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Ensemble inversion of time-dependent ore �ow modelsNiolas Gillet†∗, Maria Alexandra Pais‡ & Dominique Jault†Aepted for publiation at Geohem., Geophys., Geosyst., April 2009
† LGIT, University Joseph Fourier, CNRS, BP 53, 38041 Grenoble Cedex 9, FRANCE.
‡ CFC, Department of Physis, University of Coimbra, 3004-516 Coimbra, PORTUGAL.
∗ orresponding author : Niolas.Gillet�obs.ujf-grenoble.frRésuméQuasi-geostrophi ore �ow models are built from two seular variation models spanningthe periods 1960�2002 and 1997�2008. We rely on an ensemble method to aount for theontributions of the unresolved small-sale magneti �eld interating with ore surfae �owsto the observed magneti �eld hanges. The di�erent ore �ow members of the ensemblesolution agree up to spherial harmoni degree ℓ ≃ 10, and this resolved omponent variesonly weakly with regularization. Taking into aount the �nite orrelation time of the small-sale onealed magneti �eld, we �nd that the time variations of the magneti �eld ourringover short time-sales, suh as the geomagneti jerks, an be aounted for by the resolved �large sale � part of the �ow to a large extent. Residuals from our �ow models are 30 % smallerfor reent epohs, after 1995. This result is attributed to an improvement in the quality ofgeomagneti data. The magneti �eld models show little frozen-�ux violation for the mostreent epohs, within our estimate of the apparent magneti �ux hanges at the ore-mantleboundary arising from spatial resolution errors. We assoiate the more important �ux hangesdeteted at earlier epohs with unertainties in the �eld models at large harmoni degrees.Our ore �ow models show, at all epohs, an eentri and planetary sale anti-yloni gyreirling around the ylindrial surfae tangent to the inner ore, at approximately 30◦ and 60◦latitude under the Indian and Pai� oeans, respetively. They aount well for the hangesin ore angular momentum for the most reent epohs.1 IntrodutionLarge and medium sales of ore surfae �ows have been aptured as the result of the ontinuousobservation of the large-sale (harmoni degree ℓ ≤ 13) Earth's magneti �eld from low Earthorbiting satellites sine 1999 [Holme and Olsen, 2006℄. Unfortunately, from the Earth surfaeupwards, the small-sale magneti �eld B̃ (ℓ > 13) originating from the ore is di�ult to isolate :its intensity at higher degrees beomes weaker than that of the lithospheri �eld. The small-saleore �eld is muh stronger at the ore surfae, where it interats signi�antly with the mediumsales of the �ow and ontributes to the large-sale seular variation (SV) [Hulot et al., 1992℄. ThisSV signal orresponds to spatial resolution errors, sometimes alled errors of representativenessin the data assimilation ommunity [Kalnay , 2003℄. Both Eymin and Hulot [2005℄ and Pais andJault [2008℄ relied on a stohasti approah to quantify it at disrete times. They found that thespatial resolution errors dominate the error budget for the large length sale seular variation.Ensemble methods are routinely used in atmospheri foreasting to produe estimates for theomplete probability density of the state variable [Wunsh, 2000℄. Ensemble foreasting helpsimprove the foreast by ensemble averaging, and provides an indiation of the reliability of theforeast [Kalnay , 2003, p. 236℄. We remark that ensemble methods are suitable to quantify theontribution of the onealed B̃ interating with the surfae ore �ow to the observed large-saleSV. Using an ensemble method makes it straightforward to aount for the time variability of B̃(t).We antiipate that improving our knowledge of the time properties of the seular variation signalthat results from the advetion of B̃ may help alleviate its impat on the alulation of the large-sale ore surfae �ow. Typial time sales for the magneti �eld strutures have been derived fromthe ratio of the SV and main �eld spetra [Hulot and Mouël , 1994℄. Extrapolating those spetra,1



as obtained from time-dependent �eld models, one �nds that B̃ typially has orrelation timesof the order of 20 yrs and below for harmoni degrees above 13. It is thus reasonable to supposethat its advetion entails spatial resolution errors that are orrelated in time. We test this ideaand generate an ensemble of ore �ow solutions from an ensemble of small-sale magneti �elds B̃orrelated in time.All disussions on ore dynamis relying on observations of magneti �eld time hanges arepotentially a�eted by the spatial resolution errors that we seek to quantify. As an example, theobserved temporal variations of the unsigned magneti �ux are often interpreted as evidene formagneti di�usion [Gubbins and Bloxham, 1985℄. It is not easy, however, to disentangle the respe-tive ontributions of magneti di�usion, and that of indution involving the unresolved magneti�eld, to the hanges in magneti �ux at the ore surfae. Another example is the suggestion [Blox-ham et al., 2002℄ that geomagneti jerks may result from the interation between torsional Alfvénwaves and the radial magneti �eld at the ore mantle boundary (CMB). Aording to Bloxhamet al. [2002℄, di�erenes in the geometry of the radial magneti �eld from one plae to the otherexplain the observation that geomagneti jerks are seen in some omponents at some observatoriesbut not deteted in others. We shall investigate �rst whih omponent of the large sale ore �owaounts for the rapid hanges of the magneti �eld, one time orrelation of spatial resolutionerrors is taken into aount, and seondly whether spatial resolution errors have more impat onmagneti series in some observatories than in others.The set-up of our ore �ow inverse problem is detailed in �2. We alulate quasi-geostrophitime-dependent ore �ows from two SV models overing annual to deadal time sales : the om-prehensive model CM4 [Sabaka et al., 2004℄, whih overs 1960�2002, and the model xCHAOS[Olsen and Mandea, 2008℄, derived from satellite data and annual di�erenes of monthly meansover the period 1997�2008. The amplitude of the spatial resolution errors, their time orrelationand SV preditions from our di�erent �ow models at loation of magneti observatories are dis-ussed in �3. Estimates of the hanges in the magneti �ux through the main reverse �ux path(beneath South Atlanti) assoiated with the spatial resolution errors are then arried out in �4.The omputed ore �ows are desribed in �5, where a omparison with independent length of daydata is also arried out. Finally, in �6 we disuss the perspetives for the ore �ow inverse problem.2 Methodology2.1 Formalism and notationsVetors m, y and x store the spherial harmoni oe�ients for the main magneti �eld, seularvariation, poloidal and toroidal salars of the ore surfae �ow model respetively. The `data' y(and their assoiated errors e) are linked to the ore �ow model x, at every epoh t, via the forwardproblem
y(t) = A [m(t)] x(t) + e , (1)orresponding to the frozen �ux radial indution equation at the CMB [e.g. Holme, 2007℄
∂Br

∂t
= −∇h · (uBr) . (2)We hoose to trunate the seular variation data set at harmoni degree ℓy = 13. The main�eld m = [m, m̃] is omposed of a large sale part m obtained from published geomagneti �eldmodels (up to degree ℓm = 13), and a small-sale part m̃ (degrees ℓm < ℓ ≤ ℓm) estimated with astohasti approah (�2.3). We trunate the ore �ow model at ℓx = 26 [Pais and Jault , 2008℄, adegree high enough to inlude interations between m and x possibly generating seular variationat ℓ ≤ ℓy. The trunation level for m̃ is hosen as ℓm = 40, a degree high enough to inludeinterations between m̃ and x possibly generating seular variation at ℓ ≤ ℓy. The vetors sizes of

m, y and x at a single epoh are then Nm = ℓm(ℓm + 2), Ny = ℓy(ℓy + 2) and Nx = 2ℓx(ℓx + 2),respetively. 2



