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émanant des établissements d’enseignement et de
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Abstract

We investigate the particle and heat transport in quantum junctions with the ge-
ometry of star graphs. The system is in a nonequilibrium steady state, characterized
by the different temperatures and chemical potentials of the heat reservoirs connected
to the edges of the graph. We explore the Landauer-Büttiker state and its orbit un-
der parity and time reversal transformations. Both particle number and total energy
are conserved in these states. However, the heat and chemical potential energy are
in general not separately conserved, which gives origin to a basic process of energy
transmutation among them. We study both directions of this process in detail, in-
troducing appropriate efficiency coefficients. For scale invariant interactions in the
junction our results are exact and explicit. They cover the whole parameter space
and take into account all nonlinear effects. The energy transmutation depends on the
particle statistics.
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1 Introduction

The study of non-equilibrium quantum systems is among the most rapidly expanding areas
of theoretical physics. Triggered by the remarkable experimental progress in manipulating
trapped ultra-cold atomic gases, there is recently great interest in the search for universal
properties of such systems (see e.g. [1] for a review). Much attention is devoted to the
behavior of quantum systems after a quench and in particular, on the nature of the equilib-
rium state which is approached in this case. Other interesting studies concern the impact of
both internal and space-time symmetries (e.g. scale invariance) on the quantum transport
in Non-Equilibrium Steady States (NESS).

In this paper we investigate some general features of the energy transport in NESS’s,
representing non-equilibrium extensions of a Gibbs State (GS). The physical models we
focus on are schematically shown in Fig. 1. We are dealing with a multicomponent system
represented by the n ≥ 2 semi-infinite leads (edges) Li of a star graph Γ. Each lead Li is
attached at infinity to a heat reservoir Ri. The interaction between the n components of the
system is localized in the vertex of the graph and is defined by a scattering matrix S. Each
heat reservoir Ri is described by a GS characterized by inverse temperature βi and chemical
potential µi. From Fig. 1 it is evident that the system is away from equilibrium if S admits a
nontrivial transmission coefficient between two reservoirs Ri and Rj with (βi, µi) 6= (βj, µj).
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Figure 1: A star graph Γ with scattering matrix S at the vertex and leads Li connected at
infinity to thermal reservoirs Ri.

We start our investigation by shortly reviewing the explicit construction of a NESS Ωβ,µ,
induced by the scattering matrix S from the tensor product of the GS’s relative to the heat
reservoirs Ri. The state Ωβ,µ is fully determined by S and (βi, µi). We show that Ωβ,µ is not
invariant under parity and time-reversal transformations and generates therefore a nontrivial
orbit Oβ,µ, consisting of four nonequivalent NESS’s. The total energy of the system in these
states has two components: heat energy (parametrized by βi) and chemical potential energy
(parametrized by µi). Provided that the dynamics of the system is invariant under time
translations, the total energy is conserved. For generic values of (βi, µi) the two energy
components are however not separately conserved and an energy transmutation occurs. The
process is controlled by a single parameter Q̇, describing the heat flow in the junction. For
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Q̇ < 0 heat energy is transformed in chemical potential energy. The opposite transformation
takes place for Q̇ > 0.

The regime Q̇ < 0 has been investigated mostly by means of linear response theory. For
the details we refer to the review paper [2] and the references therein, observing only that in
these studies the junction is usually compared to a heat engine, whose efficiency represents
the main point of interest. This comparison is very suggestive, keeping always in mind that
the junction acts actually as a converter between heat and chemical potential energy. The
case Q̇ > 0 is quite subtle and has been explored only partially in the domain where the
junction can be compared to a refrigerator or heat pump. The main goal of the present
paper is to study the system in Fig. 1 as an energy converter, thus providing a systematic
and unified description of both regimes Q̇ ≶ 0, which are characterized by appropriate
efficiency coefficients. Since the energy transport in the junction is strongly influenced by
nonlinear phenomena, the well known linear response approximation is not suitable for our
investigation because it covers only a little part of the parameter space. For this reason a
fundamental objective of our study is to simplify as much as possible the dynamics in order to
solve the problem in exact form, preserving at the same time a nontrivial quantum transport.
In this respect we demonstrate that assuming free propagation along Li and scale-invariant
point-like interactions in the vertex is enough for this purpose. We study both fermionic
and bosonic systems, showing that the particle statistics affects the energy transmutation.
The detailed comparison between the two cases is very instructive, because the bosonic case
is poorly investigated. The impact of parity and time reversal on the quantum transport is
discussed in detail as well.

We proceed as follows. In the next section we briefly recall the construction of the NESS
Ωβ,µ and its orbit Oβ,µ under parity and time reversal transformations. In section 3 we fix
the Schrödinger dynamics on the leads and the interaction at the vertex of Γ. Studying the
local conserved currents and the relative densities, we show that the junction converts heat
energy in chemical potential energy or vice versa, depending on the values of the parameters
characterizing the reservoirs Ri. The basic features of this process of energy transmutation
are investigated in section 4, where we introduce the efficiency coefficients for both cases
Q̇ ≶ 0. We describe here also the scale invariant (critical) interactions in the junction. The
efficiency of the quantum transport for a system with two leads is investigated in section 5
both for the LB state Ωβ,µ and the orbit Oβ,µ. We also relate here our approach to some exact
results, concerning other systems and NESS’s. In section 6 we describe the main features of
a junction with 3 leads. Section 7 is devoted to the bosonic case. The conclusions and some
future developments form the content of Section 8. The appendices collect some technical
results about the Onsager matrix and the 3-lead junction.

2 Non equilibrium states on Γ

Following the pioneering work of Landauer [3] and Büttiker [4], non-equilibrium systems of
the type in Fig. 1 have been extensively investigated. In this section we briefly recall an ex-
plicit quantum field theory construction [5] of the Landauer-Büttiker (LB) state Ωβ,µ, which

2



adapts to the star graph case some general ideas [6]-[10] about NESS’s. This construction is
very convenient for deriving correlation functions and for studying the orbit Oβ,µ of Ωβ,µ un-
der parity and time reversal transformations. As mentioned in the introduction, the elements
of this orbit represent new nonequivalent NESS’s with interesting physical properties.

The first step in constructing the LB state Ωβ,µ is to describe the asymptotic dynamics
at t = −∞ (i.e. before the interaction) in terms of the operators

{a∗i (k), ai(k) : k > 0, i = 1, ..., n} , (2.1)

which create and annihilate the particle excitations with momentum k in the reservoir Ri. In
agreement with the orientation of the leads in Fig.1, the condition k > 0 implies that (2.1)
create and annihilate incoming particles. For fermionic systems (2.1) generate therefore an
incoming Canonical Anti-commutation Relations (CAR) algebra Ain. We denote by Ωβi,µi

be
the GS associated with the heat reservoir Ri (see e.g. [11]) and consider the tensor product
⊗n

i=1Ωβi,µi
.

