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SUMMARY 

A number of experiments by various workers have shown consider

able deviations from the Knudsen l imi t ing law of thermal transpiration. 

Molecular beam experiments indicate that, for a number of pract ical 

technical surfaces, a measurable fraction of gas molecules in the i n c i 

dent beam is re f lec ted specularly rather than according to the cosine 

law of diffuse r e f l ec t i on . A Monte Carlo computer model, in which the 

faster moving molecule has the greater chance of being specularly re 

f l ec t ed , was devised to study the deviations from the l imi t ing law. 

Clausing transmission probabi l i t ies were calculated for capi l lary tubes 

of d i f ferent L/D rat ios under isothermal as wel l as temperature gradient 

conditions. 

According to the computer model, the transmission probabi l i ty , 

Q, was found to be r e l a t i v e l y insensi t ive to a temperature gradient 

across a cap i l la ry . In addition, the model indicated that the value of 

the transmission probabil i ty depended primarily upon the temperature of 

the entrance reservoir . I t was found that, according to the Monte Carlo 

calculations, as the degree of specular re f lec t ion increased, the for

ward and reverse transmission probabi l i t ies diverged. When, on the 

average, 8 per cent of the molecules were scattered specularly in the 

model, the forward and reverse transmission probabi l i t ies d i f fered by 

about 12 per cent. The results seemed to indicate that specular 

re f lec t ion might account for the observed deviations from the l imi t ing 

law. 
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Isothermal flow experiments at several temperatures were made for 

a number of l igh t gases (hydrogen, deuterium, helium, argon) to measure 

experimentally the e f fec t of temperature on the transmission probabili ty. 

A long tube with an L/D ra t io of about 280 was used in the experiments. 

Such experiments, which covered temperatures ranging from 77°K. to 

353°K., indicated that the values of the transmission probabil i ty were 

temperature dependent over a much wider range than had been previously 

reported. I t was shown experimentally that deviations from the Knudsen 

l imi t ing law on the order of 1 to 5 per cent could be accounted for 

because of the temperature dependence of the transmission probabi l i ty . 

The results indicated that flow experiments provide an experimental 

means of measuring Clausing transmission probabi l i t ies with an average 

error of about 0.15 per cent. 

The experimentally measured transmission probabi l i t ies were found 

to correlate wel l with the Lennard-Jones force constants for each gas 

as previously indicated by Lund and Berman. 

The experimental measurements also indicated that the transmis

sion probabi l i t ies were characterist ic of the gas. 

The experimental values of the transmission probabi l i t ies were 

found to be about 15 per cent lower than the theoret ical values calcu

lated from the variat ional solution of De Marcus. Deviations of up to 

30 per cent have been reported in the l i t e ra ture with the deviations 

becoming larger as the L/D ra t io of the capi l lary increases. 

The indications are that backscattering plays an important ro le 

in this disagreement and that a f u l l theoret ical treatment of the prob

lem must include some degree of backscattering. 
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CHAPTER I 

INTRODUCTION 

Under conditions where the molecular mean free path of a gas is 

small compared to typical container dimensions, the properties of the 

gas depend essent ial ly upon the frequency and nature of the inter-

molecular co l l i s i ons . Early investigations of such properties were 

carried out largely by means of the study of the flow of gases in 

cyl indr ica l tubes. I f the ve loc i ty of transport, u, is not so great 

that the flow becomes turbulent, the motion of the gas w i l l be similar 

to the laminar flow of a l iqu id and w i l l be governed by the v i scos i ty . 

Present ( 1 ) derives an equation for the motion of the gas in the 

following way. Consider a short cylinder of f lu id of radius, r , and 

of length, dx. In steady f low, the pressure difference, dp, between 

the ends of the cylinder produces a force that is balanced by the v i s 

cous drag over the curved surface. The viscous shearing stress is 

n , where < 0, and n is a proportionali ty constant called the 

coef f ic ien t of v i scos i ty . The viscous drag on the curved surface is 

given by 

2Trrdxn̂ r— (1 ) dr 

so that the condition for steady flow is governed by the equation 



2 

o j du 2 , 2irrdxn —— t irr dp dr = 0. ( 2 ) 

I f this equation is rearranged, 

du 
dr 

r 
2n 

dp 
dx ( 3 ) 

the following equation is obtained upon integrat ion, 

4n dx t C ( 4 ) 

where the boundary condition at the w a l l , 

u(a) = 0 ( 5 ) 

allows the integration constant, C, to be evaluated. The equation 

2 2 A a - r dp 
U = ; 7 s -

4n dx 
( 6 ) 

indicates that the ve loc i ty p ro f i l e is parabolic. I f n is the number 

of molecules, the molecular flow in the cyl indr ica l shel l between r 

and r t dr is 27rnurdr. The number of molecules per unit time flowing 

through the tube is then 
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G = n / u2irrdr = 2lIL f (a^-r^)rdr 
O 4 N D X 0 

where a is the radius of the tube, k is the Boltzmann constant, and T 

is the absolute temperature in degrees Kelvin . 

In the steady s ta te , G is independent of x such that 

L 4 P 2 4 p^ - p? 

where L is the length of the cyl indr ica l tube. I f the pressure drop 

from one end of the tube to the other is denoted by 

AP = P 2 " P l 5 O ) 

and the average pressure is denoted by 

p = 'S (p 2 +p 1 ) , (10) 

then the law of Poiseu i l le is obtained 

where the formula is s t r i c t l y va l id only i f the mean free path of the 

gas is much less than the radius of the cylinder, i . e . , 

tra n dp _ TRA dp 
8~rT dx ~ 8r|kT P dx 

( 7 ) 
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A << a. (12) 

This is a necessary condition for the appl icab i l i ty of the shear stress 

calculation and the boundary condition. 

As the pressure is lowered, however, with any given experimental 

arrangement, there must come a time when this boundary condition is no 

longer sa t i s f i ed . As the pressure decreases, the mean free path of the 

gas w i l l increase so that intermolecular co l l i s ions must, of necessi ty, 

lose the i r importance. Experimentally i t was found that as the mean 

free path of the gas approached the diameter of the cy l indr ica l tube, 

Po i s eu i l l e ' s law f a i l e d . This was not surprising in the sense that 

when the mean free path of the molecules great ly exceeded the dimensions 

of the apparatus, intermolecular co l l i s ions would be rare , and the 

determining factor in the behavior of the gas would be the co l l i s ions 

that a molecule would make with the walls of the apparatus. Each 

molecule would then act independently of a l l the other molecules in 

giving r i se to the properties of the gas. Perhaps to emphasize the 

importance of the "independent" or "f ree" molecule, a gas under such 

conditions is said to exhibit "free-molecular" behavior, and to undergo 

"free-molecular" f low. 

Early Investigations 

In 1875 Kundt and Warburg ( 2 ) performed a series of experiments 

involving the damping of a vibrating disk by a surrounding gas. They 

found that at low pressures the damping decreased, and attributed the 

ef fec t to a "slipping" of the gas over the walls of the tube which 
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augmented the f low. Their solution to the problem was to extend the 

Poiseu i l l e equation by introducing an extra term containing a parameter 

cal led the "coef f ic ien t of s l i p " which physically represented a length 

through which the wall of the cylinder was displaced so that the gas 

ve loc i ty at this new boundary was zero. The value of the s l i p c o e f f i 

cient increased as the ra t io of the diameter of the tube to the mean 

free path decreased ( 3 ) . 

1 James Clerk Maxwell ( 4 ) , in 1879, u t i l i z e d the results of an 

elaborate analysis that he had previously made of the stresses in a 

moving gas to calculate the magnitude of the s l i p distance in a gas 

from kinet ic theory. I t was shown that the value of the s l i p c o e f f i 

cient was always of the order of one mean free path and, in accordance 

with the experimental findings of Kundt and Warburg, varied at a given 

temperature in inverse ra t io with the pressure. Maxwell postulated two 

types of molecular re f lec t ion which the gas could undergo against the 

wall of the container which depended upon the transfer r a t io for momen

tum. For a smooth surface, specular re f lec t ion might occur where the 

molecule underwent no change in i t s tangential momentum. In such a 

case the transfer ra t io was zero , and the coef f ic ien t of s l i p was equal 

to in f in i ty since the molecule was unable to "cl ing" to the wall at a l l . 

On the other hand, i f the molecules were diffusely re f lec ted without 

regard to the direction of incidence and with complete loss of thei r 

i n i t i a l average tangential momentum, the molecules would behave as i f 

they were ref lec ted according to the same cosine law that holds for the 

re f lec t ion of l i gh t from a rough surface. In such a case, the transfer 
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ra t io would be unity because a l l of the momentum would be given up to 

the w a l l , and the s l i p coef f ic ien t would be on the order of the mean 

free path of the gas. 

I t is interest ing that Maxwell speculated about the nature of the 

wall-molecule interaction and, at a time when the theory of such phe

nomena was in i t s infancy, mentioned the "rooftop e f f ec t " l a t e r to be 

considered in de ta i l by De Marcus ( 5 ) . In the general case, Maxwell 

interpreted a fract ional value of the transfer ra t io as meaning that a 

fraction of the surface r e f l ec t s diffusely and the remainder specularly. 

The importance that temperature seemed to play in the flow of 

raref ied gases through cyl indr ica l tubes induced Osborne Reynolds ( 6 ) 

to conduct a series of experiments during which he discovered the fact 

that a temperature gradient imposed across porous disks caused a d i f 

ference in pressures to develop in reservoirs on each side of the disks. 

Reynolds ( 6 ) writes concerning his experiments: 

I have, however, now ascertained, by experiments which w i l l 
be described at length, that a difference of temperature may be 
a very potent cause of transpiration through porous p la tes . So 
much so that with hydrogen on both sides of a porous p la te , the 
pressure on one side being that of the atmosphere, a difference 
of 160°F. (from 52°F. to 212°F.) in the temperature on the two 
sides of the plate secured a permanent difference in the pres
sure on the two sides equal to an inch of mercury; the higher 
pressure being on the hotter s ide . With di f ferent gases and 
different plates various results were obtained, which are however, 
as w i l l be seen, connected by def in i te laws. I propose to c a l l 
the motion of the gas caused by a difference of temperature 
"Thermal Transpiration." 

Martin Knudsen ( 7 ) f i r s t calculated the quantity of gas streaming 

through a tube connecting two vessels f i l l e d with the same gas but at 

different temperatures. He was part icular ly concerned with the case of 



of "molecular flow" at very low pressures, and used as a basic assump

tion the diffuse re f lec t ion of molecules from the walls of the tube in 

accordance with the cosine law of diffuse r e f l ec t i on . Knudsen's insight 

into the phenomenon of Thermal Transpiration becomes apparent when he 

writes of his ea r l i e r experiments ( 8 ) : 

I considered this question to be of great importance in the 
correct use of the gas-thermometer and consequently of importance 
to a l l thermometry, especial ly that at low temperatures, and for 
this reason I undertook an experimental investigation of the 
phenomenon. 

Since low pressure phenomena emphasize the importance of impacts 

between molecules and the walls of the vessel rather than intermolecular 

c o l l i s i o n s , two points should be emphasized. 

1. The various phenomena observed are very much a characterist ic 

e f fec t of the geometrical arrangement of an experimental apparatus. 

2. I t becomes necessary to scru t in ize , from the molecular point 

of view, the nature of the energy exchange involved in wall-molecule 

c o l l i s i o n s . 

The Knudsen Equation 

Consider two reservoirs connected by a capi l lary of diameter, D, 

as shown in Figure 1. The pressures in the two reservoirs are such that 

the mean free path is large in re la t ion to a typica l dimension of the 

reservoi r . The number of wall co l l i s ions per square centimeter per 

second in Reservoir 2 is given by elementary kinetic theory ( 9 ) to be 



Figure 1. Diagram for the Discussion of Thermal 
Transpiration Through a Capillary 
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where N 2 is the number of wall co l l i s ions per square centimeter per 

second in Reservoir 2 , is the pressure in Reservoir 2, m is the 

mass of a molecule of gas, k is the Boltzmann constant, and T 2 is "the 

absolute temperature of Reservoir 2 in degrees Kelvin. The rate of 

flow from Reservoir 2 to Reservoir 1 is equal to the rate at which the 

molecules enter the capi l lary times the probabil i ty that they w i l l leave 

through the other end of the capi l lary and is given by the expression 

R 2 1 = N 2 • A • Q 2 1 (14) 

where 

A = area available to the molecule for entrance to the 
capi l lary from Reservoir 2. 

Q^^ = probabil i ty that a molecule entering the capi l lary 
in Reservoir 2 w i l l emerge from the capi l lary in 
Reservoir 1. 

R 2^ = rate of flow of molecules from Reservoir 2 to Reservoir 1. 

I f D equals the diameter of the cap i l l a ry , i t follows that 

R 2 i = ? 2 k • 4- ' Q2r (15) 
2 1 ( 2 ™ k T 2 ) 2 4 2 1 

An expression for the rate of flow of gas from Reservoir 1 to Reservoir 

2 can be obtained with a similar l i ne of reasoning to give 
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When a steady state condition has been reached, the two rates are equal 

R21 = R12 (17) 

from which i t fellows that 

TTD 

( 2 ™ k T 2 ) J s 4 

1 TTD 
2 1 (2™ikT ^ 4 '12' 

(18) 

This expression may be s implif ied to obtain the Knudsen l imi t ing law in 

i t s most general form 

<21 
Q (19) 
12 

Under special circumstances such as t o t a l l y diffuse r e f l e c t i o n , where 

the scattering is independent of the position in the cap i l l a ry , t o t a l l y 

specular r e f l e c t i o n , where the transmission probabil i ty is always unity, 

or a fixed degree of specular r e f l ec t i on , which is a combination of the 

two cases above, the forward and reverse transmission probabi l i t ies are 

equal. The Knudsen equation can then be written in i t s usual form: 

(20) 

Knudsen (10) originated the term "thermomolecular pressure difference" 

to describe the e f fec t of the above equation and wrote several papers 
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(11,12) in which he treated the e f fec t not only in the low pressure 

region but also at pressures in the intermediate and high pressure 

range. 

Experimental Considerations 

Several workers (13-17) have made measurements of the thermal 

transpiration r a t i o , R, defined by the expression 

R = ^ . (21) 
2 

Typical of the results were those of Hobson, Edmonds, and Verreault 

( 1 5 ) . Experimental values of R for helium gas were measured by an 

absolute method in an ultra-high vacuum system over the pressure range 

- 8 

10 torr to 20 to r r . The results are shown in Figure 2, where the 

l imi t ing value of R = 0.512 is shown as a dashed l ine (T2<T^) . Two 

main results were found: 

1. The lower l imi t for R is not reached in the pressure range 

studied. 

2. The results obtained were essent ia l ly in agreement with the 

experimental results of other workers. 

Table 1 shows the magnitude of the deviations observed by Hobson and 

co-workers. I t seems clear that even in the region of very low pres

sures the Knudsen equation is not s t r i c t l y obeyed. 
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Table 1. Low Pressure Values of Thermal Transpiration Ratio 
for Capillary Tubes of Different Diameters [The 
Percentage of Deviation from Theoretical Varied 
from 11.3 to 23 .4 . ] 

Experimental R a 

Gas D=4.5 mm D=11.3 mm D=19 .0 mm ( T j / T , , ) 1 * 

Helium 0.57 0.61 0 .62 0.512 

Neon 0.590 0.628 0 .632 0.512 

aValues of R taken from Reference 15. 

In addition to measuring thermal transpiration r a t i o s , workers 

have also been interested in investigating the scattering of molecules 

from a so l id surface. Hurlbut (18) has performed extensive experiments 

with gas beams interacting with a number of pract ical technical surfaces 

such as polished s t e e l , polished aluminum, and unpolished glass . The 

molecular beam apparatus was of conventional design consisting of a beam 

source (beams of nitrogen were used), defining o r i f i c e s , a beam inter

rupter, a test region, and the usual vacuum apparatus. An ionizat ion 

gauge was selected as the molecular beam detector because of i t s high 

inherent s ens i t i v i ty and thermal s t a b i l i t y . A dual ionizat ion gauge 

was actually used which allowed the resolution of signals d i f fe r ing in 

amplitude by 8 x 10 ^ t'orr in the presence of a background pressure on 

—6 

the order of 10 to r r . An axisymmetric geometry was chosen to allow 

observation of the molecular flux over the entire available hemisphere. 