The null spae of the forward problem (1) being very large, some extra onstraint is needed[Bakus, 1968℄. For short timesale dynamis, the ratio between Lorentz and Coriolis fores isalso the ratio between the frequenies of Alfvén and inertial waves, and an be estimated by theLehnert [1954℄ number λ = B/Ωc
√
ρµ0 [Jault , 2008℄, where c is the outer ore radius, ρ the oredensity, µ0 the permeability of free spae, Ω the rotation rate, and B is an estimate of the magneti�eld strength. B is typially of a few mT inside the ore, based on a long timesale fore balane[Starhenko and Jones, 2002℄, whih gives λ ∼ 10−4 ≪ 1. This motivates the use of the quasi-geostrophi (QG) hypothesis, a onstraint whih allows a �ow invariant parallel to the rotationaxis z to be desribed everywhere in the outer ore. It implies the tangential geostrophy (TG)onstraint ∇h · (u cos θ) = 0 at the CMB [Hills, 1979, Le Mouël , 1984℄, plus non-penetration atthe tangent ylinder (the ylinder tangent to the inner ore and aligned with the rotation axis)and equatorial symmetry outside the tangent ylinder [Pais and Jault , 2008℄. We deompose theore �ow as u = ue + uz ẑ. The z-invariant equatorial omponent ue of the �ow an be de�nedwith a stream funtion ψ(s, φ, t) as
ue(s, φ, t) = ∇× (zψ) . (3)The desription of the �ow is ompleted by the expression of its axial omponent

uz(s, φ, z, t) =
−sz
H(s)2

us(s, φ, t) , (4)whih ensures the non-penetration ondition at the CMB, with (s, φ, z) the ylindrial oordinatesand H(s) =
√
c2 − s2 the half-height of a �uid olumn.There exists a basis of �ow vetors that automatially satisfy the TG onstraint [Le Mouëlet al., 1985, Bakus and Le Mouël , 1986℄. The �ow oe�ients w in that basis are related to theoe�ients x in the toroidal/poloidal expansion through the orthogonal matrix G :

x(t) = Gw(t) . (5)The number of unknowns for a single epoh is then redued to Nw = ℓ2x the size of the vetor w[Jakson, 1997℄. We denote H(t) = A(t)G the matrix relating the �ow oe�ients w to the SVoe�ients y.We follow Jakson [1997℄ for the implementation of the time-dependent problem (see alsoBloxham and Jakson [1992℄). The ore �ow oe�ients are expanded in terms of a basis of ubiB-splines funtions Fp(t) [Lanaster and Salkauskas, 1986℄ uniformly spanning the time interval
[ts, te] with knot-spaing ∆t :

w(t) =

P
∑

p=1

Fp(t)w
p . (6)We denote W the vetor [

w1 . . .wP
] and X the vetor [

x1 . . .xP
], with xp = Gwp. We samplethe time-span [ts, te] with steps δt. At every epoh tj we estimate the main �eld oe�ients

m(tj) = m(tj) + m̃(tj) needed to build the interation matries A(tj) (see �2.3), and the dataoe�ients y(tj) =
∂m

∂t
(tj). From the latter we generate a data vetor Y = [y(ts) . . .y(te)],a ombined set of SV Gauss oe�ients alulated at eah time-step, assoiated with the errorvetor E = [e(ts) . . . e(te)]. The forward problem is now written Y = HW + E, where H is abanded matrix with bandwidth 4Nw, alulated from the interation matries H(tj) = A(tj)G andthe value Fp(tj) taken by eah B-spline Fp at epoh tj .The solution of our problem is found by minimizing the objetive funtion
J(W) = ‖Y −HW‖2

Cy
+ ξ‖W‖2

Qw
+ µ‖W‖2

Pw
, (7)with the generi notation ‖V‖2

M = VT M−1V. The �rst term is χ2 = ‖Y − HW‖2
Cy
, a measureof the mis�t to the SV data, with the data ovariane matrix Cy as detailed in �2.2. The seondterm is a spatial regularization of the �ow model, with ξ a damping parameter tuned to adjust the3



ompromise between a reasonable model omplexity and a good �t to the data. The third termorresponds to the equatorial symmetry and non-penetration onstraints at the tangent ylinder,imposed using a weak form with µ a parameter big enough so that these onstraints are pratiallysatis�ed. The damping matrix Qw, together with the onstraint matries Pw, are de�ned in �2.2.Minimizing the ost funtion J , as de�ned in equation (7), is a linear optimization problem. Itssolution is
W =

[

HT C−1
y H + ξQ−1

w + µP−1
w

]−1 HT C−1
y Y . (8)In pratie, δt = 1 yr and P = 24, whih orresponds to a knot spaing ∆t = 2 years, are used toinvert the CM4 SV oe�ients spanning [ts, te] = [1960, 2002]. Convergene of the solution with

δt has been heked for. Similarly, δt = 0.5 year and P = 25 are used to invert the xCHAOS SVoe�ients over the time-span [ts, te] = [1997, 2008] (i.e. a knot spaing ∆t = 0.5 year). Finally,we derive x(t) from W using Equations (5) and (6).2.2 Regularization, onstraints and error modelThe norm used throughout our study to regularize the problem is
Q3(u)2 =

〈
∫

CMB

(

D2 + V2
)

ds

〉

= (te − ts)
−1‖W‖2

Qw
= (te − ts)

−1‖X‖2
Qx
, (9)with the horizontal divergene D = ∇h · u and the radial vortiity V = r̂ · ∇ × u. The angularbrakets denote the time-averaging operator :

〈. . .〉 =
1

te − ts

∫ te

ts

. . . dt . (10)The matrix Q−1
x is blo-diagonal, with elements varying with harmoni degree ℓ as [ℓ(ℓ+ 1)]

2
/(2ℓ+

1) ∝ ℓ3, and Q−1
w = GT Q−1

x G. The extra linear onstraints in (7), namely the equatorial symmetryand non-penetration at the tangent ylinder, are alulated as in Pais and Jault [2008℄. They anbe written in the form Lx = L Gw = 0, whih yields P−1
w = GT LT LG. In pratie the parameter µis large enough so that inreasing it does not a�et the solution.Other quadrati norms ould have been used, suh as the minimum energy norm [Madden andLe Mouël , 1982, Pais et al., 2004℄

Q1(u)2 =

〈
∫

CMB

‖u‖2 ds

〉

∝ ℓ(ℓ+ 1)

2ℓ+ 1
∼ ℓ1 , (11)whih gives the r.m.s. veloity Q1 and orresponds to a relatively weaker damping of the highharmoni degrees, or the more severe and widely used `strong norm' [Bloxham, 1988, Jaksonet al., 1993, Jakson, 1997℄

Q5(u)2 =

〈
∫

CMB

(

‖∇hD‖2 + ‖∇hV‖2
)

ds

〉

∝ [ℓ(ℓ+ 1)]
3

2ℓ+ 1
∼ ℓ5 . (12)Our norm Q3(u)2 sales as ℓ3, as does the strongest omponent of the norm used in Pais andJault [2008℄ (symmetri part of the Reynolds tensor).We assume that the errors are stationary and that the data ovariane matrix is diagonal. Wedenote σd2

(ℓ) = E
[

ed
ℓm

2
] the data ovarianes, whih are independent of the spherial harmoniorder m (isotropi errors). Supposing that the energy of the data error spreads uniformly over allharmoni degree (i.e. �at Lowes spetrum), one obtains a blo-diagonal ovariane matrix Cy ofwhih elements are the varianes σd2

(ℓ) = η/(ℓ+1)(2ℓ+1). The a priori noise level is set at η = 0.4(nT/yr)2 for both the CM4 and xCHAOS models. This hoie is somewhat arbitrary, and a betterdesription of both the spatial and temporal statistial behaviour of data errors ould be useful infuture work. First, there are some hints that the oe�ients of the data ovariane matrix should4



depend on ℓ−m to aount for a poor knowledge of the magneti �eld in auroral regions [Olsenand Mandea, 2007℄. Seondly the use of a temporal regularization to generate time-dependent�eld models redues the time variability of the SV oe�ients at high degrees, penalizing theinstantaneous seular aeleration ∂2Br

