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Abstract
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1 Introduction and preliminary facts
Let Ty, Ty, T3, and T4 be the operators generated in L, [0, 1] by the differential expression

Iy) ="+ qx)y 1)

and the following boundary conditions:

J’() + ,3)’1 =0, Yo—y1=0, 2)

Yo+ By =0,  yo+y1=0, 3)

Y%-%=0,  yo+ayn=0 (4)
and

Yo+, =0, Yo +ay; =0, (5)

respectively, where g(x) is a complex-valued summable function on [0,1], 8 # +1 and « #
+1.

In conditions (2), (3), (4), and (5)if 8 =1, 8 = -1, @ = 1, and & = —1, respectively, then any
A € C is an eigenvalue of infinite multiplicity. In (2) and (4) if 8 = -1 and & = -1 then they
are periodic boundary conditions; in (3) and (5) if 8 = 1 and & = 1 then they are antiperiodic
boundary conditions.

These boundary conditions are regular but not strongly regular. Note that, if the bound-
ary conditions are strongly regular, then the root functions form a Riesz basis (this result
was proved independently in [1, 2] and [3]). In the case when an operator is associated
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with the regular but not strongly regular boundary conditions, the root functions gen-
erally do not form even a usual basis. However, Shkalikov [4, 5] proved that they can be
combined in pairs, so that the corresponding 2-dimensional subspaces form a Riesz basis
of subspaces.

In the regular but not strongly regular boundary conditions, periodic and antiperiodic
boundary conditions are the ones more commonly studied. Therefore, let us briefly de-
scribe some historical developments related to the Riesz basis property of the root func-
tions of the periodic and antiperiodic boundary value problems. First results were ob-
tained by Kerimov and Mamedov [6]. They established that, if

qeC0,1],  q(1) #4(0),

then the root functions of the operator L(g) form a Riesz basis in L, [0,1], where L(g) de-
notes the operator generated by (1) and the periodic boundary conditions.

The first result in terms of the Fourier coefficients of the potential g was obtained by
Dernek and Veliev [7]. They proved that if the conditions

In|n|

lim 0, (6)
n—00 nq2n
9on ™~ q-2n (7)

hold, then the root functions of L(g) form a Riesz basis in L,[0,1], where g, =: (g, &>™"*)
is the Fourier coefficient of g and everywhere, without loss of generality, it is assumed
that go = 0. Here (-,-) denotes the inner product in L,[0,1] and a,, ~ b, means that a,, =
O(b,) and b, = O(a,) as n — oo. Makin [8] improved this result. Using another method he
proved that the assertion on the Riesz basis property remains valid if condition (7) holds,
but condition (6) is replaced by a less restrictive one: g € W;[0,1],

a%0)=4%P1), Vk=0,1,...,s-1

holds and |g,,| > cn™>"! with some ¢ > 0 for sufficiently large #, where s is a nonnegative
integer. Besides, some conditions which imply the absence of the Riesz basis property were
presented in [8]. Shkalilov and Veliev obtained in [9] more general results, which cover all
results discussed above.

The other interesting results as regards periodic and antiperiodic boundary conditions
were obtained in [10-19].

The basis properties of other some operators with regular but not strongly regular
boundary conditions are studied in [20-23]. It was proved in [22] that the system of the

root functions of the operator generated by (1) and the boundary conditions

¥ (1) = (-1)7y/(0) + y¥(0) = 0,

y(1) = (=1)?x(0)=0

forms an unconditional basis of the space L,[0,1], where g(x) is an arbitrary complex-
valued function from the class L;[0, 1], y is an arbitrary nonzero complex number and o =
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0,1. Kerimov and Kaya [20, 21] investigated the basis properties of fourth order differential
operators with some regular boundary conditions.
In this paper we prove that if
In|n
tim 2, (8)

n—>00 H1Sy,,

where si = (g, sin 2 kx), then the large eigenvalues of the operators T; and T3 are simple.
Moreover, if there exists a sequence {r;} such that (8) holds when # is replaced by n, then
the root functions of these operators do not form a Riesz basis.

Similarly, if

. Injn|
lim =
n—00 1S3p4+1

0, ©)

then the large eigenvalues of the operators T, and T, are simple and if there exists a se-
quence {n;} such that (9) holds when # is replaced by ny, then the root functions of these
operators do not form a Riesz basis.

