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Italy.
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Abstract

We consider the U(1) Chern-Simons gauge theory defined in a general closed oriented 3-manifold
M ; the functional integration is used to compute the normalized partition function and the expec-
tation values of the link holonomies. The nonperturbative path-integral is defined in the space of
the gauge orbits of the connections which belong to the various inequivalent U(1) principal bun-
dles over M; the different sectors of configuration space are labelled by the elements of the first
homology group of M and are characterized by appropriate background connections. The gauge
orbits of flat connections, whose classification is also based on the homology group, control the
nonperturbative contributions to the mean values. The functional integration is carried out in any
3-manifold M, and the corresponding path-integral invariants turn out to be strictly related with
the abelian Reshetikhin-Turaev surgery invariants.

1. Introduction

In a recent article [1] we have presented a path-integral computation of the normalized partition
function Zy (M) of the U(1) Chern-Simons (CS) field theory [2, 3, 4] defined in a closed oriented 3-
manifold M. It has been shown [1] that, when the first homology group H; (M) is finite, functional
integration allows to recover —in a nontrivial way— the abelian Reshethikin-Turaev [5, 6, 7, 8]
surgery invariant.

The present article completes the construction of the path-integral solution of the U(1) quan-
tum CS field theory initiated in Ref. [9]. We extend the computation of Zy (M) to the general
case in which the homology group of M is not necessarily finite and may contain nontrivial free
(abelian) components. We give a detailed description of abelian gauge theories in topological
nontrivial manifolds, and the resulting extension of the gauge symmetry group is discussed. We
classify the gauge orbits of flat connections; their role in the functional integration is determined.
The path-integral computation of both the perturbative and the nonperturbative components of
the expectation values of the gauge holonomies associated with oriented colored framed links is
illustrated. The result of the functional integration is compared with the combinatorial invariants
of Reshetikhin-Turaev; it is found that the path-integral invariants are related with the abelian
surgery invariants of Reshetikhin-Turaev by means of a nontrivial multiplicative factor which only
depends on the torsion numbers and on the first Betti number of the manifold M.

A general outlook on the nonperturbative method —which is used to carry out the complete
functional integration of the observables for the abelian CS theory in a general manifold M— is
contained in Section 2; the details are given in the remaining sections. As in our previous articles
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[1, 9, 10], we use the Deligne-Beilinson (DB) formalism [11, 12, 13] to deal with the U(1) gauge
fields; the functional integration amounts to a sum over the inequivalent U(1) principal bundles
over M supplemented by an integration over the gauge orbits of the corresponding connections.
The essentials of the Deligne-Beilinson formalism are collected in the Appendix. The structure of
configuration space is described in Section 3, where the path-integral normalizations of the partition
function and of the reduced expectation values are also introduced. Section 4 contains a description
of the gauge orbits of U(1) flat connections in the manifold M the classification of the different types
of flat connections is based on the first homology group of M. The functional integration is carried
out in Section 5, and the comparison of the path-integral invariants with the surgery Reshetikhin-
Turaev invariants is contained in Section 6. Examples of computations of path-integral invariants
in lens spaces are reported in Section 7. Section 8 contains the conclusions.

2. Overview

The functional integration in the abelian CS field theory can be carried out by means of the
nonperturbative method developed in [1, 9, 10]. In order to introduce progressively the main
features of this method, let us first consider the case of a homology sphere M, for which the first
homology group Hi(Mp) is trivial; the 3-sphere S* and the Poincaré manifold! are examples of
homology spheres. Let us recall that the homology group of a manifold M corresponds to the
abelianization [14] of the fundamental group 71 (M); i.e. given a presentation of 71 (M) in terms
of generators and relations, a presentation of Hi(M) can be obtained by imposing the additional
constraint that the generators of w1 (M) commute.

The field variables of the U(1) CS theory in My are described by a 1-form A € Q'(My) with
components A = A, (z)dz", and the action is

S[A] = 27k /

dr P A0, A, = m;/ ANdA (1)
Mo

Mo

where k # 0 denotes the real coupling constant of the model. The action is invariant under usual
gauge transformations A, (z) — A, (x) + 0,&(z). This means that the action can be understood as
a function of the gauge orbits.

2.1. Generating functional

In order to define the expectation values (A, (z)A,(y)---Ax(2)) of the products of fields, one
needs to introduce a gauge-fixing procedure because the gauge field A, (x) is not gauge-invariant.
However, if one is interested in the correlation functions (Fj,, (z)F,e (y) - - - Far(2)) of the curvature
Fu(x) = 0,A,(x) — 0, Au(x), the gauge-fixing is not required. In facts, let us introduce a classical
external source which is described by a 1-form B = B,,(x)dz*; the integral

/dA/\B:/A/\dB (2)

IThis is the first example constructed by Poincaré of a non-simply-connected closed 3-manifold whose first ho-
mology group is trivial [14].



is invariant under gauge transformations acting on A because the curvature F' = dA is gauge-
invariant. The generating functional G[B] for the correlation functions of the curvature is defined
by

[ DA e2mik [ ANA 2 [ ANdB

[ DA ¢2rik ] AndA )

indeed the coefficients of the Taylor expansion of G[B] in powers of B coincide with the correlation
functions of the curvature. Any configuration A, (z) can be written as

GIB] = <e2m'fA/\dB> (3)

Aulw) = =52 Bule) () (1)

where By, () is fixed and w,(z) can fluctuate. Since
1
k:/ A/\dA+/ ANdAB =k wAdw— — BAB, (5)
Mo Mg Mo 4k MO
and the functional integration is invariant under translations, i.e. DA = Dw, one finds

2mik [ wAdw

<e27rifA/\dB> — o—(2mi/4k) [ BAdB JDwe

4 —(2mi/4k) [ BAdB ) (6)
f DA eQﬂ'zka/\dA

=€

So without the introduction of any gauge-fixing —and hence without the introduction of any metric
in M— the Feynman path-integral gives

-

G[B] = exp (iG.[B]) = exp fﬂ/ BAdB) . (7)
4k Jar,

The generating functional of the connected correlation functions of the curvature G.[B] formally

coincides with the Chern-Simons action (1) with the replacement k¥ — —1/4k.

Remark 1. The result (6) can also be obtained by means of the standard perturbation theory with,
for instance, the BRST gauge-fixing procedure of the Landau gauge; in the case of the abelian
CS theory, the method presented in Ref.[15] can be used in any homology sphere. Expression
(7) is also a consequence of the Schwinger-Dyson equations. Indeed the only connected diagram
entering G.[B] is given by the two-point function of the curvature (8, A,(2)e*" 0y A (y)) =
N~ [ DAeSWAlervry, A, (2)e*™ 0, A, (y). Since e"P, A, (z) = (1/47k) §S[A]/5A, (), one finds

€00, 4,00, AW)) = (i ATN T [ DA 54, 2) 70, 41(0)

— (i/Amk)N"! / DA ST 50, AL (y)] /6 A, ()

S S R - T
= - APy, )

which is precisely the kernel appearing in G.[B].
Remark 2. Since the action (1) and the source coupling (2) are both invariant under gauge trans-

formations A, (z) — A,(z) + 9,&(x), the functional integration in the computation of the expecta-
tion value (3) can be interpreted as an integration over the gauge orbits.



The generating functional (7), which gives the solution of the abelian CS theory in M, depends
on the smooth classical source By, (x). In order to bring the topological content of G[B] to light, it
is convenient to consider the limit in which the source B, (x) is supported by knots and links in the
manifold M.

2.2. Knots and links

For each oriented knot C' C Mj one can introduce [9, 13, 16, 17] a de Rham-Federer 2-current
jo such that, for any 1-form w, one has fcw = Mo WA jco. Moreover, given a Seifert surface X
for C' (that verifies 0¥ = ('), the associated 1-current ay satisfies jo = dasx and then fcw =
fMo wA jo = fMo w A das. So, given the link C7 U Cy C My, the linking number of Cy and Cj is
given by (k(C1,C2) = [}, jc, Aas, = [}, as, Ajec, without the introduction of any regularization.

Let L =C,UC,U---UC, C My be an oriented framed colored link in which the knot C}
is endowed with the framing C}¢ and its color is specified by the real charge g;. Let us introduce
the 1-current af, := Zj gjas; where Cj is the boundary of the surface ¥;. In the B — oy limit,
equation (6) becomes [9]

<627”'fAAd‘XL> = <62m§:?:1 % fo, A> = (Wr(4)) ‘ =

Mo

2mi 2mi
exp <ik/M ar, /\daL) :exp<f%AMo(L,L)) , 9)
0

in which the quadratic function Az, (L, L) of the link L is given by

M (LD) = 3 g Ek(ci,cjf)‘M : (10)
i,j=1 0

where ¢k(C;, Cjt) | Mo denotes the linking number of C; and Cj¢ in My. Note that, for integer values
of the charges ¢;, Apg, (L, L) takes integer values. The B — ay, limit can be taken after the path-
integral computation or directly before the functional integration; in both cases expression (9) is

obtained.

2.8. The complete solution

When the abelian CS theory is defined in a 3-manifold M which is not a homology sphere, the
formalism presented above needs to be significantly improved in various aspects.

(1) Gauge symmetry. The first issue is related with the gauge symmetry. We consider the CS gauge
theory in which the fields are U(1) connections on M; when M is not a homology sphere, U(1)
gauge fields are no more described by 1-forms, one needs additional variables to characterize gauge
connections. Each connection can be described by a triplet of local field variables which are defined
in the open sets of a good cover of M and in their intersections. The gauge orbits of the U(1)
connections will be described by DB classes belonging to the space H5,(M); a few basic definitions
of the Deligne-Beilinson formalism can be found in the Appendix. In the DB approach —as well
as in any formalism in which the U(1) gauge holonomies represent a complete set of observables—
the charges ¢; and the coupling constant k must assume integer values.