∂t2
at small sales. There is indeed a trade-o� between thespatial omplexity and the temporal variability of a magneti �eld model. Olsen and Mandea [2008℄gave preedene to the former over the latter, as noted by Lesur et al. [2008℄ who also remarkedthat the seular aeleration predited by xCHAOS is fully ontrolled by the regularization proessabove degree 11. Introduing time orrelation in the data errors (non diagonal ovariane matrix,i.e. E [

ed
ℓm(t)ed

ℓm(t± τ)
]

6= 0) or a time-orrelated noise at small sales (e.g. with an ensembleapproah for the data errors) might be a way to address this issue.2.3 Small-sale magneti �eld with zero mean and Gaussian time or-relation funtionAn ensemble of K matries Ak is alulated from an ensemble of K small-sale magneti�elds m̃k. We onsider the small-sale �eld as a random noise with a Gaussian entered timeorrelation. A set of K random small sale main �eld models m̃k(t) is generated, satisfying :
∀k ∈ [1,K], ∀ℓ ∈ ]

ℓm, ℓm
], ∀m ≤ ℓ, ∀(t, t′) ∈ [ts, te]

2,
E

[

m̃k
ℓm(t), m̃k

ℓm(t′)
]

= σ2
m(ℓ) exp

[

−1

2

(

t− t′

τm(ℓ)

)2
]

, (13)where m̃k
ℓm(t) denotes a oe�ient of degree ℓ and order m of the spherial harmoni expansion ofthe magneti �eld at epoh t. E[. . .] represents the mathematial expetation, τm(ℓ) is the typialorrelation time for the main �eld oe�ients of degree ℓ and σ2

m(ℓ) their variane. The hoie ofa stationary Gaussian orrelated stohasti proess is justi�ed by the work of Hulot and Mouël[1994℄. It re�ets the statistial behaviour of both the observed historial and arheomagneti �elds[Hongre et al., 1998℄.In order to estimate the varianes σ2
m(ℓ) = E

[

m̃ℓm(t)2
], we �t an exponential urve to theLowes spetrum of the main �eld model GRIMM [Lesur et al., 2008℄ for degrees ℓ ∈ [2, 13], epoh2003.5, and extrapolate it for degrees ℓ > 13. It gives σ2

m(ℓ) = 1.09 × 109 e−1.26ℓ/(ℓ + 1)(2ℓ + 1).For eah degree ℓ, typial orrelation times τm(ℓ) for the main �eld are estimated from SV andmain �eld spetra [Hulot and Mouël , 1994℄,
R(ℓ) = τm(ℓ)−2 =





∑

m≤ℓ

(

g2
ℓm + h2

ℓm

)





−1

∑

m≤ℓ

(

ġ2
ℓm + ḣ2

ℓm

)

, (14)where the upper `dot' denotes the time derivative. A power law �t for harmoni degrees ℓ ≤ 11 ofGRIMM at 2003.5 gives R(ℓ) ≃ 1.47×10−6ℓ2.75 yrs−2. Its extrapolation gives estimates from 22 to5 years for harmoni degrees 14 to 40 of B̃. As mentioned in �2.2, the SV oe�ients are likely to betoo muh orrelated at high degrees, due to temporal regularization of time-dependent �eld models.Thus the hoie of a power law �t to R(ℓ) is questionable [see e.g. Holme and Olsen, 2006℄, and wealso tried the ase of an exponential �t to R(ℓ) for ℓ ∈ [2, 11]. We obtain R(ℓ) ≃ 1.1 × 10−5e0.44ℓ,that is τm from 14 to 0.05 years for harmoni degrees 14 to 40 of B̃. In this latter ase the smallsales are muh less orrelated in time, as illustrated in Figure 1. This �gure also shows that oursyntheti oe�ient time series, omputed by low-pass �ltering a random noise, have orrelationtimes very lose to what is requested. These time series are normalized in order to have the requiredvariane σ2
m(ℓ), and sampled every δt to produe the oe�ients m̃ℓm(tj).We onatenate the large-sale main �eld oe�ients with the small-sale random ones into anensemble of K models mk(t) =

[

m(t), m̃k(t)
]. From these, we generate K matries

Ak(t) = A[mk(t)] = A(t) + Ãk(t) , (15)5
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Fig. 1 � The main �eld orrelation time τm as a funtion of harmoni degree ℓ, estimated from theratio R(ℓ) for the GRIMM model at epoh 2003.5 (green triangles), its exponential and power law�ts (dotted blak), and alulated from the syntheti time series (red irles : power law �t ; redrosses : exponential �t). Only harmoni degrees above ℓ = 13 (to the right of the vertial line)are used in the ensemble inversion.
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where we an separate the mean interation matrix A(t) = A[m(t)] and Ãk(t) = A[m̃k(t)] sine theoperator A is linear. Matries Ak are used to invert for K �ow models xk, as detailed in �2.1. Thehoie of the damping parameter ξ is suh that the normalized mis�t to the dataM =

√

χ2

PNy

, the�rst term in the ost funtion J de�ned in equation (7), is of order unity for eah of the individualmodels xk.3 Aounting for Rapid Changes in the Seular Variation3.1 Ensemble of �ow solutionsFigure 2 illustrates several ore �ow solutions from the ensemble of models xk at the epoh1980 (from CM4). Loal features of the �ows vary widely from one model to the other : seefor instane the yloni (yellow) path to the west of the Greenwih meridian, the loation ofthe maximal yloni vortiity in the Pai� hemisphere, or the variability in the intensity ofthe antiyloni (blue) vorties in the Atlanti hemisphere. It illustrates how the ignorane ofthe small-sale magneti �eld B̃ bears upon the solution of the ore �ow inverse problem. Thisdispersion means that most of the small length-sale vorties are not resolved.In Figure 3, the CMB �ow spetra for models xk are ompared to the spetrum for the meanmodel
x̂(t) =

1

K

K
∑

k=1

xk(t) , (16)Averaged solutions are alulated using K = 25 realisations of B̃, whih, as we heked, is enoughto obtain a onverged average model x̂. The time averaged kineti energy spetra Es (resp. Et) forthe poloidal (resp. toroidal) omponents of the �ow are de�ned as
{Es(ℓ), Et(ℓ)} =

〈

ℓ(ℓ+ 1)

2ℓ+ 1

∑

m≤ℓ

{

ss
ℓm(t)2 + sc

ℓm(t)2, tsℓm(t)2 + tcℓm(t)2
}

〉

, (17)where the {ss,c
ℓm, t

s,c
ℓm} are the poloidal and toroidal spherial harmoni �ow oe�ients [e.g. Holme,2007℄, with the notation 〈. . .〉 de�ned in equation (10). Above harmoni degree 10 or so, the mean�ow beomes less and less energeti ompared to any of the individual realizations : small-sale�ow strutures anel out from one inversion to the other. The agreement between the di�erentindividual solutions below degree 10 means that the (large sale) average over the ensemble of �owsolutions an be onsidered as a resolved omponent of the ore �ow. In Figure 2, it essentiallyorresponds to an eentri planetary sale antiyloni gyre that shows a dihotomy between theAtlanti and Pai� hemispheres, with a few large to medium sale vorties superimposed on it(see �5).Figure 4 illustrates that the average solution x̂ (still for CM4) depends only weakly on thehoie of the damping parameter ξ. This result ontrasts with the stronger dependene on ξ of thesnapshot �ow solutions previously alulated [e.g. Pais and Hulot , 2000, Eymin and Hulot , 2005℄.Jakson [1997℄ found that the r.m.s. veloity of his time-dependent �ow solution inreases by afator of 30% as the damping parameter ξ is divided by 10. In our study, the r.m.s. �ow veloity(the norm Q1, see Table 1) for the average solution x̂ alulated from CM4 hanges only by 3%as ξ is divided by 10, whereas individual solutions xk hange by about 20%. The dependene on