Very close adherence of the measured flux distributions to the cosine 
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scattering pattern was observed for each of the polished metal surfaces. 

At high angles of incidence for the molecular beam, however, there were 

indications of a specular lobe. In addition, a measurable fraction of 

the to ta l number of incident molecules was scattered into directions 

lying about the specular ray for glass surfaces. These results are 

represented schematically in Figure 3 where the lobe of non-diffusely 

scattered molecules is shown around the specular ray. The fraction of 

molecules which were scattered specularly increased with increasing 

angle of incidence. Both Mi l le r and Subbarao (18) and Yamamoti and 

Stickney (19) have reported that the faster moving molecules have a 

greater chance of being specularly re f l ec ted . 

Figure 3. Schematic Representation of Molecular Beam Experiments 
Showing Specular Lobe Around Specular Ray 
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Statement of the Problem 

The purpose of this dissertation is to invest igate these devia

tions from the Knudsen l imit ing law. One way to explain the deviations 

is to postulate that the transmission probabi l i ty , Q, varies in some way 

with temperature because of a small amount of specular r e f l ec t i on . This 

would require that 

Q 1 2 < Q 2 1 

where 

T > T . 2 1 

This would mean that a molecule t ravel ing from the hot to cold side of 

the capi l lary has a greater chance of traversing a long tube than a 

molecule t ravel ing from the cold to hot end. As has been pointed out, 

the assumption of completely diffuse re f lec t ion requires that Q = ^21" 

However, i f the specular re f lec t ion of a hot molecule str iking a cold 

surface is s l i gh t ly more probable than that of a cold,molecule s tr iking 

a hot surface, then Q 1 2 < Q , where T 2 > T.^ 

These considerations w i l l be studied from two dif ferent 

approaches: 

1. A computer model of thermal transpiration w i l l be constructed 

in which the faster moving molecule has the greater probabil i ty of being 

specularly r e f l ec ted . The variat ion of Q with temperature and degree of 

specular re f lec t ion can then be studied. 
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2. Flow measurements w i l l be made on l igh t gases in order to 

determine i f any temperature dependence exists for the transmission 

p robab i l i t i e s . The temperatures w i l l cover a range from 77.4°K. to 

353.2°K. 



17 

CHAPTER I I 

THEORY 

In general, there are two models which are used to describe the 

type of molecular scattering which may occur during the flow of a gas 

through a capi l lary tube under conditions where the mean free path of 

the gas is much greater than the diameter of the tube. When specular 

re f lec t ion occurs, the molecule which strikes the surface of the tube 

at some angle, 6, rebounds such that the ve loc i ty para l le l to the sur

face is conserved, but the component of ve loc i ty perpendicular to the 

surface is reversed. The molecule thus rebounds with the angle of 

incidence equal to the angle of re f lec t ion and with i t s energy unchanged 

by the encounter with the wal l . When diffuse re f lec t ion occurs, the 

molecule strikes the surface of the container with complete wall 

accommodation and forgets i t s past h is tory, so that there i s no special 

bias causing i t to rebound along the specular ray. The molecules are 

then distributed in direction according to the cosine law, where the 

number of molecules leaving an element of surface in a direction which 

makes an angle 6 with the normal to the surface is proportional to 

cos6. In actual practice the wall surfaces are highly irregular on the 

submicroscopic scale , so that i f a gas molecule, af ter reaching the 

surface, became temporarily trapped in a small pocket or adsorbed on 

the wall and la ter evaporated, one might expect that the direct ion of 
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re f lec t ion would have l i t t l e re la t ion to the direction from which the 

molecule came. 

Consider Figure 4 which i l lus t ra tes the two models of molecular 

scat ter ing. The element of surface area, dS, is small enough to be 

treated as a smooth plane for molecular encounters. In an e las t i c c o l 

l i s i on between a molecule and the element of surface, the contact forces 

act at r ight angles to dS so that the component of molecular ve loc i ty 

pa ra l l e l to dS is unchanged by the c o l l i s i o n . Because the co l l i s ion is 

e l a s t i c , the normal component of ve loc i ty is reversed by the co l l i s ion 

and the molecule is specularly re f lec ted from dS since the angle of 

re f lec t ion is equal to the angle of incidence. This situation is shown 

in Figure 4 ( a ) . 

Now l e t f ( v ) be the distr ibution function for molecular v e l o c i -

t ies such that f (v)dvdw is the fraction of molecules with ve loc i ty 

vectors in the range of speeds dv and the range of directions du> about v . 

The .Maxwell distribution function f ( v ) is introduced such that f ( v ) d v 

gives the fraction of molecules moving in any direction with speeds 

between v and v + dv. Evidently 

4 t t . , . _ ^ 

f ( v ) = / f"(v)dw ( 1 ) 
0 

where the integration is carried out over the entire so l id angle of 4 t t . 

I f the assumption is made that there is no preferred direction of 

motion, then the chance that the ve loc i ty vector is within the so l id 

angle dco is simply die/4it . Hence 





20 

f (v)dvdto = f(v)dv(du/4ir) (2 ) 

Figure 4 ( b ) shows a group of molecules with ve loc i ty vectors in an 

infini tesimal neighborhood of v which s t r ike dS during the time interval 

dt. These molecules would be contained at the beginning of the time 

interval in an oblique cylinder with base dS and slant length vdt 

whose axis is pa ra l l e l to the vector v . The al t i tude of the cylinder 

is v dt and i t s volume is -v dtdS. The number of molecules per unit z - z r 

volume with ve loc i ty vectors close to v within the range of speeds dv 

and the range of directions da> is nf (v)dvdto where n is the t o t a l number 

of molecules. The number of molecules with v e l o c i t i e s close to v which 

str ike dS during the time dt is therefore given by 

nf"(v)dvdto • v dtdS. ' ( 3 ) z 

I t immediately follows that the number of molecules with v e l o c i t i e s 

close to v that s tr ike the wall per unit area per unit time is given by 

dN = nv f (v)dvdto z 

( 4 ) 

= nvcosOf (v)dvdto/4ir. 

The number of molecules ref lec ted from a unit area of the wall per unit 

time in a particular direction is equal to the number crossing a unit 

area in that direction and is found by integrating the above expression 

over a l l speeds 
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ncos9 7 - ^ - / v f ( v ) d v = nvcosB —̂ - ( 5 ) 

where v is the average molecular v e l o c i t y . The cosine dependence upon 

this type of r e f l ec t ion is thus obtained. I t is l i k e l y that the molec

ular scattering at the wall surface is some composite of the two r e f l e c 

tion types, but the usefulness of the models l i e s in the fact that 

complicated problems are often s implif ied by thei r use. 

The Transmission Probabil i ty 

P. Clausing (21-24) f i r s t developed the picture of molecular 

transmission in terms of p robab i l i t i e s . Ear l ier workers, l i ke Knudsen, 

had thought in terms of an average pressure at each point down the tube. 

In Clausing's approach, the transmission probabil i ty for molecules which 

enter the tube from the f i r s t vessel and emerge at the exi t in the. other 

vessel without having been back in the f i r s t is considered. The Claus

ing approach was extended by De Marcus (5,25-32) who was mainly inter

ested in precise values of the Clausing probabil i ty factor for accurate 

vapor pressure measurements using a Knudsen c e l l . De Marcus described 

a very generalized and highly mathematical method for solving molecular 

flow problems in terms of integral equations developed by Clausing. In 

his analysis of the equations, De Marcus shows how various techniques 

such as "squeezing" and "scissoring" may be used to obtain approximate 

solutions for the transmission probabi l i ty . 

In the squeezing technique he shows how solutions may be squeezed 

between two functions by an i te ra t ion process y ie ld ing both an upper and 

lower bound. In the scissoring process the integral equation is f i r s t 
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reduced to one involving only half the integration interval before the 

squeezing method is used. When the probabil i ty kernel is symmetrical, 

and the flow is independent of the distance along the cap i l l a ry , the 

Clausing integral equation may be solved by a var iat ional technique 

which has been used to solve for transmission probabi l i t ies in the case 

of circular tubes, pa ra l l e l p la tes , and a bed of spheres. Values of the 

transmission probabil i ty obtained by De Marcus have been tabulated with 

an improved accuracy over those given by Clausing. The f i r s t part of 

this work follows the formalism used by De Marcus. 

Development of the Integral Equation 

Consider an infini tesimal length of capi l lary tube with surface 

areas, dS and dS ' , and widths, dx and dx ' , respect ive ly , as shown in 

Figure 5. Suppose only diffuse re f lec t ion occurs. The co l l i s ion den

s i ty at x may be calculated by considering the molecular contributions 

from the following sources: 

1. the number of molecules which enter the tube and make a 

f i r s t bounce at x; 

2. the number of molecules from a l l other points in the 

capi l lary which leave some point, say x' in area dS ' , 

and arr ive at the point x within the ring of area dS. 

The co l l i s ion density, n ( x ) , or the number of co l l i s ions per unit-of 

surface in unit time, is to be found as the solution to a l inear 

integral equation which expresses the fact that in a steady state the 

rate of impingement of molecules on a surface element of the walls of 

a flow system is equal to the rate of departure. For actual calculations 



Figure 5. Circular Capillary Tube Showing Surface Areas 
for the Calculation of Molecular Density 
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i t is convenient to normalize the problem such that one molecule per 

second enters the capi l lary entrance, and i f i t succeeds in traversing 

the length of the capi l lary tube, exi ts into a perfect vacuum. The 

fact that the integral equation is l inear allows the solution to any 

other problem to be synthesized from such normalized solutions. 

Considering one dimensional systems, i . e . , systems with only one 

entrance and one e x i t , where a single space coordinate is suff icient to 

describe the co l l i s ion density, the following functions may be defined: 

rate of co l l i s ions per unit length of the distance 
x measured from the entrance which f a l l between x 
and x + dx. 

rate of f i r s t co l l i s ions per unit length of the 
distance x measured from the entrance which f a l l 
between x and x t dx. 

probabil i ty that the f i r s t co l l i s ion of a molecule 
entering the flow system w i l l occur at some distance 
greater than x from the entrance. 

probabil i ty per unit length of the distance x 
measured from the entrance that a molecule which has 
col l ided with the walls of the system at y w i l l make 
i t s next co l l i s ion between x and x t dx. 

probabil i ty per unit length of the distance x measured 
from the entrance that a molecule which has col l ided 
at x w i l l leave the system at the exi t where x = L. 

probabil i ty per unit length of the distance x measured 
from the entrance that a molecule which has col l ided 
at x w i l l leave the system at the entrance where x = 0. 

probabil i ty that a molecule which enters the system at 
x = 0 w i l l exi t at x = L, i . e . , the transmission 
probabi l i ty . 

In order to obtain the value of the co l l i s ion density at x, i t is neces

sary to integrate over a l l of the rings which make a contribution to the 

n (x ) 

n ( x ) 

NJ_(x) 

K ( y , x ) 

P ( x ; L ) 

P ( x ; 0 ) 

Q 

density at x as wel l as to consider a l l of the molecules which make 
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thei r f i r s t diffuse co l l i s ion at x upon entering the capi l lary tube, 

The formula for the co l l i s i on density becomes 

L 
n (x ) = n ( x ) + / K(y ,x)n(y)dy ( 6 ) 

0 

where L is the length of the capi l lary tube. The molecular current 

f lowing, or the transmission probabi l i ty , can also be written by con

sidering the number of molecules which pass completely through the tube 

without a c o l l i s i o n , i . e . , the molecules which make thei r f i r s t diffuse 

co l l i s ion beyond L, and the molecules which make a diffuse co l l i s i on at 

x and then pass out of the tube at x = L... The resulting equation is 

L 
Q - j n (x)dx + / n (x)P(x ;L)dx 

L 0 
(7) 

L 
= N ^ L ) + / n (x )P (x ;L)dx . 

Since N^(x) is the probabil i ty that a molecule which enters the flow 

system at x = 0 makes i t s f i r s t co l l i s ion beyond x and n^(x)dx is the 

probabil i ty that a molecule entering the capi l lary at x = 0 w i l l make 

i t s f i r s t co l l i s ion at x, i t follows that 

dN ( x ) 
n n(x) = i . ( 8 ) 

1 dx 

I t should be noted that in one dimensional systems such as Knudsen flow 

in circular c ap i l l a r i e s , the properties of the flow system are inde

pendent of x so that the kernel function is of the displacement type 
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K ( y , x ) = K ( x , y ) = K ( | x - y | ) = K ( | y - x | ) ( 9 ) 

such that the kernel depends only upon the distance between x and y and 

not on the separate var iables . Thus the normalized Clausing equation 

is sometimes written as 

L 
n (x ) = n ( x ) + / K ( | x - y | ) n ( y ) d y (10) 

to indicate the displacement character of the kernel. 

The Case of Specular Reflection 

The equations given above apply only to the case of diffuse 

scattering. With appropriate modification the concepts may be 

extended to include the case of specular re f lec t ion (29 ,32) . 

For the case of specular r e f l e c t i o n , the following functions 

may be defined: 

s ( x ) rate of diffuse co l l i s ions per unit length of the 
distance x measured from the entrance which f a l l 
between x and x + dx. 

' s ^ (x ) rate of f i r s t diffuse co l l i s ions per unit length of 
the distance x measured from the entrance which f a l l 
between x and x + dx. 

S^(x) probabil i ty that the f i r s t diffuse co l l i s ion of a 
molecule entering the flow system w i l l occur at some 
distance greater than x from the entrance. 

T ( y , x ) probabil i ty per unit length of the distance x measured 
from the entrance that a molecule which has diffusely 
col l ided with the walls of the system at y w i l l make 
i t s next diffuse co l l i s ion between x and x + dx. 
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TT(X ; L ) probabil i ty per .unit length of the distance x measured 
from the entrance that a molecule which has diffusely 
col l ided at x w i l l leave the system at the ex i t where 
x = L . 

ir(x;0) probabil i ty per unit length of the distance x measured 
from the entrance that a molecule- which has diffusely 
col l ided at x w i l l leave the system at the entrance 
where x = 0. 

Q probabil i ty that a molecule which enters the system at 
x = 0 w i l l ex i t at x = L , i . e . , the transmission prob
a b i l i t y . 

The formulas for the co l l i s ion density 

L 
s ( x ) = S l ( x ) + / r ( y , x ) s ( y ) d y (11) 

and the transmission probabil i ty 

(12) 

L 
Q = / s (x)dx + / s ( x ) 7 r ( x ; L ) d x 

L 0 

L 
= S 1 ( L ) + / s ( x M x ; L ) d x 

follow immediately from the def in i t ions . Also as before. 

dS ( x ) 

s ( x ) = - - . (13) 
1 dx 

I t can be seen that there is a correspondence between the functions for 

diffuse re f lec t ion and those which allow both diffuse and specular 

r e f l ec t ion : 

L 
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S x ( x ) « • N x ( x ) 

s 1 ( x ) •< • n ( x ) 

r ( y , x ) « v K ( y , x ) (14) 

TT(X ;0 ) « y P ( x ; 0 ) 

T T ( X ; L ) -< • P ( x ; L ) . 

As De Marcus has pointed out, usually only one of the functions in each 

hierarchy need be evaluated due to the relat ions which exis t among the 

formulas. He went on to develop a method of obtaining a var ia t ional 

solution for the transmission probabil i ty which involved the adjustment 

of parameters to maximize a functional. 

Modification of the Integral Equation 

The purpose of the f i r s t part of this dissertation was to study 

the influence of temperature and specular re f lec t ion on the transmission 

probabil i ty with an appropriate computer model. For the purposes of the 

Monte Carlo calculations i t was more expedient to define the transmission 

probabil i ty in terms of a new function f ( x , L ) which represented the 

probabil i ty that a molecule which underwent i t s f i r s t diffuse co l l i s ion 

at x would eventually pass out the ex i t of the capi l lary at x = L . The 

integral equation for the transmission probabil i ty then assumes the form 
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L 

where, as w i l l be shown l a t e r , the functions s^ (x ) and S^(x) may be 

evaluated ana ly t ica l ly . 