Moreover, we obtain asymptotic formulas of arbitrary precision for the eigenvalues and

eigenfunctions of the operators T3, T, T3, and Tj.

2 Main results

We will focus only on the operator T;. The investigations of the operators T,, T3, and T,
are similar. It is well known that (see (47a) and (47b) on page 65 of [24]) the eigenvalues
of the operators 71(g) consist of the sequences {X,1}, {A,2} satisfying

Anj= (2nr)? + O(nl/z) (10)
for j = 1,2. From this formula one can easily obtain the following inequality:
’ky,,j - (2n/<)2| = ’2(14 — k) ‘ |2(n + k)n‘ + O(n%) >2n (11)

forj=1,2; k #n; k=0,1,..., and n > N, where N denotes a sufficiently large positive
integer, that is, N > 1.

Let us denote by T;(0) the operator T; when g(x) = 0. The eigenvalues of the operator
T1(0) are A, = (27n)? for n = 0,1,.... The eigenvalue 0 is simple and the corresponding
eigenfunction is 1. The eigenvalues A, = (2r#)? for n = 1,2,... are double and the corre-
sponding eigenfunctions and associated functions are

B sin 21w nx
—x
1+8 4rn

Yu(x) =cos2mnx and ¢,(x) = ( 12)
respectively. Note that for any constant ¢, ¢,(x) + cy,(x) is also an associated function
corresponding to A,, since one can easily verify that it satisfies the equation and boundary
conditions for the associated functions. It can be shown that the adjoint operator T7(0) is
associated with the boundary conditions

n+By=0, -y =0

It is easy to see that 0 is a simple eigenvalue of 77°(0) and the corresponding eigenfunction
is y§(x) = x — ﬁ The other eigenvalues 1} = (27n)? for n =1,2,..., are double and the
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corresponding eigenfunctions and associated functions are

FLN o sy (o L \cos2mnx

yo(x) =sin2rnx  and ¢, (x) = (x N +E)44'7”1 (13)
respectively.

Let

On(x) := 51 dux) = 51 <1+ﬁ x) sin 27 nx (14)

and
rn l6rn(B+1) ~ 4B +1) 1
@, (x) := 73_1 @, (x) = 51 (x 1+B> cOS 27 nx (15)

(see (12) and (13)). The system of the root functions of 77 (0) can be written as {f, : n € Z},
where

fon=sin2rnx, Vn>0 and f,=¢,x), VYn>0. (16)

One can easily verify that it forms a basis in L,[0,1] and the biorthogonal system {g, : n €
7} is the system of the root functions of 77(0), where

gu=¢y Yn>0 and g,=cos2mnx, Vn>0, 17)

since (f;;, @m) = Sum-
To obtain the asymptotic formulas for the eigenvalues 1,,; and the corresponding nor-
malized eigenfunctions W, ;(x) of T1(g) we use (11) and the well-known relations

(An,j = 2 1)*) (Wn, sin 27 nx) = (g W, sin 277 nix) (18)
and
2 * : _ *
(ANJ —(27n) )(‘-IJN,/, (pn) - y1n(Wn,j, sin 2w nx) = (q\IlN,j,wn), (19)
where
167 (8 +1)
nE T

which can be obtained by multiplying both sides of the equality
—(Wn,)" +q(x)¥n,j = AnWn,

by sin 2w nx and ¢}, respectively. It follows from (18) and (19) that

(q¥n,sin 27 nx)

Wy i, 8in 2w nx) = ;. N #n, 20
(Wi, ) N7 (20)

Wy, i Wy, ¢
(‘IJN,j,(/JZ) _ YIn(q N,j Sln2;TZx) + (61 N,j %4)2;
()‘N,j - (27'[}’1) ) )‘-N,j - (27‘[1’1)

N #n. (21)

Page 4 of 17
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Moreover, we use the following relations:

(Wn,j> g sin 21 nx) = i[(qunl, sin 27 nx)(Wy j, sin 277 111.x)
=0
+ (g cos 27 mx, sin 27 nx) (Wy, gz);l)], (22)
(Un,pq0)) = i[(q(pnl,goz)(\I/N,j, sin27mx) + (q cos 2wmx, ¢;;) (W, 05) |» (23)
11=0
’(q\IJN,,', sin 27'mx)| <4M, (24)
[(q¥n,,05)| < 4M (25)

for N > 1, where M = sup|q,|. These relations are obvious for g € L,(0,1), since to obtain
(22) and (23) we can use the decomposition of g sin 27 nx and gg; by the basis (16). For
q € L1(0,1) see Lemma 1 of [25].

