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Abstract

We obtain the uniform asymptotic formulas for the eigenvalues and eigenfunctions
of the Sturm-Liouville operators L¢(g) with a potential ¢ € L]0, 1] and with t—periodic
boundary conditions, ¢t € (—m,n]. Using these formulas, we find sufficient conditions
on the potential g such that the number of spectral singularities in the spectrum of
the Hill operator L(q) in L2(—00,00) is finite. Then we prove that the operator L(q)
has no spectral singularities at infinity and it is an asymptotically spectral operator
provided that the potential ¢ satisfies the sufficient conditions.
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1 Introduction and Preliminary Facts

Let L(q) be the Hill operator generated in Lo(—00,00) by the expression

—y +a2)y, (1)
where ¢(z) is a complex-valued summable function on [0,1] and ¢(z + 1) = ¢(x) for a.e.
x € (—00,00). It is well-known that (see [7], [23] for real and [5], [16]-[18] for complex-
valued ¢q) the spectrum S(L(q)) of the operator L(q) is the union of the spectra S(L:(q)) of
the Sturm-Liouville operators L;(q) for ¢ € (—m,n], where L,(q) is the operator generated
in L2[0,1] by (1) and by the boundary conditions

’

y(1) = e'y(0), y (1) = e’y (0). (2)

In this paper we obtain the asymptotic formulas, uniform with respect to ¢t € (—, 7], for
the eigenvalues and eigenfunctions of L;(q). (We recall that the formula f(k,t) = O(h(k)) is
said to be uniform with respect to ¢ in a set A if there exist positive constants M and N such
that | f(k,t)) |[< M | h(k) | for allt € A and | k |> N.) Using these asymptotic formulas, we
find sufficient conditions on the potential ¢ such that the number of the spectral singularities
in S(L(q)) is finite and in a certain sense L(q) is an asymptotically spectral operator.

The spectral expansion for the self-adjoint operator L(q) was constructed by Gelfand [7]
and Titchmarsh [23]. Tkachenko [24] proved that the non-self-adjoint operator L(q) can be
reduced to the triangular form if all eigenvalues of the operators L;(q) for all t € (—m, 7] are
simple. McGarvey [17] proved that L(q) is a spectral operator if and only if the projections
of the operators L(q) are bounded uniformly with respect to ¢ in (—m,7]. However, in
general, the eigenvalues of L;(¢q) are not simple and their projections are not uniformly
bounded. For instance, Gasymov [6] investigated the operator L(g) with the potential ¢
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which can be continued analytically onto upper half plane and proved that this operator
(in particular L(q) with the simple potential g(z) = €%™®), has infinitely many spectral
singularities. Note that the spectral singularities of the operator L(q) are the points of
S(L(q)) in neighborhoods of which the projections of L(q) are not uniformly bounded. In
[26] we proved that a number A = A, (t) € S(L) is a spectral singularity of L(q) if and
only if the operator Li(q) has an associated function at the point A, (¢). In [25] (see also
[27]) we constructed the spectral expansion for the operator L(g) with a continuous and
complex-valued potential. In [28], we obtained the asymptotic formulas for the eigenvalue
and eigenfunction of L;(q) with ¢ € L1[0,1] and ¢ # 0,7. Then using these formulas, we
proved that the eigenfunctions and associated functions of L; form a Riesz basis in L2[0, 1]
for t # 0,7 and constructed the spectral expansion for the operator L(q). (See also [13],
[29], [30] for the spectral expansion of the differential operators with periodic coefficients).
Recently, Gesztezy and Tkachenko [8], [9] proved two versions of a criterion for the Hill
operator L(q) with ¢ € L2[0, 1] to be a spectral operator of scalar type, one analytic and one
geometric. The analytic version was stated in term of the solutions of the Hill’s equation.
The geometric version of the criterion used the algebraic and geometric properties of the
spectra of the periodic/antiperiodic and Dirichlet boundary value problems.

Since the spectral property of L(g) is strongly connected with the operators L;(q) for
t € (—m, 7|, let us discuss briefly the works devoted to L¢(q). It is known that the operator
L;(q) is Birkhoff regular [14]. In the case t # 0, 7 it is strongly regular and the root functions
of the operator Li(q) form a Riesz basis (this result was proved independently in [4], [12]
and [19]). In the cases t = 0 and t = , the operator L.(q) is not strongly regular. In the
case when an operator is regular but not strongly regular the root functions generally do not
form even usual basis. However, it is known [20], [21] that they can be combined in pairs,
so that the corresponding 2-dimensional subspaces form a Riesz basis of subspaces.

Let us also briefly describe some historical developments related to the Riesz basis prop-
erty of the root functions of the periodic and antiperiodic boundary value problems. We
will focus only on the periodic problem. The antiperiodic problem is similar to the periodic
one. In 1996 at a seminar in MSU Shkalikov formulated the following result. Assume that
q(zx) is a smooth potential,

g™ (0)=q™ (1), VE=0,1,..,s—1 (3)

and ¢(*)(0) # ¢(*)(1). Then the root functions of the operator Lo(q) form a Riesz basis in
L»[0,1]. Kerimov and Mamedov [11] obtained the rigorous proof of this result in the case
q € C*0,1], g(1) # ¢(0). Indeed, this result remains valid for an arbitrary s > 0 and it was
obtained in Corollary 2 of [22].

Another approach is due to Dernek and Veliev [1]. The result was obtained in terms of
the Fourier coefficients of the potential q. Namely, we proved that if the conditions

1
im 27— (4)
qo2n ~ q—2n (5)

hold, then the root functions of Ly(g) form a Riesz basis in L3[0, 1], where g, =: (g, ?2™"%)
is the Fourier coefficient of ¢ and everywhere, without loss of generality, it is assumed that
go = 0. Here (.,.) denotes inner product in Ls[0,1] and a, ~ b, means that a, = O(by,)
and b, = O(a,) as n — oo. Makin [15] improved this result. Using another method he
proved that the assertion on the Riesz basis property remains valid if condition (5) holds, but
condition (4) is replaced by a less restrictive one: ¢ € W$[0,1], (3) holds and | g2, |[> con =571
with some ¢y > 0 for sufficiently large n, where s is a nonnegative integer. Besides, some
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conditions which imply the absence of the Riesz basis property were presented in [15]. The
results which we obtained in [22] are more general and cover all the results discussed above.
Several theorems on the Riesz basis property of the root functions of the operator Lo(q)
were proved. One of the main results of [22] is the following:

Let p > 0 be an arbitrary integer, ¢ € W7'[0, 1] and (3) holds with some s < p. Suppose
that there is a number £ > 0 such that either the estimate

|q2n - S2n + 2Q0Q2n| Z En—s—? (6)

or the estimate
|q72n - S72n + 2QOQ72n| Z En7572 (7)

hold, where Qi = (Q(z), €2™**) and Sj, = (S(z), €2™**) are the Fourier coefficients of

Q) = / gt)dt and  S(z) = Q*(x),
0
Then the condition

q2n — SQn + 2Q0Q2n ~ q—2n — 87271 + 2QOQ72H (8)

is necessary and sufficient for the root functions of Ly(g) to form a Riesz basis. Moreover,
if (6) (or (7)) and (8) hold then all the large eigenvalues of Ly(g) are simple.

Some sharp results on the absence of the Riesz basis property were obtained by Djakov
and Mitjagin [2]. Moreover, recently, Djakov and Mitjagin [3] obtained some interesting
results about the Riesz basis property of the root functions of the operators Lo(q) with
trigonometric polynomial potentials. Here we do not formulate precisely the results of [2]
and [3], since it will take some additional pages which are not related to our results. Very
recently Gesztezy and Tkachenko [10] proved a criterion for the root functions of Lo(q)
to form a Riesz basis in terms of the spectra of the periodic and Dirichlet boundary value
problems.

Next, we present some preliminary facts, from [28] and [1], which are needed in the
following.

