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Introduction to the Special Issue on Partial
Differential Equations and Geometry-Driven
Diffusion in Image Processing and Analysis
I. WHAT IS THIS SPECIAL ISSUE ABOUT?

T HE USE of partial differential equations (PDE’s) and
curvature driven flows in image analysis has become

an interest raising research topic in the past few years. Let
represent a gray-level image, where is

the gray-level value. Introducing an artificial time, the image
deforms in a partial differential evolution equation according
to

(1)

where is the evolving image,
is an operator that characterizes the given algo-

rithm, and the image is the initial condition.1 The solution
of the differential equation gives the processed

image at scale. In the case of vector-valued images, a system
of coupled PDE’s of the form of (1) is obtained.

The same formalism can be applied to planar curves (bound-
aries of planar shapes), whereis a function from to ,
or surfaces, functions from to . In this case, the operator

must be restricted to the curve, and all isotropic motions
can be described as a deformation of the curve or surface
in its normal direction, with velocity related to its principal
curvature(s). In more formal terms, a flow of the form

(2)

is obtained, where are the principal curvatures and is
the normal to the curve or surface. A tangential velocity
can be added as well, which may help the analysis but does
not affect the geometry of the flow.

PDE’s can be obtained from variational problems. Assume
a variational approach to an image processing problem for-
mulated as

Min

where is a given energy. Let denote the Eu-
ler–Lagrange derivative (first variation). Since under general
assumptions, a necessary condition forto be a minimizer
of is that , the (local) minima may be computed
via the steady state solution of the equation

where is again an “artificial” time parameter. PDE’s obtained
in this way have been used already for quite some time in
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1F typically depends on the image and the first and second spatial

derivatives.

computer vision and image processing, and the literature is
large. The most classical example is the Dirichlet integral

which is associated with the heat equation

More recently, extensive research is being done on the direct
derivation of evolution equations which are not necessarily
obtained from the energy approaches. This is in fact the case
for a number of curvature equations of the form (2).

Clearly, when introducing a new approach to a given
research area, one must justify its possible advantages. Using
PDE’s and the curve/surface flows in image analysis leads
to model images in a continuous domain. This simplifies the
formalism, which becomes grid independent and isotropic. The
understanding of discrete local nonlinear filters is facilitated
when one lets the grid mesh tend to zero and, thanks to an
asymptotic expansion, rewrite the discrete filter as a partial
differential operator.

Conversely, when the image is represented as a continuous
signal, PDE’s can be seen as the iteration of local filters with
an infinitesimal neighborhood. This interpretation of PDE’s
allows one to unify and classify a number of the known iterated
filters, as well as to derive new ones. Actually, Alvarezet
al. [1] classified all the PDE’s that satisfy several stability
requirements for imaging processing such as locality and
causality. (As pioneered in [31], future research might give
up the locality requirement.)

Further, the PDE formulation is very natural in order
to combine algorithms. If two different image processing
schemes are given by

then they can be combined as , where
. If and above are the corresponding Eu-

ler–Lagrange operators of two energy minimization problems
with energies and , the flow above minimizes the energy

.
Another important advantage of the PDE approach is the

possibility of achieving high accuracy and stability, with the
help of the extensive available research on numerical analysis.
Of course, when considering PDE’s for image processing and
numerical implementations, we are dealing with derivatives of
nonsmooth signals, and the right framework must be defined.
The theory ofviscosity solutions[6] provides a framework for
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rigorously employing a partial differential formalism, in spite
of the fact that the image may be not smooth enough to give
a classical sense to the first and second derivatives involved
in the PDE. Last but not least, this area has a quite unique
level of formal analysis, giving the possibility to provide not
only successful algorithms but also useful theoretical results
like existence and uniqueness of solutions.

II. SOME BACKGROUND

It is difficult to write the history of a topic, and is not
our intention to do it. We just want to mention several
contributions that, in our opinion, have had a major impact
in this area. A larger number of relevant references can be
found in the book edited by ter Haar Romeny [28].