To obtain the asymptotic formulas for the eigenvalues and eigenfunctions we iterate
(18) and (19) by using (22) and (23). First let us prove the following obvious asymptotic
formulas, namely (29), for the eigenfunctions V¥, ;. The expansion of ¥, ; by the basis (17)

can be written in the form

W, = UpjPn(X) + VyjCOS 2 X + Ny j(X), (26)
where
Unj = (Wpjpsin2mnx), — vyj= (Vo) 9)s 7
o0
Fnj(@) = > [(W, sin 27 k) i (%) + (W, 07 ) cos 27kae],
k=0
k+#n

and ¢, (%), ¢;;(x) are defined in (14) and (15), respectively. Using (20), (21), (24), and (25)
one can readily see that there exists a constant C such that

1 n Inn
supl )] < C<Z<m,j S @R Gy = @ kP )) - 0(7)‘ 28)

k+#n

Hence by (26) and (28) we obtain

In
W, = Uy j@u(X) + Vyj COS 27 11X + O(—n) (29)
n

Since W,,; is normalized, we have
2
L= 1Wpll" = (W, W)
2 2 2 2
= |tnjl"ll@nll” + [va ]~ |l cos 2 nx||

_ _ Inn
+ Uy Vi j(Qny COS 2T MX) + V) j1h, j(COS 27T X, @) + 0(7

8|BI>-Rep+1 1 1
= _M |Mn,j|2+—|an|2+O an ,
3 B —1J2 27 n
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that is,
1 Inn
alunj|* + 5|vn,,|2 =1+ o<7>, (30)
where
8B -Rep+1
3 B-12

Note that @ # 0, since |8]> + 1 > |8 and by (30) we see that at least one of U, and v,; is
different from zero.
Now let us iterate (18). Using (22) in (18) we get

(Anj — 27 1)*)(W,,, sin 27 nx)
[o¢]

= Z [(qn,» $in 27 nx)(W,,j, sin 27 mx) + (q cos 27 myx, sin 27 nx) (W, o3 ) |-

n1=0

Isolating the terms in the right-hand side of this equality containing the multiplicands
(W,,,j,sin2rnx) and (W,;,¢}) (i.e., the case n = n), using (20) and (21) for the terms
(W, sin 2 mx) and (W5, ¢, ), respectively (in the case n; # 1), we obtain

[)»n,,» — (27 n)? = (g, sin 27 nx)] (W,,j, sin 277 nx) — (g cos 27 nx, sin 27 nx) (\IJn,,», <p:;)

o0
= Z [(q(p,,1 ,8in 27w nx)(W,, j, sin 277 m1x) + (q cos 27 mix, sin 27 nix) (\IJ,,J, (p:;l)]
n1=0
ni#n

=Y [a1 () (q(x) Wy sin 27 myx) + by (0o ) (q0) Wi 05, ) |,

n

where
(q@n,,sin2mnx)  yim(qcos 2w mx, sin 27 nx)
ai ()\n,j) = 5t XV ’
Anj— (2mmy) (A — 2 m)?)
(g cos 2 mx, sin 27 nx)
b ()&n,j) =

)"n,j - (27‘”’11)2

Using (22) and (23) for the terms (g, sin 27 m1x) and (qW¥,), ¢, ) of the last summation
we obtain
[)Ln,,» — (27 n)? = (q@u, sin 27 nx)] (W,,,j, sin 277 nx) — (g cos 27 nx, sin 27w nx) (\IJW», <p;‘)

= Z [al (}\n,j) (q“pn,j’ sin 27 nlx) + bl (}‘n,j) (qq’n,jx 90:;1 )]

m

o0
= Z a (Z [(q@ny, sin 27 myx) (W, j, sin 277 15:x)
m ny=0

+ (g cos 27 nyx, sin 27w mx) (W, j, @5, )])