L 
= S ( L ) + / s ( x ) f ( x , L ) d x 

(15) 

Q = / s (x)dx + / s ( x ) f ( x , L ) d x 
L 0 
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CHAPTER I I I 

DESIGN OF THE COMPUTER MODEL 

The Monte Carlo method (33-35) consists of the generation of a 

sequence of values of a random var iab le , X, whose expected value is the 

solution to the problem at hand. The expected value of X is then 

estimated from the sequence by 

i N 

i = l 

where X is the estimated value of the expectation of X, X^ is the ith 

generated value of the random variable,' 'and N is the number of values 

in the sequence. By the central l imi t theorem the distr ibution of the 

random variable X. tends to the normal distribution about X as N 
I 

becomes l a rge . The accuracy of a Monte Carlo calculation is proper-

is 

t ional to 1/N . 

The computer model was based upon the following considerations: 

1. Gas molecules are ei ther diffusely re f lec ted with complete 

accommodation with the w a l l , or specularly ref lec ted with no accommo

dation with the wa l l . 

2. The energies of the molecules impinging on the capi l lary 

wall would be distributed according to the Maxwell-Boltzmann distr ibu

tion of molecular ve loc i t i e s as applied to an effusing gas: 
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•E/kT ( 2 ) 

Since this equation is somewhat awkward to use in the already time-

consuming Monte Carlo calculat ions, i t is assumed for convenience that 

the energies of the molecules are distributed according to a simple 

exponential: 

Although i t is true that the distr ibution law w i l l g ive the wrong 

average energy of the molecules, i t can s t i l l be used to give a> desired 

degree of specular re f l ec t ion at that temperature by the appropriate 

selection of other parameters in the model. For convenience, the energy 

in the distribution formula is given in terms of the Boltzmann constant; 

that i s , 

notion of an activation energy for specular re f l ec t ion is introduced. 

The probabil i ty that a molecule of translat ional energy, e , w i l l be 

ref lec ted specularly is a rb i t ra r i ly given by 

F(E) = 1 -E/kT 
kT S - ( 3 ) 

e = E/k ( 4 ) 

3. In order to decide when specular r e f l ec t ion occurs, the 

-e/e 0 P ( e ) = 1 - e ( 5 ) 
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where is an arbitrary parameter to control the amount of specular 

r e f l ec t ion . This expression has the following advantages: 

a. I t is a simple, manageable function. 

b. P ( e ) increases monotonically with energy. 

c. Even for large values of e , 1 - P is f i n i t e . 

The degree of specular re f lec t ion can be calculated by considering a 

uniform gas at temperature T. Of the molecules s tr iking the wall of 

the container, a fraction 

/ P ( e ) F ( e ) d e = 1 ( 6 ) 
0 0 

w i l l be specularly r e f l ec t ed , where the parameter may be adjusted 

accordingly. 

4. The probabil i ty of diffuse re f lec t ion i s , accordingly, 

1 - P ( e ) = e ( 7 ) 

I f a par t ic le is re f lec ted d i f fuse ly , i t is re f lec ted from the walls 

according to the cosine law where the probabil i ty of a par t ic le entering 

an elementary sol id angle is proportional to the cosine of the angle 

with respect to the normal to the surface. 

5. The par t ic les move independently of each other so that there 

are no intermolecular co l l i s i ons . 

6. The equation to be solved is the expression for the trans

mission probabi l i ty 5 



where 

L 

L 
s ( x ) = s ( x ) + / r ( y , x ) s ( y ) d y . ( 9 ) 

0 

In the computer model, only the value of f ( x , L ) need be evaluated as a 

function of the distance from the entrance of the cap i l l a ry , x. 

I t should also be noted that i f the model were used to study 

temperatures considerably higher than those, used in this study, the 

the three dimensional molecular ve loc i ty distr ibution should probably 

be used in place of the s implif ied expression. 

Consider a beam of molecules in a Maxwellian temperature d is 

tribution s tr iking the wall of the capi l la ry . The distr ibution of 

molecular energies is given within the approximations of the model by 

F (e ) = ^ e " 6 / T . (10) 

The fraction of molecules undergoing at least n successive specular 

r e f l ec t ions , af ter a diffuse re f l ec t ion at temperature T is 

/ [ P ( e ) ] n • F(e)de = i < r 0 r , . . . r (11) 
- 0 1 2. 3 n 

where 

Q = S ( L ) + / s ( x ) f ( x , L ) d x ( 8 ) 
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since P n "*"F is the distribution of e in the specularly re f lec ted ray 

after n - 1 r e f l ec t ions . Therefore, the fraction of molecules which 

undergo n - 1 successive specular co l l i s ions followed by a diffuse one 

is given by 

/ [ P ( £ ) ] n _ 1 F ( e ) d e - / [ P ( € ) ] n F ( e ) d € 
0 0 

r n r 0 r „ . . . r (1-r ) , 1 2 3 n-1 n 

(13) 

Derivation of the Function T ( y , x ) 

T ( y , x ) is the probabil i ty per unit length that a molecule which 

has diffusely co l l ided at y w i l l suffer i t s next diffuse c o l l i s i o n 

between x and x + dx. Now the function T ( y , x ) , l i ke K ( y , x ) , i s sym

metrical about y in spi te of the temperature gradient along the wall 

because the re f lec t ion law is independent of the temperature of the 

wall at the point of re f lec t ion and depends only on the past history 

of the molecule being re f l ec ted . Thus, 

r ( x , y ) = T ( y , x ) = r ( | x - y | ) = r ( | y - x | ) , (14) 

as before . Since the model allows specular r e f l ec t ion to occur, there 

may be any number of specular jumps between one diffuse re f l ec t ion and 

the next. Specular re f lec t ion may be terminated by a diffuse r e f l e c 

tion . 
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Consider a length of capi l lary where the contributions of a l l 

types of jumps must be summed in order to arr ive at the value of 

r ( y , x ) , as shown in Figure 6. The def ini t ion of r ( y , x ) requires that 

a molecule which co l l ides diffusely at x make i t s next diffuse c o l l i 

sion at y . Since there are an in f in i t e number of ways for a molecule 

to make two diffuse co l l i s ions with intervening specular c o l l i s i o n s , 

the formula for the kernel is evidently an in f in i t e se r ies . The f i r s t 

term arises from the fact that a diffuse jump may occur with no in ter 

vening specular co l l i s ions and is indicated by path number 1. The 

molecule w i l l proceed along path 1 but w i l l diffusely r e f l e c t . Since 

the probabil i ty of specular re f lec t ion was r , the probabil i ty of d i f 

fuse re f lec t ion was ( 1 - r ^ ) . The probabil i ty kernel for the jump is 

K ( | x - y | ) , and the e f f ec t i ve area of dx as seen from dy in terms of dx 

is 1. Therefore the f i r s t term of the i n f in i t e series is 

( l ) ( l - r 1 ) K ( | x - y | ) . (15) 

The molecule can also co l l ide diffusely at dx i f i t leaves from dy 

toward the mirror image of dx on the opposite w a l l , undergoing one 

intervening specular r e f l ec t ion in the process. The mirror image of dx 

is only half as large as dx i t s e l f and the probabil i ty kernel now 

depends upon only half the o r ig ina l distance, or the distance from y to 

the mirror image. The probabil i ty that the molecule would undergo di f 

fuse re f lec t ion with one intervening specular jump would be ( r j _ _ r j _ r

2 ^ ' 

and the probabil i ty kernel would be K [ | ^ ( x - y ) | ) . The second term in the 

series thus becomes 
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( i 5 ) ( r 1 - r 1 r 2 ) K x-y 
2 (16) 

Similar ly , the molecule may arr ive at dx by proceeding to the doubly 

ref lec ted image of the opposite wall with a probabil i ty equal to 

( r 1 r 2 - r 1 r 2 r 3 ) K x-y 
3 (17) 

since the mirror image this time is only 1/3 dx. The trend of the 

series i s obvious and the series may be summed to obtain 

T ( y , x ) = ( l - r 1 ) K ( | x - y | ) + % r ( l - r 2 ) K x-y 
2 

= 3 r 1 r 2 ( l - r 3 ) K x-y 
3 

„ > 

(18) 

In the case of no specular r e f l e c t i o n , 

Lim R(y , x ) = K ( | x - y | ) 
£ - K » 

0 

Development of the Entrance Formula 

The equation for the co l l i s ion density i s 

(19) 

L 
s ( x ) = s ( x ) t / s ( y)R ( y , x ) d y . 

0 
(20) 
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Consider the equilibrium conditions where a capi l lary is connected to 

two reservoirs f i l l e d with a raref ied gas at a uniform temperature and 

pressure. The integral equation for this situation is 

L 
s ( x ) = s ( x ) + s ( L - x ) + / s (y ) r (y -x )dy (21) 

where the following functions are defined: 

s^ (x ) rate of f i r s t diffuse co l l i s ions per unit length of 
the distance x measured from the entrance of the f i r s t 
reservoi r . 

s (L-x) rate of f i r s t diffuse co l l i s ions per unit length of the 
distance L - x measured from the entrance of the second 
reservoir 

s ( x ) rate of diffuse co l l i s ions per unit length of x measured 
from the entrance. 

T ( y , x ) probabil i ty per unit dx that a molecule which has d i f 
fusely co l l ided at y w i l l suffer i t s next diffuse co l 
l i s ion at x. 

The temperature is constant in this case. The last two values w i l l be 

denoted as s Q ( X ) and I" ( y , x ) to indicate the set-up at equilibrium. The 

co l l i s i on density per unit x must be that of a uniform gas, 

s ( x ) = h nvTrD (22) 

where D is the capi l lary diameter and v is the average ve loc i ty of the 

gas. Considering the diffuse co l l i s ion density only, and normalizing 

to one entering molecule, we obtain 
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s 0 ( x ) 
h> nvirD(l-r^) 

% nv 

(23) 

I t then follows that 

s Q ( x ) = — ( 1 - ^ ) = s ( x ) + s 1 ( L - x ) 

+ / r 0 ( y , x ) • 1 ( 1 - r ^ d y 

Removing the constants from the in tegra l , 

s Q ( x ) = s ( x ) + s ( L - x ) 

+ 5- ( 1 - ^ ) / r 0 ( y , x ) d y 

and dividing the integral into two parts, 

(24) 

(25) 

s Q ( x ) = s 1 ( x ) + s ( L - x ) 

x L-x 
/ r Q ( y , x ) d y + / r Q ( y , x ) d y 

(26) 

we obtain, with the substitution, u = x-y , 



Setting L = 2x, i t follows that 

since we are dealing with an equilibrium gas. Simplifying, 

and taking the de r iva t ive , we obtain 

Since 

i t follows that 
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£ (l-r^) = s1(x) t s1(L-x) 

x L-x 
/ r (u)du + / r (u)du 
0 0 

(27) 

- ( l - r x ) = s ( x ) + s ( x ) 

/ r (u)du + / r (u)du 

(28) 

sx(x) = § ( 1 - ^ ) - ^ d - V / r Q (u)du (29) 

d s x ( x ) 

dx 
(30) 

Lim s^ (x ) = n^(x) (31) 

0 
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d n x ( x ) 

dx (32) 

or 

dn (x/m) 

dx £ • - • K(x/m) D m (33) 

Solving this expression for the kernel function in terms of the deriva

t i ve of n (x/m) with respect to x, we obtain 

- K(x/m) = m 
D dn^(x/m) 

(34) 

from which i t follows that 

ds ( x ) 
-4 = ( 1 - r i } 

dx 1 

dn ( x ) dn ( x / 2 ) 
(1-r ) — ± + r . ( l - r - ) 

1 dx 1 2 dx 
(35) 

dn ( x / 3 ) 
+ r i r 2 ( 1 - r 3 ) — + 

Integrating this expression, the s^ (x ) function is obtained as 

s ( x ) = ( l - r 1 ) [ ( l - r 1 ) n 1 ( x ) + r 1 ( l - r 2 ) n 1 ( x / 2 ) 

(36) 

+ r r 2 ' ( l - r 3 ) n ( x / 3 ) + . . . ] . 

Since 
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s 1(x) = - (37) dx 

i t is apparent that 

S x ( x ) = ( l - r 1 ) [ ( l - r 1 ) N (x)+ 2 r 1 ( l - r 2 ) N 1 ( x / 2 ) 

(38) 

+ 3r r 2 ( l - r 3 ) N (x/3) + . . . ] . 

Since n^(x) and N^(x) are simply re la ted , i t remains only to calculate 

one or the other. The analyt ical expressions may then be combined with 

the computer calculation of f ( x , L ) to obtain the transmission proba

b i l i t i e s . 

N^(x ) i s by def ini t ion the probabil i ty that a molecule emitted 

into the capi l lary at the entrance c i r c l e x = 0 w i l l pass through the 

capi l lary beyond x without c o l l i s i o n . I f the radius of the capi l lary i s 

denoted by a, then N^(x) i s the probabil i ty of a molecule passing through 

2 

a c i r c l e of area Tra whose center is on the axis of the capi l lary at x 

and whose plane i s normal to the capi l lary axis . Consider a sphere at 

the end of a capi l lary of radius a which contains both the periphery of 

the entrance c i r c l e and the c i r c l e at x as shown in Figure 7. The 

equation of the sphere is 

Derivation of the Expressions for n. ,(x) and N.,(x) 

(39) 
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where primes have been added to x, y , and z to avoid confusion with the 

distance x. 

0 x 

Figure 7. Sphere Located at End of Capillary of Radius, a, 
Which Contains Both the Periphery of the 
Entrance Circle at x = 0 and the Circ le at x 

A molecule which passes from the entrance c i r c l e through the c i r c l e at 

x without s tr iking the capi l lary walls w i l l also pass through the cap 

of the sphere without c o l l i s i o n . Conversely, a molecule emitted from 

the inner surface of the spherical cap at x and passing d i rec t ly out 

the entrance would also pass through the entrance cap of the sphere. 

Hence we can consider emission with the cosine law from inside the 

spherical cap at x instead of emission from the c i r c l e at x = 0 and 

co l l i s ion with the c i r c l e at x. I t is a property of the cosine law that 

emission from any point on the inner surface of a sphere gives a uniform 

probabil i ty over the surface of the sphere. The fraction of molecules 

which str ike the zone is 

2 T r R h (40) 
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where R equals the radius of the sphere and h is the height of the zone, 

I f the molecules entering are normalized to unity per unit area, then 

the number f a l l i n g beyond x can be calculated: 

N x ( x ) 2-rrRh 2irRh h 

4 t tR TRA 

(41) 

From geometrical considerations i t can be shown that 

x 1 (2 ~ 1 J = - VX + 4a (42) 

Since 2a = D, 

N ( x ) = \ [2x 2 

• D 
2 x ( x 2 + D 2 ) J 5 + D 2 ] (43) 

from which i t follows that 

n i ( x ) = D ( ADV + * „ , - 2x 
( X S D Z ) ' 

(44) 

I t remains only to evaluate f ( x , L ) from the Monte Carlo computer routine. 

The Computer Model 

The function f ( x , L ) is defined as the probabil i ty that a molecule 

which has made a f i r s t diffuse co l l i s i on at x w i l l eventually pass 

through a capi l lary of length L and emerge at the e x i t . The problem 

thus reduces to calculating the number of molecules of a s t a t i s t i c a l 
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sample which ex i t the tube as a function of how far down the tube the 

calculation was begun. 

The calculations were performed on a Burroughs 5500 d i g i t a l com

puter. Random numbers were generated with a power residue formula where 

successive random numbers are given by 

R ' = .CR (modulo 8 1 3 ) (45) n+1 n 

and C=541755813883. RQ was equal to 1. The random number was computed 

in double precision to 26 octal d ig i t s and then normalized to the unit 

13 
interval with a d ivis ion by 8 . The period of the random number 
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sequence used was 2 . The random variables were related to the uni

formly- distributed numbers by integrating the appropriate distr ibution 

function. Let r be a random variable which follows a distribution 

function P ( r ) , over the range 0 < r < a. Each value of r may be 

obtained by the re la t ion 
r 
n 

R = / P ( t ) d t (46) 
n 0 

where the R^ are adjusted to f a l l in a range determined by 0 < r < a. 