Ideas on the use of PDE’s in image processing go back
at least to Gabor [10], and a bit more recently, to Jain
[13]. However, we believe that the field really took off
thanks to the independent works of Koenderink [17] and
Witkin [37]. (Koenderink initiated the Utrecht scale-space
school, e.g., [9].) These researchers rigorously introduced the
notion of scale-space, that is, the representation of images
simultaneously at multiple scales. Their seminal contribution
is to a large extent the basis of most of the research in
PDE’s for image processing. In their work, the multiscale
image representation is obtained by Gaussian filtering. This is
equivalent to deforming the original image via the classical
heat equation, obtaining in this way an isotropic diffusion
flow. In the late 1980’s, Hummel noted that the heat flow
is not the only parabolic PDE that can be used to create a
scale-space, and indeed argued that an evolution equation that
satisfies the maximum principle will define a scale-space as
well. Maximum principle appears to be a natural mathematical
translation ofcausality.

Perona and Malik’s [26] work on anisotropic diffusion has
been one of the most influential papers in the area. They
proposed to replace Gaussian smoothing, which is equivalent
to isotropic diffusion via the heat flow, by a directional
diffusion that preserves edges. Their work opened a number of
theoretical and practical questions that continue to occupy the
PDE image processing community, e.g., [2], [28]. In the same
framework, the seminal works of Osher and Rudin on shock
filters [25] and Rudinet al. [29] on total variation decreasing
methods explicitly stated the importance and the need for
understanding PDE’s for image processing applications. We
should also point out that about at the same time, Priceet
al. published a very interesting paper on the use of Turing’s
reaction-diffusion theory for a number of image processing
problems [27].

As we have noted, many of the PDE’s used in image
processing and computer vision are based on moving curves
and surfaces with curvature based velocities. In this area, the
level-set numerical method developed by Osher and Sethian
[24] was very influential (see also the early development in the
level-sets methodology for mean curvature motion in [21]).
The idea is to represent the deforming curve, surface, or
image, as the level-set of a higher dimensional hypersurface.
This technique, not only provides more accurate numerical

implementations, but also solves topological issues that were
very difficult to treat before. The representation of objects
as level-sets (zero-sets) is of course not completely new
to the computer vision and image processing communities,
since it is one of the fundamental techniques in mathematical
morphology [35]. This morphological approach is actually the
one adopted in [1] to classify all contrast invariant PDE’s.

Another key contribution in the PDE formalism has been
the general segmentation framework developed by Mumford
and Shah [20]. Their work has unified a large number of image
segmentation approaches, and opened as well a large number
of theoretical and practical problems (see [19]).

Next in [16], Kimia et al. introduced curve evolution meth-
ods into computer vision for a computational theory of planar
shape. (For some of the key mathematical works in curvature
driven flows upon which this work is founded (see [11], [12],
and [24] and the references therein). They defined a “reaction-
diffusion” scale-space that allows one to smooth shapes as
well as to employ the theory of shocks for a hierarchy
of parts combining an anisotropic smoothing effect with a
morphological one.

Finally, the work of Terzopouloset al. on active contours
for image segmentation [14] indirectly also had an important
impact on the PDE’s community. This work has subsequently
been extended by a number of authors using geometric PDE’s.

It should be noted that a number of the above approaches
rely quite heavily on a large number of mathematical advances
in differential geometry for curve evolution [12] and in vis-
cosity solutions theory for curvature motion (see e.g., Evans
and Spruck [7]).

Of course, the frameworks of PDE’s and geometry driven
diffusion have been applied to many problems in image
processing and computer vision, since the seminal works
mentioned above. Examples include continuous mathematical
morphology, invariant shape analysis, shape from shading,
segmentation, object detection, optical flow, stereo, image
denoising, image sharpening, contrast enhancement, and image
quantization. The interested reader is referred to [28] and [30],
as well as the papers in this special issue, for an extensive list
of references.

