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QUASI-PERIODIC SOLUTIONS IN A NONLINEAR SCHRODINGER
EQUATION

JIANSHENG GENG AND YINGFEI YI

ABSTRACT. In this paper, one-dimensional (1D) nonlinear Schrédinger equation

iUt — ugy +mu + ultu =0
with the periodic boundary condition is considered. It is proved that for each given constant
potential m and each prescibed interger N > 1, the equation admits a Whitney smooth family

of small-amplitude, time quasi-periodic solutions with N Diophantine frequencies. The proof is
based on a partial Birkhoff normal form reduction and an improved KAM method.

1. INTRODUCTION AND MAIN RESULT

Consider a nonlinear Schrodinger equation
OF

(1.1) iug + Au + %(u, a)=0

with either the homogeneous Dirichlet boundary condition on a domain Q C R? or the periodic
boundary condition on R?, where
A:-A+V
is a self-adjoint operator on X=H{(Q2) or H'(T?) and F consists of higher order and perturbative
terms. The equation defines an infinite dimensional Hamiltonian system
OH

Uy = 1%

associated with the Hamiltonian
H = (Au,u) + F(u, @),

where

P / F(u, @)dz

integrating either over € in the case of the Dirichlet boundary condition or over T in the case of
the periodic boundary condition.

Let jtn, ¢n, n € Z%, denote the eigenvalues, eigenfunctions of A respectively. The problem of
the existence of (time-) quasi-periodic solution for (1.1) is to find, for a given integer N > 1, a

solution of the form
u(t,x) = Z Qn(t)¢n(x)
nezd

such that all ¢,, n € Z%, are quasi-periodic with the same N-frequencies. With the symplectic

structure
i E dgn N dgn,
n
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it is clear that ¢ = (¢n)neza satisfies the Hamiltonian lattice equations

1.2 . . qn’
(1.2) anIgTZ, n e Z%,

where

Motivated by the classical KAM (Kolmogorov—Arnold-Moser) theory in finite dimensional
Hamiltonian systems, a natural way to obtain quasi-periodic solutions for (1.2) is to re-formulate
the system into a perturbation of a non-degenerate, partially integrable system, for which param-
eters need to be introduced in order to adjust frequencies to encounter small divisors problem.
More precisely, given an integer N > 1, one finds a parameter space A C RY and (symplectic)
action-angle-normal coordinates I = (I, -+ ,In), 0 = (01, - ,0n), 2 = (2n)pezae such that the
Hamiltonian (1.3) can be transformed into a parametrized Hamiltonian normal form

(1.4) H = (&), 1)+ > Qn(€)znzn + P(0.1,2,28), £€A,

where w : A — RY is a local diffeomorphism and P is viewed as a perturbation. The existence
problem for quasi-periodic solutions then becomes finding a positive measure subset A of A such
that each ¢ € A corrsponds to a quasi-periodic, invariant N-torus of (1.4) which is a small pertur-
bation of the unperturbed, quasi-periodic N-torus Tz = {0} x {6y +w(&)t} x {0} corresponding to
P=0.

There are several ways of introducing parameters into (1.1) or (1.2). For perturbations of linear
Schrédinger equations, one way is to consider parametrized potentials, i.e.,

V= V(7§)a

where £ is a N-dimensional parameter, for which the unperturbed non-degeneracy is a generic
condition on potentials. In this setting, one deals with a family of nonlinear Schrodinger equations
with generic potentials. Another way is to consider Floquet operator potentials

V =M,
where M, is a Floquet multiplier defined by
Myelto) = Jnei<”’x>, ne Z%

for a set of real numbers {0,,,n € Z%} such that N of them can be treated as parameters. In this
setting, one considers nonlinear Schrodinger equations in operator forms. To deal with a single
nonlinear Schrédinger equation with the potential

vV =V(x),

a natural way of introducing parameters, as what have been done in finite dimensions, is to reduce
the lattice Hamiltonian (1.3) to a partial Birkhoff normal form then further to a parametrized
normal form (1.4) having N non-degenerate, integrable directions whose amplitudes become natural
parameters.

With the availability of a parametrized normal form (1.4), both KAM (Kolmogorov—Arnold—
Moser) and CWB (Craig-Wayne-Bourgain) methods have been developed in studying the existence
of quasi-periodic solutions for nonlinear Schrodinger equations as well as for other infinite dimen-
sional Hamiltonian systems like nonlinear wave, KdV, beam equations, and Hamiltonian lattices.

The KAM method concerns the construction of a sequence of symplectic transformations to
(1.4) so that at each KAM step resonant terms in the perturbation are removed, quadratic terms
in the perturbation are averaged and added to the new normal form, and angular-dependent-
terms in the perturbation are pushed into higher order. Based on original works of Melnikov [24],
Eliasson [12], Kuksin [18], and Pd&schel [25], the KAM method has been extensively developed
in finite dimensions concerning the persistence of lower dimensional tori in Hamiltonian systems
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(see [2, 3, 16, 23, 29, 31, 32| and references therein). Recently, the KAM method was extended to
infinite dimensions in works of Kuksin [19], Wayne [30], and Poschel [27] in studying quasi-periodic
solutions for 1D nonlinear Schrédinger and wave equations with the Dirichlet boundary condition
and parametrized potentials.

The CWB method was first introduced by Craig—Wayne [10, 11] in studying periodic solutions
for 1D nonlinear wave equations with the periodic boundary condition and later developed by
Bourgain [4, 5, 6, 7, 8] in studying quasi-periodic solutions for nonlinear Schrodinger and wave
equations with periodic boundary conditions and either parametrized potentials in 1D or Floquet
operator potentials in any space dimension. Unlike 1D Schrodinger and wave equations with
the Dirichlet boundary condition, multiple eigenvalues always occur in cases with the periodic
boundary condition even in one space dimension, which causes additional difficulties in studying
the existence of quasi-periodic solutions. To overcome the difficulties, the CWB method traces back
to the origin of the KAM method by using Newton iteration for solving infinitely many homological
equations and uses Lyapunov-Schmidt decomposition of amplitude-frequency equations together
with techniques of Frohlich-Spencer [13] concerning analysis of Green’s functions. With respect
to the normal form (1.4), the CWB method differs from the KAM method by only considering
elimination of first order resonant terms in each iteration step.

The KAM method is more restrictive than the CWB one, that is, if the existence of quasi-
periodic solutions in a Hamiltonian system can be shown by the KAM method, then it can be also
shown by the CWB method. However, the KAM method, if applicable, can capture more proper-
ties of quasi-periodic solutions such as their continuous (in fact, Whitney smooth) dependence on
parameters, their Floquet forms and linear stability, while CWB method mainly yields the exis-
tence. Both methods share some common difficulties in infinite dimension, for instance, estimates
on the inverse of an infinite dimensional matrix which has small divisors on the diagonal, measure
estimate involving infinitely many small divisor conditions for a fixed Fourier mode, multiplicity
of eigenvalues under the periodic boundary condition, and non-improvement of regularities (decay
rate of Fourier coefficients) after iterations.

