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Integral High Order Sliding Mode Control of
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Abstract—An observer-based controller for the single-phase sliding mode (SM) [8], [18], [19]. The proposed observers
induction motor is proposed in this paper. The scheme presead strategies guaranty robustness in the presence of plantimod
is formulated using block control feedback linearization echnique  yncertainty.
and high order sliding mode algorithms with measurements of
the rotor speed and stator currents. A second order sliding rode Usually, the stability analysis of the complete observer-
observer is included into the controller design in order to dtain control system is carried by using the separation principle
estimates of the rotor flux. The Stabl“ty of the Complete cleed- proposed |n [20] However, thls prlnC|p|e was developed for
loop system is analyzed in the presence of model uncertainty 5 ¢lass of nonlinear minimum phase systems that can be
namely, rotor resistance variation and bounded time-varyng l0ad o qanted in the observer canonical form. The inductioromot
torque. ; : ' A

case covers a different scenario and the applicability ef th
observer-controller scheme described in [20] is queshkizna
| INTRODUCTION and, by far not trivial. Thus, a more precise stability prémf

This paper is aimed to present an observer-based controllff€ Whole scheme is necessary.

using high oro!erl Sli(::]ing moge (HOSM) algsolgiltp/lmslfo.r In this paper, a robust observer-based controller design
capl)lackltor-run hsmgF?l-l\Bl ase _:jn Iuct|0nd motor ( h )- ; l'gfor the capacitor-run SPIM in the presence of uncertainty is
well known the IS widely used in many NOUSENoId ¢, ngjgered. The proposed control scheme is based on the moto

appl;]catlonfs.as C(t)mpressdorsthpumps_, air C?ndr']t.'or?'n@mtl dynamic model including the capacitor dynamics, described
washer, rerigerators, and otheér equipment which reqive 1 o gationary reference frames) fixed in the stator. First, a

power motors [1]. Therefore, the design of control algarnith second-order SM observer based equivalent control [21]

which improve the SPIM performance is a relevant task. and a generalization [22] of theiper-twisting algorithm [23]
An important class of solutions for this problem is the is designed to estimate the rotor flux. With the measuredrstat

observer-based controllers. For the SPIM case, it consfsts current and estimated rotor flux, the controller is propdsgd
(i) a feedback controller for speed profile tracking and fluxusing a combination oblock control feedback linearization
magnitude regulatior(;i) a state observer to estimate the rotor[24] and quasi-continuous SM algorithms [25] in order to

flux, and(iii) stability analysis of the whole system closed by design a nested integral structure as [26], [27] but withcexa
the designed observer-based feedback. disturbance rejection, similar to the techniques preseine

[28], [29]. The super twisting algorithm for the basic cantr
For the feedback controller case, several approaches hayg,ut and switching logic for the auxiliary input is propdse
been proposed for the induction motor control. For exampleyy order to ensure the design sliding manifold be a finite time
a classical vector control with field orientation technigue gttractive. The closed-loop system exhibits the propertie
due to [2], the application of back-stepping [3], passiity exponential tracking and robustness, allowing to overcome

based control [4], [5], input-output feedback linearieat{6],  the uncertainty due to the parameter variations and externa
adaptive [7] and sliding mode (SM) [8]-[11] including neura disturbances as the load torque.

networks [12] and discrete controllers [13]. However, mafst

the mentioned proposals are for the three phase motor (TPIM) In the following, Section Il provides the considered model
The treatment of the SPIM control design problem is differenof the SPIM. Sections Ill and IV describe the proposed
from the TPIM controller, since the SPIM despite of symneetri observer and controllers, including a detailed analysis of
TPIM has a basic control input which applies to the mainstability and robustness. Simulation results which dertrates
winding, and the auxiliary winding is affected by the swigch the main characteristics of the proposed controller, are
capacitor, it looks like a "subactuated” system. Moreotlis ~ presented in Section VI. Finally, in Section VIl the conatuns
control input that depends on switching parameter which caare given.

take just two values "0” or "1".