Calculation of the Jump Distance 

Consider the point ( x , y , z ) in the diagram of Figure 8. In terms 

of spherical coordinates the x and y coordinates of the point are given 

by 
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x = RSIN6COS!J> 

9 9 9 9 9 % - z + y = 4R cos e (49) 

and since 

cos£ = z/£ (50) 

i t follows that 

% = 2R(z/£). (51) 

Hence 

I2 = 2Rz = z 2 " + y 2 . (52) 

Squaring y and z we obtain 

2 2 2 2 2 2 y + z = r (cos 0+sin 6sin <J>) (53) 

y = rsin6sin<j> . 

From geometrical, considerations at the face of the cyl inder , i t can be 

shown that 

I = 2Rcose (48) 

where R is the radius of the cylinder and e i s the angle between z and 

From the Pythagorean Theorem, 

(47) 
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from which i t follows that 

r 2 (cos 2 e+s in 2 6s in 2 c j ) ) = 2Rrcos6. (54) 

Solving for r we obtain 

2RcosO , c c . 
\ oo) 2 2 2 (cos 0+sin Osin cj)) 

Combining the expressions for r and x, we obtain the distance of a 

molecular jump along the axis of the capi l la ry : 

Ax = 2Rcos8sin6cosc|) (56) 
(cos 26+sin 20sin 2<f>) 

Operation of the Model 

By using a sequence of random variables uniformly and inde

pendently distributed in the interval [ 0 , 1 ] , a set of molecular h i s - , 

tor ies which sat isfy the given physical assumptions can be generated. 

A random var iable , I , is defined such that 1 = 1 when a molecular 

history is terminated by the molecule leaving through the ex i t of the 

cap i l la ry , and 1 = 0 when a molecular history is terminated by the 

molecule leaving through the entrance of the capi l la ry . The expected 

value of I i s f ( x , L ) , and the estimate given by the previous equation 

becomes 

f ( x , L ) = i = 1 j I . , N e x . t = j l . (57) 
1=1 1=1 
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where N ,^ is the number of molecular his tor ies which terminated with ex i t 

the molecule leaving the capi l lary ex i t and N is the number of molecular 

his tories generated. 

The calculation of a molecular history begins by start ing the 

molecule at some posi t ion , say, x = x^, down a capi l lary tube of length, 

L, across which is placed a temperature gradient defined by two temper

ature reservoi rs , T^ and T^, respect ively . The temperature along the 

tube may be calculated from the relat ion 

T = T 2 - (T / L ) x (58) 

where x is the distance along the tube, and T^ > T . 

Two random numbers are chosen and the 0 and values of the 

molecular jump are calculated as 

R = sine 0 < 0 < t t n 

R = sind) 0 < 6 < t t / 2 n 

(59) 

where the distr ibution function for 6 has been integrated to obtain the 

proper cosine law dependence on the angle. The energy of the molecule 

is then calculated in units of the Boltzmann constant 

e = -TlnR n (60) 
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where T has been evaluated in accordance with the temperature gradient 

equation above. The length of the molecular jump may be calculated 

from 

Ax - s i n 8 c o s 6 c o s t ) ) (61) 

1 - sin26cos2<j> 

where D is assumed to be 1 and the L/D ra t io is controlled by proper 

choice of the capi l lary length. To prevent any coupling between the 

6 and <j> angles , a random number was used to determine the direct ion of 

the jump. Hence, 

0 < R < 0.5 Ax = Ax n 1 1 

0.5 < R n < 1 Ax = - | A x | 

(62) 

The nature of the jump was determined from the re la t ion 

-€/€ 
R > e ° (63) n 

where the jump was considered to be specular i f 

e < £ Q l n A . (64) 
n 

and diffuse i f 
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e > £ o m f . (65) 
n 

When the molecular co l l i s i on proved to be specular, random numbers were 

chosen unt i l the nature of the jump was changed. The length of the 

to t a l jump was then calculated based upon the number of intervening 

specular ref lec t ions and the position of the molecule in the tube was 

updated accordingly. I f the co l l i s i on was determined to be diffuse, of 

course, there were no intervening specular ref lec t ions to consider in 

determining the new position of the molecule. After each calculation of 

the position of the molecule in the tube, a check was made to see whether 

or not the molecule had l e f t ei ther the entrance or e x i t . I f the mole

cule remained in the tube, the calculations were resumed. Otherwise, 

the calculated history was stored and another molecule begun. The 

calculation was terminated after a predetermined number of molecular 

histories had been generated. 

A flow diagram of the program is shown in Figure 9. The distance 

of the f i r s t diffuse co l l i s ion down the tube is given by x , the length 

of the tube by L, the number of molecular h is tor ies to be generated by 

M, the temperature of the two reservoirs by T^ and T^, respec t ive ly , 

and the parameter of specular re f lec t ion by e . Conventional f low

charting methods were used in preparing the diagram. 
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CHAPTER IV 

THEORY OF CAPILLARY FLOW IN TUBES 

The early experiments of Kundt and Warburg (2) indicated that 

certain low pressure phenomena could be accounted for by assuming that 

a raref ied gas was able to " s l ip" over the walls of i t s container. I t 

was assumed that any such slipping was proportional to the ve loc i ty 

gradient next to the wall of the container, at least as long as the 

ve loc i ty gradient was small. With this assumption, i t is r e l a t i v e l y 

easy to correct the Poiseu i l le flow equation for the existence of s l i p . 

Again assume a long straight tube of circular cross-section where the 

ve loc i ty of the gas across any cross-section is a function of the radial 

distance, r , from the axis . As before ( l ) , in order to make steady flow 

possible, the net force due to the pressure on the ends of the mass of 

gas must be equilibrated by the viscous drag over i t s s ides. Equating 

forces in the x-direction we again obtain 

(1 ) 

so that upon integrat ing, we get 

r 2i 
r + C (2) u = - 4-n dx 
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where C is the integration constant s t i l l to be determined from a con

sideration of the boundary conditions imposed upon the gas flow at the 

walls of the container. Now the ve loc i ty of the gas next to the wall 

is no longer zero as in simple Po iseu i l l e f low, but is proportional to 

the ve loc i ty gradient 

where z is considered normal to the wall of the cylinder, and £ is con

sidered to be a constant, usually termed the coef f ic ien t of s l i p . Since 

i t follows immediately that, when r = a, the radius of the cap i l l a ry , 

I t then follows that the integration constant, C, must be of such a 

value that 

u 
du _ _ du 
dz" " ~ ^ dr ( 3 ) 

C O 

u ( 6 ) 

The molecular flow through the cylinder may now be calculated as in 

Poiseu i l le flow: 
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G = n ^ u2*rdr = ^ ™ & / * ( a 2 - r 2 +2?a) rd r 
o H n d x 0 

4- 3 _ Tra n Tra nt + 
8n 2 n dx ( 7 ) 

4- 3 Tra p Tra gp 
8nkT 2nkT 

dp 
dx 

As before, G is independent of x in the steady state such that 

L 
G / dx 

0 

4 P 2 3 ^2 

8nkT / p d p + w / d p ( 8 ) 

where L is the length of the cylinder and £' = £p. Performing the 

indicated integrat ion, one obtains 

•rra pAp r r a g 'Ap 

8r|kTL + 2nkTL O ) 

4. 
•rra Ap 

8nkTL P + 
4?' 

where Ap = p^ - p^, the pressure drop from one end of the tube to the 

other, and p = 1s(p^+P2)s the average pressure. The coeff ic ien t of s l i p 

can be seen to have the units of length, and i f the above expression is 

compared to the Po iseu i l l e formula, can be pictured by noting that the 

motion is the same as i f the cylinder wall were displaced backward a 

distance £ with the ve loc i ty gradient extending uniformly to zero 

ve loc i ty at the new boundary. Present ( 1 ) has shown that 
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? ~ | A (10) 

by considering momentum balances and the average distance that a mole

cule t ravels since i t s las t co l l i s ion before reaching the wall of the 

cylinder. 

The flow of a gas when the mean free path of the gas great ly 

exceeds the diameter of the cylinder is also amenable to theoret ical 

treatment. Such flow is termed free-molecular f low, or Knudsen f low, 

after the invest igator who formulated much of the early theory. 

Consider a long tube of circular circular cross-section with 

walls which are perfect ly diffusing, such as the one shown in Figure 

10. 

B . 

C 

Figure 10. Coordinate System for Calculating 
Free Molecular Flow in Long Tube 

The two ends are maintained at different pressures, and the temperature 

is uniform throughout the cylinder. Let the pressure be so low that 

A >> a ( 1 1 ) 
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where X is the mean free, path of the gas, and a is the radius of the 

tube. Thus the flow of the gas is determined by the co l l i s ions with 

the w a l l , rather than by intermolecular c o l l i s i o n s , which under the 

above condition would rarely occur. 

Consider the flow of molecules across a cross-section BC of the 

tube. The molecules which cross an element of area dS of this cross-

section come from various points along the wall of the tube where they 

underwent r e f l e c t i o n , say, form an element of area, dS ' , on the wall a 

distance x from the plane containing the area BC, and also a distance r 

from dS in a direction making an angle 6 with the normal to dS and an 

angle 6' with the normal to dS ' . Now consider Figure 11 which shows the 

element of area, dS ' , in greater d e t a i l . 

Figure 11. Element of Solid Angle for Calculating 
Number of Molecules Passing the Unit Area 
in a Direction Lying Within the Element 
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I t was shown in Chapter I I that the number of molecules leaving the unit 

of area, dS ' , per second, in a direct ion lying within an element of dw 

of so l id angle was given by 

4tt 
nvcos0'dS'dw (12) 

where dw is the so l id angle subtended by dS at dS' and has the value 

du dScosO (13) 

Choose the x axis pa ra l l e l to the tube and locate the xy plane in the 

cross-section containing dS. I f s is the projection of r on the xy 

plane, then the distance x from the xy plane to the cross-section 

through the element of area dS' is given by 

x = rcos9 = scotf; (14) 

The molecular density is an unknown function of this distance, x, and 

can be expressed as n ( x ) . I f i t is assumed that the density changes 

slowly with respect to the distance along the tube, the molecular den

s i ty may be expanded in a Taylor 's series around the point x = 0: 

n (x ) = n(0) + x 14̂-dx + hx 
d n 

dx' 
(15) 

Now in terms of spherical coordinates, the element of so l id angle, do)', 
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may be written as 

did' = sin6d6d<f> (16) 

so that the net number of molecules crossing the element of area dS per 

unit time is given by the expression 

where the integration l imits on 6 correspond to a tube of i n f in i t e 

length. 

I f the Taylor 's series expansion for the molecular density, n ( x ) , 

is inserted into the above equation, the higher der ivat ive terms above 

the f i r s t are neglected, and i t is remembered that 

dN = - / d<f) / n(x)cos6sined6 
0 0 

(17) 

x = scote, (18) 

we obtain 

dN = - vdS 2TT 

/ d<|> n(0) / 
0 0 

T T 

cos6sin6d6 

(19) 

dn T T 

+ ldx. ' J x=0 0 
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I t is clear that the f i r s t integral in 6 vanishes because of the l imi ts 

of integrat ion, since 

2 
cos6sin6d6 = %sin 6 ( 2 0 ) 

The second integral in 6 may also be easi ly evaluated to give 

/ cot6cos6sin6d6 = / cos 6d6 = %6 + J s s i n 2 e 
0 0 

I t then follows that 

TT/2 

( 2 1 ) 

dN vdS /dn 
8 dx 

2TT 
/ sd<f>, 

0 0 
( 2 2 ) 

or 

2TT 
/ dS / sd<f> 

0 

dn 
dx ( 2 3 ) 

Since the cross-section of the tube is c i rcular , the Integral in dS may 

be integrated by remembering that the element of area dS is equal to 

dxdy (see Figure 1 2 ) . Thus 

( 2 2-H 
, A ~ X 9 9 L: , a 9 9 S 9 

/ sdS = / dx / [ ( a - x ^ - y ] d y = 2 / (a -x^)dx = ± * . ( 2 4 ) 
-a , 2 2.h -a - ( a -x ) * 



Figure 12. Element of Area for Circular 
Cross-Section of Capillary Tube 

I t then follows that 

277 1 fi q 
/ d<f> / sdS = i f TraJ (25) 
0 d 

so that 

N = _ 2 - „ a 3 dn _ 
3 dx 

In a steady f low, the number of molecules flowing per unit time must be 

constant along the tube, so that the density gradient is uniform and can 

be replaced by An/L where An is the difference in density between the 

ends and L is the length of the tube. Since An = Ap/kT, the flow rate 

in moles is given by 
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F(moles) = 2-rra 
3 

3 ( 
(27) 

ttM J LRT 

Present ( 1 ) has shown that consideration of the second term in 

the Taylor series expansion leads to the same result because the resul t 

ing 6 integral vanishes. Knudsen flow through a tube d i f fe rs from 

Poiseu i l le flow in several respects. The former varies as the cube of 

the radius whereas the l a t t e r varies as the fourth power. S imi lar ly , 

Poiseui l le flow is proportional to the pressure difference between the 

ends of the tube and the average of the end pressures, whereas Knudsen 

flow is proportional to the pressure difference alone. I t is also clear 

that i f the spec i f ic flow F/Ap is plot ted against the average pressure, 

p, a straight l ine should be obtained in the s l i p flow region, the inter

cept of which should y i e ld a value of the s l i p coe f f i c i en t . Since the 

work of Knudsen ( 3 6 ) , Iuchi and Kanki ( 3 7 ) , Liu ( 3 8 ) , Fryer ( 3 9 ) , and 

Scott and Dullien (40) indicates a minimum in the flow curve at low 

pressures, i t is apparent that the s l i p equation cannot be va l id over 

the entire pressure range. The gas flow in the three pressure regimes 

in terms of molecules per unit time can now be summarized: 

Tra pAp 
8nkTL (Po i seu i l l e Flow) 

Tra pAp Tra Ap 
8nkTL mvL (S l ip Flow) (28) 

(Knudsen Flow) . 
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or , for small values of r / A , 

• (2r /A) (31) 

I t then follows that for a long capi l lary tube of circular cross-

sect ion, the flow equation becomes 

1-e 
-sinh (2 r /A) (Ap+B) + Ce -sinh (2 r /A) (32) 

where the constants A, B, and C may be evaluated from kinet ic theory and 

are given by 

Trr 
8nkTL 

M-Trr 
3mvL (33) 

C = 16r 
3mvL 

In a typical flow measurement, the decay of the pressure in the system 

with time is usually followed. The number of molecules per unit time, 

G, is given by 

G = dN 
dt 

1 dN 
N dt N = 

dlnP 
dt N, (34) 

Since PV = NkT, i t follows that 
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dlnP _ _ G _ GkT 
dt = N ~ PV (35) 

The variable in Scott and Dullien's equation is given in terms of G as 

(36) 

so that the constant defined above becomes 

(37) 

Expressing F ( r / X ) as 

-sinh (D/X) 
f > 2 h 

D fD 
-4- 1 

T + 
_ w 

T A. 

—J 

(38) 

we obtain f i n a l l y , 

K kT 
i 4 ' 

(Ap+B) + j C (39) 

Upon s impl i f ica t ion , 

K = y C + ^ ( B - O ( l - F ) + ^ (l-F)Ap" (40) 

and substitution for the constants derived from kinet ic theory we obtain 
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K = K ( l - F ) + g - ( 1 -F ) (41) 

where the quantity, D/A, is considered to be a mean value. 

Flow Into a Perfect Vacuum 

Consider now the flow of a gas through a capi l lary under condi

tions where the gas exi ts into a vacuum as is depicted in Figure 13. 

