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SUMMARY 

The complexity and heterogeneity of bone tissue require a multiscale modelling to understand 

its mechanical behaviour and its remodelling mechanisms. In this paper, a novel multiscale 

hierarchical approach including microfibril scale based on hybrid neural network computation 

and homogenisation equations was developed to link nanoscopic and macroscopic scales to 

estimate the elastic properties of human cortical bone. The multiscale model is divided into 

three main phases: (i) in step 0, the elastic constants of collagen-water and mineral-water 

composites are calculated by averaging the upper and lower Hill bounds; (ii) in step 1, the 

elastic properties of the collagen microfibril are computed using a trained neural network 

simulation. Finite element (FE) calculation is performed at nanoscopic levels to provide a 

database to train an in-house neural network program; (iii) in steps 2 to 10 from fibril to 

continuum cortical bone tissue, homogenisation equations are used to perform the 

computation at the higher scales. The neural network outputs (elastic properties of the 

microfibril ) are used as inputs for the homogenisation computation to determine the properties 

of mineralised collagen fibril. The mechanical and geometrical properties of bone constituents 

(mineral, collagen and cross-links) as well as the porosity were taken in consideration. This 



paper aims to predict analytically the effective elastic constants of cortical bone by modelling 

its elastic response at these different scales, ranging from the nanostructural to mesostructural 

levels. Our findings of the lowest scale‟s output were well integrated with the other higher 

levels and serve as inputs for the next higher scale modelling. Good agreement was obtained 

between our predicted results and literature data. 

Keywords: Cortical bone, multiscale approach, finite element method, neural network 

computation, homogenisation method 

1. Introduction 

 

Hierarchical structures in bio-composites such as bone tissue have many scales or levels, 

specific interactions between these levels and a highly complex architecture in order to fulfil 

their biological and mechanical functions [1, 2]. The complexity and heterogeneity of bone 

tissue require a multiscale modelling to understand its mechanical behaviour and its 

remodelling mechanism [3,4]. 

Katz et al. [5] distinguish five levels of hierarchical organization, shown in figure 1, 

which have been widely accepted in the scientific community: (i) the macrostructural level: 

several millimeters to several centimeters depending on the species, or whole bone level, 

consisting of cortical and trabecular bone types,(ii) the microstructure at an observation scale 

of several hundred millimeters to several millimeters, where cylindrical units called osteons 

build up cortical bone, (iii) the ultrastructure (or extracellular solid bone matrix) at an 

observation scale of several millimeters, comprising the material building up both trabecular 

struts and osteons. Trabecular struts or plates can be distinguished, (iv) within the 

ultrastructure, collagen-rich domains and collagen-free domains can be distinguished at an 

observation scale of several hundred nanometers. Commonly, these domains are referred to as 

fibrils and extrafibrillar space [6] and (V) the nano-scale: several ten of nanometers, the so-

called elementary components (hydroxyapatite, collagen) of mineralised tissues can be 

distinguished. Feng et al. [7] distinguish five levels. Nanostructural level: ranging from few 

nanometers to several hundred nanometers. At this level, the bone can be considered as a 

multiphase nanocomposite material consisting of an organic phase (32–44% bone volume), an 

inorganic phase (33-43% bone volume) and water (15–25% bone volume). Sub-

microstructural level: also called a single lamella level (spanning 1 to a few microns). 

Microstructural level: tenths to hundreds microns, or a single osteon and interstitial lamella 

level. Mesostructural level, several hundred microns to several millimeters is the cortical bone 



level. Macrostructural level: several millimeters to several centimeters, depending on the 

species, or whole bone level. Barkaoui and Hambli [2] provide a more detailed description of 

the multi-scale structure. They suggest that, in addition to the scale of the whole bone and 

scale of the basic components (mineral, collagen and water), human cortical bone structure 

consists of six structural scale levels, namely (macroscopic) cortical bone, osteon, lamella, 

fiber, fibril and microfibril scales. They show the importance of the microfibril scale in the 

mechanical behavior of bone, and also study the influence of cross-links at this scale. In fact, 

microscopic analysis reveals a complex architecture that can be described as hollow cylinders 

juxtaposed next to each other and sealed by a matrix. The cylinders are called osteons, the 

holes are named Haversian canals and the matrix is the interstitial system. Further analysis 

shows that osteons are in fact an assembly of cylindrical strips embedded in each other. 

Lamella is composed of a network of collagen fibers with a helical orientation and inserted 

into hydroxyapatite crystals. The orientation of collagen fibers may be different between two 

consecutive lamellae. Every fiber is formed by a set of fibrils. Each fibril is in turn composed 

of microfibrils. Finally, each microfibril is a helical arrangement of five tropocollagen (TC) 

molecules. 

 

 Many researchers have recently addressed this problem by developing analytical or 

numerical models of the elastic behavior of cortical bone [8-14] and fracture behaviour [6, 15-

17].These models use homogenisation techniques, some of them with a multiscale approach, 

but none gives a complete description of the hierarchical organization of cortical bone. Some 

studies focus only on one level scale of: lamellas [18], osteons [19], or fibrils [20]. The 

multiscale hierarchical organization is, however, addressed in the work of Martínez-Reina et 

al., Hamed et al. 2010 and Fritsch and Hellmich [6, 21, 22]. All of them use a multiscale 

approach, starting at the nano scale, from the basic constituents of bone tissue: mineral, 

collagen, water, and going up to the micro scale. 

