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`\�dlks��d�>`��klmi�lkr>c"{)`hgq~'vulogtr>v�lontafg}`ue¢�mr>p.g}`ulk��¸klkxJnj`hg�^dlh{frJcfi�pj^fwu��c"nt^dlon3l8��lkaMv0^�~'p}`�ò�aM`�cMv\`
r>p"��w)aMcMef`ue	nj^M`%p�ntaMef`uc�ntp%£Dr>c	nt^f`X�dg}w�w)x�w)x�nt^f`%v\w)s��G�|`\nj`�cM`�p}p�w)x

R
¦8^dlke	njw�pj^fwu� nj^M`

`\�Mr>pqn}`ucMv\`%w)x_lkc½lmv�vhaMs�aM�Jlontr>w)c���w)rJc�nu�
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r>p.cM`�v\`�pjpjlmgq~K£Dr>c"nt^f`�sXlont^f`usXlontr>v�lk�Apq`�cdpq`�w)xfnt^MrJp
�bw�gjeG¦$r|ntp7adpq`�s'adp�n3lm�M��`olmg.pqw)s6`\��^f`hg}`
lkcMeXr|n�rJp�cfwknblk�|�_lh~Mp3`ulkp�~��)]_^f`�vt^Mw)pq`�c6�Mgj`�pq`�c)n0lonjr>w)c��_lkp�njw�w'p}af�Mnj�>`��dafn���cfwu�"���b`�^dlh{�`
aMcdef`hgjpqn}wAwfe�nt^f`��_lh~'r|n�pj^fw)aM�Je"��`�efw)cM`z¸u��`bpj^fw)aM�Je"�dg}wu{frJef`�nt^f`�x©w�gjs w�xd®���nt^f`\~"g}`ulk�J�¬~
cf`h`ue¢�.¼dw�g�rJcMp�n0lkcMvh`�� ∀x ∈ A ∃y ∈ B P (x, y) → ∃f∀x ∈ A (f(x) ∈ B ∧ P (x, f(x))x©w�g%®��ÓlkcMe

a ∈ A ∧ ∀x ∈ A ∃y ∈ AP (x, y) → ∃u (u(0) = a ∧ ∀n ∈ N (u(n) ∈
A ∧ P (u(n), u(n + 1))))

x�wkg�nt^f` lo�fr>w)sûw�x�eM`h��`�cMeM`�c�nXv0^fw)r>vh`��.]_^M`�pq`-g}`�pjaM�¬ntp�£º��^MrJvt^
lmg}`�cfwkn�njgjr|{fr©lk�>�|~�ef`�eMadv\`�e�x�g}w)s nj^M`�x©w�gjs w)x�®����dg}`�pq`uc�nt�¬~�i)r¬{)`�c ��r|nt^���^fw���¦b��r>�J�
��`
r>cdvh�>adef`�e�r>cKnt^M`��Jr|�dgtlmgq~-w�x$nt^f`�cM`\��n_{)`hgjpjr|w)c¢�
Ì8c�nj^M`_sXlkv0^Mr>cM`�`\{)`hgq~Ant^Mr>cMi�s�aMp�n3��`b{)`hgq~��Mgj`�vhr>p}`�¸ont^MrJp3^dlkp3lkeA{�lkc)ntlmi�`�p�lkcMe�eMgtlh�_³

�GlkvtµAph�
³b®_ef{klkc)n0lmik`up"¸dg}`�òAaMr>gjr>cfiXnt^f`'p�ntadef`�c)njp_njwX��gjr¬nj`'ef`h¶GcMr¬ntr>w)cMp���~-nt^f`us6pq`u�¬{)`�p�r>p_{)`hgq~

x©w�gjs%lonjr|{)`�lkcMe¯r|n6n}wAw�µ�nt^f`�s9w)x©nj`�c¹l	�>w�cMi	njrJs�`��3]_^f`�x©w)�>�>wu��r>cMi�xºlkv0n�£ºnt^dlon%^dlm�M��`�cdp
ò�adr¬nj`zw)xJnj`�c�¦�lk�Jpqw�rJp�{)`hgq~Xg}`h{�`ulk�Jr>cMiM�d�)ntadef`�c�ntp�lmg}`z�d�>wAvtµk`ue%w)cXnt^f`z�Mg}wAw)x¢w)x5pqw)s�`��Sw�rJc�nu�
]_^f`\~<v\w)s��d�©lkr>c�w)c�nt^f`�sXlkvt^MrJcf`-¸3§�ªE^�~���^fw�� efwA`�p8cfwkn�lkvhv\`h�MnSö�»�n�rJp�n}gjr|{fr©lk�©¨��S»�n�rJp
r>cdef`h`�e	`olmpq~��GaAnu�5cf`\{)`hgqnt^f`��>`�pjph�S�b`Xlkp}µ nt^f`�s�njw-�S`XlK�dr¬n's�w�g}`��Mg}`�v�r>p}`�¸5s�w)p�n�w)xJnj`�c¢�
nt^f`"lmgji�ads�`�c)ntpbnj^M`\~-i)r¬{)`"lmg}`�njwkntlk�J�¬~K��g}w)cfi�õ
]_^M`�xºlkv0nXnt^dlon6nt^f`�sXlkvt^dr>cf`�^Glkp%l�n�~f�drJcfi½lk�|i�w�gjr|nt^Ms��3�Jr|µ�`�r>c¯�dg}w�i�gtlks6s6rJcfi��Jlkcf³

i)adlmi�`�p��GrJp_{)`hgq~�aMp}`�x�ad�7lkcMe�x�w�g}�dr>edpzs�`ulkcMrJcfi)�|`up}p�x�w�gjs'aM�©lkph��]_^f`�p�ntaMef`uc�ntp_��^MwX�bw�g}µk`ue
w)c�nt^M`6ef`�¶dcMr|njr>w)c	w)x

R
`ur¬nt^f`hg��)~	vhafntp8w�g���~���lmadvt^)~	pq`�òAaf`�cMvh`�p8n}wAw�µ���`�cf`�¶fn�w)x�nt^dlon

��`�vulmadpq`�nj^M`\~�^dlkeKnjwXaMp}`8{�lmgjr|w)aMp�n�~f��`�p_w)x$w��Mï�`�v\njp��
³��zgtlh���GlkvtµAp�¸�lkc�~�nt^dr>cfi�nt^dlonK^dlkp6��`�`�c°x©w�g}i�wknqnj`uc¢��`h{�`�c°rJx8r¬n-r>p%cfwknKr>s6��w�gqn0lkc�nu�

w��d�Jr|i�`�p"njw�g}`up�n0lmgqn�lon'nt^f`K��`hi)rJcMcMrJcfi�lmcde¢�7r>xb~)w)a#lmg}`Kcfwkn�v�lmg}`ux�aM��`ucfw)afi)^¢�7r|n�rJp"w)x©n}`uc
��r¬nt^�pqw)s�`"eMr>�XvhaM�|ntr|`�p"¸Gx©w�g�`\�dlms6�d�>`��Gr>c�l6ef`�¶dcMr|ntr|w)c w�c p}`�òAaf`�cMvh`�ph�Mnt^f`"�©lkvjµ-w)x

n ∈ Nnt^dlon7rJp
aMpjadlk�>�|~�rJs��G�>rJvhr¬nt�|~�gj`�ò�aMr>g}`�e'l_i�g}`ulon7eM`ulk��w)x�ntr>s6`�£º��r|nt^"�3^Mw��½nt^MrJp
r>p
cMwkn7^dlkcMed�|`�e
�)~Knt^f`�n�~A��`"p�~Mp�nj`�s �f��`�vulkaMpq`��b`�^dlh{)`��GlmgqntrJlk�5x�aMcdv0ntr|w)cMp0¦0�

ÝÃÞ2ß�Þ�� � ¶2âÜãLä�å4Äk¶GµLËHÄ.Â#Ó9Æk¶4Ä%µÍÏëÑSÆ%ÂÃÂ'Ò
»�c%l��Mg}wAw)xGw)c6�Glm��`�g��knt^f`_gj`ulkef`hg�s'aMpqn���`zlm�d�|`_njw'aMcMef`�gjp�n0lkcMe�nt^f`�p}aMv�v\`�p}pjr|w)c6w)xGnj^M`

i)r¬{)`�c�lmg}i)aMs�`�c)ntph�f»�cKnt^Mr>p�v�lkpq`��dr¬n�r>p_cMwkn�{)`hgq~-edr|�Xvhad�¬n_njw6rJcMedr>v�lonj`8nt^f`�`hgjg}w�gjph�AnjwXp}^fwu�
nt^dlon'lkc�lkpjpq`hgqntr>w)c<rJp�cfwkn"v\w�g}g}`�v\n��)~<i)r¬{frJcfi�l-v\w)aMc)nj`hgq³Ñ`\�dlks��d�>`��Snjw�lkemï�aMpqn"pqw)s�`hnj^dr>cfi
r>s6�Mg}`�v�r>p}`��b`hnjv���Ì�nj^M`hgq��r>p}`���lkcMe�r|n rJp-w)x©n}`uc�nt^f`�v�lkp}`�r>c���lke��Glm��`hgjp���nt^f`	gj`ulkef`hg rJp
eMrJpjlmgjs6`�e�lkcMe�v�lkc�w)cd�¬~ pjlh~-nt^dlonz^f`'efwA`�p�cfwknzaMcMef`�gjp�n0lkcMe�lkc�~Anj^dr>cfi-lkcMe�nj^AaMp�v�lkcMcfwkn
^f`��>��nt^f`�pqnjadef`�c)n��

Ï



®zp_lm�>g}`ulkeA~Ks6`�c�ntr>w)cf`�e¢��nt^f`z¶dgjp�n��Glm��`�gjp��b`�g}`�{)`hgq~%�Glke¢�fñ�aAnu��nt^f`8v\w)s6�Glmgjr>p}w)c%��`\n}³
�b`h`uc%nt^f`8�Mg}wAw)x$efw)cM`zw)c%nt^M`8s%lkvt^MrJcf`6£ºnt^dlon�r>p�cf`uv\`�pjpjlmgjr>�|~Kvhwkgjg}`�v0n�p}rJcMv\`���^fw�� v�lkcMcfwkn
efw lX��g}w)cfi-�Mg}wAw)xj¦�lkcde<r|njpzn}g0lmcdp}�©lonjr>w)c�w)c��Glm��`hg�lk�J�|wu�b`ue�njwKnj`��>�
nt^f`�s �SrJx.��^Glonznt^f`h~
^dlke6��gtr¬n}nj`�c6�_lkpbcfwkn�pjlontr>pjxJ~Mr>cfiK¸5§���^Glon�~�w)aK^dlh{)`���gjr|n}n}`uc%r>pbcfwkn���^dlon�~)w�aKeMrJeXw)cXnj^M`
sXlkv0^Mr>cM`o¨��d]_^MrJp���`�gjs6r|nqnj`�e5�fi�gtlkeMaGlk�>�|~)�fnjw6rJs��dg}wu{�`�nt^f`�r>g_�Mg}wAw)x�p_w)c-�Glm��`�g��
]_^M`�sXlkrJc-g}`usXlkr>cdr>cfiXedr|�Xvhad�¬ntr>`�p�logj`8nt^f`�x�w)�>�>wu��r>cMiM�

Ì Å�µÍæ�ÂÃÂzáéåGµ���µ\å�Â�Ò}á�µJÄ%Ï�¶<å
»�c�sXlkc�~��Glm��`hgjp���nt^f`<�dg}w�w)x�w)x {a} ⊂ [a, b]

njwAw�µ�lm��w)aAn-n}`uc��>rJcf`�p	¸�nj^Glon�v�lks�`
x©g}w)s�nj^M`-xOlkv0n�nt^dlonu�7w)c�nt^f`�sXlkv0^Mr>cM`��
nt^f`�p�ntaMeM`�c�ntp�^dlke#aMpq`ue#lm��w)aAn�nj`�c#v\w)sXsXlkcMeMp
`\{)`�c#nj^Mw)afi)^¹l ê ­7¦%§�¦J¢L¡ ��lmp�`ucfw)afi)^E£O��wknt^#w)c#�Glm��`hg%lkcde#w)c¯v\w)s��dafnj`hg0¦0��®zcfwknt^f`hg`\�dlks��d�>`½¸�w)c°nj^M`<s%lmv0^MrJcf`�����^f`uc¹nt^f`h~�^dlke°n}w#vhw�cdp}rJef`hg�eMr|¡�`�g}`�c�nt�|~¹nt^f`�n��bw#v�lkp}`�p
x < m

lkcde
m ≤ x �Ant^f`h~-^dlke%njw6aMp}`znt^f`"lo�fr>w)sÓpjl�~fr>cMi�nt^dlon�nt^f`�w�gjef`hg_w)c R �_lkpbnjwkntlk��dafn��Gw)c���lm��`hg��Gr|n��_lkp�`�cMw)afi)^�n}wKpjlh~�¸

1st
vulkpq`%¸

x < m
�
2nd

v�lkp}`X¸
m ≤ x

��¿�wu��`\{�`�g
nt^f`�g}`olkef`hg���rJ�>��cMwkn}`�nj^Glon��ArJcKl"p}rJs6rJ�Jlmg��dg}w�w)xSw)c-lkcXw�gjef`�g}`�e%p}`\nu�Al���lo�S`hg�nt^dlonb^Glke%cfwkn
`\�f�d�>rJvhr|nj�|~�s6`�c�ntr>w)cf`�e�nt^M`Kxºlkv0n'nt^dlon'nt^f`�p}`Xn��bw<v�lkpq`up'v�lkc���`-v\w)cMpjr>ef`�g}`�e���`uv�lkaMpq`%nj^M`
w�gjef`�g�r>p�njwkntlk�S�bw)aM�Je-�dg}w��Glm�d�¬~-��`"v\gjr|njrJvhr^Çh`�e¢�
ñb`�rJcfi<lm�G�|`Xn}w�p}`h`6��^Glun�efwA`�p"cfwkn�cf`�`�e�n}w���`Kef`\n0lkrJ�|`�e�£O��`uv�lkaMpq`Kr¬n�rJp"vhw�cdp}rJef`hg}`�e

lkp6`ulkp�~G¦�lkcde#��^dlon%s�aMp�nX��`�rJph��r>c)njgjr>cdp}r>vulk�>�|~)��cfwkn%pjr>s6�d�|`�lkcde°lk�>pqw�ef`���`�cMedp6w)c#nj^M`
nj`ulkvt^M`hg%¸¢nt^f`�g}`%rJp"cfw�gjaM�>`3õ$ñ�aAn"nt^Mr>p'r>p"�Mg}w��Glm�d�|~�cfwkn�l sXlmï�w�g��Mg}w��G�|`�s ��`uv�lkaMpq`Xnj^M`
lkcMpq�b`hg8vhw�s6`�p���r|nt^ nt^f`�`\�f��`hgjr>`�cMvh`6lmcde�r|n�rJpz`ulkp}r>`hg�njw-�>`ulmgjc<^fwu�ún}w-i�r|{)`��>`�p}p8ef`hntlkrJ�>p
nt^dlkcKnjw6i)r¬{)`"s�w�g}`)�

Ì Å�µÍË>µ\Ê#Ï7·'Ä%¶Gã/Ë��'µ\Æ%Ë.ä�ËCÄ%Å�µÍË���·'Ä.Ï�ÎçÂ�Ò6Ò
Â�ÆkÊëä�åGÏ7Ë
]_^M`%sXlkv0^MrJcf`%efwA`�p'cfwkn�v\w)cMx�adpq` ∀x(A[x] → B)

��r|nj^ ∀xA[x] → B
¸$rJc�g}`upq��w)cMp}`

njw�nt^f`-v\w)sXsXlkcMe ¦>¥ ê ­ ª r|n6lkp}µAp"njw��Mg}wo{�` A[x] → B
r>c�nt^f`K¶Mgjpqn�v�lkpq`�lkcMe

B
£º��r¬nt^

^�~f��wknt^f`�pjr>p ∀xA[x]
¦�r>c�nj^M`�p}`�v\w)cMe<v�lkpq`��S]_^MrJpzedr>pqnjrJcMv0ntr>w)c<r>p8cfwkn�pqw-vh�>`ulmg8x�wkgznj^M`�p�ntaA³

ef`�c)ntph�M»�cKnt^f`���wA`\nt^f`�g�`h�Mlks��d�>`X£O`\{)`hgq~�r>eM`ulk�5r>p_¶dcMr|n}`u�¬~-i�`�cf`�gtlonj`�e�r|¡<`\{�`�gq~-rJcMv\gj`ulkp}rJcfi
pq`uò�af`ucMv\`�w)x7r>ef`olm�Jp_rJp_pqn0luntr>w)cdlmgq~d¦3nt^M`��Mg}wAw)x$w)c-�Glm��`hg_w)x
pq`h{�`hg0lm�5pqnjadef`�c)njp_�>`\n�aMpbnt^MrJcfµ
nt^f`\~<^dlke	sXlkef`6lKpjr>sXr>�©log�s6rJp�n0lmµk`)�Gª�`Xlkpqµ�`�e�nt^M`�s njw-��`6s�w�g}`��Mg}`�v�r>pq`)�¢�z`�pq�Gr¬nj`�nj^M`
xºlkv0n�nt^f`\~ ^Glke�efw)cf`�nt^f`'v\w�g}gj`�v0n��Mgjw�w)x7w)c�nt^f`'sXlkvt^dr>cf`)�Mnt^f`�r>g8lkcMp���`hgjp�vh�|`ologt�¬~�p}^fwu�b`ue
nt^f`\~�^dlke sXlkef`8nt^M`�v\w)cMxºaMp}r>w)c�õ

� ¶2Î�¶<·�æ�Ê#Ï\ÄkÅ�µ Ê�Ï Ä%¶Gã/Ï�å�Ò
Â�ÆkÊïäSåGÏ�ËØÏ�·�áé·�Ï\Äkä�Æ%Ï�åpåGÏ�·�æ'ä�Ï7æ�µ
»�c	pq`�c)n}`ucMv\`�p�lkp�£ºnj^dr>pz`h�Mlks��G�|`�rJp�n0lmµk`�c	x©g}w)s nt^f`�v\w)cMpqnjgjaMv0ntr>w�c<w�x

R
��~ nt^M`�vhaAntpt¦

§u»�µfcfwu�«nt^dlon
x < y

lkcMe
y < z

nt^�aMp
x < z ⇒ x ∈ f(z)

¨ lmg}`'eMr>�Xvhad�¬n�njw%eM`�v\wfef`�lkcde
nt^f`zpqntaMef`�c)ntp�v�lkcK^dlh{�`�nt^f`zptlks�`�µArJcMe%w)x¢v\w)cMxºaMp}r>w)cKlkp�lm��wu{�`)��»�nbrJp3nt^AaMpblk�Jpqw�cf`�vh`�p}ptlog}~
nt^dlon_p�ntadef`�c�ntp��>`ulmgjc-^fwu��njw�ikwd�A�dg}`�vhrJpq`��|~)�Mx©g}w)s nt^f`�cdlontafg0lm�Gnjw'nt^f`�pq~fs"�Sw��Jr>v8�©lkcfi)adlmi�`
£ÑlkcMe�{fr>vh`6{)`hgjptl)¦0�$ñ�aAn�lmi�lkr>c¢�5nt^MrJp"rJp"�Mg}w��Glm�d�|~�l ò�af`up�ntr|w)c�w)x�`\�f��`hgjr>`�cMv\`-lkcde	nt^�adp'l
s6rJcfw�g_�Mg}w��G�|`�s �

ý�þ�� �#�6��� ���������
	Ø�}�
�Ã� �
	Ø���6���/���}�}���
� �
ñb`��>wu��r>p-nt^M`�ò�af`up�ntr|w)cMcGlkr|g}`�i)r|{�`ucEx©w�g�nt^f`�`\{�lk�Jadlontr|w)c�w)x"nj^dr>p vhw)afgjpq`)�_¼Mw�g `ulkv0^

ò�aM`�p�ntr>w)c¢�Mnt^f`'s�`ulkc�{klk�Jaf`"w)x
nj^M`�lmcdp��b`hgtp�r>p�i)r|{�`uc¢�G]_^dr>p_{�lm�Jaf`'rJph�dw)x.v\w)afgtpq`��Gcfwkn�{)`hgq~
s�`olmcdr>cfi)xºaM��x�g}w)sûl p�n0lontr>pqntr>v�lk����w)r>c�n�w)x�{Mr|`\�Ópjr>cdv\`%w)cM�|~�`�r>i)^�n�p�ntaMeM`�c�ntp'^Glh{�`-vt^fw)pq`uc
nt^MrJpXv\w)afgjpq`)�3¿�wu�b`\{)`hg��3pjr>cMvh`�nj^M`�lkcMp��b`�gjpXlmg}` gtlont^f`hg%^fw)s�w�i�`�cM`hw)aMph�.nt^f`hg}`�lmg}` i�w�wfe
g}`ulkp}w)cMpbnjw6��`�w��fntrJs6rJp�ntr>vk�

Ì Å�µ��zä�µLË�Äk¶GÂ'·�·�Ï7¶GÆ%µ ]_^f`�ikw�lk�)w)x�nt^MrJp
v\w)aMgjpq`3��lkp5njw�n}`olmv0^�~)w)a�nt^M`3�_lh~�n}wzeMwzv\w�g}g}`�v0n
�Mg}wAw)x�p�r>c sXlont^f`usXlontr>vhp��M���|`olkpq`��Glkcdp��b`hg_njw�nj^M`�x�w)�>�>wu��r>cfi%ò�aM`�p�ntr>w)cMph�d]_^dr>p���rJ�>�5^M`��|��adp
njwXr>s��dg}wu{�`�nt^f`"v\w)afgjp}`�x©w�g�cf`h��n_~)`ulmgjp��

­



¤o¦3]_^MrJpbv\w)afgjp}`z^dlkpbcfwknb��`h`�c-l"v\w)aMgjpq`zw�x5�>w�i�rJv��GaAnbw)cM�|~Kl"^f`��>�%njw��|`ologtc6nt^f`��_lh~Xw)x
g}`ulkp}w)cMr>cMiM�dª�w)aM�Je ~�w)a�^dlh{�`"��rJp}^f`�e<lk�>p}w-lXs�w�g}`'vh�©lkp}p}rJv�lk�$�Glmgqn8r>c)njg}wAedaMvhrJcfiXnt^f`'�Glkp}rJp
w)x
s%lonj^M`�sXlontrJv�lk�¢�|w�i)r>vX£Ñlkph�dx©w�g_`\�dlks��d�>`��dr>c�� �o�º¦z¸�Ð"~)`�p�lkcMe	¤�cMwd�
±�¦b»�c�nt^f`'x©w)�>�>wu��r>cMi%òAaf`�pqntr|w)cMp��di)r¬{)`�l6p}v\w�g}`"��`\n��b`h`uc ²Klmcde�´-¸�²AõúcMwkn8lonzlk�J�O�¢´Jõ

~)`�p�{�`�gq~�s'aMv0^¢�d�zw�~�w)a-nt^Mr>cMµ%nj^Glon"¸
³�nt^MrJp�v\w)afgjpq`"^dlkp�^f`��>��`�e-~�w)a r>c-nt^f`"v\w)s��Mg}`u^f`�cMpjr|w)c-w)x$��^dlonzl��Mg}wAw)x
rJp�¸G�f�·­
³�nt^MrJp�v\w)afgjpq`"^dlkp�^f`��>��`�e-~�w)a-njw���gtr¬nj`��dg}w�w)xºp�w)c-�Glm��`�g�¸G�f� ¥
³$nt^f`zxºlkv0n�w)xSefw)rJcfi�{)`hgq~Xef`\n0lkr>�>`�eX�Mg}wAw)x�p���r|nj^6nt^f`�sXlkv0^MrJcf`�^dlkp3�S`h`�cXrJs���w�gqn0lkc)n�rJc�nt^MrJp
�|`olmgjcMr>cMi ¸G�f� ü
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��^fw��Ór>p"lh{�lkr>�©lm�d�>`�£ÑlkcMe�x©g}`�`o¦�w)c<nt^f`��b`h����loi�`6w)x��z�5 zlm¡¢lk�>�JrO�5»�njp��>w�i�rJv6r>p"^Mr|i)^M`hg

w�gjef`�g��>w�i)r>vk��]_^f`��y2[�7�,+�lkpq�S`�v0n�lk�J�|wu��p.njw�eMrJp�ntrJcfi)aMrJp}^��S`\n��b`h`�c�n�~A��`�`�g}g}w�gjp_£Ox�w�g.`h�Mlks��d�>`��
λ + x

��^M`hg}`
λ
r>p�l%p}v�lk�©lmg8lkcde

x
l6{)`�v0njw�g0¦�lkcMe nt^f`�`hg}g}w�gjp�w)x�g}`ulkpqw)cMrJcfid��]_^M`hg}`�r>p8cfw

�Mg}w��G�|`�s ��r|nt^-nj^M`�p�ntadef`�c�ntp�p}rJcMv\`"r¬n�rJp�nj^M`�r|g�§ocdlontafg0lm��¨K�©lkcfi)adlmi�`��
��^fw��ûaMpq`up�l#x�aMcdv0ntr|w)cdlk�8cMwkntlontr>w)c¢��x©w�g�`\�dlms6�d�>`

d x y
x©w�g

d(x, y)
w�g

Imf y
x©w�g

y ∈ Im(f)
w�g'w���`uc

U = ∀x(U x → ∃e>0 ∀y(d x y < e → U y))
�7]_^MrJp�cfwkn0lontr|w)c½r>p

cfwkn_l"�Mg}w��d�>`�s x©w�g�nt^M`zpqntaMef`�c)ntp��GaAnu�AaMcdx©w�gqntaMcdlonj`��|~)�fr¬n�rJpbcfwkn�nt^f`8v�lkp}`zx�w�gbp}w)s�`�w)x¢w)afg
v\w)�J�|`ulmi)af`up�£DcMwmn��>wki)rJvhr©lmcdpt¦SõS»�n8�bw)aM�>e<��`�{�`hg}~�`olmpq~ njw�eM`h¶dcf`Xlkc<rJcf¶f�<pq~fs'��w)�7x�wkg8nj^M`
s�`us"��`hgtp}^Mr>��g}`��©lontr|w)c�£�nt^dr>p�r>p7nt^f`_sXlkrJc�s6rJp}pjr>cMi�p�~Ms"��w)��¦5n}w���`_lm�d�>`bnjwz��gjr|n}`

y ∈ »�s (f)r>cdp�nj`ulke#w)x�»�s
f y
�daAn6nt^MrJp6rJp�g}`ulk�J�¬~¯aMcdcf`�v\`up}pjlmgq~½��r¬nt^¯pqntaMef`�c)ntph�3]_^f` cfwkn0lontr|w)cdp6x©w�g

nt^f`�x©w�gjs�aM�©lkp-efw¹cfwkn�r>c)n}g}wfeMadv\`	�GlmgqntrJvhaM�©log��Mg}w��G�|`�sXp-��`�v�lkaMp}`�nt^f`h~�aMp}`�njgtlkedr¬ntr|w)cGlm�
sXlont^f`usXlontr>v�lk�5p�~Ms"��w)�Jp"£º`h�fv\`��fn�vhw�ckï�aMcdv0ntr|w)c�lkcde eMrJpOï�adcMv0ntr|w)c�¦t�G��^fw�� �dg}wu{frJef`�p�aMpq`ux�aM�
lm�M�Mgj`\{fr©lonjr>w)cMp�p}advt^�lkp ∀x, y A x©w�g ∀x∀y A � ∀x∈A B

x�wkg ∀x(Ax→ B)
w�g ∃x<y B x©w�g

∃x(x < y ∧B)
lkp���`��>�
lkp�njgtlkeMr|ntr|w)cdlk�5�Mgjr>w�gjr¬ntr>`�p�njwKlh{�w)rJe cAaMs�`�g}w)aMp_�Glmg}`uc�nt^f`�p}`�ph�G]_^f`

v\w)s6s6w)c lkp}p}wAvhr©lontr¬{Mr¬n�~-gjaM�>`"x©w�g_nj^M`"lmg}gjwu� £
A→ B → C

rJp_g}`ulke�lkp
A→ (B → C)

¦brJp
{)`hgq~XaMcdxºlks6rJ�>r©lmg3njw�nt^M`�pqnjadef`�c)ntp�lkcMe6nt^f`zxºlkv\n�nj^Glonbr¬n�r>p�cfwknb`�ò�adr¬{�lk�|`�c)n�njw

(A→ B)→
C
rJp�cfwknzlk�¬�_lh~Mp�vh�|`ulmg�x©w�g�nt^f`�s �
]_^M`Kr>c)n}`�gjxºlkv\`KrJp'sXlkeM`6��r|nt^��8¾�sXlkvhpK�>¤0�_lkcMe��3g}wAw)xOÒz`�cM`hgtlk���>¤o´���w)x����7®zpq�drJcdlk�>�D�

]_^f`8lm�M��`�cdeMr|�X¾½p}^Mwu��p�lkcX`\�Mlks6�d�|`�w)x¢�3^Mw�� � p�p}v\g}`�`�c¢��]_^M`�pjv\g}`h`�c%r>p�edr¬{frJef`�eKr>c)njw�n��bw
�Glmgqntp�¸Snt^f`6af�d��`hg��Glmgqn"v\w)c�n0lkrJcMpznt^f` �D?D��0E����w)x�nt^f`Xv\w)s6sXlkcdeMpzi)r|{�`uc�njw-nj^M`6p�~Mp�nj`�s
lkcMe-nj^M`��>wu�b`hg��Glmgqnu�M��^fw��H� p�g}`upq��w)cMp}`8njw�nt^f`"�Jlkpqn�v\w)s6sXlkcde¢�
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nt^f`��Mg}`��Jr>sXr>cdlmgq~-�>`�s6s%lkp�£DsXlkr>cd�¬~�lm��w)aAn�nt^f`�w�gjef`hg\¦3i)r|{�`ucKnjw�^M`��|��nj^M`�pqntaMef`�c)ntp�njw�i�`\n
s�w�g}`�xºlksXr>�JrJlmgjr|n�~K��r¬nt^ �3^Mw��'�
]_^M`6v\w)s6sXlkcdeMpz��`hi)rJcMcMrJcfi-��r¬nt^i  ©kê lk�>�>wu�únjw r>c�njg}wfeMadv\`6cf`h�Àp�~Ms"��w)�Jph��nt^Mw�p}`��S`\³i)r>cdcMr>cMi���r¬nt^ °�«J¬ i)r¬{)`KeM`h¶dcMr|ntr|w)cMp�lkcMe�nt^fw)p}`%��`hi)r>cdcMr>cMi���r¬nt^ ðJ¡\¢ ¦D£ lmg}`Klo�Mr|w)sXp�w�g��s�w�g}` �Mg}`uvhr>p}`��|~)��nt^f` �dg}w���`hgqntr|`up�£D^f`hg}` w)c#nt^M` g}`ulk�Jpt¦'nt^dlon6��`�cf`h`ue#njw�efw�nt^f` �Mgjw�w)x��

]_^f`�vhw�sXsXlkcMedp���`hi)rJcMcMrJcfiK��r|nj^ ÿ7­ ª%ÿ rJc�njg}wfeMaMvh`'nt^f`�g}`�pjaM�¬ntp�njw-��`��Mg}wu{)`�e	lkcde�nj^Mw)pq`��`hi)rJcMcMrJcfi���r|nt^ ÿ7­ ª)§�« lmg}`�rJc�nj`hgjs6`�eMr©lonj`��|`us6sXlkp���Aw)s�`	x©w�gjs�aM�Jlkp�lmg}`���gtr¬n}nj`�c�lkp
A → B → C

rJcMpqn}`olke�w)x8nt^f`¯£Ds�w�g}`	v\w)s6s6w�c�¦
A ∧B → C

¸fnt^MrJp_rJp�p}r>s6�d�|~K��`uv�lkaMpq`�nt^Mr>p�sXlmµ�`�pbnt^f`��Mg}wAw)x�p"£Dl��dr|n\¦bp}^fw�gqnj`�g�r>c ��^fw����
� ��0G$��
��w�gqn�g}`ulk�D�
�bp�n�»�cf¶M�¢�·´u�5�¡&�¢�&�~	¸fgj`ulk� → g}`ulk� → �Mg}w��5�ef`�x
»�cM¶f�¢�·´u�5�¡&�£�&�~8õI~i¢��S�
ef`�x
»�cM¶f�¢�·´u�5�¡& ≤ &�~8õI�i¢�~ ∨ �7õ�~)�ef`�x
»�cM¶f�¢�·´u�5�¡& ≥ &�~8õI~ ≤ �<��bp�n��>»�cf¶f�5� �o�$�¡&j³¤&�~	¸Mg}`ulk� → g}`ulk� → g}`olk�O��bp�n��>»�cf¶f�5� �o�$�¡&�¥�&�~	¸Mg}`ulk� → g}`ulk� → g}`ulk�O��bp�n��>»�cf¶f�5� ±u�$�¡&�¦=&�~	¸fgj`ulk� → g}`ulk� → g}`ulk�O��bp�n6Çh`�g}w ¸Mg}`ulk�O�
�bp�n�w)cf`X¸Mg}`ulk�O�
�bp�n_n��bw ¸Mg}`olk�O�
�bp�nzl-¸Mg}`ulk�D�
�bp�n���¸Mg}`ulk�O�
�bp�nzlm�dp�¸Mg}`ulk� → g}`olk�O�ef`�x
»��8õól ≤ � ∧ � ≤ �5�ef`�x7s%loïbsÓ��õ ∀ ~ ∈ �I~ ≤ s��ef`�x7ð	loïb� õ ∃ s sXloïbsÎ�'�ef`�x7pjaf� sÎ��õ s%loïbsÓ� ∧ ∀ ~�£DsXloï�~K� → s ≤ ~d¦0�ef`�x
`�s6�fn�~8õ¨§��'©A¼�lm�Jpq`�ª��
ef`�x
�G�>aMp_�ólØõ¨§��¡©)� ∈ � ∨ �8õól«ª)�
»�cMedaMv0ntr¬{)`"¼.r>cdr¬nj`���õ ¾�s6�fn�~<¸d¼.r>cdr¬nj`�`�s6�fn�~
©��d�JaMp�¸ ∀ ��� l�£D¼.r>cdr¬nj`�� → ¼.rJcMr|n}`%£O�G�>aMp_�ól)¦}¦t�ef`�x
»�s%lmik`�® ^Íõ¨§�~'© ∃ � ∈ ®I~:õú^K�¬ª)�
vh�©lkr>sÎwkgu¤ ∀ �S� ~ ¬ £º�i¢�~ ∧ ~i¢��G¦t�vh�©lkr>sÎwkg\± ∀ �S� ~)� ÇX£º�F¢�~ → ~F¢îÇ → �F¢*Ço¦0�vh�©lkr>sÎwkg0� ∀ �S� ~�£º� ≤ ~ ∨ �i£�~d¦0�vh�©lkr>sÎwkgj¥ ∀ �S� ~�£º�F¢b~ → ∃ Ç%£º�F¢îÇ ∧ Ç%¢�~d¦}¦0�
vh�©lkr>sÎwkg\´ ∀ `�£îÇh`�g}w ∀ �K�i£��A³Ñ`��vh�©lkr>sÎwkg ü ∀ `�£îÇh`�g}w ∀ �K�i¢��	¥�`��vh�©lkr>sÎwkg\Ð ∀ �%�K³3�:õ�Çh`hg}wd�
vh�©lkr>sÎwkg0Ï'w)cM`�£�Çh`hg}wd�
vh�©lkr>sÎwkg0­ ∀ �S� ~)� �f²M� ~f² £º�"¢b�M² → ~"¢b~M² → �=¥�~F¢��f²V¥�~M²�¦t�vh�©lkr>sÎwkgu¤�²6l7¢E�5�
vh�©lkr>s lo�Gph¤ ∀ � lm�dp*Çh`hg}wAõ�Çh`hg}wd�
vh�©lkr>s lo�Gpt± ∀ �¢� ~ lm�dp"£º��³D~G¦=õólo�Gp�£º~�³D�G¦0�vh�©lkr>s lo�Gpj� ∀ `�£*Çh`hg}w ∀ �S� s £7� ≤ s → �"£_s�³Ñ` → lm�dp�£º�A³�s%¦a¢_`o¦0�
vh�©lkr>s lo�Gpq¥ ∀ `�£*Çh`hg}w ∀ �S� s £7�"¢_s«¥z` → �"£_s → lm�dpu£��A³�s%¦k¢�`o¦0�
vh�©lkr>s lo�Gpt´ ∀ �¢� ~�� Ç'lm�dp�£º�A³D~d¦ ≤ lm�dp"£º��³�Çm¦`¥ólm�dp�£<Çh³D~d¦0�vh�©lkr>s lu�M�>aM� ∀ �Ó£ ∃ �-�I� → ð<lmï�� → ∃ s £Dpjaf� sÓ��¦}¦0�vh�©lkr>s eMr¬{¢¤ ∀ �"£îÇh`�g}w��	¦�n���w�£íÇh`�g}wd�
vh�©lkr>s eMr¬{G± ∀ �"£îÇh`�g}w��	¦�n���w�¢��¢�vh�©lkr>s eMr¬{d� ∀ �K�	¦un��bw�¥I�	¦un��bw\õ��¢�

¤o´



�Mg}w���vhw�s6�Glkv0n ∀ ^�£ ∀ � ^-�i£�Çh`hg}w → ∃ ®ú¼.r>cdr¬nj`%£D® ⊂ » ∧ ∀ �¢£Ñl ≤ � → � ≤ � → ∃ ~ ∈ ®lm�dp"£º��³D~G¦k¢À£D^K~G¦}¦}¦q¦0�
r>c)njg}wK±A�
�|wfv�lk�5�°v õ »bv ∧ ∃ ® ¼.rJcMr|n}`%£D® ⊂ » ∧ ∀ �¢£Ñl ≤ � → � ≤ v → ∃ ~ ∈ ®úlo�Gp�£º�A³D~d¦k¢ £D^~d¦}¦}¦0�
�Mg}wu{)`"��lf�¢�J�J�J�
�Mg}wu{)`"sXlmïdö��.�5�>�J�J�
�Mg}wu{)` ∃ sÎpjaf� sÎ�.�5�J�J�>��|`uxJn8Ò�¤k�M�Mgjwu{�`�»bs��5�J�>�J�
�Mg}wu{)`"�°s��5�>�J�J�
�Mg}wu{)` ¬ s�¢_�5�5�J�>�J��Mg}wu{)`"sKõ��$�¢�J�J�J�
�J�J�>�dpjlh{)`��
ef`�x
v\w)c�ntr>cAafw)aMp_xSõ ∃ i £ ∀ `�£îÇh`�g}w ∀ �	£Oi�`z�d¦a£îÇh`hgjw ∧ ∀ � ∈ » ∀ `?£éÇ�`hg}w ∀ ~ ∈ »�£Ñlm�dp�£º�³�~G¦k¢Ei6`8� → lo�Gp�£Dx$�%³�x5~G¦3¢�`m¦q¦0�
ef`�x7y���xrõ ∀ `�£îÇh`�g}w ∃ v�£*Çh`hg}w ∀ �S� ~ ∈ »8£Ñlm�dp"£º��³D~G¦k¢_v → lm�Gp�£Dx5�A³�x$~d¦k¢_`o¦0�
�Mg}w���¿�`�r>cM` ∀ xb£Dv\w)c�ntrJc�afw)adp_x → y���xj¦0�r>c)njg}wK±A�d�|`�x©n�¿'�Mg}`�cdlks�`��Kid�d�|`�x©n�¿'�
r>c)njg}wK±A�d�|wfv�lk�¢`�¤ õ `�¦un��bwd�d�|wfv�lk�5^K�8õÓ£Oi�`)¤8�d¦z¦"n��bwd�
lm�M�d�|~�v\w)s���lmv\n���r|nt^�^¢�
�J�J�>�dpjlh{)`��

c � R Ébü%Ä'Æ Ç�d\É�V'Ã¹Ç�U7V6V'Ã
]_^M`%`\�Mlks6�d�|`%i)r|{�`uc���`u�|wu�Ór>p"n�~A�drJv�lk��w)x�nt^fw)pq`X��^MrJvt^½v�lkc���`KeMw�cM`X��r¬nt^�nt^f`KpqntaA³

ef`�c)ntph�f»�n�^dlkpb��`h`uc%njg}`ulonj`�eK��~Xnt^f`us��f]_^M`8i�w�lk�Sr>pbnjw��Mg}wu{)`znt^dlon�n��bw6ef`h¶dcdr¬ntr>w�cdpbw)x5nj^M`
v\w)c)njrJc�adr¬n�~	w)x�l-xºaMcMv0ntr>w)c�lmg}`X`�ò�adr¬{�lk�|`�c)n%¸¢nt^MrJp�`uò�aMr|{�lk�|`�cdv\`��$w��){fr>w)aMp"x©w�g�nt^f`6n}`olmv0^f`hg��
r>p6cfwkn%lun%lk�>��r>sXs�`�eMr©lonj`-x�w�g'nt^M`�p�ntaMef`uc�ntph�7ª�`-i)r¬{)`-w)cM�|~�w)cf`�w)x�nt^f`�eMr>g}`�v0ntr>w�cdph�7nj^M`
wknt^f`hg�rJp�p}r>sXr>�©lmg��Mª�`"^dlh{)`���gjr¬n}nj`�c r|nzrJc�l�gtlont^f`�g�`��©lo�Swkg0lunj`��_lh~ rJc wkgtef`hg_njw%p}^Mwu�Inj^M`
��w)p}pjr|�Gr>�Jr¬ntr|`up�w�x�nt^f`-p�~Mp�nj`�s �
»�c��Mgtlkv\njrJv\`��
nt^f`�p�ntaMef`uc�ntp�sXlmµ�`-�|w)cMi�`hg��Mg}wAw)x�p'��~��dg}`ulo³
µArJcfi�af�-pqw)s�`zv\w)sXsXlkcMeMp3��r|nj^Ks�w�g}`�`u�|`�s6`�c�n0lmgq~Xw)cf`�p��L��wknj`�nt^dlon�nt^f`z¶Mgjp�nb�Glmgqnbw)xSnj^M`
`\�dlks��d�>`"rJp��Mg}`��Glmg}`�e �)~-nt^f`�nj`ulkv0^f`hg'¸Mnt^f`��bw�g}µ-w)x
nj^M`"pqnjadef`�c)n���`hi)rJcMp�w)cM�|~�lkxJnj`hg�nj^M`
¶Mgjpqn��Glmgtlmi�gtlm�d^¢�A]_^M`z�Mg}w)s6�fn ô ±/²�ª)³ ô lm�M��`ulmgjpb��`�x©w�g}`8`ulkvt^-v\w)s6sXlkcMe-lkcMe%nt^f`�lkcMpq�b`hgr>p_i)r¬{)`�c���`u�|wu�"�
ô ±J²�ªJ³ ô®­ ªJ­/ê�­ «L¢L¡r 
ô ±J²�ªJ³ ô   ©%ê¯�>¥�¬�¦%ó±°�²�³�óµ´u¶�·�´¡� ÷;­ «L¢\¡�¨ ô ­ «\¢L¡�¨ ô ÿ�­ ª%ÿî 
ô ±J²�ªJ³ ô   ©%ê¯�>¥�¬�¦%ó±°�²�³�óµ´u¶"´D� ÷:­ «L¢L¡�¨ ô ­ «L¢\¡�¨ ô ÿ7­ ª%ÿî 
ô ±J²�ªJ³ ô ° «J¬¸�>¥�¬�¦%ó±°�²�³�óµ´ ô ´D�¹·N�º¶ ó� 
ô ±J²�ªJ³ ô ° «J¬¸�>¥�¬�¦%ó±°�²�³�óµ´ ô ·�´¡�¹·K�P¶�·éóp 
ô ±J²�ªJ³ ô   ©%êû°ø÷;­�«L¢L¡�¨ ô ­ «L¢L¡�¨ ô ­ «L¢\¡r 
ô ±J²�ªJ³ ô   ©%êº�ý÷;­�«L¢L¡r 
ô ±J²�ªJ³ ô ° «J¬ ðJª%¥�ê�¦>¥L¤�ª%¤Ã©�òú¬éó¹· ∀e>0 ∃a>0 ∀y(