Besides nonlinear Schrodinger and wave equations with parameterized and Floquet operator
potentials, there have been also studies on quasi-periodic solutions of a single nonlinear Schrodinger
or wave equation with a constant potential using either the CWB or the KAM method. By deriving
a partial Birkhoff normal form of order four, Kuksin—Pé&schel [21], Pdschel [26] further developed
the KAM method to study the existence of small amplitude quasi-periodic solutions corresponding
to any finite number of Fourier modes for perturbations of the 1D nonlinear Schrédinger and wave
equations

(1.5) Uy — Upy +mu + |ul?u =0, meR,
(1.6) Ut — Ugy +mu+u® =0, m>0,

with the Dirichlet boundary condition. Using the CWB method, similar existence results of quasi-
periodic solutions were shown by Bourgain [6, 8] with respect to the periodic boundary condition.
A KAM type of theorem was later given by Chierchia—You [9] for the 1D wave equation (1.6) with
the periodic boundary condition, which, due to a spectral gap condition and a regularity condition
assumed, does not hold for the 1D Schrodinger equation (1.5) with the periodic boundary condi-
tion. Recently, a general KAM type of result is obtained by Geng—You [14] which is particularly
applicable to the 1D Schrodinger equation (1.5) with the periodic boundary condition. We note
that the 1D Schrédinger equation (1.5) with cubic nonlinearities are completely integrable, hence
one can perturb any finite number of Fourier modes to obtain small amplitude quasi-periodic so-
lutions, which is however not the case if the nonlinearities are of higher order. In a recent work,
Liang—You [22] made use of some complicated Birkhoff normal form reductions and KAM tech-
niques to obtain small amplitude quasi-periodic solutions corresponding to any finite number of
admissible Fourier modes for the nonlinear Schrodinger equation

(1.7) Uy — Upy +mu+ |ul*u =0, meR,
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with the Dirichlet boundary condition.

There are also some works on the existence of quasi-periodic solutions in higher dimensional
nonlinear Schrédinger equations and other type of infinite dimensional Hamiltonian systems such
as quasi-linear KdV equations, nonlinear beam equations and Hamiltonian lattices. For instance,
the existence of two-frequency, quasi-periodic solutions was shown by Bourgain [6, 8] for the 2D
nonlinear Schrodinger equation

iuy — Au+mu + |ufu =0,
by using CWB method and normal form reductions. Geng—You [15] proved a KAM type of theorem
which is applicable to certain Hamiltonian partial differential equations in higher space dimension
including beam equations and Schrodinger equations with nonlocal nonlinearity. Recently, Kuksin
[20], Kappeler—Poschel [17] showed the existence of quasi-periodic solutions for quasi-linear KdV
equations.

In this paper, we will study the 1D Schrédinger equation (1.7) with the periodic boundary
condition

(1.8) u(t,z) = u(t,x + 2m)
and show the existence of small amplitude quasi-periodic solutions corresponding to any finite
number of admissible Fourier modes. More precisely, let

un:n2—|—m, n ez,

be the eigenvalues of A = —0,, + m with the periodic boundary condition (1.8). For any fixed
integer N > 1 and any ordered N-index {ni,ns, -+ ,ny}, where 0 < ny < ng < -+ < ny, it
is clear that the linear equation associated with (1.7) with the same periodic boundary condition
(1.8) has quasi-periodic solutions

N
’U,(lf, ‘T) = Z \/aei(witJrniz), Wi = TL? +m, fi > 0.
=1

An ordered N-index {ni,ns, - ,ny} is said to be admissible if whenever i, j, k,1, m, n are integers
such that i+j+k = l+m-+n, (i, 4, k) # (I,m,n), and at least four of them lying in {n1,ne,--- ,nn},
then

Wi+ g+ ik — 1 — i — fn 7 0.
We let J denote the set of all admissible N-indexes. It is known that for any given N > 1, J is a
infinite set (see the Appendix of [22]). In particular, when N = 2, J is simply the set

J = {{n1,n2} : n1 —ny is odd}.
Our main result states as follows.

Theorem Consider the 1D nonlinear Schrédinger equation (1.7) with the periodic boundary con-
dition (1.8). For given N > 1, let {n1,--- ,nn} be a fized admissible N-index. Then there exists
a Cantor subset O = @(nl, coumy) C Rf of positive Lebesgue measure, such that each £ € o
corresponds to a real analytic, quasi-periodic solution

N
’U,(f, (E) = Z \/aei((bit-l-nim) + O(|£|%)
=1

of (1.7), (1.8) with Diophantine frequencies
@i = wi + O(|€]%), 1<i<N.
Moreover, the quasi-periodic solutions u are linearly stable and depend on & Whitney smoothly.

The proof of our result uses the KAM method for which a partial Birkhoff normal form needs
to be derived. By taking advantage of the special form of the nonlinearity, the normal form will
be derived using arguments of Liang—You [22] for eliminating lower-order, non-integrable terms.
It turns out that not only is the normal form in the present situation as simple as the case with
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the Dirichlet boundary condition, but also its perturbation term has a so-called compact form
(see Section 2 for details) which is preserved under the KAM iterations. Such a compact form
significantly simplifies the KAM iteration. In particular, at each KAM step, the small divisor
conditions are similar to those in finite dimensional cases and we do not need to shrink the decay
weight which is usually necessary in infinite dimensional KAM problems in order to put the less
regular terms in the perturbation into the next KAM cycle and to preserve decay properties of the
coeflicient matrices of the homological equations. This is also the reason for obtaining Diophantine
tori in the present case, which does not seem to be known in most Hamiltonian PDEs previously
studied.

With similar partial Birkhoff normal form reductions, our method equally applies to the 1D
beam equation

Utt + Uggzr + U5 =0

with the periodic boundary condition to yield the existence of quasi-periodic solutions. But with
respect to finding quasi-periodic solutions it applies neither to the 1D nonlinear Schrodinger equa-
tions of higher order nonlinearities:

(1.9) Uy — Upe +mu + [u/*Pu=0,p>3

with either the Dirichlet or the periodic boundary condition, nor to the completely resonant wave
equation

(1.10) Ugt — Uz +u> =0

with either the Dirichlet or the periodic boundary condition. For (1.9), the failure of our method is
due to the unavailability of similar Birkhoff normal forms (see Section 2 for details). However, our
method works in finding periodic solutions of (1.9) for any p > 1 due to the availability of partial
Birkhoff normal forms in the case of N = 1 and the un-necessity of small divisor conditions for the
existence of periodic conditions. For (1.10), the failure of our method is due to the lack of super-
linear growth of eigenvalues because our method crucially depend on the spectral asymptotics g, ~
n?. We note that by avoiding Birkhoff normal form reductions, special quasi-periodic solutions

were discovered by Bambusi [1] for wave equations
Ut — Ugg +mu+u*P~H =0, p>2,

with the Dirichlet boundary condition, for typical m > 0. In general, it is certainly interesting to
know whether quasi-periodic solutions can exist for equations (1.9) with either the Dirichlet or the
periodic boundary condition if p > 3.

The rest of the paper is devoted to the proof of the main result. For simplicity, we only treat the
case N = 2. The general case can be treated similarly. Section 2 is a preliminary section in which
we define the weighted norms and compact forms and study their basic properties. In Section 3,
we derive a partial Birkhoff normal form of order six for the lattice Hamiltonian associated with
(1.7), (1.8) then transform it into a parameterized Hamiltonian normal form. In Sections 4, we
give details for one step of KAM iteration. Proof of the Theorem is completed in Section 5 by
showing an iteration lemma, convergence, and conducting measure estimate.