Result 1 (see [28]). The eigenvalues A, (t) and the eigenfunctions U, (x) of the
operator Li(q) for t # 0,7, satisfy the following asymptotic formulas

In|n|

An(t) = (2mn + )% + O(—=), Wn(z) = eiZmmtt)z | 0(%). (9)

These asymptotic formulas are uniform with respect to t in [p, 7 — p], where p € (0,F) (see
Theorem 2 of [9]). In other words, there exist positive numbers N (p) and M (p), independent
of t, such that the eigenvalues A\, (t) for t € [p,m — p] and| n |> N(p) are simple and the
terms O(L), O(l"nﬂ) in (9) do not depend on t.

Result 2 (see [1]). Let conditions (4) and (5) hold. Then:

(a) All sufficiently large eigenvalues of the operator Lo(q) are simple. They consist of
two sequences {Ap1:mn > No}t and { A2 :n > No} satisfying

. In|n
A = (2mn)2 + (=1) pa, + O (—' |> (10)
for j =1,2, where p, = (qnq_n)%. The corresponding eigenfunctions @y, ;(x) satisfy

Sﬁn,j(fr> _ ei27rnac + anyje—i%rnw + O(—), (11)
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where o j ~ 1, ap ;= (_;)2% +0 (ln"q—lgj) ,j=12.

(b) The root functions of Lo(q) form a Riesz basis in L2[0, 1].

In [31] and [32] we generalized the results of [1] for the operators generated by the
differential equation of order n > 2 and by the system of differential equations.

To summarize, in [1] and [22] we obtained the asymptotic formulas for the operators L:(q)
with ¢ = 0,7. In [28] we obtained the asymptotic formulas for the operators L:(q) which
are uniform with respect to t € [p, ™ — p]. In this paper, we obtain the uniform asymptotic
formulas in much more complicated case of ¢t € [0, p] U [r — p, 7] (see Theorem 3 and 4). We
note that in our description, some formulas of Section 2 are similar to those given in [1],
[22] and [28], but here we wish to obtain the uniform, with respect to ¢ € [0, p] U [1 — p, 7],
formulas which are absent in these papers. We will focus only on the case ¢t € [0, p]. (The
case t € [ — p,m| can be considered in the same way). Since the eigenvalues of L_;(q)
coincide with those of L;(g), we obtain the uniform, with respect to ¢ in (—, 7], asymptotic
formulas for the operators L;(¢q). These formulas imply that if the potential ¢ satisfies
certain conditions, then there exists a positive constant C independent of ¢ such that all the
eigenvalues of L,(q) lying outside the disk {\ € C : |\| < C} are simple for all the values
of t in (—m, 7). Since the spectral singularities of the operator L(q) are contained in the set
of multiple eigenvalues of L;(q), we obtain the sufficient conditions on ¢ such that the Hill
operator L(q) has at most finitely many spectral singularities. Moreover, we prove that if ¢
satisfies these conditions then L(g) has no spectral singularity at infinity and in the sense
of Definition 3 given in Section 3, the operator L(q) is an asymptotically spectral operator.

2 Uniform Asymptotic Formulas for L;(q)
It is well-known that the eigenvalues of L;(q) are the squares of the roots of the equation
F(§) = 2cost, (12)

where F(£) = ¢ (1,€) + 0(1,€), and ¢(z, €) and 6(z, ) are the solutions of the equation

—y +alz)y =&
satisfying the initial conditions 0(0,¢) = ¢ (0,€) =1, 0°(0,€) = ¢(0,€) = 0. In [14] (see
chapter 1, sec. 3) it was proved that

F(€) —2cos¢ = ell™mElg(€), lim e(€) = 0. (13)

|€]—o0
Let us consider the functions F'(§) — 2 cos{ and 2 cos§ — cost on the circle
Cn,t,p) = {€ € C: |€ — (2nn +1)] = 3p}, (14)

where t € [0, p] and p is a sufficiently small fixed number. By (13) there exists a positive
number N (0, p) such that
|F(€) — 2cos ] < p? (15)

for £ € C(n,t,p) whenever n > N(0,p) and ¢t € [0, p]. On the other hand, using the Taylor
formula of cos ¢ at the point 27n +t for € = 27n +t + 3pe’®, where a € (—, 7], and taking
into account the inequalities [sint| < p and |cost| > % for t € [0, p], we obtain

. 9 .
| 2cosé — 2cost |=2 | —3pe**sint + Epzezw‘ cost + O(p*) |> 2p*. (16)
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By the Rouche’s theorem, it follows from (15) and (16) that equation (12) and
cos& —cost =0 (17)

have the same number of the roots inside C(n,t, p), where n > N (0, p). Since equation (17)
has 2 roots inside the circle C(n, t, p), equation (12) has also 2 roots (counting multiplicity)
inside this circle for n > N(0, p). On the other hand, it is proved in [14] (see chapter 1, sec.
3) that the estimation

F(€) —2cos& = o(cos& — cost)

holds on the boundaries of the admissible strip K,, =: {{ : |[Re&| < (2n + 1)} for t € [0, p].
Hence the number of the roots of equations (12) and (17) are the same in the strip K.
Similarly, these equations have the same number of the roots in the set K, 1\K, for large
n. The following remark follows from these arguments.

Remark 1 There exists a large number N(0, p) such that the number of the roots of equa-
tions (12) lying in the strip Ky is 2N + 1. Denote these roots by &,(t) for

n=0,%+1,42,....+N. The roots of equation (12) lying outside Ky consist of the roots
lying inside the contours C(n,t, p), defined in (14), for n. > N(0, p). Moreover, (12) has two
roots, denoted by &, 1(t) and &, 2(t), lying inside C(n,t,p). Thus

1€n,i(t) — 2mn +1)] < 3p, VIn| > N(0,p), t €[0,p], j =1,2. (18)

Since the entire function ‘fl—? has a finite number of zeros inside the circle

{¢£ € C: |¢£—2mn| = 4p} and this circle encloses C(n,t,p) for all t € [0,p], there
exist at most finite t1,ta,...,tx from (0,p) for which &,(tx) is a double root of (12). Let
0 <t <ty <..<tk<p. Bytheimplicit function theorem the functions &,1(t) and &, 2(t)
can be chosen as analytic in intervals (0,t1), (tg,p) and (ts,tsy1) for s = 1,2,k — 1.
Let & be any limit point of &, ;(t) as t — ts. Since F(&, ;(t)) = 2cost for j = 1,2 and
F is continuous, we have F(§) = 2costs. However, this equation has only one double root

En1(ts) = &n2(ts) inside C(n,ts, p). Thus

lim §n,1(t) = lim §n,1(t) = lim €n72(t) = lim §n,1(t) = §n,1(ts) = gn,2(ts)

t—ty t—td toty t—td
Jor's = 1,2,....k. This implies that the eigenvalues \n1(t) = &2 1(t) and Ana2(t) = &2 5(t)
of L+(q) can be chosen as continuous function on (0, p). By the result of [28] (see introduc-
tion) An1(p) and An.2(p) are the simple eigenvalues of L,(q) for n > N(p). Moreover, if
q € L1]0,1] and (4), (5) hold then by the result of [1] A\n.1(0) and A, 2(0) are the simple
eigenvalues of Lo for n > Ny. These arguments imply the continuity of the functions Ay 1(t),
An,2(t) and

dn(t) == Pt (8) = A 2(0) (19)

on [0, p] for n > N =: max{N(0, p), N(p), No}. By (18) we have
|An,j(t) = (270 + 1)?| < 15mnp (20)
fort€[0,p],n> N and j =1,2. Thus fort € [0,p] and n > N the disk
D(n,t,p) = {X € C: |X\— (2mn+1t)?| < 15mnp} (21)

contains two eigenvalues (counting multiplicity) Ap1(t) and A, 2(t) that are continuous func-
tion on the interval [0, p]. In addition to these eigenvalues, the operator L,(q) for t € [0, p]
has only 2N + 1 eigenvalues.
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Using (20), one can readily see that
|An,j(t) = (2m(n — k) +)*| > [k|[|2n — k| (22)

for k # 0,2n and ¢ € [0, p|, where n > N and j = 1,2. To obtain the uniform asymptotic
formulas for the eigenvalues A, ;(t) and normalized eigenfunctions ¥,, ; (), we use (22) and
the iteration of the formula

(An,j (t) _ (27T(n _ k) + t)2)(an,j,t; ei(?ﬂ-(nfk)th)m) — (q\I/n,j,ty ei(27r(nfk)+t)z) (23)

which can be obtained obtained from —\If;;)ﬁ + q¥n it = An;(t)V, ;¢ by multiplying
e!Cr(n=k)+t)z Ty jterate (23) we use the following lemma.