 

The use and generalization of the above models to include changes in the mechanical and 

geometrical parameters is not simple. In this work, the multiscale approach is carried out in 

three phases. Phase 0 includes the Hill bounds equation to determine the elastic constants of 

collagen-water and mineral-water composites. Phase 1 concerns the microfibril level. In this 

second phase, the Neural Network (NN) method was used to calculate the elastic properties of 

mineralised collagen microfibrils. This method also makes it possible to vary the geometrical 

and mechanical parameters of the elementary constituents and observe their influence on the 



properties, which is difficult using the homogenisation equations. The NN is trained by using 

data from a 3D finite element study of the microfibril levels [2]. Phase 2, from fibril to 

continuum cortical bone tissue, homogenisation equations [18] are used to perform the 

computation at the higher scales. The elastic properties of microfibril obtained by the neural 

network are used as inputs for the homogenisation computation to determine the properties of 

fibril. 

 

 

 

 

 

 

 

 

 

Figure 1. Multiscale Hierarchical structure of bone 

 

The main novelties of the current method are: (i) the implementation of the lowest scale 

of bone structure by explicitly considering the nanoscale basic constituents (mineral volume 

fraction and properties, collagen state, mechanical properties and the number of cross-links); 

(ii) implementation of a multiscale hybrid method (NN for low scales and homogenisation for 

higher scales) to provide material properties to simulate bone behaviour (fracture, 

remodelling). This multiscale approach is based on three methods: finite elements (FE), NN 

and homogenisation, enables investigation of the structure-property relationships in human 

bone. The advantage of this method that it can be used to define the equivalents properties for 

a class of parameterized unit cells. Moreover, it can be easily incorporated in the finite 

element code to model the entire bone structure. The originality of this work is to use the 

Neural Network (NN) method to calculate the elastic properties of mineralized collagen 

microfibrils. The later does not used in other works and the microfibril level is not considered 

between bone elementary constituents (collagen and mineral) and mineralized collagen fibril 

levels. The Neural Network (NN) method allows to change the geometrical and mechanical 

parameters of the elementary constituents and observe their influence on the properties, which 

is difficult using the homogenization equations. The elastic properties of microfibril obtained 



by the neural network are then used as inputs for the homogenization computation to 

determine the properties of fibril.  

 

2. Materials and methods 

In this section, a demonstration of the proposed multiscale approach in addition to the 

elementary components of the bone and their Hill bounds will be cited. A description of the 

proposed model steps along with the methods which are used in this approach will be 

introduced. In the results and discussion section a validation of this approach will be adduced 

once the predicted elastic modulus will be compared with the available pervious numerical 

studies and experimental data. 

2.1. Bone composition  

The elementary components of bone can be distinguished as follows: 

Collagen: At the lowest hierarchical level, bone structure is composed of collagen molecules 

which can be viewed as rods of about 300 nm long and 1.5 nm in diameter, made up of three 

polypeptide strands, each of which is a left-handed helix [23]. The mineralization process 

reduces the lateral spacing between collagen molecules bringing them closer to one another 

[24]. The arrangement of the TC molecules comes from the strong chemical bonds (cross-

linking) that are formed between adjacent collagen molecules throughout the collagen bundles 

[25,26]. 

Mineral: The mineral phase is almost entirely composed of impure hydroxyapatite crystals 

[Ca10 (PO4)6(OH)2]. Those crystals are plate-like shapes. The size of the mineral plates varies 

according to the bone type (cortical or trabecular, human or animal, etc.) [27,28]. A wide 

range of mineral plate dimensions has been reported in the literature: 15–150 nm in length, 

10–80 nm in width and 2–7 nm in thickness, while the distance between the neighboring 

plates is on the same order as the thickness [29]. During the bone remodeling process, mineral 

particles are nucleated primarily inside the gap region of the microfibrils. In a later stage, the 

mineral particles extend into the extrafibrillar region [30,31]. Hydroxyapatite mineral is stiff 

and extremely fragile, exhibiting elastic isotropic behavior [32, 33]. In this study we assume 

that the mineral phase occupies all the space between the TC molecules, because the mineral 

component is essentially crystalline, but may be present in amorphous forms [33-38]. 

Cross-links: The fiber structure of bone is stabilized through intermolecular cross-links 

joining two collagen molecules. Collagen cross-linking plays a critical role in the connectivity 

of bone microfibrils, fibrils and fibers [39-43]. Cross linking is either enzymatically or non-

enzymatically mediated [44]. It has been reported that the formation of intermolecular 



covalent cross-links has a significant effect on material properties (strength and brittleness) 

[45-50] and mechanical behavior [2, 44, 51-54]. 

Water: Water is the third major component in bone and occupies about 10–25% of the whole 

bone mass [55]. It provides the liquid environment for the biochemical activity of the non-

collagenous organic matter. Recent theoretical and experimental work has highlighted the 

important role of water in the failure properties of bone by a mechanism which consists in 

gluing together the collagen and mineral phases [14, 56, 57]. At the ultrastructure level of 

bone, water exists in the form of bound water in the collagen network (including the collagen-

mineral interface) and tightly bound water in the mineral phase [58]. Consequently, water may 

play an important role in bone behavior involving creep, fatigue and fracture [59-62]. 

 

2.2. Neural network method description  

 

The NN model is a parallel processing architecture consisting of a large number of inter-

connected processing elements called neurons organized in layers. A NN model can be used 

to map input to output data without a known „a priori‟ relationship between the data sets. NNs 

have been widely and increasingly employed in the analysis of problems in science and 

technology [63-66]. One of the distinct characteristics of the NN is its ability to learn and 

generalize from experience and examples and to adapt to changing situations following an 

initial training phase. NNs are able to map causal models (i.e. mapping from cause to effect 

for estimation and prediction) and to conduct inverse mapping (i.e. mapping from effect to 

possible cause) [64].  