The next step is to relate Ain with the CAR algebra of outgoing excitations Aout, gener-
ated still by the creation and annihilation operators (2.1), but with k < 0. For this purpose
we have to introduce the interaction, connecting different heat reservoirs and driving the
system away from equilibrium. We consider the simple case where the incoming particles
propagate freely along the leads towards the vertex of the graph, where they are reflected or
transmitted with some probability in the rest of the graph. This process is codified in the
reflection-transmission equations

ai(k) =
n∑

j=1

Sij(k)aj(−k) , a∗i (k) =
n∑

j=1

a∗j (−k)S∗
ji(k) k < 0 , (2.2)

which relate Ain and Aout. Here S(k) is the scattering matrix describing the point-like
interaction in the vertex of the graph. We assume unitarity and Hermitian analyticity

S(k)S(k)∗ = I , S(k)∗ = S(−k) , (2.3)

the star ∗ indicating Hermitian conjugation. These conditions imply that S(k)S(−k) = I,
which ensures the consistency of the constraints (2.2).

The whole algebra A, generated by polynomials involving generators of both Ain and
Aout, is a deformed1 CAR algebra, where [ai(k) , aj(p)]+ = [a∗i (k) , a

∗
j (p)]+ = 0 and

[ai(k) , a
∗
j (p)]+ = 2π[δ(k − p)δij + Sij(k)δ(k + p)] . (2.4)

Because of (2.3), the right hand side of (2.4) defines the kernel of an integral projection (in-
stead of the usual identity) operator. Hermitian analyticity implies [12] that the ∗-operation
in A is a conjugation.

At this point the LB state Ωβ,µ is the extension of⊗n
i=1Ωβi,µi

fromAin to the whole algebra
A, performed by linearity via the reflection-transmission relations (2.2). This construction,

1CAR algebra deformations of the type (2.4) have been studied previously in the context of one-
dimensional integrable systems with boundaries [12] or defects [13].
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which may look at the first sight a bit abstract, is in fact very efficient for deriving the
correlation functions defining the LB representation HLB of A. We stress that HLB describes
non-equilibrium physics and is not equivalent to the Fock and Gibbs representations HF and
HG of A, known [12, 14] from the equilibrium case. Denoting by (· , ·) the scalar product in
the Hilbert space HLB, one has [5]

(Ωβ,µ , a
∗
j (p)ai(k)Ωβ,µ) ≡ 〈a∗j (p)ai(k)〉β,µ =

2πδ(k − p)

[
θ(k)δijdi(k) + θ(−k)

n∑

l=1

Sil(k) dl(−k) S∗
lj(k)

]

+2πδ(k + p)
[
θ(k)di(k)S

∗
ij(−k) + θ(−k)Sij(k)dj(−k)

]
, (2.5)

were

di(k) =
e−βi[ωi(k)−µi]

1 + e−βi[ωi(k)−µi]
(2.6)

is the Fermi distribution in the heat reservoir Ri with dispersion relation ωi(k). Notice that
the construction allows for different dispersion relations in the different reservoirs.

The explicit form of 〈ai(k)a∗j (p)〉β,µ is obtained from (2.5) by the substitution

di(k) 7−→ ci(k) =
1

1 + e−βi[ωi(k)−µi]
. (2.7)

As well known, employing the CAR algebra, one can express a generic n-point correlation
function as a polynomial of the two-point correlator (2.5). The non-equilibrium features of
the correlation functions are encoded in the mixing of the Fermi distributions, associated
with the different heat reservoirs Ri, via the scattering matrix S, which is evident already
from (2.5).

An advantage of the above framework is that it allows to investigate directly the behavior
of the LB state Ωβ,µ under parity and time reversal. We first recall that these operations are
implemented by a unitary operator P and an anti-unitary operator T , acting in the algebra
A in the standard way:

Pai(k)P
−1 = χP ai(−k) , Ta∗i (k)T

−1 = χT ai(−k) , |χP | = |χT | = 1 . (2.8)

Apart from the multiplicative phase factors, the action of P and T seems to be the same,
but one should remember that P is a linear operator, whereas T is anti-linear. Using the
explicit form (2.5) of the two-point function and (2.8), one can explicitly verify that

(
XΩβ,µ , a

∗
j (p)ai(k)XΩβ,µ

)
≡ 〈a∗j(p)ai(k)〉Xβ,µ 6= 〈a∗j(p)ai(k)〉β,µ , X = P, T, PT , (2.9)

if (βi, µi) 6= (βj, µj) for some reservoirs. Therefore, Ωβ,µ is not invariant under parity and
time reversal and generates the nontrivial orbit

Oβ,µ = {Ωβ,µ, Ω
X
β,µ = XΩβ,µ : X = P, T, PT} . (2.10)
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The property (2.9) captures the fundamental difference of the LB state Ωβ,µ with respect
to the Fock vacuum ΩF ∈ HF and the Gibbs state ΩG ∈ HG, which are both P - and T -
invariant. The result (2.9) suggests also that the four states in the orbit Oβ,µ have different
transport properties, which is confirmed by the analysis in section 5.2 below. Since time
reversal symmetry is the quantum counterpart of classical reversibility, one can interpret the
breakdown of this symmetry in the LB representation HLB as quantum irreversibility.

We conclude by observing that above construction can be easily generalized to bosons by
replacing the CAR algebra with a Canonical Commutation Algebra (CCA), which implies
the substitution of the Fermi distribution in (2.5) with the Bose distribution:

di(k) 7−→ bi(k) =
e−βi[ωi(k)−µi]

1− e−βi[ωi(k)−µi]
. (2.11)

As one can expect on general grounds and as shown in section 7, the quantum transport is
influenced by the statistics.

3 The Schrödinger junction

Quantum systems away from equilibrium behave usually in a complicated way. In most of
the cases the linear response or other approximations are not enough for fully describing
the complexity of this behavior. For this reason the existence of models which incorporate
the main non-equilibrium features, while being sufficiently simple to be analyzed exactly, is
conceptually very important. An interesting family of such models in s space dimensions
is characterized by requiring that the interaction, which drives the system away from equi-
librium, is localized on a (s− 1)-dimensional sub-manifold, whereas the propagation in the
complementary orthogonal direction is free. In what follows we will consider a special case
of this scenario, focussing on a one-dimensional space with the geometry of a star graph Γ.
Each point P ∈ Γ is parametrized by the coordinates {(x, i) , : x < 0, i = 1, ..., N}, where
|x| is the distance of P from the vertex and i labels the lead. Since s = 1, the interaction
is implemented by a point-like defect in the vertex of Γ and the propagation along the leads
Li is free. We assume in this paper that it is governed by the Schrödinger equation

(
i∂t +

1

2m
∂2x

)
ψ(t, x, i) = 0 , (3.12)

but other types of time evolution can be considered [5, 15] in the same way. The field ψ is
complex and the system has a global U(1)-invariance, generating particle number conserva-
tion. In the fermionic case ψ satisfies the standard equal-time CAR’s.