Lemma 1 For the right-hand side of (23) the following equality

(q‘ljn,j,ty ei(27r(nfk)+t)z) — Z Qm(\lln,j,ty ei(27r(nfk7m)+t)ac) (24)

m=—0o0

and inequality

i(27r(n—k:)+t)m) < 3M (25)

‘ ((J‘I/n,j,t, €

hold for allm > N, k€ Z, j =1,2 and t € [0, p], where M = sup,cz |qn|, and N is defined
in Remark 1. The eigenfunction ¥, ;.(z) satisfies the following, uniform with respect to
t € [0, p], asymptotic formula

\I/n,j,t(x> = Un,j(t)ei(zmﬂ)x + Unj (t)ei(dmﬂ)z + hn,j,t(x>a (26)
where (1) = (U 3 o(2), ECTHIT) 0, 5(8) = (W, 54 (x), €2 07),

) 1 In|n
(s €C27402) Z 0 [, | = O(2),  sup | hagu(e) |= O (J) (27)
o zeglo,1], t€[0,p] n

Jung (O + lon g ()] = 1+ O(). (28)

Proof. Equality (24) is obvious for ¢ € L2[0,1]. For ¢ € L1[0,1] see Lemma 1 of [28].
Since ¢¥,, ;: € L1]0, 1], we have

lim (q\I]n,j,ta ei(27r(n7k7m)+t)m) = 0.

|m|—o0
Therefore there exist C(t) and ko(¢) such that

i(27'rs+t)x)

max (qund,t, e = ’(q‘ljn,j,t; ei(zﬂ'(n*ko)+t)x)

SEZL

= C(t).

Now, using (22)-(24) and the obvious relations

lgm| <M, > mzo(h%”) (29)

k#0,2n
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for m € Z, we obtain

oo

:l Z Qm(\yn,j,t,ei(%r(n_ko_m)-’_t)m) |:

m=—oo

O(t) = |(q s ko1 +07)

| Gk (Wi, €MDY g g (U, g, €872mHDTY |

i(2m(n—ko 7m)+t)m)

(q\I/n 7yt e
| BCL2%}

3 MC() — 2M + C(t)0 (an)

e T () — @(n— T —m) 02

~|<2M+

which implies that C(t) < 3M for all t € [0, p]. Inequality (25) is proved. This with (23),
(22) and (29) gives

Z } (\Pn,j,h ei(27rk+t)m)

k#+tn

Inn i(2m NE 1
—o(21). ¥ Jwaeeeton) <o ().
k#+n

Therefore decomposing ¥, j; by basis {e/?™#1) . k ¢ 7Z} we get (26) and (27). The
normalization condition ||¥,, ;|| = 1 with (26) and (27) implies (28) m
Using (24) in (23), replacing & and m by 0 and n; respectively and then isolating the

term containing the multiplicand (¥, j ;, e!(=2™"+9)%) we obtain
(Mg (8) = (20 4 )%) (L g, €T FO) = g (U g, 2T H0T) = (30)

Z Gnq (\Pn,j,t, ei(277("—"1)+t)m)'

n1#0,2n; nj=—o00

Now we iterate (30) by using the formula

ei(?ﬂ'(nfnl 7n2)+t)m)

i(2r(n—n T - dn (\Ijn, j,ty
(W erimon) 5 el @
Nn2=—00 g

t) — 2m(n —n1) +1)2

obtained from (23) and (24). Taking into account that the denominator of the fraction in
(31) is a large number for ny # 0,2n and t € [0, p] (see (22)), we iterate (30) as follows. Since
this iteration is similar to that done in [1], here we give only the scheme of this iteration.
First, we use (31) in (30), replacing the terms (0, ; ;, e!27(*=n1)+F02) for ny £ 0, 2n in (30)
by the right-hand side of (31) and get the summation with respect to n1 and mny in the
right-hand side of (30). We then isolate in this summation the terms containing one of the
multiplicands (¥, j ¢, /™ H0z) (W, . /(=24 02) (je. terms with ny +ng = 0,2n ) and
use (31) in the other terms. Repeating this process m—times, we obtain

(A (1) = @m0+ )% = A (Mg (1), 8))tn () = (@20 + B (Mg (8),8))vn () + R, (32)

where

A (0:8) = D arOn i (0:8), B (0):8) = > be(An 5 (8), 1), (33)
k=1 k=1
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8
in%m---an q7n17n27...7nk
Ani(t),t) = ,
@k (.3 (8), ) - MZ - Anj — @Cr(n—n1) + )2 .My — Cr(n —nqg — ... —ng) +1)?]
dni19ns---9n, 92n—n1—no—...—ny,
bi(An.i(t),t) = ,
ks (8):1) . n2z - An — @2r(n—n1) +1)2]..[An; — Cr(n—n1 — .. — ng) +t)?]
R, — Z Qn1Qn2---Qannm+1(q\I/n,j,tyei(2ﬂ'(ninl7'”7nm+1)+t)x)
m [)\n,j - (27T(TL - nl) + t)Q]...[)\n)j — (27T(7’L —-—Ny — ... — ’er+1) + t)2].

1,12, s NMm 41

Note that, here the sums are taken under conditions ng # 0 and ny +ns + ... + ng # 0,2n
for s =1,2,.... Using (22), (25) and (29) one can easily verify that the equalities

=0 () =0 (1), Ry =0 () (34)

n n n

hold uniformly with respect to ¢ in [0, p].
In the same way the relation

Mg () = (=270 + 1) = Ay, (A (8), )0 (8) = (-2 + By (A (£),8))un i (8) = R, (35)

can be obtained, where

A Qi (0:8) =3 ah g (0,8), Bry (M) =D b (Anyi(1), 1),
k=1

! qn1qn2"'anqfnlfngf...fnk
wi(t),1) = 7
ap(Anj(t), 1) Z An— @Cr(n4+n1) =)y — Cr(n+n1+ ... +ng) — 1)?]

! dni19ns---9n, 4—2n—ni—no—...—ny
(A i(t),t) = ,
k( J( ) ) Z [)\n,j —(27T(7’L+7’Ll)—t)2]...[)\n7j —(27T(n+n1+...+nk—t))2]

’ in|n / in|n / in|n
a=0 () = o () m —o () )

ns Z0,ny+ns+...+ns #0,—2n for s =1,2, ... k.
Now in (32) and (35) letting m tend to infinity, using (33), (34) and (36) we obtain

(An (1) = (2mn+8)* = A, (8), 1))t () = (g2n + B g (1), 1))vn (1), (37)

’

(Mg (8) = (=2 4+ 1) = A (A (1), )05 (1) = (g-20 + B Mg (6), )un i (8),  (38)

where
AN =D ar(\ 1), B =) be(A 1), A =Y a, B =) b (39)
k=1 k=1 k=1 k=1

The simplicity of the eigenvalues A, ;(t) for t € [0, p], n > N, under some conditions on
the potential ¢, are obtained from formulas (37) and (38) by the following scheme: First,
we estimate the functions A(X,t), B(\,t), A" (\,t) and B (\,t) (see Lemma 2). Next, using
Lemma 2 we prove that the eigenvalues A, ;(t) of Li(q) for t € [0,p] and n > N are the
roots of the equation

(A= @2mn+1)* = AN D)) = (270 — 1)* = A\ 1) = (g20 + B\ 1)) (a-20 + B (A 1)) (40)
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if ¢ satisfies some conditions (see Theorem 1). Then A, ;(¢) satisfies at least one of the
equations

A= (2mn+1)? + %(A()\, )+ A (M 1)) — 4mnt — \/D(X, 1) (41)

" A= (2mn + 1) + %(A()\, )+ A (\ 1) — dmnt + /DN, 1), (42)
where D(\,t) = (47nt)? + gong—2n + Di(\,t) + Da(\, 1), (43)
Di(A1) = $TtC(A, 1) + (1), O\ 1) = 2 (A1) — A'(\ 1), (44)

Do\ t) = q2n B (M t) + q_on B(A, 1) + B\, )B (A, 1).