In addition, most of the proposed methods assume the rotor . MATHEMATICAL MODEL FOR THESPIM
flux to be known. Hence, it is necessary the development of
a tool that allows the estimation of this variable. The eatin The dynamic model of the SPIM can be considered as the

is usually obtained from machine model and the measurememntodel of an unsymmetric&l-phase(a, b) induction machine
of speed and stator voltage and current [14], [15]. Sevaral fl in the variables of circuit elements. After the transforiomat
observers have been proposed using adaptive [16], [17] artd a fixed frame(a3) [30], the single phase induction motor
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scheme with the stator current and the rotor flux as the state Using the relation between the voltages andvg;s in (1)

variables, is presented in Fig. 1. of the form
v =
N 2)
—_— Vgs =N Vg — Ve
where the switching parameter € {0,1}, the voltagevg,
£ yields to
\ £ — ) nlug—v, if p=1
< T~ vgs = 1 .
g 0] 1 n= v if p=0
Auxiliary Winding being n~'v, as a referred voltage of the main winding to
00000 ) the auxiliary winding withn, = N,/Np, where N4 is the
Les R number turns of main winding anz is the number turns of
Fig. 1: Single phase induction motor. an auxiliary winding.

Ill. SECONDORDERSLIDING MODE OBSERVER FOR

) ) ) ) ROTOR FLUXES
and its dynamic equations are given by . , )
Having the rotor speedv, and stator current,s, igs

di , in thi i
S5 _ ¢ra10ias + C1C10Aar — C1C3MpWr A gy measurements only, in this section a second order SM obiserve

dt is designed to estimate the rotor flux.
@i +10as + Bas Considering the transformation
25 .
dts = — 2020185 + C2C40A8, + C2C3NpWr Aar Nor =ias + C163ar,  Aj, =igs + C2c3Apy (3)
+ covgs + Ags (1) the flux and current dynamics (1) are represented in new
dX . variables of the form
d?T = - GSO)\ar + npwr)\,@r + a40las + Aozr di
as . * *
dAﬁr W = _19112&3 + 1912)\0”« - (plwr)\ﬁr + C1Vas + Aozs
= - npwr)\ozr - a30)\,8r + a40i63 + ABT :
dt dz,@s . * *
dew, e —U211gs + V22 A5, + p2wr s, + c2vs + Ags
:d1d2 (/\ﬁrias - )\ariﬁs) - dQTL * (4)
dt dAG : .
. . = G11las + §12)\ar + C1Vqs + Aar
where A\, and Ag, are the rotor magnetic-flux-linkage, di
ins and igs; are the stator currentp,s and vg, are /\Br

the voltage of the main and auxiliary stator windings, d¢ = G21ips + S22A3, + C2Vgs + Dpr

respectively,w, is the rotor speedyn, is the number of \yherew,; = cia; + <&, P12 = Yoo = &, Vo1 = coan + &,
pole pairs, T, is the load torque. This model considers ,, — c1e3Mp, 0o :‘340203%, Gl = CGic3a4 — 101 — <19,
variations on rotor resistance of the foRn(t) = R,o + _ _ {eclea—ciesas d
AR,.(t) where AR,.(t) is an unknown but bounded function 2t = ©2€3¢4 = €201 = S22, S12 = cies and,
of time, leading to a set of uncertain model parameters,, — (M) Here, the disturbanced,, and Ag,

C2C3

al(t) = aip + Aal( ), ag(t) = agy + ACLQ( ), ag(t) = dAgs
aso+ Aas(t), as(t) = a40+Aa4( ) andC4( _ C4O+Ac4 £) are considered to be slow-varying, thatﬁ%— = =0.
where a1g = (Ras + Reo’z ) azo = (Rps + Reo’n %] Based on (4), and defining?,., /\*T, ias, andig, as the