ξ of the norm Q3 used to penalize the high degrees is larger, with 23% and 50% evolutions for
x̂ and the xk, respetively. The onventional solution, hosen aording to some riterion aboutthe mis�t on a trade-o� urve, depends strongly on the a priori hoie of an error model whih ispoorly doumented. Our new approah to alulate resolved ore �ows an also be ompared tothe method reently put forward by two of us [Pais and Jault , 2008℄. They developed an inversionsheme where the spatial resolution errors were estimated iteratively. Results were similar in thatmuh the kineti energy of the largest sales of the �ow did not depend on the a priori error model.7



Fig. 2 � Snapshots of the stream funtion ψ in the equatorial plane outside the tangent ylinder,viewed from the North pole, for several models xk of the ensemble solution, from CM4 at epoh1980, for ξ = 10−3 and τm(ℓ) estimated with an exponential �t to R(ℓ). The olour sale rangesbetween ±8 (dimensionless units), with ontours every 0.4 and the zero ontour in bold. The blue(resp. yellow) areas orrespond to antiyloni (resp. yloni) irulations. The thin blak radialline orresponds to the projetion of the Greenwih meridian on the equatorial plane.
8



Fig. 3 � Time averaged toroidal Et (upper) and poloidal Es (lower) CMB �ow power spetra forthe ensemble of models xk (green) and the average x̂ (red), from CM4, for ξ = 10−3 and τm(ℓ)estimated with an exponential �t to R(ℓ).
9



They di�ered to the extent that the harmoni degree above whih regularization strongly reduedthe �ow amplitude varied with the error model (ompare e.g. their �gure 7 left and right). Ourresults give redit to the ensemble approah, where the alulated solutions are muh less sensitiveto the initial error model and to the hoie of the free parameter ξ, as shown in Table 1.In the same Figure 4, we also ompare spetra of average �ow solutions x̂ alulated fromseveral models of B̃, either presenting no time orrelation (bold blak), or with time orrelation
τm(ℓ) estimated from an exponential (bold red) or a power law (thin red) �t to R(ℓ) (see �2.3).For an ensemble of �ow solutions presenting a similar mis�t Mk to the data in all ases, using asmall sale magneti �eld model B̃ independent from one epoh to the other inreases the energyand the omplexity of the solution x̂. This means that the advetion of an unorrelated B̃ is lessable to aount for the observed smooth variation of the �eld. Hene, we have a �rst indiationthat time orrelation of B̃ matters. However, one an notie that the a priori hoie of saling for
τm(ℓ) does not strongly a�et the average �ow solution x̂.We have also tested the e�et of weaker and stronger norms, imposing damping matries withdiagonal elements proportional to ℓ1 and ℓ5, respetively (see �2.2). Using a stronger (resp. weaker)norm brings more energy into larger (resp. smaller) sales for the mean solution x̂ (for the ensembleof models xk eah presenting a mis�t Mk ≃ 1 in all ases). We observe that the unresolved �ow athigh degrees (the part whih varies from one realisation to the other) is relatively less importantfor a strong norm than for a weak norm : the dispersion of the ensemble of �ow solutions is smallerwith a strong norm. As we require in both ases the ensemble of individual �ow models to �t thedata well, using a strong norm generates an average solution whih an aount for a larger partof the signal than using a weak norm does. The robust harater of our �ow solutions, whihdepends only weakly on the value of the damping parameter ξ, is nevertheless onditional on thede�nition of the norm ‖ . . . ‖Qw

. However, the main onlusions derived in the next setions aboutthe statistial properties of the spatial resolution errors, the �t to geophysial data, the planetarysale anti-yloni gyre, and the magneti di�usion are not qualitatively a�eted by this a priorihoie.3.2 Statistial properties of the spatial resolution errorsDue to underparameterization of the forward problem, most previous studies try to explain allthe observed SV as an e�et of a large sale �eld B being adveted by a large sale �ow. As aresult, some aliasing ours over the large sale �ow oe�ients [Celaya and Wahr , 1996℄. Here wetry to irumvent this di�ulty using a stohasti model for B̃ and allowing the individual �owsthat �t the SV data to have smaller sales.We de�ne the spatial resolution errors er as the di�erene between (i) the preditions resultingfrom the average and resolved �ow model x̂ interating with the `known' large-sale main �eld m,and (ii) the preditions from eah xk interating with its assoiated mk = m + m̃k :
erk = A x̂ − Ak xk , (18)with the matries A and Ak as de�ned in �2.3.Our method for estimating the e�et of the unresolved magneti �eld di�ers from that of Eyminand Hulot [2005℄ and Pais and Jault [2008℄. These two studies aimed at estimating the spatialresolution errors in order to reover the largest sales of the ore �ow in a onsistent way. In Paisand Jault [2008℄, the spatial resolution errors were added to the observation errors in the objetivefuntion (see its de�nition (7) in our ase), so that they ontribute to ondition the omputed �ow.Instead, we estimate the spatial resolution errors ex post fato in order to quantify the preditingpower of the average �ow solution x̂ and to disuss their stationarity.We �rst disuss the spatial properties of the error budget, before its temporal harateristisare analysed. Figures 5 show the time averaged SV Lowes spetra at the Earth's surfae (radius

a = 6371.2 km) for the data, the model preditions and predition errors, for an ensemble inversionusing the CM4 (top) and xCHAOS (bottom) magneti �eld models. As required by our hoie ofthe damping parameter (see �2.2 and below), any of the individual �ow models xk aounts well10



Fig. 4 � Time averaged toroidal Et (upper) and poloidal Es (lower) CMB �ow power spetra for theaverage models x̂ inverted from CM4, for several models of B̃ and di�erent damping parameters ξ.Time orrelated B̃ with τm(ℓ) estimated with an exponential �t to R(ℓ) and three di�erent valuesof ξ = 3 × 10−4 (bold green), 10−3 (bold red), and 3 × 10−3 (bold blue). Time orrelated B̃ with
τm(ℓ) estimated with a power law �t to R(ℓ) and ξ = 10−3 (thin red). Bold blak : unorrelated
B̃ and ξ = 3 × 10−4.
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for the SV data : the energy of the predition errors from the several xk is muh smaller thanthat of the SV signal for harmoni degrees ℓ < 11 for CM4 and ℓ < 12 for xCHAOS. The meanveloity model x̂ is less able to aount for the observed SV as it inludes muh fewer small salesat harmoni degrees ℓ > 10.In agreement with what Pais and Jault [2008℄ found for the snapshot ore �ow inverse problem,the spatial resolution errors er strongly dominate the error budget at the low harmoni degrees,whereas the noise level η from the data errors ed beomes important at higher degrees. We estimatethe time average varianes of the spatial resolution errors per harmoni degree, averaged over the
K realisations, as

σr(ℓ)2 =
1

2ℓ+ 1

∑

m≤ℓ

1

K

K
∑

k=1

〈

erk
ℓm(t)2

〉

, (19)using the notation (10). They an be �tted as σr2(ℓ) ≃ σr
0
2 exp(−ℓ), with σr

0
2 = 53 (nT/yr)2 forCM4, and 29 (nT/yr)2 for xCHAOS � note that the Lowes spetra of the spatial resolution errorin Figure 5 is given by (ℓ + 1)(2ℓ + 1)σr(ℓ)2. We observe that the predition errors spetrumdominates that of the spatial resolution errors for ℓ ≥ 8 for both CM4 and xCHAOS (see thegreen and blue dotted urves in Figure 5), a degree above whih spatial resolution errors beomerelatively less important. Our estimate of σr