To prove the simplicity of the eigenvalues A, 1(t) and A, 2(t) for t € [0,p] and n > N, we
show that one of these eigenvalues satisfies (41) and the other one satisfies (42) and the
roots of (41) and (42) are different. For this, we prove that the functions B(A,t), B (\,t),
C(\t) (Lemma 3) and \/D(\, t) (Lemma 4) satisfy some Lipschitz conditions. As a result,
we find the conditions on ¢ that guarantee the simplicity of those eigenvalues (Theorem 2).

Lemma 2 (a) The following equalities hold uniformly with respect to t in [0, p] :

’

Ay (0,8) = O™, A (s (0),6) = O(n ). (45)

b) Let g € WP[0,1] and (3) holds with some s < p. Then the equalities
1

’

B(Anj(t),t) =0(n™*7"), B (A;(t),t) =0 (n™°7") (46)
hold uniformly with respect to t in [0, p].

Proof. (a) First, let us prove that

ar(An (1), 1) = ﬁ 3 % +0 <%) . (47)

k#0, 2n

Using (20) and the inequality ¢ < p and taking into account that p is a sufficiently small
fixed number, one can see that if |k| < 3|n|, then

| Anj — 2m(n — k) + 1) — 47%k(2n — k) |< |n].
Conversely, if |k| > 3 |n| then
| Anj — (2n(n — k) + )2 |> k* > n?, | 47%k(2n — k) |[> k* > n?.
Therefore, taking into account the inequality in (29), we obtain

@k 9 1 Yy B (1)
- LA e Y

P _ 2 2 — ,
b Anj— 2m(n—k)+1)2  4r e Sam] k(2n — k) n

ik 94—k 9k 94—k
| Z ( 2 42 ) I<
| <3 imT 20, 2 An,j — 2m(n— k) + 1) 4m2k(2n — k)
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M? |n| M?|n| M?|n| 1
—_—— M < —— =0(—).
Y BarES 2 met 2 wmanwp - 0G)
T KK <In] K|l <[KI <3Jn]
Thus (47) holds. In (47) grouping the terms k‘é;g:’;ﬂ) and —Z(EZ%W we get
s ) = — 3 ik 4 o(L). (48)
SN 472 (2n+ k)(2n — k) n
k>0, k# 2n

To estimate the sum in (48) we consider, as done in [22], the function
G(z,n) = / g(t)e=2mE Gt — gy
0

The Fourier coefficients Gy (n) =: (G(x,n), e?™**) of G(z,n) are

1
Gr(n) = oz dentk

for k # 0, and hence we have

_ dk 2mi(k—2n)z
Gl =Gl 3 i

Therefore, using the integration by parts and taking into account the obvious equalities
G(1,n) = G(0,n) =0, G(x,n) — Go(n) = O(1), we obtain

1 qk 4—k /1 2 2mi(dn)z
—5 Z — = [ (G(z,n) — Go(n))"e dr =
4 ko0 T2 (2n+k)(2n — k) o
s [ 206t Gotmawe 2 — gy s = 0 (1
2mi(4n) Jo ’ 0 2 nj)’

This with (48) and (34) implies the first equality of (45). In the same way, we get the second
equality of (45).
(b) If the assumptions of (b) hold, then

q2n = 0(”’75)5 Uni9ns " Anyd+2n—n1—no—--—ny, = 0(n75) (49)

(see p. 655 of [22]). Using this and (22), in a standard way, we get

In* n

k
bk<An,j<t>>—o<%>—o<nsl>, b;<An,j<t>>—o(W>—o<nsl> (50)

for k > 2. Now, it remains to prove that

b1(Anj (1)) = o(n™*71),  by(Anj (1) = o(n ™). (51)

Instead of the inequality in (29) using the equality qrgon—r = o(n~*) (see (49)) and arguing
as in the proof of (47) we get

1 qk 2n—k -
b1(An;(t),8) = 1 > ®(2n—k) +o(n 1) (52)
k#0, 2n
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for all ¢ € [0, p]. In [22] (see p. 655) the summation in (52) is denoted by Ss,, and it is proved
that Sa, = o(n™*71) (see p. 658 ). Thus, from (52) we obtain the first equality of (51). In
the same way, we get the second equality of (51). Now, (46) follows from (50) and (51) m

Theorem 1 Let g € WT[0,1] and (3) holds with some s < p. Suppose (5) holds and
| gon |> en™71 (53)

for some ¢ > 0. Then the eigenvalues Ay j(t) of Li(q) fort € [0,p] and n > N are the roots
of equation (40).

Proof. It follows from (53) and (46) that

Qon + B()\n,j (t)u t) 7& 07 q—2n + B/()\n,j (t)u t) 7é 0 (54)
for ¢ € [0, p]. Let us prove that this with formulas (37), (38) and (28) gives
Un,j(t)vn,j(t) # 0. (55)

If wy, j(t) = 0 then by (28) v, ;(t) # 0 and by (37) gan + B(An,;(t),t) = 0 which contradicts
(54). Similarly, if v, ;(t) = 0 then by (28) and (38) ¢_2, + B (Au;(t),t) = 0 which again
contradicts (54). Therefore multiplying (37) and (38) side by side and then using (55), we
get the proof of the theorem. m

Now we consider some properties of the functions A(\,t), B(\,t), A,(/\,t), Bl(/\,t)
defined in (39) for ¢t € [0, p] and X € D(n,t, p), where D(n,t, p) is the disk defined in (21).

Lemma 3 (a) There exists a constant K, independent of n > N and t € [0, p], such that
| A — A, t) < Kn~2 [ A= |, [ A0t = A(u,t) |< Kn"2 [ A= ], (56)

| OOy (B)1) |< K", | O D) — Cluut)) |< tKn~> | A— p | (57)
for all \,u € D(n,t,p), where N is defined in Remark 1.
(b) Let ¢ € WP[0,1], and (83) holds with some s < p. Then the functions by(\,t), b, (\, 1),
B(\,t), Bl()\, t) for \,u € D(n,t,p), k =1,2, ..., satisfy the following, uniform with respect
to t in [0, p], equality

FOGt) = fut) = (A = p)o(n™>72). (58)
Proof. (a) If A € D(n,t, p), then
A= @2r(n—k)+1)%| > |k||2n— k|, Vk #0,2n. (59)

To prove estimations (56) and (57) we use (59) and the following obvious equality

Y emm 10 (v ()

k#0,—2n

if max{s,m} > 2, where p = min{s, m} > 1. By (60) and (59) the series in the formulas for
the functions ay(\,t), a, (A1), bp(\,t), by (A, ) converge uniformly in a neighborhood of A.
It implies that these functions continuously depend on A. Moreover, estimations (34) and
(36) hold if we replace A, j(t) by A. Therefore the series in the formulas for the functions
A(\t), B\ ), A'(\t) and B'(\,t) converge uniformly in a neighborhood of A. Using (59)
and (60) one can easily verify that these series can be differentiated, with respect to A, term