_ R _ Rm estimates of\’,., \% , ias, andi respectlvely an observer
azo = T, aqo = L,, andcyg = &2 L,,, are the parameter arr Agrr bas Bs> '
nominal values. The parametnc uncertamues are predente)ased on the equivalent control method [21] is designed as
by A(ll( ) - AGQ( ) - L_gART( )’ A(l3( ) =z ART()’ % = _19112.(15 +'l9125\2r - SOIWTS\ET + C1Vqs + Aas
Aas(t) = L=AR.(t), and Acs(t) = L2AR, () While dt .
the model parameters which dg not depend orzthe resistance +lup (Zas) +Wi
variations are given by, = T 2 = T digs . . .

m BsHr m — ; * *

c3 = LLT, di = n, 7 Lm anddy = 7. dt 192”?5 + U225, + @awrAa, + c2vps + Ags

Thus, the unknown terms in (1) are defined by + o (ips) + V2
Aas = AC4(t)Cl/\aT — Aal(t)clias, ABS = AC4(t)Cg)\,3T — d//\Zr . - 5
Aas(t)eaigs, Nar = —Aag(t)Aar + Aag(t)ins, and Ag, = gt = Sttfas G2dq, + C1tas 13V ®)
—AGS(t)/\Br + Aa4(t)lﬂs. dX;;T ' <

The dynamics of the capacitor (see Fig.1) are given by o = S21iss T e2Ag, + c2ugs + 1412

dv dA 4 dvi N
° — ] = lSV ) — =1 as
7 woXeigs 7 1 pm 1202 (tas)

where X, is the capacitor reactance ang = 27 f, with f dAps _ I6Va vy

being the fundamental frequency. dt at la2p2 (igs)
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~ . 4 ~ . a . . . . T
where iqs = iqs — ias, and igs = ig, — igs are the desired value for, is defined asrages= [ 9 zgej} , and
estimation errors of,s, andig,, respectively. Withp; () = it is proposed of the form

1 3. 1 2
pal|2sign() + pa(:) +2u3|-| *sign(-), p2 é') = puysign() + Tades = T9ges+ Thges (8)
2 . = .2 . —
2“1/”' * S|gn() (13 + 2uapia) () + Spzpal| *sign() + where z},. will be designed to reject the disturbandg in

13 *sign(-), [; > 0 for j = 1,...,6 and, pu; > 0 for g tima by using the integral sliding mode technique [31]

1=1,2,3. The termz§,.is such that, converges exponentially to zero.

As a result, the rotor flux eStlmateSm and \g, are To establish the controkoges in (7), the error variable
obtained as\,, = AL = Mp—ias gng Aﬂr = Aﬁczic;ﬁ 20 =1 221 Zo22 ] is defined as

79 = T3 — Todes 9)
IV. SLIDING MODE CONTROLLERDESIGN . .
and (7) is rewritten as

Provided that the currents and speed are continuously dz R 0 <

measured and the rotor fluxes are estimated, the objectiee he pr F1(9) + B1(A)aBdes+ Br(Ar)ges (10)

is to design a SM controller which can effectively track the
desired speed,..; and the module to the square of the rotor
flux ¢,.y reference signals by means of the continuous basic