0 for xCHAOS is in agreement with the �ndings ofPais and Jault [2008℄ from the losely related CHAOS model [Olsen et al., 2006℄. The larger timeaveraged values of σr(ℓ)2 found for CM4 than for xCHAOS illustrate that the average model x̂ isable to better aount for the xCHAOS SV than for the CM4 SV, at least over the full time span
[ts, te] of these models. That suggests that the time average auray of xCHAOS is better thanthat of CM4. We now onentrate on the time variation of the spatial resolution errors.Figure 6 shows that the normalized residuals Mk for the �ow models xk inverted from CM4gradually derease with time, by about 30% after say 1975 (thin urves). We attribute this resultto a gradual improvement in data quality with time, with the Magsat satellite mission in 1980and the inreasing auray in the observatory measurements over the past 50 years (see �6).The normalized predition errors M (x̂) for the average model x̂ interating with the large salemagneti �eld m (whih is a good approximation of the normalized spatial resolution errors at lowdegrees : see Figure 5, dotted urves red and blue) also shows a 30% drop between 1980 and 1995 :our resolved large sale �ow better aounts for the observed seular variation after 1990 thanbefore 1980. We suspet we may be underestimating the data errors in the �rst half of the timespan (as we onsidered stationary data errors ed for simpliity), and thus map part of ed into thespatial resolution errors. Interestingly, the mis�t for the average model M (x̂) found at the end ofCM4 mathes well that found for the starting epohs of xCHAOS (note that the a priori hoieof noise level is similar for both models) : it seems that the auray of both models is somewhatsimilar for the time interval during whih they overlap. We an as well detet a signi�ant dereaseof the predition errors for x̂ over the satellite era. We have no explanation for this result, exeptfor the �rst two years of xCHAOS, whih are not onstrained by satellite data but by observatorymonthly means only. Finally, note that the time evolution of the residuals for the average model
x̂ is only slightly a�eted by our hoie of damping parameter ξ, as an be seen in Figure 6.We alulate for eah spherial harmoni oe�ient the time orrelation of the spatial resolutionerrors as an average over the K realizations :
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〉 , (20)with the notation 〈. . .〉 of Equation (10). For simpliity, the spatial resolution errors are assumedstationary (but see the disussion above). Figure 7 presents the alulated ρr

ℓm(τ) for all harmonioe�ients. We �nd no obvious dependene of ρr
ℓm(τ) on the degree ℓ, the order m or (ℓ −m).Some dispersion in both the orrelation time (from 5 to 15 yrs) and the shape of the orrelationfuntion is observed for the SV oe�ients for whih the spatial resolution errors dominate the12



Fig. 5 � Time averaged SV Lowes spetra at the Earth surfae, from CM4 (top, ξ = 10−3) andxCHAOS (bottom, ξ = 3×10−3) : data (blak) and noise level (dotted blak), average preditions(green), average predition errors (dotted green) and average spatial resolution errors (dotted blue)over the ensemble of models xk, preditions (red) and predition errors (dotted red) for x̂. Theorrelation times τm(ℓ) of B̃ are alulated with an exponential �t to R(ℓ).13



Fig. 6 � Normalized mis�t to the data (CM4 ontinued by xCHAOS) Mk assoiated with theensemble of �ows xk (thin urves) and M (x̂) assoiated with the average �ow solution x̂ (boldurves), alulated for several damping parameters inreasing from green to blue : ξ = (0.3, 1, 3)×
10−3 (CM4) and ξ = (1, 3, 10)× 10−3 (xCHAOS). The orrelation times τm(ℓ) of B̃ are alulatedwith an exponential �t to R(ℓ).
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Fig. 7 � Correlation ρr
ℓm(τ) for the spatial resolution errors as de�ned in Equation (20), fromCM4, with ξ = 10−3 and an exponential �t to R(ℓ) for the estimation of τm(ℓ). The harmonidegree value is indiated in the horizontal axis, and all oe�ients within a ertain ℓ are listed inthe following order : ġ0
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13.residuals of individual inversions (ℓ ≤ 8). The oe�ients of higher degree are orrelated as well,over similar time sales, with very little dispersion.We have now a lear assessment of the statistial properties of spatial resolution errors. On theone hand, they have varianes σr(ℓ)2 large enough to yield a signi�ant mis�t between SV dataand preditions from the resolved ore �ow interating with the large sale magneti �eld. Onthe other hand, the �nite orrelation time, of the order of 10 yrs, of the spatial resolution errorsimplies that this mis�t does not hange abruptly, but slowly evolves over sub-deade timesales.There is more information to be olleted in the temporal hanges of the SV data, whih we anattribute to rapid hanges of the �ow, rather than in their absolute level, whih has an importantontribution from (time orrelated) nonlinear interations involving small length-sales features.Spei�ally, rapid hanges in the SV suh as geomagneti jerks should be well predited by theresolved part of our ore �ow models.3.3 SV at observatory loationIn Figures 8 and 9 we ompare our �ow model preditions inferred from CM4 with the SVannual mean data at the observatories in Hermanus (South Afria), Maquarie Island (Australia),Kakioka (Japan) and Niemegk (Germany). All models xk �t the data well (green urves). It meansthat it is possible to aount for the observatory data with rather energeti QG �ows presentingnumerous small strutures (see �5). The less energeti average �ow does not �t the data as wellas the individual realisations xk do (red urve). Note that the average of the preditions from the

xk is not the predition of the mean �ow x̂, beause it is not a linear funtion of the small-sale�eld B̃.Typially, the predition of x̂ is less than the observed SV (at least for most ases where theamplitude of the SV signal is large). As a onsequene, the residuals from the averaged model x̂,and thus the spatial resolution errors, tend to be orrelated with the SV data. In other words, theaverage model x̂ fails to predit part of the highs and lows on a map of the SV at the Earth'ssurfae. Our estimates of x̂ at as a low-pass �lter of the atual veloity at the ore surfae, keepingonly the large length-sales of the �ow but with gain probably less than one.As we antiipated, the �ow x̂ aounts muh better for the temporal hanges of the magneti�eld SV reorded in the observatories than for its amplitude � see e.g. the almost onstant shift,on all three omponents, between the observations and the x̂ predition at Hermanus, from both15