The scattering matrix S in the vertex is fixed by requiring that the bulk Hamiltonian −∂2x
admits a self-adjoint extension on the whole graph. These extensions are defined [16]-[18] by

lim
x→0−

n∑

j=1

[λ(I− U)ij + i(I+ U)ij∂x]ψ(t, x, j) = 0 , (3.13)

5



where U is a n × n unitary matrix and λ ∈ R is a parameter with dimension of mass. Eq.
(3.13) guaranties unitary time evolution of the system on the graph. The matrices U = I and
U = −I define the Neumann and Dirichlet boundary conditions respectively. The explicit
form of the scattering matrix is [16]-[18]

S(k) = − [λ(I− U)− k(I+ U)]

[λ(I− U) + k(I+ U)]
. (3.14)

The diagonal element Sii(k) represents the reflection amplitude from the vertex on the lead
Li, whereas Sij(k) with i 6= j equals the transmission amplitude from Li to Lj . One easily
verifies that (3.14) satisfies (2.3) and therefore defines an algebra A of the type introduced
in the previous section. Moreover, S(k) is a meromorphic function in the complex k-plane
with finite number of simple poles on the imaginary axis. For simplicity we consider in this
paper the case without bound states (poles in the upper half plane), referring for the general
case to [14], [19]. In this case the solution of equation (3.12) is fixed uniquely by (3.13) and
takes the following simple form

ψ(t, x, i) =

n∑

j=1

∫ ∞

0

dk

2π
e−iω(k)t

[
e−ikx δij + eikx Sij(−k)

]
aj(k) , ω(k) =

k2

2m
. (3.15)

As expected, the parity and time-reversal transformations (2.8) in the algebra A imply

Pψ(t, x, i)P−1 = χPψ(t,−x, i) , Tψ(t, x, i)T−1 = χTψ(−t, x, i) . (3.16)

Let us describe now the basic local observables, whose behavior away from equilibrium
is the main topic of this paper. The local particle density and relative current are

jt(t, x, i) = [ψ∗ψ] (t, x, i) , jx(t, x, i) =
i

2m
[ψ∗(∂xψ)− (∂xψ

∗)ψ] (t, x, i) , (3.17)

The total energy density is

θtt(t, x, i) = − 1

4m

[
ψ∗

(
∂2xψ

)
+
(
∂2xψ

∗
)
ψ
]
(t, x, i) , (3.18)

with energy flow

θxt(t, x, i) =
1

4m
[(∂tψ

∗) (∂xψ) + (∂xψ
∗) (∂tψ) − (∂t∂xψ

∗)ψ − ψ∗ (∂t∂xψ)](t, x, i) . (3.19)

The equations of motion lead to the local conservation laws

(∂tjt − ∂xjx) (t, x, i) = (∂tθtt − ∂xθxt) (t, x, i) = 0 . (3.20)

The relation between local conservation laws and the associated charges on a star graph
has been investigated in [20]. In the presence of a defect, like the junction in our case, the
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local conservation (3.20) alone is not enough [20] to ensure the conservation of the relative
quantum numbers. One needs in addition the Kirchhoff rules

n∑

i=1

jx(t, 0, i) = 0 ,

n∑

i=1

θxt(t, 0, i) = 0 . (3.21)

It is worth stressing that the explicit form (3.14) of the S-matrix is fundamental for proving
[5] the operator form (3.21) of the Kirchhoff rules, which guaranties the charge conservation
in the whole state space HLB of the system. Combining (3.20) and (3.21) one concludes that
for these S-matrices the particle number and the total energy in our system are conserved.

The heat density qt in the lead Li is obtained (see e.g. [21]) by subtracting from the total
energy density the energy density relative to the chemical potential µi, namely

qt(t, x, i) = θtt(t, x, i)− µijt(t, x, i) . (3.22)

Accordingly, the heat current is

qx(t, x, i) = θxt(t, x, i)− µijx(t, x, i) . (3.23)

Local heat conservation
(∂tqt − ∂xqx) (t, x, i) = 0 , (3.24)

is a direct consequence of (3.20), but in general the relative Kirchhoff rule is not at all
satisfied. In fact, a key observation is that the heat current obeys the operator Kirchhoff
rule if and only if µi = µj for all i, j = 1, ..., N . Otherwise, the heat current violates the
Kirchhoff rule and the heat energy is therefore not conserved. The chemical potential energy
shares the same property, because the total energy is conserved.

Summarizing, if µi 6= µj for some i and j, the system converts heat energy in chemical
potential energy or vice versa. This is the basic physical process which takes place in the
junction. In what follows we will study in detail this phenomenon of energy transmutation.

4 Transport in the state Ωβ,µ

4.1 Currents and efficiency

In order to study the non-equilibrium features of our system, we derive now the expecta-
tion values in the state Ωβ,µ of the charge densities and currents introduced above. Since
these observables are quadratic, the basic input is the non-equilibrium two-point correlation
function

〈ψ∗(t1, x1, i)ψ(t2, x2, j)〉β,µ =

∫ ∞

0

dk

2π
eiω(k)t12

[
δjidi(k)e

ikx12 +

dj(k)Sji(k)e
−ikx̃12 + S

∗
ji(k)di(k)e

ikx̃12 +
n∑

l=1

S
∗
jl(k)dl(k)Sli(k)e

−ikx12

]
, (4.25)
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following from (2.5,3.15). Here t12 = t1− t2, x12 = x1−x2 and x̃12 = x1+x2. The invariance
of (4.25) under time translations explicitly confirms that the total energy of the system is
conserved. Combining (4.25) with (3.17,3.19) and performing the limits t1 → t2 = t and
x1 → x2 = x one gets the following current expectation values

JN
i ≡ 〈jx(t, x, i)〉β,µ =

n∑

j=1

∫ ∞

0

dk

2π

k

m

[
δij − |Sij(k)|2

]
dj(k) , (4.26)

JE
i ≡ 〈θtx(t, x, i)〉β,µ =

n∑

j=1

∫ ∞

0

dk

2π

k

m

[
δij − |Sij(k)|2

]
ω(k)dj(k) . (4.27)

The right hand sides of (4.26,4.27) are the Landauer-Büttiker expressions [3, 4, 22] for the
particle and energy currents in our case specified by the S matrix (3.14). This is the main
reason for referring to Ωβ,µ as the LB state. Notice that for β1 = · · · = βn and µ1 = · · · = µn

the system is in equilibrium and the currents (4.26, 4.27) vanish due to the unitarity of S.
From (3.23) one gets the heat current

JQ
i = JE

i − µiJ
N
i . (4.28)

As already observed, in general the heat and chemical potential currents JQ
i and µiJ

N
i do

not satisfy separately the Kirchhoff rule. In fact, the heat flow Q̇ from the junction is given
by

Q̇ +
n∑

i=1

JQ
i = 0 . (4.29)

Taking into account the Kirchhoff rule (3.21) for the energy current one gets

Q̇ = −
n∑

i=1

JQ
i =

n∑

i=1

µiJ
N
i , (4.30)

If Q̇ < 0 the junction transforms heat energy in chemical potential energy. The efficiency of
this process can be characterized as follows. Let us denote by Kout the subset of heat currents
leaving the reservoirs Ri. With our choice for the orientation of the leads (see Fig. 1), these
currents are positive. With this convention the efficiency of the junction to transform heat
energy in chemical potential energy is defined by