Author's Copy

12

by term. Moreover, taking into account the inequality

d 1 _ 1
Gz (27r(n—k)+t)2) < k2(2n — k)2

and (60), we see that the absolute values of the derivatives of ag(),t), ay (A1), bx(),t),
b;c()\, t) with respect to \ is O(n~*~!). Therefore, these functions satisfy the condition

g t) = g t) = (A = p)O(n~"1). (61)
Now (56) follows from (61).
To prove the first inequality of (57) we use substitutions —ny — ng — - -+ — ng = j,
ng = jg, N3 = jg—1, ..., Nk = Jo in the formula for the expression aj,. Then the

inequalities for the forbidden indices n, # 0, n1 +ng+---+np #0,—2nfor 1 <p < kin
the formula for a) take the form j, # 0, j1 +j2 + ... + jp # 0,2n for 1 <p < k, and

! dni19ns---9npd—ni —no—...—ny
% (An (1)) = Z Anj— 2r(n—nq) —t)2]...[Mnj — Cr(n—n1 — ... —ng) — )]

Using (22) and (60) one can readily see that

oo

1 1 .
D W E eyl wot ) B e e A Y

This with the inequality in (29) implies the first inequality in (57). Now arguing as in the
proof of (56), we get the proof of the second inequality of (57).
(b) Using (49) and repeating the proof of (56) we get the proof of (b) m

Lemma 4 Suppose the conditions of Theorem 1 hold. If at least one of the inequalities
Re q2n4—2n Z 07 (62)

| Im g2nq—2n |> €| g2nq—2n | (63)

are satisfied for some € > 0 and for n > N, where N is defined in Remark 1, then there
exists a constant ¢ such that

‘\/D(/\nyl(t),t) - \/D(/\nyz(t),t)‘ <en™ [ Aa(t) = Ana(t) | (64)
for n> N andt € [0, p|.
Proof. First let us prove that
DO (8),6)] > 5 (lg-20420] + (47nt)?), (65)

D(Anj(t),t) = ((47nt)* + g2ng—20) (1 + o(1)) (66)
for n > N and ¢ € [0, p]. If follows from (44), (57) and (53), (46), (5) that

Dl(An,j (t), t) = t20(1), DQ()\nﬁj (t), t) = O(Qanisil) = O(Qan,QH). (67)
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Therefore, we have
Di(Anj(t),t) + D2(Anj(#),1) = 0(|g-2nd2a| + (470t)?). (68)
Thus, by (43), to prove (65) and (66) it is enough to show that
|g—2nGon + (47nt) |> (lg—2ng2n| + (47nt)?). (69)
For this we consider two cases. First case: (4mnt)? < 2|g2,q—2,|). Then
@20-20] > 3 (1020 + (47nt)?) (70)

If (62) holds then |g2nq—2n + (47nt)?| > |g2ng—2n| . Therefore, (69) follows from (70). If
(63) holds then ’(Jan_Qn + (47rm‘)2‘ >| Img2ng—2n |> €|q2ng—2n| and again (69) follows
from (70). Now let us consider the second case: (47nt)? > 2 |g2,q—2x|). Then

|Qan72n + (47T7’Lt)2| > (47T7’Lt) |Qan 2n| > (|q2nq 2n| + (47T7’Lt) )

that is, (69) holds. Thus, (65) and (66) are proved.
Using (43), (57), (49), (46) and Lemma 3(b) one can easily verify that

| DO (),8) = DAn2(t),) [< (Brt? Kn™h 407 7%) [ A1 () = Ana(t) |- (71)

On the other hand, it follows from (67), (66) and (53), (5) that there exists a constant co
such that

‘\/D w1 (£).8) + /Do ‘ ‘2M(1+0(1))’>CQ(nsl+m). (72)

Thus, from (71) and (72) we obtain (64). m
Now using Lemma 2-4 and Theorem 1 we prove the following main result.

Theorem 2 Let ¢ € WP[0,1] and (8) holds with some s < p. Suppose (5) and (53) are
satisfied. If at least one of the inequalities (62) and (68) hold, then the eigenvalues A, ;(t)
of Lt(q) forn > N, j=1,2 and t € [0, p] are simple and

Anj(t) = (2mn + )% + %(A(/\nj( ) t) + A (Anj (), 1)) — dmnt + (=1)7y/D(N\,;(t),1). (73)

Proof. If both eigenvalues A, 1(t) and A, 2(t) of the operator L;(¢q) lying in the disk
D(n,t,p) (see (21)) satisfy equation (41), then

M1 () = An2(t) = [ (A1 (E), 1) = AAn2(1), 1)) + 5 (A (a1 (1), 8) = A (An2(8), )]+ (T4)

[\/D w1 (t),1) = /Do }

y (56) we have

| Ay ) — Az, t) + A Ot t) — A o t) |[< 2Kn72 [ Apa(t) = Ana(t) | . (75)
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Thus, using this and (64) in (74) we get
An,1(t) = Ana(t). (76)

In the same way, we prove that if both A, 1(¢) and A, 2(t) satisfy (42) then (76) holds.
Now suppose that one of them, say Ay 1(t), satisfies (41) and the other A, 2(t) satisfies
(42). Then

At (0) = Ana(t) = [5 (A1 1) = Az, )+ 5 (A ) = 4 Oz 0]+ (70)

[\/D(An,l(t),t) + \/D(An,z(t),t)} .
Therefore, by (75) and (72) there exists a constant c3 such that
| A1 (t) = Ana(t) |[> ca(n™57 +nt). (78)

Now it follows from (76) and (78) that the value d,,(t) of the function d,, defined in
(19), for t € [0, p] belongs to the union of the disjoint sets (cz(n™*"! + nt),00) and {0}.
Moreover, as it is proved in Remark 1, d,, is a continuous function on [0, p] which implies
that the set {d,(t) : t € [0,p]} is a connected set. Therefore, taking into account that
dn(p) € (c3(n™*"1 +nt),00) (see (9)), we get {d,(t) : t € [0,p]} € (c3(n™*" +nt),c0). This
means that A\, 1(¢) and A, 2(t) are different simple eigenvalues and one of them satisfies (41)
and the other satisfies (42). Without loss of generality, it can be assumed that (73) holds
where square root in (73) is taken with positive real part. Note that

Re(y/D(An;(t), 1)) # 0 (79)

due to the following reason. By (53), (62)) and (63) |arg(q—2ngon + (47nt)?)| < m—a, where
a € (0,m). Thus, by (65) and (66) arg D(A, ;(t),t) # 7 and hence (79) holds m

Now to prove the uniform asymptotic formulas for the eigenfunctions ¥,, ;.(z) we need
consider vy, ;(t) and uy, ;(t) (see (26)-(28)). Namely, we use the following

Lemma 5 Suppose that all conditions of Theorem 2 hold. Let A, ;(t) be the eigenvalue of
Li(q) satisfying (73), and U, ; (x) be the corresponding eigenfunction. Then the relations

'Un,l(t) ~1, un,Q(t) ~1 (80)
hold uniformly for t € [0, pl.

Proof. Multiplying (37) and (38 ) by v, ;(t) and by wu,_ ;(t) respectively and then
subtracting each other, we get

(=8t + A'(t) — A(t))un,j(t)onj(t) = (q2n + B1)E ;(t) = (q-2n + B (£)ul ;(), (81)

where, for brevity, A(An.;(t),t), A (A j(t), 1), B(An;(£),t) and B (A, (t),t) are denoted by

A(t), A'(t), B(t) and B'(t) respectively.
First, suppose that nt < |ga,|. Then it follows from (57) that A (t) — A(t) = o(q2,) and

| —8mnt+ A (t) — A(t) |[< 97 |gon] . (82)
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On the other hand, relations (5), (46) and (53) imply that

G2n + B()\n,j (t)a t) ~ q-_on + B/ ()\n,j (t)u t) ~ q2n- (83)

Therefore, using (81)-(83) and taking into account that if the relation w, ;(t) ~ v, ;(t) does
not hold then w,, ;(t)v, ;(t) = o(1) (see (28)), we obtain w, ;(t) ~ v, ;(t) ~1 for j =1,2.
Thus, (80) holds for the case nt < |gay| .