III. CONTENTS OF THESPECIAL ISSUE

One of the interesting theoretical and practical questions in
this area is the study of PDE’s that are invariant to camera
transformations. This work was initiated by Alvarezet al. [1]
and by Olveret al. [22], [23], [33], [34]. Extensions were
introduced by Faugeras [8]. Dibos presents in this issue a
possible alternative to deal with the high number of derivatives
involved in projective invariant flows.

Following the importance of anisotropic diffusion equations
as introduced by Perona and Malik [26] and extended by
many others, the numerical implementation of such equations
became a central research topic. This is the subject of the paper
by Acton and the one by Weickertet al.

An alternative model for anisotropic diffusion is presented
in the paper by Cottet and El Ayyadi. They introduce interest-
ing concepts like time-delays and relations to neural networks.
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Following the work by Sapiro and Ringach [32] on vector-
valued diffusion and energy minimization, Blomgren and Chan
present a study of total variation minimization for vector
images with special attention to color data.

In two similar independent works, Sochenet al. and Yezzi
propose to treat images as high-dimensional surfaces (graphs),
and process them based on projected curvature motion flows.
The approach can be embedded in a Riemannian geometry
framework. These works are as well motivated by [5], [32],
and [36].

Chambolle et al. analyze the relations between wavelets
based algorithms for image enhancement and energy mini-
mization based ones.

Faugeras and Keriven propose a PDE model to compute
3-D shape from stereo images.

Chan et al. consider the Yanowitz–Bruckstein method for
image thresholding, and give it a variational formulation.

Carmona and Zhong investigate the use of high-order
structure, obtained for example from the image Hessian, in
anisotropic diffusion.

Without any doubt, one of the most interesting results
in the past years of computer vision and image processing
is the concept of active contours or snakes introduced by
Terzopouloset al. [14]. This is the topic of two papers in this
special issue. Xu and Prince extend the potential energy that
attracts the deforming contours to the scene object, making it
more effective. Siddiqiet al. deal with curve evolution based
active contours. They add a new term to the works described
in [4] and [15], which are extensions of [3] and [18].

Chan and Wong investigate the numerical implementation
of algorithms for blind deconvolution based on total variation
techniques. They present fast and accurate solutions. (You and
Kaveh have independently proposed the same model for blind
deconvolution in their ICIP’96 paper.)

Caselleset al. present an axiomatic approach for image
interpolation. They show all the possible (level-set based)
image interpolation algorithms satisfying a number of natural
requirements and compare them.

Teboul et al. present an extended analysis of edge pre-
serving regularization techniques, based on ideas form the
Mumford–Shah [20] segmentation technique and extensions
introduced by Ambrosio and Tortorelli.

Moisan presents a fast numerical curve evolution scheme
that preserves the affine invariance in the affine heat flow.

Based on robust statistics, and the theory of influence
functions, Blacket al. show how to design the stopping term
in the Perona–Malik flow and how to explicitly introduce
coherence in the outliers. The anisotropic diffusion flow they
propose has nontrivial steady state solutions, even without the
addition of a data term.

Most of the research in scale-space theory was done for still
images. Guichard extends this theory to movies.

Perona’s work deals with the regularization of orientation
maps. Since orientations are defined periodically, there is a
need for a special design of diffusion flows and their numerical
implementation. Perona addresses this issue motivated by
physical analogies.