Page 6 of 17
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o0
+ Z b (Z [(6]%2, w:l)(\l’nJ, Sin 277 119x)
n 712=0

+ (q COS 27T My X, (ﬂZI) (\Dn,jr %z)]) :

Now isolating the terms for n, = n we get

[)Ln,j — (27 n)? = (g, sin 27 nx)] (W,,,j, sin 277 nx) — (g cos 27 nx, sin 27w nx) (\IJW», <p;‘)

= Z[al(qwn, sin 27w mx) + by (q<py,, 90:1)](‘11”,}', sin 27t nx)

m

+ Z [al (q cos 2 nx, sin 2w nyx) + by (q COs 27 nx, ¢, )] (\I/n,,», o (x))

n

= Z ([a1(q@ny, sin 2 %) + b1 (G, » on )] (W, sin 27 15%))

11,1

+ Z [a1(q cos 2 nyx, sin 27 myx) + by (q cos 27 mazx, 5 ) | (Wi o, )-

ni,n2
Here and below the summations are taken under the conditions n; # #n and ; = 0,1,... for
i=1,2,.... Introduce the notations
C =, My =:by,

Cis1 = Craps1 + MiApia, My =: Crbp + MiBiw; k=1,2,...,

where

(qPni,y» SIN2T 1K) YiMgs1 (G COS 27T Mgy1%, SN 27T 1X)
Akl = ak+l()\n,j) = 2 N2
Anj— (27 Mgs1) (Anj — @ np)?)

’

(q cos 27 ny41x, sin 27t nyx)

bra = braa(hnj) =

’

)\n,j - (27'”’1k+1)2

(q(pn/“l ’ (PZk) Vilk+1 (q Cos 2771’1](+1x, g);lkk)
2 + 2)2
)\n,j - (2m i) ()Ln,j - (2mnga)?)

Ag1 = A1 (M) =

)

(gcos2mnpax, ¢;,)

Anj — (27 Hges1)?

By = Bk+l()\n,j) =
Using these notations and repeating this iteration k times we get

[)»,,,,' — (27 n)* = (g, sin 2w nx) — Zk(ky,,j)] (Wy,,j, sin 27 1x)

= [(q €oS 27T 11, Sin 27w nx) + Ek(kn,j)] (\IJ,,,,', o (x)) + Ry, (31)

where

k k
AOon) =D )y Belin) =D Bulhny),

m=1 m=1

Olk()»n,j) = Z [Ck(q(pn! sin 27 myx) + My (Wﬁm ‘p:;k)]r

H15e5)
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Br(An)) = Z [Ck(qcos27rnx, sin 277 ngx) +Mk(q00527mx, wzk)],

It follows from (10), (11), (24), and (25) that

In ]\ ¥ In|n|\*
n n

K+l (32)
l +
w-o((%1))
n
for A = A,,; and for all A € U(n), where U(n) = {A: |A — 27 n)?| < n}.
Therefore letting k tend to infinity, we obtain
[}‘«n,j - (27T1’l)2 - Qn _A()Vn,j)]un,j = [Pn + B()\n,j)]vn,j:
where
P, = (g cos2mnx, sin 2w nx), Q,, = (q@y, sin 2w nx), (33)
AG) =D am), B =Y Buld)
m=1 m=1
and by (32) we have
1 1
AL = o( n'”'), B() = o( n'”') (34)
n n

for A = A,,; and for all A € U(n).
Thus iterating (18) we obtain (31). Now iterating (19) instead of (18), using (23) and (22),
and arguing as in the previous iteration, we get

[}L,,J' — (27{}’1)2 —P: —A;(()Ln,j)]l/y,,j = [)/171 + Q;: + B;(()Ln,j)]lft,,yj + R;(, (35)
where
P = (qcos 2 nx, (p;), Q= (q<p,,,(p;‘), (36)

k k
A =D 0, Bilhup) = Y Bry(hny),
m=1 m=1

o (Apj) = Z [E'k(qcos 277 nx, sin 27 mix) + My (qcos 27T X, (p;‘k)],

Page 8 of 17
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Crn = Catgr + MiAgias M1 = Cibpaa + MiBr; k=1,2,...,

(P, 0;) . yni(g cos 2w mx, ¢;f)
Anj— Qam)? (A — (2711)%)2

C =A1(hy) =

(gcos2mmx, ¢))

My = Bi(Ap)) = Anj— (27 ny)?