+B1(X )ZQ+(I)+A1

controlv, and auxiliary controp as a discontinuous function. In order to calculater}y, the variabler = [ o1 02 "
is proposed as
A. Sliding Manifold Design oA +¢ (11)
As first step, the state variables and z, are defined as \t/)vhereg =[& & | isanintegral variable to be defined
T . ST 2 elow.
1= wr ¢] andzy =[ias igs |°, Wherep = |¢|” = _ _
Aor 4+ A3, Thus, the system (1) can be represented in the From (11), the dynamics of are given by
nonlinear block controllable form with disturbance [24] da . < -
da — = [1(9) + B1(Ar)T2ges + B1(Ar)Toges
—==f (@) + B1 (M) w2 + DT + A, < _ d¢ (12)
dcg (6) +Bl()\r)22+<1>+A1 +E'
dt2 _f2 (w’r‘7)\7‘7 )+BQU+A
With the selection ofs as
T T
where A\, = [Aar Agr |y u = [ Vas Uss ] , d§
f@ = [ helt = [0 200 ], — = —f1(0) = Bi(Ar)25es (13)
T
Dy = [=d 0], f o [ fr 2] A, r  where£(0) = zl( ), the system (12) reduces to
[ 0 2AarAar+2A,8rABr ] ’ As = [ Aas ABS ] ’ d
didodgr  —didadar 87— Bi()akgeet Bi(A)zo + & + A
— — 7 )4 od 1(Ar)22 + + A1- (14)
Bl ()\r) |: 20,40A0” 2@40)\5T and, BQ dt es
€1 ; ; To enforce sliding motion on the manifold = 0 despite
) with = - as )\ar - T‘A T . *g . . P
0 c ,f21 @10€itos €160 K of the disturbancel;, the termaly in (14) is chosen as
and foo = —az0C2ips + CacawrAar + C2€10 51 Thges = Bri(\)v, with v = [ v vy ] defined as the
Only the estimates of the rotor fluxes are available for theolution to
control design. Hence, the estimated varlalzﬂes A2 +/\m, dn dal + ks, |01|2S|gn(01)
A\ = ()\m,)\ﬂr) and its errorsp = ¢ — (b A=A\ — )\, are ar e d,,
defined. Ea +k‘51|01|2 (15)
da’
Setting thecontroller-used error 2, = [ zy; 412 ]* and dva _ , i T k52|02| Fsign(7:)
real tracking errorsz; = [ 211 212 ]T, with 211 = w, — dt d"z +k62|02|2
wref(t), 212 = ¢ — Prep(t) and, z12 = ¢ — drer(t) = Here, the derivatives?t and dgf are obtained using a SM

O+¢—drer(t) = 212+¢, the dynamics of the first transformed (gitferentiator [32].

block (6) become ) ]
When the motion on the manifold = 0 is reached, the

dz ~ . L - i do _ (i
d_tl — [1(8) + B0 ) + & + A, @) solution to &% = 0 in (14)

i o ) {B1(Ar)23gesteq = Bi(Ar) 22 + @ + Ay (16)
where & = { 0 % } and A1 = DiTe + Ar + ghows that the disturbande+ A is rejected by the equivalent
{ dwref(t)  ddres(t) ]T_ control {Bl_()\r):zzédes}eq [15]. Therefore, the dynamics on

dt dt o = 0 are given by

To stabilize the dynamics for;, 22 can be selected as a dz R o
stabilizing term in form of a virtual controller. Thereforhe = = J1(8) + Bi(A)ages (17)
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Thus, the desired dynamics K2, for % in (17) are
introduced by means of
2aes = By T (Ar) | = f1(0) — K11 (18)

where K7 = diag(k1, k2) with k1 > 0, k2 > 0. Hence, with
; d
(18) in (13), % reduces to
d§

— = Ki%.
dt 121

(19)

B. Inducing Siding Modes

From (9) , it follows that

d
dZ: = f2(wr7 577’5) + Bou+ Ay

where the termA, = A,

(20)

To induce a SM maotion on the manifold o; = 0 or

las = zge;m the current loop, taking into account (2), the basic

controlv, is formulated as [23]

Vg = — 1 |2’21|1/2 Sign(221) — (3221 + U1 (21)
du1

E = — CYQSign(Zgl)

with a3 > 0, as > 0, and oz > 0. And to induce a quasi-

sliding mode motion on the manifoleh, = 0 or ig, = des

— dr2es js 3 pounded disturbance.