ACKNOWLEDGMENT

The guest editors wish to thank Prof. A. Bovik, Prof. M.
Kaveh, Prof. D. Munson, and Prof. M. Vetterli for proposing
and supporting this special issue. We could not produce this
special issue without the help of the anonymous reviewers,
who responded to a very demanding schedule. A number of
reviewers reviewed up to five papers. We deeply thank all
of them. Since they do deserve a lot of the credit for the
success of this project, we list them here: L. Alvarez, L.
Ambrosio, G. Aubert, C. Ballester, Banham, M. Barlaud, P.
Blomgren, C. Bouman, V. Caselles, F. Catte, A. Chambolle,
T. Chan, L. Cohen, T. Coll, G. Cottet, R. Deriche, M. El
Ayyadi, O. Faugeras, D. Fleet, L. Florack, J. Froment, J.
Garding, G. Gerig, R. Ginosar, F. Guichard, H. Guo, S.
Kalitzin, R. Keriven, S. Kichenassamy, R. Kimmel, C. Koch,
G. Koepfler, R. Kresch, M. Luettgen, R. Malladi, D. Marimont,
J. Marroquin, T. McInerney, L. Moisan, J.-M. Morel, P. Mulet,
D. Mumford, P. Olver, S. Osher, E. Pauwels, I. Pollak, D.
Ringach, B. Romeny, Y. Rubner, A. Salden, F. Santosa, G.
Sapiro, M. Schneider, C. Schnorr, J. Shah, D. Shaked, T.
Shiota, R. Stevenson, D. Strong, A. Tannenbaum, P. Teo, J.
Weickert, L. Vese, C. Vogel, J. Weber, R. Whitaker, Y.-L.
You, S. Zampieri.

REFERENCES

[1] L. Alvarez, F. Guichard, P. L. Lions, and J. M. Morel, “Axioms and
fundamental equations of image processing,”Arch. Ration. Mechan.,
vol. 123, pp. 199–257, 1993.

[2] L. Alvarez, P. L. Lions, and J. M. Morel, “Image selective smoothing
and edge detection by nonlinear diffusion,”SIAM J. Numer. Anal.,vol.
29, pp. 845–866, 1992.

[3] V. Caselles, F. Catte, T. Coll, and F. Dibos, “A geometric model for
active contours,”Numer. Math.,vol. 66, pp. 1–31, 1993.

[4] V. Caselles, R. Kimmel, and G. Sapiro, “Geodesic active contours,”Int.
J. Comput. Vis.,vol. 22, pp. 61–79, 1997.

[5] A. Chambolle, “Partial differential equations and image processing,” in
Proc. IEEE Int. Conf. Image Processing,Austin, TX, Nov. 1994.

[6] M. G. Crandall, H. Ishii, and P. L. Lions, “User’s guide to viscosity
solutions of second order partial linear differential equations,”Bull.
Amer. Math. Soc.,vol. 27, pp. 1–67, 1992.

[7] L. C. Evans and J. Spruck, “Motion of level sets by mean curvature, I,”
J. Differ. Geom.,vol. 33, pp. 635–681, 1991.

[8] O. Faugeras, “On the evolution of simple curves of the real projective
plane,” Comptes Rendus Acad. Sci. Paris,vol. 317, pp. 565–570, Sept.
1993.

[9] L. M. J. Florack, “The syntactical structure of scalar images,” Ph.D.
dissertation, Univ. Utrecht, The Netherlands, 1993.

[10] D. Gabor, “Information theory in electron microscopy,”Lab. Investig.,
vol. 14, pp. 801–807, 1965.

[11] M. Gage and R. Hamilton, “The heat equation shrinking convex plane
curves,”J. Differ. Geom.,vol. 23, pp. 69–96, 1986.

[12] M. Grayson, “The heat equation shrinks embedded plane curves to round
points,” J. Differ. Geom.,vol. 26, pp. 285–314, 1987.

[13] A. K. Jain, “Partial differential equations and finite-difference methods
in image processing, part 1: Image representation,”J. Optim. Theory
Appl., vol. 23, pp. 65–91, 1977.

[14] M. Kass, A. Witkin, and D. Terzopoulos, “Snakes: Active contour
models,” Int. J. Comput. Vis.,vol. 1, pp. 321–331, 1988.

[15] S. Kichenassamyet al., “Conformal curvature flows: From phase tran-
sitions to active vision,”Arch. Ration. Mechan. Anal.,vol. 134, pp.
275–301, 1996.