Similar to (32) one can verify that

, In |n \* / In |n \*
sor-o((22)). ool (22))

(37)
) In|n| k+1
R,(x)=0
n
for A = A,,; and for all A € U(n). Now letting k tend to infinity in (35), we obtain
[)‘471,1’ - (znn)Z - P: _A/()\n,j)]vn,/ = [Vln + QZ + B/()\n,j)]un,jj
where
o0 [o¢]
A/()‘n}) = Za:«n()"}’l})i B/()\‘}’l]) = Zﬂ;n()\‘n])
m=1 m=1
and by (37) we have
, In |n| , In |n|
A'(M)=0 , B'(\)=0 (38)
n n

for A = A,,; and for all A € U(n).
To get the main results of this paper we use the following system of equations, obtained

above, with respect to u,; and v,

[)‘-n,j - (271'}’1)2 - Qn _A()\n,j)]un,j = [Pn + B()\n,j)]vn,j: (39)
[Anj— @n)? = P — A (M) |vaj = [1am + Q% + B (An)) |ty (40)
where
1
Q.= —2(5 +11) xq(x) dx + 2(: +11) (vq(x), cos 47 nx)
-1, _
- /32—131 (q(x), cos 47 nx) (41)
1
= _Z(ﬂﬁ_-'-ll) ; xq(x) dx + o(1), (42)
1
Pi = zifjll) i xq(x) dx + zifjll) (vq(x), cos 4 nx) — %(q(x),cos 4mnx)  (43)
1
= 2A6+1) xq(x) dx + o(1), (44)

B-1 Jo

Page9of 17
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1
P, = E(q, sin4rnx) = o(1),

2 pl
QZ:S(Zii) /0 q(x)(lflﬂ1 —x)(x—1+1ﬂ1>sin4nnxdx=o(1)

(see (33) and (36)). Note that (39), (40) with (34), (38) give

1 1
|:A,,,,' - @2rn)?-Q,+ O( 1 |n|>:|u,,,}- = |:P,, + O( 1 |n|)i|v,,,,',
n n
2 " In |n| N In|n|
Anj—Q2mn)* Py + 0O » Vuj=|nn+Q,+0 " Upj.

Introduce the notations

¢y = (g,cos 2m nx), Sy = (g, sin 2w nx),
¢n1 = (xq,cos 2 nx), Sp1 = (xq,sin 2w nx),
enn = (¥°gq, cos 2mnx), Su2 = (¥°g, sin2m nx).

Then, by (41)-(46) and (49) we have

9 1 ! 2 1 2
0= - ([;)3_+1 ) 0 xq(x) dx + (ﬁﬁ—+1 )an,l - ﬁ—flnm
9 1 [t 2 1 2
PZ — % /0~ xq(x) dx + f3ﬂ_+1 )C2n,1 - ﬂ _ 162}'1;
P - 1
'y = ESzm
1\’ 1y’ 8
Q: _ —8(%) Sop2 t 8(%) Som1 — (ﬁ_—ﬂl)zsbfl.

Theorem 1 The following statements hold.:

(@) Any eigenfunction V,,; of T1 corresponding to the eigenvalue A, defined in (10)

satisfies

W, = ~/2c082nx + O(n™"?).

Moreover, there exists N such that for all n > N the geometric multiplicity of the

eigenvalue X, is 1.

(47)

(48)

(49)

(54)

(b) A complex number ) € U(n), where U(n) is defined in (32), is an eigenvalue of Ty if

and only if it is a root of the equation

[» - @rn)? - Q, - AW |[r - 2rn)* - Pt - A'(M)]

- [P,, + B(A)] [yln +Qh+ B’(A)] =0.

(55)

Moreover, . € U(n) is a double eigenvalue of T if and only if it is a double root of (55).

Proof (a) By (10) the left-hand side of (48) is O(n'/?), which implies that u,; = O(n™?).