T, P 

Figure 13. Flow of Gas Through a Capillary into a Perfect Vacuum 

The number of molecules flowing into the vacuum is equal to the number 

of molecules entering the capi l lary multiplied by the transmission 

probabi l i ty , Q. The usual kinet ic energy expression, 

v = ^n 'v , (42) 
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denotes the number of molecules co l l id ing per second per unit area of 

the wall of the container, where n' is the number density of the con

tained gas. I t then follows that 

-V = h n 'v • A • Q 
dt 

(43) 

where A is the cross-sectional area of the capi l lary and V is the volume 

of the gas reservoi r . Since 

P = n'kT, (44) 

i t follows that 

dn' 1 dP 
dt kT dt ' (45) 

so that upon substitution for v and A, the following expression may be 

written 

1 dP 
kT dt kT 

'8kT' 
r r m 

t t D (46) 

where D is the capi l lary diameter and k is the Boltzmann constant. 

Rearranging this expression, 
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we obtain f ina l ly 

dP 
P 

t t R T 

2M 
dt = k'Qdt, (48) 

Thus i t fo l lows , in agreement with the formula derived from the work of 

Scott and Dullien, that 

dlnP 
dt 

(49) 

and that K = k. Obviously a measure of the rate constant in the flow 

equation is also a measure of the transmission probabi l i ty , Q. 
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CHAPTER V 

EXPERIMENTAL 

The evidence from the Monte Carlo calculations suggests that the 

transmission probabil i ty is r e l a t i v e l y insensi t ive to a temperature 

gradient across a cap i l la ry . In addition, the calculations also indi

cate that specular re f lec t ion may play a ro le in the divergence of the 

forward and reverse transmission p robab i l i t i e s . Isothermal flow meas

urements may therefore provide some insight to the deviations from the 

Knudsen l imi t ing law which have been observed experimentally. 

In order to measure the temperature dependence of the transmis

sion probabi l i ty , i t is necessary to measure the flow constant, k, of 

the expression 

^ = - k ' Q = k ( 1 ) 

at different temperatures for di f ferent gases. 

After a suitable ca l ibra t ion , thermal conductivity can be used 

to give an indication of the pressure of a system ( 4 1 ) . In f ac t , i f 

only the rate of change of the pressure with time is desired, i t is not 

necessary to cal ibrate the apparatus against an absolute standard such 

as a McLeod gauge. 
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The Hot Wire Manometer 

In 1906 M. Pirani (42) showed that the pressure of a system 

could best be measured by following the rate of heat loss from a thin 

hot wire—thus the term "hot wire manometer." In the usual set-up, the 

heat loss of the hot wire is measured e l e c t r i c a l l y with a Wheatstone 

bridge network which performs the double function of heating the wire 

and measuring the resistance. A simplif ied c i rcui t diagram of a Pirani 

gauge is shown in Figure 14. 

Figure 14. Simplified Wheatstone Bridge 
Circuit Showing Hot Wire Manometer 

The hot wire with resistance is placed in a bridge having one va r i 

able resistance (R° ) and two arms of equal resistance (R and R 0 ) . 
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At a low pressure, say below a micron, where conduction is n e g l i g i b l e , 

the voltage applied to the bridge may be set to some convenient value. 

The variable r e s i s to r , R° , may then be adjusted unti l the galvanometer 

indicates a nul l , at which time the bridge is balanced. An increase of 

pressure, by increasing the heat l o s s , lowers the wire temperature and 

unbalances the br idge. Likewise, a decrease in pressure, by decreasing 

the heat l o s s , raises the wire temperature and again unbalances the 

br idge. In ei ther case, when the bridge is rebalanced by a l ter ing the 

value of R ° , the resistance of the hot wi re , and therefore i t s tempera

ture, must be at the or ig ina l value. Since the e l e c t r i c a l energy into 

the gauge must equal the heat energy out of the gauge, the voltage 

across the hot wire is an indication of the pressure when the bridge is 

balanced. That this is so can be seen by considering the thermal 

equilibrium equation 

e l e c t r i c a l input = radiation term + conduction term 

+ end support term 

Since the conduction term is proportional to the pressure and the radi

ation term and the end support term are both proportional to the temper

ature difference between the wire and the gas, the Pirani gauge should 

obey the equation 

E = AP + B ( 2 ) 



73 

provided the temperature difference is constant. I f the voltage reading 

across R at zero pressure is denoted by E , a simple relat ionship, 

exists between the voltage and the pressure of such a -system. The flow 

constant, k, can thus be evaluated by measuring the voltage across R^ 

2 2 

as a function of time and plot t ing ln(E - E Q ) versus the time to evaluate 

the s lope, k. 

Experimental Apparatus 

The control c i rcui t for the Pirani gauge is shown in Figure 15. 

The bridge was designed on the "constant current" pr inciple so that the 

temperature of the wi re , and hence the value of AT, could be controlled 

through an adjustment of the bridge balance res i s tors . I t was thus 

possible to set the bridge balance so that a particular r a t io of E/E°, 

where E is the voltage across the hot wi re , and E° is the voltage across 

the adjacent arm of the br idge, was indicat ive of a part icular value of 

AT, since the temperature of the wire could be obtained from a suitable 

calibration chart. 

The Pirani gauge chosen for the experiment was a Pyrex glass tube, 

GAV-004, bakeable to 400°C. , purchased from Bendix, I n c . , Rochester, 

New York. The gauge was approximately 5 inches in length and had a 

volume of about 4- cubic centimeters. The coi led wire inside was f ixed 

between two tungsten pins which extended outside the gauge about ^ 

inch. The external connection to the Wheatstone bridge was made with a 



1000 ft 

Figure 15. Control Circuit for Pirani Gauge 
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GAV-006 matching cable connector also purchased from the Bendix Corpor

ation . 

The Pirani gauge was sealed to the gas reservoir used in the 

experiments as shown in Figure 16. The gas sample c e l l was designed so 

that both isothermal and temperature gradient measurements could be made 

with the same reservoir and the same capi l lary tube. A length of pre

cision capi l lary (diameter 0.0204 centimeters) was obtained from Ace 

Glass, I nc . , in Vineland, New Jersey. Using successively f iner grinding 

powders, and the rough grinder in the glass blowing lab , a taper was 

placed on one end of the capi l lary such that a good seal was obtained 

with the 5/12 Pyrex female j o in t . The length of the finished capi l lary 

tube was 5.70 centimeters. The special tube could then be placed in 

ei ther of the 5/12 females in the flow c e l l . In the lower posit ion the 

entire reservoir could be immersed in a temperature-controlled water 

bath for isothermal studies. In the upper posi t ion, the lower part of 

the c e l l could be maintained at one temperature and the upper end of the 

capi l lary at another, using the glass cup around the outer piece of 

glass as the second temperature rese rvo i r , for temperature gradient 

experiments. The flow c e l l was designed to minimize the pressure dif

fe ren t ia l across the ground glass taper of the capi l lary by placing the 

seal inside the primary vacuum reservoir . The ends of the# capi l lary 

tube were always wel l defined due to the ground glass taper which was 

used to join the capi l lary tube to the flow c e l l . Glassblowing would 

have distorted the capil lary in the area near the seal . 
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Figure 16. Gas Sample Ce l l : - Pirani Gauge and Capillary Detail 
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The temperature was controlled within ± 0.01°C. with a Haake 

Series N Constant. Temperature Circulator, Model NBS, purchased from 

Brooklyn Thermometer Company in Farmingdale, New York. The Model NBS 

circulator has a b u i l t - i n , dual-purpose pump which applies both pressure 

and suction at the same time by means of aspiration. The rate of flow 

of the circulator could be modified by varying the s ize of the nozzle 

out le t , the diameter of the circulat ing hose, or by clamping the circu

lat ing hose. A continuously variable heating control allowed select ion 

of a heater output from 0 to 2000 watts. The use of the Haake K-60 Heat 

Exchanger allowed temperatures down to -60°C. to be obtained. Two con

tact thermoregulators were used: 

1. 1-070040: range -60 to +30 degrees Centigrade, and 

2. 1-070043: range 0 to +100 degrees Centigrade. 

The voltage across the Pirani gauge during a run was monitored 

with a high accuracy d i g i t a l voltmeter, Model 8104, purchased from Cal

ifornia Instruments in San Diego, California. The accuracy of the 

instrument after 15 minutes warm-up was ±0.02 per cent of fu l l scale 

±0.03 per cent of the reading with a s t ab i l i t y of 0.02 per cent of fu l l 

scale per month. The resolution was 0.01 per cent of f u l l sca le , and 

in the range used, the l inear se t t l ing time to the specif ied accuracy 

was 250 mill iseconds. 

The null point of the Wheatstone bridge c i rcui t was indicated by 

the Model 104W1 Brown Electronik Null Indicator purchased from the 

Minneapolis-Honeywell Regulator Company in Philadelphia, Pennsylvania. 

The indicating meter was a D'Arsonval galvanometer movement with scale 
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markings of -4 to 0 to +4. Divisions were spaced 1 centimeter apart 

with subdivisions between +1 and -1 in mil l imeters. The instrument was 

designed for precision Wheatstone bridge c i rcui ts and had an input 

f i l t e r to reduce the e f fec t of normal external stray currents. The 

-9 
current sens i t iv i ty was 1.0 x 10 amp/mm and the voltage sens i t i v i ty 

—6 

was 1.0 x 10 v/mm. The indicating meter, which reads the f ina l value 

in less than one-half second after an unbalance occurs, is c r i t i c a l l y 

damped and is independent of external c i rcu i t resistance. 

Pressure measurements on portions of the assembly other than the 

flow reservoir were made with an Ionization Vacuum Gauge Type GIC-110B 

with two sensing tubes , one a thermocouple tube Type GTC-004 and the 

other an ionization gauge tube Type GIC-017, a l l purchased from the 

Bendix Corporation. For absolute cal ibrat ion a precision McLeod gauge 

manufactured by Hastings-Raydist, I n c . , in Hampton, Vi rg in ia , was used. 

Two scales were available on the gauge covering a range of 20 tor r to 
-5 . . -4 

1.0 x l o torr with a sens i t iv i ty of 5 x i o at 1 centimeter height 

d i f f e r e n t i a l . 

The voltage supply for the bridge c i rcui t was a charge retaining 

bat tery, Type DD-5-1, purchased from the WISCO Division of ESB Incor

porated in Racine, Wisconsin. Such bat ter ies are ideal for use with 

instruments requiring stable voltage with infrequent charging or atten

t ion. The capacity of the battery was rated at 500 amp hrs with a rate 

of 1.0 amperes. The cut-off voltage was 1.95 v o l t s . 

A l l of the c i rcui t ry was protected against sudden stray current 

surges after power fa i lure with an e l e c t r i c a l latch. A diagram of the 
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c i rcui t is shown in Figure 17. A fa i lure in the l ine current causes th 

latch to disconnect the protected c i rcui t and to switch the power to th 

alarm out le t . The p i l o t l igh t is not illuminated when a power fa i lure 

has occurred. The latch may be reset by depressing the start switch. 

The Vacuum Assembly 

The flow c e l l was attached to the vacuum assembly in such a way 

that a gas pipet te could be used to measure out known quantities of a 

gas from a primary reservoir at a given pressure and introduce the gas 

into the flow c e l l . The primary reservoir could be f i l l e d with a gas 

at pressures ranging from about 50 torr to atmospheric pressure. In 

this way the reservoir of the flow c e l l could be f i l l e d with gas ei ther 

for an actual measurement or for purposes of cal ibrat ion. The entire 

assembly could be evacuated to a pressure of less than 1.0 x 10 torr 

with the aid of a mercury diffusion pump coupled with a CENCO roughing 

pump'purchased from Central Sc ien t i f i c Company. In cases where the 

temperature circulator was not used, the temperature was measured with 

a copper-constantan thermocouple which had been previously calibrated 

against the sublimation temperature of carbon dioxide using the method 

of Scott ( 4 3 ) . A diagram of the vacuum assembly is shown in Figure 18. 

A dry ice trap was used after the diffusion pump except during the flow 

measurements at 77.4°K. when l iquid nitrogen was used. 

Experimental Procedure 

Typical ly a flow experiment was carried out under isothermal con 

dit ions where the i n i t i a l and f ina l pressures of the run were adjusted 
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so that runs for different 'gases took place over the same range of mean 

free paths. Calibration curves of voltage across the Pirani gauge 

versus pressure read from the McLeod gauge were made for each gas at 

each temperature. Once the temperature bath had been adjusted to the 

desired value, a quantity of gas was introduced into the part of the 

vacuum system which included the flow reservoir and the McLeod gauge 

by means of the gas p ipe t te . The system was then allowed to come to 

equilibrium for several hours before the pressure reading was made. 

Values of the i n i t i a l and f ina l mean free paths were chosen, f i r s t , to 

start the run under conditions of Knudsen f low, and, second, to termi

nate the runs in reasonable lengths of time. Accordingly, each run was 

started at a mean free path of 0.204 centimeters (10 times the capi l lary 

diameter) and stopped at a mean free path of 0.75 centimeters (36.8 

times the capi l lary diameter). Voltages corresponding to the appropriate 

pressures could be determined from the calibration charts. The flow 

reservoir was then f i l l e d with a chosen gas and the voltage monitored 

unti l the desired voltage reading had been passed. The system was then 

opened to the vacuum and when the voltage reading on the d i g i t a l v o l t 

meter indicated that the starting value had been reached, a timer was 

started. Readings were then taken of the voltage as a function of time 

unti l the f ina l value of the voltage was reached. At that time the run 

was terminated and another run begun by once again f i l l i n g the reservoir 

with the desired quantity of gas. The voltage readings were taken only 

when the galvanometer indicated that the bridge was balanced. Since the 

readings were continually changing during the run due to the decrease 
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of pressure in the rese rvo i r , and since the galvanometer had to be 

adjusted throughout the run while the measurements were being made, the 

d i g i t a l voltmeter was a d is t inct advantage. When a potientiometer was 

t r i ed in place of the d i g i t a l voltmeter, i t was not possible to monitor 

the experiment, to adjust the bridge current, and to take voltage read

ings simultaneously. Since i t took at least a few seconds to measure a 

value of the voltage with the potentiometer, the pressure had changed 

and the bridge had become unbalanced by the time the measurement was 

completed. An uncertainty was thus always associated with runs made in 

this manner and the d i g i t a l voltmeter was used exclusively to monitor 

the vo l tage . 

The reading at "zero" pressure was always taken after several 

weeks of pumping and flushing the flow reservoir with a l igh t gas such 

as hydrogen. The s t ab i l i t y of this reading over various runs of dif

ferent gases at different times added confidence to the correctness of 

this value. In addition, the runs were made under conditions where the 

"zero" pressure reading made sometime after the completion of a run or 

a series of runs could be compared with the value obtained before the 

reservoir was f i l l e d i n i t i a l l y . I t was therefore possible to monitor 

the characteristics of the Pirani gauge from day to day. 

Choice of Gases' 

The gases chosen for the flow measurements were argon, helium, 

hydrogen, and deuterium. The l igh t gases were chosen for the i r tendency 

to undergo specular re f l ec t ion during a flow experiment as opposed to 

argon, which was expected to undergo l i t t l e of this type of re f l ec t ion 
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under typica l experimental conditions. The deuterium gas was not as 

pure as desired, but i t was used because i t s behavior should show gen

eral trends of in teres t . Table 2 summarizes the gases chosen for the 

experiments. The gases were contained in individual lecture bot t les and 

were purchases from the Matheson Gas Products Company in Morrow, Georgia. 

The purity of each gas in Table 2 is expressed in mole per cent. 

Table 2. Molecular Weight, Puri ty , and Grade 
of Gases Used in Flow Experiments 

Molecular 
Gas Weight Purity Grade 

Argon 39 .948 99 .998 Prepurified 

Helium 4 .0026 99 .995 High Purity 

Deuterium 4 .032 98 .0 Technical 

Hydrogen • 2 .016 99 .95 Prepurified 

Each lecture bo t t l e was provided with a leak-free packless valve 

with handwheel control to provide good metering character is t ics . For 

f iner control during metering, a Model 3300 pressure regulator was used 

to introduce the gases into the system. The external thread on the 

bot t le allowed the regulator to be placed in any convenient posit ion for 

introducing the gas into the system. 
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CHAPTER VI 

RESULTS AND DISCUSSION 

The Monte Carlo program was designed to evaluate the term f ( x , L ) 

as a function of the distance down the cap i l la ry . The temperature of 

the entrance and ex i t reservoirs were 300°K. and 100°K., respec t ive ly . 