2. PRELIMINARY

2.1. Weighted norms. For a given p > 0, we let £” be the Banach space of bi-infinite, complex
valued sequences ¢ = ({¢n}), endowed with the weighted norm

lallo =" lgnle™”.
nez

Similarly, let £ be the Banach space of functions u(z) = >°, ., gndn(z) for ({g,}) € £7, endowed
with the norm |lul|, = ||g||,- Then £ and ¢ are isometric, and the product of two functions u(z) =
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ZnEZ Prndn(x), v(x) = ZnEZ qn¢n(z) in LP defines the convolution ¢ *p: (¢*p)n = >, Gn—mPm,
n € Z, in £, under which £” becomes a Banach algebra. In particular,

lla *pll, < llallplpll,p,

for any p,q € ¢°.

Let |- | denote the sup-norm of complex vectors. For given r, s > 0, we let D(r, s) be the complex
neighborhood

D(r,s) ={(0,1,2,2) : Tmf| < r,|I| < 52, 211, < szl < s}

of T? x {I =0} x {z =0} x {z=0} in T? x R? x £. Also let O be a bounded set in R2.

Let F(0,1,2,%) be a real analytic function on D(r,s) which depends on a parameter £ € O
Whitney smoothly (i.e., C! in the sense of Whitney). We expand F into the Taylor-Fourier series
with respect to 0,1, z, z:

F(,1,2,%) ZFagzz

where, for multi-indices @ = (--+ ,ap, ), 8 = ( s Bns ), Qn,Brn € N with finitely many
non-vanishing components,
Fag= > Frap(I'e?),
keZ?1eN2
We define the weighted norm of F' as
IFprsyo = sup > || Fagll12%]12°],

[[zllp<s
IZlp<s @0

where
OF; klaﬁ

1Fasll = [Friaslos® e, |Fuaslo = SUP(|Fklaﬁ| + |
k.l
In the above and for the rest of the paper, derivatives in ¢ € O are in the sense of Whitney.
For a vector-valued function G : D(r, s) x O — C™, m < o0, we simply define its weighed norm
by

-

Gl pers).0 = > IGillpers)0
i=1
For the Hamiltonian vector field
Xp = (F17 —Fy, {inn}7 {_iFZn})

associated with a function F on D(r,s) x O, we define its weighted norm by

1 1
HXFHD(T,S),O = HFI”D(T,S),O + S_2||F0||D(7‘,s),o + g(z Han ||D(7‘,s),©e‘n|p + Z ||F5n HD(T,S),oe‘nlp)'
n n

Let F, G be two real analytic functions on D(r, s) which depend on a parameter £ € O Whitney
smoothly.

Lemma 2.1.
||FG||D(T,5),(9 < ||F||D(7‘,s),0||G||D(7‘,s),(’)-

PTOOf. Since (FG)klaﬁ = Zk/ oG kak/ A=l a—a' ﬁfﬁ’Gk’l/a/B’; we have

IFGlpersy0 = sup Y [(FG)kiaplos™[z*(2°[e*"

I=llp<s
Izlp<s kbonB

< sup Z Z | Pt it a—ar 8- Grvar g |05 2| 221e™” < || F | ps).0 |Gl pers),0-

lzllp<s R TAPWAN-Y]
Izl p<s k,l,a,B KU, 3

O
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Lemma 2.2. (Cauchy inequalities)
1
HFGHD(’I"fU,S) < ;HF||D(T75)7

4
1Ftl per,1s) < S—2||F||D(r,s)a

and )
1 Fell D2 s) < ;HFHD(r,s)e‘nlpv
2 n
HFEnHD(T,%S) < _HF”D(T‘,S)S‘ Ip'
s
Proof. Tt follows from the standard Cauchy estimate. ]

Consider the Poisson bracket

oF 0G oF 0G oF 0G  O0F 0G
FG=(—,=—)—(—, =) +1i — ).
(16 =(Gr 5g) ~ o ar) 1 2\Gs 95, 95 0
Lemma 2.3. There exists a constant ¢ > 0 such that if
|XFllDes).0 <€ 1 Xcllpes.o <€’
for some £',¢"” > 0, then
||X{F,G}||D(r—0',ns)70 < 60_177_2‘5/5”7
forany0 <o <r and0<n<K1. In particular, if n ~ e3, ¢ " ~e, then 1 X(r.arllDir=oms),0 ~
€3,
Proof. See [14]. O
2.2. Compact form. Given ni,no € Z. A real analytic function
F=F(0,1,22) =Y Frape®™?22°
k,a,B
on D(r,s) is said to admit a compact form with respect to ny,ng if

Frap =0, whenever kini + kons + Z(Oén — Bn)n # 0,

where k = (k1,ko) € Z2, and, a = (- -+ ,ap, ), B=(-++,Bn, ), Qn, Bn € N, with finitely many
non-vanishing components. In the case that n; = ne = 0, we simply say that F' has a compact
form.

Let F has a compact form with respect to n1,n2. We consider the term Ff(lin)e“kv%nz,n in
the Taylor-Fourier expansion of F. It is clear that Fg(lin) =0, and even when k # 0, F 7]:(1in) =0

if [n| > 1 max{|n1|, |n2|}|k| (because kiny + kono + 2n # 0 in this case). Hence, for each k, there
are only finitely many coupled terms z,z_, in Fj = Za,a Frapz®ZP. A crucial idea in the proof
of our main Theorem is to show that compact forms will be preserved by KAM iterations. This
property, enabling the consideration of essentially finite small divisors in each KAM step, will play
an important role in the measure estimate later on.

Lemma 2.4. Given ni,ns € Z and consider two real analytic functions F(0,1,2,2),G(0,1,z,Z)
on D(r,s). If both F and G have compact forms with respect to ni,nsa, then so does {F,G}.

Proof. Let
F= Z Fklo‘lﬁl (I)ei<k119>zalgﬁlv
Ay

G = Z Ghzazps (I)ei<k2)9>za22627
Az
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where
Ai = ki, i, 8i) : kiana + kiana + Z(am — Bin)n = 0},
ki = (kit, ki2),
Q; = ({ain}nGZ)a

Bi = ({ﬂin}nel)v
for i = 1, 2 respectively. A straightforward calculation yields that

OFy, . .
{F7 G} _ Z Z k1 151 1k2>Gk2a262 (I)el<k1,9>20q 51 el(kg,e)zag P2
A1 Az
OG ka8, (1 . )
_ Z Z<ik1’ 162872[&()>Fk1a1ﬁ1 (])el(khe)ZOtl 761 p1(k2,0) a2 502
A1 As
+ Z Z Fklalﬁl Gk20t2ﬁ2 (I) <k170>ei<k270>Zaliemzﬁlz(hz[biem
m AlUA2
- IZ Z Fklalﬁl szazﬁz (I) <k170>6i<k270>2a1Eﬁliemz(hieméﬁb7
m AlUA2

where for each ¢ = 1,2, m € Z, e,, is the multi-index whose mth component is 1 and other
components are all 0,

A, = Ai(m) = {(ki, i, B) : kirna + kiana + (Qim — Bim)m + Z (i, — Bin)n = 0},

n€Z\{m}
ki = (ki ki2),
a; = ({tintnez\fmy);
Bi = ({Bintnez\{m})-
Since all terms above have compact forms with respect to ny,ns, so does {F, G}. O

All the above notions and properties on weighted norms and compact forms can be similarly
extended to the case (0,1) € TN x RN for any N > 2. In particular, compact forms can be
similarly defined with respect to any N integers ny,no,--- ,ny. We treated the case N = 2 only
because our main Theorem will be proved for an admissible 2-index.