Therefore from (29) we obtain (54). Now suppose that there are two linearly independent

Page 10 of 17
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eigenfunctions corresponding to 1,;. Then there exists an eigenfunction satisfying
V,,= V2sin 27 nx + o(1),

which contradicts (54).

(b) First we prove that the large eigenvalues A,,; are the roots of (55). It follows from (54),
(27), and (15) that v,,; # 0. If u,,; # 0 then multiplying (39) and (40) side by side and then
canceling v,,ju,; we obtain (55). If u,; = 0 then by (39) and (40) we have P, + B(%,,;) =0
and A,,; — (27 n)* - P —A'(x,;) = 0, which means that (55) holds. Thus in any case A, is a
root of (55).

Now we prove that the roots of (55) lying in U(n) are the eigenvalues of T;. Let F()) be
the left-hand side of (55), which can be written as

FO) = (A= @rn)?)? = (Qu+AR) + PE+ A/(W) (% — 27n)?)

+(Qu+ AW (P +A'(V) = (Py + BW) (nim + Q, + B'(1)) (56)
and
G() = (- (2mn)?)™.
Using (34) and (38), one can easily verify that the inequality
|F(L) - G| < |G|

holds for all 1 from the boundary of U(n). Since the function G(1) has two roots in the
set U(n), by the Rouche theorem we find that F(1) has two roots in the same set. Thus T}
has two eigenvalues (counting with multiplicities) lying in U (n) that are the roots of (55).
On the other hand, (55) has preciously two roots (counting with multiplicities) in U(n).
Therefore A € U(n) is an eigenvalue of T; if and only if (55) holds.

If » € U(n) is a double eigenvalue of T then it has no other eigenvalues in U(n) and
hence (55) has no other roots. This implies that A is a double root of (55). By the same way
one can prove that if A is a double root of (55) then it is a double eigenvalue of Tj. O

Let us consider (55) in detail. By (56) we have
F(A) =0. (57)
If we substitute ¢ =: A — (2r#)? in (57), then it becomes

£ = (Qu+AQ) +PL+ A'(V)t+ (Qu + AW)) (P + A'(V))

— (P +BW)(yin+ Q, + B' (1)) = 0. (58)

The solutions of (58) are

~ (Qu+P+A+A) £ /AN

t
1,2 )
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AN =(Qu+Pi+A +A/)2 - 4(Qu+A)(P;+A) +4(P, +B)(nin+ Q + B),
which can be written in the form
AR = (Qu-Pi+A—-A')’ +4(P, + B)(3an + Q% + B (59)

and, as we shall see below, /A (1) can be defined as analytic function on U(#). Clearly the
eigenvalue A,; is a root either of the equation

r=Q2rn)?+ %[(QH+P:+A +A) = AM)] (60)
or of the equation
r=Q2rn)?+ %[(Qn +Pi+ A+ A) +AM). (61)

Now let us examine A()A) and 4/A(%) in detail. If (8) holds then one can readily see from
(34), (38), (50)-(53), and (59) that

A(X) =2y1ns9, (1 + 0(1)) (62)
for A € U(n). By (62) there exists an appropriate choice of branch of /A(X) (depending

on n) which is analytic on U(n). Taking into account (62), (34), (38), (50), and (51), we see
that (60) and (61) have the form

2

r=Q2rn)? - NI (1 + 0(1)), (63)
r=Q2rn)?+ «/?«/nszy, (1 + 0(1)). (64)

Theorem 2 If (8) holds, then the large eigenvalues 1, are simple and satisfy the following
asymptotic formulas:

V2n
2

Anj=(2m n)? + (-1y

N (1 + 0(1)) (65)

for j =1,2. Moreover, if there exists a sequence {ny} such that (8) holds when n is replaced
by ny, then the root functions of Ty do not form a Riesz basis.