The single neuron performs a weighted sum of the inputs    that are generally the outputs of 

the neurons of the previous layer   , adding threshold value and producing an output given 

by:  

   ∑         
                                                                       are the network weights.   

The training process in the NN involves presenting a set of examples (input patterns) with 

known outputs (target output). The system adjusts the weights of the internal connections to 

minimize errors between the network output and target output. The knowledge is represented 

and stored by the strength (weights) of the connections between the neurons [63-66]. Once the 



NN has been satisfactorily trained and tested, it is able to generalize rules and respond to input 

data in order to predict the required output rapidly (in seconds) within the domain covered by 

the training examples [63-66]. There are several algorithms in a NN and the one used in the 

current analysis is the BP training algorithm. The BP algorithm is an iterative gradient 

algorithm designed to compute the connection weights, minimizing the total mean square 

error between the actual output of the multilayer network and the desired output. In particular, 

the weights are initially chosen randomly and the rule consists of a comparison of the known 

and desired output value with the calculating output value by utilizing the current set of 

weights and threshold. 

The mean square error is calculated by: 

  (     )∑∑           
   

 
                                                              

where     is the actual output of the ith output node with regard to the mth training pattern, 

while     is the corresponding desired output. P and N denote respectively the total number 

of patterns and the number of output nodes, 

2.3. Multiscale model description 

In this study, an algorithm composed of 11 steps is employed to estimate the elastic properties 

(Figure 2). The three main elementary components of bone material: collagen, hydroxyapatite 

and water, are grouped into two composites, namely collagen-water and mineral-water. 

Considering that the water embedded in the space between collagen and hydroxyapatite is 

bound to both phases. Step 0 consists to determine the elastic constants of collagen-water and 

mineral-water composites by averaging the upper and lower Hill bounds. With the cross-links, 

these two composites form collagen microfibrils, whose elastic constants are calculated in 

Step 1 using the FE method and are generalized using the NN method. The method of Nemat-

Nasser and Hori [67] for composites with periodically distributed inclusions was applied in 

Steps 2, 3 and 4 to calculate the stiffness tensor of collagen fibrils, fibers (composed of fibrils 

surrounded by mineral-water) and lamellae (fibers surrounded by mineral-water). In Step 5, 

the canaliculi porosity is taken into account, and the tensor stiffness of the lamellae with 

canaliculi is also calculated using the method of Nemat-Nasser and Hori [67]. Canaliculi have 

been simplified as straight tubes, and are oriented in three directions within the osteon: radial, 

longitudinal and circumferential. In order to take each type of canaliculi in to account, three 

different laminate structures were considered. In Step 6, the stiffness tensor of a material 



comprising the three types of canaliculi was obtained through a rule of mixture specific for 

laminates and developed by Chou et al. 1972 [68]. In Step 7, lacunar porosity is introduced in 

the model in the same way as canalicular porosity in step 5, just changing the pore shape. In 

Step 8, given the approximately cylindrical shape of osteons, a symmetrization technique is 

used to assess thee effective transversely isotropic elastic constants of a single osteon. In Step 

9, osteons with different mineral content (even interstitial bone, simplified here as osteons 

with a very high mineral content) are taken as phases that interpenetrate each other to form a 

new composite. The stiffness tensor of this composite is estimated using a self-consistent 

scheme, by taking into account the superimposition of osteons in the cortical tissue as a 

consequence of bone remodeling. In Step 10, vascular porosity is included in the model by 

means of a Mori-Tanaka scheme with diluted inclusions representing the Haversian canals.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Algorithm employed for the estimation of the elastic properties of cortical tissue. 
 
 

2.4. Multiscale modeling of cortical bone 

The multi scale approach of the current study comprises the following steps, going from step 

(0) which represents the Hill bounds to step (10) which represents the cortical bone. 



2.4.1. Step 0: Hill bounds 

 

In the present work, the elastic constants of the collagen and hydroxyapatite minerals are 

assumed to be isotropic based on the explanation of Yoon and Cowin [18, 19]. Yoon and 

Cowin [18, 19] consider that the elastic constants of the hydroxyapatite minerals are assumed 

to be isotropic because the anisotropic elastic constants of the hydroxyapatite minerals in the 

human bone are not yet reported even though the hydroxyapatite crystals are known to have 

the hexagonal symmetry. Morin et al., [69] consider that the collagen matrix anisotropic or 

approximately transversely isotropic.The elastic constant values employed for collagen and 

hydroxyapatite are taken from Gong et al. [70] and Biltz and Pellegrino [71]. Hill bounds, 

which are tensorial forms of the classical Voigt (V) and Reuss (R) bounds, are estimated for 

the collagen-water and mineral-water composites using the following equations [18]:                                                                    (3)                                                                  (4)                                                                  (5)                                                                   (6)                                                                  (7) 

 

Where   and   designate stiffness and compliance tensors, respectively, and    and     are 

the occupied volumetric fraction of water in the collagen-water and mineral-water 

composites, respectively. The shear modulus   and the bulk modulus   for the collagen-water 

(cw) and mineral-water (hw) of the classical Voigt (V) and Reuss (R) bounds are estimated 

from the previous isotropic tensors. The average of the two bounds Voigt (V) and Reuss (R) is 

used to estimate the shear and bulk modulus of the collagen-water and mineral-water [18]: 

 

{                                                                                      (8) 

{                                                                                     (9) 

 



These expressions have been extensively used to estimate isotropic elastic constants of 

polycrystals. The isotropic tensors of the collagen-water and mineral-water     and     are 

then deduced.  