The results are summarized in Tables 3-6, where the L/D ra t io and the 

value of e. are indicated in each table . 
0 

Table 3. Results of Monte Carlo Run for 
L/D = 1, e = 900, and N = 500 

x f ( x , L ) 

0.0 0.252 

0.2 0.336 

0.4 0.428 

0.6 0.580 

0.8 0.708 

1.0 0.770 
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Table 4. Results of Monte Carlo Run for 
L/D = 10, e = 900, and N = 1000 

x f ( x , L ) 

0 0.065 

1 0.177 

5 0.547 

9 0.866 

10 0.953 

Table 5. Results of Monte Carlo Run for 
L/D = 10, e = 2100, N = 1000 

x f ( x , L ) 

0 0.049 

1 0.147 

5 0.512 

9 0.859 

10 0.963 
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Table 6. Results of Monte Carlo Run for 
L/D = 50, e = 900, and N = 1000 

X f ( x , L ) 

0.0 0.012 

0.4 0.027 

1.0 0.047 

4.0 0.096 

10.0 0.206 

25.0 0.468 

40.0 0.780 

46.0 0.892 

49.0 0.969 

50.0 0.991 

Figure 19 shows graphically the results for the three cases where 

the specular parameter was set at 900. This parameter was adjusted to 

give a somewhat higher degree of specular re f lec t ion (about 10 per 

cent) than might normally be expected so that any obvious trends in the 

performance might be recognized. 

The transmission probabi l i t ies for each case were calculated by 

evaluating the integral equation 

L 
Q = S ( L ) + / s ( x ) f ( x , L ) d x ( 1 ) 



Figure 19. Exit Function for Various Capillary 
Length to Diameter Ratios 
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where the value of the integral was determined using the trapezoidal 

ru le . The forward transmission probabi l i ty , Q , was obtained by con

sidering the entrance temperature to be at 300°K., while the ex i t 

temperature was maintained at 100°K. For the case of the reverse trans

mission probabi l i ty , Q j ^ ' ^ e def ini t ions of entrance and exi t were 

interchanged. Recursion formulas for S^(x) and s^ (x ) were found to be 

useful in this calculation: 

s (x) = (1-B ) 

S1(x) = ( 1 - B ^ 

J A (1-B )n n ^ n n 1 n=l 

y nA (1-B )N n L

n n n 1 n=l 

A = (A . ) ( B ) n n-1 n-1 

f n 1 
ntc 

c = e 0 / T 

In addition, values of the transmission probabil i ty for isothermal con

ditions were calculated using the variat ional solution of De Marcus 

( 2 9 ) . In terms of the model, this solution becomes 

ABL-AC-B 

4AL 2-C 
( 3 ) 

where 
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A = L + S C D 

L 
B = / S (x)dx ( 4 ) 

( 5 ) 

L 
C = / xS 1 (x )dx . 

Expl ic i t expressions may be written for A, B, and C: 

where 

A = ( l - r 1 ) [ ( l - r 1 ) N 1 ( L ) + 2 r 1 ( l - r 2 ) N 1 ( L / 2 ) 

+ 3 r 1 r 2 ( l - r 3 ) N 1 ( L / 3 ) + . . . ] + 1 

B = ( l - r 1 ) C ( l - r 1 ) I ( L ) + 4 r 1 ( l - r 1 ) l ( L / 2 ) 

+ 9 r 1 r 2 ( l - r 3 ) I ( L / 3 ) + . . . ] 

C = ( l - r 1 ) [ ( l - r 1 ) J ( L ) + 8 r 1 ( l - r 2 ) J ( L / 2 ) 

+ 2 7 r 1 r 2 ( l - r 3 ) J ( L / 3 ) + . . . ] 

N 1 ( x ) = [ 2 x 2 - 2 x ( x 2 + l ) J 5 + l ] 

L/n 
l ( L / n ) = / N (x)dx ( 6 ) 

0 

L/n 
J (L/n) = / xN 1 (x)dx 
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and r has i t s usual s ignif icance. I t readily follows that 

K L / n ) = j [ 2 K 3 - 2 ( K 2 + l ) 3 / 2 + 3 K + 2 ] ( 7 ) 

and 

J (L/n) = I { 2 K 4 - 2 K ( K 2 + l ) 3 / 2 + K ( K 2 + l ) 1/2 

( 8 ) 

+ l n [ K + ( K 2 + l ) 1 / 2 ] + 2 K 2 } 

where K = L/n. 

Table 7 shows the results of the' transmission probabil i ty calcu

lat ion under both the temperature gradient and isothermal conditions. 

The standard deviation of the Monte Carlo results was calculated from 

the usual formula 

where a weighted average was used to calculate the standard deviation 

for Q. Since the trapezoidal rule was used to evaluate the integral in 

the equation for the transmission probabi l i ty , the standard deviation 

was weighted according to the individual contributions to the in tegra l . 

Thus, for L = 10, we obtain 

f ( x , L ) ( l - f ( x , L ) } 
a - ( 9 ) 

N 

oQ + H a (10) 
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Table 7. Transmission Probabi l i t ies .for Free 
Molecular Flow in Capil lar ies 

L/D T x T 2 eQ 

1 0 0 0.514 

1 300 300 900 0.695 

1 300 100 900 0.719 0.007 

1 100 100 900 0.558 

1 100 300 900 0.539 0.008 

10 - - °° 0 .109 

10 300 300 2100 0.142 

10 300 100 2100 0.140 0.010 

10 100 100 2100 0.118 

10 100 300 2100 0.113 0.009 

10 300 300 900 0.232 

10 300 100 900 0.245 0.011 

10 100 100 900 0.133 

10 100 300 900 0.123 0.009 

50 °° 0.0253 

50 300 300 900 0.0691 

50 300 100 900 0.0653 0.0044 

50 100 100 900 0.0322 

50 100 300 900 0.0300 0.0040 
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where 

f ( x , 1 0 ) ( l - f ( x , 1 0 ) ' 
(11) 

and N is the number of Monte Carlo t r i a l s . 

Figure 20 shows the transmission probabi l i t ies as a function of 

the " c r i t i c a l energy" of specular r e f l e c t i o n . The upper curve repre

sents the case where the entrance and exi t temperatures were 300°K. and 

100°K. , respect ive ly . In the lower curve of Figure 20 the values of the 

entrance and ex i t temperatures were reversed. I t is evident that as the 

degree of specular re f l ec t ion increases, the values of the forward and 

reverse transmission probabi l i t ies diverge more and more, and the devi 

ation from the Knudsen l imi t ing law occurs as anticipated. I t has been 

pointed out ea r l i e r that for diffuse r e f l e c t i o n , a f ixed amount of 

specular r e f l e c t i o n , or for completely specular r e f l e c t i o n , the forward 

and reverse transmission probabi l i t ies are equal and in these cases the 

curves would not be expected to d iverge . 

Figure 21 depicts a unified plot of capi l lary transmission prob

a b i l i t i e s as a function of the degree of specular re f l ec t ion at the 

entrance temperature. The value of the parameter r^ is used to charac

t e r i ze this temperature. The so l id curve is for the case of no tempera

ture gradient. Apparently the existence of a temperature gradient along 

the tube has only a secondary ef fec t on the value of the transmission 

probabi l i ty . The temperature of the entrance reservoir must then play 

the decis ive ro le in the variation of the transmission probabi l i t ies 
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Figure 20. Transmission Probabi l i t ies as a Function of the Cr i t i ca l Energy for Specular 
Reflection [Sol id curves are for no temperature gradient. Circles are Monte 
Carlo values for a capi l lary with a uniform temperature gradient between 
300°K. and 100°K.] 



Figure 21. Unified Plot of Transmission Probabi l i t ies as a Function of the Degree of Specular 
Reflection at the Entrance Temperature [Solid curve is for no temperature 
gradient. Circles are Monte Carlo Values.] 
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with temperature. The flow experiments were designed to invest igate 

this temperature dependence. 

Results of Flow Measurements 

The rate constant for each run was determined by plot t ing 

2 2 

ln(E - E Q ) versus the time and determining the s lope. The results for 

each gas at the four temperatures used in the experiment are tabulated 

in Table 8 where the rate constants have been multiplied by 1000 for 

convenience. 

Table 8. Rate Constants Determined from Flow Measurements 

Gas k „ k „ k „ k Gas 
77 194 298 353 

Ar 0.15799 0.25190 0.31552 0.34466 

D 2 - 0.80929 1.0255 1.1270 

H E 0.51808 0.83109 1.0429 1.1575 

H 2 0.69920 1.1395 1.4356 1.5843 

Because the supply of deuterium gas was exhausted, no runs were made for 

this gas at l iqu id nitrogen temperatures. Each point in the table 

represents an average of at least 3 runs and as many as 20 runs. During 

the f i r s t part of the experimental work a large number of flow measure

ments were made to ensure that the calculated slopes were reproduceable. 

Since consistent results were obtained from the sets of data which were 

gathered over a period of several weeks, the number of runs thought 

appropriate for each gas was reduced to around f i v e . In several cases, 
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only three runs were made because of experimental d i f f i c u l t i e s . I t was 

found, for example, that the phenolic connector between the Pirani 

gauge and the e l e c t r i c a l cable to the Wheatstone bridge was damaged 

after a few week's exposure to high temperatures. Consequently the 

number of runs for several gases at high temperatures was reduced to 

expedite the taking of data. Replacing the e l e c t r i c a l connection was 

a long and tedious task since the flow c e l l had to be ^removed from the 

vacuum assembly and the protect ive Tygon sheath around the e l e c t r i c a l 

connection carefully removed to prevent damage to the gauge. Such an 

operation also required a complete pumpdown and outgassing of the system 

after repairs which were rather time consuming. 

Extrapolation to Zero Pressure 

In order to remove the pressure dependence of the rate constants 

in Table 8, the values could ei ther be adjusted to correspond to the 

same average mean free path or extrapolated to zero pressure to obtain 

the pressure independent rate constant, k^. The l a t t e r procedure was 

adopted. 

The equation governing the flow of gases in the pressure range of 

interest is the modified form of the Scott and Dullien equation, derived 

in Chapter IV. With arbitrary constants, a and 8, this equation may be 

expressed in the form 

k o 
l + a ( l - F ) + 3 ( l - F ) (12) 

where 
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F = D/L+((D/L) + l ) (13) 

In these expressions D is the diameter of the capi l lary tube, L is the 

capi l lary tube length, and X is the mean free path computed from the 

average pressure of the run. Under the conditions of each run, this 

equation can be expressed as 

where A is a factor which can be computed from the circumstances of the 

measurement. Several very long runs of helium and argon were made 

starting at a pressure of about 0.4 to r r and ending at a pressure of 

-4 

about 1.0 x 10 to r r . The resulting data were then divided into inter

vals where the pressure decreased by about a factor of two each time, 

and rate constants were computed for each in te rva l . The rate constants 

and average pressures were then f i t t e d to the above equation with a 

non-linear least squares computer program to determine the constants a, 

and fi. Values of A computed from the experimentally determined param

eters differed from those determined using the theoret ical constants by 

less than one-half of 1 per cent, Table 9 summarizes the results of the 

rate constant extrapolation where the pressure independent rate con

stants have also been multiplied by the factor 1000 for convenience. 

k = (14) 



99 

Table 9. Rate Constants from Flow Measurements 
Extrapolated to Zero Pressure 

Gas k 0 y 7 
k°194 k °298 k°353 

Ar 0 .15967 0 .25489 0.31826 0 34823 

D 2 - 0 81775 1.0342 1 1360 

He 0 .52453 0 83986 1.0515 1 1666 

H 2 0 .71669 1 1514 1.4481 1 5964 

Calculation of the Experimental Transmission Probabil i ty 

In a form that e x p l i c i t l y indicates the dependence of the rate 

constant on the molecular weight of the gas, the temperature, and the 

transmission probabi l i ty , the formula for the rate constant can be 

written 

k o -

t t R 

2 

h 2 2 XT (15) 

where V is the volume of the gas reservoir and R is the ideal gas con

stant. The volume of the gas reservoir was determined by mercury d i s -
3 

placement to be 40.748 cm . The diameter of the glass capi l lary was 

also determined -by f i l l i n g i t with mercury and calculating the diameter 

from the increase in weight. The value of D was found to be 0.0203 

centimeters in agreement with the manufacturer's spec i f ica t ion . The 

expression for the transmission probabil i ty then takes the form 
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Q = k r 

1 
V CM

 

(16) 

= 34.611 k 

Values of the transmission probabil i ty calculated for each temperature 

are given in Table 10 multiplied by a factor of 100. 

Table 10. Values of the Transmission Probabil i ty 
Computed from Flow Measurements 

Gas Q 7 7 Q194 Q298 Q353 

Ar 0 .397118 0 4003±5 0 .403216 0 405417 

D2 - 0 408412 0 .4161+7 0 4199110 

He 0 .412917 0 417516 0 .421715 0 430013 

H 2 0 .400414 0 4064111 0 .412114 0 417514 

The results are also shown graphically in Figure 22, where the value of 

the transmission probabil i ty is plot ted versus the absolute temperature. 

A smooth curve is obtained in each case and i t seems clear that the 

transmission probabil i ty is temperature dependent. The average error 

associated with the transmission probabil i ty was determined by calcu

lat ing the average error of the rate constant for each series of runs 

and using a maximum d i f f e ren t i a l error analysis to calculate the error 

in the transmission probabi l i ty . The error was found to be on the order 

of 0.15 per cent. 
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Figure 22. Transmission Probabil i ty Versus Temperature 
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These results represent an improvement over the determinations 

of Berman and Lund (13) for a number of gases. In the i r experimental 

set-up they studied the flow of gases through a short nickel capi l lary 

as wel l as through a porous disk and an o r i f i c e . Although most of the i r 

measurements were made at 25°, additional measurements previously made 

at 0 ° , 8 ° , and 50° were also presented. The supplementary measurements 

were made primarily with the o r i f i c e and porous disk. The results were 

presented r e l a t i ve to the experimental transmission probabil i ty of argon 

at 25°. The results of Berman and Lund for capi l lary f low, as wel l as 

the results of this experimental work are presented in Figure 23. The 

Berman and Lund results are contained in the area between the v e r t i c a l 

dotted l ines in the temperature range from 0° to 50°. The two data 

points for helium taken by Berman and Lund were so closely spaced that 

within the stated error in the ra t io (±0.007) i t was not possible to 

detect a temperature dependence in the value of the transmission proba

b i l i t y . In addition, their data for argon, helium, and xenon consisted 

of one point each at 25° and were therefore inconclusive. I t was also 

d i f f i c u l t to attr ibute a temperature dependence to the neon and krypton 

data within the error speci f ied . The question of the temperature 

dependence of the transmission probabil i ty was therefore unresolved. 

The so l id curves for helium, hydrogen, deuterium, and argon 

represent the findings of this work. I t is now clear that there is a 

considerable temperature e f fec t for each gas. The range of temperatures 

has been extended to include those from -196° to 80° and the error in 

the ra t ios has been reduced by about a factor of 2. 



Figure 23. Unified Plot of Transmission Probabili ty Ratio Versus Temperature 
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Berman and Lund (13) have also indicated that the interaction 

parameter, e , as tabulated by Hirshfelder (4-4), is a convenient term 

which can be related to the transmission probabi l i ty . The parameter, 

e, corresponds to the depth of the minimum in the potent ial energy curve 

of the gas, and can be related theore t ica l ly to gas transport proper

t i e s . A plot of the transmission probabil i ty versus e/kT for the 

experimental findings of this study is given in Figure 24, where e is 

the force constant for the Lennard-Jones (6-12) potent ia l , k is the 

Boltzmann constant, and T is the absolute temperature. A table of 

values for e/k is given in Hirshfelder 's book on page 1110, Table 1-A. 