Proof To prove that the large eigenvalues A,,; are simple let us show that one of the eigen-

values, say A, satisfies (65) for j = 1 and the other A, satisfies (65) for j = 2. Let us prove
that each of (60) and (61) has a unique root in U(#n) by proving that

(27 n)? + %[(Qn +Pi+ A+ A) £ VAW

is a contraction mapping. For this we show that there exist positive real numbers Kj, Ky,
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K3 such that

A - A(w)| <Kald—pl,  [AR) = A ()] < Kald - pel, (66)
[VAG) = VAW < Kslh = (67)
for A, u € U(n), where Kj + K; + K3 < 1. The proof of (66) is similar to the proof of (56) of

the paper [26].
Now let us prove (67). By (62) and (8) we have

(VAW) ™ =o(1)
for A € U(n). On the other hand arguing as in the proof of (56) of the paper [26] we get

d
- A0) = 0.

Hence for the large values of n we have

4 ramy- Y

dx 2/ A
for A € U(n). Thus by the fixed point theorem, each of (60) and (61) has a unique root A;
and A, in U(n) respectively. Clearly by (63) and (64), we have X; # A, which implies that
(55) has two simple roots in U (7). Therefore by Theorem 1(b), 1; and A, are the eigenvalues
of T lying in U(n), that is, they are A,,; and 1,5, which proves the simplicity of the large
eigenvalues and the validity of (65).

If there exists a sequence {n;} such that (8) holds when # is replaced by ny, then by

Theorem 1(a)

(W1, Wy 2) = 1+ O(m ).

Now it follows from the theorems of [4, 5] (see also Lemma 3 of [18]) that the root functions
of T1 do not form a Riesz basis. g

Now let us consider the operators T, T3, and Ty. First we consider the operator T3.

It is well known that (see (47a) and (47b) on page 65 of [24]) the eigenvalues of the
operators T3(q) consist of the sequences {A,,13}, {123} satisfying (10) when A, is replaced
by A,;3. The eigenvalues, eigenfunctions and associated functions of 73(0) are

Az =(Qrn)%; n=0,1,2,...,

a .

yo,g(x)zx—1+a, Yu3(x) =sin2wnx; n=12,...,
o cos2mnx

Pn3x) = x— — 5 n=12,...,
l+a 4mn

respectively. The biorthogonal systems analogous to (16) and (17) are

4a+a@) [ 1 , o
COoS 27T nx, —— —x | sin2wnx , (68)

l-a \1+« =0
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. 41+ ) o o0
sin 27 nx, x— Cos 2 nx , (69)
-« l+a =0

respectively.
Analogous formulas to (18) and (19) are
(Anyjz — 2mn)?)(Wy,j3,co8 2 nx) = (W3, €08 27T 1ix), (70)

(AN,j,g - (27{71)2) (lI’N,,;g, <p:‘3) — y3n(Wyj3,CcOS 27T 1X) = (q(x)‘-IfN,,;g, <pZ’3), (71)

respectively, where

~ 167(1+ a)

V3 -

Instead of (16)-(19) using (68)-(71) and arguing as in the proofs of Theorem 1 and The-
orem 2 we obtain the following results for T3.

Theorem 3 If (8) holds, then the large eigenvalues 1,3 are simple and satisfy the following
asymptotic formulas:

23

Anjs = 2n)® + (-1 5

Vns2,(1+0(1))
for j =1,2. The eigenfunctions ¥, ;3 corresponding to 1,3 obey
Wy = V2 sin 27 nx + O(n—1/2).

Moreover, if there exists a sequence {ni} such that (8) holds when n is replaced by ny, then
the root functions of T3 do not form a Riesz basis.

Now let us consider the operator T5. It is well known that (see (47a) and (47b) on page
65 of [24]) the eigenvalues of the operators T>(q) consist of the sequences {A,12}, {An22}
satisfying

Anjo = (2nm + )%+ O(nm) (72)

for j =1,2. The eigenvalues, eigenfunctions, and associated functions of T5(0) are

(7 +27n)?, Y2 (x) = cos(2m + 1),
_ B sin(2n + 1)mrx
Pual) = (,3 -1 _x) 22n+ D

for n=0,1,2,..., respectively. The biorthogonal systems analogous to (16) and (17) are

{sin(Zn + D), 4(_E — (x + = ! ) cos(2m + l)mc}Oo , (73)
:3 +1 ﬁ -1 n=0
4B-1)( B . =

{cos(Zn + 1), s (ﬁ - x) sin(2#7 + l)nx}no, (74)

respectively.
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Analogous formulas to (18) and (19) are

(Anj2 — (@n+ 1)71)2) (Wnjj2,sin(2m + 1)7x) = (qWn,i2,sin(2n + 1)), (75)
(AN,j,z - ((2n + 1)71)2) (\IJN']‘Q, (p:,z) -@2n+1)y, (lIJN_,',z, sin(2n + l)nx)

= (q¥n,2 Pr2); (76)
respectively, where

_87(p-1)
R ThT

Instead of (16)-(19) using (73)-(76) and arguing as in the proofs of Theorem 1 and Theo-
rem 2 we obtain the following results for T5.