2.4.2. Step1: Mineralised collagen microfibril 

 

This section describes how the mineralised collagen microfibril was modeled i.e. (i) the 3D 

FE model proposed by Barkaoui and Hambli, Hambli and Barkaoui [2,54,72] was employed 

in this step, (ii) the NN method was introduced to obtain a general statement on the behavior 

of mineralised collagen microfibrils and (iii) mechanical elastic properties and their effects on 

the elastic behavior of microfibrils were assigned to be the data base for the NN training. This 

step presents two principal stages: the 3D finite element model and the trained neural 

network. 

a) 3D finite element modeling  

The microfibril is a helical assembly of five TC molecules (rotational symmetry of order 5), 

which are offset one another with an apparent periodicity of 67 nm (Figure 2). This periodical 

length is denoted by the letter D and is used as a primary reference scale in describing the 

structural levels. The helical length of a collagen molecule is 4.34 D ≈ 291 nm and the 

discrete gap (hole zone) is 0.66 D ≈ 44 nm between two consecutivetype1 TC molecules in a 

strand. These gaps in bone are the sites of nucleation for hydroxyapatite crystals (the mineral 

component of bone tissue) to be deposited. The five molecules create a cylindrical formation 

with a diameter 3.5–4 nm and of unknown length [2,54]. The orientation and axial 

arrangement of TC molecules in the microfibrils were deduced from electron microscopic 

observations showing transverse striations with a period D. These striations are caused by the 

staggered arrangement of TC molecules at an interval D.  The strength and stability of the 

microfibrils during maturation are achieved by the development of intermolecular cross-links. 

 

Barkaoui and Hambli [2, 54,72] used a three dimensional model with a cylindrical form [73] 

of the mineralised collagen microfibril to perform a FE analysis using the ABAQUS software. 

The 3D geometry model is meshed using tetrahedral elements (Figure 3) and solved via the 

ABAQUS standard scheme. For the boundary conditions, it is assumed that the mineralised 

collagen microfibril retains its cylindrical form during elastic loading. The left surface of the 

microfibril was encastred and a uniaxial force (F) along the axis of the collagen molecules 



was applied to the right surface of the microfibril. Deformation and elongation ∆l were 

computed. Plasticity and rupture in both phases (collagen and mineral) are beyond the scope 

of the current work. It has been reported that relative sliding on the interface between two 

phases plays a role in the fracturing process of the fibrils [51, 74]. Sliding effects are therefore 

neglected here for simplicity.  

 

 

 

 

 

 

 

 

 

Figur3. Three-dimensional finite element model of mineralized collagen microfibril, with 
boundary conditions of the compression simulation [2, 54]. 

 

The results of the 3D FE simulation of collagen microfibril found by Barkaoui and 

Hambli [2] are shown in Figures (4) and (5). These results were considered to be the data base 

for the NN training in order to have a generalized statement for the following level. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. 3D FE simulation of collagen microfibril results: (a) Effect of Young‟s modulus of 
mineral and cross-link number. (b) Effect of volume fraction of mineral and cross-link 

number on elastic properties [2]. 
 

b) Neural network modeling 

 

In this work an in-house NN algorithm developed by Hambli et al. [66] called Neuromod was 

used. This algorithm uses the total gradient method for neural networks construction and BP 

algorithm for training. 

Input signals cumulated in the neuron block are activated by a nonlinear function given by:                                                        (10) 

Where   is a parameter defining the slope of the function.  

This parameter which represents also the learning rate is adjusted arbitrary. In fact, we change 

this value many times from 0.001 to 0.1 in order to obtain the good combination which leads 



to the best fitting.  It has a great influence on the NN performance. That‟s why; once we 

obtain a good fitting we kept the corresponding value all over our study. The good fitting in 

our case was obtained for      1. 

The finite element modeling results of the mineralised collagen microfibril, presented in the 

previous section (Figure 4) were used for networks training. 

Result of NN training 

 

Because the FE calculation takes a long computing time and needs a lot of knowledge to 

adjust the numerical model, a meta-model based on NN was built and trained in order to 

substitute the FE calculation at nano-scale prediction step. The advantage of this NN meta-

model that it is a black box and it doesn‟t need any prerequisites for model adjustments. 

Moreover it gives instantaneous response. But first of all, we have to check its accuracy 

compared to FE method. That s why, the error calculated according to equation below when 

was comparing the two responses (FE and NN).   

                                                                (11) 

Where, Var represents the Poisson ratio or the Young Modulus. 

The maximum error doesn‟t exceed 0.001. As it can be shown from figure 5 that our NN 

meta-model gives good results. So, it was incorporated in the overall loop (Figure2). 

 

 

 

 

 

 

 

 

Figure 5. Validation of NN prediction 

 

The results obtained by the NN method in step (1) were introduced as inputs to step (2) in 

order to calculate the elastic properties of mineralised collagen fibrils using the 

homogenisation equations (equations 4 and 11). 



2.4.3. Step 2: Mineralised collagen fibril 

To the best of our knowledge, in all earlier multiscale modeling studies, the mineralised 

collagen is considered to be the smallest component in cortical bone and there is no level 

scale between collagen one and fibrils. In the current work, a different point of view is 

proposed: a new level scale “mineralized collagen microfibril” is considered between bone 

elementary constituents (collagen and mineral) and mineralized collagen fibril. In the current 

investigation, microfibril refers to a composite material which consists of a mineral matrix 

reinforced by TC molecules connected by cross-links and modeled by NN and FE methods. 