CM4 (�gure 8) and xCHAOS (�gure 10). The harateristi signature of geomagneti jerks an bewell reprodued from our robust QG �ow model (all three omponents at Niemegk, Y omponentat Hermanus, Z omponent at Kakioka). In another instane, the rapid hanges in the 1970's andaround 2000 are missing (Y omponent in Kakioka, but see the weak amplitude of the signal atthat epoh). Note that all three omponents at Niemegk, loated in a region where there are manymagneti observatories, are well reprodued. Figure 10 shows �ow model preditions inferred fromxCHAOS with annual di�erenes of both annual and monthly means at Niemegk and Hermanusobservatories (the latter have been ollated by Chulliat and Telali [2007℄). They are shown in thegeomagneti dipole oordinate system (Xd, Yd, Zd), rather than in the geographi frame (X,Y,Z)= (North, East, Down), in order to redue the satter of the monthly means data due to external�eld soures, and thus failitate the omparison. Our models an aount rather well for the rapidhanges reported in Olsen and Mandea [2007, 2008℄ on the Yd omponent at Niemegk (around2003 and 2005) and at Hermanus (in 2005), where the amplitude of the signal is muh larger.The wiggle of similar amplitude, observed on the Zd omponent at Hermanus around 2003, is notmodeled by the xCHAOS magneti model, and thus annot be reprodued by our ensemble of �owmodel preditions.4 On a Possible Misinterpretation of Apparent Frozen-FluxViolationMagneti di�usion, as a soure of modelling errors in alulation of ore surfae �ows, hasbeen muh studied (see Holme and Olsen [2006℄ and referenes therein). Let us assume that thetime orrelation of the errors arising beause of magneti di�usion an be diretly inferred fromthe time orrelation τm of the observed magneti �eld (see �2.3). The latter time dereases, asa funtion of harmoni degree, from a few hundred years for ℓ = 2 down to about 20 years for
ℓ = 13. Aording to this reasoning, magneti di�usion annot hinder the identi�ation of the ore�ow features responsible for the rapid hanges of the magneti �eld.In this setion, we aim to estimate how muh of the apparent signature of di�usion observedin the main �eld models is assoiated with the SV indued by the spatial resolution errors. Thefrozen �ux approximation leads to onservation laws [Bakus, 1968℄ on the magneti �ux throughsurfaes S bounded by material urves C on whih Br = 0 :
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|Br|ds = 0 . (21)However, we do not have aess to the atual null-�ux urves C, sine they are in�uened by thesmall-sale �eld B̃r and only the large-sale �eld Br is known. The tehnique to detet magnetidi�usion at the CMB has then been to monitor the time evolution of the �ux of magneti �eldthrough pathes S bounded by the urves C where Br = 0 [Bloxham et al., 1989℄. From the indu-tion equation (2) projeted onto the subspae of large-sale omponents (ℓ ≤ 13), and allowing forpredition errors from the inverted �ows, one �nds
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Fig. 8 � X,Y and Z omponents of the seular variation annual means (blak irles) at the Her-manus observatory (South-Afria, left olumn) and the Maquarie Island observatory (Australia,right olumn), superimposed on model preditions for the ensemble of models xk (green) and theaverage model x̂ (red), from CM4, with ξ = 10−3 and an exponential �t to R(ℓ) for the estimationof τm(ℓ).
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SV model time orrelation ξ M̂ M(x̂) Q̂3 Q3(x̂) Q̂1 Q1(x̂)CM4 white 3 10−4 1.54 5.35 17.96 10.39 18.01 14.30CM4 Gaussian (pow) 1 10−3 1.52 6.40 12.34 7.73 14.68 12.41
3 10−4 1.02 6.56 15.16 8.57 16.13 12.57CM4 Gaussian (exp) 1 10−3 1.57 6.33 12.41 7.81 14.76 12.45
3 10−3 2.35 6.31 10.09 6.98 13.59 12.18
3 10−4 0.48 5.36 14.93 8.29 16.54 13.49
1 10−3 0.73 5.09 12.31 7.60 15.57 13.55xCHAOS Gaussian (exp) 3 10−3 1.06 4.88 10.38 7.04 14.86 13.52
1 10−2 1.59 4.82 8.66 6.45 14.16 13.34
3 10−2 2.37 5.06 7.28 5.85 13.47 12.99Tab. 1 � Comparison of di�erent �ow inversions onsidered in this study. M̂, Q̂3 and Q̂1 stand forthe average over the K realisations of the mis�t and the norms, respetively. The r.m.s. veloity

Q1 is given in km.yr−1. The norm Q3 (homogeneous to the r.m.s. radial vortiity) is given in 10−5day−1. `pow' and `exp' stand respetively for `exponential' and `power law' �t to the ratio R(ℓ).

Fig. 9 � Same as �gure 8 at the Kakioka observatory (Japan, left) and the Niemegk observatory(Germany, right). 18



Fig. 10 � Annual di�erenes of annual (blak irles) and monthly (blak rosses) means in geoma-gneti dipole oordinate (Xd, Yd, Zd) at the Hermanus observatory (South-Afria, left olumn) andthe Niemegk observatory (Germany, right olumn), superimposed with model preditions for theensemble of models xk (green) and the average model x̂ (red), from xCHAOS, with ξ = 3 × 10−3and an exponential �t to R(ℓ) for the estimation of τm(ℓ).
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1983℄. We seek to quantify the importane of the extra terms in equation (23), in partiular thatinvolving the small-sale unresolved magneti �eld B̃r and that related to the predition errors ε.We fous our study (Figure 11, top) on the reverse �ux path beneath South Atlanti and Indianoeans, whih has given the main evidene for apparent frozen-�ux violation [Bloxham et al.,1989, Gubbins, 2007℄. In order to alulate �ux integrals, we over the region of interest with atriangulation on the unit sphere, and then use simple tehniques to estimate integrals over eahspherial triangle [Renka, 1997℄.On the left-hand side of equation (23), the surfae integral of the divergene term involvingthe large-sale �eld Br would be identially zero if all length sales of the divergene were allowed(beause of the divergene theorem and using the fat that Br = 0 along eah S ontour). We�nd (see the red urves of �gure 11) that it is e�etively of muh weaker amplitude than all otherterms of Equation (23). We �nd also (green urves in Figure 11, top) that the term involving thesmall-sale unresolved magneti �eld in equation (23) is not the main ontribution to the hangeof magneti �ux through the Southern Hemisphere reverse �ux path for the CM4 omprehensivemodel. It gives an errorbar of the order of ±5 MWb/yr on the �ux integral variation resultingfrom the spatial resolution errors, for this spei� reverse �ux path. Instead, residuals εk fromour �ow models (harmoni degrees ℓ = 10 − 13) aount for most of the observed violation of thefrozen �ux onstraint (blue urves in Figure 11). Figure 5 indeed shows that the residuals fromthe �ow models have the same energy as the CM4 SV model for these harmoni degrees. Figure11 (top) also shows that the �ux linked to this Southern Hemisphere path hanges muh moreslowly after 1980 than before. It is tempting to assoiate, one again, this observation with animprovement in the auray of magneti �eld models for reent epohs : it may not be possible toresolve SV oe�ients of degree ℓ = 10− 13 in the �rst half of the time interval overed by CM4.The variation in �ux through the reverse �ux path for xCHAOS is weaker than that for CM4.It atually happens to be within the errorbars estimated from the term involving the unresolvedmagneti �eld, whih means that we annot derive yet a de�nitive onlusion about the atualpresene of di�usion in the past deade.Studying the total unsigned �ux, we reah the same onlusions. Dividing the CMB into I+pathes S+

i where Br > 0, and I− pathes S−

i where Br < 0, we obtain from equation (23)
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ds . (24)It orresponds to the global unsigned �ux onservation law. We omputed the di�erent ontributingintegrals in Equation (24). The sign of the main �eld Br at eah point determines whether theell orresponding to this point belongs to a �ux path S+

i or S−

i . Figure 11 (bottom) shows thatthe residuals εk from the ensemble of �ow models xk, rather than the indution term involving
B̃k, aount for the observed variation of the total unsigned �ux for CM4. The latter only givesa lower bound for detetable deadal �utuations of the global unsigned �ux, of the order of ±20MWb/yr. The variations in the unsigned �ux, as reonstruted from CM4, are muh weaker after1980. One annot rule out the possibility of geomagneti inverse problem side e�ets to explain thisbehaviour : models suh as CM4 or xCHAOS result from minimizing the time integral of both amis�t to the geomagneti data and some norm of Br at the CMB. Beause the quantity and qualityof the data vary in time, some arti�ial variation in the model omplexity is generated, whihimplies arti�ial unsigned �ux variations. These are partiularly severe lose to the endpoints, andthe spatial norm of the model (hene the unsigned �ux) typially reahes a minimum somewherein the middle of the time interval. As a onsequene, the SV unsigned �ux evolves in time fromnegative to positive values, a harateristis whih is observed for both the CM4 and xCHAOSmodels (see �gure 11, bottom).For CM4, the main soure of �ux variation deteted in this study arises from residuals at highdegrees, and not from the `subgrid-sale proesses' modeled through the spatial resolution error.20