e
x y < a→ e (fx)(fy) < e).ô ±J²�ªJ³ ô ° «J¬ ðJª%¥�ê�¦>¥L¤�ª%¤Ã©��í¬éó¹· ∀e>0 ∃a>0 ∀y(
e
x y ≤ a→ e (fx)(fy) ≤ e).ô ±J²�ªJ³ ô ðJ¡L¢ ¦>£�¡L«.£L£'«'ò ∀x, y(x < y → x ≤ y).ô ±J²�ªJ³ ô ðJ¡L¢ ¦>£�¡L«.£L£'«�� ∀x>0 ∃y>0∀z(z ≤ y → z < x).

ô ±J²�ªJ³ ô m�ªL¢L¡ ∀x, f(
v\w)c)njrJc�aMw)aMph¤

f x→ vhw�c)ntr>cAafw)aMp0± f x).m�ªL¢L¡ òk®�ò
` ∀x, f(

vhw�c)ntr>cAafw)aMph¤
f x→ v\w)c�ntr>cAafw)aMp0± fx)ô ±J²�ªJ³ ô ¦>¥ ê\­�ª®²r 

m�ªL¢L¡ òk®�ò
ì ÷�· vhw�c)ntr>cAafw)aMp�¤ f x

¤ ü



ì1�ý÷�· e > 0
` ∃a>0 ∀y(

e
x y ≤ a→ e (fx)(fy) ≤ e)ô ±J²�ªJ³ ô ¢%ÿLÿ�¡��íìí��¦%êJ²ûì1�� :­k£\²ûì�ì1�� 

m�ªL¢L¡ òk®�ò
�ø÷�· ∃a>0 ∀y(

e
x y < a→ e (fx)(fy) < e)

` ∃a>0 ∀y(
e
x y ≤ a→ e (fx)(fy) ≤ e)ô ±J²�ªJ³ ô ¡L«J¬/ê'©_�¹» ∃ » ∧  m�ªL¢L¡ òk®�ò

ì ÷�· a > 0ì1�ý÷�· ∀y(
e
x y < a→ e (fx)(fy) < e)

` ∃a0>0 ∀y(
e
x y ≤ a0 →

e
(fx)(fy) ≤ e)ô ±J²�ªJ³ ô ¢%ÿLÿ�¡���¡L«.£L£'«��Õ�'¦%êJ²ûìp :­k£\²ûìp 

m�ªL¢L¡ òk®�ò
ì1�ý÷�· ∀y(

e
x y < a→ e (fx)(fy) < e)�ø÷�· ∃y>0 ∀z≤y z < a

` ∃a0>0 ∀y(
e
x y ≤ a0 →

e
(fx)(fy) ≤ e)ô ±J²�ªJ³ ô ¡L«J¬/ê'©_�¹» ∃ » ∧ô ±J²�ªJ³ ô ­ «%¥�¢%£'«K��¢;¼  

m�ªL¢L¡ òk®�ò
ì1�ý÷�· ∀y(

e
x y < a→ e (fx)(fy) < e)ìzò ÷�· a′ > 0ì=� ÷�· ∀z≤a′ z < a

` ∃a0>0 ∀y(
e
x y ≤ a0 →

e
(fx)(fy) ≤ e)ô ±J²�ªJ³ ô ¦>¥ ê\­�ª ©K» ∀ » ∃ » ∧ » →  

m�ªL¢L¡ òk®V�
ì1�ý÷�· ∀y(

e
x y < a→ e (fx)(fy) < e)ìzò ÷�· a′ > 0ì=� ÷�· ∃z≤a′ z < a

` ö�¤ > 0m�ªL¢L¡®�\®V�
ì1�ý÷�· ∀y(

e
x y < a→ e (fx)(fy) < e)ìzò ÷�· a′ > 0ì=� ÷�· ∀z≤a′ z < aì1½ý÷�· e x y ≤ ö�¤

` e (fx)(fy) ≤ e
ô ±J²�ª)³ ô ¢)ó'¦Jª.£�ìzòz Í¢%¤�ê�ªK¾ ¡L«.£\£'«�òz 

¿ À ù�� Â«ù-V�� Á
]_^M`�pjlks6`-vhw�aMgjpq` v\w)aM�>e#�Mg}w��Glm�G�¬~½��`�eMw�cM`�aMpjr>cfi	wknt^f`�g6p�~fpqnj`�s6p��dafn��b`-��`��Jr|`h{�`

��^fw��Er>p�w)cf`�w)x�nt^f`�`olkp}r|`up�n�njw'�>`ulmgjc6`upq��`�v�rJlk�J�¬~%r>x�~)w)aXeMw'cfwkn�µfcfwu���>w�i)r>vk�A¼Mw�gbr>cMpqn0lmcdv\`��
r>x8�b`	v\w)s���lmg}`���r¬nt^E��wAòI£ºnj^M`<s�w)pqnK��w��daM�©lmg-pq~fpqn}`us rJc�¼dgtlkcMv\`o¦0���b`<vulmc�i)r¬{)`�nj^M`
x©w)�J�|wu��rJcfiKlmg}i)aMs�`�c)ntp�¸

tE��wfò�^Glmp8s%lmc)~�v\w)s6sXlkcdeMp�n}w�efwK�Mg}wAw)x�p�£ºntlkv\njrJvhp0¦�lkcde�`\{)`�c<rJx3s�w)p�n8�Mg}wAw)x�p8v�lkc
��`�vulogjgjr|`�e�w�afn���r|nt^ l�p}sXlk�J�¢p}`\nu�Ant^MrJp_pq`hn���rJ�>�5eM`h��`�cMe�w)cKnt^f`8nj`ulkvt^M`hg$õf»�c���^fw��
�b`�g}`olm�J�¬~�aMp}`�lm��w)aAn.n��b`��|{�`�n0lkv0ntr>vhp7��r|nt^�p�ntaMeM`�c�ntp�rJcMvh�JaMeMrJcfi8nt^f`bn0lkv0ntrJvhp�x©w�g�`�ò�aGlo³
ntr|w)cGlk�dg}`ulkpqw)cMrJcfid��]_^M`_njwkn0lk�Gc�aMs'��`hg�w�x�n0lkv0ntrJvhp�r>c6nt^f`zvhaMg}g}`�c)nb²M�·Ïk��{�`hgtp}r|w)c%rJp�¤u­A�
ð�w�g}`�wu{�`�g
nt^f`upq`�n0lkv0ntr>vhp�lmg}`b`h��nj`�cMpjr|�G�|`_lkcMe�v\w)c�nj`\�AnjaGlk�O�k¼Mw�g�rJcMp�n0lkcMvh`��unt^f` ¡L«/¬/êíìv\w)sXsXlkcMe�v�lkc���`_eM`�p}vhgjr|��`ueXlmpz§opjr>s6�d�>rJxJ~'nt^M`_^)~A��wknt^f`�pjr>p ì ¨���»�x ì rJp A∧B ����^fw����rJ�>�.g}`��d�Jlkv\` ì �)~�n��bw ^)~A��wknt^f`�p}`�p A lkcMe B �GaAnu�5r>x ì rJp x + 3 = y + 3