The mineralised collagen fibril is modeled in a different manner to that proposed by Martínez-

Reina et al.[22]  i.e. the fibril scale is considered to be a composite in which the collagen 

microfibrils (matrix) embed platelet-shaped crystals (inclusion), which are assumed to be 

periodically distributed along the long axes of collagen fibrils. Nemat-Nasser and Hori [67] 

proposed a method to calculate the effective stiffness tensor of the composite with 

periodically distributed inclusions, as follows: 

             [                      ]  
                            (12) 

where    is the effective stiffness tensor of the collagen mineralised fibril;    is the stiffness 

tensor of the  mineral-water composite obtained in step 0 and      is the mineralised collagen 

microfibril tensor. 1 is the identity tensor.    is the volumetric fraction of HA crystals in the 

composite,       corresponds to a periodic tensor operator for platelet-shaped inclusions of 

mineral crystals in a collagen microfibril matrix. 

2.4.4. Step 3: Mineralised collagen fiber 

The collagen fiber is considered to be a composite with a periodicity of cylindrical collagen 

fibrils that are embedded in a matrix of mineral-water composite. The effective stiffness 

tensor of the fiber   , is estimated in the same way that was used for the Fibril which was 

calculated in the previous step [22, 67, 75, 76]: 

                 [                       ]  
                        (13) 



        is the volumetric fraction of fibrils within the fiber.      , is a periodic operator, 

corresponding to infinite cylindrical periodic inclusions of fibrils embedded 

in a matrix of extrafibrillar mineral. 

2.4.5. Step 4: Single lamella 

Similar to the higher scale modeling, the lamella stiffness tensor    is estimatedunder the 

assumption that the lamella is a composite material with a matrix of extrafibrillar mineral-

water composite and periodically distributed cylindrical inclusions of fibers [67]:             [                       ]  
                       (14) 

where    is the volumetric fraction of fibers. All collagen fibers in a lamella are 
assumed to be aligned in the longitudinal direction, and this type of bone is 

called a parallel fibered bone. 

 

2.4.6. Step 5: Single lamella with canaliculi 

In order to model the lamella level, we considered that the first pores are the canaliculi. The 

voids are infinite cylindrical periodically distributed inclusions with null stiffness [22]. The 

stiffness tensor of a lamella with canaliculi     can be expressed by the following equation 

[67]: 

               [      ]  
                                  (15) 

      is the canalicular porosity,      is the periodic operator for infinite cylindrical inclusions 

in a matrix of lamellar tissue.  

2.4.7. Step 6: Laminate with LRC lamellae  

The stiffness tensor of a laminate      composed of the three layers in the three different 

directions of canaliculi (longitudinal (L); radial (R) and circumferential (C)) as sorted by 

Beno et al. [77] is calculated by using equations (16-17) [78]. Equation (15) is applied when i 

and j are 1, 2, 3 or 6  

 



         ∑   [(     )   (     )  (     )  (     )   (     )  ∑   (     )  (     )   
            ∑   (     )   
   ]              (16) 

 

Where    is the volume fraction of the layer, and indices k = 1, 2, 3 correspond to L, R, C 

respectively. 

 

In the case of i=1, 2, 3 or 6 and j=4 or 5,                    , and when i and j are 4 or 5 

the components will be estimated by using equation (17): 

          ∑   
      (     )  ∑ ∑     

        
                                                         (17) 

where:  {   (     )  (     )   (     )  (     )  
    (     )            (     )                                          (18) 

 

2.4.8. Step 7: Lamellae with lacunae 

In this level, lacunar porosity is added in the lamellae under the assumption previously 

proposed by Martínez-Reina et al. [22]: Lacunae are periodically distributed ellipsoids. 

The stiffness tensor of lamellae with lacunae    , is estimated by equation (19): 

                [        ]  
                                      (19) 

      is the lacunar porosity and        is the periodic operator for ellipsoidal inclusions in a 
matrix of laminate LRC. All periodic operator tensor is calculated by Nemat-Nasser and Hori 
[67] method as a function of inclusion form (Ellipsoida, Cuboidal, Cylindrical shape). A 
detail is given in the appendix of the paper.  

2.4.9. Step 8: single osteon 

The effective stiffness tensor of the single osteon     is estimated by the method of Yoon et 

al. [77]. This method consists in constructing upper and lower bounds of the effective 



transversely isotropic elastic constants using the known orthotropic values. The upper and 

lower bounds are usually very close, making it possible to use the mean value as an estimate 

of the transversely isotropic elastic constants of the osteon. The properties of a single drained 

osteon     , where the subscripts stands for transversely isotropic [22], can be estimated by 

symmetrization. 

2.4.10. Step 9: Superposition of osteons 

Martínez‟s equation is applied to estimate the effective stiffness tensor of osteons         
(newly formed and old osteons) [22]. 

               [                  ]              [                  ]     [                  ]         [                  ]    
                                          (20) 

 

where      and       are the stiffness tensors of newly formed osteons and old osteons 

respectively, and    is the volume fraction of newly formed osteons.     is the Hill 

polarization tensor for cylindrical inclusions related to the Eshelby tensor      and the 

stiffness tensor of the matrix by using the following equation [79] : 

                    (21) 

      is solved iteratively by an initial value of           . 

 

2.4.11. Step 10: Drained cortical tissue 

The interpretation by Benveniste [80] of the Mori-Tanaka approach for void inclusions is 

adopted in the current investigation to calculate the stiffness tensors of cortical tissue. 

                    (      )    
                             (22) 

 

where      is the vascular porosity.  