Now consider the case nt > |ga,|. Using (73) in (37) and (38), we obtain

(C(t) — 4mnt + (=1) v/ D(t))un.j(t) = (g2n + B(t))vn (1), (84)
(=C(t) + 4mnt + (=1) /D())on (1) = (g-2n + B (1))tn ;(t). (85)

Since Re(y/D(An,;(t),t)) > 0, it follows from (84) for j =1 and (57) that
| C(An1(t),t) — Amnt — \/D(Ap1 (1), 1) |> Re(dmnt(1 + O(n=2)) + y/D(An,1(£), 1) > |gon] -

Using this and (83) in (84) for j = 1 we get v,,,1(¢t) ~ 1. In the same way we obtain the
second relation of (80) from (85) for j =2. m

To obtain the asymptotic formulas of arbitrary accuracy we define successively the fol-
lowing functions

Foji1(t) = (2mn+ t)2 —4mnt + (—l)j \/(471'7115)2 + gonq—_2n,

1 , ,
Frjmi1(t) = 2mn+1)* + 5(A(Fn,j,m, t)+ A (Fpjim,t)) — dmnt + (=1)7\/ D(Fp j o, t)

for m = 1,2,.... Moreover we use the functions A* , B* which are obtained from A, B
respectively by replacing ¢,, with e!7(r—n1)+t)z,

Theorem 3 (a) If the conditions of Theorem 2 hold, then the eigenvalue Ay ;(t) satisfies
the following , uniform with respect to t € [0, p|, formulas

An,j(t) = (2mn + t)? — dnnt + (—1)7 \/(471'7115)2 + gonq_on + O(%), (86)
A1) = Fogon(t) + O(), m=1,2, .. (s7)

b) The normalized eigenfunction ¥, ;+(x) corresponding to A\, ;(t) 1is M, where
»Js »J lemn, 5, (@)l
©n,jt(x) satisfies the following, uniform with respect to t € [0, p], formulas

Spn,l,t(x) = ei(—2ﬂ"ﬂ+t);ﬂ + an,lei(%rn—i_t)m + A* (Fn,l,ma t) + an,lB*(Fn,l,ma t) + O(n_m_l)a

On2t(z) = !t Oén,zei(dmﬂ)z + A*(Fp2.m,t) + an 2 B*(Fr2.m,t) + O(n~™1),

C’(Fnlm,t)—47rnt— D(Fnlm,t) 1
(1) = .1, : .1, 10 —0(1),
“ )1() q72n+B (Fn,l,m;t) * (QZnan) ( )
—O(Fy gy t) — 4mnt + /D(Fpamil 1
() = —CEn2m ) Z ATt b DU, B) )=o),

q2n + B(Fn,2,m7 t) QanmH

Proof. By (73) and (45) to prove (86) it is enough to show that

DM\ ;(1),1) = /(47nt)2 + qang_an + O(%) (88)
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Using (66) and (69) one can easily verify that
€
| /D (t),t) + /(4Tnt)2 + gong_on |> \/%(47”%-1- | V@2nd=2n | -
Therefore there exists a constant ¢4 such that
DM (£),8) + DA (1), 8
/D50, 0) T + o || o004 By 0D
VD (1),1) + /(47nt)? + qang—2n
D1(An,; (1), 1) Da(An,;(t),1)
ea| =R | 4 | Rl ), (89)
4mrnt V@2nd—2n
Moreover, from (67) and (5) we obtain
Di(\t 1 Do(\t N
N0 _ oy, DD _ e, (90)

4mnt n ’ V42nqd—2n

Hence, (88) follows from (89) and (90). Thus (86) is proved.
It follows from Lemma 3 and from the proof of (64) that the functions A(\,t), A (A, ¢),

B(\t), B'(A\t) and \/D(X, t) satisfy the equality
F(Fnjpe(t) +0(n™F),t) = f(Fpjn(t), ) + O (n™71). (91)

Now, we prove (87) by induction. It is proved for m = 1 (see (86) and the definition of
F,;1(t) ). Assume that (87) is true for m = k. Substituting the value of A, ;(t) given by
(87) for m = k in the right-hand side of (73) and using (91) we get (87) for m =k + 1.

(b) Writing the decomposition of the normalized eigenfunction ¥, ;;(x) corresponding
to the eigenvalue A, ;(t) by the basis {e!G7(n—n)+D2 . 5, € 7} we obtain

U, 56(x) — Un j (t)ei(zﬂ'nﬂ)x — Up,j (t)ei(727m+t)z = (92)

Z (U, (), 61‘(271’(77«*711)+t)x>ei(27r(n7nl)+t)x'

ni1#0,2mni=—o0

The right-hand side of (92) can be obtained from the right-hand side of (30) by replacing gy,
with e?27("=m1)_ Since (37) is obtained from (30) by iteration, doing the same, we obtain

U (%) = i (£)e P py, () T2 Ly, () AT (Mg t) 00, ()BT (Anyj, t) (93)

from (92). First, let us consider the case j = 2. Using (87) and (91) in (37), taking into
account (46) and (53), we get

Un2(t) —C(Fn2.m(t),t) —dmnt + /D(Fp 2.m(t),t) 1
una(t) Gon + B(Fnom(t), ) Ol ) (Y

where m > s. Now, dividing both sides of (93) by uy, 2(t), and denoting

- Un,Q(t) _
an2(t) = wna(l)’ On2(x) =

\I/n,Q,t(x)
Un(t)

we obtain

Ono(x) = C™IDT Lo o (1) 72D L AR (N o (t), 1) 4 a2 () B (An2(t), ). (95)



Author's Copy

17

Here ay, 2(t) = O(1) due to (80). On the other hand, one can readily see that the functions
A*(A,t) and B*(\,t) also satisfy (91). Therefore, from (95) we obtain the proof of (b) for
j = 2. In the same way, we get the proof of (b) for j=1. =

To obtain the asymptotic formulas for the eigenvalues A, ;(t) for ¢ € |7 — p, 7] instead of
(30) we use the formula

(i (t) = (2mn + £)%) (Wyy g, € CTDT) — go iy (B g, € T2TFDEDT) = (96)
Z n, (\Pn,j,h ei(27r(nfn1)+t)m)'

ni1#0,2n+1;n1=—00

From (30) we obtained (37), (38). In the same way, from (96) we get
(Anj(t) — (2mn + t)? — g()‘n,j (t),t))un;(t) = (g2n+1 + E()‘n,j (), 2))vn,;(t),

(Anj(t) = (=2m(n+1) + t)2 - g,()‘n,j (), t)vni(t) = (g-2n—1 + E,()\n,j (), 8))un,;(t),

where - - - -
ANt =Y "ar(\t), B=Y by, A = a, B =) b
k=1 k=1 k=1 k=1

Here Ek,”d%,fl;k,fl;jc differ from ay, aj},, b, b}, respectively, in the following sense. The sums
in &'k,?ijc,gk,g% are taken under conditions ny + ng + ... + ng # 0,+(2n + 1) instead of
the condition 1y + ns + ... + ngy # 0,£2n for s = 1,2, ..., k. Besides in Ek,gﬁc the multipli-
cand ¢+2n—n; —ny—...—n;, Of by, by, is replaced by ¢ (2141)—ny —ny—...—n, - Moreover, instead of
F o, ;, A*, B* we use ﬁ, On,j, g*, B* that can be defined in a similar way. Thus, instead
of (5), (53), (62) and (63) using the relations

Gont1 ~ G-2n-1, | Qent1 |> en *71, (97)
Regan+19-2n-1 > 0, (98)
| Im g2n4+19—2n—1 |> € | @2n+10—2n—1 | (99)

respectively and repeating the proof of Theorems 1-3 we get:

Theorem 4 Let g € WF[0,1] and (3) holds with some s < p. Suppose (97) and at least one
of the inequalities (98)and (99) hold. Then there exists N(m,p) such that the eigenvalues
An,j(t) forn > N(m,p) and t € [x — p, | are simple and satisfy the formulas