Theorem 4 If(9) holds, then the large eigenvalues 1., are simple and satisfy the following
asymptotic formulas:

Anjo = ((2n + 1)7r)2 +(-1y \/?\/ 2n + l)sz,”l(l + 0(1))

Sor j=1,2. The eigenfunctions W, corresponding to X, obey
W2 = ﬁcos(Zn +1)mx + O(n—I/Z)‘

Moreover, if there exists a sequence {ny} such that (9) holds when n is replaced by ny, then
the root functions of Ty do not form a Riesz basis.

Lastly we consider the operator T4. It is well known that (see (47a) and (47b) on page
65 of [24]) the eigenvalues of the operators T4(g) consist of the sequences {A;14}, {Ay24}
satisfying (72) when A, is replaced by A,,;4. The eigenvalues, eigenfunctions, and asso-
ciated functions of T,4(0) are

Ana = (T +27m)?, Yna(x) = sin(2n + 1) x,
o cos(2n + )mrx
Pnal2) = (1 —a x) 22+ )7

forn=0,1,2,..., respectively. The biorthogonal systems analogous to (16) and (17) are

4l-w 1 *©
cos(2m + 1)mx, ( _a) —— —x | sin(2n + 1)7rx , (77)
l+a \1-« 1=0
4(1 - o
sin(2n + 1), 1-a) “ +x )cos(2n + 1)mx , (78)
l+a \1-« 10
respectively.

Analogous formulas to (18) and (19) are

(Anja — (T +2771)%) (Wp 4, OS2 + D)7rx) = (q(x) W 4, cOS(20 + 1)), (79)
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(Anja— ((n+ 1)7{)2) (Unjar 0 a) — 21+ 1) ya (a4, cOs(2m + 1)rrix)

= (q\IjN,jA, (0;:’4), (80)
respectively, where

~ 87(1-«)

ra= l+a

Instead of (16)-(19) using (77)-(80) and arguing as in the proofs of Theorem 1 and Theo-
rem 2 we obtain the following results for T.

Theorem 5 If(9) holds, then the large eigenvalues X, ;4 are simple and satisfy the following
asymptotic formulas:

Anja=(2n+ 1)71)2 +(-1y im V(271 + Dsapa (1 +0(1))

Sor j=1,2. The eigenfunctions \V,,;4 corresponding to X, . obey
Wja = V2sin(2n + V)mx + O(n—l/Z).

Moreover, if there exists a sequence {ny} such that (9) holds when n is replaced by ny, then
the root functions of T4 do not form a Riesz basis.

Now suppose that

/1xq(x) dx #0. (81)
0

If

1 1
—52n+B:o<—>, (82)
2 n

where B is defined by (34), then one can readily see from (59), (34), (38), and (50)-(53)
that there exists a positive constant K such that

|AG)|>K

for A € U(n) and for the large values of n. Therefore arguing as in the proof of Theorem 2,
we obtain the following.

Theorem 6 Suppose that (81) holds. If (82) holds, then the large eigenvalues of the oper-
ator Ty are simple. Moreover, if there exists a sequence {ny} such that (82) holds when n
is replaced by ny, then the root functions of Ty do not form a Riesz basis. Similar results
continue to hold for the operators Ty, T3, and T,.

Remark1 Since the eigenvalues X,,; and X, are the fixed points of (60) and (61) respec-
tively, using the fixed point iteration one can determine these eigenvalues with arbitrary
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precision. Moreover, using these better approximations of the eigenvalues, one can also

determine the better approximations for the eigenfunctions of the operator T;. Similar

results can be obtained for the operators T3, T3, and Ty.
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