 



Model parameters 

As in any other composite material, the mechanical properties and volume fraction of bone 

components play an important role in its overall behavior [21]. A wide range of values for the 

mechanical properties of collagen and mineral has been reported in the literature. Different 

values of volume fraction have been used for the mineral crystals, varying from 32 to 52% [6, 

81]. Some values of the mineral volume fraction reported in the literature are listed in Table 1.  

 

Reference Mineral volume fractions (%) 
Lees , 1987[24] 
Sasaki et al. 1991[82] 
Wagner and Weiner 1992[83] 
Jager and Fratzl, 2000[84] 
Kotha and Guzelso, 2000[85] 
Ji and Gao, 2006[86] 
Nikolov and Raabe, 2008[81] 

45 
50 
35 
43 
50 
45 
52 

 

Table 1. Mineral volume fractions reported in the literature 
 

The purpose of the current study is to introduce the microfibril scale into Martin‟s Model in 

order to investigate its effect on the next higher scale (mineralised collagen fibril). To achieve 

this, the mechanical properties and volume fraction values listed in tables 2 and 3 were 

assigned to generate our new model. The results obtained by our model are compared to those 

obtained by other previous models. The associated Young‟s modulus is taken as  .138 GPa to 

match water‟s bulk modulus, 2.3 GPa [21]. 

 

Material Elastic modulus 
(GPa) 

Poisson’s ratio 

Collagen 2.5  0.28 
HA crystals 120  0.23 
Water 0.138 0.49 

 

Table 2. Properties of bone components selected in this work 
 

 

Value of volume fraction (%) Value 
Water in the mineral-water     0.123 
Water in the mineral-water      0.42 
HA crystals within the microfibril    0.238 
Fibrils within the fiber   0.58 
Fibers within the lamella   0.866 
Newly formed osteons   0.66 
Canalicular porosity      0.0418 
Lacunar porosity      0.0082 
vascular porosity      0.04 

 



Table 3. Properties of bone components selected in this work 
 

For simplicity, all the components are assumed to have a linear elastic and isotropic behavior. 

In the present paper we seek to present and to validate our proposed multiscale approach. At 

this stage of our work we will not study the variation in mechanical properties of the bone 

constituents and the number of cross-links. The number of cross-links selected in this work is 

N = 0. 

3. Results and discussion 

 

This study aims to investigate the influence of the existence of microfibrils on the 

mechanical properties of bone. The main objective is to propose a multiscale approach. The 

proposed model is tested with a well-defined configuration in order to validate our approach. 

A study of the variation in mechanical and geometrical parameters is beyond the scope of the 

present paper.  

In the current work, the effect of the volume fraction of the different constituents of 

bone together with the porosity is studied as originally proposed by Yoon and Cowin [18, 19]. 

The main hypothesis of this work, which differentiates it from the approach of Martínez-

Reina et al., Yoon and Cowin [18, 19, 22], is that the fibril is not the smallest scale of bone; 

an intermediate scale is introduced in this work i.e. the mineralised collagen microfibril [2]. 

The fibril scale is considered in this study as a composite in which the collagen microfibrils 

(matrix) embed platelet-shaped crystals (inclusion). The elastic tensor of this matrix is 

calculated by applying equation (12) using the same method as that previously applied by 

Martínez-Reina et al. [22] to calculate the tensor of the mineralised collagen fiber.  

 

3.1.Nanostructural levels 

In this section we consider the nanostructure scales i.e. microfibril, fibril and fiber. At 

the microfibril scale, the elastic tensor was calculated by the NN method, as mentioned in 

section 2.2. The cylindrical mineralised collagen microfibril with the stiffness tensor given by 

the NN is embedded unidirectionally in the extrafibrillar hydroxyapatite matrix. Similarly, the 

cylindrical collagen fibrils are grouped in a mineral matrix to form collagen fibers. The last 

two scales (fibril and fiber) were modeled using the homogenisation equations (11-12) under 

the assumption of Hamed et al. [21] i.e. the extrafibrillar mineral crystals comprise 25% of the 



total hydroxyapatite crystals. The elastic tensors of the nanostructural levels are given in table 

 4. 

Level Elastic tensor (GPa) 
 

 
 

Mineralised collagen 
microfibril 

 
 

 

( 
   
                                                                                    ) 

    

 
 
 

Mineralised collagen fibril 

 

( 
   
                                                                                    ) 

    

 
 
 

Mineralised collagen fiber 

 

( 
   
                                                                                       ) 

    

 

Table 4. Elastic tenser of nanostructural levels 

 

At the ultra-structure level, mineral and collagen are arranged into higher hierarchical levels 

to form microfibrils, fibrils and fibers [87]. The existence of sub-structures in collagen fibrils 

has long been a topic of debate. Recent studies suggest the presence of microfibrils in fibrils. 

Experimental work by Orgel, Fratzl and others prove that virtually all collagen-based tissues 

are organized into hierarchical structures, where the lowest hierarchical level consists of triple 

helical collagen molecules [88-90] and the multi-scale structure is defined as tropocollagen 

molecular-triple helical collagen molecules-fibrils-fibers. A longitudinal microfibrillar 

structure with a width of 4 - 8 nm was visualized [91-93]. Three dimensional image 

reconstructions of 36 nm-diameter corneal collagen fibrils also showed a 4 nm repeat in a 

transverse section, which was related to the microfibrillar structure [94]. Using X-ray 

diffraction culminating in an electron density map, Orgel et al. [90] suggested the presence of 

right-handed super-twisted microfibrillar structures in collagen fibrils. 