That the values of the transmission probabil i ty are characterist ic of 

the gas can be seen more clear ly in Figure 25, where the transmission 

probabi l i t ies are plot ted against l n ( e /kT) to change the scale of the 

values of e/kT. Although Berman and Lund obtained anomalous results 

with helium, such results were not observed in this work. 

The variation of the transmission probabil i ty with temperature 

has important considerations with regard to the use of the Knudsen 

formula for correcting experimental data for the effects of thermal 

transpiration. The experimental tests of the Knudsen equation at 

ultra-high vacuum consist of the data by Edmonds and Hobson ( 1 4 ) , and 

Hobson, Edmonds and Verreault ( 1 5 ) . Deviations from the l imi t ing law 

in the case of helium have been referred to in Chapter I . The tabula

tions of Edmonds and Hobson are part icular ly informative because of the 

interesting trend which is apparent in the data. These data are pre

sented in Table 11 where i t is clear that as the L/D ra t io increases, 
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the experimentally-measured values of the thermal transpiration ra t io 

approach closer and closer to the value predicted by the l imi t ing law. 

a 
Table 11. Values of the Transmission Probabil i ty Ratio for 

Neon and Helium for Tubes of Different L/D Ratios 

Neon Helium 
L/D Q 2 1 7 Q 1 2 

L/D Q 21 / Q 12 

5.79 1.248 5.79 1.222 

7.96 1.238 7.96 1.215 

11.1 1.156 11.1 1.132 

23.7 1.142 23.7 1.136 

214.3 1.050 214.3 1.038 

aComputed from 
References 14 and 15. 

information in 

Between the two temperatures of 77.4° and 29 5° , the data indicate that 

for helium the measured value of R is 0.530 for a tube with an L/D ra t io 

of 214.3. From Figure 22, the ra t io of the transmission probabi l i t ies 

for helium obtained in this work for the two temperatures of interest is 

1.021 which would give a theoret ical value of 0.523 from the generalized 

Knudsen equation. The L/D ra t io of the tube used to measure the trans

mission probabi l i t ies was about 280. Table 11 indicates that a value 

of R measured with such a tube might be less than 0.530. I f the 

decrease amounted to as l i t t l e as 0.5 per cent, the theoret ical predic

tion would be within the bounds of the experimental error given for the 

transpiration measurements. 
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Table 11 might explain the greater temperature e f fec t which is 

hinted at in Figure 23 for neon and krypton, since the measurements were 

made for a capi l la ry with a very small L/D r a t i o . I t should also be 

pointed out that the trend in Table 11 is the opposite of what is pre

dicted by the computer model. I t would be interest ing to know whether 

or not this is the result of the sens i t iv i ty of the transmission prob

a b i l i t y to backscattering near the ends of the tube. Backscattering, 

where the impinging molecule is preferent ia l ly scattered in the d i rec

tion of incidence, is thought to play a ro le in the deviations of 

experimentally-determined transmission probabi l i t ies from the theo

r e t i c a l predictions of the Clausing equations. Deviations on the order 

of 15 per cent were observed in this work. 

Calculation of the Theoretical Transmission Probabi l i ty 

The "long tube" formula for the transmission probabil i ty was f i r s t 

derived by Knudsen ( 7 ) from an asymptotic expansion for Q. That this 

formula is "just" correct has been shown by De Marcus (28) and by 

Berman ( 4 5 ) , both of whom have indicated that the magnitude of the 

second order term is s l i gh t ly above the usual c r i te r ion for disregard

ing a term in an expansion. For the capi l lary tube used in these 

experimental measurements, the long tube formula gives a transmission 

probabil i ty of 0.004771. The more exact var ia t ional solution of 

De Marcus ( 2 6 ) , which gives an upper bound to the transmission proba

b i l i t y , gives a value of 0.004712 for Q which is about 1 per cent below 

that of the long tube formula. 
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D" = D/av (17) 

A number of workers have indicated that transmission probabi l i 

t i e s calculated from experimental measurements are lower than those 

calculated from theory, especial ly for long tubes, and that as the ra t io 

of capi l lary length to capi l lary diameter increases, the diagreement 

between experiment and theory becomes more severe (13,46-51). 

Berman and Lund (13) have indicated that deviations of about 

4 per cent occur using porous media in pressure decay experiments. 

Their capi l lary was made by d r i l l i n g a hole in a small thin nickel 

disk. The dimensions were such that the tube was quite short with an 

L/D ra t io of about 1.33. Their conclusion was that the transmission 

probabi l i t ies obtained in the experimental measurements were lower than 

those which would be expected from kinet ic theory considerations which 

assume diffuse scattering of molecules after a wall c o l l i s i o n . Helium, 

neon, argon, krypton, and xenon were used in the study and a l l of the 

gases showed such deviat ions. 

Flow measurements have also been made by Hanley and Steele (46) 

under isothermal conditions using a pressure decay method and a system 

of 25 stainless s tee l capi l la r ies of length 10.00 centimeters and of 

diameter 0.015 centimeters. The L/D ra t io in these experiments was 

therefore equal to 667. Deviations of considerable magnitude were 

observed, with indications that the deviations might decrease with 

increasing temperature. The results were expressed in terms of a 

dimensionless flow rate D* where 
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and D equals the number of molecules passing through unit area of the 

tube in unit time, a equals the capi l lary radius, and v equals the 

average molecular speed of the gas. Values of D"' were plot ted against 

a/A and extrapolated to zero pressure. The theore t ica l value of D5>" may 

be calculated from the following considerations. 

From the def ini t ion of D i t follows that 

D = dn1 

dt Tra p/kT 
(18) 

where i t is assumed that the gas density is equal to the number 

density. In this expression, n' equals the number of molecules, t 

equals the time, k equals the Boltzmann constant, p equals the pressure, 

and T equals the absolute temperature. Since 

dn 
dt 

n'vAQ (19) 

where A is the cross-sectional area and Q is the transmission probabil

i t y , i t follows that 

D = 3 va (20) 

from which i t follows immediately that 

(21) 
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in the l imi t of zero pressure. At 273°K. , Hanley and Steele observed 

deviations from this value on the order of 30 per cent, indicating 

qual i ta t ive agreement with Lund and Berman ( 1 3 ) . They attributed the 

results to the nature of the molecule-wall interaction and indicated 

that any theoret ical treatment of the problem should consider the d i f 

ferences in the gas-gas and gas-surface interact ions. 

Hanley (47) has also found the same order deviations in the 

unsteady state where the system approaches equilibrium in a manner quite 

unlike that predicted by theory. The experimental set-up consisted of 

2 3 stainless s tee l capi l la r ies of length 10.00 centimeters and radius 

0.0073 centimeters, resulting in an L/D ra t io of 1369 for the experi

mental apparatus. The transpiration flow rate under isothermal condi

tions was related to the variation of pressure with time through 

phenomenological expressions derived from l inear nonequilibrium thermo

dynamics . 

Some recent work by Steele and Hanley (48) has indicated that a 

form of the Dusty Gas Model of Mason, Evans, and Watson (47) can be 

combined with the flow expressions of nonequilibrium thermodynamics to 

give at least qual i ta t ive agreement with experimental measurements. 

The values of D"' so calculated were about 10 per cent from the experi

mental values and about 30 per cent from the theoret ical values computed 

from the Clausing integral equations. 

The extensive measurements of Lund and Berman (49,50) concerning 

flow and se l f -d i f fus ion in capi l la r ies have c lear ly indicated that 

experimental measurements deviate from the predictions of exis t ing 
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theories based on the diffuse scattering of molecules and that such 

deviations can be correlated with a monotonically increasing function 

of the ra t io of observed to theoret ical free molecule transports. The 

authors have developed a model for describing transport under a par t ia l 

pressure gradient as wel l as transport under a to ta l pressure gradient 

in capi l la r ies of arbitrary length to diameter ra t io over a pressure 

range extending from the free molecular to the continuum pressure 

regimes. 

The model was formulated using empirical functions which were 

developed from least squares procedures and a wide var ie ty of experi

mental data. The results indicated that free molecule "end correc

t ions , " essent ia l ly leading to an e f f ec t i ve lengthening of the capi l lary 

tube, were necessary to obtain proper correlat ion with the experimental 

data. 

A wide variety of experimental data on the pressure dependence 

of the flow of gases through capi l la r ies was examined using this model 

in order to study systematically the dependence of the discrepancies 

between theory and experiment on the capi l lary length to radius r a t i o , 

on the gas which was flowing, and to some extent, on the nature of the 

capil lary surface. 

In the data analysis , a parameter C, defined as the ra t io of the 

theoret ical transmission probabil i ty Q to the experimental probabil i ty 

Q , was introduced into the flow equations and determined from nonlinear 

least square techniques for each set of capi l lary transport data. I t 

was found that in almost every case, the value of C was greater than 
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unity, indicating a measured transmission probabil i ty which was lower 

than that predicted by theory. I t was reasoned that some measure of 

wall roughness might correlate with the parameter C since a number of 

experiments and theoret ical calculations have shown that the transmis

sion probabil i ty can be reduced substantially by such roughness. Davis, 

Levenson, and Milleron ( 3 5 ) , for example, found from theoret ica l Monte 

Carlo calculations that some surface structures can reduce the conduc

tance by as much as 20 per cent. 

I f the deviations from the theore t ica l transmission probabil i ty 

are to be associated with the geometrical structure of the w a l l , then 

the magnitude of the deviations must depend upon the fraction of the 

transmitted par t ic les which have made wall c o l l i s i o n s , f . Since the c w 

probabil i ty of traversing a capi l lary tube of length L and diameter D 

is given by 

N ( L ) = [2L 2 t D 2 - 2 L ( L 2 + D 2 ) 1 5 ] (22) 
D 

the fraction transmitted with at least one co l l i s ion is given by (51) 

f = 1 w (23) 

where Q is the transmission probabi l i ty . An excellent correlat ion 

between 1/C and f was found by the authors for data from many sources. 

The intercept of the curve at f = 1, corresponding to the value of 1/C 

for an i n f in i t e length tube, was 0.915. Some values of C obtained by 
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the authors for various L/D rat ios are shown in Table 12. The e f fec t 

of a r t i f i c i a l l y roughing one of the tubes with an L/D ra t io of 1.55 

changed the average value of C from 1.075 to 1.126. I t was concluded 

by the authors that the transmission probabil i ty of a capi l lary tube 

of given length to diameter ra t io must be primarily determined by the 

detai led geometric structure of the surface and not by the gross chem

ica l nature of the capi l lary wal l s . I t seems l i k e l y that a complete 

calculation of the theoret ical transmission probabil i ty w i l l necessitate 

a detai led consideration of both diffuse and specular re f l ec t ion as wel l 

as some degree of backscattering. De Marcus ( 5 ) has indicated how this 

may be done in the case of pa ra l l e l p la tes . In view of the evidence 

from the l i t e r a tu r e , values of experimental transmission probabi l i t ies 

which are lower than those computed from exist ing theore t ica l models are 

not surprising. 

Table 12. Values of Experimentally Determined Parameter, C, as a 
Function of the Ratio of Capillary Length to Capillary Radius 

L/a C 

0.319 1 .017 

0.945 1 .040 

2.029 1 .053 

2.035 1 .047 

3.099 1 .075 

5.944 1 .101 

11.839 1 .086 
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CHAPTER VII 

CONCLUSIONS AND RECOMMENDATIONS 

This dissertation represents an investigation of the Knudsen 

l imit ing law by means of a Monte Carlo computer model and flow measure

ments through capi l lary tubes at low pressures. The model was designed 

to indicate the behavior of Clausing transmission probabi l i t ies when a 

temperature dependent molecular scattering law for diffuse and specular 

re f lec t ion was introduced. Flow measurements were made through a cap i l 

lary tube to invest igate the temperature dependence of the transmission 

probabi l i ty . Some conclusions of this research are l i s t e d below. 

1. The computer model indicates that the transmission probabil

i t y is r e l a t i v e l y insensi t ive to a temperature gradient across a cap i l 

la ry . Figure 21 on page 9 5 shows a unified plot of transmission 

probabi l i t ies as a function of the degree of specular re f l ec t ion at the 

temperature of the entrance reservoi r . The so l id l ine represents the 

variat ional solution of De Marcus for the case of no temperature gradi

ent. There seems to be no s ignif icant deviation of the values of the 

non-isothermal transmission probabi l i t ies from those of the variat ional 

solution. This plot would also seem to indicate that the transmission 

probabil i ty depends primarily upon the temperature of the entrance 

reservoir . 

2. The computer model predicts that as the degree of specular 

re f lec t ion increases, the forward and reverse transmission probabi l i t ies 
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diverge. This trend i s indicated in Figure 20 on page 94 where the 

transmission probabi l i t ies are plot ted as a function of the specular 

parameter, e^. The upper curve represents the case where the entrance 

reservoir is at 300°K.; the lower curve represents the case where the 

entrance reservoir i s at 100°K. The so l id curve is again for the case 

of no temperature gradient as computed from the variat ional solution of 

De Marcus. For a specular parameter of 2100, the forward and reverse 

transmission probabi l i t ies di f fered by about 12 per cent. 

3. Experimental measurements have shown that the values of the 

transmission probabil i ty are temperature dependent over a much wider 

range than previously reported. Figure 22 on page 101 shows the exper

imental transmission probabi l i t ies plot ted as a function of the temper

ature. The greatest temperature dependence occurred in the case of 

hydrogen and the least in the case of argon. According to the computer 

model, this temperature dependence would indicate that a degree of 

specular r e f l ec t ion is occurring for each of the gases studied. The 

measurements covered a temperature range on the order of 276°K. 

4. The experimental measurements indicated that the transmission 

probabil i ty is characterist ic of the gas since separate curves were 

obtained for each gas. Argon, which because of i t s molecular weight and 

force constant might be expected to undergo the least amount of specular 

r e f l e c t i o n , always had a transmission probabil i ty which was lower than 

each of the other gases over the entire temperature range. The position 

of the deuterium curve is somewhat uncertain because of the 2 per cent 

uncertainty in the molecular weight. Since any impurity is l i k e l y to 
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have a molecular weight which is greater than that of deuterium, the 

actual curve may be somewhat lower than the one indicated in Figure 22. 

5. Values of the experimentally-measured transmission proba

b i l i t i e s correlate we l l with the Lennard-Jones force constants for each 

gas as previously indicated by Lund and Berman. Figure 24 on page 105 

shows a unified plot of the transmission probabil i ty versus e/kT for 

a l l of the gases. This correlation can be seen more c lear ly i f the 

natural logarithm of e/kT rather than e/kT is used in the plot as shown 

in Figure 25 on page 106. The agreement seems sa t is factory , particu

la r ly when i t is rea l ized that the force constant is more properly a 

measure of molecule-molecule interactions than wall-molecule interac

tions . 

6. Flow experiments provide an experimental means of measuring 

Clausing transmission probabi l i t ies with an average error of about 0.15 

per cent. I f a Pirani gauge is used to measure the pressure, the 

c r i t i c a l issue is the accurate measurement of the voltage across the 

wire. A high accuracy d i g i t a l voltmeter is almost a necessity since 

the use of an ordinary potentiometer would increase the error by at 

least an order of magnitude. 

7. The experimental values of the transmission probabil i ty are 

lower than those predicted by the variat ional solution of De Marcus. 

The indications are that backscattering plays an important ro le in this 

disagreement and that a f u l l theoret ical treatment of the problem must 

include some degree of backscattering. This seems to be especial ly 

important in the case of capi l lary tubes with large L/D ra t io s . 
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8. Deviations from the Knudsen l imi t ing law on the order of 1' 

to 5 per cent may be accounted for because of the temperature dependence 

of the transmission probabi l i ty . 

During the course of this research, several topics for further 

investigation presented themselves. Such topics represent extensions 

of this work or additions to work already in the l i t e r a tu re . Several 

of the more interest ing proposals are l i s t e d below. 

1. There are indications from published data by a number of 

workers that deviations from the Knudsen l imi t ing law decrease as the 

L/D ra t io of the capi l lary increases. I t would be interest ing to make 

measurements of the thermal transpiration r a t i o , R, for a series of 

cap i l la r ies covering a wide range of L/D values with a special emphasis 

upon very long tubes in order to see how closely the l imi t ing law is 

approached in such cases. 