(2) Configuration space. Each gauge connection refers to a U(1) principal bundle over M that may
be nontrivial, and the space of the gauge orbits accordingly admits a canonical decomposition into



various disjoint sectors or fibres which can be labelled by the elements of the first homology group
H,(M) of M. As far as the functional integration is concerned, the important point is that all
the gauge orbits of a given fibre can be obtained by adding 1-forms (modulo closed 1-forms with
integral periods which corresponds to gauge transformations) to a chosen fixed orbit, that can be
interpreted as an origin element of the fibre and plays the role of a background gauge configuration.
For each element of H;(M) one has an appropriate background connection. Thus the functional
integration in each fibre consists of a path integration over 1-form variables in the presence of a (in
general non-trivial) gauge background which characterizes the fibre. Then, in the entire functional
integration, one has to sum over all the backgrounds.

Each path-integral with fixed background can be normalized with respect to the functional
integration in presence of the trivial background of the vanishing connection; in this way one can
give a meaningful definition [1] the partition function of the CS theory.

Since the homology group of a homology sphere is trivial, in the case of a homology sphere the
space of gauge connections consists of a single fibre —the set of 1-forms modulo gauge transformations—
and the corresponding origin, or background field, can be taken to be the null connection; so one
recovers the circumstances described in § 2.1 and § 2.2.

(3) Chern-Simons action. In the presence of a nontrivial U(1) principal bundle, the dependence of
the CS action on the gauge orbits of the corresponding connections is not given by expression (1);
one needs to improve the definition of the CS action so that U (1) gauge invariance is maintained. In
the DB formalism, the gauge orbits of U(1) connections are described by the so-called DB classes;
for each class A € H}, (M) the abelian CS action is given by

S[A]:27rk/ Ax A, (11)

M

where A x A denotes the DB product [13] of A with A, which represents a generalization of the
lagrangian appearing in equation (1); details on this point can be found in the Appendix.

(4) Generalized currents. When the homology class of a knot C C M is not trivial, there is no
Seifert surface X with boundary 0% = C; consequently one cannot define a 1-current ax; associated
with C. Nevertheless, the standard de Rham-Federer theory of currents admits a generalization [9]
which is based on appropriate distributional DB classes. This means that, for any link L C M,
one can find a distributional DB class ny, such that the abelian holonomy associated with L can be

written as
exp (27ri7{ A) — exp (277@'/ A x 77L) = holonomy . (12)
L M

In the case of a homology sphere, expression (12) coincides with the gauge invariant coupling
| A Adar, appearing in equation (9), 1, being given by ar.

(5) Nonperturbative functional integration. When trying to compute the expectation values of the
holonomies, one encounters the following path-integral

/DA eQTrifM(kA*A-i-A*nL) ) (13)

In order to carry out the functional integration over the DB classes by using the nonperturbative
method illustrated above, one would like to introduce a change of variables which is similar to the



change of variables defined in equation (4), namely
LLAii]' +AI b (14)
- 2%k nL ;

where A’ denotes the fluctuating variable. Unfortunately, as it stands equation (14) is not coherent
because the product of the rational number (1/2k) # 1 with the DB class 7y, is not a DB class in
general; in fact the abelian group H},(M) is not a linear space over the field R but rather over Z,
and the naive use of equation (14) would spoil gauge invariance. In order to solve this problem
one needs to distinguish DB classes —together with their local representatives 1-forms— from the
1-forms globally defined in M. It turns out that

(i) when the homology class [L] of L is trivial, one can define [9] a class i} such that n} +n} +
<-4+ 1}, = (2k) ), = nr and, as will be shown in Section 5, this solves the problem;

(ii) when the nontrivial element [L] belongs to the torsion component of Hy (M), one can always
find an integer p that trivializes the homology, p[L] = 0, and then one can proceed in a way
which is rather similar to the method adopted in case (i);

(iii) the real obstruction that prevents the introduction of a change of variables of the type (14)
is found when [L] has a nontrivial component which belongs to the freely generated subgroup
of Hi(M). But in this case there is really no need to change variables —as indicated in
equation (14)— because the direct functional integration over the zero modes gives a vanishing
expectation value to the holomomy.

(6) Flat connections. The nontriviality of the homology group Hi(M) also implies the existence
of gauge orbits of flat connections which have an important role in the functional integration. On
the one hand, the flat connections which are related with the torsion component of the homology
control the extent of the nonperturbative effects in the mean values and, on the other hand, the
flat connections which are induced by the (abelian) freely generated component of the homology
implement the cancellation mechanism in the functional integration mentioned in point (iii).

One eventually produces a complete nonperturbative functional integration of the partition
function and of the expectation values of the observables. So, the abelian CS model is a particular
example of a significant gauge quantum field theory that can be defined in a general oriented
3-manifold M, the orbit space of gauge connections is nontrivially structured according to the
various inequivalent U(1) principal bundles over M, the topology of the manifold M is revealed by
the presence of flat connections that give rise to nonperturbative contributions to the observables,
and one gets a complete computation of the path-integral.

3. The quantum abelian Chern-Simons gauge theory

Let the atlas U = {U,} be a good cover of the closed oriented 3-manifold M; a U(1) gauge
connection 4 on M can be described by a triplet of local variables

A= {Uaa)\abanabc} ) (15)

where the v,’s are 1-forms in the open sets U,, the Ag’s represent O-forms (functions) in the
intersections U, N Uy and the ngp.’'s are integers defined in the intersections U, N U, NU.. The
functions A,y codify the gauge ambiguity vy — v, = dAgp in the intersection U, NU,. Similarly, the



integers ngpe ensure the consistency condition Ape — Age + Aap = Nape that the O-forms A, must
satisfy in the intersections U, NU, NU,.. The connection which is associated with a 1-form w globally
defined in M, w € QY(M), has components {wq, 0,0}, where w, is the restriction of w in U,.

An element x of QL (M) is a closed 1-form with integral periods, i.e. a 1-form on M such that,
(i) dx = 0 and (ii) for any knot C' C M, one has fc X =n € Z. One says that y is a . Let us assume
that a complete set of observables is given by the set of holonomies {exp (27m' fL A)} associated with
links L C M. Then the connections A and A + x with xy € Q}(M) are gauge equivalent because
there is no observable that can distinguish them. Consequently the space Q% (M) of closed 1-forms
with integral periods corresponds to the set of gauge transformations. The gauge orbit A of a given
connection A is the equivalence class of connections {A+ x} with varying y € Q% (M). Each gauge
orbit can be represented by one generic element of the class, and the notation

Ao {Ua; Aab; nabc}

means that the class A can be represented by the connection A = {v,, Aab, Nabe }-

The configuration space of a U(1) gauge theory is given by the set of equivalence classes of U(1)
gauge connections on M modulo gauge transformations, and can be identified with the cohomology
space H} (M) of the Deligne-Beilinson classes. This space admits a canonical fibration over the
first homology group H; (M) which is induced by the exact sequence

0— QYM)/QL(M) — Hp(M) — Hy(M) =0 . (16)

Hence the space Hll) (M) can be interpreted as a disconnected affine space whose connected compo-
nents are indexed by the elements of the homology group of M. The 1-forms modulo closed forms
with integral periods —i.e. the elements of Q!(M)/QL(M)— act as translations on each connected
component. A picture of H} (M) is shown in Figure 3.1; the different fibres match the inequivalent
U(1) principal bundles over M and, for a fixed principal bundle, the elements of each fibre describe
the gauge orbits of the corresponding connections.

oY

H,(M)
Figure 3.1. Fibration of HL (M) over Hy(M).

Each class A € H}, (M) which belongs to the fibre over the element v € Hy (M) can be written as
A=A 4w, (17)



where A represents a specified origin in the fibre and w € Ql( )/Q%(M). The choice of the class
A for each element v € Hy (M) is not unique. One can take AO = 0 as the origin of the fibre over
the trivial element of Hq(M).

The abelian CS field theory is a U(1) gauge theory with action S[A] given by the integral on
M of the DB product A x A, S[A] = 27k [,, A x A, where k is the (nonvanishing) integer coupling
constant of the theory. A modification of the orientation of M is equivalent to a change of the sign
of k, so one can assume k > 0. The properties of the DB *-product have been discussed for instance
in Ref.[13]; the explicit decomposition of S[A] in terms of the field components can also be found
in the Appendix. The functional integration is modeled [1, 9] on the structure of the configuration
space. According to equation (17), the whole path-integral is assumed to be given by

/ DA S / Duw 'S+l | (18)

YEH1 (M)

Since the CS action is a quadratic function of A, the result of the functional integration does not
depend on the particular choice of the origins A,. Then one has to fix the overall normalization
because only the ratios of functional integrations can be well defined. A natural possibility [1] is to
choose the overall normalization to be given by the integral over the gauge orbits of the connections
of the trivial U(1) principal bundle over M, that is the integral over the 1-forms globally defined
in M modulo closed 1-forms with integral periods.

Definition 1. For each function X (A) of the DB classes, the corresponding reduced expectation

value ((X(A)MM is defined by

> e (D) [ Dw eSAFel X (A + w)

=
fa
h N
~—
=
\

M [ Dw eiS[Ao+w]
| Dw S+l X (A, + w)
= > [ Dew et - (19)
YEH1 (M)
When X (A) = 1, one obtains the normalized partition function
B B [ Dw iS4 +a]
Zr(M) = <<1>>‘M = Y T Dw sl (20)
YEH1 (M)
Remark 3. Note that the standard expectation values (X (A))| ay are defined by
Dw S+l X (A 4w
<X(A)>‘ = nyEHl(M)f — ( Y ) 7 (21)
M ZvGHl(M) J Dw eistAs ]
and can be expressed as
oy XN, .
x|, = —zan™ (22)

The introduction of the reduced expectation values is useful because it may happen that Z (M)
vanishes and expression (21) may formally diverge, whereas (X (A)))| 2 18 always well defined. By
definition, for any homology sphere My one has Z;,(Mg) = 1 because Hy (M) = 0, and then in this

case (X (A =(X(A

Moy Moo



Equation (19) shows that the whole functional integration is given by a sum of ordinary path-
integrals over 1-forms w in the presence of varying background gauge configurations {Av}i the
background fields {A\W} characterize the inequivalent U (1) principal bundles over M and are labelled
by the elements of the homology group of M.