η =

∑n

i=1 J
Q
i∑

i∈Kout
JQ
i

=
−Q̇

∑
i∈Kout

JQ
i

, (4.31)

which is a direct extension of the cases n = 2, 3 [2, 23] to a generic n. Combining (4.30) with
Q̇ < 0 one concludes that

∑
i∈Kout

JQ
i > 0, which implies that η is well defined and satisfies

0 < η ≤ 1.
In the regime Q̇ > 0 of converting chemical potential energy to heat energy the junction

is usually compared (see e.g. [2]) to a refrigerator or a heat pump, thus involving in the
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description the known performance coefficients of these devises. We show below that this
approach works in parts of the parameter space, but can not be applied globally to the whole
domain with Q̇ > 0. In order to avoid this problem, for Q̇ > 0 we propose and adopt below
the efficiency

η̃ =

∑n
i=1 µiJ

N
i∑

i∈Lout
µiJN

i

=
Q̇∑

i∈Lout
µiJN

i

, (4.32)

where now the sum in the denumerator runs over the subset Lout of outgoing (positive)
chemical potential energy currents µiJ

N
i . The general form of (4.32) is analogous to that of

(4.31), but refers to the chemical potential energy. By construction 0 < η̃ ≤ 1 in this case
as well.

For Q̇ = 0 there is no energy transmutation.
We conclude this subsection by observing that the heat flow in the system generates the

following entropy production [21]

Ṡ = −
n∑

i=1

βiJ
Q
i . (4.33)

Employing (4.26,4.27), Ṡ can be written in the form

Ṡ =

n∑

i,j=1

∫ ∞

0

dk

2π

k

m
|Sij(k)|2 [σi(k)− σj(k)] dj(k) , (4.34)

with
σi(k) = βi [ω(k)− µi] . (4.35)

Except in section 5.3, we will always assume in this paper that the bulk theory and the heat
reservoirs have the same dispersion relation, namely

ωi(k) = ω(k) . (4.36)

With this assumption

dj(k) =
1

eσj(k) + 1
. (4.37)

Now, using that (4.37) is a strictly decreasing function of σj , one can prove [24] that the
integrand of (4.34) is nonnegative2, implying the second law of thermodynamics Ṡ ≥ 0 in the
LB state for all (βi, µi) and scattering matrices (3.14). As explained in section 5.2 below, this
argument does not apply to the other states of the orbit Oβ,µ and the entropy production
there behaves indeed differently.

Summarizing, the process of energy transmutation in the junction is controlled by the
two parameters Q̇ and Ṡ and is characterized by the efficiency coefficients η and η̃. We derive
in what follows the explicit form of these physical quantities, assuming that the interaction
at the junction is scale invariant.

2The elegant argument of [24] is based on the inequality F (x) − F (y) ≤ (x − y)f(y), where F is any
primitive of a strictly decreasing function f .
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4.2 The scale invariant junction

The great advantage of considering the non-equilibrium Schrödinger junction defined in
section 3 is that it provides both exact and explicit results with nontrivial transport. In
order to keep this property also after the integration in k, we select in what follows the scale-
invariant elements among the scattering matrices (3.14). They preserve the basic features
of the system, while being simple enough to allow the explicit k-integration in (4.26,4.27).
The requirement of scale invariance implies that the interaction is k-independent and leads
to [25]

S = U Sd U∗ , U ∈ U(n) , Sd = diag(±1,±1, ...,±1) . (4.38)

The family (4.38) is the orbit of the diagonal matrix Sd under the adjoint action of U(n).
We can always enumerate the leads Li in such a way that the first i eigenvalues of S are +1
and the remaining n− i are −1. For i = n and i = 0 one gets S = I and S = −I, which imply
vanishing transport because the leads Li are disconnected. One has a nontrivial transport
for 0 < i < n.

The scattering matrices of the type (4.38) are in general not symmetric. One can easily
prove however that the relative amplitudes are symmetric, namely

|Sij |2 = |Sji|2 . (4.39)

This property of the critical points (4.38) simplifies considerably the study of junctions with
n ≥ 3 leads.

The k-integration in (4.26,4.27) with the constant scattering matrices (4.38) can be per-
formed explicitly. One finds

JN
i =

1

2π

n∑

j=1

[
δij − |Sij |2

] 1

βj
ln
(
1 + eβjµj

)
, (4.40)

JE
i = − 1

2π

n∑

j=1

[
δij − |Sij|2

] 1

β2
j

Li2
(
−eβjµj

)
, (4.41)

where Lis is the polylogarithm function. These expressions are the building blocks for the
parameters Q̇ and Ṡ and the efficiency coefficients η and η̃. They depend on (βi, µi) and
|Sij|2, which (due to the unitarity of S) leads to n(n + 3)/2 independent real parameters.
We observe in particular that the currents depend on µi separately and not on differences
µi − µj . In order to reduce this large number it is instructive to start by considering the
system with two leads shown in Fig. 2.
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Figure 2: Two heat reservoirs (β1, µ1) and (β2, µ2) connected by S.

5 The case of two leads

5.1 The LB state

In the case n = 2 there is only one transmission probability |S12|2 = |S21|2 and the currents
(4.40,4.41) take the form

JN
1 = −JN

2 =
|S12|2
2πβ1

[
ln
(
1 + e−λ1

)
− r ln

(
1 + e−λ2

)]
, (5.42)

JE
1 = −JE

2 = −|S12|2
2πβ2

1

[
Li2

(
−e−λ1

)
− r2Li2

(
−e−λ2

)]
, (5.43)

where

r =
β1
β2
, λi = −βiµi , i = 1, 2 . (5.44)

The factorization of |S12|2 implies that the signs of Q̇ and Ṡ depend exclusively on the
parameters of the two heat reservoirs R1,2, which greatly simplifies the study of the energy
transmutation in the junction.

We focus first on Q̇ denoting by D∓ the domains in the space of parameters (βi, µi)
where Q̇ ≶ 0 respectively. Without loss of generality one can assume 0 ≤ r ≤ 1. The direct
investigation of

Q̇(λ1, λ2, r) =
|S12|2
2πβ2

1

(λ1 − rλ2)
[
r ln

(
1 + e−λ2

)
− ln

(
1 + e−λ1

)]
, (5.45)

shows that
D− = D1 ∪D2 ∪D3 , (5.46)

with

D1 = {0 < λ1 ≤ λ2 , 0 ≤ r < r1} , (5.47)

D2 = {λ1 > λ2 , λ1 > 0 , 0 ≤ r < r2} , (5.48)

D3 = {0 ≥ λ1 > λ2 , r1 < r < r2} , (5.49)

where

r1 =
λ1
λ2
, r2 =

ln
(
1 + e−λ1

)

ln (1 + e−λ2)
. (5.50)
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The domain D− has a complicated structure due to the dependence of r1,2 on λi.