Fig. 11 � Top : time variation of the SV �ux through the Southern Hemisphere reverse �uxpath (below South Atlanti and Indian Oean). Bottom : time variation of the total unsignedSV �ux through the CMB. Blak : �ux alulated for the CM4 and xCHAOS models. Blue : �uxassoiated with the residuals from the ensemble of �ow models xk. Green : �ux predited from the�ow models xk adveting m + m̃k. Red : �ux predited from the average �ow model x̂ adveting
m. The orrelation times τm(ℓ) of B̃ are alulated with an exponential �t to R(ℓ). The dampingparameters are ξ = 10−3 (CM4) and ξ = 3 × 10−3 (xCHAOS).21



Our results then support the approah whih onsists in imposing onstraints on the magneti �ux[Constable et al., 1993, O'Brien et al., 1998, Jakson et al., 2007℄. This was already a onlusion ofBloxham et al. [1989℄. For �eld models built from spatially dense satellite data, suh as xCHAOS,the reonstruted �ux variation is within our estimate of the errorbars due to the unresolvedmagneti �eld.5 The planetary sale anti-yloni gyre and length of dayvariationOur averaged �ow models x̂ show large to medium sale vorties superimposed on an eentriand planetary sale anti-yloni gyre (see the maps of the stream funtion in Figure 12). Thevorties present for the satellite era were already found in the snapshot study by Pais and Jault[2008℄, with similar sign and loation. However, it is worth notiing that their results show moresmall-sale features than ours. Two explanations an be o�ered. First of all, we remark above(Figure 4 and �3.1) that taking into aount the time orrelation of B̃ dereases the spatial om-plexity of the average �ow. Inverting the �ow at a single epoh, as Pais and Jault [2008℄ did,orresponds to negleting the time orrelation of B̃. Seondly, these authors used a more ompli-ated damping funtion : an extra soft onstraint on us was imposed in order to represent the βe�et harateristi of the quasi-geostrophi physis. Here we deided to use only one regulariza-tion (to avoid the use of two adjustable parameters). Eventually, a data assimilation frameworkmay prove more appropriate to introdue dynamial onstraints and to ponder the signi�ane ofsmall sale vorties (see �6).The planetary sale anti-yloni gyre is almost tangent to the inner ylinder below the Pai�oean, and �ows at larger ylindrial radii below Asia (see Figure 12). This westward urrent,already desribed in Pais and Jault [2008℄, is partiularly notieable for the most reent epohs,for whih it is modelled from the xCHAOS `data'. There is a nie agreement between the �owmodels obtained from xCHAOS and that found at the end of the CM4 era around 2000. Thevariations in the ore angular momentum, responsible for the observed length of day variation(LOD) [Jault et al., 1988, Jakson et al., 1993℄, are arried by small perturbations around thisgyre.Flow model preditions of the LOD variation onstitute an independent test involving thetime hanges of the toroidal oe�ients t01 and t03 (but not their mean amplitude). As illustratedin Figure 13, we an see that the LOD variations for the most reent epohs (xCHAOS era) arewell aounted for by our �ow models. Moreover, the preditions are almost ontinuous around2000 between the two models derived from CM4 and xCHAOS (the same shift, equivalent to a9.5 ms potential LOD hange, has been applied to all preditions from both magneti models).However, the development of the gyre in the deade 1985�1995 orresponds to a large inrease ofthe westward ore angular momentum that is not mathed by an inrease of the eastward mantleangular momentum and onsequent derease of length of day, as inferred from the LOD data. Thedisrepany is as large as 3 to 4 ms over almost 10 years. A similar di�ulty has been reportedby Wardinski [2004℄. The use of another model (C3FM, Wardinski and Holme [2006℄) and of aweaker onstraint (TG only) only slightly help to redue this mismath. Figure 13 also illustratesthe dispersion in the LOD model preditions over the ensemble of �ow models xk. The preditionsfrom almost all models are at odds with the LOD hanges observed in the deade entered in 1990.The r.m.s. �ow veloities olleted in Table 2 illustrate that our average �ow models x̂ aredominated by their stationary omponent 〈x̂〉, amongst whih the eentri gyre. This stationary�ow is omposed of a non negligible zonal omponent 〈x̂〉
0
, of whih the r.m.s. veloity is typiallyhalf that of the total �ow. On the ontrary, the time-variable �ow x̂′ = x̂−〈x̂〉 is mainly omposed ofnon-zonal veloity strutures. For the alulations performed using xCHAOS over the period 1997�2008, whih show a good �t to the LOD data, the r.m.s. veloity of the time-variable axisymmetri�ow x̂′

0 (responsible for the LOD variations) is only 28% that of x̂′. Our �ndings ontrast withthe senario proposed by Bloxham et al. [2002℄, in whih LOD variations and jerks deteted at22



1962 (CM4) 1980 (CM4)

2000 (CM4) 2003.5 (xCHAOS)

Fig. 12 � Snapshots of the stream funtion ψ in the equatorial plane outside the tangent ylinder,viewed from the North pole, for the average model x̂ at several epohs. The olour sale rangebetween = ±8 (dimensionless units), with ontours every 0.4 and the zero ontour in bold. Theblue (resp. yellow) areas orrespond to antiyloni (resp. yloni) irulations. The thin blakradial line orresponds to the projetion of the Greenwih meridian on the equatorial plane. Theorrelation times τm(ℓ) of B̃ are alulated with an exponential �t toR(ℓ). The damping parametersare ξ = 10−3 (CM4) and ξ = 3 × 10−3 (xCHAOS).
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Fig. 13 � Length of day variations : data (blak), and preditions from the ensemble of �ow models
xk (green) and from the average model x̂ (red), from CM4 (ξ = 10−3) and xCHAOS (ξ = 3×10−3),with τm(ℓ) alulated with an exponential �t to R(ℓ). The same shift has been applied to all pre-ditions from both magneti models. The data are omputed from the exess LOD (as providedby the Earth Orientation Center at the Paris Observatory, see http ://hpiers.obspm.fr/eop-p/)orreted from the atmospheri angular momentum (NCEP/NCAR reanalysis to obtain the e�e-tive angular momentum funtions, see http ://ftp.aer.om/pub/anon−ollaborations/sba/). Aftera singular spetrum analysis deomposition, LOD variations are �nally reonstruted from the�rst 3 empirial orthogonal funtions using the SSA-MTM toolkit [Ghil et al., 2000℄.
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observatory loations are attributed to torsional osillations superimposed on a stationary �ow.We �nd a larger interannual variability for the �ow models alulated from xCHAOS thanfrom CM4. The orrelation between two stream funtion maps ψ(s, φ, t) obtained from xCHAOSat two di�erent epohs (from 1998 to 2008) always exeeds 0.985. This value an be ompared to0.95, the orrelation between the two stream funtion maps alulated from CM4 for the epohs1990 and 2000. The lowest orrelation between any two epohs of CM4, 0.82, orresponds to mapsalulated for 1972 and 2002. We wonder whether some of the variability of the CM4 magneti�eld model is spurious, as CM4 inorporates di�erent types of data during its time span. It ispossible also that xCHAOS shows too few �utuations (beause of a too heavily penalized seularaeleration, see �2.2). Finally, there ould be as well some real time variations in the amplitudeof the non-stationary �ow over the past 50 years.The eentri gyre ontains two regions of strong azimuthal �ows respetively at radii s ≃ 0.4(lose to the tangent ylinder) and s ≃ 0.85 (near 30◦ latitude), a point whih was already notedby Pais and Jault [2008℄ in their study of suessive snapshots in 2001, 2002.5 and 2004. Thesetwo regions are onneted by an ageostrophi �ow (see the ylindrial radial �ow below south-eastAsia in Figure 12). The existene of suh an ageostrophi �ow over deadal time sales requiresthe magneti �eld inside the outer ore to be strong enough. Let us infer typial values for theinternal magneti �eld from a balane between Lorentz and Coriolis fores in the equation for thevertial vortiity, negleting inertia :
2ρΩs
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us ∼ 1
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∫ +H