For each oriented knot C' C M, the associated holonomy W¢ : Hi,(M) — U(1) is a function
of A which is denoted by W (A) = exp (2mi §, A). The precise definition of the holonomy We (A)
and its dependence on the field components is discussed in the Appendix.

The holonomy W (A) is an element of the structure group U(1); in the irreducible U(1) rep-
resentation which is labelled by ¢ € Z, the holonomy W¢(A) is represented by exp (27riq 350 A).
Thus we consider oriented colored knots in which the color of each knot is specified precisely by the
integer value of a charge q.

In computing the expectation value <<WC>>‘ , one finds ambiguities because the expectation
values of products of fields at the same point are not well defined. This is a standard feature of
quantum field theory; differently from the products of classical fields at the same point —that are
well defined— the path-integral mean values of the products of fields at the same points are not
well defined in general. These ambiguities in {(W¢)) | »; are completely removed [1, 9] by introducing
a framing [14] for each knot and by taking the appropriate limit [18] —in order to define the mean
value of the product of fields at coincident points— according to the framing that has been chosen.
As a result, at the quantum level, holonomies are really well defined for framed knots or for bands.
Given a framed oriented colored knot C' € M, the corresponding expectation value ((WCM JYR s
well defined.

Consider a framed oriented colored link L = C; UCy U --- U C,, C M, in which the color of
the component C; is specified by the integer charge ¢; (with j = 1,2,...,n); the gauge holonomy
Wp, : A — Wi (A) is just the product of the holonomies of the single components

WL(A) = 2T A = ™0 for A 2midz fo, A | 2mian o, A (23)

The expectation values (Wp)) | o together with the partition function Zj (M) are the basic observ-
ables we shall consider.

Remark 4. The charge ¢ is quantized because it describes the irreducible representations of the
structure group U(1). Then the group of gauge transformations which do not modify the value of
the holonomies —which are associated with colored links— is given precisely by the set of closed
1-forms with integral periods. That is why the DB formalism is particularly convenient for the
description of gauge theories with structure group U(1). If a link component has charge ¢ = 0,
this link component can simply be eliminated. If the oriented knot C' has charge ¢, a change of
the orientation of C' is equivalent to the replacement ¢ — —q. The DB formalism also necessitates
an integer coupling constant k. For fixed integer k, the expectation values <<WL>>| y are invariant
under the substitution q; — ¢; + 2k where ¢; is the charge carried by a generic link component.
This can easily be verified for homology spheres, see equation (10), and in fact holds in general [9].
Consequently one can impose that the charge g of each knot takes the values {0,1,2,...,2k — 1};
i.e. color space coincides with the set of residue classes of integers mod 2k.

Remark 5. At the classical level, the holonomy exp (27riq fc A) —for the oriented knot C' C M
and integer charge ¢ > 1— can be interpreted as the holonomy associated with the path ¢C, in
which the integral of A covers ¢ times the knot C'. At the quantum level the charge variables of the
knots —which refer to color space— admit a purely topological interpretation based on satellites
[9, 18] and on the band connected sums [1, 19, 20] of knots.



4. Homology and flat connections

The homology group H; (M) of the 3-manifold M is an abelian finitely generated group; it can
be decomposed as

Hy(M) = F(M)&T(M), (24)
where F'(M) is the so-called freely generated component
FM)=Z&Z® - - DL, (25)
| ——
B

with B € N commuting generators, and T'(M) denotes the torsion component
T(M):Zpl@zm@'”@zpzvv (26)

in which the integer torsion numbers {p1,pa,...,pn} satisfy the requirement that p; divides p;i1
(with p1 > 1), and Z,, = Z/pZ. Let {g1,...,g5} and {h1, ..., hx } denote the generators of F(M) and
T (M) respectively; all generators commute and the generator h;, with fixed i = 1,2, ..., N, satisfies

The gauge orbits of U(1) flat connections in the manifold M are determined by the homology
group H;(M). The two independent components F (M) and T(M) of Hy(M) correspond to two
different kinds of flat connections.

To each element v € T'(M) is associated the gauge orbit A,OY of a flat connection. Since the
de Rham cohomology does not detect torsion [21], the gauge orbits Ag with v € T (M) cannot be
described by 1-forms; in fact, the class Ag can be represented by the connection

A'Oy < {0, Aab(7)7 Nabc(’)/)} ) (27)

where the first (1-form) component is vanishing, A,,(7y) are rational numbers and Ngp.(vy) are
necessarily nontrivial if v is not trivial. The curvature associated with Ag is vanishing, dAg =
0, because the first component of the representative connection (27) is vanishing. An explicit
construction of the class (27) can be found in Ref.[1]. Clearly, the gauge orbit AJ can be represented
by the vanishing connection {0,0,0}. The classes (27) can be taken as canonical origins for the
fibres of H} (M) over Hy(M) which are labelled by the elements of the torsion group T'(M).

To each generator g; (with j = 1,2, ..., B) of the freely generated subgroup F(M) corresponds
a normalized zero mode 7 € QY(M); 47 is a closed 1-form which is not exact

g’ =0 , pI#£ds; . Vi=1,2,...,B, (28)
thus 37 belongs to the first de Rham cohomology space Hjz(M). In facts the dimension of the

linear space H,(M) —or the first Betti number— is given precisely by B. Zero modes can be
normalized so that, if the knot Cy, C M represents the generator g;,

7{) =5 (29)

and, if the homology class of a knot C' C M has no components in F'(M), one has

}{Cﬁjzo. (30)
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Remark 6. For each mode 37, let us consider the class [3;] of 1-forms {87 + d¢;} with varying
& € Q°(M); one can represent this class [B;] by a specific distributional configuration —or de Rham-
Federer current— that can be denoted by Ej. The 1-current Ej has support on a closed oriented
surface >; that does not bound a 3-dimensional region of M and thus ¥; represents an element of
the second homology group Hz(M). Indeed the group Ha(M) is independent of torsion and it is
only related with F'(M). More precisely, for each generator g; of F(M) (with ¢ = 1,2, ..., B) one
can find a closed oriented surface ¥; C M which represents a generator of Ha(M) such that the
oriented intersection of 3J; with Cy; is given precisely by 0 ji. Thus the 1-currents Ej with support on
Y, give an explicit distributional realization [9] of the normalized zero modes satisfying equations
(29) and (30).

Let us now consider the gauge orbits of flat connections that are determined by the zero modes.
For each zero mode 37 one can introduce a set of DB classes w®(6;) € QY(M)/QL(M) which can
be represented by

w’(6;)  {0;5,0,0} (31)

where (37 is the restriction of 37 on U, and the real parameter 6; is the amplitude of the mode 7 in
the class w®(6;). Since in each gauge orbit one needs to factorize the action of gauge transformations
defined by closed 1-forms with integral periods, w®(6;) — w®(6;)+x with x € QL (M), the amplitude
6; must take values in the circle S* which is given by the interval I = [0, 1] with identified boundaries;
that is 0 < §; < 1. The classes w0(9j) describe a set of gauge orbits of flat connections because, for
any fixed value of the amplitude 6;, one has dw®(0;) <+ {6, dB? = 0,0,0} = 0.

Definition 2. The zero modes, which are associated with the subgroup F (M) of the homology,
determine a set of gauge orbits of flat connections w°(0) € QY (M)/QL(M) given by

W) < {6181 4 0282 +---+60p52,0,0}, (32)

in which B3 is the restriction of 37 on U, and the real parameters {0;} satisfy 0 < 0; < 1 for
j=1,2,..B.

Therefore a generic element w € Q' (M)/QL (M) can be decomposed as
w=uw0)+a, (33)

where @ denotes what remains of the w variables after the exclusion from Q(M)/QL (M) of the
gauge orbits w(#), and the functional integration takes the form

/DwF[w]/01d91/01d92~~~/01d93/D@ Flw(0)+ @] . (34)

To sum up, the map of the gauge orbits of flat connections is given by

Hy (M) flat (M) — Ag canonical origins for the fibres over v € T'(M);
! F(M) — w°(#) zero modes contributions to Q(M)/QL (M) .

Finally, let us recall that the holonomies {exp (27§, Ao)} —which are associated with the
knots {C' C M }— of a flat connection Ay give a U(1) representation of the fundamental group of
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M, which coincides with a U(1) representation of H;(M) because the structure group is abelian;
the gauge orbit of a flat connection is completely specified by this representation.

For each zero mode 87, with j = 1,2, ..., B, let us consider the homomorphism p¥) : H; (M) —
U(1) which is defined by the holonomies of the flat connection Ay = 6;37 (no sum over j); equations
(29) and (30) imply

PP gy s €205
p) gi—1 , fori#j, (35)
p9) by 1.

By varying 6; in the circle R/Z =2 S! in equation (35) one obtains the set of characters of a free
component Z C F(M), that is to say the dual group of this component. One recovers that the dual
group of Z is U(1).

The dual group of a subgroup Z, C T' (M) —which is given by the possible values of the holonomy
of a generator of Z,— coincides with the set of the p-th roots of unity, {¢°,¢*,¢?,...,¢(P~1} where
¢ = e*™/P. The characters H;(M) — U(1) defined by the holonomies of the origins classes AY
(with v € T'(M)) of equation (27) depend on the manifold M. A few examples will be presented in
Section 7.

5. Functional integration

This section contains the details of the functional integration for the partition function and for
the abelian CS observables in a general manifold M.