Most models developed to predict the behavior of bone at the nanoscale used the continuum 

mechanics approach [6, 18, 19], while the nano-sized dimensions of bone components and 

their special arrangements motivated some researchers to use specific simulations. Buehler 

[95] used molecular dynamics (MD) simulation to study pure and mineralised collagen fibrils, 



whereas Bhowmik et al. [57] used MD to address the load carrying behavior of collagen in the 

proximity of HA. Dubey and Tomar [96] also analyzed the type-I collagen and HA 

arrangement using molecular dynamics. In the current study the mineralised collagen 

microfibril scale is introduced into the bone multiscale approach.  

The concept and the mechanical properties were taken from our previous work Barkaoui et 

al., Barkaoui and Hambli, Hambli and Barkaoui [2, 53, 72] which is simulated for the first 

time by the finite element method. This scale has not been subjected to sufficient 

investigations. The elastic properties of microfibrils given in table 5 were estimated by 

Gautieri et al. [87] using MD simulation and by Van der Rijt et al., Shen et al. [97, 98] 

experimentally.  

 

Source Type of analysis Young’s modulus (GPa) 
Van der Rijt et al. 2006 [97] AFM testing 0.2-0.8 
Shen et al. 2008 [98] MEMS stretching 0.86 
Gautieri et al. 2011 [87] Atomistic modeling 1.2 
Present study NN-EF modeling  0.82 

 

Table 5. Young‟s modulus of collagen mineralised microfibril 

 

Recently Yang et al. [99] mentioned the existence of microfibrils in fibrils in their 

experimental investigation. Their study showed that the existence of microfibrils affects the 

mechanical behavior of fibrils: the estimated Young‟s modulus at different strain rates of 

native fibrils of 0.6 ± 0.2 GPa (table 6) supports the results of the current study at 0.9 GPa. 

However, when our results are compared with those which do not take this fibril substructure 

scale into consideration [18, 21], where a value of 3.4 GPa is found (table 6), the agreement is 

poor. This divergence in results provides support for our hypothesis of the important role of 

microfibrils. 

 

Levels source E1(GPa) E2(GPa) E3(GPa) 
fibril Yoon and Cowin, (2008a) [18] 3.4 6.7 7.7 

Yang et al. (2012) [99] 0.6 ± 0.2 NA NA 
Current  study 0.9 0.915 0.953 

fibre Yoon and Cowin, (2008a) [18] 11.3 13.8 16.9 
Current  study 12.67 12.67 12.6 

 

Table 6. Young‟s modulus of collagen mineralised fibril and fiber 

 

 



 

3.2. Microstructural levels 

To study the lamella scale, the different kinds of porosities (canalicules and lacunae) are taken 

into consideration in different orientations (LRC). These porosities were assumed to be 

ellipsoidal holes of dimensions 25 × 10 × 5  m [18,21] and Lacunar      and canalicular      

porosities of 0.8% and 4.18% respectively  [22]. The osteon is assumed to be a cylinder 250 

 m in diameter, 1 cm long and a Haversian canal with a diameter of 5   m, giving a vascular 

porosity      approximately of 4% of the canal [21]. The stiffness tensors of the lamella at the 

different steps and of the single osteon were calculated and are shown in table 7. 

 

Level Elastic tensor(GPa) 
 
 

 
Lamella 

 

 

( 
   
                                                                           ) 

    

 
 
 

Lamellae with canaliculi 
 
 

 

( 
   
                                                                           ) 

    

 
 
 

LRC Lamellae 

 

( 
   
                                                                              ) 

    

 
 
 

Lamellae with lacunae 

 

( 
   
                                                                             ) 

    

  

 

Table 7.  Elastic tensor of microstructural levels 
 
 
 
 
 
 



Source E1(GPa) E2(GPa) E3(GPa) 
Current study 15.6 16.47 27.6 
Martínez-Reina et al. 2011 [22] 17.2 19.7 22.0 
Yoon and Cowin 2008a  [18] 16.4 18.7 22.8 
Yoon and Cowin 2008b [19] 16.9 19.0 22.3 
Rho et al. 2002 [100] NA NA 21.8 ± 2.1 
Fan et al. 2002 [101] 16.6 ± 1. 5 17.0 ± 2.2 25.1 ± 2.1 
Zysset et al. 1999 [102] 19.1 ± 5.4 - - 
Hamed et al 2010 [21] 17.91 11.88 NA 
Hoffler et al. 2000 [103] 15.11 ± 2.2 - - 
Wagner and Weiner 1998 [104] 33,6 24.3 NA 

 

Table 8. Young‟s modulus of collagen mineralised lamella 

3.3. Mesostructural levels 

In this simulation, a volume fraction of 66% for osteons [105] and a vascular porosity     of 

4% [22] were chosen. The elastic tensors of osteons and cortical bone are given in table 9. 