; 1
Ang(8) = (2mntt) =2m(2n 4 1)(t=m)+ (=1)'v/ 27 (2n + 1)(t = m))* + @ant1g-201+0(=),
(100)
Anj(t) = Fpjm(t)+0(n™™), m=1,2,.. (101)
The normalized eigenfunction U, ; (x) corresponding to Ay, ;(t) is H:ZZ;%’ where oy, j ()

satisfies the following , uniform with respect to t € [ — p,w|, formulas
Pn,1,t = ei(_zﬂ-(n—i_l)—i_t)w+an,l(t)€i(2ﬂ—n+t)m+g* (Fvn,l,ma t)—l—&n,l(t)é* (Fvn,l,ma t)+0(n_m_l)7
Pn,2t = ei(zﬂ-n—i_t)w+an,2(t)€i(_2ﬂ—(n+1)+t)m+Z* (Fvn,2,m7 t)+04n,2(t)§* (Fvn,2,m7 t)+0(n_m_l)

The following remark follows from Remark 1 and Theorems 1-4.
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Remark 2 Suppose the conditions of Theorem 2 and Theorem /4 hold. One can readily
see that (86) fort = 0 and t = p gives formulas (10) and (9) respectively, if we use the
notation: A_p(t) =: A 1(t) for n =1,2,... and A\, (t) =: A\p2(t) forn =0,1,2,... Note that
we use both notations A\, (t) and A, ;(t). If the notation \,(t) is used, then the corresponding
eigenfunction and Fourier coefficients (see (26)) are denoted by ¥, (x) and un(t), vn(t).
Similarly, (100) for t = m and t = w — p gives the formula obtained in [1] for A, ;(7) and
(9). Moreover, there is one-to-one correspondence between the eigenvalues (counting with
multiplicities) and integers. Indeed, by (9) and Theorems 2-4 if |n| > max{N, N(m,p)} and
t € [0, 7] then the eigenvalues A\, (t) and A_y(t) are simple and the number of the remaining
eigenvalues of L¢(q) is equal to 2max{N, N(m,p)} + 1, where N and N(w,p) are defined in
Remark 1 and Theorem 4. Further, for simplicity of notation, max{N, N(r,p)} is denoted
by N. Using the above notation, we see that the spectrum of Li(q) is

S(L) ={A@t):neZ} ={ () :n=12,..3 U{ A 2(t) n=0,1,2,...}. (102)
Since A\p(t) for |n| > N is a simple root of
F(\) = 2cost, (103)

where F(\) is the Hill’s discriminant, we have

B dF (M (1)) d\,(t)  dF . _,, .
F(Ay(t)) = 2cost, N #0, T —(a) 2sint (104)
for In| > N, and t € [0,7]. This implies that
T, =:{ () :te[0,n]} (105)

is a simple (i.e. Ay :[0,7] — Ty, is injective) analytic arc with endpoints A, (0) and Ay (7).

The eigenvalues of L_+(q) coincides with the eigenvalues of L:(q), because they are
roots of equation (103) and cos(—t) = cost. We define the eigenvalue \,(—t) of L_:(q)
by An(=t) = A\ (2) for allt € (0,7). Then A\, (t) is an analytic function on (—m,x).

Using Theorems 2-4 and taking into account Remark 2, we get

Theorem 5 Let g € WTP[0,1] and (3) holds with some s < p. If go ~ q—n, | gn |> ecn™°71
and at least one of the following inequalities

Regng—n >0, |Imgng—rn |> €| gng—n |

hold for some ¢ > 0 and € > 0 and for n > N, where N is defined in Remark 2, then the
eigenvalues A\ (t) of Li(q) for |n| > N and t € [0, 7] are simple. The eigenvalues A, (t) and
the corresponding eigenfunctions W, ¢(x) satisfy the formulas (9) and the formulas obtained
in Theorems 3 and 4.

3 Asymptotic Analysis of L(q)

Since the spectrum S(L(q)) of the operator L(g) is the union of the spectra S(L:(q)) of the
operators L(q) for ¢ € [0, 7], it follows from (102) and (105) that

S(L(g)) = U I'n.

neEZ
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By (104) and (105) the subset v =: {\,(¢) : t € [a, B]}, where [o, 8] C [0,7], of T, for
|n| > N is a regular spectral arc of L(g) in sense of [9] (see Definition 2.4 of [9]). Following
[24, 26, 9], we define the projection P(v) and the spectral singularities as follows

PO = o [ (@l NE- O 1)+ @ ) Ay 1)

] 0
where p(A) = /4 — F2()), F()) is defined in (103),
Do (z,N) = 02, \) + (o(1, X))~ HeF —0(1,\)p(z, )

is the Floquet solution and

L) = / (@)@ (2, \da

The spectral singularities of the operator L(q) are the points of S(L(g)) in neighborhoods
of which the projections P(7) of the operator L(gq) are not uniformly bounded. In other
words, we use the following definition.

Definition 1 We say that A € S(L(q)) is a spectral singularity of L(q) if for all sufficiently
small e > 0 there exists a sequence {y,} of the regular spectral arcs v, C {z € C:| z—\ |[< ¢}
such that

lim || P3a) = oc. (107)

In the similar way we define the spectral singularity at infinity.

Definition 2 We say that the operator L(q) has a spectral singularity at infinity if there
exists a sequence {vi} of the reqular spectral arcs such that d(0,~;) — oo as k — oo and
(107) holds, where d(0,~) is the distance from the point (0,0) to the arc .

To estimate the projections we use the following lemma of [16]:
Lemma 5.12 of [16] Let A" be in Loo((0,2n); B(L(0,1))). Then for f in Ly(—00,0)

the limit in mean
No Ny

Af = lim iz ZT*?[e”U WA ()T fdt (108)

N;—o0 27T —N;—Nj

exists and defines a bounded operator in La(—00,00) of norm || A ||<|| A" ||so, where Ty is
defined by Ty (f(x)) = f(x + k) for x €]0,1), Ti(f(z)) =0 for x #1[0,1) and

TH(f (@) = fx— ) for @ € [j + 1), TH(f(@) =0 for @ £ [, + 1)

Let {Xnt : n € Z} be biorthogonal to {W,,;:n € Z} and ¥}, ,(x) be the normalized

eigenfunction of (L:(g))* corresponding to A, (t). Then
Xn, (7)) = ==V, 1(2), an(t) = (Vni(2), V7, () 0,1), (109)

where (.,.)(q,») denotes the inner product in La(a,b). One can easily verify that

_ Ph(@ () o L 2-(@Aa(?))
Vnilz) = | D4 (2, A (8)) | Xn()) an () | D_(z, M (t) | (110)
U, (z+1)= e“\I!mt(:C), Xni(z+1)= e“xn,t(x). (111)

Now we are ready to prove the main results of this chapter:
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Theorem 6 If all conditions of Theorem 5 hold, then

(a) The spectrum of the operator L(q) in a neighborhood of oo consist of the separated
simple analytic arcs Ty, for |n| > N with endpoints A, (0) and A\, (7), where N is defined in
Remark 2.

(b) The operator L(q) has at most finitely many spectral singularities.

(¢) The projections P(vy) of L(q) for all v C Ty, and |n| > N are uniformly bounded and
the operator L(q) has no spectral singularity at infinity.

Proof. (a) Due to Remark 2 we need only to note that I';, for |n| > N are separated,
that is, I', N Ty, = @ for k € Z\{n}. This is true due to the following reason. The equality
An(t) = Ak (t) contradicts the simplicity of A, (t). The equality A, (t) = Ax(t) for ¢/ # ¢ and
t' € [0, 7] contradicts the first equality in (104).

(b) By Theorem 5 the equation dl;g\’\) = 0 has no zeros at I, for |n| > N. Since dl;g\’\) is
an entire function, it has at most finite number of roots on the compact set Uy, |<yI['n. Now
the proof of (b) follows from the well-known fact that the spectral singularities of L(q) are
contained in the set {\: 'ﬂ;&’\) =0, A€ S(L(g))} (see [9, 26]).