5.1. Opening

Given a framed oriented colored link L = C; UCy U --- U (), C M, where the component C}
has charge ¢; (with j = 1,2,...,n), one can introduce [9] a distributional DB class 7y, such that the
gauge holonomy Wy, (A) can be written as

Wr(A) = exp (27ri/ A x nL) . (36)
M
One can put
n
L=y 4, (37)
j=1
in which the class nc; can be represented by
ne; < {@a(C5), Aab(Cy), Nave(C5)} (38)

where aq(C;) is a de Rham-Federer 1-current defined in the open chart i, such that da,(C;) has
support on the restriction of C; in U,. If the knot C; has trivial homology, then a,(C;) can be
taken to be the restriction in U, of a current ag,; —globally defined in M— with support on a
Seifert surface X; of Cj, and in this case the components Aq,(C;) and Ngp(C;) are trivial. If C;
has nontrivial homology, o, (C;) is no more equal to the restriction of a globally defined 1-current
and the components A4, (C;) and Nyp.(C;) are necessarily nontrivial.
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The homology class [L] € Hy(M) of the colored link L C M is defined to be the weighted sum
—weighted with respect to the values of the color charges— of the homology classes of the link
components

(L] = th [Ci] = [LlF + [L]T , (39)
where B
B . N )
[Llr = ZaJL g9i > Lr= Zbi hi (40)

for certain integers {a}} and {b%}. There are no restrictions on the values taken by the integers

{ai}; whereas the possible values of the integer b¢ , for fixed 4, belong to the residue class of integers
mod p;, because p;h; = 0.
In order to compute the reduced expectation value

w eiS[A,+w] Ao tw
witay| = > L2 Wild ve) (an)

YEH1 (M)

let us choose the background origins 121\7. Each element v € Hy (M) can be decomposed as

’7 = 799 + Vs (42)
where v, € F(M) and ~, € T(M). In particular, one can write

Yo = 2191+ 2202 + -+ 2BgB , Yr =nihi +ngha + -+ nyhy , (43)
for integers z; € Z and nj, with 0 < nj; < p; — 1. Accordingly one can put
Xv = Xw + /T% ) (44)
where N
Aw =z1m +22m2+ -+ 2BNB, (45)
and R
A, =01 A + gAY+ AY (46)

The torsion components E% represent the canonical origins which describe the gauge orbit associ-
ated with the flat connections of type (27). In particular, the class A? (with j = 1,2,..., N) denotes
the gauge orbit corresponding to the generator h; of T'(M),

A7 < {0, Aay(hy), Nave ()} - (47)

The fibres of H},(M) over Hy(M) which are labelled by the elements 7, € F(M) do not possess a

canonical origin and, in order to simplify the exposition, the choice of A, illustrated in equation
(45) is based on the distributional DB classes 7; (with ¢ = 1,2, .., B) which can be represented by

M < {O‘a(cgq, ), Aab(cgi)’ Nabc(cgq, )} ’ (48)
where o, (Cy,) is a de Rham-Federer 1-current defined in U, such that da,(Cy,) has support on the

restriction in the open U, of a knot Cy, C M that represents the generator g; of F(M). It is conve-
nient to introduce a framing for each knot Cy,, so that all expressions containing the distributional
DB class A, are well defined. The final expression that will be obtained for (W7 (A)))|,, does not

depend on the choice of the framing of C,, (see Remark 7 below).
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5.2. Zero modes integration

Each gauge orbit is then denoted by
A tw=A,, +A, +° 4+, (49)

and the functional integration takes the form

> /Dw (A, +w] =

YyEH, M)

Z Z Z /d91 /d9B/Dw FlA,, + A, +w°+3]. (50)

Y+ ET(M) z21=—00 zB=—00

We now need to determine the dependence of the action S [A\’Y +w] and of the holonomy W, [A\’Y +w]
on the field components (49). One has

S[A,+w] = SA, +A, +u®+3]=

SUA, +@)+ amk [ (A, +3)x (&, +w0)
M
+27rk/ [EW * Xw +w? W + 200 % Ew} . (51)
M

Since the first component of the representative connections (47) is vanishing, whereas only the first
component of the representative connections (32) is not vanishing, one gets

/ 121\% sw’ =0 mod Z . (52)
M
For the reason that @ € QY(M)/QL (M), w° € QY(M)/QL(M) and dw® = 0, one finds

/G*woz/wo*wozo mod Z . (53)
M M

The framing procedure, which defines the self-linking numbers, produces integer values for the
self-interactions of the distributional DB classes A, thus

/ A\% * A\’w =0 mod Z . (54)
M

The normalization condition (29) and the definitions (32) and (45) imply

B
/ Wx Ay =20, modZ. (55)
M i=1

Therefore

exp (iS[gv + w]) = exp (iS[E% + ] + 4i7rk/ (;1% +w) * X% + dirk Z zi&) . (56)
M i
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Let us now consider the holonomy
143 [/Al7 + w] = exp <27ri /M[/Al7 + w] * UL) = exp (27ri/M {/TW, + E% +0+ (:«v}i| * 77L> . (57)
The distributional DB classes have integer linking
/M A, xn,=0 modZ, (58)

and condition (29) together with the definition of the homology classes (39) and (40) give

B
/ WO = ZaiLGi mod Z . (59)
M i=1
Consequently

exp <2m'/ (21\7 +w) * 77L> = 2% aL0i oyp <27ri/ (g% + @) * 77L) ' (60)
M M

The expectation value (41) then becomes

+oo +o0 v
((WL(A)»’M = Z Z Z /01d91---/01d93 2 Y, 2k +al)6; o

Y- €T (M) z1=—00 2p=—
[ D& oIS Ay, +8) p2mi [ (Ay, +@)snL pAmik [ (A, +8)x A,
X .
f Dw etSlw]

Each single integral in the §; variable gives
1 _ ; '
/ df; 2 ik=itarlli — 5(2kz; + a}) . (62)
0

Both z; and aé are integers, and the constraint (62) is satisfied provided ai = 0 mod 2k. Thus, in
order to have (W (A)) |M # 0, one must have [L]r = 0 mod 2k, that is

b, =0 mod2k , Vj=12,..B. (63)

When [L]r = 0 mod 2k, the sums over the z-variables have the effect of replacing in expression
(61) each variable z; by Z; given by

zZj = Zj = —(ai/Zk) . (64)
From the definition (45) it follows then

~ 1
Aw = % NLe » NMLe = *aim - a%ﬂz o aEﬂB ) (65)

Zj=2zj
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where 1z, can be interpreted as the distributional DB class which is associated with the oriented
framed colored link Ly = Cy, UCy, U---UCy, C M in which the component C,. has color given

by the integer charge —a’. So from equation (61) one obtains

B [ D@ ¢151A+-+8] 27 [ (As +)x (nit1L)
UATHINEESS TDoeeW (66)
v €T (M)
The distributional DB class
nL, =1L + 1ML, (67)
is associated with the link
L.=LUL,CM, (68)

and the homology class [L,] of L, has nontrivial components in the torsion subgroup exclusively,
more precisely

N
[Le] = [Llr = Db i (69)

Remark 7. The generators of the torsion subgroup T'(M) are not linked with the generators of
F (M), therefore in the computation of expression (66) the components of Le supply various integer
linking numbers between Cy, and Cy; (for arbitrary i and j) and between Cy, and the L components.
In particular, the contribution of L, to the integral (66), which depends on the framing of the knots
Cy, exclusively, is given by the multiplicative factor exp[—(2mi/4k) ) j(ai)%k(cgj , Cg,£)] which is
of the type (9). Consequently, since each a} is a multiple of 2k, <<WL(A)>>‘ 2 does not depend on
the choice of the framing of the knots {Cy, }.

Remark 8. Since the homology class of L, has no component in the group F(M), instead of
integrating over @, in the functional integral (66) one can integrate directly over the whole space
of the variables w € Q'(M)/Q'(M)z without modifying the result; indeed the integral over the
amplitudes of the zero modes simply gives a multiplicative unit factor. This is a consequence of the
fact that each amplitude 6; of the zero modes takes values in the range 0 < 0; < 1.

Thus the outcome (66) can also be written in the following way:
(We(a)| =0 . if [Llr 20 mod 2%, (70)

and when [L]p = 0 mod 2k one gets

iS[A,, tw] g2mi (A, +w)snr.

f Dw etSlw]

oy = 3 L2 ™)

In view of equations (68) and (69), one can summarize the results (70) and (71) by saying that the
functional integration over the zero-mode flat connections acts as a projection into the sector of
vanishing free homology.
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5.3. Factorization
The action S [/T% + w] is given by

SUAy, +] = S{Ay ]+ Slol + 4k [ wed, (72)
M

since w € Q' (M) /9" (M)z and the canonical origins A} are represented by the connections (47), it
follows

/ w*fxwzo mod Z . (73)
M

Therefore equation (71) takes the form

f Dw eiS[w]e27rifw*nLT
f Dw e?Slw]

(| = 3 st Ao,

Yr ET(M)

(74)
This expression shows that, as a consequence of equation (73), the path-integral over w and the
sum over the torsion background fields given by the canonical origins A]Q factorize. The term

f Dw eiS[w]GQWifw*nLT
[ D eisl]

— o—(2mi/4k) Anr (Lr,Ly) (75)

is called the perturbative component of (W (A)))| 2y Pecause it coincides with its Taylor expansion
in powers of the variable 1/k and it assumes the unitary value in the 1/k — 0 limit. The integral
(75) is the analogue of expression (9); the quadratic function Aps(L-, L) of the link L. assumes
rational values and can be defined in terms of appropriate linking numbers. On the other hand,
the term
~ ~ p1—1 pNn—1
Z eiS[Ay ] g2mi [ Ay wnn, _ Z Z e2mik 355 ming [ AJxAT 2mi 33 ny [ Afwnr, (76)
v €T (M) n1=0 nn=0
does not admit a power expansion in powers of 1/k around 1/k = 0 and it represents the nonpertur-
bative component of <<WL(A)>>‘ 2+ S0 the gauge orbits A, of the torsion flat connections control
the non-perturbative contributions to the expectation values.

5.4. Perturbative component

The path-integral (75) can be computed by using a procedure which is similar to the method
illustrated in § 2.1 and § 2.2. In order to simplify the exposition, it is convenient to use two
properties of the CS path-integral according to which one can replace the link L, by an appropriate
single oriented framed knot K with color specified by the unit charge ¢ = 1.