We are ready at this point to compute the efficiency η. Using that JQ
1 > 0 and JQ

2 < 0
in D−, one gets from (4.31)

η(λ1, λ2; r) =
(λ1 − rλ2)

[
ln
(
1 + e−λ1

)
− r ln

(
1 + e−λ2

)]

λ1 [ln (1 + e−λ1)− r ln (1 + e−λ2)]− [Li2 (−e−λ1)− r2Li2 (−e−λ2)]
. (5.51)

This is an exact and explicit result for the efficiency of the Schrödinger junction in transform-
ing heat to chemical potential energy at criticality. The expression (5.51) shows the power
of scale invariance and makes evident the advantage of the above approach with respect to
the linear response approximation, which gives information about (5.51) only in the neigh-
borhood of λ1 ∼ λ2 and r ∼ 1. We demonstrate in appendix A that in this neighborhood
the efficiency (5.51) reproduces exactly the result of the linear response theory in [2].

The analysis of (5.51) in D− shows that the maximal efficiency is obtained in the limit
λ1 = λ2 ≡ λ→ +∞. In fact one has

ηmax(r) = lim
λ→+∞

η(λ, λ; r) = 1− r ≡ ηC , (5.52)

which is the well known Carnot efficiency. According to (5.45), in this limit the heat energy
conversion vanishes limλ→∞ Q̇(λ, λ, r) = 0.

Η
C
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Q 

Figure 3: The efficiency η compared to ηC (left) and the heat −Q̇ converted to chemical
energy (right) with λ = 1 (dotted), λ = 3 (dashed) and λ = 5 (continuous) .

Fig. 3 illustrates the behavior of η and the heat converted to chemical energy −Q̇ for
some values of the parameter λ ≡ λ1 = λ2. The plots in this figure show that the chemical
energy production decreases with increasing the efficiency.

Another physically interesting regime is obtained by maximizing the chemical energy
production −Q̇(λ1, λ2, r) with respect to λi. A simple analysis shows that this function
reaches its maximum at λ1 = λ2 ≡ λ∗, where

λ∗ − (1 + eλ
∗

) ln(1 + e−λ∗

) = 0 . (5.53)

The solution of (5.53) is λ∗ = 1.14455... and the efficiency (5.51) takes the form

η∗(r) ≡ η(λ∗, λ∗; r) =
(1− r)λ∗ ln

(
1 + e−λ∗

)

λ∗ ln (1 + e−λ∗)− (1 + r)Li2 (−e−λ∗)
. (5.54)
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Figure 4: The efficiency η∗ and the Curzon-Ahlborn bound ηCA.

The quantity η∗(r) is the counterpart of the concept of efficiency at maximal power, used in
the context of heat engines. The plot in Fig. 4 shows that (5.54) satisfies the Curzon-Ahlborn
bound

η∗(r) ≤ 1−
√
r ≡ ηCA , (5.55)

for all r ∈ [0, 1], which was known previously from linear response theory only for r ∼ 1. We
recall that this bound has been proposed for heat engines in the framework of endoreversible
thermodynamics in [26]. The rigorous proof [27] covers the linear response regime, but it is
known [28, 29, 30] that away of this regime the bound is not universal and can be violated.
The possibility to enhance η∗ above ηCA in our context is discussed in section 5.3.

We turn now to the case when chemical energy is transformed in heat, namely

Q̇ = µ1J
N
1 + µ2J

N
2 = (µ1 − µ2)J

N
1 > 0 . (5.56)

It is convenient to use in the domain D+ the coordinates (βi, µi). Keeping βi arbitrary, one
can assume without loss of generality that µ1 > µ2 and set D+ = {β1, β2, µ1 > µ2}. From
(5.56) and the Kirchhoff rule one infers that JN

1 > 0 > JN
2 on D+. Using this information

one finds that the efficiency η̃, defined by (4.32), can be expressed in terms of the parameter
u ≡ µ2/µ1 in the simple form

η̃(u) =





1− u , µ1 > µ2 ≥ 0 ,

1 , µ1 ≥ 0 > µ2 ,

1− 1/u , 0 > µ1 > µ2 ,

u =
µ2

µ1

, (5.57)

fully covering the domain D+. The formula (5.57) describes in exact form the conversion
of chemical potential energy in heat. For n = 2 the efficiency η̃ does not depend on the
temperatures and the explicit form of the currents µiJ

N
i , but only on the values of the

chemical potentials µi. The first line of (5.57) resembles the Carnot formula, where the
temperature ratio r is substituted by the chemical potential ratio u. The third line instead
takes into account that differently from the temperatures, the chemical potentials can take
also negative values. Finally, we observe that for µ1 > 0 > µ2 both chemical potential
currents µiJ

N
i are flowing towards the junction, transforming the chemical energy in heat

completely (η̃ = 1). Since in this case the domains of µi are separated by the point µ = 0,
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Figure 5: The flow Q̇ > 0 and the currents JQ
1 and JQ

2 for λ1 = −1.5 and λ2 = −3.

this regime of energy transmutation in the junction can not be reached by linear response
theory.

We have seen that for Q̇ < 0 the junction can be compared to a heat engine. In analogy,
one can attempt to interpret the system for Q̇ > 0 as a refrigerator or a heat pump. A careful
analysis shows that this possible only partially because there are subsets in D+ where both
heat currents have the same sign, i.e. they are both leaving or entering the heat reservoirs.
A typical situation is shown in Fig. 5, where JQ

1 and JQ
2 become both negative (i.e. entering

the heat reservoirs) for r > 0.75, which is not the case of conventional refrigerators and
heat pumps. For this reason the standard coefficients of performance for a refrigerator and
a heat pump can not be applied in the whole domain D+. As already mentioned, this is our
main motivation to introduce the efficiency η̃ by (4.32), which has the advantage of working
everywhere in D+.

Let us consider finally the entropy production. Substituting (5.42,5.43) in (4.33) one
obtains

Ṡ =
|S12|2
2πrβ1

{
(1− r)

[
r2Li2

(
−e−λ2

)
− Li2

(
−e−λ1

)]

+ r(λ1 − λ2)
[
r ln

(
1 + e−λ2

)
− ln

(
1 + e−λ1

)]}
> 0 , (5.58)

confirming the general statement [24] about the entropy production in the LB state.

5.2 Transport in the orbit Oβ,µ

We consider here the quantum transport in the states {ΩX
β,µ : X = P, T, PT} ⊂ HLB.

Using (3.16), the current expectation values in these states are simply expressed in terms of
(4.26,4.27) as follows:

P : JN
i 7−→ −JN

i JE
i 7−→ −JE

i , (5.59)

T : JN
i 7−→ JN

i JE
i 7−→ −JE

i , (5.60)

P T : JN
i 7−→ −JN

i JE
i 7−→ JE

i . (5.61)
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Let us observe in passing that the action of the charge conjugation

C : JN
i 7−→ −JN

i JE
i 7−→ JE

i , (5.62)

coincides with the PT operation (5.61). In fact, CPT on the above currents is the identity
transformation.