It is possible to demonstrate for the block (24) that there
is a SM on the manifoldr = 0 in finite time by using the
results exposed in [25]. Similarly, it can be shown the finite
time convergence of the system (25) to the manifgid= 0
[11]. Finally, the uniform finite time convergence to zero of
the estimation errors,s and: igs In the system (26) can be
proved with the results presented by [22].

The SM motion is given by the systems (23) and (27)

constrained to the set o1 oo 221 220 Gas  ips } =
[0 0O O 0 0] asfollows:
dz -
Nd_tl = —Kl(Zl + Zl)
dx; o
d;” = (G2 — I312) A}, — 13A0s + Aqr
—+ lg(plerET
Xy, - .
d—f = (S22 — la¥22) N5, — lalps + Ap, (28)
— l4cp2wr:\zr
dA s < - -
F7 —l5912A%, — l58as + lsprwrAg,
dAgs -, . -
dtﬁ = _161922)\67“ - lgAgs - ZGQOQUJT)\QT.

To analyze the stability of the system (28), it can be written

the auxiliary controlp for the capacitor is designed by meansas a linear system with non-vanishing disturbance of thefor

of the following switching logic:

1 . 1
p= 55|gn(zQ2vC) + 7 (22)

V. STABILITY ANALYSIS OF THE OBSERVERBASED
CONTROLLER

The extended closed loop system is presented as

{ddit] =-KiZ +v+Bi(A)n+®+ A (23)
Z_i :V+B1(X7«)ZQ+(I~)+A1
dvy g Lotk o] 2signon)
a 7% ks o (24)
dva  _ _p a +k62\02\25'9n(02)
dt 2 |d"2|+k52|a’2|2
{% _f2 (Wra)\sa s) +BQU+A2 (25)
dfﬁs = 1912)‘:;r — cpleS\;T + Aas
—l1p1 (ias) = VA 26)
d,iﬁfs = 19225\ET + wzwrjxj;r + Ags
—la1p1 (igs) — Va
Por = Ny + Ay — 3V3
axy,. ~
df&h = §22)\ET + Aﬁr — 14V (27)
e =%
T =l

é=Me+ A (29)
- - - - T
wheree = [ . Ao Das Aps } , M is the block
matrix
—Ki 0 0 0 0
0 G2 — l3V12 0 -3 0
M= 0 0 G2 — a2 0 =l
0 —l5919 0 —l5 0
0 0 —lg¥22 0 —ls
andA = | I A +lsoiwn Ny, Ape — Lipowe A,

~ ~ T
l5<p1wr)\;§T lgcpgww\zT } .

For (29), the Lyapunov candidate functidn = %eTPe
is proposed, withP > 0. With the adequate choice df
wheni = 3,...,6 and K1, the matrixM is Hurwitz. Hence,
there exists one unique solutidh to the Lyapunov equation
MTP +PM = —Q, whereQ = Q7 andQ > 0.

For the system (29), it is satisfied

Amin(P) HeH§ <e"PQ < Amax(P) ||e||§

oV
S Me = —e"Qe < ~Aun(Q) [l

(30)

and the perturbation term is considered to be bounded by

IA|l < aq |lelly + B2, with aa > 0 and 55 > 0.
The derivative ofV, yields to

V =—-e"Qe—2e"PA (31)
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and, substituting the bounds (30) in (31), results

V < (—Amin(Q) + 202 Amax(P)) Hel\§ + 282 max(P) [l e,
—a(1-0) [lel; - ab|le]; + Bllel

0 <6< 1. Finally, V < —a(1—6) el ¥]el, >, with
§=2.

Thus, the nominal system = Me has an exponentially
stable equilibrium pointe 0 and, the solutione(t) of
(29) is ultimately bounded. The ultimate bound is given by
lell, < 0¥,

>\min(P)

VI.