(a) The first property [9] reads

wa eiS[w]eQWifw*nLT B wa eiS[w]e27rifw*nL:_
f Dw eiS[w] - f Dw eiS[w] ’

(77)

where LX C M is the simplicial satellite of L., i.e. the oriented framed colored link obtained
from L, by replacing each component K; of L., that has color given by the charge ¢; # +1,
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by |g;| parallel copies of K; with unit charge; these parallel copies of K; —together with their
framings— belong to the band which is bounded by K; and by its framing Kj;. Thus, with a
suitable choice for the orientations of the link components, all the components of L* have unit
charge ¢ = 1. Property (77) follows from the definition of the framing procedure [9, 18].

(b) The second property [1] states that

f Dw eiS[w]eQﬂ'ifw*nL; f Dw eiS[w]e27rifw*nKL
[ Dw eS1] N [ Dw e?S1] ’
where the oriented framed knot K, C M (with color ¢ = 1) is the band connected sum [1, 19]
of all the components of L¥. The sum of two knots is illustrated in Figure 5.1. Property (78) is

a consequence of the fact that if one adds or eliminates one unknot —which belongs to a 3-ball
in M and has trivial framing— the expectation values of the link holonomies are left invariant.

(78)

By construction, the homology class [K] of the knot K, is equal to the homology class of the
link L. Let us now consider the following two possibilities.

Figure 5.1. Band connected sum C;#C5 of the knots C and Cs.

5.4.1. Trivial homology

If [L;] = [Kr] = 0, one can find a Seifert surface ¥ C M for the knot K and define the
associated 1-current as such that fM wxNg, = fM w A dayx. Note that the current ay is globally
defined in the manifold M, so the product (1/2k) ax; is well defined. Then in the path-integral (78)
one can perform the change of variables

w = nII(L —|— w' s (79)

where the class 7} is represented by

oo - (), 00) -

and w’ designates the fluctuating variable. The restriction of (ax/2k) in the open domain U, has
been denoted by (as/2k)q. Since eiSle2mi [ weniy = ¢iSl'le=2mi/4k [ i, iy iy expression (78)
the functional integration over w’ factorizes in the numerator and cancels with the denominator.
So, by taking into account equations (77) and (78), one obtains

f Dw eiS[w]eQTrifw*nLT

_ —(27i/4k) tk(K L ,KL¢)
[ Do 501 - ’ <
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where the linking number ¢k (K, K1¢) —which takes integer values— is well defined because [K1] =
[Krt] =0.

5.4.2. Nontrivial torsion

When [L;] = [K1] € T(M) (with [Kr] # 0), on can always find a integer p € Z such that
p[Kr] = 0. So, let us consider the satellite of K, which is made of p parallel copies of the knot K,
(each copy belongs to the band bounded by K, and its framing K¢), the band connected sum of
all these parallel knots defines a framed oriented knot K7 C M with [K7] = 0. We call K7 the
p-covering of the knot K. Let X' C M be a Seifert surface of K7 and let asy be the corresponding
1-current. Again, the current oy is globally defined in the manifold M, so the product (1/p)ay is
well defined. Let us introduce the distributional class NKr which satisfies

1
Ngr < {Z_) (ag/)a,0,0} . (82)
Then .
f Dw eiS[w]eQTrifw*nKL f Dw eiS[w]eQW'LIW*nKE
f Dw ¢S] - f Dw etSw] ’ (83)
and from now on one can proceed as in the trivial homology case. Consequently one finds
f Dw eiS[w]eQTrifw*nLT _ e—(27ri/4k) Ck(KP KP ) /p? . (84)
[ Dw eiST]
5.5. Nonperturbative component
For each canonical origin A, (with v, € T'(M)), the amplitude
eiS[ng] — 2mik X5 iy JAYxAY _ e2mik 32,5 ning Qig (85)

determines a Q/Z-valued quadratic form @ on T'(M) which is specific of the manifold M. The value
of the CS action S[A\%] can be computed by using different methods [1, 22, 23, 24]; in particular,
S [;1%] can also be interpreted as an appropriate linking number. For each element ~, of the torsion
group one can choose a representative oriented knot C,, C M. Let C,_¢ be a framing for C,_. The
self-linking number of C, —which is equal to the linking number of C, with C,_s— modulo
integers determines the value of Q(~;). This linking number can be computed by using the method
illustrated in § 5.4. Namely, if pv, = 0 for a given integer p € Z, consider the framed satellite of
C,, made of p parallel copies of the framed knot C,, that belong to the band which is bounded
by C,, and C,_y; finally the sum of all these components defines a framed knot C? . Since CT_
has trivial homology, [C? | = 0, there exists a Seifert surface ¥ C M of C%_ and one can define the
corresponding de Rham-Federer 1-current ay. Let ax, be the 1-current which is associated with a
Seifert surface ¢ of the framing of CT . Then the self-linking number of C,_ is given by

1 1
gk(C%,, C%,f) = F /M ax A dOLZf = F /M asy A das (86)

and assumes rational values in general. One has
eis[Zw] — = 2mik lk(Cryy Cot) _ o= (2mik/p?) [y axAdas, _  2mik Q(v-) (87)

Given an integer Dehn surgery presentation of M, the quadratic form @ can also be derived [1, 6, 25]
from the expression of the linking matrix of the surgery instructions.
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Remark 9. Since the CS coupling constant k takes integer values, the quadratic form Q(vy,) —

which is determined by equation (87) for arbitrary integer k— is defined modulo integers. Moreover

the value of the amplitude e** [4+-] does not depend on the particular choice of the framing C,_s.

Indeed, under a modification of the framing C,_¢, the variation of the intersection number | u as A
day, is given by

A (/ as A dazf) =p? x integer , (88)
M

because the knot C¥_is the band connected sum of p parallel copies of C, . The change (88) of
the self-linking number [}, ax A das, leaves expression (87) invariant.

Finally the value of the amplitude
eQTrifA\’Yr Ly — 27 >y fAS-)*"]LT (89)

can be determined by computing the linking numbers of the components of the link L, with the
representative knots of the generators of the torsion group. In this calculation also one can use the
methods illustrated above; the various linking numbers generally assume rational values.

5.6. Path-integral invariants

The result of the functional integration can be summarized as

L = =0 mod 2k) x e~ 27 DETO/P o
(w (A)MM §([L) d 2k) (2mi/4k) (K2 K? ) /p
p1—1 pn—1 .
X <Z Z e27rz'k i nianije27riZj n; fAj*nLT> : (90)
n1=0 ny=0

where all the various functions which appear in the exponents represent appropriate linking num-
bers. By inserting L = 0 in equation (90), one obtains the path-integral partition function

p1—1 pN—1

2O = (1) = 30 o 3T B, (o1)

n1=0 nn=0

6. Comparison with the Reshetikhin-Turaev surgery invariants

Let us briefly recall the definition of the abelian surgery invariants of Reshetikhin-Turaev [5, 6,
7, 8]. Each closed oriented 3-manifold admits an integer Dehn surgery presentation in S2, in which
the surgery instruction is described by a framed link in S3. Suppose that the framed surgery link
L C 83, which corresponds to the 3-manifold M, has components £ = £, U Ly U ---U L,,. With
the introduction of an orientation for each component of £, one can define the surgery function
W (A) by means of the equation

2k—1 2k—1 2k—1
= 2mi A 2mi A ;
We(A) = E 2min Je, E 2z g A E 2miam $o, A (92)
q1=0 q2=0 qm=0
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where exp <2m'qj fﬁ_ A) denotes the gauge holonomy associated with the component £; with charge
J

gj. Let L be the linking matrix of the surgery link, and let o(£) denote the signature of L. For
fixed integer k, the following combination I (M) of expectation values on the sphere,

Te (M) (2k) "2 B/ (WL () g8

2%—1  2k—1 . R
_ (2k)—m/2 eiﬂ'a(ﬁ)/4 Z . Z e—(27rz/4k) 212:1 qiq;Lij , (93)

q1=0 qm=0

is invariant under Kirby moves [14, 19] and thus it represents a topological invariant of the oriented
manifold M,. Similarly, if L denotes a framed oriented colored link in the complement of £ in S3,
then -

Ii(Mg; L) = (2k) 72 O/ (W () Wi ()| (94)
defines a surgery invariant of the link L in the 3-manifold Mz. The defining expressions (93)
and (94) are not the result of a path-integral computation in the 3-manifold M. The abelian
Reshetikin-Turaev invariants (93) and (94) are defined by means of appropriate combinations of
the link invariants of the sphere S® in which one of the links is the surgery link; for this reason
expressions (93) and (94) are called surgery invariants.

Expressions (93) and (94) can be transformed by means of the Deloup-Turaev reciprocity formula
[25]. The symmetric bilinear form on the lattice W of Theorem 1 contained in Ref.[25] corresponds to
the bilinear form which is defined by the linking matrix Hj, and the sum over the elements in the dual
lattice W* is in agreement with the sum over the elements of the torsion group 7'(M). The vanishing
cigenvalues of LL are correlated with the gauge orbits (32) of flat connections w(8) € Q1 (M)/ QL (M)
due to the zero modes, whereas the quadratic form @ can be understood [1] as a suitable inverse
of the minor of L. in the torsion subspace. As a consequence of Theorem 1 of Ref. [25], one has

(WA =@k (s pn) V2 I(Mg; L) (95)

M,
In particular, as far as the partition function is concerned, equation (95) gives
Zy(Mz) = (2k) %" (pipa -+ pa) /2 I (M) . (96)
So, when Z (M) # 0, the standardly normalized path-integral expectation values (22) coincide

[26] with the ratios of the Reshetikhin-Turaev invariants

W e
<WL(A)> ML: Zk(M[;)M = ]}k(ﬂ;ﬁ)

(97)

7. Examples

The effects of the topology of the manifold M on the path-integral invariants (90) are of two
types. The free component F(M) of the homology group is simply related with the 6([L]p =
0 mod 2k) factor, whereas the nontrivial topology contribution is described by the quadratic form
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Q@ on the torsion group T'(M). So let us present examples of 3-manifolds with homology groups
containing the torsion component exclusively.