The minus sign appearing in some currents affects the quantum transport. Moreover,
the entropy production ṠX in the state ΩX

β,µ differs from that (5.58) in the LB state. In fact,

combining (4.33) and (5.59) we conclude that ṠP ≤ 0 for all values of the heat reservoir
parameters (βi, µi). We see that the state ΩP

β,µ, which from the microscopic point of view is
a well defined state of the system, violates the second law of thermodynamics and therefore
has no admissible macroscopic behavior. The situation with the states ΩT

β,µ and ΩPT
β,µ is

more subtle. The analysis shows that for these two states there exist domains in the whole
parameter space (βi, µi), where ṠT > 0 and ṠPT > 0. In these domains the quantum
transport is consistent with the laws of thermodynamics. We consider for illustration the
family of states {ΩPT

β,µ : λ1 = λ2 ≡ λ}. The entropy production there is

ṠPT = − |S12|2
2πrβ1

(1− r)2(1 + r)Li2
(
−e−λ

)
> 0 . (5.63)

Moreover

Q̇PT (λ, λ, r) =
|S12|2
2πβ2

1

(1− r)2λ ln
(
1 + e−λ

)
< 0 for λ < 0 , (5.64)

and the efficiency of transforming heat into chemical potential energy is given by

ηPT (λ, r) =
(1− r)λ ln

(
1 + e−λ

)

λ ln (1 + e−λ) + (1 + r)Li2 (−e−λ)
, λ < 0 . (5.65)

This result resembles (5.54), but for a sign in the denumerator. The relative maximum is

ηPT
max(r) = lim

λ→−∞
ηPT (λ, r) =

2(1− r)

r + 3
6= ηC , (5.66)

which coincides also with the efficiency at maximal chemical energy production

η∗PT (r) =
2(1− r)

r + 3
< ηCA . (5.67)

These results show that the efficiency in the state ΩPT
β,µ differs from that in Ωβ,µ. We will

elaborate more on the value of η∗PT few lines below.
Concerning the regime Q̇ > 0, it is easy to deduce from (5.59-5.61) that all four states

in Oβ,µ have the same efficiency η̃ given by (5.57).
Summarizing, parity and time reversal have an important impact on the quantum trans-

port and efficiency. Indeed, we have shown that there are regions in the parameter space
of the states ΩT

β,µ and ΩPT
β,µ, where the second law of thermodynamics is satisfied and the

efficiency η has a physically acceptable value, which differs from that in the LB state Ωβ,µ.
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5.3 Comments about η∗

It is instructive to compare now (5.54,5.67) with some exact results about the efficiency at
maximal power obtained for other systems. Applying stochastic thermodynamics to a simple
model of classical particle transport, the following explicit expression

η∗cp =
η2C

ηC − (1− ηC) ln(1− ηC)
(5.68)

has been derived in [29]. The same expression has been obtained [28] for the Feynman’s
ratchet model as a heat engine. For a Brownian particle undergoing a Carnot cycle it has
been found [31] that

η∗Bp =
2ηC

4− ηC
, (5.69)

which, remarkably enough, coincides with the Schrödinger junction efficiency η∗PT given by
(5.67). The case of electron transport through a quantum dot has been treated in [32, 33].

It has been observed in [28, 29, 33] that away (r < 0.5) from the linear response regime,
the efficiency (5.68) exceeds the Curzon-Ahlborn bound. One can wonder if a mechanism
exists to enhance the efficiency (5.54) in the LB state Ωβ,µ above ηCA as well. This question
attracted recently some attention [2], the proposal being to couple the system with an
appropriate external potential. In [2] the effect of a classical magnetic field has been explored
in the linear response approximation. We describe here an alternative, which simplifies our
previous construction in [34] both from the technical and physical points of view. The main
idea is based on the fact that in our general setting the heat reservoir dispersion relations
ωi need not to be equal and/or to coincide with the bulk dispersion relation ω. So, let us
perform the shift ω 7−→ ω−v, which is equivalent to the introduction of a constant potential
V = −v in the bulk equation of motion (3.12). If one performs the same shift in ωi the
efficiency will not change. One can imagine however to screen the reservoirs Ri from the
potential V , thus keeping ωi = k2/2m invariant. This operation does not affect the particle
currents JN

i which, according to (4.26), depend only on ωi. From (4.27) one infers however
that the shift in ω modifies the energy transport in the following simple way

JE
i 7−→ JE

i − vJN
i . (5.70)

In the domain D−, which is still given by (5.46), one finds the efficiency

η(λ1, λ2; r, a) =
(λ1 − rλ2)

[
ln
(
1 + e−λ1

)
− r ln

(
1 + e−λ2

)]

(λ1 − a) [ln (1 + e−λ1)− r ln (1 + e−λ2)]− [Li2 (−e−λ1)− r2Li2 (−e−λ2)]
,

(5.71)
with a ≡ β1v being dimensionless. The maximal efficiency is attained at λ1 = λ2 → +∞
and equals ηC as before. For η∗ one finds instead

η∗(r, a) ≡ η(λ∗, λ∗; r, a) =
(1− r)λ∗ ln

(
1 + e−λ∗

)

(λ∗ − a) ln (1 + e−λ∗)− (1 + r)Li2 (−e−λ∗)
, (5.72)
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which reproduces (5.54) for a = 0. For the moment a is a free real parameter, but the
condition (4.36) is violated and the sign of Ṡ needs to be investigated. Imposing Ṡ > 0 for
all r ∈ [0, 1], one obtains the constraint

a <
−Li2

(
−e−λ∗

)

ln (1 + e−λ∗)
= 1, 07122... ≡ a∗ . (5.73)
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Figure 6: The efficiency η∗(r, a) for different values of a compared to ηCA.

It is easy to deduce from (5.72) that for a ∈ (0, a∗) the efficiency η∗(r, a) is enhanced
above η∗(r, 0) = η∗(r) given by (5.54). The opposite effect is observed for a ∈ (−∞, 0). This
behavior of the efficiency is explained by the following intuitive physical argument. Since
ωi − ω = a/β1, positive values of a favor the particle emission from the heat reservoirs Ri

to the leads Li, thus improving the efficiency. Negative values of a are instead damping this
emission, causing the opposite effect.

Fig. 6 illustrates the basic properties of η∗(r, a). In particular, we see that for a ∼ 1 the
Curzon-Ahlborn bound is exceeded.

Finally, concerning the experimental realization of the above theoretical setup, one possi-
bility could be to use the electric field produced by a wire with constant linear static charge
distribution, which is located parallel at a finite distance from the two-terminal devise in
Fig. 2. This charged wire produces a constant electric field along the devise. When the heat
baths are screened by metallic boxes, the electric field provides the constant shift needed in
the bulk dispersion relation.