3. NORMAL ForM

Using the Hamiltonian formulation, we re-write the equation (1.7) with the periodic boundary
condition (1.8) as the Hamiltonian system

.OH

U =1i—

t (911 )

where
2m 1 2T
H :/ [ug|? 4+ m|ul? dx + —/ lul® dx.
0 3 Jo
Note that the operator A = —0p,+m with the periodic boundary condition has an orthonormal

basis {¢n(2) = 1/ 5=€"*} and corresponding eigenvalues

un:nQ—i—m.

= Z qn(t)(bn(x)

ne”z

Let
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Then associated with the symplectic structure i) dg, A dGn, {qn}nez satisfies the Hamiltonian
equations

OH
Qn:i—,7 nEZ,

In
where
(3.1) H=A+G
with
A = Z /Ln|qn|27
nez
1 27
o = g/ S ul® da.
0 neZ
Lemma 3.1. The gradient G4 is a real analytic map from a neighborhood of the origin of £° into
0P, with
IGall, = OClldll})-

Proof. Let G = ({gTCi})7 where

oG /2” 4 -

e u| ug, dr

o7,/ Jul
for u=73" ) anon, ie., % = (Ju|*u),. Hence,

1Gall, = llul*ull, < lull} = llall5.
The analyticity of Gz follows from the regularity of its components and its local boundedness ([28],
Appendix A). O
Note that 1
G=< Z GijklaninQk@l‘jmdna

i,5,k,l,m,n

where )
Gijklmn = (bzd)]gbkd_)lqgmd_)n dzx.
0

We immediately have the following.

Lemma 3.2. G has a compact form, i.e.,
Gijkimn = 0 wheneveri+j+k—l—m—n#0.
Moreover,
1
472’

To transform the Hamiltonian (3.1) into a partial Birkhoff normal form, we fix {ni,n2} € J,
i.e., n1 —ng is odd, and consider the index sets Ay, x = 0,1,2, 3, as follows. For each * = 0,1,2, A,
is the set of indices (4, j, k, 1, m,n) which have exactly * components in {ni,ns}. As is the set of
the indices (4, j, k, [, m,n) which have at least three components not in {n1,ns}. We also consider
the resonance sets N = {(4, 4, k,4,j, k) } N Ao, M = {(4,4,k,%,7,k)} N As.

Lemma 3.3. Let (i,j, k,l,m,n) € (Ag \N)UA; U (A \ M). If
(3.2) i+j+k—1l—-m-n=0,
then

(3.3) fi + 15+ ps = = o — =50 4 2+ k2 =12 —m? —n? # 0.

Gijkijk =
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Proof. We assume without loss of generality that {4, j,k} N {l,m,n} = 0.

In the case that (i, 7, k,[,m,n) € Ag\ N, if (3.3) fails, theni =j =k =ny and [ = m = n = ny,
or vice versa. This is a contradiction to (3.2).

In the case that (i,7,k,l,m,n) € Ay, we have i = j = k = ny, l = m = n2 and n # ny,ng, or
vice versa. Without loss of generality, we assume that i = j = k = ni1, | = m = ny and n # n1, na.
Since

i+j+k—Il—m—n=3n; —2ns —n =0,
we have n = 3n; — 2ny. Consequently,
[i + g+ e — i — fim — pn = 307 — 203 — (3ng — 2n2)?
= —6n2 + 12n1n9 — 603 = —6(n1 — ng)? # 0.

In the case that (i,7,k,l,m,n) € Ag \ M, we either have a) i = j = k = n1, | = ng, and
m,n #ny,ne; or b)i=j=ny,l =m=neo, and k,n # ni,ns.
In the case a), since

i+j+k—l—-—m-n=3n—ny—m—n=020,

we have n = 3n; — ne — m. Consequently,

[ + g+ ke = = e — B = 30f —n3 —m® — (3ng —ny —m)®
= —Gn% — 2n§ + 6n1ng + 6n1m — 2nam — 2m?
= —2(m-— 371127_712)2 - g(nl —ng)? #£0.
In the case b), since
it+j+k—l—m—-m=2n —2no+k—n=20,
we have n = 2n; — 2ny + k. Consequently,
Wi+ — = i — fin = 203 —2n3 + k* — (2ng — 2ng + k)?
= —Qn% — 6n§ —4n1k + 8ning + 4nok
= 4k(ng —n1) —2(3nz — n1)(ne — n1)
2(n2 — n1)(2k — (3ng —ny)) # 0,
as 3no — nq is odd. O

Using these index sets, it is clear that GG has the following decomposition
G=G"+G'+G*+ @,

where .
G* = 3 Z Gijklmn i 05 Ok Q1 Gmn x=0,1,2,
it+j+k—l—m—n=0,
(i,4,k,l,m,n)EA
and .
G= § Z Gijklmnqiqjq}’f(jl(jm(jn-

i+j+k—l—m—n=0,
(4,3,k,1,m,n)EA3

Proposition 3.1. Given {ni,n2} € J, there exists a real analytic, symplectic change of coor-
dinates T in a neighborhood of the origin of ¢ which transforms the Hamiltonian (3.1) into the
partial Birkhoff normal form

(3.4) HoT=A+G+G+K



QUASI-PERIODIC SOLUTIONS IN A NONLINEAR SCHRODINGER EQUATION 11

such that the corresponding Hamiltonian vector fields Xa, Xn and Xy are real analytic in a
neighborhood of the origin in P, where

_ 1 9
G = 12W2(|Qn1|6+|qn2|6)+ 127T2(|qn1|4|qn2|2+|qn2|4|qnl|2)
9
+ 1272 Z (|qn1 |4 + |qn2|4 + 4|qn1|2|qn2|2)|qn|27
n#ni,na
N 1
G = g Z Gijklmn‘]i‘]jqkql(?m(ina

i+j+k—l—m—n=0,
(i.4.k,Lm,n)EAZ

K| = O(lall,")-
Moreover, K(q,q) has a compact form.