Let us consider the lens spaces L,/ in which the two coprime integers p and r satisfy p > 1
and 1 <r < p. When p # p', the lens spaces L, r and L, . are not homeomorphic; the manifolds
L, and L, are homeomorphic iff +r' = rtl (mod p). The fundamental group is abelian
m1(Lyr) = Zp and coincides with the homology group Hi(L,,.) = T(Ly,/r) = Z,. A generic
element v € T'(L,/,) can be written as v = nh where h is the generator of T'(L,,,) and satisfies
ph = 0. The manifold L, admits [27] a surgery presentation in S in which the surgery instruction
is given by the unknot U C S% with surgery coefficient p/r. Let V be a tubular neighbourhood
of U; L,,, is obtained by removing the interior V of V from $% and by gluing V with S3 — 1%
according to a homemorphism f* : 9V — 9(S% — 10/) which sends a meridian p of V into a (p,r)

torus knot in 9(S® — ‘O/) Therefore, by using the method described in [1], one can determine the
corresponding quadratic form ) on the torsion group

Q(y =nh) =n’r/p. (98)
Consequently the path-integral partition function (91) is given by

i, 2mikr

Zy(Ly)r) = Z exp ( n2) . (99)
n=0 p

Let us now consider the link L = C;UCy C L

in Figure 7.1(a).

p/r Which, in a surgery presentation of L, ., is shown

(a) (b)

Figure 7.1. Links in the lens space Ly,

Let g1 and g2 be the charges associated with C7 and Cs respectively, and suppose that the orien-
tations and the framings of the link L are specified by the following data

Lk(Cy,Cy) o= 1, k(C,Ciu)|l =f , Lk(Ce,Co)|l = fa, (100)

53 53
where the linking numbers refer to the sphere of the surgery presentation. The component C}
—whose homology class is nontrivial— can be understood as the band connected sum of the two

knots By and D; shown in Figure 7.1(b); therefore

(We,We, ) = (We,Wp, Wa,)

p/r

(101)

p/r
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Note that the link Co U D belongs to the interior of a 3-ball in L,/ and then its contribution to
the expectation value factorizes and coincides with the contribution in the sphere S2,

(W, Wp, W, )| = <<W02WD1>>‘SS (Wa,) (102)

p/r

p/r

The knots B; and D7 have charge ¢; and their orientation is determined by the orientation of Cf;
let us now consider the framings. It is convenient to choose the framing of B; to be trivial with
respect to the sphere S® of the surgery presentation, i.e. ¢k(Bi, Bit)|gs = 0. In fact in this case
one has lk(D1, Dit)|gs = €k(C1,Cif)|ss = f1, and therefore the link D; U Cy would be ambient
isotopic with the original link C; U Cy in S? if the surgery instructions are neglected, that is

(WeWn,)| , = WeuWn,)| , = WeWe)| (103)
So one finds
<<WC1 WCz>> Ly, - <W01WC2> 53 <<W31 >> L,
= exp [—(2mi/4k) (f1d} + fo05 + 2q142) ] (W) (104)

p/r

The knot B; has charge ¢; and has trivial framing with respect to the sphere S3 of the surgery
presentation. Since B; is a representative of the generator h € T'(Ly/,), the knot BY —which
denotes the p-covering of the knot Bj, as in § 5.4— is homologically trivial and, since it is ambient
isotopic with f*(yu), its linking number in L, , is given by

=—pr. (105)

p/r

(k(BY, BY)

Therefore the perturbative component (84) of (W, ))| _is given by

Lp/r

[ Dw Sl $5, @ 2mi o ((—pr
wa eiS[w] = exp *E q1 p—2 . (106)

Let us now consider the nonperturbative component (76) of (Wg, >>|

. . . O
Ly The canonical origin A7

of the H},(Ly,,) fibre over v = nh € T(L,,) can be written as
AY =nA°, (107)

where A? is the gauge orbit of a flat connection which corresponds to the generator of the torsion
group. In agreement with equation (98), the value of the CS action S[A"] reads

2wk [ A%A° _ 2mikr/p 7 (108)
and the holonomy along B; —which can be evaluated by using the methods described in [1, 9]—

is given by
ol $5, AY _ 2miair/p (109)
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Consequently, the nonperturbative component of (Wp, >>‘ takes the form

Ly,

p—1 p—1 .
Z e27rikn2fA0*A0€27mn fBl A9 _ Zexp |:27TZ7" (kn2 + n(h)] ) (110)
n=0 n=0 p

By combining expressions (106) with (110) one finds

o], = e |2

P/T =0

(n+¢h/2k)2} . (111)

Expression (111) is defined for values of ¢; that belong to the residue classes of integers mod 2k, as
it should be. A second check of equation (111) can be obtained by putting ¢; = p. Indeed the knot
B with charge ¢; = p is equivalent to the knot B (the p-covering of By) with unit charge. Since
BY belongs to a 3-ball in L,,/,. and has self-linking number shown in equation (105), expression (111)
should be equal to the expectation value in S® of the unknot (with charge = 1) with self-linking
number —pr multiplied by the partition function Zj(L,/-). And in fact, when ¢; = p, expression
(111) becomes

p—1 .

4 , 2mik

(Wg,) L= o~ (2mi/4k) (—pr) Z exp { W; rnz} , (112)
p/r s 1= fogrd

which is in agreement with equation (99).

8. Conclusions

The successful definition and evaluation of the functional integration in the U(1) Chern-Simons
theory —which is defined in a general 3-manifold M — illuminates some open problems that one
encounters in gauge quantum field theories when the space (or spacetime) manifold has nontrivial
topology.

The group of local U(1) gauge transformations is extended with respect to the S® case and is
described by the set of closed 1-forms with integral periods. The path-integral is defined in the
space of the gauge orbits of the connections which belong to the various inequivalent U (1) principal
bundles over M. The integration in each sector of the configuration space takes the form of a
standard functional integration over 1-forms (modulo gauge transformations) in the presence of
appropriate background connections; the sum over all the inequivalent principal bundles is given
by a sum over the backgrounds. When the manifold M has nontrivial topology the central issue
is the choice of the normalization of the path-integral. With structure group U(1), the functional
integration over the gauge orbits of the connections which belong to the trivial U(1) principal
bundle over M represents the canonical normalization, which generalises the ordinary path-integral
normalization in the case of the sphere S and permits to give a meaningful definition of the
partition function in a general manifold M.

A few technical aspects of the actual nonperturbative computation of the U(1) Chern-Simons
path-integral are based on the particular form of the action and of the observables. In the computa-
tion of gauge-invariant observables, any gauge-fixing procedure can be avoided and in the presence
of zero modes —where standard perturbation theory cannot be used because the fields propagator
does not exist— one can still carry out the functional integration; indeed the amplitudes of the
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zero modes take values in a compact space (because local gauge transformations are described by
closed 1-forms with integral periods) and the corresponding path-integral is finite. The topology of
the manifold M is revealed by the gauge orbits of flat connections, which dominate the functional
integration in a real way (not only in the semiclassical approximation).

The path-integral invariants are related with the Reshetikhin-Turaev surgery invariants by a
multiplicative factor that, according to the Deloup-Turaev reciprocity formula, only depends on
the torsion numbers and on the first Betti number of the manifold M.

The U(1) Chern-Simons gauge field theory and its description in terms of the Deligne-Beilinson
formalism admit a natural extension [28] to the case of closed (4n + 3)-manifolds. Also in these
higher-dimensional models, the computation of the path-integral invariants —like the partition
function and the expectation value of the gauge-invariant holonomies— can be achieved by using
the methods illustrated in the previous sections. Similarly to the 3-dimensional formula (90),
the path-integral invariants depend on the higher-dimensional linking numbers and on a linking
quadratic form on the appropriate torsion group. Note that one can always transform an expression
of the type (90) and rewrite it [29] as a suitable combination of invariants —functions of linking
numbers— computed in the sphere S™"+3) Let us now consider the higher-dimensional surgery
invariants. A generic (4n + 3)-manifold with n > 1 is not necessarily cobordant with the sphere
and then it may not admit a Dehn surgery presentation in S®*"*+3); thus a general construction
of surgery invariants, which are the analogue of the 3-dimensional Reshetikhin-Turaev invariants,
appears rather problematic. Nevertheless, the possibility of finding an appropriate combination of
abelian invariants of the sphere S(47+3) which represents an invariant of a (4n+ 3)-manifold —even
in the absence of a general Dehn surgery presentation of the manifold in the sphere S®#"+3)— has
been recognised by Deloup in Ref.[30]. Thus, the path-integral invariants of the U (1) Chern-Simons
field theory defined in a (4n 4 3)-manifold give an explicit realisation of the Deloup prediction.

We have shown that the U(1) Chern-Simons path-integral invariants can be written as sums of
exponentials of specific linking numbers. Now, appropriate combinations of linking pairings can also
be used to define new topological invariants; one (cubic) example of this type has been produced
by Lescop [31].

In addition to the path-integral method of quantum field theory that has been discussed in the
present article, one can consider different and mathematical approaches to the U(1) Chern-Simons
theory as presented, for instance, in the papers [32]-[51].

Appendix A. Fundamentals of abelian gauge symmetry

This appendix contains some basic definitions concerning abelian gauge theories in a general
topologically nontrivial manifold, and includes the used conventions of the Deligne-Beilinson for-
malism [11, 12, 52, 53, 54, 55].