−H

z · ∇ × [(∇× B) × B] dz , (25)We further assume that B is essentially parallel to the gyre, i.e. frozen where the �ow is the mostrapid, in order to minimize indution. We note (B⊥, δ⊥) and (B‖, δ‖) the magneti �eld omponentsand their assoiated length-sales, respetively normal and tangent to the �ow. Our loal frozen �uxhypothesis means that B⊥ ≪ B‖. Furthermore the solenoidal ondition, for negligible gradients of
Bz along the rotation axis, gives δ⊥ ∼ B⊥
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, and the Lorentz fore in Equation (25) as B‖B⊥
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. Suh a balane gives the saling law
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, (26)with u∗s ≃ 15 km/yr the peak radial veloity along the gyre, and δ⊥ ≃ 250 km the half-width ofthe gyre estimated at this loation. It gives a typial value of order 3 mT for the magneti �eld

√

B⊥B‖ inside the ore, an estimate ten times larger than the r.m.s. value of Br obtained at theCMB from geomagneti models suh as xCHAOS or CM4. Suh an estimate ompares well withthat obtained with saling laws derived from geodynamo models for two di�erent fore balanes[Starhenko and Jones, 2002, Christensen and Aubert , 2006℄. As a onsequene it gives an estimatefor the Alfvén waves period muh shorter than that provided by Zatman and Bloxham [1997℄ froma torsional waves senario (down to a few years instead of deades).6 ConlusionThe spatial resolution errors that we have investigated have orrelation times of the order of10 years. Thus, they do not hinder the identi�ation of the �ow strutures that are at the originof sudden hanges in the SV, suh as the geomagneti jerks. We have found that the residualsfrom both the ensemble of our �ow solutions and the averaged �ow model derease by about30% during the 1980's. We think that this derease originates from the gradual improvement ofmagneti �eld models [Hulot et al., 2007℄, whih re�ets the inreased density and auray ofmagneti observations. Delination/Inlination magnetometers (DI-�ux) beame widely used inthe observatories by the 1970's [Turner et al., 2007℄. The Magsat mission provided an aurate25



piture of the magneti �eld for the year 1980. Together with the Oersted and CHAMP missions,it gave a good desription of the average SV for the time interval 1980-1999. That motivated thedevelopment of a magneti �eld model for the period 1980-2000 : C3FM [Wardinski and Holme,2006℄. Finally, the Intermagnet network of digital observatories sharing modern measurementpraties developed after 1990. Computing di�erenes of magneti �eld omponents reorded intwo nearby observatories (CLF, Frane and DOU, Belgium) and removing deadal and interannualvariations, the improvement is indeed manifest over the past 50 years, as illustrated in Figure 14.That operation eliminates the external signal oherent over the few hundred km separating thetwo observatories. The only possible explanation for the derease of the variane of the series thatwe have onstruted is a noise redution with time (given that the non-oherent external andindued signals present smaller or stationary varianes). We �nd it very enouraging that thisimprovement in data quality is re�eted in an enhaned ability of our �ow models to aount forthe observed SV.We have investigated whether apparent violations of the frozen-�ux onstraints an be assignedto indution involving unresolved sales of the radial magneti �eld at the CMB. We have foundthat these apparent violations were more likely aused by inauraies of high degree oe�ientsof the SV model CM4. Indeed, they are vanishing as SV models improve. Thus, our results givesupport to previous attempts at inorporating frozen-�ux onstraints in geomagneti �eld models[Constable et al., 1993, Jakson et al., 2007℄, at least before high quality data have been reordedover a long time span. We stress, however, that quantifying apparent violations of the frozen-�uxonstraints may eventually yield valuable upper bounds on subgrid-sale indution e�ets as dataquality further improves.Introduing an ensemble approah and taking into aount the time orrelation of the onealedmagneti �eld, we have given a new twist to the kinemati approah, where SV models and ore�ows are alulated sequentially, making the ore �ow inverse problem linear. There have beenearlier attempts to retrieve simultaneously a magneti �eld and a �ow model from observatoryreords [Waddington et al., 1995℄. Our observations onerning the fall of the mis�t and of theapparent unsigned �ux variation during the 1980's and beyond, all for the introdution of dataassimilation in magneti �eld modelling. This tehnique, derived �rst for oeanography and meteo-rology [Talagrand and Courtier , 1987, Ghil , 2000℄ is able not only to retro-propagate informationtowards epohs with poorer data overage and/or auray, but also to satisfy onstraints suh asthe frozen �ux by using a dynamial model inside the penalty funtion. Using a simpli�ed modeland syntheti data, Fournier et al. [2007℄ have shown how dense and aurate measurements atthe end of the time span of the model improves the model initial state after the assimilation pro-ess is ompleted. The apparent rapid hanges of ore angular momentum retrieved between 1985and 1995 have no ounterpart in LOD data. They are almost ertainly spurious. This suggeststhat information onstraining the evolution of the veloity �eld from the earlier epohs to themost reent ones, where our �ow models aount better for the observed magneti �eld hanges,is needed. Hopefully, our study will help to aount better for the spatial resolution errors thatwill plague also the assimilation of magneti �eld data obtained at the Earth's surfae and above,in dynamial models of the Earth's ore.Aknowledgments :We are indebted to Nils Olsen who provided us the magneti �eld model xCHAOS. We aregrateful to Andy Jakson for useful disussions and for providing the original B-spline ode for ore�ow inversions. We thank Henri-Claude Nataf and Thierry Alboussière for useful omments on themanusript, and Vinent Lesur, Gauthier Hulot and an anonymous referee for reviews that helpedimprove the quality of the present work. The integrals of a salar funtion over the sphere usedJohn Burkardt's STRI�QUAD FORTRAN90 library (https ://people.ss.fsu.edu/ burkardt). NGhas been funded by a grant from the Frenh Agene Nationale de la Reherhe, Researh programVS-QG (grant number BLAN06-2.155316). This work has also been supported by the CooperationProgram PESSOA, between the Portuguese and Frenh sienti� agenies GRICES/EGIDE.26



SV model time orrelation ξ Q1(x̂) Q1(x̂0) Q1(〈x̂〉) Q1(〈x̂〉0) Q1(x̂
′) Q1(x̂

′
0)CM4 Gaussian (exp) 1 10−3 12.45 5.78 10.99 5.24 6.06 2.45xCHAOS Gaussian (exp) 3 10−3 13.52 7.66 13.40 7.62 2.32 0.65Tab. 2 � Time averages of the r.m.s. �ow veloities Q1 (in km.yr−1) for average �ow models x̂,their stationary omponent 〈x̂〉 and their time-dependent omponent x̂′. For eah omponent, thevalues of the r.m.s. axisymmetri �ow (oe�ients of order m = 0) is indiated with the subsript

0. For both the CM4 and xCHAOS SV `data', a representative �ow model alulated with anintermediate damping parameter ξ (see. Table 1) is illustrated, in the ase of an exponential �t tothe ratio R(ℓ).

Fig. 14 � Di�erene between the Z omponents of the observatory monthly means as measured atChambon-la-Forêt (CLF, Frane) and Dourbes (DOU, Belgium). The �rst two prinipal ompo-nents have been removed to orret approximately for the magneti �eld of internal origin. Takingthe di�erene between two lose-by observatories eliminates most of the large sale external �eld,oherent over the few hundred km separating DOU and CLF. Non-oherent soures (e.g. indued�elds in the lithosphere, small-sale ionospheri e�ets, et.) as well as the noise of instrumentalorigin may still remain. It illustrates the improvement in the magneti signal aquisition over thepast 50 years. Data soure : Chulliat and Telali [2007℄.27
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