Proof. We want to construct the symplectic transformation I' as the time-1 map of the Hamiltonian
flow %, associated with a Hamiltonian

1 o
F=32 Y Fijkmn0i0@idndn

,4,k,l,m,n

which eliminates all terms in G°, G*, G? that are not of the form |g;|?|¢;|?|qx|?. To do so, let

Gijkimn S .
e k=m0 = 0,6 kL) € A\,
ijklmn S _ .
i = ui+uj+5;fm*#m*#n i+j+k—1l-m-n=0,(,7k!lmmn)e A,
ijklmn i+j+k—1l—-m—-—n=0,0G74k,mmn)€ Ay \ M,

Hit g+ e — 0l — m — Hn
otherwise.
It follows from Lemma 3.3 that F' is well defined.
To show the analyticity of the transformation, we note that there exists a constant ¢ > 0 such
that for each n € Z
OF =
o=l < e > laillasllanlial|an]
On,

i+j+k—l—-m=n
c(lql = |ql = [al * |a] = |q|)n,

where [q| = ({]g;[})-
Hence

1Fall, < clllal = lql * lal = Ig] * |alll,, < cllqll}-
The analyticity of F; then follows from that of each of its component and its local boundedness
(see [28], Appendix A).
Let I' = ®}.. Then
HoT=A+G+G+K,
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where

Q
Il

(G°+ G +G? +{A, F)})

1
= (g0, 1° + lan.|°) + (g | *ana |* + lanal *an, [*)

9
1272 1272
9

+ 1272 Z (|(In1|4+|Qn2|4+4|Qn1|2|Qn2|2)|Qn|2,

12 n#ny,no

. 1 o
G = 3 E Gijklmn 495 W QImGn
i+j+k—l—m—n=0,
(i,4,k,l,m,n)EAZ

K = {G,F}+%{{A,F},F}+%{{G,F},F}

+...+%{...{A’F}...7F}+%{...{G’F}...7F}+...

It is clear that [K| = O(]|q||,°). To show that K has a compact form, we note that since G has
a compact form, so does F. Hence by Lemma 2.4, {G, F'} has a compact form. Note that A is
already in a compact form. Repeated applications of Lemma 2.4 show that all terms in K have
compact forms, so does K. O

Remark 3.1. 1) The above partial Birkhoff normal form reduction does not hold if the Tth order
nonlinearity |u|Su is considered, simply because Lemma 3.3 is not valid. To see this, let i = j =
k=nm,m=n=p=mno,l=2n,—n1,¢q=2n1 —no. Thent+j+k+l—-—m-n—p—q=20
and (i,7,k,l,m,n,p,q) € Az \ M. But we also have i*> + j2 + k*> + 1> —m? —n? — p?> — ¢> = 0.
Thus when transforming the Hamiltonian associated with the Tth order nonlinearity into a partial
Birkhoff normal form, many non-integrable terms have to be included into the normal form. This
makes the normal form very complicated.

2) If we look for periodic solutions for a nonlinear Schrédinger equation of form (1.9) with a
higher order nonlinearity, then a normal form reduction similar to the above can be carried out
regardless the order of the nonlinearity. Therefore, it seems that there are essential difference
between finding quasi-periodic solutions and periodic ones in problem of this nature.

3) As we will show later, the compact form of K leads to a compact form of the perturbation
at each KAM step, in particular, no term of the form |qn, | - |qn,|*qnG—n will be involved in the
perturbation at each KAM step. This property enables us to actually consider a finite small divisor
problem at each KAM step, hence to make the measure estimate work.

Next, we introduce action-angle-normal variables and parameters to the partial Birkhoff normal
form (3.4). Let £ = (&1,&) € R2 be a parameter and (I,6) € R? x T? be the standard action-angle
variables in the (¢n,, Gny s Gny , Gny )-spPace around &. Then

Also let z,, = ¢y, for n # nq,ne. Then the partial Birkhoff normal form (3.4) becomes

E[ = <‘D<£)ﬂl> +ZQn(5)2n2n+P(97I7Z757£)>

where @(§) = (@1(§),@w2(§)) with

- 3 2 .
@i(€) = ni +m+ H(fl +6&)% - mﬁf, i=1,2,
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and
Q€)= nPom (6 &) - -2 ntnn

" 472 42>t 42t b

K +O(IP) + O([E[|11?) + O[Tl =112) + O *]|2]1%)

O(lélz112113) + O(ell1=115)

with the variables ¢y, , gn, in K expressed in terms of I, 6.

e
|

Consider the Taylor-Fourier expansion of P:
]5 = Z Pkag(1)6i<k’9>za2ﬁ.
k,a,3
It follows from the compact forms of G and K that P has a compact form with respect to ni,no,
ie.,
P;mg(l) =0, whenever kini+ kono + Z (o, — Br)n # 0.
ne€Z\{ni,na}

This particularly implies that P contains no terms of the form z,z_,. As to be seen below, such
a compact form of the perturbation will be preserved under the KAM iteration.

Now, let ¢ > 0 be sufficiently small. By considering the re-scalings: ¢; — 52\/Zj, j =12,
2z — €2z, and I — ¢*I, we obtain the rescaled Hamiltonian

H(I,0,2z,2z,¢) = E_Sﬁ(54l,97522,522,52 51,62\/4_“2)
(3.5) = W, D+ Y (i +eP*(1,0,2,5,¢ ),
where w*(§) = (wi(§),w3(§)) with
WO = et s (VE VB - b

O = )+ s (VE VB - e

and

6 3 3
* . —4/ 2 2
Q.8 = e+ m)+ (V& + V&) — 58 — 158,
P* = e TP(e*],0,e%2,6%%,e2\/€1,e2\/6).
Note that the nonlinear Schrédinger equation (1.7) has another conserved quantity f027r |u|>dw =
Yonlanl? =0, ie.,
an * + a2+ D laal? =0

n€Z\{ni,n2}
The above re-scalings yields that

5‘2]1—|—\/§1—|-E2IQ+ §2+€2 Z |Zn|2 :5,

n€Z\{ni,n2}

Va+Vea=0-S20i+hL+ Y |mf)=0+0@).

n€Z\{ni,n2}

Let w(§) = (w1(8),wa(£)), (&) = Qn(§), n # 11, n2, where

i.e.,

_ 3 2
wi) = e *ni+m)+ W(S? - Hglv

_ 3 2
wa(§) = e *(n3+m)+ H(;z - ﬁfm

6 3 3
a2 2
Q(§) = e (n +m)+m5 - m& - Hg% n # ni,ny.
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We can rewrite (3.5) as

(3.6) H(I,0,2,%8) = (&), 1)+ > Q(&)znzn + P(1,0,2,2,,2),
where
. 3
P o= eP =L+ I+ S WP+ L+2 ) )
n€Z\{n1,n2} n€Z\{ni,n2}
3
S G PR W D LS PR S W ]
n€Z\{ni,n2} n€Z\{n1,n2}

Let O be a neighborhood of the origin in Ri, v = s, and 7 > 4 be fixed. We consider the set
Oy consisting of all £ € O such that

|(k,w(€))| > |/Z|~ k#0,

[(k,w(E)) + R ()] > |,j|f,

[(hs0(9) + 20 () + ()] 2 5 ”Yl
[k, w(€)) + 2 (6) — Q)] > ﬁ k40, [n—m| = |[king + kano|.
Proposition 3.2. meas(O \ Op) = O(y).

k 7é 0, |n| = |k1n1 =+ k2n2|,

5 k 7§ 0, |n+m| = |]€17’Ll + k2n2|,

o

Proof. We first consider the following non-resonance conditions:
(k,w(@)) #0,  k#0,
(k,w(§)) +Qn(§) #0,  Vke€LZ,
(k,w(&€)) + (&) + Qm(§) #0, Vk € Z,
(k,w(&)) + Qn(§) —Qm(§) #0,  VEEZ, |[n|#|m]|.
Rewrite w(§), (&) = ({2n(&) ez (n1,na}) 38

w(§) = a+Ag
Q¢ = B+ B

where o = (e 4, + 47%52,5_4/%12 + 47?;—262), B = (e, + %62),17&"17"2,

2
—2. 0
A = 472 ,
< 0 _472r2>

3 __3
472 472

B — ( S ) .
’ ’ n#Eni,ne

Since det(A) = ;i # 0, we have that (k,w(£)) # 0 for k # 0.