Appendiz A.1. Good cover and polyhedral decomposition

It is convenient to provide the closed oriented 3-manifold M with a good cover U, which is given
by a collection of open sets U, of M such that |J, U, = M; moreover each non-empty open set
Uaras-ap, = Uay NUG, N -+ NU,,, is homeomorphic to R? and hence it is contractible. The index
of Uy, ay..a,, is refereed as the Cech index of this intersection and the integer m as its Cech degree.
For later convenience, we only consider intersections Uyya,...a,, whose Cech indexes are ordered
according to ag < a1 < --- < a,,. We say that U is an ordered good cover. Furthermore, since M
is compact, we can assume that U/ is finite.
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Poincaré lemma applies in any intersection of the finite ordered good cover U; this means
dw =04 w=dx in any Usyay---a,, - Strictly speaking Poincaré lemma only holds for p-forms with
p > 0. If fis a O-form (i.e., a function) defined in Uyyq,...q,, such that df = 0, then f = constant
in Uyyay---a,,; one then extends the de Rham exterior derivative d by the canonical injection of
numbers into (constant) functions, denoted d_1, so that Poincaré lemma also extends to functions.
Obviously dd_; = 0, and hence the fundamental property d? = 0 is still fulfilled.

The space of (singular oriented) p-cycles in M is denoted by Z,(M), 0 < p < 3. The complete
mathematical description of cycles in M is not required so one can see p-cycles in M as closed
p-dimensional submanifolds of M, and p-chains as p-dimensional submanifolds whose boundaries
are a closed (p — 1)-dimensional submanifolds, the boundary operator being denoted by b. For
instance, a knot is a smooth mapping C : S — M such that C(S') is homeomorphic to S!. The
space Z,(M) is a Z-module: any integral combination of p-cycles is a p-cycle. For instance, —C
amounts to reversing the orientation of the knot C, whereas —at the classical level— nC amounts
to travel n times along the knot C'. The integer n is also refereed as the charge of the colored knot
nC.

In order to address integration in M, we shall use the concept of polyhedral decomposition. A
polyhedral decomposition subordinate to a good cover U of a p-cycle N of M is defined as follows:
first, decompose N into p-dimensional components N;° such that

N=Y NP | N ClUy,. (A1)
ao

To prevent overcounting one has to select which N7° is nonvanishing and really does contribute to
the previous sum and which does not. In other words, one associates to each U, a component N
of N and some of these components may be zero. Note that the finiteness of U ensures that the
sum is always finite.

The boundaries bNy° form a collection of (p — 1)-submanifolds each of which is decomposed on
its turn into (p — 1)-dimensional pieces N;°9' according to

DN = Z(N;;i‘;o —N3°%) N9 C Uaga, - (A.2)

ai

As in the previous step, one has to select which Nz‘fﬂﬁl really contributes to the decomposition,
putting all the others equal to zero. Furthermore, the ordering of U/ induces an ordering in the
indices of the components N;E‘?. For instance, suppose that in the decomposition of bNg° the
component N;°9" is nonvanishing and ag < a1, in this case, it is the term —N;°7" (and not
+N;19°) which really contributes to the sum (A.2). Whereas in the decomposition of bNp* it is
the term +N;°9" which contributes to the sum.

The ordered components NZE’? also have boundaries, and hence the decomposition is continued
according to:

DN =3 (Ng290% — Npog® + Niogi2) | NG C Uangayas - (A.3)
asz

If N;°5'* is nonvanishing in the decomposition and if agp < a1 < az, then it is the term +N;°5'*
which contributes to the sum (A.3), whereas the term —N°%5'** really contributes to the sum for
the decomposition of bN;°?? and the term +N,°7'** contributes to the sum for bNj192.
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The construction illustrated above is iterated, thus generating a collection of (p — 3)-dimensional
submanifolds Nj°5'*** C Ungarasas Such that

apaiaz __ azapalas apaza1az2 apalazaz apai1az2as3
DN = E (V23 = N,%% + N, %% — N,%% ), (A4)
as

with the same ordering convention as before and the same selection principle on the contributing
components. This is the last step of the decomposition process since the submanifolds of a 3-
manifold are at most of dimension 3 so that N;°3'““* are points when p = 3. The procedure stops
at the first stage when p = 0, at the second stage when p = 1 and at the third stage when p = 2. In

other words, a polyhedral decomposition subordinate to U gives the following possible sequences:

M - {Mgo’ Sgoal , l?oalaQ,l‘goalaQ%}
S {50, [0 ooy

C {Cy°, zgo™

X {2}

(A.5)

where ¥ is a closed surface in M, C a knot in M and X a collection of points in M. One can
check that for a fixed ¢ not all p-cycles of M admit a polyhedral decomposition subordinate to U.
However, it is always possible to find an ordered good cover of M with respect to which a given
p-cycle admits a polyhedral decomposition. So we will always assume that a well-adapted finite
ordered cover has been chosen when dealing with a polyhedral decomposition.

X12

7@

X33 X13
3

Figure A.1. A non-oriented polyhedral decomposition of a triangular knot.

As a first example, let us consider an oriented triangle T'™") as a 1-cycle in M. This triangle is the
sum of its three oriented edges, l1, ls and I3, as depicted in Figure A.1. Hence: T = [, +15+15. The
ends of these edges are made of three points such that bl; = (221 —x12) + (231 — 213) = —T12 — T13,
bly = (x12 — ®21) + (w32 — T23) = T12 — X2z and bls = (r13 — x31) + (T23 — T32) = T13 + x12. Then:
T = bly + bly + bls = —x19 — 213 + T12 — Tag + T13 + T12 = 0, as it has to be.

As a second example, let us consider an oriented tetrahedron T as a 2-cycle in M. It is made
of 4 oriented triangular faces, A, (a = 1,---,4), bond to each other on their edges, as depicted in
Figure A.2.
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X123

X134 l34 X234—

Figure A.2. A non oriented polyhedral decomposition of a tetrahedral surface.
The face As is the front face and has been omitted.

Note that 7(}) is a topological representative of a 2-sphere. Then one has:

bA| = (l21 — l12)
bAy = (li2 — l21)
bAz = (I3 — I31)
bAs = (lia — la1)

+ (lgr —lha) = —lio —l13 — lig,
+ (lag — loa) = +l12 — o3 — loa,
+ (laz — l34) = +l13 + laz — l34,
+ (I3a — ly3) = +lia + loa + 134,

+ (Is1 — li3)
+ (I32 — l23)
+ (l23 — I32)
+ (124 —l42)

with bP =) bA, = 0 as expected. And finally:

ZTa12 — T142 + T124)
T413 — T143 + T134)
314 — T134 + T143)
)
)
)

blia = (312 — 132 + T123) + (
+ (
+ (
+ (w423 — 243 + X234
+(
+(

bliz = (T213 — T123 + T132

( ) = +T123 + T124,
( ) =
blis = (T214 — T124 + T142)
( )
( )
)

—Z123 + X134,

—T124 — %134,
= +T123 + T234,
+T124 — T234,
= +x134 + T234 -

blag = (7123 — T213 + 231

T324 — X234 + T243
T234 — X324 + T342

blos = (T124 — T214 + To2a1
blss = (T134 — 314 + T341

One can check that: blis + blis + bliy = 0, blio — blag — blay = 0, blys + blag — blsy = 0 and
bl1g + blag + bl3s = 0, which is consistent with b2 = 0. The 4 points defining the vertices of T
inherit an orientation from the previous equations.

If in these examples the indices of the various faces, edges and vertices are referring to the
intersections of a good cover U of M, then the two decomposition are subordinate to U.

Appendiz A.2. Gauge orbits
A U(1) gauge field A on M is defined by a triplet of local variables

A= {'Um Aab, nabc} ) (A6)

where the “vector” fields v,’s are 1-forms in the open sets Uf,, whereas the scalar fields A,;’s are
O-forms (functions) in the intersections Uyp, and the ngp.’s are integers defined in the intersections
Ugape such that the d_1ngp.’s are constant scalar fields. The various variables appearing in expression
(A.6) are ordered with respect to the values of their degrees; more precisely, when the de Rham
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degree (i.e., the form degree) lowers, then the Cech degree increases. The functions A, specify how
the 1-forms v, and vy are related in the intersection Up:

(5v)ab = Vp — Vg — d)\ab . (A?)

These relations encode the gauge ambiguity of the local vector fields v,. Similarly, the integers ngpc
describe the behavior of the 0-forms Agp, Age and Ap. in the intersections Uy,

(6)\)abc = Abe — Aac + Aab = d—1Mabe = Nabe (AS)
so that:
(5n)abcd = Nped — Nacd + Nabd — Nabe = 0, (AQ)

is tautologically fulfilled in the intersections Uypeq. This last equation means that the collection
{nabe} is an integral Cech cocycle of 2. On the other hand, equation (A.7) implies that, in each
intersection Uyp, the local 2-form dv, and dv, satisfy dvy, — dvg = d(ve — v4) = d(dAap) = 0. Hence,
the collection {dv,} can be identified with the set of local representatives of a closed 2-form F4.
This form is precisely the curvature of A. Finally equations (A.7)—(A.9) imply that F 4 has integral
periods; that is to say, for any closed surface ¥ in M one has

/FAZNEZ, (A.10)
P

exp <2m'/ FA) =1.
b

Indeed, if {24, lab, Zabe} is a polyhedral decomposition of ¥ then

/EFA;/Zadva;/bzavaaz’b/lba_labvaaZ/lab(vbva).

b

which is equivalent to

Equation (A.7) then gives

e
z

S =3 r=3 [ rw
a,b lab a,b blap z

a,b,c’ Teab—Tacb +Tabe

Z / ()‘bc - )\ac + )\ab) 5

a,b,c Zabe

and from equation (A.8) one gets
/ F.A = Z/ d*lnabc = Z(dflnabc)(xabc) S Za
) a,b,c” Tabe a,b,c

because each (d_1n4pc) is by construction a Z-valued function in Ugg.