6 Junctions with three leads

The new element in the treatment of the case with n > 2 leads is that the transmission
amplitudes |Sij |2 do no longer factorize in front of the currents. For n = 3 the transport
properties depend on 9 parameters. The linear response approximation has been studied
recently in [23, 35]. Here we pursue further the exact analysis of the scale invariant case for

β1µ1 = β2µ2 = β3µ3 ≡ −λ , r =
β1
β2
, s =

β1
β3
. (6.74)
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Using (4.39), one obtains from (4.40,4.41) the heat currents

JQ
1 =

1

2πβ2
1

{
λ ln

(
1 + e−λ

) [
|S12|2(1− r) + |S13|2(1− s)

]

−Li2
(
−e−λ

) [
|S12|2(1− r2) + |S13|2(1− s2)

]}
, (6.75)

JQ
2 =

1

2πβ2
1

{
rλ ln

(
1 + e−λ

) [
|S23|2(r − s) + |S12|2(r − 1)

]

−Li2
(
−e−λ

) [
|S23|2(r2 − s2) + |S12|2(r2 − 1)

]}
, (6.76)

JQ
3 =

1

2πβ2
1

{
sλ ln

(
1 + e−λ

) [
|S23|2(s− r) + |S13|2(s− 1)

]

−Li2
(
−e−λ

) [
|S23|2(s2 − r2) + |S13|2(s2 − 1)

]}
. (6.77)

For the entropy production and heat flow on gets

Ṡ = −Li2
(
−e−λ

)

2πsrβ1

[
|S12|2s(1 + r)(1− r)2 + |S13|2r(1 + s)(1− s)2 + |S23|2(r + s)(r − s)2

]
> 0 ,

(6.78)

Q̇ = − 1

2πβ2
1

λ ln
(
1 + e−λ

) [
|S12|2(1− r)2 + |S13|2(1− s)2 + |S23|2(r − s)2

]
. (6.79)

As expected, the entropy production in the LB state is always positive. For λ > 0 one has
Q̇ < 0 and one can study the efficiency (4.31) of transforming heat to chemical potential
energy. In order to do that one has to determine first the sign of the currents (6.75-6.77).
Without loss of generality one can assume that

r < 1 , s < 1 , r < s , (6.80)

which implies the following ordering T2 < T3 < T1 among the temperatures of the heat
reservoirs. For simplifying the analysis we assume to end of this section that |S13|2 = 0,
devoting the appendix B to the case of generic transmission amplitudes. Then (6.75-6.77)
imply JQ

1 > 0, JQ
2 < 0, JQ

3 > 0 for λ > 0. With this information one obtains from (4.31)

η(λ; r, s) =

λ ln
(
1 + e−λ

)
[|S12|2(1− r)2 + |S23|2(s− r)2]

λ ln (1 + e−λ) [|S12|2(1− r) + |S23|2s(s− r)]− Li2 (−e−λ) [|S12|2(1− r2) + |S23|2(s2 − r2)]
.

(6.81)

The relative maximum is

ηmax(r, s) = lim
λ→+∞

η(λ; r, s) = 1− r
|S12|2(1− r) + |S23|2(s− r)

|S12|2(1− r) + |S23|2s(s− r)
, (6.82)

18



which suggests to introduce an effective r-parameter

reff(s) = r
|S12|2(1− r) + |S23|2(s− r)

|S12|2(1− r) + |S23|2s(s− r)
≤ 1 for r < 1 , r < s (6.83)

with the following physical meaning. The hotter reservoirs of our system are R1 and R3

because T1 > T2 and T3 > T2. Both R1 and R3 communicate with the cold reservoir R2 via
S12 and S23. Suppose now we replace R1 and R3 with one heat bath R′ and ask about its
temperature T ′, which gives the same efficiency. It turns out that the answer is T ′ = T2/reff .
In fact, one can express the 3-lead efficiency (6.81) in terms of the 2-lead formula (5.51)
simply as

η(λ; r, s) = η(λ, λ; reff(s)) . (6.84)

We turn now to the regime of heat production Q̇ > 0 which, according to (6.79), takes
place for λ < 0. The corresponding efficiency is defined by (4.32). Let us introduce the
parameters

u =
µ2

µ1

, v =
µ3

µ1

. (6.85)

Because of (6.74), the conditions (6.80) can be rewritten in the form

u < 1 , v < 1 , u < v . (6.86)

One can show now that µ1J
N
1 > 0, µ2J

N
2 < 0, µ3J

N
3 > 0. Therefore, using (4.32) one obtains

η̃(u, v) = 1− u
|S12|2(1− u) + |S23|2(v − u)

|S12|2(1− v) + |S23|2v(v − u)
. (6.87)

The effective u-parameter now reads

ueff(v) = u
|S12|2(1− u) + |S23|2(v − u)

|S12|2(1− v) + |S23|2v(v − u)
≤ 1 for u < 1 , u < v (6.88)

and
η̃(u, v) = η̃(ueff(v)) , (6.89)

whose right hand side is given by the first line (since u < 1) of the two-lead expression (5.57).
We refer to appendix B for the analysis of the general case, in which all three transmission

amplitudes are nontrivial.

7 Bosonic junctions

We illustrate in this section the influence of the statistics on the transport and efficiency
of the Schrödinger junction. Substituting in (4.26,4.27) the Fermi distribution dj(k) with
the Bose one bj(k), the corresponding integrands develop a singularity at k2 = 2mµi. This
singularity signals condensation like phenomena, whose consideration is beyond the scope of
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the present paper. For this reason we assume in this section µi < 0. Focussing on the case
n = 2, the bosonic counterparts of (5.42,5.43,5.45,5.58) are

JN
1 = −JN

2 =
|S12|2
2πβ1

[
− ln(1− e−λ1) + r ln(1− e−λ2)

]
, (7.90)

JE
1 = −JE

2 =
|S12|2
2πβ2

1

[
Li2(e

−λ1)− r2Li2(e
−λ2)

]
, (7.91)

Q̇(b)(λ1, λ2, r) =
|S12|2
2πβ2

1

(λ1 − rλ2)
[
ln(1− e−λ1)− r ln(1− e−λ2)

]
, (7.92)

Ṡ(b) =
|S12|2
2πrβ1

{
(1− r)

[
Li2(e

−λ1)− r2Li2(e
−λ2)

]
+ r(λ1 − λ2)

[
ln(1− e−λ1)− r ln(1− e−λ2)

]}
,

(7.93)
where one should keep in mind that λi ≡ −βiµi > 0. The apex (b) in (7.92,7.93) and below

is added in order to distinct the bosonic from the fermionic expressions. The domains D(b)
∓ ,

where Q̇(b) ≶ 0, can be determined like in fermion case. One has

D(b)
− = D

(b)
1 ∪D(b)

2 (7.94)

with

D
(b)
1 = {0 < λ1 ≤ λ2, 0 ≤ r < r1} , (7.95)

D
(b)
2 = {0 < λ2 < λ1, 0 ≤ r < r2} , (7.96)

r1 =
λ1
λ2
, r2 =

ln(1− e−λ1)

ln(1− e−λ2)
. (7.97)

In D(b)
− one finds the bosonic efficiency

η(b)(λ1, λ2, r) =
(λ1 − rλ2)

[
r ln(1− e−λ2)− ln(1− e−λ1)

]

λ1 [r ln(1− e−λ2)− ln(1− e−λ1)] + [Li2(e−λ1)− r2Li2(e−λ2)]
. (7.98)