To show the validity of the remaining three non-resonance conditions, we need to check that
forall k € Z and 1 < |I| <2, {a, k) + (3,1) and Ak + BTl do not vanish simultaneously. Suppose
Ak + BTl = 0 for some k € Z and 1 < [I]| < 2. We let d be the sum of at most two non-zero
components of [. Then

Q

2 3
_—i_—d:Oa b:1727
42 472 !
ie.,
3
hi=—3d i=12

which have the following integer solutions:
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(1) d=0,k =ky=0;
(i4) d=+2k =k =
In the case (z) k = 0, [ has one “1” and one “—17, but then (a, k) + (3,1) = e *(n — pm) =
~4(n? —m?) # 0. In the case (ii), F150° + 1502 # 0, hence (o, k) + (3,1) # 0. Similarly, if
<a, k) 4+ (B,1) = 0 for some k € Z and 1 < |I| < 2, then one can show that Ak + BTl # 0.
The validity of all these non-resonance conditions implies that these functions are nontrivial

affine functions of £ € O. The desired measure estimate of meas(O \ Op) then follows from the
same argument as that in Section 5. (|

4. KAM STEP

In what follows, we will perform KAM iterations to (3.6) which involves infinite many successive
steps, called KAM steps, of iterations, to eliminate lower order 6-dependent terms in P. Each KAM
step will make the perturbation smaller than the previous one at a cost of excluding a small measure
set of parameters. At the end, the KAM iterations will be convergent and the measure of the total
excluding set will remain to be small.

To begin with the KAM iteration, we fix 7, s,p > 0 and restrict the Hamiltonian (3.6) to the
domain D(r, s) and restrict the parameter to the set Op. Initially, we set eg = 0, wp = w, Q0 = Q,,,
Po=P,r9g=r,8 =Ss8,v =1, and

Ny —€0+ wo (€ +ZQO Znénu

Hoy = Ny + F,.

Hence, Hy is real analytic on D(rg, sg) and also depend on ¢ € Oy Whitney smoothly. It is clear
that there is a constant ¢y > 0 such that

| X Py || D(ro,s0),00 < COE = €0-
We recall that

(ks wo()] = i@, k#0

on = d¢. [Rwo@) + DO = gz, k#0, nl = [kiny + kanyl

b=4E [(k,wo(§)) + (&) + (&) = =, k#0, [n+m| = |king + kana| [
[(k,w0(€)) + Q06 = (O] = B, k#0, [n—m| = [kiny + kana|

and, Py = Zk,a,ﬁ P,SO[B(I)eW’C 9)22%8 has a compact form with respect to ni, ng, i.e.,

P,?aﬁ =0, whenever kinq + kono + Z (atp — Bn)n # 0.
n€Z\{n1,nz2}
Suppose that after a vth KAM step, we arrive at a Hamiltonian
H=H,=N+P(0,1,z,2%),

N =N, =e(€) + @), 1) + Y Qn(€)znzn,

which is real analytic in (0,1,2,2) € D = D, = D(r,s) for some r = r, < rg,s = s, < sg, and
depends on £ € O = O, C Oy Whitney smoothly, where

(k€] = ek #0
o J¢. BC@) +20] > g kA0l = [fam £ hana
(k. w(©) + 2u() + Qal©)] = Fer kA0, |ntm| = ki + kno (7
(k. 0(©) + 2u(€) ~ (O] = des kA0, |n—m| = [k + kano]

for some v =, < 9. We also assume that

I Xplp,o <ce,
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for some 0 < ¢ = ¢, < €9, and that P = ), aﬁPmﬁ(I)e“k’e)zaEﬁ has a compact form with
respect to ni,ne, i.e.,

Piop =0, whenever kini + kong + Z (an, — Bn)n #£ 0.
n€Z\{ni,n2}

We will construct a symplectic transformation ® = ®,,, which, in smaller frequency and phase
domains, carries the above Hamiltonian into the next KAM cycle. Thereafter, quantities (domains,
normal form, perturbation, etc.) in the next KAM cycle will be simply indexed by + (= v+ 1).
Also, all constants ¢; — ¢5 below are positive and independent of the iteration process.

4.1. Truncation. We expand P into the Fourier-Taylor series

P = Z Pklaﬁ€i<k’9> IlZaZB,
ka8
where k € Z2,1 e N2 and o = (g, ,am, -+ ), 3= (81, , Bny -+ ), On, B € N, are multi-indices
with finitely many non-vanishing components. We denote by 0 the multi-index whose components
are all zeros and by e, the multi-index whose nth component is 1 and other components are all

Z€ros.
Let R be the following truncation of P:

R(0,1,2,2) = Z Priooel*? 1!
k,|1<1
+ Z(R’flozn + PRz )elth0)
k,n
+ Z (PF205 o + P*U o 7, 4+ PRO27 2,)el(R0)
k,n,m

where P10 = Py.5 with a = e,, 3 = 0; P! = Priap with a = 0,8 = ey; P20 — P15 with
a=ep+en,=0; Pl = Priap with o = ey, 8 = ey PkO2 — Pyiap with o =0,8 =€, + en.
Since P has a compact form with respect to ni, ne,

Prioo =0, if king + kang # 0,
P,’fw:(), if k1n1+1€2n2—|—n§£0,
ij(n = 07 if klnl + kgng —n 7§ 0,
P1]f727?:0, ifklnl—l—kgng—kn—l—m#(),
P,If}nl:(L if kyng + kong+n—m #0,
Pﬁ%ZQ if kyny 4+ kong —mn —m # 0.

In particular PFLl = 0 if |k| = 0 and n # m.
By definition of the weighted-norms, we clearly have

”XRHD(KS)U < ||XPHD(T,S),O <e.
Let n = e3. It follows from Cauchy estimate that
HX(P*R)HD(T,US) < cime.

4.2. The homological equation. Let 7, = 5 + 72. We now look for a real analytic function F,
defined in the smaller domain D(r,s) such that the time-1 map ® = ®% : D(ry,s) — D of the
Hamiltonian flow ®% associated with F' transforms H into the Hamiltonian H in the next KAM
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cycle. Let F' have the form

F(G,I,Z,Z) = F0+F1—|—F2
= Y R0 I3 (B0, + Bz, )l
k£0,]1|<1 kn
_|_ Z (FMOZan _|_ Fk02znzm> i<k,9> + Z nyznzmeKk,e)
k,n,m [k|+[In|—[m]|#0
which satisfies
Frioo = 0, if king + kana # 0,
Fklo =0, if kyny + kong +n #0,
Fk01 =0, if kyny + kong —n #0,
}71€2(‘)—07 ifk1n1+k2n2+n+m;£0,
Fkll_(), ifk1n1+k2n2+n—m7£0,
FkOQ—O, ifklnl—l—kgng—n—m;é(),
and the homological equation
(4.1) {N,F}+ R — Poooo — (&', I) Z PO 2nz, =0,
where ap
w'= 81d9|zzOIO

By comparing coefficients, it is easy to see that the homological equation (4.1) is equivalent to
(k, w>szoo =1iPgoo, k#0, || <1,
((k,w) = Qn)EN'0 = 1P,

((k,
(
(

> )Fk01 7.Pk01
g
(k,w) — Q + Q) EEL = iPFL (k| + [|n| — |m]| #0,

((kyw) +Qp + Qm)Fr]fgf = 1P7]f7(7)’L2'

Hence the homological equation (4.1) is uniquely solvable on O to yield the function F which
is real analytic in (6,1, z, Z) and Whitney smooth in w € O.