2. The variat ional solution for the transmission probability-

gives an upper bound to the value. On the other hand, the squeezing 

technique y ie lds both an upper and lower bound for the transmission 

probabi l i ty . Both methods of solution have been shown to agree for 

very short tubes, but no comparisons have been made in the case of much 

longer tubes where the L/D ra t io is much la rger . I t would be useful to 

have the results of such calculations. 

3. For the case of i n f in i t e pa ra l l e l p la tes , De Marcus has shown 

that the introduction of backscattering into the Clausing integral equa

tions results in lowered theoret ical transmission p robab i l i t i e s . In 

addition, the indication is that this decrease becomes larger 
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percentage-wise as the L/D ra t io increases. The few examples calculated 

were for rather small L/D rat ios (D in this case represents the plate 

separation) and in each case evaluation of the transmission probabil i ty 

involved the solution of two coupled integral equations by numerical 

methods. A Monte Carlo solution to the problem of backscattering might 

throw considerable l i gh t on the disagreement between theory and experi

ment which exists in the l i te ra ture at present. Such a study should 

cover a wide range of L/D rat ios , with particular emphasis on long tubes 

where the disagreement is most severe. 

4. Measurements of the transmission probabil i ty from flow 

experiments should be extended to higher temperatures where the value 

of dQ/dT would be expected to be greater than in the range of tempera

tures studied in this work. I t would also be interesting to include 

additional gases,, such as neon, krypton, and nitrogen in the study. 

5. I t would be useful to make measurements of the thermal 

transpiration r a t i o , R, and the transmission probabi l i ty , Q, using the 

same capi l lary for two temperatures of in teres t . Since both measure

ments would be made at the same L/D rat ios for the same condition of the 

capil lary surface, the amount of disagreement between the measured and 

theoret ical values of R, and the s ize of the correction indicated by the 

ra t io of the two values of the transmission probabil i ty could be par

t i cu la r ly informat i ve . 
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APPENDIX A 

PRESSURE RELATION FOR PIRANI GAUGE 

Since the e l e c t r i c a l energy into the gauge must equal the heat 

energy out of the gauge, the following thermal equilibrium equation may 

be wri t ten: 

e l e c t r i c a l input = radiation term + conduction term 

( 1 ) 

+ end support loss term 

Let us consider each term separately: 

1. Radiation 

According to Stephen's Law the radiation loss is proportional 

to the fourth power of the temperature of the wire . Thus, i t follows 

that the radiation energy loss is given by 

Q = K ( T ^ - T 4 ) ( 2 ) r r w g 

where is the change in heat energy due to radiat ion, is the radi

ation constant for the wi re , T is the temperature of the wi re , and T 
w r g 

is the temperature of the gas. The dot over the var iable , Q, means 

change with respect to time. I f i t is assumed that T ~T such that 
w g 
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AT = T - T << T ( 3 ) 
w g g 

then the expression may be expanded to give 

4 4 4 4 
: (T -T ) = K (CT +AT] -T ) r w g r g g 

( 4 ) 

4 3 9 9 3 4 4 
= K (T +4T AT+6T AT +4T AT +AT -T ) . 

r g g g g g 

Rearranging the equation and remembering that AT is small, we obtain 

f ina l ly 

showing that the radiation loss is proportional to the temperature d i f 

ference between the wire and the gas. 

2. Conduction 

Consider a wire of diameter d stretched along the axis, of a tube 

of diameter D (see Figure 26). I f the gas molecules have, on the aver

age , temperatures of T^ and T^ for a r r iva l and departure at the wi re , 

respec t ive ly , then the rate of energy transfer from wire to gas may be 

written as 

= 4K T (T -T ) = K'AT r g w g r ( 5 ) 

= K n ( T ' - T ' ) c w g (6 ) 
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where n equals the number of molecules str iking the wire in unit time. 

Since the number of molecules str iking the wire is also proportional to 

the pressure of the gas, this equation may also be written as 

Q = K ' P ( T ' - T ' ) ( 7 ) c c w g 

where P is the pressure. Now the temperature of the re f lec ted gas 

molecules, T^, depends upon the temperature of the wire surface, the 

type of surface, the temperature of the incident molecules, and the 

type of molecules. 

D 

Figure 26. Heat Conductivity Element: Thin Wire of Diameter, 
d, Mounted Along Axis of Cylinder of Diameter, D 

I f we define an accommodation coe f f i c i en t , a, such that 
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a = 
T' — T 1 

_w g ( 8 ) T - T' 
w g 

then the previous equation becomes 

= aK P(T -T ) c w g ( 9 ) 

where T ' , the temperature of the incident molecules, is dependent upon 

the flow regime of the gas. I f the mean free path of the gas is much 

greater than the diameter of the tube, the molecules str ike the con

tainer walls much more than the hot wire and are thus completely in 

accommodation with the wal l . Under such conditions, the energy loss is 

simply proportional to the pressure and the temperature difference 

The heat loss through the end supports of the wire is essent ia l ly 

proportional to the area of the support, the average temperature d i f f e r 

ence of the support and wi re , and the thickness of the support. I f i t 

is assumed that the temperature of the support is essent ia l ly that of 

the gas, then 

Q = aK P(T -T ) c c w g (10) 

since T'~T . 
g g 

3. End Supports Loss 

Q = K (T -T ) e e w g (11) 
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where K is a constant. e 

4. E lec t r ica l Energy Input 

When the bridge is balanced, the power dissipated in R may be 
w 

calculated immediately as 

where i equals the current flowing through that arm of the bridge and 

E equals the vo l tage . 

The energy balance equation thus becomes 

which, upon combining terms and general iz ing, can be written as the 

following equation 

P = 
w 

(12) 

(13) 

P P(T -T ) + K (T -T ) c w g e w g 

AP + B (14) 

provided the temperature d i f ference , AT, is constant. I f the voltage 

reading across R^ at zero pressure is denoted by E^, a simple re la t ion

ship , 
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E 2 - E 2 = AP (15) 

exists between the voltage and the pressure of the system. 
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APPENDIX B 

PIRANI GAUGE RESPONSE AND TEMPERATURE LAG 

An analysis of whether or not the Pirani gauge w i l l " fo l low" the 

change of pressure in the flow reservoir leads to the following con

siderations. I f W. is the e l e c t r i c a l work done on the wi re , Q ^ is 
m ' out 

the heat flow out of the wi re , and is the heat capacity of the wi re , 

then 

oT = (T [ ^in-Qout ] ( 1 ) 

w 

where T is the wire temperature and t is the time. Upon substitution 

of the equations governing the operation of the hot wire manometer (see 

Appendix A ) , the following expression is obtained 

^ = ~ [aE 2 -b-p .AT-c-AT] (2 ) 
w 

where a, b , c, and AT are constants, E is the voltage across the Pirani 

gauge, and the accommodation c o e f f i c i e n t , a, has been incorporated into 

the constant b . I f the expression for AT is substituted into the equa

tion above and the heat capacity of the wire is incorporated into the 

new constants A, B, and C as follows 
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~ = [A-(BP+C)T+(BP+C)T n] (3 ) 

QT 0 

one obtains f i n a l l y 

dT 
[ (A+B-»T 0 ) -B 'T] = d t ( 4 ) 

where B' = BP + C for convenience. Integrating this d i f f e ren t i a l equa

tion for the case of constant pressure between an i n i t i a l temperature, 

T\ , and some temperature, T, and between 0 and some time, t , y ie lds 

T t 

£ [ ( A + B ' T 0 ) - B ' T ] " £ 
i ( 5 ) 

± l n [ ( A + B ' T 0 ) - B ' T ] | T = t | J 
^ i 

from which i t follows that 

1 ( A + B ' T Q ) - B ' T 

B 7 " L N ( A + B ' T ) - B 1 T . = T - ( 6 ) 

0 l 

Rearranging this expression, and making the substitution for B ' , we 

obtain f ina l ly 

( B P + C ) ( T - V - A
 - (BP + C)t 

( B P + C ) ( T i - T Q ) - A " 6 K / ) 

from which the response time of the gauge, T , may be determined. 
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As t approaches i n f i n i t y , the temperature of the gauge approaches i t s 

f ina l temperature, T_ ,̂ where 

(T -T ) = . ( 
V f 0 BP + C 

Thus 

( V T ) _ -(BP+C)t _ - t / T ( Q , 
( T f - T . ) - 6 - e ( 9 ) 

where the relaxation time is given as a function of the pressure 

through the expression 

T = BP~T~C * ( 1 0 ) 

Response Time During a Flow Measurement 

A general solution to the equation giving the temperature va r i 

ation of a hot wire manometer during a flow measurement can be obtained 

in the following way. Since the pressure during a flow measurement 

follows a f i r s t order rate expression, l e t the pressure vary exponen

t i a l l y with time such that 

P = P 0 e " k t (11) 

so that one obtains for the d i f f e ren t i a l equation after making the 

appropriate substitutions, the expression 
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| £ = ^ - [ a E 2 - b P 0 e ~ k t A T - c A T ] (12) 
w 

or, upon factoring and substituting for AT, 

| £ = A - (T-T ) ( B P n e ~ k t + C ) (13) dt 0 0 

where k is the rate constant obtained from the flow experiments and A, 

B, and C are again constants to be determined. Since 

A - ^ 
T = T + ^ | (14) 

° (BPQe k t

+ C ) 

i t is apparent that 

lim T ( t ) = T- + ^-T— = T . (15) 
T-K) ° ( B P 0 e - k t

+ C ) 6 

i 

Solving for the equilibrium temperature, T , one obtains the expression 

T = T + i _ . (16) 
6 ° ( B P 0 e - k t

+ C ) 

The derivat ive of the equilibrium temperature with respect to time is 

given by 

dT kABPAe k t 

- ± = 2 . (17) dt / 7 1 T , -kt M 2 v ' (BPQe +C) 
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Now consider the change of T with time (see Figure 27). The true 

temperature w i l l lag the steady state temperature. I f the lag is small, 

and i t can be assumed that the slopes of the two curves are equal, then 

T = T (18) e 

and 

-kt kABP e _ k t 

A _ B P 0 e ( T - T 0 ) - C(T-T ) = _ _ . (19) 
(BP Qe +C) 

Rearranging this expression and dividing by ( T g - T ) we obtain 

(T-T ) 
V - ! _ *BP 
-T ) " 1 2 - K } 

U e V (BP+C) 

Substitution of the expression for t y ie lds 

(T-T ) 
( T m x = 1 - kBPx . . (21) 
w e 0 ; 

I t is clear that an experiment which yie lds the value of t w i l l also 

y i e ld information concerning the temperature lag of the hot wire gauge. 

Evaluation of Wire Temperature and Response Time 

The resistance of the Pirani gauge is essent ia l ly an indication 

of i t s operating temperature. The resistance of the gauge can be com

puted from the voltage across the wire and the current through i t 



steady state wire temperature 

time 

gure 27. Lag of the Actual Wire Temperature from the Steady State Value 
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according to the expression 

R „ • f • ^ • R o (22) 

In addition, the power dissipated by the bridge can be computed from a 

knowledge of the current and wire resistance by 

P = 1 R = w 

f \ 
E°] 

2 
(e) U°j 

EÊ  

(23) 

I f a plot of E/E® versus EE^ is made and extrapolated to (EE^) = 0, the 

resulting E/E^1 r a t io is characterist ic of the bath temperature, since 

when EE® = 0, there would be no power dissipation from the wire . I f 

measurements are made at several temperatures, i t i s possible to evalu

ate the temperature dependence of the Pirani gauge. 

Different values of E and E^ were determined for various bridge 

current settings at temperatures of 25, 50, 70, and 90 degrees. In 

each case the bridge balance was adjusted, i t s set t ing recorded, and 

the galvanometer balanced before recording the values of E and E®. 

Plots were then made and each set of readings extrapolated to zero 

power dissipat ion. The results are shown in Table 13. The value of 

the pressure in the system during these determinations was 4.216 

microns, and changing the pressure to other values seemed to have l i t t l e 

e f fec t on the extrapolations. 
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Table 13. Results of Extrapolation to Zero Power 
Dissipation for Bath Temperature, T 

( E / E U ) ( E E 0 = 

298 15 0.828 

323 15 0.906 

343 15 0.972 

363 15 " 1.034 

The values of (E/E ) were then plot ted versus the absolute temper-
EE = 0 

ature to obtain the slope of the l i n e . The results are shown in the 

plot in Figure 28. The slope of the l ine was constant over the temper

ature range and a least squares data f i t of the numbers gave a slope of 

-2 -1 

0.31806 x 10 deg with a coef f ic ien t of correlat ion of 0.9999. 

The response time of the gauge and the temperature lag of the 

wire may be determined in the following way. One type of response is 

that of the gauge to a small change in pressure when the gauge is 

i n i t i a l l y s tab i l ized at some pressure within the range of in teres t . 

Suppose the system is i n i t i a l l y at a pressure P^ and a wire temperature 

T . I f the pressure of the system changes to a new pressure P^, then 

the temperature of the hot wire must change to where the time change 

interval is characterized by the response time, t . 
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P P P 2 2 2 
T 

>- • T T T 1 1 2 
i n i t i a l intermediate f ina l 
state state state 

A similar response would occur i f the gauge tube i s held at a repre

sentative pressure and the e l e c t r i c a l heating power is changed by a 

small step function. Suppose that by making an adjustment in E^, the 

power input to the br idge, we cause a temperature change in the 

system in the fol lowing manner: 

P P P 2 2 2 

T l T l ^ T 2 

E l E 2 E 2 

i n i t i a l intermediate f ina l 
state state state 

I f a value of the pressure is now selected, a measurement of the 

response time can be made by making a change in the input power and 

measuring the interval of time necessary for the galvanometer to 

deflect at mid-scale. Such measured response times would be related 

to the response time, t , according to 
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The results of such an experiment are summarized in Table 14 where the 

response times are tabulated as a function of the pressure. 

Table 14. Values of the Response Time, 
t , for Different Pressures 

Pressure T * 5 T 

0.0339 4.3 6.2 

4.55 3.8 5.5 

12.3 2.0 2.9 

22.2 1.7 2.5 

Now the basic equation for the change in temperature with time 

is given by 

= ~ [aE - b ' P « A T - c A T ] (25) 
w 

and at equilibrium, dT/dt can be set to zero with the fol lowing result 

aE2 = b • P • AT + c • AT (26) 

where E is the voltage across the Pirani gauge, and the constant "a" 

can be calculated from the wire resistance. The constants b and c may 

be calculated from simple measurements of the pressure and voltage i f 

such measurements are made for a bridge balance for which the value of 
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AT is known. The bridge was set so that AT was equal to 100°C. The 

resistance of the Pirani gauge was measured and found to be 90 ohms so 

-3 -1 -1 
that the constant a was calculated to be 2.66 x 10 cal sec ohm 
A series of measurements of pressure versus voltage were then made to 

2 
determine the constants in the Pirani gauge equation from a plot of E 

versus P using the method of least squares. When evaluated in this man-

-8 -1 -1 -1 ner, the constant b was found to be 7.76 x 10 cal sec u deg and 

-7 -1 -1 the constant c was found to be 7.12 x 10 cal sec deg 

The heat capacity of the wire was evaluated from the response 

time data in Table 14- using least squares methods and was found to be 

—6 — 1 
6.30 x io cal deg . At an average pressure of 10 microns the 
response time would be expected to be about 2.7 seconds and the rate 

-4 -1 

constant f o r , say, argon, would be about 3.0 x 10 sec . The temper

ature lag of the hot wire from i t s equilibrium temperature can there

fore be estimated: 

= 1 - kBPi 2 = 1 - ( 3 . 0 x l 0 _ 1 + ) ( 1 . 2 3 x l 0 " ' 2 ) ( 1 0 ) ( 2 . 7 ) 2 

= 1 - 2.66 x 10 = 0.9997. 

I t is apparent that under typ ica l operating conditions there is no 

temperature lag of the wire . 
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