In the overlap of D− and D(b)
− one can compare (7.98) to the fermion efficiency (5.51). For

the same values of λi in D
(b)
1 = D1 one finds that the bosonic efficiency exceeds the fermionic

one. The same holds for the amount of heat transformed in chemical energy. This feature
persists in the overlap of D

(b)
2 with D2, except in the neighborhood of r2, where one has the

opposite behavior. The maximal bosonic efficiency is obtained for λ1 = λ2 ≡ λ → +∞ and
coincides with the Carnot efficiency,

η(b)max(r) = lim
λ→+∞

η(b)(λ, λ, r) = 1− r ≡ ηC . (7.99)

Let us derive now the bosonic efficiency at maximal chemical energy production. The
maximum of the function −Q̇(b)(λ1, λ2, r) is reached at λ1 = λ2 ≡ λ∗b , where

λ∗b − (1− eλ
∗

b ) ln(1− e−λ∗

b ) = 0 . (7.100)
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Figure 7: Comparing the bosonic and fermionic efficiencies η∗(b) and η∗.

The solution of (7.100) is λ∗b = 0.69314 . . . and the efficiency reads

η∗(b)(r) ≡ η(b)(λ∗b , λ
∗
b , r) =

(1− r)λ∗b ln
(
1− e−λ∗

b

)

λ∗b ln
(
1− e−λ∗

b

)
− (1 + r)Li2

(
e−λ∗

b

) . (7.101)

The study of (7.101) reveals that at maximal chemical energy production the bosonic junc-
tion is slightly less efficient then the fermion one, as shown in Fig. 7. The enhancement
mechanism for fermions, described in section 5.3, applies to bosonic junctions as well.

We conclude by observing that in the regime Q̇(b) > 0 the bosonic efficiency η̃(b) of
transforming chemical energy in heat precisely coincides with the fermionic one (5.57).

8 Conclusions

We described in this paper a basic process of transformation of heat in chemical potential
energy and vice versa, which takes place in systems away from equilibrium. The phenomenon
is universal and stems from the fact that even if the total energy of the system is conserved,
the heat and chemical potential energies are in general not separately conserved. Both
directions of the process of energy transmutation are characterized by their own efficiency
coefficient. The specific features of the phenomenon depend on the particle statistics and
on the choice of nonequilibrium state. We illustrated this fact by studying the fermionic
and bosonic Schrödinger junctions in the LB state and its orbit under parity and time
reversal. The relative quantum transport depends in a complicated nonlinear way on the
temperatures and chemical potentials, which parametrize the nonequilibrium states. In order
to control these characteristics of the system, we avoided the use of any approximation and
in particular, of the linear response theory. Assuming that the interaction which drives the
system away from equilibrium is scale invariant, we described the quantum transport exactly
and derived the explicit expressions of the efficiency coefficients.

Exploring the orbit of the LB state under parity and time reversal transformations, we
have shown that space-time symmetries have an essential impact on the quantum transport
and efficiencies. Concerning the internal symmetries, our model has a global U(1)-symmetry
associated with the particle number. For systems with a larger internal symmetry group,
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the process of energy transmutation becomes even more involved, due to the presence of
several types of chemical potentials. In this case the Landauer-Büttiker state is induced
not by a Gibbs state, but by a generalized Gibbs ensemble [36] generated by a complete set
of commuting charges of the extended symmetry group. The study of such nonequilibrium
states may provide an important insight in the role of internal symmetries in quantum
transport.
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A Contact with linear response theory

We show here that the exact efficiency (5.51) reproduces in the linear response regime the
result of [2]. The meeting point of the two frameworks is the Onsager matrix X [21]. Setting

β1 = β , β2 = β + δβ , µ1 = µ , µ2 = µ+ δµ , λ = −βµ , (A.102)

the entries Xij of X are defined by [21]

− JN
1 = X11 β δµ+X12 δβ + · · · ,

JQ
1 = JE

1 − µJN
1 = X21 β δµ+X22 δβ + · · · , (A.103)

where the dots stand for higher orders of the expansion in δµ and δβ. For the Onsager
matrix of our system with scale invariant interaction in the junction one gets from [2]

X11 =
|S12|2
2πβ

1

1 + eλ
,

X12 = X21 = −|S12|2
2πβ2

[
λ

1 + eλ
+ ln

(
1 + e−λ

)]
,

X22 =
|S12|2
2πβ2

[
λ2

1 + eλ
+ 2λ ln

(
1 + e−λ

)
− Li2

(
−e−λ

)]
. (A.104)

Moreover, according to [2] the linear response efficiency η
LR

is given by

η
LR

=
−(X11 β δµ+X12 δβ) δµ

X21 β δµ+X22 δβ
. (A.105)

Inserting (A.104) in (A.105) and expanding in δµ and δβ one obtains to the first order

η
LR

=
e−λ

(1 + e−λ) ln (1 + e−λ) + λe−λ
β δµ−

(1 + e−λ) ln2
(
1 + e−λ

)
+ 2e−λLi2

(
−e−λ

)

β[(1 + e−λ) ln (1 + e−λ) + λe−λ]2
δβ + · · · . (A.106)
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This result coincides precisely with the expansion of the exact efficiency (5.51) (expressed in
terms of the variables (A.102)) to the first order in δµ and δβ, which concludes the proof.
The above argument has a direct generalization to the case n > 2.

B The 3-lead junction with generic S-matrix ampli-

tudes

Combining (6.75,6.76) with (6.80), we conclude that JQ
1 > 0 and JQ

2 < 0. So, one is left
with the study of the sign of JQ

3 given by (6.77). The coefficients of the logarithm and the
polylogarithm are both positive when

s >
r|S23|2 + |S13|2
|S23|2 + |S13|2

≡ s1 , s2 >
r2|S23|2 + |S13|2
|S23|2 + |S13|2

≡ s22 . (B.107)

Using (6.80) it is not difficult to show that s2 > s1 > r. Therefore,

JQ
3 < 0 , for r < s < s1 , (B.108)

JQ
3 > 0 , for s2 < s < 1 . (B.109)

For s ∈ (s1, s2) the sign of JQ
3 depends on λ as well. In this way one finds

η(λ; r, s) =

{
A
B1

for r < s < s1 ,
A
B2

for s2 < s < 1 ,
(B.110)

where

A = λ ln
(
1 + e−λ

) [
|S12|2(1− r)2 + |S13|2(1− s)2 + |S23|2(s− r)2

]
, (B.111)

B1 = λ ln
(
1 + e−λ

) [
|S12|2(1− r) + |S13|2(1− s)

]
−

Li2
(
−e−λ

) [
|S12|2(1− r2) + |S13|2(1− s2)

]
, (B.112)

and

B2 = λ ln
(
1 + e−λ

) [
|S12|2(1− r) + |S13|2(1− s)2 + |S23|2s(s− r)

]
−

Li2
(
−e−λ

) [
|S12|2(1− r2) + |S23|2(s2 − r2)

]
. (B.113)
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