[16] B. B. Kimia, A. Tannenbaum, and S. W. Zucker, “Toward a compu-
tational theory of shape: An overview,” inLecture Notes in Computer
Science, vol. 427. New York: Springer-Verlag, 1990.

[17] J. J. Koenderink, “The structure of images,”Biol. Cybern.,vol. 50, pp.
363–370, 1984.

[18] R. Malladi, J. A. Sethian, and B. C. Vemuri, “Shape modeling with front
propagation: A level set approach,”IEEE Trans. Pattern Anal. Machine
Intell., vol. 17, pp. 158–175, 1995.

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on May 21, 2009 at 15:28 from IEEE Xplore.  Restrictions apply.



272 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 7, NO. 3, MARCH 1998

[19] J. M. Morel and S. Solimini, “Segmentation of images by varia-
tional methods: A constructive approach,”Rev. Mat. Univ. Complutense
Madrid, vol. 1, pp. 169–182, 1988.

[20] D. Mumford and J. Shah, “Optimal approximations by piecewise smooth
functions and variational problems,”Commun. Pure Appl. Math.,vol.
42, 1989.

[21] T. Ohta, D. Jasnow, and K. Kawasaki, “Universal scaling in the motion
of random interfaces,”Phys. Rev. Lett.,vol. 47, pp. 1223–1226, 1982.

[22] P. Olver, G. Sapiro, and A. Tannenbaum, “Classification and uniqueness
of invariant geometric flows,”Comptes Rendus Acad. Sci. Paris,vol.
319, pp. 339–344, Aug. 1994.

[23] , “Invariant geometric evolutions of surfaces and volumetric
smoothing,”SIAM J. Appl. Math.,vol. 57-1, pp. 176–194, 1997.

[24] S. J. Osher and J. A. Sethian, “Fronts propagation with curvature
dependent speed: Algorithms based on Hamilton–Jacobi formulations,”
J. Comput. Phys.,vol. 79, pp. 12–49, 1988.

[25] S. Osher and L. I. Rudin, “Feature-oriented image enhancement using
shock filters,”SIAM J. Numer. Anal.,vol. 27, pp. 919–940, 1990.

[26] P. Perona and J. Malik, “Scale-space and edge detection using
anisotropic diffusion,”IEEE Trans. Pattern Anal. Machine Intell.,vol.
12, pp. 629–639, 1990.

[27] C. B. Price, P. Wambacq, and A. Oosterlink, “Image enhancement and
analysis with reaction-diffusion paradigm,”Proc. Inst. Elect. Eng.,vol.
137, pp. 136–145, 1990.

[28] B. ter Haar Romeny, Ed.,Geometry Driven Diffusion in Computer
Vision. Boston, MA: Kluwer, 1994.

[29] L. Rudin, S. Osher, and E. Fatemi, “Nonlinear total variation based
noise removal algorithms,” inProc. Modéliz. Mat. Traitement d’Images,
INRIA, 1992, pp. 149–179.

[30] G. Sapiro, “Geometric partial differential equations in image process-
ing: Past, present, and future,” inProc. 2nd IEEE Int. Conf. Image
Processing,Washington, D.C., Oct. 1995.

[31] G. Sapiro and V. Caselles, “Histogram modification via PDE’s,”J.
Differ. Equ., vol. 135, pp. 238–268, 1997.

[32] G. Sapiro and D. Ringach, “Anisotropic diffusion of multivalued images
with applications to color filtering,”IEEE Trans. Image Processing,vol.
5, pp. 1582–1586, 1996.

[33] G. Sapiro and A. Tannenbaum, “Affine invariant scale-space,”Int. J.
Comput. Vis.,vol. 11, pp. 25–44, 1993.

[34] G. Sapiro and A. Tannenbaum, “On affine plane curve evolution,”J.
Funct. Anal.,vol. 119, pp. 79–120, Jan. 1994.

[35] J. Serra,Image Analysis and Mathematical Morphology, Vol. 2: Theo-
retical Advances. New York: Academic, 1988.