�5r|n8��rJ�>�
njgtlkcMpjx©w�gjs ì rJc�njw x = y

��]_^f`�pjlks�`�v\w)s6sXlkcde�v�lkc��S`�aMpq`�e<r>c�s%lkc�~�pjr¬ntadlontr>w�cdp
lkcMe v�lkc-��`"s�wfeMr>¶M`�e��)~Knt^f`8nj`ulkv0^f`hg�aMp}rJcfi�nt^f` ¥�«k�=ÂL«\¡ ¦D£ vhw�sXsXlkcMe5�
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t�»�cK��wfò"nt^f`hg}`�rJp�l�edr|¡�`�g}`�cMv\`���`\n��b`�`�cXr>c)nj`�cMpjr|w)cdlk��lkcMe6`\�Anj`�cMpjr|w)cdlk�d`�ò�aGlm�Jr¬n�~���^M`\³
g}`olmp��$r>c�sXlont^¢�¢�b`%aMp}`6w)cd�¬~<nt^f`%pq`uv\w)cMe¢�$]_^AaMp��5`�ò�aGlonjr>w)cdlk��gj`ulkpqw)cMrJcfi�r>p'cfwkn'pqw
`ulkpq~�n}w�eMwK��r¬nt^���wfòG�¢��^fw�� adpq`�p�^Mr|i)^M`hgq³Ñw�gjef`�g�aMcdr|¶dvulonjr>w)c	s�wfeMaM�>wKnt^f`�µAcfwu��c
£Dv\w)cMedr¬ntr|w)cGlk�©¦z`�òAadlontr|w)cMp'lkcMe�vulmc���`hgjx�w�gjs �Mg}wAw)x�p8��r|nj^	{�`�gq~�p}rJs��d�>`6`�òAadlontr|w)cdlk�
g}`olmp}w)cMr>cMi���r¬nt^fw)aAn�adp}r>cMi�nt^f`�r>g�p}��`�vhr>¶dv�v\w)s6sXlkcdeMph�

t�]_^f`8v�lk�JvhaM�JaMp�w)x¢vhw)cMp�njgjaMv\ntr|w)c�£Dvhw�s6�Glmg}`�e6��r|nt^K¿8Ì8Ë7¦3r>p��dg}w��Glm�d�¬~Xn}wAw�v\w)s��G�>rJv�lo³
nj`�e x©w�g�s%lunt^�pqnjadef`�c)njp��

ð	lmµAr>cMi'��^fw���`olmpq~�njw'�|`ulmgjc%^dlkpblk�¬��lh~fp���`h`�c6nt^M`�¶dgjp�n��Mgjr>w�gjr¬n�~XrJc%r¬ntp�ef`\{)`��>w��ds�`�c)n
lkcMe6l8�>wkn�w)x�r>s6�Mg}wu{)`�s�`�c)ntp�^dlh{)`���`h`uc�rJc�njg}wfeMaMvh`�e�pjr>cMvh`�w)afg�¶Mgjpqn�n}`olkvt^MrJcfi�`\�A�S`hgjr>s6`�c�nu�
]
wXaMpq`'l�pqw)xJn��_lmg}`�nj^Glon_�b`�sXlkrJc�n0lkr>c��)~-w)afgtpq`��Jx
rJp�nj^AaMp�l'i�wAwfeKnt^MrJcfid�
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äå æçè éê ë åì ì ç ê íî éï æ ë éð ð ï ê ñ ò ó é ô ï ê è õçì è öê ÷ê î æøè ó õç õø æ æè ïùú ûüý þÿý � �� � þÿ ` A→ B

�� �� �
	 H := A ` B �
� � �� � A �� � � � �� B 	
` A ∧B �� �� �
	 �� � ` A � � � �� �� � � � � �� A

� � � � B�� � ` B
` A ∨B �� �� � ��	 � � � þ� �ü � ! ` A " � �� �� � � # � � � � � � � A	

` A ∨B �� �� � � 	 �� � þ� � �$ û  ! ` B " � �� �� � � # � � � � � �� B 	

` ∀xA[x]

�� �� �
	 ` A[x]

� � � x % � �� & � %' �( � 	 ) � � � A[x]	

` ∃xA[x]

�� �� �
	 ` A[?]

* � �� � � � � + �� # , �� �� x � �( � � � � � A[x]	 t �� � � �

�� � � �� ( � - � ` A[t] � %' �( � � � �� � � � � + �� # , ��
. � � � �� � � � � � / � 0 	

` ¬A �� �� �
	 H := A ` False � � � �� � A �� � � � � + , �� � ( �� �� � � �( � � �� 	1 û23 þ  ûü � �� H := A ` A �4 � �� 5 	 � � # � � � ( � � � � � � 6 & H � � � �7 � � � � � �� �� � � � �� � � � 	

H := A→ B ` B � � �� 5 	 H := A→ B ` A 6 & A→ B,

� � �� � � � � # � � � � � � � A	

H := A ∧B ` B � � �� 5 	 � � # � � � ( � � � � � � 6 & H � � � �7 � � � � � �� �� � � � �� � � � 	

H := A ∧B ` A � � �� 5 	 � � # � � � ( � � � � � � 6 & H � � � �7 � � � � � �� �� � � � �� � � � 	

H := A ∨B ` C � � �� 5 	 �� �

H := A ` C � � � �� � �� � �

A �� � � � � � C 	� �� � � , � 5 	 � �� �

H := B ` C �
� � �� � � � 4 �

B �� � � � � � C 	

H := ∃xA[x] ` C � � �� 5 	 H := A[x] ` C � � � x % � � �( � � � � � A[x]	� �� � � , � 5 	 �

H := ∀xA[x] ` C �8 8 � & 5 � � � � � 	 H := ∀xA[x]. ` C 6 & H � � � �7 � A[t]	

H0 := A[t]

H := ¬A ` C � � �� 5 	 H := ¬A ` A ) �� ( � � � � �7 � ¬A. � � �� �� � � # � � � � � � � A	9  ûü � � H := A ∧B ` C � � , � 5 	 H := A,H0 := B ` C 6 & H � � � �7 � A �� � � � � �7 � B 	

H := A→ B. �8 8 � & 5 � � � � 5

0 	 H := A→ B. ) �� ( � � � � �7 � A→ B �� �

A � � � �7 � B 	

H0 := A ` C H0 := A,H1 := B ` C
` A % &;: � %� �� ��	 H := ¬A ` A < � � � % & � %� �� � �� � �� � �� � � � � A	

` A � � �� = � �� �
	 ` False � � � �� � � � + , �� � ( �� �� � � �( � � �� 	

H := ¬A,H0 := A ` C � � �� 5 � � � � 5
0 	 � � # � � � ( � � � � � � H � � H0

# � 7 � � ( �� �� � � �( � � �� 	

` A >� � 7 � 6 	 �� � ` B � � � �� �� � � � � �� B

� � �� A � �� � �� �� # B � 	�� �

H := B ` A

±m²