The following two lemmas follow from standard arguments using Cauchy estimate. We refer the
readers to [9, 14, 19, 27] for details.

Lemma 4.1. Let D; = D(ry + 4(r —ry), %s), 0 < i < 4. Then there is a constant c; > 0 such
that
IXFllDy0 < v 2(r —14) "+
Lemma 4.2. Let Dy, = D(ry + 3(r —ry),4ns), 0 <i < 4. If
A.200 24273
Cl) e <(Z7(r—ry) )z,
then
(I)% . Dgn — D3U7 |t| S 17

and moreover,
|D®% = I|[py,, < cay™2(r =)~ BF0e,

Now let ® = @, sy = £ns, Dy = D(ry,s;), and
N+ = N+P0000+<wl,I>+ZPg}len2n,

Py

/1(1 — O){{N, F}, F}o ®Ldt + /I{R, F}o®Ldt + (P — R)o®L.
0 0
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Then @ : Dy x O — D, and, by the second order Taylor formula,

Hy = Ho®=(N+R)o®p+(P-—R)o®p=N+{N,F}+R

1 1
+ /(1—t){{N,F},F}o<I>}dt+/ {R,F}o®hdt+ (P —R)o 03,
0

= N++P++{NF}+R Poooo—w I va%lznzn

= Ny+P,.

4.3. The new Hamiltonian. Below, we show that the new Hamiltonian H enjoys similar prop-
erties as H.

Due to the compact form of P with respect to ni,ns, 2z, and z_,, are not coupled in P for any
n. This leads to the following simple new normal form

N+ = N + POOOO + (w’ I + ZPOllzngn

et + (wy, I —i—ZQ ZnZn,

where
e+ = e+ Poooo, wi = w + ({Powo}j=1), U = + P
By the assumptions on P, we have that there is a constant ¢4 > 0 such that
lwy —wlo < cag, U — Qo < cae.
Let v4 = 2 + 2 and K > 0 be such that
C2) cye K™ <y — .
We have that
T+
[k, wi)l = [k, w)| = [k, ({Powo }jy=1))| = |k|T — caelk| 2 o=

[(k,wi) + Q8] > [(k,w) + Q| — [(k, {Powo}jy=1)) + Pan'| > [n| = [kin1 + kanal,

|/€|T
for all 0 < |k| < K. Similarly,

(kywy) +QF +QF | > “Z—T 0 < |k| < K, [n+m| = |kiny + kona|
(kwi) +QF —Qf| > IIZ_|+ 0 < |k| < K, [n—m| = |kiny + kona).

This means that in the next KAM step, small divisor conditions are automatically satisfied for
|k] < K. Let

(s ()] > 2, kA0
or 2 e, Mewrl@)+0O1> e kA0, Inl = o + b
[k, wi(§)) + Q5 (&) + Q&) > |Z|t, k#0, |n+m|=|kini + kano|
(koo (€) + 95 — O (O] > o, k20, |n—m| = i + kaml
Then
0 =0\( U Rﬁ(w)%
|k|>K
where,
(k)] < e, on
(k,wi) + Q| < =, |n| = |kin1 + kang|, or
Ri()=1£€0: |(k,wy) +Q;F +Q|i|| < k|” In +m| = |kiny + kons|, or
[(k,we) + Q5 —Qf | < In —m| = |king + kang|

|k|7’7
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We rewrite Py as
1
P, = / (R(t), F} o ®lydt + (P — R) o B},
0
where R(t) = (1 —t)(N4+ — N) + tR. Hence

1
Xp, = / (%) X (R, rydt + (Pp)* X(p—r).
0

By Lemma 4.2, if
C3) c3y 2(r—ry )~ <1,
then
ID®%lp,, <1+ [|DP% — Id|p,, <2, [t <1.
It follows from Lemma 2.3 that

I X (rt), 7y | Doy < €577 2(r — 13) " BT2) 722

and
1 X(p—r)ll D2y < came.
Let co = max{cy, - ,c5} and e4 = 2co7 2(r — r4)~3T27)e3 . We then have
1Xp, Dy 0, < eme+esy 2 (r—ry) G262 <y
Lemma 4.3. Py has a compact form with respect to ni,na.
Proof. Note that
1 1

++%{{N7F}7F}+%{{P’F}7F}+

n n

19

Since P has a compact form with respect to ny,ns2, so do P — R and {N, F} = Py + (W', I) +

>, POz, z, — R. The lemma then follows from Lemma 2.4.

This completes one step of KAM iterations.

5. ITERATION LEMMA AND CONVERGENCE

For any given sg, rg, €9, Y0, we define, for all v > 1, the following sequences

v+1
ry, =ro(l — Z 274,
1=2
4
ey = 2c07, 21 (ry—1 —1,) "Bl
v+1
w="0(l-) 277,
=2
1
N = 537
1 v—1
_ 1
Sy = gnuflsufl =2 3D(i11) Ei)350;

1

Ky = (cge; (v — 1)) 7,
D, =D(r,,s.),

1 1
D, = D(Terl + Z("’u - 7’1/+1), 1771/51/)7

O
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hywdl = s, kA0
0, ={¢: |<k7wu>+ﬂu|>‘k‘7'7 k#£0, |n| = |kin1 + kana|
v Ckw,) QLY > |k|” k#0, In+m|=|kini + kons|
[(k,w,) + QY — QY | > |le, k#0, In—m|=|kini + kana|

5.1. Iteration lemma. The preceding analysis may be summarized as follows.
Lemma 5.1. The following holds if €g is sufficiently small. Suppose for anyv >0, H, = N, + P,
is given on D, x O, which is real analytic in (0,1,2,z) € D, and Whitney smooth in & € O,,

where
Ny, = e, + (wu(§),I) + Z 0 (&) znZn,

P, has a compact form with respect to ny,no, and
||XPV||D(TU7SU))OU S eu

Then there is a symplectic transformation
<I)l,:l~),,><(91,—>D,,,

which is real analytic in (0,1,2,2Z) € D, and Whitney smooth in & € O,, such that H,44 =
H,0®, = N,i1+4+ P,41 is defined on D,41 X O,41 and enjoys similar properties as H,, i.e., N,41
has the form

Nu+1 = €41 + <WV+17 I> + Z Q7U1+1Zn2n

with
1
|Wv+1 - WV|O,, < Cocv, |QZ+ - QZ,|OV < Cocv,
P, 11 has a compact form with respect to ni,ns, and

1XP, 1 1Dy i1,5011),00 11 < Evti
Moreover,
OU-‘rl =0, \ ( U RZ+1(’7U+1))7
|k|> K
where,

k,wyi1)| < T,‘;ltl, or
+ Q) < T Inl = |kina + kona| or

)
)

kywyr1) + QU 4+ QU < 2L n 4+ m| = |kyng + kang| or
)+

|k|7’ )

