é)b3
a4a10g asas

(2]

|

—bﬁ(béaﬁ + 5§a1a663 - a/2b3> X bllb4

a10e0as Qy
a1by (b + 65aby) — bibyal n bgbg}
a4a,0¢ az |’
) |:b6(b/2a1 — dsaraghs + azbs)  biby
a106a5 a2
aghy (b — 65arby) + bibgal  bybs
A20106 - as } ’
) {_bﬁ(ag 0+ byanbs) | (ah — 5}y
a1a6as5 A204

|

&1&6(bg&1 + 5&(11&6{)4 - bgaﬁbi) + aib?(agbz; + bga(ﬁ) + b_%

|

aras(—bjas + dgaragby + biarbi) + asbi(agby — biar) N by

b6(CL/2 + (Sé — b’2a6b3) _

1060204

(ah —61)by

10603

A204

/
as +

a1A6A204
/! !/ /1.2 /
a1a Aoy 1060204
6 6
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a3

)

|

(6.4)

(6.7)

(6.10)

(6.11)

(6.12)

(6.13)



dey = ab+ay+ag+ ag + ay + as, (6.14)
bébg(a@ — al) n CL% i ag + (Sébg

d33 = (1,/4 + (615)
a10¢a30s a1Qg a3as
Sajag — b, (ag — ay)b ar ay
d12 = 571 6@ 2< ! 1) 3 —51"‘ 5 _'_—6_5?57 (616)
1046305 ai1G¢  azas
! ' bLb — or
by — 2 Oy thilas @) Fosaas g (6.17)
a10g N A106A204
dis = aj+a)+ag+ag, (6.18)
digy = byaragbs(as — a1) — 0 — ayby 0
a1aga3as A2G4
_ (1,/5[)% + b'5a1a6b4(a1 — a6) — (% . 5é (6 19)
a1agAa20a4 asas . .
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