To verify the effectiveness and efficiency of the proposeq:ig' 2
observer-based controller, numerical simulations arelgored o.
using the Euler integration method with a time step=
1 x 1074

Parameters and data of the SPIM are in the Table 1. [30]:

2)

3)

NUMERICAL SIMULATION RESULTS

Single-Phase
H.P. 0.25 Vs 110 (V)
f 60 (Hz) np 2
n= ’\Lg 1.18 Ras 2.02 ()
Rgs 5.13 () R, 4.12 ()
Las 0.1846(H) Lg 0.1833 (H)
L, 0.1828 (H) Lm 0.1772 (H)
J 0.0146 (Kgm?)  ka 0 (kgm?/s)
Imax 15 (A) Crun 35 uf

TABLE [: Parameters of SPIM

The controller gains are adjusted A9 = 500, ks = 750,
ko, = 30, ko, = —10, ks, = 1, ks, = 0.0015, oy = 36,
andas = 1. And, the gains for the observer akg = 15000,
121 = 17000, 112 = 0.01, 122 =0.01, l5 =50 and,16 = 50.

For the simulation purposes, the initial conditions of the
state variables are selected to zero. Tracking performance
verified for the two plant outputs: driving the square of roto
flux ¢ to a constant refereneg..; = 0.15, and a speed profile

wrey fOr w,, proposed as follows:
1) The SPIM starts on repose with the reference speed
on 100 rad/sec.
2) At the first second, a change of the speed reference
from 100 rad/sec tol20 rad/sec, is presented.
3) Finally, at3 seconds, a change of the speed reference

from 120 rad/sec tol40 rad/sec, is presented.

In addition, the system is subject to disturbances which are
introduced as follows:

At 2 seconds, 80% increase in the value of the rotor
resistance is presented.

The SPIM starts whit a increase in the value of
inductances at5%.

wq [rad/sec]
g

o

3
Time [Sec]
1

o8

06

04

020,

0 T 3 s 6
Time [Sec]

Rotor speed;,. and module to the square of rotor flux

3
Time[Sec]

] 1 2 4 5 6

3
Time [Sec]

. Error of rotor flux in axis framex .

. . . . .
0 1 2 3 4 5 6
Time [Sec]

3
Time [Sec]

Fig. 4: Stator currents in axis frame 5.

The rotor speed tracking response is depicted in Fig. 2

which shows a satisfactory performance under the change of

1) The SPIM starts on repose with a load torqué) &f

N-m, then atl sec. a change of load torque fran®

the speed reference at= 1,04 sec. and = 3.04 sec., where
the speed tracking effect is achieved almost totally aftes2

N-m to 0.8 N-m. After that at3 sec. another change
of load torque from0.8 N-m to 1 N-m. And finally
at4 sec. one more change of load torque froMN-m
to 0.5 N-m.

sec. Fig. 2 shows the module to the square of the rotordglux
response too; it is possible to see that the module is magdai
over the given reference. The errors responses of rotorsfluxe
are shown in Fig. 3.
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On the other hand, the stator currents (see Fig. 4) are if1]
the appropriate range during the stédft < ¢ < 0.2) that
corresponds to the proposed control algorithm. Finallyimn
5, the responses of the voltages are presented, wheglis the

super-twisting SM control and,ug; is the discontinuous SM [12]
control.
400 T T T T T [13]
— 200 4
S
2 0
ol , [14]
-400 - : . ; .
0 1 2 3 4 5 6
Time [Sec] [15]
1000 T T T T T
[16]
[17]
-1000 : : . ; .
0 1 2 3 4 5 6
Time [Sec]
Fig. 5: Stator control voltages of axis (. [18]
[19]

VII. CONCLUSIONS

An observer-based control scheme was proposed to track
the rotor angular speed, and module to the square of rotor [»q
flux ¢. It is based on SM algorithms allowing a robust design.
The stability conditions of the closed-loop system waswdeti
The simulation results have shown a robust performanceeof th21]
designed controller with respect to the perturbations edy

the load torque, fulfilling the stator current constraints. 2]
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