 

Level  Elastic tensor(GPa) 
 
 
 

Osteons 
 
 ( 

   
                                                                             ) 

    

 
 
 

Cortical bone 

 

( 
   
                                                                             ) 

    

 

Table 9 Elastic tensor of mesostructural levels 

Level Source E1( GPa) E2( GPa) E3( GPa) 
 
Osteon 

Current study 17.15 18.12 29.7 
Yoon and Cowin (2008b) [19]   15.9 15.9 20.3 
Ascenzi and  Bonucci (1967)[106] 
 

21.1 ± 6.2   

 
 
Cortical bone 

Current study 16.91 18 19.40 
Martínez-Reina et al  (2011) [22] 14.7 14.7 19.50 
Yoon and Cowin (2008b) [19] 20.3   
Hamed et al. 2010 [21] 11.84 11.84  18.69 
Yoon et katz 1976 [107] (Ultrason)  18.8±1.01  18.8±1.01  27.4±0.98  
Terneur et al. 1999 [108] (Nanoindentation)  16.58±0.32  16.58±0.32  23.45±0.21  

 

Table 10. Young‟s modulus of single osteon and cortical bone 

 



Tables 8 and 10 show, respectively, the longitudinal and transverse elastic moduli of the 

lamella, the single osteon and the cortical bone obtained using our model. These tables also 

give the selected experimental data available in the literature to enable comparison with our 

results. Our analytical results are in a reasonably good agreement with experiments. It should 

be noted that most of the studies report the average elastic modulus of cortical bone in the 

transverse direction. 

 

The proposed approach is inspired from the work of Martínez-Reina et al.  [22]. We followed 

their same assumptions of simplification as well as their selections of the different stages of 

modeling. We, however, proposed to add another sub level (microfibril) in order to keep a 

clear reference of comparison to represent the effect of this inserted new level on the 

mechanical behavior of the cortical bone. 

Our definition of scales based on the approach by Martínez-Reina et al. [22] is not the only 

possible one. The transition between the different hierarchies of the nanoscale to macroscale 

is continuous rather than discrete in bone in vivo. While there is a general consensus 

concerning the classification of the main scales, there is a certain flexibility concerning the 

intermediate levels. For example Hamed et al. [21] minimized the number of scales; they did 

not consider the fiber level, between the nanoscale (mineralised collagen fibrils) and the sub-

microscopic level (single lamella), in their investigation. Yang et al. [98], in contrast, suggest 

the existence of microfibrils. 

 

In this study, we modeled the cortical bone as a hierarchical material and predicted its 

effective elastic moduli. Our analysis involved the bottom-up approach, starting with the 

nanostructural level (mineralised collagen microfibril level) and moving up to the mesoscale 

level (cortical bone level). The selection of the scales was not unique. In the analysis, we used 

the models of micromechanics and composite laminate theory. The contribution of this work 

involves the multiscale modeling of bone from nano to mesoscale levels. The contribution is 

also to identify of the challenges involved in modeling bone at each structural scale using 

deferent methods.  In this paper, the method developed by Martínez-Reina et al. [22] to 

estimate the elastic properties of cortical bone scales levels has been slightly modified to 

include the mineralised collagen microfibril scale using finite element method [72] and NN 

method [3]. It has also been used to study the effect of this sub-structure in the upper scale 

behavior.  
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Appendix  

 

Periodic operator tensor 

 

The fourth rank tensor of the periodic operator for isotropic material is given by Nemat-

Nasser and Hori  [67]:   ∑        

 
      ̂    

Where the prime on the summation indicates that     is excluded.      is called the g-

integral. The geometry of a cavity is represented by the g-integral, which is defined as the 

volume integral of          over the cavity. The newly defined variable   in the equation is 

given by        , where    is the number of unit cells in the i-direction. Note that i can be 

replaced with x, y, z for the x-, y-, and z-directions, respectively, and the domain of a unit cell 

is given by:   {                    } 
 

The term   ̂    is the second rank tensor in 6 D and it can be determined from the fourth rank 

tensor       in3D (For details, wee [67]: 

          {              }       is the is the fourth rank elasticity tensor of the bone matrix. Once the term ( ·C· ) has 

been expanded in the index notation as: (         )                                                                                                                               

 



The inverse of the second rank tensor (         ) is calculated.By the tensor operation, another 

fourth rank tensor (             
   ) is formed. Then the quantity       is obtained by 

the contraction of this result with the fourth rank elasticity tensor of bone matrix   , and 

convertedinto the Kelvin second rank tensor  ̂   . Note that the summation in the above 

equation with respect to   (or   ,   , and   ) is generally from 1 to infinity, but in this study, 

the summation is performed from one to ±50 because Nemat-Nasser et al. [67]   showed that 

the summation up to ±40 is only 0.7% less accurate than the summation up to ±50. 

 

The g-integral g(  ) is calculated as a function of the inclusion shape. Three cases are 

distinguished: ellipsoidal, cubical and cylindrical. 

 

1-Ellipsoidal shape  

 

The g-integral      for the ellipsoidal inclusion is given by Nemat-Nasser and Hori [67]: 

       
 
             

and 

             (     )          [            
  (      ) ]    

 

x, y and z indicate three perpendicular directions. The number of cavities in the x, y, and z 

directions are denoted by nx, ny and nz . Respectively the length of the principal axes of an 

ellipsoidal shape representing a lacuna are denoted bybx, by and bz. For the type L osteon, the 

approximate dimensions of a lacuna  are bx  5 m, by  1  m and bz  25 m 

 

2-Cuboidal shape  

The g-integral for the platelet shaped (or cubical) inclusion is given by Nemat-Nasser and 

Hori [67] 

g    sin xsin ysin z

 x y z
 

where  i   ili 



The subscript i is replaced by x, y, and z to indicate three perpendicular directions, and liis the 

dimension of the platelet mineral crystals, i.e., lx  3nm,ly  25 nm, lz  5 nm . 

3- Cylindrical shape  

The g-integral, g    for the circular cylindrical shape of the mineralised collagen fibrils, is 

given by Nemat-Nasser and Hori [67] 

g    {2  1          if nz    
                   if nz   

 

 1is the Bessel function of the first kind, and  

                 √    

    and    are the number of cylindrical inclusions in the x and y directions, respectively.    

is the volumetric fraction of fibers.  
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