+ O+ QU < 3 In—m| = [king + kool

I

Ry ng1) = £€0,: :2

(

Proof. Tt is sufficient to verify the conditions C1)-C3) for all v = 0,1,---. The condition C2) is
automatically satisfied by the choice of K,. The condition C3) easily follows from the condition

C1). To verify the condition C1), we first choose

LT PRI P IRICRE T
—)3 3(—
EO<(CO) (\I/(T())) (4) s
where .
U(ro) = [[l(rims — i)~ @+20)&
i=1
is easily seen to be well-defined. Then
; Ly To\8er2m 1.3 To 3(2+2T)
8 . o < 1 o
€o <(CO)2(4) 8 _(02)2(4)
Hence 1 1
T 5 )
go < Eo (CQ( £)2+27—)§ — (5’73(7”0 _ 761)24r27-)§7
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i.e., C1) holds for v = 0. Now, for any v > 1, we have by induction that

_ _ - 4 _ 4\v—1
200%_21(7“,,_1 —-r) (342 )53_1 < (2007V_21\If(r0)50)(§)

Ey =
V- 3y
< (20070*2\1,(740)50)(%) 1 < 20078‘1’(70)53)(%) 1
_3 T E v 1
< (2 278(10)%(2”7))(%) 1 = (573(7"1/ - Tu+1)2+27)%7
i.e.,, C1) holds. -
5.2. Convergence. Let ¥¥ = &godjo0---0®, 1, v = 1,2,---. Inductively, we have that

U’ : D, x O, — Dy and
HyoW”=H,=N,+ P,
for all v > 1.
Let O = N> ,O,. We apply Lemma 5.1 and standard arguments (e.g. [9, 26]) to conclude that
H,,e,,N,,P,, U DU" w,, 2 converge uniformly on D(%ro, 0)x O, say t0, Hao, €o0s Noo, Poo, U™,
DY we, Q0° respectively. It is clear that

Noo = oo + {(Woo, I) + ZQZOZnEn

Since , )
= 4\v—
£, = 2c07, 2 (ry_1 — ru)7(3+27)53_1 < (2007(;2\11(r0)50)(§) ,
we have by Lemma 5.1 that
XPoo|D(%ro,O)><(5 =0.
Let ¢%; denote the flow of any Hamiltonian vector field X . Since Hy o U” = H,,, we have that
b o WY = 0¥ o gl .
The uniform convergence of ¥, D¥” Xy, imply that one can pass the limit in the above to
conclude that
’}{0 oy :\IIOOO(b’}{oo
on D(%79,0) x O. Tt follows that
1o (T(T? x {€})) = T=¢ly_ (T? x {£}) = T(T* x {¢})
for all ¢ € O. Hence \IIOO(:[F2 x {£}) is an embedded invariant torus of the original perturbed
Hamiltonian system at & € O. We remark that the frequencies wq, (€) associated with W (T? x {¢})

are slightly deformed from the unperturbed ones w(£). The normal behaviors of the invariant tori
U (T? x {¢}) are governed by their respective normal frequencies Q% (€).

5.3. Measure Estimate. For each k € Z \ {0}, denote
v Tv
RiH = {6 € O s [(hwna () < 2}

k|7
RZ:I ={£€0,: [(k,wys1(€)) + Q| < WVI;F’ In| = |kin1 + kanal},
Rt = (€€ Ou £ (b (©) + 41 + 1) < Tk n | = [fam + homal),
Ritm = (€ € Ou £ (b, v (€) + 41 = Q) < Tk, In = ml = ams + homa)
Then R
Ry () = REP U U RE U R U RS-
Let

Ry+1 = U RZ-’_l (’}/UJrl).
|k|>K,
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Then ~
0o\ O =R

v>0
Lemma 5.2. There is a constant C1 > 0 such that

Y41
meas(RZH URZ:l U RZ:{;) <Cy s

for all |k| > K,, n, and m.
Proof. Let |- | denote the /!-norm. By Lemma 5.1 and the definitions of wg, {2}, we have that

O((k, wy11(8)) + LA + AT 1
| | = 51K,
9¢
as g9 < 1, for all |k| > K,,, n, m, and l;,lo = 0, £1. The lemma then follows from the standard
measure estimate using Fubini’s Theorem (see e.g. [19, 23, 27]). |

Lemma 5.3. R
meas(Op \ O) = meas( | ] R"1) = O(v).
v>0

Proof. By Lemma 5.2, we immediately have that meas(U ;> x, R <Oy ik K, IIZ% for some
constant Cy > 0.

Now, for each l1,lo = 0, %1, |k| > K,, n, and m, with |l1|+|l2] # 0 and |lyn+lom| = [kini+kans|,
we consider

Rin ' =€ € Ou [ wnsa(O) + WU + B < T2

First, consider the cases that |n| # |m|. It is easy to see from the definitions of w41, Q) K,

that there is a constant C's > 0 such that Rgﬁlﬁl’uﬂ = () if max{|n|, |m|} > Cs|k|. By Lemma 5.2,
there exists a constant C4 > 0 such that

meas( U R?ﬁ%’yﬂ)
|k|> Ky, [n|#|ml,l1,l2
. v+1 v+1 ~v+1
- meas( U (Rkn U Rknm U Rknm))
|k|>Ky

[n|#[ml|;|n|,|m|<C3lk]|

Yo
< G

|k[> K,

Next, consider the cases that |n| = |m|. If lyn + lam = 0, then either a) I} =y = £1, n = —m;
or b) Iy = —ls = +1, n = m. In the case a), there is a constant C5 > 0 such that Rgﬁlﬁl’uﬂ =0 if
|n| = |m| > Cs|k|. By Lemma 5.2, there exists a constant Cs > 0 such that

meas( U R;lﬁl,fl’yﬂ) < meas( U RYTLY < Cg Z |FYFT.
k|> Ky n=—m,li=la=+1 [k|> K., |n|=|m|<Cs|k| k> K,
In the case b), we have [; Q4! + 1,04+ = 0, hence RY2V T = RYFL Tt follows that
l1,la,v+1 Yo
meas( U Ry2 ™) = meas( U R = O( Z W)

|k|>K, ,n=m,l1=—ly==*1 |k|>K, |k|>K,
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If [yn + lym # 0, then it follows from the identity |[lyn + lym| = |kyny + kana| that RIE2V T =
if |n| = |m| > max{|n1], |n2|}|k|. Hence by Lemma 5.2, there exists a constant C7 > 0 such that

1,1 1
meas( U Rttt
[E|>Ky,|n|=|m|
l1n+lgm#0,l1,l2
v+1 v+1 Hr+1
< meas( U Rkn URknm Rknm)
[k|> Ky
[n|=|m|<max{|ni],[n2|}|k|

< Cy E: T%%-

|k|>K,

Note that 7 > 4 and

We

Rt = U REHU U R

|k|>K, [k|>Ky,|lintlgm|=]kini+kang|
U1,12=0,%1,[11 |+[l2]#0

have by the above analysis that
meas(Op \ O) = meas( U R = O(Z ﬂ) = O(y)-

K,
v>0 v>0

O

Finally, since O\ O = (O \ Og) J(Op \ O), we have by Proposition 3.2 and Lemma 5.3 that
meas(O \ O) = O(~p). This completes the measure estimate.
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