(c¢) Changing the variable A to the variable ¢ in the integral in (106), using

dF)ldt, BEOE) _ o1, 0 (1)) (@ (2 M (1), B (2 D)

A ==Y (ﬁ )

and (110) by simple calculations we get
P f f fy Xt )R o i (x))d, (112)
5

where § = {t € (—=m, 7] : \u(t) € 7}. Let A'(t) be the operator defined by
A f = (fxnt)0,1)Yne(z) (113)
for t € § and A'(t) = 0 for t € (—m,7]\d. By (109) we have

1A (1) =] an(t) |7, VE €35, (114)
where ay is a continuous function and an(t) # 0, since A\, (t) is a simple eigenvalue.
Therefore A € Loo((0,27); B(L2(0,1))).

Let f € Cp, where Cy is the set of all compactly supported continuous functions, and A
be the operator defined by (108). Then using Lemma 5.12 of [16] and (111)-(113) we get

A= lim — Z E T*fe”(J A ()T f (x)dt =

N;—oc0 27T]——N1k* Ns

N2
Jdim g 8 T e el -
1 Ny 2w
lim o= 3 (X )T (@)t = P(3)f (2).

N;—oc0 27T]——N1 0

Hence Af = P(v)f for all f € Cy, where Cy is dense in La(—00, 00). Moreover, A is bounded
by Lemma 5.12 of [16] and P(v) is bounded, since v C T',, and T, for |n| > N does not
contain the spectral singularities. Therefore, we have A = P(v). Now Lemma 5.12 of [16]
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with (114) implies that
I P(y) 1< sup | an(t) |7
ted

On the other hand, by (a), if 7% is a regular spectral arcs such that d(0,~x) is a sufficiently
large number, then there exists n such that |n| > N and v; C T',. Therefore, (¢) follows
from the following lemma. m

Lemma 6 If all conditions of Theorem 5 hold, then there exists a constant d such that
| an(t) |"t< d (115)
forall|n|> N andt € (—m, 7).

Proof. For t € [p,m — p] inequality (115) follows from (9). Now we prove this for
t € [0, p]. The other cases are similar. Since the boundary condition (2) is self-adjoint we
have (L.(q))* = L(q). Moreover, the Fourier coefficients of § has the form

i27rnm) — LP—H

(e
Therefore, one can readily verify that if ¢ satisfies the conditions of Theorem 5 then g also
satisfies these conditions. Thus all formulas and theorems obtained for L; are true for L} if
we replace ¢, with g—,,. Hence, by formula (26), we have the following, uniform with respect
to t € [0, pl, formulas

WS (@) = 0l (ST ur (2T (),
(up () + (v ;)7 =1+ 0", (hf ;€ F™ 07y = 0,[| b7, = O(n™").  (116)
Then
(W, (2), W5, 5 4 (2)) = v j (B, 5(8) + 0n i (8)v), (E) + O(n71). (117)

By Lemma 5 we have v;; ; ~ uy 5(t) ~ 1. Using this and (80) in (117) for j = 1, we get

(U1, 051 4) = vaa (B0, ()1 + ————=——) +O(n™"). (118)

It follows from (84) and (85) that

Uny (g2n + B(1)) _ —C(t) +4mnt — /D(t) (119)
Un1  (C(t) —4mnt — /D(t)) (q—2n + B'(t)) '

Then ZI}—I((:;)) satisfies the formula obtained from (119) by replacing ¢, with g—,. Hence,
n,1l

uy 1 (8)
vy 1 (t)

satisfies the formula obtained from (119) by replacing ¢,, with ¢_,. Thus, we have

tUna U (t) _ —C(t) +4mnt — VD (q—2n + B*(1))
Un1 07 1 (1) (d—20 + B'(t))  (C*(t) — 4mnt — /D (1))

n,l

)

where B*, C* and D* are obtained from B,C and D by replacing ¢, with ¢_,. Since

(4-20 + B'(1)) = a-2a(1+0(1)), (g-20 + B*(1)) = g-2a(1 + (1))
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(see (46), (53)), the last equality can be written in the form

Un,1 U:L,l(t) . —O(t) + 4drnt — D(t)
On1on () C*(t) — 4wt — /D*(D) (1+0()). (120)

Using (57) and (66) for L; and L} one can easily see that

[C@) [+ VD) [+[C*(0) [+ [ VD) [= O(f(n, 1)),

where f(n,t) =| 47nt | + | \/G2nq—2n | - Therefore, by (118), (120) and by v,1 ~ vy, ; ~ 1,
there exists a constant cs such that

1 <o C*(t) — 4mnt — \/D*(t)
(Vo Vi) | P o) = /D () — C(t) — /D) + ol f(m, 1))
From (57) and (66) for L} we get

| C*(t) — dmnt — /D*(t) |<| 97nt | +2 | \/G2nG—2n |< 3f(n,t). (122)

Similarly, by (57), (66) and (69) there exists a constant cg such that

| C°(t) = VD*(t) = C(t) = VD) + o(f(n,1)) [> cof(n, ), (123)

Thus, using (122) and (123) in (121) we get the proof of the lemma m

It easily follows from this lemma the following result about the asymptotic spectrality
of the operator L(q) defined as follows. Let e(t,y) be the spectral projection defined by
contour integration of the resolvent of L;(q), where v € R and R is the ring consisting of all
sets which are the finite union of the half closed rectangles. In [17] it was proved Theorem
3.5 (for the differential operators of arbitrary order with periodic coefficients rather than for
L(q)) which, for the operator L(g), can be written in the form:

L(q) is a spectral operator if and only if

. (121)

sup( sup || e(t,7) [|) < oo.
YER te(—m,w]

According to this theorem we give the following definition of the asymptotic spectrality.

Definition 3 The operator L(q) is said to be an asymptotically spectral operator if there
exists a positive constant C' such that

sup ( sup [ e(t,7) []) < oo, (124)
YER(C) te(—m,n)

where R(C) is the ring consisting of all sets which are the finite union of the half closed
rectangles lying in {\ € C:| X |> C}.

Theorem 7 If all conditions of Theorem 5 hold, then the operator L(q) is an asymptotically
spectral operator in sense of Definition 3.

Proof. Let C be a positive constant such that if A\, (t) € {A € C :| A |> C}, then
| n|> N for all t € (—m, ], where N is defined in Remark 2. If v € R(C), then v contains in
a finite number of the simple eigenvalues of L;(q). Thus, there exists a finite subset J(t,)
of {n € Z: | n |> N} such that the eigenvalue A, (t) lies in ~y if and only if k € J(¢, ). It is
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well-known that these eigenvalues are the simple poles of the Green function of L;(g) and
the projection e(t,~y) has the form

e(ta’}/)f = Z L (fv ‘I’Z,t)‘l’n,t-

n€J(t,y) On (t)

Then by (26) e(t,v)f for t € [0, p] is the sum of eT(¢t,7)f, e~ (t,7)f and e"(t,v)f, where

1 * i(2mn T
el = 3 U Tu e,
neJ(t,y) n
— 1 * i(—2mn x
CuNf= 3 O,
neJ(t,y) "
1 . In|n
PN = Y e = 0D
n€J(t,y) n

It follows from (27), (28) and Lemma 6 that there exists a constant ¢; such that

leS e IP<2d® > [ (f 85 1% (125)
n:n|>N
. In|n
P EED SEIAAIE T (126)
n:n|>N
for all ¢t € [0, p] and v € R(C).
Now suppose that || f ||= 1. By (116) there exists a constant cg such that

ST P< e (127)

n:n|>N
This inequality with (125) gives
et 17< 2d%cs.

Thus, in (126), first using the Schwarz inequality for I3 and then taking into account (127)
we conclude that there exists a positive constant cg such that || e (t,7)f ||< co and

[ e(t,y) 1< e (128)

for all ¢ € [0,p] and v € R(C). In the same way, one can prove inequality (128) for all
t € (—m,n] and v € R(C), that is, the theorem is proved. m
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