[36] R. T. Whitaker and G. Gerig, “Vector-valued diffusion,” in B. ter Haar
Romeny, Ed.,Geometry Driven Diffusion in Computer Vision.Boston,
MA: Kluwer, 1994.

[37] A. P. Witkin, “Scale-space filtering,” inProc. Int. Joint Conf. Artif.
Intell., 1983, pp. 1019–1021.

VICENT CASELLES, Guest Editor
University of Illes Balears

Balears, Spain
JEAN-MICHEL MOREL, Guest Editor

Ecole Normale Sup`erieure de Cachan
GUILLERMO SAPIRO, Guest Editor

University of Minnesota
Minneapolis, MN

ALLEN TANNENBAUM, Guest Editor
University of Minnesota

Minneapolis, MN

Vicent Caselles(M’95–A’96) received the Licenciatura and Ph.D. degrees in mathematics
from Valencia University, Spain, in 1982 and 1985, respectively.

Currently, he is an Associate Professor at the University of Illes Balears, Balears, Spain. His
research interests include image processing, computer vision, and the applications of geometry
and partial differential equations to both previous fields.

Jean-Michel Morel received the Ph.D. degree in applied mathematics and the Doctorat d’Etat,
both from the University Pierre et Marie Curie, Paris, France, in 1980 and 1985, respectively.

He is currently Professor of applied mathematics at the Ecole Normale Supérieure de Cachan,
Cachan, France. His main interests are in mathematical formalization of image processing and
image analysis operators.

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on May 21, 2009 at 15:28 from IEEE Xplore.  Restrictions apply.



CASELLES et al.: GUEST EDITORIAL 273

Guillermo Sapiro (M’95) was born in Montevideo, Uruguay, on April 3, 1966. He received
the B.Sc. (summa cum laude), M.Sc., and Ph.D. degrees from the Department of Electrical
Engineering, Technion–Israel Institute of Technology, Haifa, in 1989, 1991, and 1993,
respectively.

After conducting post-doctoral research at the Massachusetts Institute of Technology,
Cambridge, he became a Member of Technical Staff at the research facilities of Hewlett-Packard
Laboratories, Palo Alto, CA. He is currently with the Department of Electrical and Computer
Engineering, University of Minnesota, Minneapolis. He works on differential geometry and
geometric partial differential equations, both in theory and applications in computer vision and
image analysis.

Dr. Sapiro was awarded the Gutwirth Scholarship for Special Excellence in Graduate Studies
in 1991, the Ollendorff Fellowship for Excellence in Vision and Image Understanding Work
in 1992, and the Rothschild Fellowship for Post-Doctoral Studies in 1993.

Allen Tannenbaum (M’93) was born in New York City in 1953. He received the Ph.D. degree
in mathematics from Harvard University, Cambridge, MA, in 1976.

He has held faculty positions at the Weizmann Institute of Science, McGill University, ETH
Zurich, Technion–Israel Institute of Technology, and Ben-Gurion University of the Negev.
He is presently Professor of electrical engineering, University of Minnesota, Minneapolis. He
has conducted research in robust control, systems theory, computer vision, image process-
ing, robotics, semiconductor process control, operator theory, functional analysis, algebraic
geometry, and invariant theory.

Dr. Tannenbaum has authored or co-authored more than 200 research papers, and is the author
or co-author of three books:Invariance and Systems Theory, Feedback Control Theory(with J.
Doyle and B. Francis), andRobust Control of Infinite Dimensional Systems, and Complexity.He
is presently an Associate Editor ofSIAM Journal of Control and Optimizationand International
Journal of Robust and Nonlinear Control.He has won several awards, including the Kennedy

Research Prize, George Taylor Research Award, and SICE Best Paper Award. His plenary talks include those presented at the
American Mathematical Society and at SIAM.

Authorized licensed use limited to: Georgia Institute of Technology. Downloaded on May 21, 2009 at 15:28 from IEEE Xplore.  Restrictions apply.