A U(1) connection on M can also be interpreted as the image on the manifold of a connection
on a U(1) principal bundle over M. The bundle transition functions gep : U, NUp — U(1) are given
by

Gap = €2 Aav (A.11)
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Equation (A.8) ensures that, in the intersections U, N U, N U,, the consistency condition

Gab Joc 9ca = 1

is satisfied. Thus the Cech-de Rham presentation (A.6) of the connection A actually specifies a U (1)
principal bundle with connection. In our notations the so-called connection 1-form is locally repre-
sented by 27v, and a gauge transformation —associated with the group element g, = exp(2mi&,)
in the open set U,— takes the form

(A.12)

27V, — e 2™8a 27y, e2ika — jeT2Mikad e2™ika = (v, + dE,)
—2mit, 2mi
Gab — € mié Gab€ ik Nabe—Nabe

where each function &, is defined in U,. Note that, on the components of A, a general gauge
transformation reads

Vg Vg t+d&a,
)\ab - )\ab + gb - Ea — Map = )\ab + (65)0,17 — Map , (A13)
Nabe — Nabe — Mbe + Mae — Mab = Nabe — (6m)abc 5

where the free parameters mgqp’s (with mp, = —mgyp) are integers which are defined in the intersec-
tions U, NUp. These integers do not appear in equation (A.12) because the restricted transformation

Va — Vq ,
>\ab — >\ab — Mg , (A14)
Nabe = Nabe — (5m)abc )

preserves conditions (A.7) and (A.8) and does not modify the bundle transition functions (A.11).

Appendiz A.3. Gauge holonomies

Integrals of a U(1) gauge field over 1-cycles of M (along oriented knots in M) are R/Z-valued
and define the U(1) holonomies of the gauge fields. More precisely, the holonomy of a U(1) gauge
field A on M is a morphism W : Z;(M) — U(1), where Z;(M) is the abelian group of 1-cycles
of M. In the quantum field theory context, one really has to consider oriented and framed knots
in M because products of fields at the same point give rise to ambiguities in the mean values. In
fact, this is precisely the reason why the quantum expectation values of the knot holonomies need
to be defined for framed knots. If the knot C' C M belongs to a single chart U,, the holonomy of
the gauge field A along C'is defined by

WC(.A) _ eQTrich — e27ri§c Va

For a generic knot C' C M, one first introduces a polyhedral decomposition {Cy, 24} of C' (subor-
dinate to i) and then consider the sum of integrals

Hy = Z/C Va . (A.15)

If the collection of local 1-forms v, defines a global 1-form on C' then this sum reduces to the standard
definition of the integral over C. Unfortunately, under a gauge transformation v, — v, + d&,,
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expression (A.15) transforms as

H1—>H1+Z/d§a = H1+Z/ §a=H1+Z a
a Coq a “bCa a,b

ZTba —Tab

= Hi+) [ (&—%),
a,b

Zab

where integration over points means evaluation. In order to eliminate the last term in this equation,
one can simply add to H; the term

Hy = — Z/X)\ab , (A.16)
a7b ab

because a gauge transformation v, — v, + d§, is accompanied by a transformation A,y — Agp +
& — &,. Finally under the integral residual transformation A\gp — Agp + d_1mgp the sum Hy + Ho
transforms as

H1+H2—>H1+H2+Z/ d_1mgp,
a.b ’ Xab

which does not modify the exponential e2im(Hi+Hz) Hence, the reduction of Hy + Hy to R/Z is a
good candidate for defining fﬁc A. With this definition of the holonomy of a U(1) gauge field, gauge
equivalent fields have the same holonomy along C, and any other polyhedral decomposition of C'
(subordinate to U) changes Hy+ Hy by integral contributions thus defining also the same holonomy.

Hence, for any polyhedral decomposition {Cy, .} of an oriented knot C C M, with color
specified by the integer charge ¢, the holonomy We(Aj;q) of the gauge field A = {va, Aabs Nabe }
along C' is defined by

We (A, q) = exp (Zwiq% A) = exp | 2miq Z/va — Z/Aab ) (A.17)
C a Co a,b Y Tab

When the knot C' is homologically trivial, C' = b3, Stokes theorem implies
Wo(A,q) = e2mia s Fa |

When the charge is quantized, the holonomy (A.17) represents a gauge invariant function of the
gauge connection; therefore W is really well defined for the DB classes in H},(M). In other words
the holonomy of a DB class (i.e., of a gauge orbit) A along a knot C' is defined as the holonomy of
any of its representative along C'.

Appendiz A.4. The abelian Chern-Simons action

Equations (A.7)—(A.9) imply that, in general, v, is not the restriction in the open set U, of a 1-
form belonging to Q'(M). Similarly, the field combination v, A dv, is not necessarily the restriction
of a 3-form which is globally defined in M. Thus the lagrangian of the CS gauge field theory with
structure group U (1) —which is is defined in a generic 3-manifold M— cannot be written as AAdA
where A € Q'(M). In R3 the CS lagrangian takes the form A A dA with A € Q'(R?) because any
U(1) principal bundle over R? is trivial (there is no nontrivial gluing procedure to implement).
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The action of the U(1) Chern-Simons gauge field theory in the 3-manifold M is given by

S[A] :27rk:/ AxA, (A.18)

where A represents the gauge orbit (or DB class) of a U(1) gauge field on the manifold M, and Ax A
denotes the canonical DB product of A € H}, (M) with itself. The *-product represents a pairing
HL(M) x H5(M) — H3 (M) ~ R/Z that provides an appropriate generalization of the A A dA
expression —which is well defined for 1-forms— to the case of gauge orbits of U(1) conenctions.

In order to produce the explicit expression of [ 2 Ax A, let us consider the gauge field (A.6) and
the collection of local 3-forms v, A dv, which are defined in the open sets U/,. As in the case of the
holonomy, it is convenient to use a polyhedral decomposition {M¢, S [90¢ zabed) of M in order
to try to define the desired integral. One first integrates the 3-forms v, A dv, on the 3-polyhedrons
M, and sum over all the polyhedra

I, = Z/ Vg A dvg . (A.19)
a /Ma

If the local fields v, actually define a 1-form v on M then I; reduces to the well-defined standard
form fM v A dv. Under a gauge transformation v, — v, + d€, one has Iy — I + Al; with

AL = Z /Ma déa A dvg = Z /Ma d(&, dvg)
;/bMafadvaazb £advg .

Sbafsab

Since dv, is the restriction in U, of a 2-form which is globally defined on M (the curvature of A),

one has
AL =Y [ (&~ &)
b,a Sab

Hence AI; can take any value, thus preventing e?™*/1

Al, one can introduce a new term I

L=-Y" /S Aapdvy . (A.20)
a,b ab

from being gauge invariant. In order to cancel

Under the transformation v, — v, + d€, and Agp — Aap + & — &a, one finds that Io — Io + Al

with
A== [ (6~ du.
a,b V Sab

Therefore the sum I; + I is invariant under the transformation v, — v,+d&, and Agp — Aap+Ep—Ea-
Unfortunately I; + I is not invariant under the integral residual transformations Aqp — Aap +
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d_1mgp, indeed under these transformations one finds Iy + I, — I + I + 5[2 with

AIQ = Z/S mabdvb :Z/S d(mabvb)
= *Z/ MabVy = Z MabVb
a,b,c?leab—laco+Hlabe
-y /

MpcVe — Macle + mabvb)
be

a,b,c la
= E / (0m)apeve + E Map(0V)p
a,b,c a,b,c labe

Hence the combinaition I, + I is not gauge invariant. In order to cancel the first term in the
right-hand side of Al,, one can introduce the additional term I3 given by

13 = Z nabc/l Ve - (A21)
a,b,c abe

Under the transformation Agp — Aap — d—1map and nape — Nabe — (0M)ape one has Is — Is + £I3
with Al3 exactly compensating the first term of Al;. The second term in Al fulfills:

Z mab((sv)bc = Z/ mab>\bc = Z mab>\bc

a,b,c” labe ab,c a,b,c,d” Tdabe~TadbeTTabde ~Tabed
= - g 6m abc ed — g mab(é)\)bcd
a,b,c,d xabﬁd a,b,c,d ¥ Tabed
= - § 6m JabeAed — E MabNbed -
a,b,c,d xabﬁd a,b,c,d ” Tabed

The last term of this expression is an integer so it does not break the gauge invariance of e27(I1+12+1s)

whereas the first term does. In order to compensate this contribution one can introduce a last con-
tribution Iy

I4 = — Z / nabc)\cd. (A22)
a,b,c,d ¥ Tabed

One can now verify that e2" (1 +12+Is+14) j5 gauge invariant. Similarly, one can check that e/ (1 +12+s+14)
is invariant under a change of polyhedral decomposition of M. Note that gauge invariance ensures
that the result depends on the gauge orbit A and not on its representatives.

Hence, for any polyhedral decomposition {M?®, S, [9%¢ xabed} of M and any representative
{Vas Aab, Nabe} of the class A € H} (M), the quantum U(1) Chern-Simons action, as a R/Z-valued
quantity, is given by

S[A] = 27rk:/ Ax A =27k / Vg A\ dvg — / Aapdv
R IR Doy SETYEES oy ATt
_Znabc/ vé — Z / } (A.23)
Tabed

a,b,c labe a,b,c,d
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Under a gauge transformation the action (A.23) transforms as S — S + AS, where

AS

m — Z (mbc — moc + mab) mcd (A.24)

Ldcba

takes integer values. Therefore the amplitude ¢?*[4] has no ambiguities when the coupling constant

k is an integer. In facts, consistency of the formalism requires that, in addition to the values of the
knot charges, the coupling constant k also must have integer values. For a generic closed 3-manifold
M, S[A] is well defined (mod Z) and reduces to the integral of AAdA when M is a homology sphere.

Expression (A.23) of [ A x A can also be used to define the integral of A* B on M in terms
of the representative field components of A and B. In facts one can use the relation 2 [ A« B =
J(A+B)«(A+B) — [Ax A— [ B« B. It can be shown that any oriented knot C' in M can be
represented by a Deligne-Beilinson distributional class n¢ so that the integral of A along C' coincides
(modulo integers) with the integral of A % ¢ over M; this implies that the value of the exponential
term exp (2m' f A % 770) is uniquely defined and verifies exp (27m' f A % 770) = exp (27m' 390 A), where
A xn¢ is defined according to the previous construction of A x A.
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